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Preface

While the primary purpose of this book is to introduce pilots, aviation students,

and other airplane enthusiasts to quantitative methods for predicting the perfor-

mance of small fixed-wing aircraft, it may also be of interest to acronawtical

engineers and other aviation managers and professionals. Many of the techniques

I shall describe, though fairly elementary, have heretofore only been available in”
research joumnals; some of them, not even there,

A writer steals a march on his readers” attention when he takes up an inherently
interesting subject. And what could be more interesting (rhetorical question!)
than airplanes and how they work? The young Wright brothers were fascinated by
the toy helicapter {a design by Pénaud) their father brought home. Their intrigue
expanded into the precocious realization that a scaled-up version of that toy,
though carefully crafied, would not function properly.

Generations of children and adults—and especially avialors, somewhere in
hetween—have been similarly fascinated by flight. Flight of birds, airplanes, even
the erratic fall of leaves, steady tug of kites, leewsrd drift of balloons, and the
explosive liftoff of rocket ships. Movement in that third dimension, unsupported
by scallolding or sky hook, is of interest to almost everyene, and certainly to all
those with romance in their souls.

Back down to earth, This i3 a moderate-sized book about performance of
relatively small propeller-driven aircraft. Still, a large subject. Our goal has been
io clearly lay out for the reader the details, to show him or her how to answer such

questions as
e I the airplane is eruising at 100 kn at 10,000 ft and the pilot decides to pull
back the stick, slowing to 80kn, and banks 20 deg, how will the airpla.ne
then move? Will it go up? Down? With what rate of climb or descent? What
are the details of flight path, engine speed, turn rate?
» The airplane can take off—level concrete, 3000 b, no wind, at sea level—in
1000 ft. What then is its distance to lift off on wrf, sloped at 3 deg, when it

Xy
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weighs 2500 Ibf, with a 10-kn headwind, at 5000 7 Would it be beter 10
take off down hill?

Answers to realistic, full-fledged performance ﬂUESTiUﬂ_S. Plrﬂl:ﬂcu] li.]u(.‘.‘i.!'il'l"l'lﬁ tor
which pilois and students and operators |1_ued answers, Historically {or so it seems
to this writer), aircraft performance trealises hn}-‘c not been a!:nl:;- tor provide easy
and aecurate answers to such a full range of performance querics. That we will be
able to do so in these pages is primarily due to a single conceplual advance: the
huﬁ;ii?ﬂ;ﬁ:pmauh is a parametrie procedure bnsgd on l]"ll‘,,‘_d{‘_'ml::unsh’ably
close linearity of the propeiler polar diagram. ETu]I c:lcphcnl:ml ol the bootstrap
approach, including its extensions o MANEuvering ﬂlglyl, partial-throttle opera-
tions, and takeofF and landing, appears here for the first time, as does explanation
of the general aviation general propeller Ljh-'ll'l. which makes similar calculations
practicable for constant-speed propeller airplanes. ) it -

On the other hand, we do not cover the entire aviation waterfronl. Mo
scaplanes, for instanee. Linde on biplancs [lhﬂ.ugh t|1|:|:se are not mux.h stretch),
and no jets. Only normally aspirated reciprocating engines, though it is mot hard
to rig 5 torque/power dropoff factor .lu handle tl}[hﬂ-ﬂhﬂlﬂ{.‘:d engines; some
bootstrap users have done so. Subsonic speeds. None of thc:_ petul:lﬂ:l‘ltn?ﬁ af
flying multiengine aircraft with an engine inoperative. And, with a fc'ul:r excep-
tions, we treat only quasi-steady-state flight. No acrobatics, t:w‘ur do stability and
contral issues, except for the need to Ay wimmed and coordinated, appear here,

Because an airplane’s pcftbrm.'u‘tcc depends 'IJI:II many factors— speed, weight,
air density, throltle setting, ﬂa:ps,-fgustr mnﬁgumtm_n, bank angle—we can only
cover the performance subject by using Imalhcmal1ca| fqrmulgs. Cinly funﬂu_]us
{usually made more understandable and immediate by displaying mrrespand:ng
graphs) can provide numerical answers to such i broad array of sp-m_ﬁc
performanes questions. 5till, the mathematical level is only moderate. Acqufun-
tance with caleulus is occasionally assumed, Ifmt eollege alg_uhra f.mndles. nine-
tenths of the topies. Granted a good Lmdclrslandmlg of graphs, including slope and
critical points, also helps. A few specialized T_ﬂl-'llﬂﬁ—ﬁ:lr example, the theory of
measurement errors—are relegated to appendices. _

What about computers? Most readers of technical bent, nwm‘fl}.,g have
personal computers and an electronic spreadsheet program le.g. 1-2-3, Qua]l:m
Pro, Excel). Data behind almost all of our graphs, and behind many numerical
examples, were penerated by such programs, Most of those schadshcet templates
will be available, scparately, on diskette. The templates are simple—no macros,
menus, or other specialized techniques— ]"IEI‘.I_-:E, re.adul}r translatable from one
spreadsheet program to another. This book itself includes no computer code
whatsoever. The computer is an invaluable tool when trial-and-error solutions or
lengthy calculations are required. but it is only 2 tool. None of our attempts to

tramsfer ideas reguires the reader to have a computer handy.

Freface ®vii

The book is divided into two Parts. Part L Fundamentals of Aeronautic
Science, the first six chapters, gives the scientific and engincering foundations
neaded to fully understand the main performance subject. Readers mainly
interested in performance “how to.” and readers already having a good founda.
tion in acrodynamics—cspecially one that includes propeller theory—can get
through that first part quite quickly. or refer back 1o it from time to time g5
needed. Part I, Practical Airplane Performance, provides details of the perfor-
mance subjeet proper. That is where most readers will spend the bulk of their
time. Here are chapter details along with descriptions of oceasional new features

Part 1 opens with Chapter 1. The Atmosphere. This treats Farth's EASEOUS
envelope in somewhat greater detail than is common, Tt includes, for example,
humidity that affects thin air to the detriment of airfoil, propeller, and especially
engine performance, We also take up techniques for reducing Aight test dar o
obtain geometric (actually geopotential) vertical intervals from corresponding
pressure altitudes.

Chapter 2, Atmospheric Aircraft Instruments, is devoted mainly to air-speed
indicators and altimeters. We give a new at-altitude method for calibrating the air-
speed indicator using a global positioning system unit. On the altimeter side, we
cover the altimeter-setting formula in detail and give two methods for determining
static pressure “position” error, By the end of the ch apter, the reader will be ghle
to construct a test-day atmospheric model (one using a constant but nonstandard
temperature “lapse™ rate and a nonstandard sea level pressure) from data gathered
during flight tests and weather-reporting stations.

Chapter 3, Aireraft Performance Preliminaries, presenis several lopics from
physics, primarily mechanics, that bear on aircrafi performance. Included topics
are units and dimensions, scalars and vectors, linear and circular kinematics and
dynamics, frames of reference, and pseudoforces, The chapter ends with realistic
but not overwhelming quasi-static equations of motion for the airplanc.

Chapter 4, Acrodynamic Force, provides what the reader will need to know
about lift and drag, both parasite drag and induced drag. It focuses on building up
the serodynamics of practical wings (flapped or unflapped) from the “section”
characteristics of two-dimensional profiles, It has less on the history of various
wing profiles than is usual, and more on ground effect and iail force,

Chapter 5, The Engine, aims at giving the reader a modicum of both theoretical
and practical understanding of gasoline-powered normally gspirated spark igni-
lion reciprocating engines. A major aim is to present a full and clear explenation
of both the sea level and the at-altitude sides of the engine performance chart,
Various engine controls and instruments are tied to engine performance.

Chapter 6, Propeller Thrust, contains quite a bit of theary. In part thar is
because the bootstrap approach is founded in propeller theory; also because
treatment of the propeller has ofien been a weak point in earlier books on airplane
performance. Sample calculations towards propeller thrust and power coefficients
are performed using first the momentum theory, then the blade element theory,
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and finally the two theories combined. A new and single “master” propeller
equation is presented that can be solved using nothing more than a desktop
spreadsheet program containing an iteration (BackSolver, SolveFor, or Solver)
facility. This allows the reader, should he or she so desire, to ohtain practical
propeller charts de nove from the propeller’s geometry and its aerodynamic
coefficient functions. Several correction terms and techniques are considered:
some are applied. On the constant-speed side, this chapter also includes a new
general aviation general propeller chart, That is a recasting, using gencral aviation
scale propeller data, of the Boeing general propeller chart developed during
World War II. That early chart was developed with data for much larger (10-ft
diam) propellers turned by much more powerful engines and does not work for
our smaller general aviation propellers. Chapter 6 concludes the NECEsSary
background.

Fart 1T opens with Chapter 7, Introduction to the Bootstrap Approach. This gets
us (at long last!) on the path 1o airplane performance. For clarity and focus, this
first ::h_.aptcr on the subject is restricted to wings-level flight, either at full throttle
or gliding. Wind effects are considered here, as is the problem af absolute ceiling.
'Il'ha: bootstrap approach is derived from its underlying assumptions (mainly,
lincarity of the propeller polar diagram). Bootstrap formulas for varipus
speeds, thrust, drag, and rates or angles of climb or descent at any speed (and
at any weight, any altitude), are also derived. The nine numbers making up an
airplanes “bootstrap data plate™ are discussed in detail, as are the eight so-called
“composite™ bootstrap parameters, combinations of items from the bootstrap data
plate, that are merely aids 1o rapid calculation.

Chapter 8, Maneuvering Performance, treats tums. Extending the bootstrap
approach to allow banked fight is easy. Our previous equations of motion are
alsa brought in. Turns of most types—coordinated, slipped, skidded—are treated
n_nd the (climbing or descending) flight path helix, it tums out, is not quite as
simple as one might think. The content of a “banked ceiling™ is introduced and
exploited. A new “steady maneuvering chart is described, with miny examples
(including that of a fatal high-altitude twm and how it could easily have been
avoided). The “infamous downwind turn™ paradox is disposed of, and the
question of where might the extra kinetic energy come from, in the course of
such @ maneuver, is subjugated by calculation.

Chapter 9, Glide Performance, is not merely a reprise of the wings-level, small-
flight-path eatment in Chapter 7. In some cases, our glidin £ equations of motion
allow for exact solutions. In others—special cases of headwinds. tailwinds,
updrafts, downdrafis—reasonable approximations are brought to bear. The
“instant drag polar™ formulas used earier arc here derived. Guite a bit of
attention is paid to the engine-out-on-takeofT or TEMUn-to-airport maneuver; it
1 shown that the optimum bank angle for turnaround is (for meneral aviation
amrcraft) very slightly grester than 45 deg. Several special topics, including zooms
and best glide speeds in wind, dot the landscape of this chapter,
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Chapter 10, Cruise and Partial-Throttle Performance, further extends the
hootstrap approach. But unlike the very straightforward case of maneuvering,
logic behind the partial-throttle extension is somewhat subtle. Partial-throtile
operations are treated as though the engine were replaced by a collection of
soirmual” engines, derated engines, of diminished size. A new performance flight
test—merely cruising level at several speeds—is described. From that cruise data,
a strange propeller chart is obtained: it forms the basis for a new level cruise
performance table that adds considerably to the standard GAMA-format one,
Ours includes columns for throttle setting, thrust (therefore, drag), and (installed)
propeller efficiency. (Installed propeller efficiency is about as close as one gets in
airplane performance studies to the Philosopher’s Stone!) Also the driving
independent variable (once aircraft weight and density altitude have been decided
upon) is air speed; in the GAMA table it is revolutions per minute. Moreover, the
hootstrap cruise table includes very low air speeds, down through speeds for best
range and best endurance. The GAMA-format table does not include those low
speeds; in fact we show that it cannot. Cruise performance scaling rules, allowing
one to fill out an extensive cruise pl_‘rfﬂrl'r'l:ml:e table from data gathered at only
one gross weight and altitude, arc derived and cxplained. That time-saving
technique should be especially of interest o airplane manufacturers. Examples
show how a desired fight path at given weight and altitude (level, climbing, or
descending: wings level or turning) can be used to find the requisite throtle
setting. The chapier ends by considering some peculiar air-speed relutions
connected with partial-throttle absolute ceilings.

Chapter 11, TakeolT Performance, is essentially an exiensive force analysis.
The new forees that come into play during takeoff make for additional complica-
tions in this further extension of the booistrap approach. Effects of differemt
runwiy surface types, runway slopes, runway contamination, and wind are all
considered. Ground effiect is assumed throughout, Several different levels of
theoretical development—more-or-less exact integrations, a constant average
force assumption, a perturbation approach, and finally a lumped parametric
:L'|:||:;n:|.:||;:h1 the takeoll power parameter—are considered and exemplified. A few
special problems are considered. Among them is the eommen 70/ 50 takeofT rule
{corrected for possible headwinds or tailwinds) and the question of when to take
off uphill into the wind rather than downhill with it.

Chapter 12, Landing Performance, analyzes landings from an applied forces
paint of view very similarly 1o our treatment of takeofT, Thrust no longer, but now
braking friction is added to the usual rolling friction. Again, wind, slope, and
contamination effects are demonstrated. And while an integration (elementary
differential equation) approach, as well as the constant average force approxima-
tion and the perurbation approximation, are treated, in this simpler case there is
no nead for an analog to the akeofT power parameter,

Various specialized topics and derivations make up several appendices.
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wing aspect ratio, span’ farea; area: air; aft
axial interference factor; speed of spung: acceleration; lifi coefficient
slope

angular interference factor

wing span; cylinder bore

linearized propeller polar intercep; wing span
altitude engine power dropoff parameter
confidence interval

drag coefficient

induced drag coefficient

parasite drag coefficient

lifi cocficient

section lift coefficient

maximum lifi coefficient

pitching moment cocfficient

propeller power coefficient

propeller thrust cocfficient

chord

specific heat al constant pressure

specific heat at constant volume

“drag

induced drag

parasite drag

prapeller diameter; displacement

composite bootstrap parameter

Oswald airplane efficiency factor; base of natural logarithms
saturation vapor pressure

composile bootstrap parameter; force: Prandil momeantum loss factor:
fuel; forward
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Nomenclalfure

Maps factor

composite bootstrap parameter

acceleration of geavity, 32.174 f/5%; ground speed
compaosite bootstrap parameter

horsepower

altitude

pressure altitude

temperature altitude

density altitude

rate of climb or descent

moment ol inertia

propeller advance ratio

composite bootstrap parameter; Munk span factor
ratio of specific heats, o fe,

lift: torque

length

engine torque; mass; Mach number

base engine tarque

lincarized propeller polar slope; slope; mass

mean acrodynamic chord

mean geometric chord

revolutions per minute; normal force; number of tires
propeller revalutions per second: load factor; number
pOwWer; pressure

pressure; pitch

composite bootstrap parameter; heat

dymamic pressure

radius; composite bootstrap parameter; gas constanl; correlation
coefTicient

Reynolds number
air compasition ratio: altimeter reading; radius; range; compression
Tatio
reference wing area; Sutherland'’s constant; entropy; speed; cylinder
stroke; standard deviation
slowdown efficiency factor
altimeter setting
thrust; temperature; wing profile thickness
time; thickness
composite bootstrap parameter
air speed; volume
sound speed
wind speed
speed; vapor

W
Wy
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i
" (prime)

NomencIarre EFA T

gross aireraft weight; relative wind speed

standard aircraft weight

tire width; weight fraction

power adjustment factor

position; relative propeller blade station

camber line height

position

ratio of fuselage diameter to propeller diameter

angle of attack; temperature lapse rate; angular acceleration
propeller blade angle

circulation

flight-path angle: ratio of specific heats

difference

stall speed buffer speed

Pressure correction

relative pressure; tire deflection

flaps deflection angle

ratio of molecular weights of water and air; excess angle; recovery
factor; downwash angle

propeller efficiency; viseosity correction factor

relative temperature; attitude anple; angle

sweepback factor

propeller coefficient

rolling friction or braking coefficient; dynamic viscosity
kinematic viscosity

bootstrap power-setling parameter

power-setting parameter

atmospheric density; radius of curvamre

relative atmospheric density; ground effect parameter; local solidity;
standard deviation

flaps cffectiveness factor; wing tip correction factor
engine torque/power dropoff factor

aircraft bank angle; propeller flow angle

angle

angular speed

aircraft tuming rate; angular speed

section quantity: per unit span

" {doubleprime)  further modification

Subscripts and superscripts

A
AC

finite aspect ratio
absolute ceiling
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available; air

derodynamic center

available

confidence interval complement
hase case (mean sea level, maximum £ross weight); braking; body
break even; blade element

best endurance

best glide

best range

best turmaround

contaminant; calibrated; cylinder clearanee
center of gravity

calibrated, centripetal; calm wind

drag; eylinder displacement

drag; downdraft

error

Maps; field: friction; final

ground

ground effect

ground roll

ground

glide

hard case; headwind

in ground effect; indicated

induced; indicated: initial

lift; lower; landing; leading

liftoft

lift

leading edge

main wheel; maximum

momentum transfer

pitching moment; minimum

maximum for level flight

maximum turning rale

minimum for level fight T
minimum tuming radius

minimum descent {rate)

nose wheel

number

load factor limit

out of ground effect

parasite; planing; power; pusher

parasite; piston; airplane; pressure; power

R

Nomenclature

rotation
required

required

siall; specific

service ceiling
saturation

thrust: total; thermal; terminal; trailing; tractor; tail
touchdown

thrust; taibwind

trailing edge

upper

upper; updraft

volume

valume

wind; wing

weight and balance
wind

power adjusiment factor
hest elimh angle

CXCLES

best climb rate; position
base; rated; siandard
sechion quantity
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The Atmosphere

Introduction

When not up flying, we scurry around the bottom of an ocean of air, By virtue of
its protective and oxidizing chemistry, its relative transparency, and its moderate
density, we enjoy or endure such atmospheric phenomena as gentle katabatic
zephyrs, hurricane winds, soft rain, and seasonal lags. This blanket of air is
interesting and varied, demanding its own peculiar study—meteorology—and its
own texts, 115 a thick blanket, of total mass 3.495x 107 slugs (1.1245x 10" Ib),
about 1/275 the mass of the oceans and close to one-millionth the total mass of
the Earth. The atmosphere evolved, as did the oceans and the Earth's continental
crust, as volcanic products.

In our study of how airplanes perform—how they claw their way up from this
ocean floor inte its higher reaches to cruise and manewver, then get back down
again—we usually simplify the atmosphere into a relatively statie mask of its full
dynamie face. Airmen cannot afford to be so eclectic. They must be ready for the
real atmosphere with its ocveasional exceptional occurrence: a mountain wave, sy,
of pressure reduction caused by winds through passes, or the strikingly varied
forms precipitation takes.

Airplane performance is intimately connected to the Earth’s atmosphere in two
ways, The word “aiplane” mentions air, saying atmospheric air is the medium in
which flight takes place. Though we care much more gbout the airplane than the
air, acrodynamics shows that the mutual effects between air and airplane must be
taken into accounl. Air swoops up a little just before mecting the wing and is
given a downwash as the wing passes. Air swirls from the propeller. Vortices roll
up off the wings tips. Aerodynamic drag ultimately heats both the airplane
surfaces and the air they pass through. Those air dynamies are necessary. Mo air,
no airplane.
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still, what the air does 1o the airplane—and what it allows the EiT‘]‘rl:.m:;' to do—
is much the more interesting story, Takeoff rolls are longer when the air is thinner,
Lift is enhanced by “ground effect,” air constrained by the surface. We must pay
attention to winds. In this chapter we will worry over those aspects of Earths
a||'|'|q_'|_;;p|'b;_'|'n_‘ impl)r[ﬂni o aircraft ”igh.l : . .

A second reason for learming ahout the ﬂum:ﬁphtm ls.narmwlg,- technical, in the
category of necessary distracting details, and will be dcfm'm_i 1q a second l:il'lﬂp[c.r_
Several of our cockpit instruments—altimeter, air-speed indicator, outside air
thermaometer, VSI—have aimospheric inputs. Those i|_'|:~'trun'mn13 Come Lo us (1o
extra charge!) with an assortment of errors smrF artifacts. .Wc must understand
their functioning to conduct safe and efficient flight operations (e.g., stay :?hn'ﬂ,:
stall speed, get down 1o speed for best range ¥, ) and also because lll|[:||' pointers
show us the way 10 ether atmospheric variables we cannot know directly (e.g.,
true altitude differences, atmosphenc density).

Here is the plan, We will look at some brute facts about the Earth's ;3_1|11:L;5-
phere—especially the lower 11,000 m or so, I!|_h: twnspllcm—as regards vertical
distribution of the most important atmospheric WII]HNA‘F‘H {_Iempum:ure. pressure
and density). We will explore some of the physical principles that govern air’s
behavior, We will examine the model international standard armosphere {IS,:\.r on
which many of our instruments and descriphive CDIK‘CTJ_tS_[C.g.: rm*u:sure altitude,
density altitude) are based. Secondary t-:Ll'ileJ]CH—Ihllﬂ‘lldlh". viscosity, the specd
of sound—will be added 1o the eollection. We will put together what we have
learned about the atmosphere to come up Willll .*iq:].v:m::i for figuring out,
approximately, what “today’s” actual atmosphere is like. Cﬂnvm:c]y, we will
learn how to reduce airerall performance data ta!v:cn Hnrncwiml'e; in the actual
atmosphere 10 equivalent information about the _zllrplz‘mﬂs hehin'lqr somewhere
else in the benchmark standard atmosphere. Tt will be a lengihy rip. ;

For cxample, inferring vertical atmospheric intervals from cmkplt indications
is frly indiect. Say you are runming ghde |:|.!'5I5 to 'ﬁﬂf:l .your airplane’s drag
paramétexs {parasite drag coefficient C'py, and alrp_lant r_-FIm.-:m:.].- factor e). F'v.m
using vour airports correct current altimeter !.'El't.lng cranked into your precise
altimeter, it seldom works to glide hetween an indicated S{I{Iﬂ_ﬁ and 4:.5.1.H] ft, say,
and then simply tell your formulas you have floated ani_l 300 ft. With a JiEt]u:
extra care you can get a considerably more accurate estimate of the tapeline
vertical distance. We will discuss how to take that care and get those accurate

niifhers,

Structure and Composition of the Earth’s Atmosphere

In large-scale structure the Earth's atmosphers is a sequence of thick layers. Each
layer has almost the same chemical composition as any ather, but each layer has

Table 1.1 Termperatre layer structure of Earth's almosphere

Base Bise
T gradient, Base T, altitisde, abtitude,

Layer no F'ft F ft n mile
1 =L OD3566]6 0.0 il 000
2 L1 X}] —64.7 36,089 5493
3 CLINN34 864 65,7 63,617 10.7%
q 000153619 =48.1 104,987 17.25
5 0o 27.5 154,199 15,34
@ (LOI09T28 215 170,604 2803
7 =[N 2 | 9456 —5.5 200,131 3288
£ 0.0 =134,5 250,186 42,59

its own approximately constant temperature gradient (negative of its lapse rare).
Table 1.1 gives a fuller story.

There is still some atmosphere above the eighth layer. Salar dissociation of
oxygen starts at about 80 km (43.1 n mile) during the day, about 105 km (56.6 n
mile) at night, and is virally complete by altitude 120 km (64.7 n mile). Above
1200 km, oxygen exists almost entirely in atormic form. Other than the split axygen
molecules, even this very rarefied atmosphere has approximately the same
compasition as dry dustless air at sea level,

Adreraft covered in this book cannet venture out of the lowest layer, the
wroposphere. Keep in mind that the nominal lapse rate 0.003566 F/ft is honored
more in breach than ohservance, especially within 5000-10,000 fi of the surface,
The lapse rate varies quite 2 bit and even (inversions) goes nepative, so that
lemperature increaves with altitude, (The word “lapse™ implies “decreasing,”
hence the apparently contrary usage. It is & test.)

It is worth asking “Why does it (generally) get colder at higher altitudes?™ And
nat o eusy 1o answer; even a rough explanation involves ar least four atmospherie
facts:

1) The atmosphere is fairly transparent to sunlight. But the Earth is not and is
heated by the sun. The Earth then reradiates at much longer, infrared (IR),
wavelengths.'

2} The diatomic symmetrical molecules in air [e.2.. MNa, 04} absorb only very
weakly in the IR region. But the less symmetrical triatomic molecules (OO,
and H, 0, especially the latter) absorh quite strongly in that spectral region,”

3} Water vapor in the atmosphere, because it ofien comes from surface water
or valeanocs, is more prevalent low in the atmosphere. Though the water
content 1s quite variable with altitude and tends to layer

4) Because of the hydrosiatic relation, air pressure is higher low in the
atmosphere,




‘Table 1.2 Major constituent molecular species in

dry dust-frae air

Constituem Alomsimolecule Molecules, %4
Nitrogen 2 TH084
Owygen 2 20,945
Argon 1 0934
Carbon dicxide i 03l
(hhers Weighted avermge 1.38 (.003

Toal Weighted avemge 1.09 161,00

S0 the idea is that lower level carbon dioxide and (especially) water vapor heat
up, from the Earth, quite a bit. Higher up, however. much of the IR has already
been absorbed by lower gas. Morcaver, there js Jess such gas above the higher
nl:aches, so that the high gas radiates out into space, That radiation is lost: the
higher gas cools. The result, as we all know, i that it generally gets calder a; we
fly higher.

Molecular composition is much steadier than temperature. Tropospheric winds
and vertical currents keep the gases well mixed. with composition as in Table 1.2
‘]'I1qu_gl1 the true troposphere’s composition may vary a fraction from this with-
altitude and locality and season, we shall always ignore those tiny varialinr:s and
al:aurrmn trace molecules. Motice in particular that the conslituent proportions
given are those for dry dust-free air. We will later semetimes consider a small but
variable humidity component, Table 1.2 gives the number of atoms in each
molecular species as an aid to rationalizing the sometimes-needed ratio of specific
heats, for air, as 3 = 1,44,

The second layer, the siraiospiere, is now routinely accessible to passenger jet
airerafl. Not many clouds get up there; humidity s seldom a problem. Near the
boundary between the two lower layers, the tropopause, fast but steady jot streams

miaty be found. Composition of the stratosphere is essentially the same as that of
the troposphere. ¢

Elementary Atmospheric Physics

In modemn college curricula, the behavior of gases is ofien part of a course in
thermandynamics or statistical mechanies. Statistical mechanics has the advantage
gver l.hcrl_nﬂd].-'nmnil:s that it is more concrete, lets us visualize 2as molecules
bumpinz into one another and into the walls of their enclosure. That go2s a long
wiy towards explaining why thermodynamics works the inscrutable way it does
Older unabashed thermodynamics, with its three laws and its Legendre trans.ﬁ:l.r-l

mations—switching variables around like peas in a bunko artist’s shell game—
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seems, on the contrary, almost theological in its formality. Derivations of
thermodynamic relationships, to many, are often unsatisfving, barren,

But for the smattering of atmospheric thermal physics we need. the road from
statistical mechanics to thermodynamics is far too toruous to even look down.
We will try 10 jolly up the subject with an occasional tangible mechanism, but
some of the unmotivated substitution and exponent manipulation for which
thermodynamics is infamous will remain. We warned you.

The three atmospheric variables of greatest importance to us are temperature T,
pressure p, and density p. Now air (dry or moist) is very nearly an ideal gas, one
in which each molecule moves independently of the others except for “ocea-
sional”™ well-localized molecular collisions. As such, at our relatively low
pressures, it obeys the ideal gas law

p = RepT (L.1)

where p is ambient pressure (psf), ® is the specific gay consiand For air, g is the
acceleration of gravity 32.174 f's’, p is mass density in slugs/ft’, and T is
temperature in absolute Fahrenhein (Ranking) units ("R =°F + 439.7). For dry
air, with weighted average molecular weight (air) = 28.966, 8 = 1545.5/
mol wi (air) = 15345.5/28.966 = 53,355 'F. The 1545.5 figure is the wniversal
gas constant, Boltzmann's constant k translated into engineering units,

The ideal gas law is very important because through it we discover the air’s
density under various conditions. Direct measurement of density is difficult: open
an evacuated quart thermos in standard air and it then weighs only 1/25 oz more,
Thin air. We often need to known the atmospheric density because important
factors conneeted to airplane performance—lift, drag, thrust, engine power—
depend on it Rearranging Eq. (1.1), the standard MSL value of density for dry air
i5 g = pof(RETy) = 2116.2/(53.355x32.174x518.7T) = 0.002377 slug::.‘f‘l'li a
value we use quite often.

There are other variables of interest. One of the most important is the velocity
of the air. Wind is the horizontal component; updrafts and downdrafis make up
the vertical component. Awviators specify wind by giving its speed with respect to
the point of earth directly below and by giving the compass direction (sometimes
magnetic, sometimes rue) from which the wind is coming. That latter conven-
tion. by now too rusty to displace, sets vector equations on their ear; in using such
relations the wind direction must often be sensibly reversed. We take note of
updrafis and downdrafis to the extent that we avoid them during performance
fMight tests; they are very frequently the source of erroneous or unreproducible
results. Turbulence is winds higher frequency random component, in both
directions, overlaid on relatively slowly shifting wind and mildly stochastic
updrafts and downdrafts. We will conveniently assume our airframes hang
together no mamter what, so we ignore turbulence in this work. Let the structural
folks and operating pilots worry about turbulence.



-

We will treat some additional variables later on, absolute or dynamic viseosity
i, klr_ir:rnatic viscosity v, the speed of sound a, and the amount of water vapor in
the air, specified most often (in aviation) by citing the dewpoint temperature T
In ulfi:w cases—high speeds at which compressibility of the air is not cnllm]l;
mgllgll_.mlu. and to find out sonic speed itself so that we know we are indeed far
subsonic—we need the ratio of specific heat of (dry) air at constant pressure,

¢, = 0.240 Brud(lbm®R), to its specific heat at constant volume, e, = 0.1715 Bt
(Ibm=R). This ratio is ' -

=2 =140
Gy i (1.2}

T.h': ml_immiu for this figure is that air is mostly made up of dumbbell-shaped
diatomic |_nnlecu|cs (see Table 1.2) with 5 degrees-of-freedom (DoFs). There are
._3 tmnsli:nonal DoFs for the center-of-mass of the molecule (the only ones
impacting the gas® temperature) and 2 additional rotational DoFs, A thearetical
vibrational DoF is “frozen out” at the relatively low temperatures we use; the s
never (well, seldom) gets enough eneray to rse above its vibrational ground state
ﬂ.l_su absent, for slightly different reasons, is a theoretical rotational DoF about Ihr.;
axis of tI_1E_ diatomic dumbbell, What could it mean 1o say—because they were
never a rigid body in the first place—that a swarm of bees or gnats was m}nting‘?

}:.t any rate, elementary gas kinetic theary, or even thermodynamics, tells us
that ] :

2

F=14—
(active number of DoFs per molecule) (1.3)

And for dry air, that number in the denominator is five, Above OO Emperte
{about 30MFR), additional DoFs actually do come into play and 5 begins 1o
decrease. At 1000°R, ¥ = 1.38 for air. Further atmospheric facts will be brought
up as needed,

Tu better understand how we might get information on the vertical distribution
:_:f Important variables pressure, temperature, and density, a little Muid physics is
1rr order. Assume the atmosphere is in equilibrium, no winds or currents, At a
given level, then, pressure is the same in all direetions, Consider a smul]. right
circular cylinder, height dh, axis vertical. The additional pressure on the bottom
facrle, above that on the top face, dp, is solely due o the weight of air in the
E:f!]ﬂdfr: dp = —pgdit. The negative sign appears because pressure goes down as
all:tudg goes wp. This simple hydrostatic relation, together with the ideal gas law
makes it possible to take any reasonable given vertical distribution of any ong 011"
the ?hree _vr'ariahlei {though i most cases this will be tem perature) and compute
vertical distributions of the other two, Three variables, three relations; an almost
-rh:.)nc deal. To flesh the thearetical salution into usable facts, all we need is nn;r:
distribution, real or assumed. One of the latter is what the model 1SA gives us.

The Atmosphere L
Intemtiunal Standard Atmosphere

The new and fuller name is the International Civil Aeronautical Organization
grandard Atmosphere, and its full description would include all the layers given
in Table 1.1, There are other standard atmospheres, too; the L.5. Department of
Defense has finer-wned versions for summer and winter, for tropics and the
arctic, and in between, All we care about here is the 15A% lower layer, the
troposphere, which is based on four major parameters: mean sea level (M3L)
standard  temperature Ty = 5%°F, standard MSL pressure gy =2116.2
psf=209.921 in. Hg), standard constant temperature lapse rate = = 0.003566 F/ft
incgative of the vertical temperature gradient), and standard acceleration of
gravity ¢ = 32174 /5" downwards. Table 1.3 gives these defining numbers in
Various umnits.

The [5A does not pretend to accurately mode] the actual atmosphere above any
given place on Earth at any given time, but it is very useful in at least two indirect
waya. It i5 the benchmark to which aircraft performance numbers are referred,
When we say our airplane’s best rate of climb is 900 fmin at 3000 fi, we mean at
SO0 ft in the 1SA. When we need a good description of the actual “here and now
q[mu:{phﬁ[c‘“ say at remote points where we cannot directly measure temperature
and pressure, we assume the same mathematical sirwetwre as the standard
atmosphere obtains, only with today’s panticular (and almost certainly different)
vlues for “standard ™ temperature, pressure, and lapse rate: T, pf and &', For our
practical acronautic purposes, we alwayvs take the acceleration of gravity as
constant even though we know it is not quite constant. That minor prevarication
gives us so-called *geopotential altimdes™ instead of geometric ones. Because we
actually care more about the amount of work it takes o lift an airplane from one
level to another than we do about tapeline distances, the geopotential definition is
not only simpler but fits our purposes better. To flesh out both these [5A uses we
now delve into it more deeply, asking and answering such questions as “What arc

Table L3 Defining parameiers for 1SA troposphere in British
crl.gi.m:l:ri.ng and meiric untls

T Pa x E Tropopause
Biritish 59 21162 (L0356 12174 Jo,08%
F paf Fift ftfs® ft
5187 20,921
K in. Hg
Meirie 13 101325 DL.00G50 0, EE_IGISS 11,000
C Nim® Cim ms’ m
28815 T60 0001981
K mm Hg C'it
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the temperature and pressure at any altitude # above mean sed level?™ “What
about the air density at 47" Then later, “The speed of sound?” *“Viscosity?™

The TSA lapse rate defines the vertical temperature distribution. At altitude &
feet, standard temperature is given by

Tlh) = Ty — ah = 59 = 0.0035664 °F (1.4)

For most computational purposes, temperatures will need to be converted to
Rankine by adding 459.7.

Using the ideal gas law, Eg. (1.1), to eliminate g interms of p and 7, then using
the first portion of Eq. (1.4) for the temperature distribution, the hydrastatic
relation becomes the differential form

@ cafia il al (1.5)
P KTy — oh)
Integration then results in the pressure distribution
h) | ﬂ’) b o Aol e f(16)
-l = -_— = ¥ — = 4
S 145.45?) 2 ;

It is just a matler of using the ideal gas law once again 1o then get

wh B T b 4. 25635 !
i) = | =— = 00023771 —- —— slug/ It )
ireldi) _I-'.;.( Tn) 37 ( ]45145?) slug/ft’ (1.7

Recall that, while the above might make it ook as though temperature has a
favored role in description of the 15A, or of the real atmosphere, that is not so.,

The ratios of values of 7', p, and p to their MSL standard values are known as
itheta), d (delta), and & (sigma), respectively. In general, the value of any such
rativ depends on the peculiarities of the actual atmosphere at the time. But
becanse 1S4 values depend only on altitude (see Fig. 1.1}, so do the standard
ratios;

i ah h

By =2=1-"=1__" 1.

s T T, 145,457 .41
P :tlr?}]_.-:u'.! ( § y 56

fey === (12} (- 1.9
i [ To, ) )
P i il—al) iz i Ltk i .
Al ( rg) (' 145.45?) it

Aeronautical work often refers 1o rhoney “altitudes” instead of directly o
corresponding atmospheric variables, For actual pressure p', for example, the
corresponding pressure gltitude fi, is that altitude in the 1SA with pressure .
Similarly for density altitude and, though it 15 seldom used, temperature altitude,

B, 6, o

n.ao o N S T T TR ¥ T 20x10°

Altitude, ft

Figure L1 Ammospheric variables in the lower half of the treposphere.

Ta get operational definitions of those altitudes, one inverts Eqs. (1.8), (1.9), a:!d
{1.10). The combination Ty/x (value approximately 145.457) oceurs often in
atmosphere eguations.

hp a2 X LT oy e gsa s (L.11)
jr d iy
:.F—ﬁﬂ — &) — 145, 457(1 — 5"1%0%) {1.12)
ot
e E“ — @R _ 148 45T(] — 01494y (1.13)
x

Example 1.1  When ammospheric pressure is 25in, Hg.. § = ?,5,-'2'}_92] =
0.8355 and A, = 145457 %(1 — 0.83551 M5y = 433%"'_. If, in o d_liFr:rcnr Cise,
the atmospheric density is such that the density ratio & = 0.75, then h, =
145,457 (1 — 075724 — 0506".

Atmospheric Humidity

Humidity makes the air feel “heavy” to us humans—cooled as we are by
evaporation—>but in fact humidity makes the air Jess dense. That is because the
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malecular weight of water (H,0), 18.016, is considerably less than that of dry air,
289646, The physical effect of humidity, then, is to change the pas around us from
dry air 1o moist air, to g slightly different gas with a slightly lower averape
molecular weight, The bottom line is that humidity changes the specific gag
constant & o a new and slightly larger value B,

In aviation we measure humidity not by the meteorologist’s “relative humidity"
but rather by the “dewpoint temperature” often abbreviated 7, The current
dewpoint temperature is the temperature at which the atmosphere would be
saturated with moisture, eould hold no further water vapor. So Ty is the (usually
lower-than-actual) temperature at which it would start o min or at which fog
would appear. Understood but not always expressed is the ground rule that the
tolal atmaspheric pressure P is assumed the same in both the actual and
precipitating dewpoint cases,

Our calculation of &' from Ty and g will take two steps, First, from an empirieal
formula, we calculate the particular value of saturation vapor pressure e, which
corresponds to 7. Second, we apply a factor. involving the ratio of €, to g and
the ratio of molecular weights of water to air, ¢ = 1B.016/28.966 = 1.622, ta
correct &

An empirical formula is needed because discussion in terms of first principles
would immerse us in molecylar physics deeper than we care 1o go. Here we are a
water strider insect, just denting the surface, Luckily the saturation VAT Pressure
depends only on temperature and not also on pressure, We will use a formula due
to Tetens” for the job. Rewritten with Ty in degrees Fahrenheit and e, in in. Heg,
Teten’s formula is

€, = 01804375 % 10/7575-240/T,+305.19) (1.14)

Onee we have £, we use the kind of “count them up"” ratio formula yvou may have
seen in freshman chemistry, or sophomore accounting, o get

R 53.355
RJ:(I_‘M "L:'_)_(_n_—_"imi) (1.15)
” \ n

Example 1.2 Takca fairly humid day when the dewpoint is T; = 70°F and the
amospheric pressure is 26,00 in, Hg. [or 2600521 16.2/29.921 = 18389 psf).
Equation (1.14) tells us the sanuration vapOr pressure is e, = (L.740in. Hg. Then
Eq. (1.15) tells us that & = 53.93

Example 1.3 To see a practical effect of humidity, further consider that the DAT
on this day is B0°F, Equutiqn (1.1} then informs us that, for dry air, the density
would be 0.001985 shigs/ft’ or that relative density & = 0.8351. But on this
humid day we go hack to Eq. (1.1) and use # instead of B that tells us density o

X = 0.8261, about 196 lower than the dry case.
+ actually 0.001964 slugs/ft” and 8 I .
;: a ha: g} deal: that is why pilots esually ignore humidity except when earburetor
ot '

jeing is concerned.

! ; sl surcs depend on just o, ot on @ Or Worse.
ot 5|rnr_l!'= m.v?ni;t fv:rlmﬂ::: TE;; excapﬁuﬂ. Propeller thrust, engine power
TakeofT d!:]m]?#—:lu depend approximately on o. But then, w our “d"'“'“al?r‘:' S
g ar: The ,.:“l effect is that takeoft distance in low-powered propeller aircrafi
does drag’ in‘rﬂt'-'i}' as 1/o%%. In our easc above, that would make the takeoff
ﬁ?;:nitpgzul .1 5% longer. Perhaps still negligible. But perhaps not.

: e

Total Density vs “Rir" Density

There i5 an important exception, or at least an additional m:mklc. T[D .t.hc Fj.ﬁoﬂﬁ
humidity considerations. While wings and propeller blades du. 1.1u. .un: v 5.i'm
[ @as provides the toial density in which they move, so Ii._mg as it is not corrosive,
p ?i:na‘]: do care. Only “air™ (meaning, in fact, only air's oxygen cnrnpfl'mcnli
EE?nhines with gasoline to provide mnlivc power. As far a: thF[ m1rg|n::: ;::
econcerned, at least o first appruximatgun, the wab?r vapor II:I | ||[|'nu. [:u y -ﬁm
just 2z well have a molecular weight of zero. That airy dlﬁmlS%ﬂ a];ﬁ.-n. f:r. :ﬂ x
engine, gives us the elue we need to cobble together a c:orrc::tmlil.IS m-‘f::d ,-Ead
had a molecular weight of #zero, then ¢ would .hu zero and Eq. (1.15) wo
{using a deuble prime for this different situation)

e [ _ 33333 (1.16)

(=Y (-9
(_ P P

Example 1.4 Redoing our previous example, where OAT = Ejﬂ];m= 511]} R_.
Ty =70, e, =0740in. Hg., and the rotal pressure. was p :._6' ._ln. t'ETr
1833.9 psf, we see that we get &7 = 34.92, Usnl'lg Eq. (1.1}, the _]-;_j]clnhl_tz.fa:]::n;“
is then only 0.001927slug/ft’, with relative density o, = 0.3107. _1_|sd|s g .f
3% lower than the dry case, which we found would have had a relative density o

0.8351,

sing data from examples 1.3 and 1.4, one could alse partition tlhc actual tuit‘al
(humid case) atmospheric relative density as follows, where subscript ¢ stands for
vapor:

¢=a,+06, =08261 = 08107 +0.0154 (1.17)

=a,+0a,

Pilots in the tropics know full well that high humidity SApS engine power. If y-:ull.lz_
find vourself flving there, iry to remember that the & in power'torque dropo
facl.u; @) should more correctly always be @,
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Viscosity

For most performance purposes, we are getting down to relatively small change.
About the only reason you would worry about atmaospheric viscosity—internal
friction, the extent to which a moving layer of air tends to make an adjacent layer
move—is when you need a Reynolds number, Perhaps you would like to make
comrections to lift or drag coefficients. Or perhaps you need to calculate how long
it takes wing-tip vortices to die out, Still, here are the relevant facts and formulas,

For the same reasons as with humidity, viscosity needs an empirical formula.
Bunt this time there are only two constants instead of four. One is the standard
(Ty = 59°F or 518.7°R) viscosity value s, = 3.737x 107 Ibf-s/ft2. The other js
“Sutherland’s constant,” § = (98 7°R. For practical purposes, absolule or
dynamic viscosity depends only on temperature and follows this Jaw:

¥, by T,+5 7y 32
Hlf _”“(_'_T+SJ(?;) {1.18)

Air temperatures T and 7, are in “R. The units of absolute viscosity are Ibf-s/fi®,
There is another flavor of viseosity, kinematic viscosity 1 in aviation actually

the more common. That is the ratio of the absolute or dynamic viscosity u to

density:

el

P

The wnits of kinematic viscosity are ft%/s. The standard MSL

vy = 15723 10~ /s,

i {1.19)

value is

Speed of Sound

In spite of our disclaimer about confining ourselves © the “far subsonic,” we
include the formula for sonic speed here for two reasons: 1] how can yvou tel
whether you are in fact far subsonic unless you know what “sonic™ is? and 2)
even in the propeller-driven general aviation regime, propeller tips may approach
the speed of sound.

For ease of description, we are in luck here again; the sonic speed in a given
gas only depends on temperature. The standard {7y = 59°F or 518.7°R) value of
the speed of sound is a, = 1116.4 ft/s. At temperature T (in R, or some other
ahsolute temperature scale), the sonic speed is

0= -,_.""I.'E'R]: = \-r'.-1_||'-?-"lf-" = g/ T/ T (1.200)
Example 1.5 If we take the case where 7' — —5°F = 454.7°R, then a =

1116.4 x (454.7/518.7)'* = 1045.3 fus. So, if flying at 100 mph = 146.7 fi's,
you would be at M 0.14. Really far subsonic.
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For a propeller case, take a Cessna 172 propeller of 75in
E'“mplfuxi;r;: at 2700 Pmrﬁ with the airplane fying at 100 mph = 146.7 fifs.
dlammrzmc. at the tip is r= 75/(2x12) = 3.125". The r.mgulnr !irli.‘)!_'{i is o=
e E?Etl;},.fﬁn = 282,74 rad's, The purely rotational portion of the tip spcf.'d is
- g - #83.6 ft/s. Using the Pythagorean theorem to add iﬂL l,l“.? iranslational
: SE: E‘n: L'::sultﬂnl true air speed of the tip is (883.6° + 146.7%)"° = 395.? ftfs.
P{J(wat ;he ghove —5°F temperature, M 0.857. No wonder pl.'npel.le:s make 3o
ngh noise. A little faster than the cruise speed of a Boeing 747400, but

gtill subsonic,

That fimishes our bricf description of the :l.[rrl!}."_\'phl.‘l"»‘:, s .ISAI mndnja]_ﬂlar;d |_1.15:t
varinbles of interest to us. But questions remain as to how, acting -Hb ig .t ll::::.
enginears, we can usc this information to make proper sense Im"th: d-:a 'n: bn. :;
during performance flight tests. We now turn our attention to that bevy

problems.

Modeling the Test-Day Atmosphere Locally

The kinds of guestions we have in mind arz “Ileing gone out 1:11 a real :}irplan;
inte the real atmosphere, with well-calibrated instruments (alumeter, air-spee
indicator, techometer, outside air thermometer, etc.} and an nn;cumtc stop wm{:h&
running rate-of-climb tests at 85 KIAS between pressure H!hll.l-ll'k::i .::-F 4:!]4]1} an
5000 ft averaging 30s, what was our average rate of climb? Was it 1000/
( = 'min? Als hat was our true air speed?

(50/60) = 1200 ft/min? Also, what v _

The air-spesd question is easy if we do not leek closely, We n:cqrded
temperatures T, and T at the wp and boitom of the 1000-ft (pressure) altitude
interval, so we et the corresponding values of relative density &, average those Lo
get (o), and use

KCAS 121
KTAS = —— (L.21)
W AT

where we obtain the calibrated (equivalent) air-speed KC,-}S From the alr—'e:petd
indicator calibration curve value at 35 KIAS. That much is 511'n.|:rl|?. We wfll 20
into air-speed questions more deeply in the insrmmgnts chapigr. 'I:'r't':‘ ]r::m_: it, I';rr
now, after presenting a useful approximation for tuming a density altitude into the

corresponding relative density:

h -
E| L L (122)
v (' m.ma)
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This not-too-shabby approximation (only 0.06% high at 5000 fi, 1.1% high at
10,000 f, and 1.9% low at 15,000 ft) makes it easy to find the square oot of «,
the factor needed for going between calibrated and true air speeds,

The rate of climb was almost certainly not 1200 fimin. A thousand feet of
pressure altitude would, in an atmosphere described perfectly by the [SA model,
imply 1000 ft of true, or at least geopotential, altitude. Bur such an OCCurrence is
unlikely in the extreme. So, how can we turn two data pairs, say for example
(hyy =4000", T, = 20°F) and (hy = 5000, T, = 17.5°F) inte a good estimate of
geopotential altitude difference?

Division of versions of Eqgs. (1.4) and (1.6) for rwo positions in a nonstandard
atmosphere characterized by (T7, pl, =} give a useful way station formula

T P?) =
—==|= 1.23
Ty (J'fh i

The temperares are absolute ones, of course, and the pressures are svailable,
from the known pressure altitudes, via Eq. (1.6). Taking the logarithm of Eq.
(1.21) resulis in a formula for the nonstandard lapse rate

o = dfa'-fr;r.l"l?']]
Raﬁ(ﬂ!ﬁ’] I

(1.24)

Then it is casy to get

A=ty =py =0 =T (1.25)

E!‘l

Example 1.7 Let us do a sample calculation using the two data points presented
befare Eq. (1.23), The two pressures—using Eq. (1.6) always with x (not ')
because » is what counts in the invariable ISA tie between pressure and pressure
altitude—are p; = 1827.7 psf and P71 =1760.8psf. The two temperatures are
Ty =479.T°R and I, =477.2°R. Equation (1.24) gives o' = 0.0026265 F/f,
Equation (1.25) then gives Ak = 951 8 1. In cold weather, as they say, the isobars
contract. Of course it is just because cold air is denser and so the pressure
difference, per tapeline foot, is greater.

The trouble with the above methad is that jt depends on temperature measure-
ments considerably more accurate than we normally have. Next we derive another
method that is simultancously mere sophisticated and practical.

Inchworm Method for Finding Ak

You can achieve higher accuracy if you are willing to take several measurements
of pressure gltitude fi, and temperature T between your lower and upper altitudes,
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vation of the method starts with the basic atmospheric hydrostatic differential

Deri
|wticn
1+ Ifj‘!:l = = d_fj [ 1 2'}]
Using Eq. (1.1) for p,
O - 0 (1.27)
n

1 pressure altitude 4, for pressure p, is defined as t|1:ll. nltimd{: iln 1hg 15A
Rﬂ:ﬂ]"l.ll'f:-- 5 ils prc'\wre'.l-. The virtue of pressure altitude is that it is d1r.c~ct1}'
- Ihmbﬁl’ea.in the c::::ckpit by simply setting the altimeter barometric subdial o
Tf: sz:na ;Eﬂding off indicated altitude, altimeter “reading™ I We c:an.._gct 511‘
:el;tliun for pressure altitude in terms of pressure, a more professional version o
Eq. (1.12). by inverting Eq. (1.0,

ak
ol fd s g) (1.28)
| ] _rn

Differentiating,
xR—1

o B SR (’i) (129)
dp Po \Po
Use this result to rewrite our expression for di in terms of df, instead of in terms
of dp,
@{@Jﬂuﬁ,:dh {1.30)
Hh \p, ;
Avariation on Eq. (1.23) is
’ﬂ) i (1.31)
.r" ﬂ: [.;I.u}
a0
e (1.32)
dh = di i )
Tlh,)
therefore,
gl (133)
= dh, :
i} J.l': T.‘l'“rp} 1

One advantage of the procedure implied by Eg. (1.33) for u_ncasur]ng x-mt.u:j
intervals is that it does not assume a constant lapse rate in the air between /i, &
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fi,2. With a more varied lapse rate, one must sample a larger number of points in
the atmasphere between 4, and h,,, true, to get accurate results. And then there
is the integral 1o evaluate numerically, But a second advantage is that, in most
cuses, onc need not use Eg. (1.33) in all its glory. The iniegrand, over the
reasonable pressure altitude ranges used in performance flight testing (a few
hundred to a thousand feet), usually varies quite slowly and steadily, Then it is
certainly waorth approximating Eq. (1.33) by using the mean of inteprand values
at the two ends of the interval:

K \h
Wk T{hpl] Iy Ifhrﬂ_ KE {]r34-:|
Tolh) ~ Tslhp) | 2

)

Because the ISA standard temperatures in our previous example are 479.7° R and
477.2°R, Eq. {1.34) gives us Ah=951.8 fL. the same figure as before. An even
easier or lazier variation would be to run the climb ar glide tests, say between
mressure altitudes of 4000 and 5000t a3 before, and then simply sample the

atmosphere once, at a pressure altitude of 4500 fi. Then the approximation looks
like

A ]‘-I.:I}.Ill +-‘-|72].l'l2]
= e Ak %
i [T.'I'[['ﬁlul + hﬂ: ];‘2] - r l 1 5:"

Assuming the temperature at the halfway point in our previous examples is
the mean between extremes, 18.75°F = 478.45°R, and using the fact that
T,(4500') = 502.65°R, Eq. (1.35) suggests Ak = 951.9ft. almost the identical
result given by Eq. (1.34). By splitting the difference. we imposed a constant
lapse rate,

What if the experimental vertical interval you are faced with is large, or the
lapse rate is quite erratic? Then take a lot of data points and use a numerical
integration procedure on Eq. (1.33)—see Appendix D on using the trapezoidal
rule for numerie integration, Our two-point estimate in Eq. {1.34) was essentially
the roughest possible implementation of that rule. Afier we have carefully
considered the workings of the altimeter and the way the altimeter sctting
works, we will return to this subject with a method for estimating a “global ™
nonstandard atmosphere on scant data, a way of deriving estimates for all three
paramcters Ty, py, and &', However. the simple local methods described above
tend to be more useful than a global model; for most aircraft performance
purposes, we are only inferested in the atmosphere locally.

The Atmosphere v

Reduction of Experimental Climb/Descent Data to ISA
Eqnivalen!s

= _climb is of course a major performance benchmark for military inter-
o Ll;ut it also appears in flight manuals for light aircrafi. The Cessna 172
L.E;Fjp:‘fmibr instance. includes a performance table Entit!e:d “Time, Fuel, and
Eista}! ce to Climb™ (see Table 1.4). That particular table is for only one gross
jeht (2400 1bf) and of course for full throtile and flaps up. It essentially _has
:;fmns.for density altitude, indicated air speed (F,, in KIAS), total clapsqd tlm:;
since leaving the point of origin at sea level, total I’m_rl used, and total hn;l;g;ta
distance traveled. IF the pilot wants o look up what it wlale-s 0 gm“f‘mm x Kt
10,000 ft as quickly as possible, he or she simply takes dlffemncca. book values
fg; that climb subtract o give 15min, 2.5 gal, a]H:I 21 nmile, . e
How would one tum experimental climb damlmlu such a table? You _mm:t fuf;
at o long climb as a bunch of short climbs, C-;:-nsldeF the cold-weather climb or the
previous section. The unknown airplane was climbing at 85 Kla":S Etnd went ru;'n
b = 4000 (where 7, = 20°F) to b = 5000 l:?vherc ]"_'2 = 17.5°F) in 505 In
:ai:a-crul slightly dilTerent ways, we found the tapeline ucrtn.-al. ascent was 93 i.E fi.
So the average rate of climb over that interval was 951.8/50 = 19.036 ft's, or
77 i ; ;
1 I:‘T::'::E:’r:l’li on is—and it is 2 pood one—that rate of |:_11'mh [fnrla given m:!gtlul
and flaps/gear configuration) depends only on air density. So we are certainly

Table 1.4 Time, fnel, and distanee 1o climb®

[hensily ,
altinide, Adr speed, Fuel wsed Dlst?rm.
fi KIAS Aj, min gal o mile
S 76 0 0.4 0
1and 6 | 0.3 2
2000 15 3 LK 4
00 135 5 (1] &
4000 74 7 14 9
3000 T4 9 L.7 1L
B0 13 11 1.2 14
T 12 14 1 1]
AR 2 17 il 1z
] bl | 2 ih 6
10,000 Tl 24 4.1 32
11,000 TO ] 49 8
12,000 T0 k] g 47

* Datg from Cessna Adrcrafl Company, 1986 Model [72P fnfarma-
tion Mamual, p. 5-17.
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going to have to know something about what density altitudes were encountered
during that climb,

In this case, it is probably easiest to use femperature, pressure, and density
ratios—{, &, and o = /0, respectively. Here th =479.7/518,7 = 0,0248:
¢ = 1827.7/2116.2 = 0.8637, so @ =0.8637/0.9248 = 0.9339. And 0, =
47725187 = 0.920; 4, = 1760.8/2116.2 = (.832 l, 50 73 = 0.8321/0.920 =
0.9044. From Eq. (1.13), by = 23183 ft and hy; = 3393.7f. Now does that
mean, translated to the standard atmosphere, that this climb would have been
from a density altitude of 2318.3 ft up to a density altitude of 3393.7 fi, a total of
1075.4 f1, in an actual ¢lapsed time of 5057 Yes the 1075.4 fi, but not the 50!

Here is why not. Rate of climb depends on air density, but the obstacle being
overcome is nat density. If it were, if the airplane were climbing up density steps
or rungs, one molecule at a time (fixed time for each step), then 50 for the trip
would make sense. But that is not the problem. It is the gravitational force that has
o be overcome and the actual brute tapeline (geopotential) distance really
matters. What we know is that the airplane’s rare of climb averaged 19.036 fifs,
In the ISA then, climbing at that rate from By =231831t to by, = 330371
{a tapeline distance of 1075.4 ft) would have taken

fhd ﬂ"‘i'l-,_ 1075.4 ft " B
Ar = ﬁ_——nm—ﬁﬁﬂgs (1.36)

That is the sort of time-interval adjustment that must be made, to each timed
pressure-altitude interval throughout the climb, ta bring it down to its ISA
equivalent.
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Atmospheric Aircraft
Instruments

Introduction

Some airplanes sport a multitude of instruments, gauges, and ind'u:gmrs. E_!Ilhcrs.
only & few. In this chapter we are going to consider three fmﬂly simple instru-
ments—air-speed indicator, outside air thermometer, and alurmmr—l:n:_cu}mc
those are most crucial to letting us evaluate airplane performance. 1rftm this is a
good place to mention some of the other instruments that a typical general
aviation reciprocating engine airplane is likely to have. :

Regarding the engine, there will be a tachometer (measures engine or propeller
circular speed) and, for the constant-speed airplane, a manifold pressure gauge
(measures pressure in the engine’ intake manifold, a proxy for engine torque).
There often are both a cylinder head temperature gauge and an exhaust gas
lemperature gange and both oil temperature and oil pressure gauges. There 'n!.-ll]
be a fuel guantity gauge and, if there is a fuel pump (especially low-wing
airplanes), a fuel pressure gauge and fuel flow gauge. There may even .h:: a
totalizer fuel gauge: nice to have for backfiguring accurate gross weights. There
may be a carburetor deck pressure gauge, Perhaps a carburetor air temperature
gauge to help detect carburetor icing danger. : .

The pilot has to know in what direction he or she is proceeding, so therc_ will
always be a compass and, most likely, a gyroscopic heading indicator. An attitude
indicator gives him or her pitch and bank angle information. A lurnrnm:l-sllp
indicator or turn coordinator indicates standard tum rates and its inclinometer
tells the pilot whether the airplane is heading in the direction of flight or, if.nnt‘
whiether it is slipping or skidding. A suction gauge tells whether the cngmc-dnve_’l’l
vacuum system is operating well. An ammeter indicates whether the batlery 13
charging or discharging and to what extent.

21
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There is one pitot-static instrument we will not discuss: the verical speed
indicator (VS1). In performance work we carry a stopwatch and figure vertical
speeds from altitude changes over time. The VSI is useful in ordinary operations
but its lag, as much as 95, puts it at a fatal disadvantage relative to a well-
calibrated thumb working a stopwatch,

Orall these, we only need to care fully understand the air-speed indicator [ASI),
the altimeter, and the outside air thermometer. We need 1o know the inputs,
outputs, and way the instrument produces the latter from the former. We need o
know its common errors (random, but especially systematic, including instrument
lags) and what 1o do to mitigate them. Cur knowledge of the atmosphere will
come in handy. So too will some basic gas thermodynamies, but we can get by
with only a little and that largely in the very next section.

Bernoulli’s Law

Bemoulli’s law relates changes in pressure p, gravitational potential gk, and speed
F in a fluid at different positions along the same streamline, The flow should he
steady (streamlines not changing with time), irrotational, and imviseid (viscosity
zero) and no external source or sink of energy should be operating. We almost
always have negligible height differences and so can leave out the aravitational
terms and take different, but close, streamlines, There are incompressible (low-
speed) and compressible (high-speed) versions of Bemoulli’s law. The low-speed
version (for M = 0.3) is

I +:|rﬂl-'|"'=p3+iql|::|i"§ (2.3
Applieations include Venturis and air-speed indicators.

Example 2.1 Let us pet ready for the air-speed indicator application by laking
position #1 in air some distance ahead of the airplane’s pitot tube—¥, =
F=100KTAS = 168.8 s, p, =po=21162psf, and p constant (incom-
pressible, remember?) at p, = 0,002377 slug/f® (the airplane under mean sea
level [MSL] standard conditions). So the lefi-hand side of Bq. (2.1) is
(2116.2 4 33.9) = 2150.1 psf. Notice how small the dwmamic pressure, the
velocity term, is compared to static atmospheric pressure. Dynamic pressure is
often given as g, it makes up the bulk of the formulas for lift and drg, Now take
position #2 inside the pitot tube, where the air has come to rest (again, relative to
the airplane). That makes ¥y = 0. So, using the Bernoulli relation. the pressure
inside the pitot twbe, g, = p, + ¢, must be 2150.1 psf. That pressure is ofien
called toral pressure, pr, since it is the sum of static and dynamic pressures. There
will be many more details on the ASI in the next section,
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i-e from the ideal gas law, Eq. (1.1), that since 1y = Pz, pressure in ti?E
L lation is proportional to temperature and so, if py =y, as it was in
e i :‘? have, then Ty = T; bringing the air in the pitot tube to a stop raises
Ehc ::In; ﬁl-n the other hand, when air passes over a wing or through a
'3 'mrge 1|1Ie pressure (and hence the temperature) decreases.,
R TI 1‘1:Jt need the compressible form of Bemoullis law very often because
m:h:j;;inncs we deal with are usually “far subsonic.” Fil.'lt mot ulway:-.;anr
- e M = 0.3, at MSL, corresponds to 0.3 ::q-ErErI SKTAS = 1984 KTAS.
msm;:LLﬁh::T-lass experimental aircrafi could casily be bn:g,'um_l that somewhat
S:i?i:h.; 1i1:it. And there will be more of those fast airplanes in the future. For
3131 reason, we include the compressible form:

T e S )(Pz_) + 1y (2.2)
(-J_-— !.) (,:Jl) - ZII (}'—l s 2

Greck small gamma (7), recall, is the ratio of specific heats, close 10 1,40 ';M'a-“::
reasonahble temperatures. The relation had to be m:arrnnge:; snmc'.w]'lat‘ e an':c :
the incompressible form, o let density p vary. lelcs: that if we *Iuru:d tor rechas ol
previous example o include the pUS::-illJlll.L}' of umnpressull:ullil;-f. w::l a-r::h;:
problem: position #2 pressure and density are both unknown! ‘IM, nee T{nﬂ[ﬂﬂ ]
relation and find it in (approximate) knowledge that the compressian tnu_ pn €
adighativathy, without gain or loss of heat. Such a thcmodynamm.cwnt is o _E_n
called an ﬁﬂ'{*rr.’mp;'r process—aone without entropy change—since :FQ_,"T =
d5 = 0, where 5 is entropy and &0 is heat 1mln.*'-.f¢l't‘6d. One way 1o specify an
adiabatic process, for an ideal gas, is that p/p" is constant during the process.
That is the second relation we occasionally and sorely need. ]

Almost all aerodynamics and fAuid mechanics books d::.nvc at least the
incompressible form of Bernoulli’s L:m-'.l[t um out to be htl.le_mun:_ Ehan'a
particular statement, for a volume of moving fluid, of the conservation of energy.
Bernoullis law, in whichever form (compressible or lnu{:mpmﬂs:lh]c] is appro-
priate, is one of the main and most useful relations in aerodynamics.

Air-Speed Indicators

We shall treat ASIs of both the lower-speed type (treating air as im.'u_rnpu'es'-&‘-_ible}
and higher-speed type (treating air as cumpmssib]t}—ThlnuEt.\,.to :m?ld m,!_'l,gj,d.c.r-
ing shock waves. even the latter case will still be subsonic. This section -.&1-1II give
an approximate formula that indicates when to switch fmm one tm: of ASI to the
other, Fig. 2.1 is a block diagram for the ASI, showing the smg_Jc_ pr:fsuri;
difference input and the single indicated air-speed output. In theory it is 2 simp
instrument; in practice, not so. First we consider the low-speed version.
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Figure 2.1 The inputand sutput variables ofan afr-speed indicator,

Low-Speed ASIs

Taking Eq. (2.1) with position #1 ahead of the i iti
| ; . itot tube, pos inside i
that equation specializes to i ey i

p+iplt=p, (2.3)
Solving Eq. (2.3) for I, we detect a problem:

p—

Py 8
3, (2.4)

We cannol find ¥, from an ordinary ASI, without

. . knowing air density p. §
what we do is define equivalear air speed 7, as 3 2P

i o g
F"n:' == \'GV == 'lpllllliﬂ_u flSJ‘

Equivalent air speed, after adjustin

1 g for various systematic errors i
we can read directly from an ASL [f 5 oo

we need to know true air speed V, we m
; X : : - ake a
density altitude correction off to the side. That is as good as we can do with this

device. Recall that we are, so far, ar speeds low enough that there is no practical

difference between equivalent and i
; calibrated air speeds. In seneral aviat] i
speed is normally called “calibrated.” 3 5o slir sy

High-Speed ASIs

Equation (2.2), with position #1 ahead of the
specializes to become

i Lo ¥ i
(725)r 300 =(}—,_J)(ﬂ—r)pr 26)

We also need the adiabatic or

pitot tube and position £2 inside it,

isentropic condition for this circumstance:

ﬂ_ £ 14y
."?r_ Pr %4
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Substitting Eg. (2.7) into Eq. (2.6) and multiplying through by (7 — 1)/7p.

ane gels
o 32 1-3/r
|+{J g i (F) (2.8)
iyp Pr
Using the fact that pr/p=gq/p+1 in Eg. (2.8), along with invening the
pressure ratio there and subtracting unity from cach side, one has

(e [(f + 1)' : '—E} (2.9)
2y p

Dividing hoth sides by MSL standard density and isolating the equivalent air

speed, one has
yp g plad T
L)IT‘ — TR T =4 I) =1 (2.10)
(v —1pq [(P :|

This (compressible) time the density stratagem, going to equivalent air speed,
did not solve our problem. The ASI still only has g for an input, but Eq. (2.10)
requires knowledge of ambient pressure p as well, This problem is solved by
constructing the ASI to read the square root of the right-hand side (RHS) of Eq,
(2.10) when p is replaced by standard MSL pressure py. Then, of course, that new
guantity is no longer quite equivalent air speed. Instead, it is called calibrated air

speed. given by
Jf:i (i+[)l -II—I (2.11)
(7= Upg | No

and now an additional pressure correction, commonly called AV, must be done
off to the side. Pilots of high subsonic aircraft carry a graph for that purpose, but
the airplancs we deal with are slow enough (M = 0.5) that a surprisingly simple
approximale correction, derivable from Egs. (2.10) and (2.11) by repeated
application of the binomial expansion, to varous orders, is sufficient:

v B
AV, =

il 2.12
= BRTyal G

Variable ap is the MSL standard sonic spead, 1116.4 ft's = 661.4 kn,

Example 2.2 Let us evaluate Eq. (2.12) for a sleek, high-powered craft going
300 KCAS = 506.4 ft/'s at a pressure altitude of 15,000 ft. (Under standard lapse
rate conditions, that speed is 378.2 KTAS.) Equation (2.12) says the correction
from calibrated to equivalent air speed is —7.06 ft's or —4.2 kn. The chart carned
by jet pilots [or solving Eq. (2.11) for g and plugging that value imo Eq. (2.107]
gives —5.3kn. Close enough. The correction is negative because compressibility
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raises the stagnation point density and thereby ov i
es | ¥ overstates the ram efTect, givin
the inside of the ASI bellows an added boast, Chur main use of Eq. (2.12) isgm wg

whether a compressibility correction needs 1o be considered. In thi
; . 3 - Im this very fas
fairly high case, correction helps. v

Calibrating the AST

Each airp]an{:'s_ASl installation needs to he individually calibrated to compensate
for systematic mstrument errors. (In g later seclion, we shall consider the less
common determination of position error, an error that may vary with body angle
fl_:eattlﬂ;:k (ADA) anlr.i impacts the altimeter.) Here we will describe calibration by
alder, not-so-reliable meas . B i
1l ured speed course method and then by newer high-
] 'I_'hw: goal is to get an accurate graph of calibrated air speed ¥V, plotted against
I.IEE!ICEL[E(I air speed V; over the entire range of your airplane’s ]i:x'el speeds, see
Fig. 2.2, If your pitot-static system, including the ASI itself, were pErfL‘c} -I’-
'-"-"G?I]d always equal w F.. Bur the system is net perfect; so, it needs m~ br.:
calibrated. Once that is done, you apply corrections to ¥ to get the correct value

of ¥ Fig_ure 2.3 outlines the order of application of corrections; we can almost
always skip the compressibility correction.

110

100

KCAS

g0

70

KIAS

Figure 2.2 Sample ASTcalibration curve,
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|.|1%:11:'I;j‘a'rlfée«ft:I r& Corract for Carrect for

= CAS = EAS = TAS
Comprassibility Air Dansity

Position Error

Figure 2.3 Air-speed indicalor corrections.

First, general principles and cautions about the calibration procedure. You
cannot do a good job on this crucial bit of instrument calibration flying unless
atmospheric conditions are smooth. This almost cerfainly means carly morning
flights (late afternoons are @ poor second best). A smooth stmosphere means

« Calm, or at least light and steady, winds (light enough that you can hold
indicated air speed within a knot of the selected target speed) and

» Megligible vertical air mass movement (little enough that you can hold
indicated alitude within 30 fi).

Before vou go up, select your set of target air speeds and a somewhat random
prder in which to run them. Strict numeric order i3 poor because it amplifies
effects of small systematic errors like engine temperature changes, slow atmos-
pheric changes, or other conditions beyond your control and knowledge.

About 10 air speeds, running from somewhat above power-on stall speed to
near-maximum-level flight speed. should be enough. For an airplane that stalls
arcund 40 and ean only get up to 100, this means about every five speed units.
For a higher-performance airplane (say 70 to 170 KCAS), target air speeds every
[0 kn or mph might be appropriate. Much depends on how smooth your final
calibration curve tums out 1o be.

Low-Altitude Speed Course Technique

With a broad brush, you are going to record indicated air speed (1AS) and
compuie hoth true air speed (TAS) and calibrated air speed (CAS). The
appropriate form is #312; see Fig. 2.4. You will make muns between parallel
roads or fences at least one flight minute, and an accurately known distance,
apart. If your maximum level flight speed is ¥y, mph, that means the roads or
fences must be at least V), /60 statute miles apart.

You will fly along, or parallel to, a road or fence or on a magnetic heading,
perpendicular o the starting and ending landmarks. Your IAS must be well
stabilized before crossing the starting line. If you have a low-wing airplane, it
makes sense to start and stop the waich when those landmarks, most commonly
straight roads o fences, cross under the leading edge of your wing: for a high-
wing airplane, perhaps a strut is the best marker. Tell the stopwatch-wielding
observer o always sil the same way in his or her seal. To get accurate start and
end times you will need to be low, from 200 fi to 400 ft AGL.
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Figure 2.4 Filled-im Form #312.

[T the airplane is crabbed a little into a steady crosswind, so be it. But
crosswinds greater than 15% of your air speed should be avoided because they
make for ASL errors larger than 1%. If there is o much crosswind, you may
simply have to call it a day.

For each target IAS you should fly at least two back-and-forth patterns, at least
four passes in all. For a dowen target air speeds and a course a couple of minutes
long on the average, this means aboul 50 passes, 3 or 4h of concentrated
boredom. It is unlikely smooth conditions, your attention span, and your fuel
capacity will all last this long. So be prepared to spend three or four momings
calibrating your ASI. You may want to work first on every other one of the rarget
uir speeds; after analvzing your initial session vou should be able to tell whether
the left out points are necessary.

Fefer to form #312 (Fig. 2.4, form #313 is just 2 continuation, with less header
information). Here are notes on some of the columns:

» Clock time—this is so you can later figure your pross weight. Weight
changes mean different AOAs and, perhaps, different ASI position crrors,
We hope not. Also, recording weight (along with revelutions per minute)
gives you some partial-thronle information that might be useful in the future,

# Magnetic heading—uwere vou “back”™ or were you “forth™?

s Actual IAS—say your target was 70 KIAS but you started a little slow, a1 68,
then brought up the speed to 70 by the run's end. Then actual 1AS, on the
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average, would be 69 KIAS. Use that average as your “actual.” If the
variation i too much, or unfathomable even il small, discard the rim and
repeat

o Ai—this is the run's elapsed time to the nearest tenth of a second. IF actual

1AS differs from target IAS, an adjustment is needed. Let us say you did a

pair of back-and-forth runs with target 75 KIAS but on the first of those your

actual was T6. You were going a bit faster than you intended and hence your
time was a bit shorter than it should have been. The proper adjustment of

your raw elapsed time is obtained by multiplying that time interval by 76/75.

On the calibration curve, vour KIAS along the x axis will then always be

your ferger speed, Rather than mess with this adjustment, you may prefer to

JTu.r.t throw out any ill-controlled runs.

Pressure altitude—set vour Kollsman window to 29.921 in. Hg while still on

the ground. (You might also record the correct altimeter setting. You will

have to land!} Say 29.921 gives you an indicated altitude of 3400 ft. And say
vou have decided to fiy at about 300 it AGL. That makes it ﬁ:’. = 3700 ft for
yOur runs,

» OAT—you need this, with pressure altitude A, to calculate relative atmos-

pheric density. Be watchful for engine exhaust giving you spuriously high

OAT readings. Try to place the temperature probe so that you get the same

reading whether under full power ar gliding level (with increasing elevator

deflection),

a—relative density. The square root of this figure will give you the necessary

correchion factor,

Calculated ground speed (GS)—this is course length divided by elapsed

time. The complication comes from various possible units. If the course

length is 2.3 (swatute) miles, but your ASI uses knots, then you need the
conversion factor 1.15076 statute miles per nautical mile. And you will need
to use 3600 sl o convert the time intervals,

s Calculated average ground speed {GS)—this means the average for the two
runs, back and forth, at the same [AS. So there will only be one of these
entries for each two rows. Because back-and-forth cancels the (assumed
constant!) wind effect, this single entry is the TAS for the pair. If one run
(via the previous column) was at 67,1 kn and the opposite direction went at
788 kn, then the average is 72.95 kn. [The average wind-speed component
glong your course, incidentally, is half the difference or (78.8 — 67.1)/2 =
5.85kn.]

» Calculated CAS—this is what we are looking for and is given by
CAS = /aTAS (2.13)
The rearranged rewrite will be useful when we analyze flight test data:
CAS
TAS =—= (2.14)

+f
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If you have half as much luck as you have put out effort, your air-speed
calibration graph will look like Fig. 2.3, If different pairs of runs at the same 1AS
are very different, your graph Ructuates wildly, or the emor is large (2@y over five
or six units) even thaugh relatively uniform, you need to pay remedial attention to
your physical pitot-static system itself. Askue' has good material on solving this
problem.

Back and Forth with GPS Unit Technique

As this is simply an abbreviated version of the previous technique; we will just
mention differences, With the GPS unit telling you (with some small time lag)
what your accurate ground speed is, you do not need such long steady runs or a
stopwatch. If you use forms #312 and #3013 wou can forget about the distance-
over-course in the header and you can negleet the column for Ar in the detail
section, In addition, the column marked “Cale’d GS" should now be marked
“Measured GS5.”

You still run back and forth along reciprocal courses (so wind effect will
cancel) at a constant pressure altinade, and you still need to record OAT so you
can caleulate relative density o But it you hold TAS and pressure altitude steady
for as long as 20, and ground speed GS fluctuates only a little (0.5 kn or less),
then you are done for that run, Using a GPS unit makes the calibration work go
quite a bit faster,

Box Pattern with GPS Unit Technique

This technique makes full use of the GPS and is done at altitude. Theory says
that finding three unknown numbers—TAS, wind speed V,,, and wind direction
(—needs three experiments. We are only after the TAS: the rest comes with the
lerritory,

As hefore, pick and record some pressure altitude 4, and record the outside air
temperature periodically. Again, winds aloft must be steady; your computed
results will tell you whether they are. Pick your first target IAS and maintain it
throughout the three legs of your box pattern. You first fly magnetic heading 0
deg, et a “20s” steady ground speed gy and record it. Then turn to heading 90
deg and repeat, getting ground speed g;. Then to heading 180 deg and repeat,
getting ground speed gy. That is it for that first [AS, so at this point you turn back
to the north to begin another cycle.

Repeat the above procedure for each of your other target indicated air speeds.
You may occasionally want to go back to one of the earlier TASs to check on the
wind; if the three ground speeds differ very much (more than 1 or 2 kn) between
the two patterns, the wind is probably too variable for vour results to be reliahle,
In that case, quit for the day.
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Omce back on the ground with good data, you have some caleulating to do.
preferably in & computer spreadsheet. Here are the caleulations required for cach

three-legged pattern:

p=£18 (2.15)

z=tan"' (g5 — 1. 28" — &1 —g3) (2.16)

_n-g i

7= dcos 20
lp+ V7 —a¢

TAS =y Yo (2.18)

Vv, =2 (2.19

v TAS bl

) =360 — 2, mod 360 (2.200

Remarks are in order.

s Varables p, x, and ¢ are just way stations, intermediate variables, which
simplify caleulating the meaningful items of Eqs. (2.18-2.20).

s The ground speeds, the TAS, and the wind speed ¥, are all in the same units

—knats, miles per hour, feet per second, whatever; you may need to convert

some of them so you end up with CAS in the same units as [AS,

In Eq. (2.16), the inverse tangent function is the wsual angle (counter-

clockwise from the positive x axis) to the point (x, ¥); as a spreadsheet

function this is written [@ATAMNZ(x.y). Coordinates x and v will be replaced

by spreadsheet cell addresses,

If the wind is from either directly east or west, you may find that ground

speeds gy and gy are exactly the same. Then there is o “singularity” and the

equations will not compute. If that extremely unlikely case does oceur, just

add 0.01 unit to cither g, or 2;.

The vertical bars in Eq. (2.19) denote taking the absolute value of whatever

is between them: as a spreadsheet function this is written G@ABS(-).

The mad (short for module) in Eq. (2.20) is shorthand for “the remainder

when divided by™ (in this case) 360; as a spreadsheet function this is written

MOD{360-, 360) except that you will have a cell address for the

argument .

Example 2.3 Say that on your three legs (magnetic headings 0 deg, 90 deg, and
180 deg, respectively) your three ground speeds were 93,3, 13000, and 105.9 kn.
For the inermediate caleulations, you will find that p = 10.148.5 and & =
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Figure 2.5 Diagram, in "air" space, of a box pattern GPS flight for ASI calibration.

81.02 deg and g = 3417.6. For the final calculations you will find TAS = 93.9,
Vo = 36.4, and # = 279.0 deg. Figure 2.5 shows the approximate speed triangles
for the three leps. Incidentally, it is unlikely an actual wind this high would be
sutficiently steady for accurate ASI calibration.

Kinetic Energy Effact

We close this section on the ASI by considering the kinetic energy effecr. The
airplane experiences a real acceleration, during climbs at consiant calibrated
(equivalent) air speed, because of the design of the ASL As the airplane climbs
into less dense air, TAS increases. During descents at constant CAS, the effect is
of course a deceleration,

Example 2.4 Consider an airplane climbing at constamt CAS Fa =
100 KCAS = 168.8ft/s. Because TAS is given by 1° = F2/g, TAS at say
density altiude 3000f, where o(3000f) = 09151, is V{3000 f) = 104.54
KTAS = 176.44 f's. At density altitude 4000 ft, where w4000 ft) = 0.8881,
F{4000 ft) = 106.11 KTAS = 179,10 fi/s. In climbing from 3000 to 4000 at
consiant CAS, the airplane has in fact accelerated slightly, increasing specd by
15T KTAS = 2.65 ft/s.

So, climbing or descending, there is a small but not imperceptible acceleration
which, in careful work, you need to consider. If this airplane were ¢limbing at say
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i incres 1d have taken place over 60 s and the resulting
000 fv'min, the speed increase woul
;c.;eh:ratiun would have been o= A/ At =2.65/60 = 0.044 ft's*, If the

weighed 3000 Ibf, this acceleration would correspond to an additional

airplanc ;
thrust, above that needed to overcome drag and gravity, of
W 3000 :
=—a=—— 0044 = 4.1 Ibf (2.21)
AT = 5 a 122

small, as we said, but not completely nr:gligil:l_lc. o
‘ The term “kinetic energy effect” is not particularly dcscn.mw-.:. The same can
he said of quite a few aeronautical engineering buzz words. Granted the m:l_'j:l]an-."s
kinetic energy does increase between the two stations (absent unconscienably
large and compensating fuel flow, which would .:!:crea.v.e Mmass g.nd thereby
decreage kinetic energy), but the real acceleration is simply an artifact of ASI
design. ' —_

To be able to quickly judge the extent and importance of the kinetic energy
effect, we calculate the acceleration, in general, for a climb through the ISA. The
descending case is the same except for a changed sign. The acceleration 15

v _, dadv

gl Sysriegy CRE (2.22)
S | A
and we must evaluate the last two derivatives on the right.
—1/2
Ll e (2.23)
de  ° de 2
I-shizl | _ o Ly i
de _d [, ok s A 5(1_7) (_) (2.24)
df dh T“ xR I‘“ T“
Expressions are simplest in terms of 7, so using
h‘ -1
e ”_} — gaR/af-1 (2.25)
Ty

and assembling results, we find
Ay = g VF(E}TM-'“”‘-’ =32 _ 1 463 x 105~ 0¥y ) fys’
Z 2 ATy
(2.26)

using British engineening units throughout. Using practical acronautical units for
rate of climb and calibrated air speed, this is

dpp =4.1156 x 1077 % 6~ ™™ x (fi'min) x (KCAS)R/s’ (2.27)

Revisiting our previcus numerical example 2.4, at climb midpoint 3500 ﬁ_ wE
had & = 0.9015. So with i = 1000 f/min and ¥, = 100 KCAS, Eq. (2.27) gives
e = 0.044 s, as before.
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Outside Air Thermometer

General aviation aircraft almost invariably have some sort of outside air ther-
mometer graduated (in the U.S.) in both Fahtenheit and Celsius degrees, These
are seldom either accurate enough or, more particularly, quick enough for
performance flight testing, A small portable digital remote-reading thermometer
is required. One such is the Universal Enterprises model DTI0K (Beaverton,
Oregon), The folded unit is about 3 % 5 = 5/8in. thick. The 4-in, temperature
probe is at the end of a 4-ft cable, which can be hung out a cabin window. The
readout is large, in both Fahrenheit and Celsius, and is to the nearest 0.1 deg. It
costs approximately $50.

IF you find that heat pollution from exhaust gascs is a problem, it may he
necessary o glide down onto the altiude you want to sample and hold altitude
with clevator. These units stabilize quickly

Ram Temperature Rise

The other problem you might have getting accurate outside air temperatures has
to do with ram temperature rise. When fast-moving air is brought to a standstil],
as we have seen, the pressure and density rise. So too does the temperature. Using
our carlier nomenclature, say the temperature rises from actual ambient T to
“total temperature™ Tp. How big is the effect?

Here it is best to make use of M = F/a, where a is the local speed of sound
given by

a =ypjp (2.28)

We have so far been eliminating temperatures in favor of pressures  and
densities, but the ideal gas law suggests

Tr _pp

7 —W? (2.29)

Rewriting Eq. (2.8) using Eq. (2.7), (2.28), and (2.29), we (almost} have

Tr = T(I o 5 'er) (2.30)

The added factor ¢ is the recovery fuctor, an empirical addition to aceount for
the fact that the stagnation process is not perfectly adiabatic. Some heat is lost by
convection, conduction, and radiation. Recovery factors range from (.75 to 0.99
(the high value only for clectrical resistance winding temperature probes), with
(.86 a pood average. For a given installation, ¢ can fairly casily be determined
expetimentally. Running at the same altitode at two considerably different air
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speeds (Mach numbers). and recording total temperatures, the two statcments of
Eg. (2.30) result in a solution for the recovery factor:

- 5T —TH)

= 2.31
TnM — T M el

But there is a problem. Without ¢ we do not have a good value of temperature
T. Because the speed of sound o depends solely on T, without good temperature,
even if we know TAS F, we cannot know M. It is time to get organized, see where
wee are, what we need, and what we have,

As a preliminary step, we add a simple formula for W to our armamentarium,
Reconsider Eq. (2.9) Using Eq. (2.28) in it, then isolating the square of M, one

immediately gets
it
Ml=%[(g+l) —l] (232)

Here then is the sinsation. In the cockpit you can read pressure altimde &
indieated (total) temperature Tr. and 1AS P, You also have the instrument error
and position error corrections (call their sum AF;) needed to get calibrated air
speed V. from F;. The question is “How would one get TAS I, true temperature
T. M, and temperature recovery factor ¢ from the known information?” Here, for
our subsonie case with no shock waves at the pitot tube, is how.

Step £, Get ¥V, = F, 4 AV,

Step 2. Solve Eq. (2.11) for the compressible dynamic pressure o get

g=py [(ﬂ%){”—; Dy |:| ] (233)

where a; is the standard MSL speed of sound (1116.4 fifs).

Step 3. Get M from Eq. (232).

Step 4. Write down indicated total temperature Tr and pressure altitude by
Step 5. To get information that can lead to the recovery factor ¢, fly at the same
pressure altitude {near the same time, therefore at the same true temperature T) at

a (considerably) dilferent speed. Then repeat steps 1 through 4. Call the two
Mach numbers M, and M,, the two total emperatures Tr, and Tys.

Siep 6. Compute recovery factor ¢ from Eq. (2.31).
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Step 7. Compute true temperature T by inverting Eq. (2.307:

T
F=TT02an T
Step 8. Compute the ambient speed of sound ¥, from
V, = /1eRT (2.35)
Step ¥ Compute TAS F from
V=MV, {2.36)

Example 2.5 You are at pressure altitude fp = 30,0000t and hence P =
629.7psl and & = 0.29756. The total (indicated) temperature is T = —50°F =
409.7°R. Your IAS ¥, = 393mph. This iz situation number 1. Mow we po
through the above steps.

Iy The known corrections AP, give you, say, calibrated air speed V. =
400 mph = 586.7 fi's,

2) Equation (2.33) gives g = 438.2 paf.

3) Equation {2.32) gives M = 0.9025,

4y Ty = 409 7R from the conditions of the problem. And, of course
by = 30,000 fi.

3} To get recovery factor information, say you slow down to M, = 0.40 and
find that Ty = 365.2°R.

6) From Eq. (2.31), € = .96,

7} From Eg. (2.30) the true temperature of siluation number 1 (the one we
care abour) is T = 35.3°R.

8) From Eq. (2.35), I, = 922.7 ft/s = 629.1 mph.

9) From Eq. (2.36), F = 832.7fi's = 5367.8 mph.

We did not say anything about equivalent air speed ¥, = &' F. From the ideal
gas law p=p/Rel = 629,7/(53.35 » 32,174 » 3154.3) = 0.001035, which
makes &= p/p, = 0.001035/0.002377 = 0.4354 and +"? = 0.6600. Hence
¥, = 549 6 ft's = 374.7 mph.

We will not often need all of this compressible apparatus, but it is here when
we do. Mow we turn towards understanding another important instrument, one
Just a5 subtle as the ASI, one needing careful treatment even at low speeds and
altitudes.

Aifmaspheric Arcraff Insirumenis ETS
The Altimeter

In Chapter | we used the altimeter to find pressure altitude (height in the ISA with
the same pressure as our location) as an npul o estimating geometric height
differences. Pressure altitude is found by tuming the afimeter setting (which we
will give variable 5) to the standard MSL value 29921 in. Hg. Though that valuc
is the one most often employed in performance flight test work, we want the
whole story. Perhaps we would need o recreate, say for forensic purposes,
altitude information for an airplane with an altimeter not set to 29.92 in. So in this
section we dig into the workings of the altimeter, finding out how to capitalize on
its possibilities and avoid its misleading indications. Figure (2.6) gives the block
diagram of the instrument, showing the altimeter's two inputs and single output,

Even if we restrict ourselves (o considering somewhat idealized atmospheres,
those with constant lapse rates, it takes (recall from Chapter 1) four numbers to
specify any one of them: Tj, o', pi,, and g. There is no problem with g and, as we
shall soon see, the altimeter setting knob allows us to compensate for non-
standard values p. But there is no possibility, with only that one adjustment, of
also being able to compensate for aberrant base MSL temperatures or variant
lapse rates. That is the basic problem with altimeters and one we must work
around, as best we can, with whatever armospheric information we have on hand
at the time. In Chapter 1, for instance, to find accurate vertical climb or glide
intervals, we wsed one or more temperature readings, taken within or on the
houndaries, 1o estimate true altitude height difference Ah. Next we delve into the
altimeter setting, the one adjustment we do have.

Derivation of the Altimeter Setting Formula
[n the 1SA, at any altitude b, Eqs. (1.8) and (1.9) tell us that

- aN
8 (ﬁ) (2.37)

Ta P
Altimeter »
Setting, s
Altiimeter
ﬁLTIMErEH o Head.ing_ r
Armbient
Almaspheric ———=
Pressure, p

Figure 2.6 Input and cutput variables for the altimeter.
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Mow consider a second “standard™ atmoesphere, with the same lapse rate « and
chemical composition (hence same specific gas constant &) but with a different
standard temperature T and a different standard pressure pj. In it. we would have

r (j.l‘ ).‘AH‘
== (2.38)
Ty b

Dividing Eq. (2.37) by Eq. (2.38), identifying the new standard pressure p, as
the altimeter setting s, and multiplying by T, we have

R
Ty [ (2.39)
. u(Fn]
Similar wo Eq. (1.6), the pressure in this nonstandard “standard” atmosphere is
1/zR
| /=R
k) =.'r(1 —%ﬁ) dheo 1—“—”1,? (2.40)
0 ]

alt '!! 1fx
o Foly @
.fr_p(l+(F) Tﬂ) (2.41)

and this is almest the formula for altimeter setting as seen in Smithsonian
Meteorolagical Tables.” Therc is one further wrinkle: 0.01 in. Hg is to be
subtracted from the actual pressure p o aceount for the approximate 10-fi
vertical distance up to the cockpit location of the altimeter from the botioms of
the tires (adjusted for teead wear, presumably).

In use, to tie down all the details, the pressure p we are discussing is that at the
field, hence called g and the altitede £ is the elevation of the field barometer,
hence called fip. So the official formula for altimeter setting, in all its glory, is

1iz8

t
ah
s=(p;—001)| 1 + (Er'_fgulm) L (2.42)

Example 2.6 Consider a field at ke = 4964t with ambient pressure
26.000in, Hg. Equation (2.42) then gives (xR = 0.190235, 1 /2R = 5.25635, and
Tofz = 145,457) altimeter setting s = 31,15 in. Hg. In our performance uses we
often jgnore the 0.01 in. Hg offset. Doing 3o here would have given 31,16 in. Hg.
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The Altimeter is a Barometer

Everyone says that the altimeter is just a barometer, but hardly anyone knows how
to walk out onto the tarmac, glance into an airplane’s cockpit, and accurately
report the current ambient barometric pressure. But, with the altimeter setting
formula in hand, that is easy to do. Simply solve Eq. (2.42) for pressure p,
interpreting field elevation /i, as instrument reading r, to get

aR 2R Ir L
p=(5"=py T -+ (.01
[}

= (s™19025 _ 1 3124 % 10772 1 0.01in. Hg (2.43)

Using figures from example 2.6, Eq. (2.43) does indeed give p = 26.001in. Hg.

Checking Altimeter Consistency

These altimeter manipulations assume the instrument is properly calibrated, A
quick way to check at least consistency, though not accuracy, is outlined in the
Federal Afr Regulations {F4R).? The technician sets s = 29.92 in. He and records
the corresponding altimeter face reading r as ry. Then the technician dials in
seven other altimeter setting values, the lefi-hand column of Table 2.1, and sees
whether the face readings are within 25 ft of those values suggested in the right-
hand column, If so, the altimeter passes this mild muster.

Example 2.7 Assume, for instance, that indicated pressure altitude r, turns out
to be 3000 fi. We can check to see whether the FAR table is correct by first using
Eq. (2.43) to find the ambicnt pressure p, then solving Eq. (2.43) for altimeter
reading r and checking a tabular point or two.

Table 2.1 Table [V in Appendix E of FAR Part
43, used to test altimeters

Altimeter sctiing 5. in. He Aldtimecter reading r, fi

B0 r— 1727

I1B.50 ry — 1340

2000 ry — 863

19,50 ry =392

992 i

in.sn Fa+ 531

30.90 g+ 893

i0.99 Fo+ 974




Pressure p turns out 1o be 26.83 in. Hg. Solving Eq. (2.43) for r gives

To (5% — (p = 0.011%)

| -]

2 Py
Checking for s = 28.501in. Hg with Eg. (244) gives r= 1656f = 3000fi—
1344 ft. The table is only 4 ft off.

With Egs. {2.42 — 2.44), we have the [L]] altimeter story, the ability to selve for

any onc of the three variables pressure p, altimeter setting s, and altimeter reading
r when given values of the other two varables.

= 76,1956 % (1925 _ [ p— 0.01)""%25) (2.44)

Changes in Indicated Altitudes Equal Changes in Pressure
Altitudes

In Chapter | we stressed techniques for estimating true altitude differences from
pressure altitude  differences and selected temperature measurements. [t 18
therefore gratifying to find that, if your aliimeter does nor happen to be set to
29.92 in, Hg, you can still easily find pressure altitude differences. Mo mater what
altimeter setting vou have, as long s you do not change it between the bottom
and top of your altitude interval, the difference in altimeter readings Ar is the
same as the difference in pressure altitudes Afr,. We now show why this is the
case.
We do neglect the 0.01 in. Hg offset. So Eq. (2.44) now reads

AR
Y Cod )

(2.45)
& T ipg

[T you look back into Chapter 1 for the formula for pressure altinede, you find it
can be written

5 To(p™ —p™)

2.46
R 48l

It ia clear from the forms of Egs. (2.43) and (2.46) that differences of either r
or h, will eliminate the different constants in the parentheses of each form. So
the result is that (for amy constant value of altimeter setting s used in the -
measurements}

Ar = Ah (2.47)

(]

General Linear Nonstandard Atmosphere

It often happens, in performance work, that you need an overall or “global™
estimate of a particular day’s stmosphere above & particular Jocality. With only
scanty data, that may have to be a rough cstimate, but the more accurate the
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better. Perhaps airplane X took off from airport ¥ and climbed at full throttle, at
speeds for best rate of climb, up to cruise at indicated altitude Z, There something
happened, resulting in an aceident, and your job in some legal litigation support is
o re-create performance numbers for that flight. To do that, vou need estimates of
atmospheric parameters,

We want to construct a particular nonstandard atmosphere, one with the same
mathematical structare as the ISA but based on three different defining constants
1. o and o', To find those three constants requires three pieces of experimental
atmospherie information. We assume specific gas constant R, and of course the
acceleration of gravity g, are the same as in the standard atmosphere. (17 humidity
is high, you can simply substitute for & the appropriately higher value R’ as
described in Chapter 1.] The most common situation is that we have both
temperature and pressure measurements in two locations—on the ground (at the
departure airport) and alaft. That is four pieces. We need four because the altitude
aloft is a fourth unknown. Let us start from the beginning.

Temperature and pressure distributions, in this nonstandard atmosphere, are
given by

T(h)y =Ty — o'k (2.48)
and
£\ VR
M#}:p’n(l —?) (2,49
1]

Using subscript i to refer to the field and subscript o to refer to aloft,
specializing Eqs. (2.48) and (2.49) give us these four relations;

) Known temperature T} on the field at known elevation J'i_l.-
To— .:c'h_l.- = T_.f (2.5

2) Known (or knowable) pressure p, on the field. This may need 1o be
backengineered from values for the then-current altimeter setting and
field clevation, using Eg. (2.43). When that has been done, the relevant
relation 15

A a'hy Ly
J,,"(1 i 1_) i (2.51)
o -
3) Enown temperature T, at unknown altitude & . Use Eq. (2.48) again.
T—ah, =T, (2.52)

4) Known or knowable pressure p, at altitude h,. Use Eq. (2.43), with
altimeter setting value s and recorded at-altiude altimeter reading r, o
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get o then use Eq. (2.49),
wh A VTR
TEII il
The four unknowns in Eqs. (2.50-2.53) are o, Tj, p, . and b, ; everything else
is measurable or calculable, Here is the stepwise solution.

Substitute Eq. (2.49) into (2.50) and Eq. (2.51) into (2.52). Divide those
resulls, take logarithms, and solve for o'

a = _lm {2.54)
R &lpelp,)
With &' determined, use it in Eg. (2.50) to get
Ty =T +oh (2.55)
With both = and T}, determined, use them in Eq. (2.51) to get
w=r(1-7) A (2.56)
(]
MNow i, can be calculated from Eq. (2.52):
hy = T — 7, (2.5T)

That is not quite all there is to the story, We have pood values for wday
atmaosphere: o, Ty, and py, and a pood value for fi, . But we do not want to infer
other altitude values h from temperature relations similar to Eq. (2.57)) We can
only read @ thermometer to about £0.5°F. At usual values of o', this is equivalent
to an altitude ervor of about £0.5,/0.003566 = £140 . In addition, thermom-
eters lag worse than altimeters; many of our flight tests will not allow sufficient
time at constant altitude for the thermometer to stabilize, But do not forget we
still have our altimeter even though we now know we have to read it with a
calculational grain of salt. To use this more precise pressure-measuring device—
=10 ft should be possible—we use a combination of Eqs. (2.49) and (2.43)%

'R 2k (W
p:](l — ﬂ;,,;?) — _.,-(] - (%) ;) (2.58)
i X L]

then salve this for &

AT f A 2 e
i

where «', 7, and py are given by our previous results, Eqs. (2.54-2.56), For full
generality, we have left altimeter setting 5 completely arbitrary; you can simplify
Eq. (2.5%) somewhat by either serting 5 = g or 5 = g, . As are the solutions for
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o, Tn, iy, and &, Eq. (2.59) for fr is exact within the limits of experimental
ErTors,

Example 2.8 Your home base, Waypoint Field, elevation {and weather station
elevation) 20001, announces current OAT =T, = —25°F = 434.7°R and
current altimeter setting s, = 28.00in.Hg. You intend to run glide tests at
about F000 1t

You set your altimeter’s barometric subdial to » = 5, = 29.00 and leave it there.
You take ofT and climb to indicated altitude r = 7500 fi; there vou fly level for
a minute and find that T = —35°F = 424.7°R. Then vou climb up another
1000 fi, cut your throttle, and stabilize to your first target air speed. You time your
glide down from » = 7500 fi to 6500 fi. What was your actual geometric altitude
loss Al for that indicated 1000 ft descent?

1) Find the field-level pressure from Eq. (2.43):
pr = (29.00™ " — 0,000013124 x 2000)°*** + 0,01
= 26,965 in, Hg (2.60)
2) Find the first at-altitede pressure, also from Eq. (2.43);
P, = (29.00°"% _ 0000013124 % 750002 £ 0.01
=21.930in Hg (2.61)
3) Find «' from Eq. (2.54):

ol 4(434.7/424.7)
T 53.35 4£(26.965 /21 .930)

= 0.0021106 F/ft (2.62)

4) Find T}, from Eq. (2.55)
7y = 4347 + 0.0021106 x 2000
=438.9°R = —20.8°F (2.63)
5) Find pj, from Eq, (2.56):

0.0021106 x 2000) e L

Ph= zﬁ.gﬁi(l - =

= 20382 in Hg (2.64)

Note that g, is not equal to s;.
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6) Find the first true altitude h, from Eqg, (2.57):

4389 — 4247

flr = 7500) = = TT06

= 6727.9 1 (2.65)
T) Find the second true altitude from Eq. (2.59):

LR T 1IN 53 55
el s LI [l_(zam)

0.0021106 29.3%2

s s 29,02\ M50 003566 x 6500 11,002 11 06,/0,003 566
29,00 518.7

= 5BB2.6M (2.66)
So our — 1000 ft nominal &k is actually
ddr = hilr = 6300) — b (r = 7500)
5882.6 — 67279
= =8453 1t {2.67)

We avoided, in this cold case, a 15% error in Ak. It took work 1o go through all
of these steps, but it does not take much more work to st Up & computer
spreadsheet that will give all such answers as fast a5 you can type in the raw data,
It is warth the effort to avoid errors in numbers as important and ubiguitous as
parasite drag coeflicient Cyy and nirplane efficiency factor e,

From the termain clearance point of view, you were about 700 ft lower than yonr
indicated altitudes. “Cold weather contracts the isobars.” The altimeter is a
PrESSurE-mMERsUTIngG Instrument,

]

Static Pressure Position Error

In our block diagrams of the ASI (Fig. 2.1) and the altimeter (Fig. 2.6), we
neglected ane fairly important aspeet, There may be crrors (see Figs. 2.7 and 2.8).
In thiz subsection we consider the most important such error—systemic error due
to not finding a pasition along the fuselage where static pressure is the same as
that in the free stream at the same altitude,

Most atmospheric instrument errors, for our subsonic general aviation
purposes, arc cither easily correctable or essentially negligible, Among the first
are the brute instrument errors, for which calibration cards can be prepared during
periodic instrument shop checks, and ASI calibration error, which we have treated
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PT

Air Speed .
—— Pr—p-Ap=q; —= Indicator S

prap=g;

Figure &I HRir-speed indicator pesition erToL,

in detail. Among the almost negligible errors is lag error due to the length and
small diameter of whing between the pitot tube and the ASL and from the static
port to either instrument, We can neglect lag error, in 2lmost all cases, because it
is self-compensating. 1f our altimeter lags say | s (typical lag errors are from 0.5
to 2.0 5) behind our actually reaching target altitude of 7500 ft, no matter; it will
lag an almost identical amount when we pass through a sccond target altitude of
6500 ft. Another is that in the pitot tube itsell. Up to ADAs of about 17 deg, total
pressure pitot errors are negligible,

Static pressure position error, however, is a problem, First of all, it depends on
several variables: pressure altitude, air speed, AOA, flaps/gear configuration, side
slip angle, Reynolds number, and Mach number. Because most of ow perfor-
mance concerns are quasi-steady-state coneerns, low maneuvering, coordinated
Might, and far subsonic, we can dispose of the latter three influences as beyond
our treatment. Each configuration must almast always be accounted for by having
its own position error determination. Becauwse air speed and AQA are so
intimately connected, we can combine those. So we are lefi with position error
Ap e p, — p as a function of true siatic pressure p and TAS V.

That will still be plenty to worry about, If Ap is positive, so that indicated
pressure p; (actually inferred, not directly indicated) is too high, then TAS s low
(1, = ¥,y and indicated pressure altiude is also low (B, = fip). Let us further
simplify the problem and cut it down o tractable size by only determining
position error at onc air speed and at one pressure altitude. Expanding to other
values of those base variables will then just be maore of the same.

We will consider two technigues. In each treatment we will assume there is
only one common static port and that the size of the position error is the same for
each of the two instruments. That way we can play one off against the other.
Because there is only one position error, a single veridical value (in ong case

Altimeter
—_—
Selting, s=p
a Altimeter
ALTIMETER T Reading, hp;
Perceivad
Atmospheric ——1=

Fressure, p + Ap=p;

Flguare 2.8 Peaition error gives the altimeler a false input.
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CAS, in the other case pressure altitude) will suffice to fix the emror. The static
pressure correction, recall, is simply the negative of the statie pressure error

Determining Static Pressure Position Error: Technigue #1

What is required is steady measurement—in essence, simultaneous—aof indicated
pressure altitude fr,, [AS V), TAS V, and (to get to CAS ¥, through density pg)
temperature T. The position error o be caleulated is indicared pressure minus true
pressure: Ap = p; — p. Indicated pressure is no problem. To get it, one simply
used the standard relationship, Eq. (1.6), So we need an cxpression for true
pressure @ in terms of measured quantities. Our method is 1o gel two expressions
for CAS ¥, so that can be eliminated, and then also two expressions for total
pressure pr, 50 that can be eliminated, We will then be left with only measurable
items,

Because we are subsonic, the definition of dvnamic pressure g and the ideal air
speed indicator construction immediately give us

2 _Upr—p)

= (2.68
: a 4

while the relation between calibrated and TAS and the ideal gas law give us

2 pV?
Ff= 2.69
ReTpy \ ’

Pulting Egs. (2.68) and (2,69} together and solving for total pressure then gives

2
pr=p(1 +m,T) (2.70)

On the other hand, the realistic ASI relationship

A py —
P'r.z =M (2.71)

My
gives us an alternative formula for total pressure:
Pr=3mV7 +p; (2.72)

Using Egs. (2.70) and (2.72), and again using the ideal gas law and a hit of
algebra, gives us the required relation:

_ PV —pViTIT,

Apmp—p= IReT = 12 (2.73)
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Determining Static Pressure Position Error: Technigue #2

This is the tower fly-by (or pacer aircraft) technigue in which an accurate value of
pressure altitude is independently determined. In this case, the expression for
static pressure position ermor is immediate:

wh o\ MR ek N /R :
Ap=p,—p=m (I——.’") _(I_T) (2.74)
?i] J’I.I

Position Exrror Causes Altimeter and ASI Exrrors

We are not quite finished. Finding the position error is not an end in itself.
Assuming the error is fairly small—a few hundredths of an inch of mercury—we
can avoid seme onerous algebra by simply taking partial derivatives of the
variables of interest, V. and ki, with respect w pressure @ (or vice versa) and
using those as differential expressions. For CAS,

a¥ —1
— = 2T
HIJ‘ pl}Fc { }
and so
Al g (2.76)
ﬂnj"",'-

In practice, one would use known IAS ¥, instead of ¥_, on the RHS of Eq.
(2.76).

In the pressure altitude case, it is convenient o use Eq. (1.6) and take this
derivative:

dp _ =po ( *"':')“m_l
= ] === T
B B S )
Inverting and using the ideal gas law then gives us
ah 3 1= 1R
i e
fofp s e {2.78)

Py

Again, one would use known indicated pressure altitude /i, instead of i, on the
RHS of Eq. (2.78).

Example 2.9 Let us use technique #2. The airplane, with altimeter set to
29.92 in. He, flies by the tower at an indicated pressure altitude of 100 ft. Those in
the tower, with their accurate barometer, level and sighting grid, along with a litle
trigonometry to make up small deviations they detect from level with respect to
their harometer, see the pressure altitude as 125 fi.
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Equation (2.74) gives the static pressure position error as Ap = 0.0269
in. Hg = 13025 psf. IF this figure is plugged right back into Eq. (2.78), using
known Ji,, = 100 ft, one indeed gets Ak, = —24.95 ft. But that is not the use of
the position error that matters, The one that counts operationally is what the
altimeter ereor is at some other altitude, when there is no one around to check,
Say the same airplane happens to be at hy; = 75001t at ¥, = 100KIAS. Then
using Eq. (2.78) tells the pilot that the pressure altiude error is —19.9 fi, so that
actual pressure altitude, assuming position error is the only error, is T519.5 fi,
{Recall the correction is always the negative of the error) Also, using Eq,
(2.76)—and not neglecting to convert ta British engineering units—the ASI error
is —4.7kn, So the airplane is actually traveling, again assuming position error is

the only ASI error, at 104,7 KCAS,

You will undoubtedly run into slightly different instrument calibration and
error analysis situtions that require unique combinations of the tools we have
assembled in this chapter. For instance, if errors are large and not correctable (say,
because they are historical or recorded from an girerafl destroved or otherwise not
available), you will need w forsake the above rough differentials for more
elaborate algebraic differences. You may find it necessary to evaluate position
ertors sl several speeds, therehy partitioning ASI calibration curve errors inta
position errors plus nonposition errors. But the tools you need to do these things

have been laid out
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Rircraft Performance
Preliminaries

Introduction

We are still not quite ready to plunge into the vast sea of airplane performance.
We need to check off @ moderate list of preliminary background information in
both physics and aeronautics: some terms (most will be italicized at first
mention), and ideas behind them, which will be our constant Companions,
Much of this may be review,

First, on the physics side, some performance items (speeds and rates of climhb
or of yaw) involve rases. Some involve positions; a few, acceferations, Accel-
erations are tied, through Newtons Laws of Motion, to fivces, Forces are vectors
amd have a direction as well as a magnimde. The same vector may be described
differently in different franies of reference. Other performance items are described
using angles and rofation speeds; then torgues supplant forces and angtilar
speeds replace linear ones. Because our main subject is quasi-steady-state
performance—certainly not the considerably more advanced theory of sr:nhiiif}r
and eontrol—we will not need much of this preliminary physics apparatus, only a
nodding acquaintance to help get our bearings. As we set put what we nead we
will also say where those bits Gt into larger pictures of perhaps future studies.

Second, on the aeronautics side, we need to come up with equations specific to
aircraft performance. Also, a brief treatment of airplanes and how they are
contralled. ,

Units and Dimensions

Physics is, or hopes (o be, a mathematical mode] of nature, Engineering science
extends the fundamentals of physics to include mathematical models of industrial
machines (airplancs!) and processes (internal combustion!). Inherent in this

49
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modeling is the replacement of real things (properties of physical ohjects, such
attributes as mass, weight, position, ete.) with numbers, The numbers measure the
attributes. The correct version of “T am 6f tall” is ungainly: “the number that
measures my height, in a sysiem of units employing feet as the unit of length, is
. Mo one can stand such pedantry for long, but it is a good idea to be able ta
recognize that the modeling idea is always lurking in the background.

Some physics/engineering measure numbers are simply numbers: ¢.g., number
of prapeller blades per propeller 8, Mach number M, relative air density o. These
pure “dimensionless” numbers gither come from simple counts (as 8) or from
ratios in which all units have canceled (M is the ratio of air speed 10 the speed of
sound, « the ratio of ambient 2ir density 1o “standard™ [MSL] mean sea level
density o, 0.002377 slugs/ft’). Other measure numbers do have units attached;
B, 9y, 74.6 slugs, 24001bf. Units that measure the same sort of thing—for
instance, feet and yards are both units of length—are said o have the same
dimensions, There are only a fow fundamental dimensions, but, even so, which
set to choose is somewhat arbitrary, A common cheice among engineers is force
F, length L, time T, and temperature @ (Greek capital theta). A common choice
amaong ph}'gicjg[g replaces & with mass M. Some also count electric cl:mrge a5 a
fundamental dimension. Angles are somewhat strange. We ordinarily use degrees,
but theoreticians prefer radians (rad). Because radian measure is arrived at by
taking the length of the arc subtended by the angle in some cirele, then dividing
that arc length by the cirele’s radius, radians are dimensionless; accordingly, we
also take degrees to be dimensionless,

Even after the fundamental dimensions have been chosen, the choice of their
units is still open. British engineering units, still common among aeronautical
engineers in the LS., use feet (ft) for £, seconds (s) for 7, and pounds force (Ibf)
for K. Temperature, in practical aviation work, is variously measured in degrees
Fahrenheit (“F), degrees Rankine (“R, the “absolute’ version of Fahrenheit), bui
also in degrees Celsius (°C), or degrees Kelvin (K, absolute Celsius). A similar
European system employs meters (m) for £, seconds (s) for 7, and Newtons (N)
for & the Evropean system sticks with Celsius and Kelvin for Lemperatures.
Further details are given in Chapter & where so-called dimensional analvsis is
used to help unravel the propeller problem,

We shall use British engineering units almost exclusively. This includes a few
other named wnits. Mass, for instance, is expressed in sfugs., The slug is a
“derived” unit, with 1slug defined as 11bf:s®/A, the amount of mass that
accelerates at | ft/s” when acted on by a force of 1 Ibf. Using square brackets
1o mean “the dimensions of” [M] = FL™' 72, The order in that product is of no
consequence. The speed variable is our major exeeption, or augmentation, to
strict use of British engineering units. The British engineering speed unit is ft/s.
While our equations will use fifs, input and output will more often cite knots
(nautical miles per hour, n mile/h) or, occasionally, (statute) miles per hour
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(mph). Because a US. nautical mile is 6076115 ft, and an hour consisis of
36005, we have

I nmile 60761158
K™ T 36008

Hence, a speed given in knots must be multiplied by 1.6878 1o express that
same speed in feet per second. The reciprocal, 0.592484, is what a given speed in
fect per second must be multiplied by to obtain the correct expression of that
same speed in knots. Statute miles per hour have a somewhat more easily
memorized factor for conversions 10 and from feet per second. Sixty
mph =88 fi/s. So multiply a given speed in feet per second by 60/88 to get
miles per hour; multiply a given speed in miles per hour by 88,60 to get feet per
second. However vou do it it is easy to make mistakes converting from one set of
umits to another.

Associating units with measure numbers, while still focusing on the underlying
phvsical objects as being paramount, leads us to mathematically strange state-
ments such as

1 kn = = |.6878 fi/s (2.1)

24 ft =8 yd (3.2)

Equation (3.2) is patently untrue if you hold strictly to the traditional definition
ol “equals™ as “is the same number as.” We do not. Onee units get into the act,
we loosen up “equals” to mean, in this case, that the lengths are the same; we
understand that the measure numbers for those lengths, if we employ different
units to express them, will not be numerically equal.

Scalars and Vectors

The simplest quantities we measure—number of propeller blades, mass, altiiude
—are expressed as single numbers. The numbers may be integers or fractions,
signed or not, with or without units. We will not need to use so-called imaginary
or compler numbers, though those are very useful in airfoil design and in
much of advanced acrodynamics. Single number quanmtities are known as
sealars. :

Fectors are the next most sophisticated category of physical variables. Vectors
have sizes and also directions; it takes an ordered pair or triple of numbers fo
cxpress a vector and a vector is dingramed by drawing an arrow with a certain
length and dircetion. Weight is a veetor anchored 1o the center of mass of an
object and directed downward; velocity is a vector also anchored to the center of
mass, directed in the (instantaneous) direction of motion of the object, with length
the speed of the object in whatever convenient system of units. Two vectors are
“equal,” in yet another minor modification of that term, if and only if both
lengths are equal, in the same system of units, and both directions are the same,
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Airplane A headed north at 100 kn in level cruise has the same speed as airplane B
headed east at 10 kn in level cruise; but they do not have the same veloeiny.

The casiest way to add two vectors is to resolve each of them into mutually
perpendicular compoenents along the axes of the same Cartesian coordinate
system. The say X component of the sum is then simply the sum of the X
components of the two addends, Similarly with the other components, There are
complicated formulas for doing this addition within polar coordinates, but it is
usually easier, if need be, to transform to rectangular coordinates, do the addition,
then transform the sum back 1o polar coordinates.

There are two types of products of veetors: sealar or “dot” products and vectar
or “cross” products. The dot product of vectors A4 and B is

A+ B = ABcos|< (4. B)| (3.3)

where scalars A and & are the lengths of the eponymous vectors and the argument
of the cosine function is the angle between the two vectors. Because the cosine
function is symmedric, it does not matter whether one considers the angle from A
to B or the one from B to 4. The most convenient way to calculate dot products is
often this relation:

A-B=AB, +4B, + 4.8 (3.4)

where the subseripted quantities are the components of the two vectors along the
indicated axes.

The cross product of two vectors A and B is considerably more complicated,
A x B is a vector, perpendicular to both 4 and B, pointed in the direction of
advance of the right-hand screw that would “mm™ 4 into the direction of B, the
shorter way, if 4 were welded to the screw head. (You may know what [ mean, but
probably not through the agency of my description.) The size of 4 < B is the
product of their lengths, 48, multiplied by the sine ol the angle between them.
This is the arca of the parallelogram formed by A and B . The computation of
A % 8 is usually done by expanding a certain determinant made up of the three
unit veetors and components of 4 and 8;

Pl oy
AxB=|4, A, A, (3.5)
L oM

With the exception of a brief foray into the Coriolis psendoforce, we wen't go
deeply enough into mechanics to need to do this.

Coordinate Systems

The same physical vector may be expressed differently in two coordinate systems.
The only two kinds of coordinate systems we will need here are 1) ordinary right-
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handed rectilinear Cartesian ones, with three mutually perpendicular axes x. p
and = (these axes orented, respectively, as the thumb, forefinger. and middle
finger of a right hand) and 2) circular or cylindrical polar coordinates, with radial
coordinate r (in two dimensions) or @ (1n three dimensions), azimuthal or angular
coordinate & {increasing counterclockwise starting from the positive x axis), and
height coordinate again =. Trigonometry comes to the rescue when we need to
express a vector, given in one of these coordinate systems, in terms of the other
coordinate system. [n the two-dimensional polar case,

r=recosll, y=rsni (3.6)
or, inversely,
r=y2 4+, 0=t ' p/x) (3.7

We will skip over the problem of what to do when x = 0; in practical cases,
continuity will take care of that ambiguity. Equations (3.6) and (3.7) are for the
twor coordinate systems with a common origin, common = axis, and oriented as
mentioned in the description of polar coordinate 6.

Frames of Reference

Coordinate systems can also be in motion with respect 1o one another. The major
such case we will consider involves describing aircraft motion alternatively in a
“fixed™ Earth-based system and in a “moving” air-mass-based system. The air
miass is assumed to move, with respect 1o the Earth below it, with constant speed
in @ constant direction; no accelerations. We will say something about rotating
coordinate systems after we have introduced circular motion, In this easier
situation, there is a simple algebraic rule for getting this coordinate transforma-
tion done properdy. [F we denate veetors as bolded quantities, and use the
symbol & to denote the Earth, o for the air mass, and g for the (air)plane, with
for instance b, meaning velocity of the plane with respect to the Earth, then

Vap= Vo +Vap (3.8)

The three objects featured in Eq. (3.81+—Earth, air mass, and airplane—might
be any other three, those are what we are interested in here. Or they could be
those same three, but permuted. It is only the algebraic relationship, with the
“collapse™ of the internal symbol @ on the right side, that matters. In use, one
often writes a relation like Eq. (3.8) in any convenient form he or she can get a
handle on, then rewrites it at leisure using the usual rules of algebea (adding the
same quantity to each side or multiplying a term by minus one, s Vg, = —V2)
to et precisely the relation needed.
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Wind, the motion of an air mass, is a somewhat strange case. Air movement is
almost always reported with respect to the Earth. Wind velocity ¥, is velocity of
the air mass with respect to the Earth, V5. We report this, however, in a uniguely
confusing polar convention—wind is currently 20 kn from 250 deg, for example
—giving wind speed and the direction the wind i from instead of the direction in
which it is moving., Well, in Minneapolis, Minnesota, we speak of individuals
from Mobile, Alabama, as “Southerners,” emphasizing where they come from,
and what they bring with them, rather than stressing their direction of flight,
Similarly, the sea breeze brings moisture, the norther (headed sowth) brings, in the
northem hemisphere, arctic chill, In fact our description of a wind velocity, if you
ignore the word “from,” is a description of —F,, = V.. the velocity of the Earth
with respect to the air mass. Practically?T The wind velocity vector, which we need
in equations, comes from simply acking 8 minus sign onto the conventional
description.

Linear Kinematics: Position, Velocity, Acceleration

To describe motion of a point—usually the center of mass or cg. of some
extended ohject, perhaps an aimplane—one first of all needs a coordinate system.
The position of the point at any time ¢ is vector x(f). Another symbaol, other
than x, may of course be used; if the motion of more than one object is being
described, one will use a different symbol, or distinguishing subscripts, for the
maotion of each, Displacemernt of the object, between times ¢ and £, i1 the vector
[ixtrz) — x(1,}].

Fedocity of the point at time £, w5 ), 15 the time denvative of x evaluated at time
f;; this dertvative is conventionally writter, in our culture’s not-sc-consistent
functional notation, as dxis,)/di. To take such a dervative, one actually wses the
two or three scalar functions for the like number of components of veetor x.

Acceleration of the point at time ¢, &(), is the time derivative of v evaluated
at time fy, written du(s)/ds Again one actually uses scalar functions in the
mathematical work.

Example 3.1 Because we are only reviewing notation, let us see how this works
in an example vou already know about. You know that if vou drop an object out
of an airplane into a frictionless atmosphere, it suffers a constant acceleration of
size g = 32.174 fifs’ downwards. Let us describe this idealized motion (flat
Earth, no variation of gravitational acceleration with altitude, no atmosphere),
First of all, to give the numbers something to refer 1o, we nesd a coordinate
gystem. Take a rectilinear Cartesian system with crigin at the position of the
center of mass of the object at the instant of release. Take the x axis in the
direction of flight, the ¥ axis horizontally to the right as the pilot faces, and the =
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axis straight down, all of these pertaining o the instant of release, We have picked
a particularly simple coordinate system, for this problem, so that we will get a
particularly simple description of the motion. One final simplification: the object
is at rest with respeet to the coordinate system just deseribed at the instant of
release. As is often done, let us take vectors of unit length in the directions of the
x, v and z axes to be, respectively, i, j, and k.

In this problem, we start off knowing acceleration is the constant vector gk,
The velocity vector, when differentiated with respect o time, that will give this
is #(f) = gth. The position vector that, when differentiated, will give v is
z(t) = Lgr*k. Because the motion is in the = direetion, we switched from x to =
for our position variable. As in many problems of this type, the proof is in the
“check.” Indeed, when you differentiate 2(r) with respect to 1 you do get W), And
a further differentiation of W) indeed does give ar). All of this is true only for
times ! for which =(7) is less than the absolute altitude of the airplane at ¢ = 0.

One aspect of this example that made things simple is that the coordinate system
we chose had unit vectors £, j, & which themselves did not vary in time. 1f one has
1o deal with rotating coordinate systems (or other accelerated, so-called “non-
inertial™ frames of reference), such is not the case and description of motion
(kinematics) gets messier. If you study stability and control or flight dynamics
even if only for flights still within the atmosphere), you will consider moving
goordinate svstems in detail and in abundance. We will touch on one application
below.

Linear Dynamics: Force, Work, Energy and Power

But what creates the accelerations of objects that change their velocities,
changing their posittons? Forces. Sir Isaac Newton encapsulated this subject in
Mewton's Laws of Motion:

1) An object not acted on by forces, if at rest, remains at rest. IF it is moving, it
maintains that same speed and moves in a straight line (i.e., no force, no
acceleration; therefore, constant speed).

2) An object of mass m, acted on by a force F, undergoes acceleration in the
direction of that force of size F/m (i.c., F = ma).

3) If object A exents force F on object 8 | then object B exerls foree —F on
object 4 (Le.. each action is accompanied by an equal-sized, but oppositely
directed, regetion),

The first law i% just a special case of the second. The second law is essentially a
definition telling us how to quantify the size of a force (see how big is the
aceeleration it produces on a mass of size m). The third law 15 not true for all
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electromagnetic phenomena but will be for interactions within our purview, The
second low i the big one.

When the mass of an object experiencing a force is changing in time, the
second law must be expanded to read the following: the time rate of change of
montentum p=mv is given by force F (ie. F = dp/dr = d(mv)/ds). This
formulation is needed for rocket problems in which mass is continuously being
ejected from the rear nozzle. All the above is of course only true for “classical™ or
“nonrelativistic” problems, problems in which all speeds, with respect to any
pertinent coordinate system, are very small compared with the velocity of light
iabout 186,000 mile/s). Accurate lime measurements required by global posi-
tioning system satellites use relativistic corrections, but that is about the only
current Earthly acronautical application where those are needed,

Work and energy are two more important mechanics concepts we will
occasionally use. Bork W done on an object by a foree is measured as the
product of the size of the force, F, and the distance through which the object was
maoved in the direction of the farce:

WesF-d (3.9}

where vector d is the displacement of the body while acted on by the force.
Work is a sealar, as is any quantity defined as a dot product of two vectors. British
engineering work units are fi-Ibf. Equation (3.9) works only for simple cases,
when the force is constant. In more complicated cases, in which either the force
or the displacement changes with time (e.g., the infamous “downwind turn™},
an integral version of Egq. (3.9) is employed. We will wait until we necd
that.

Doing work on an object adds to its emergy (as does heating it). Energy exists
in many different forms. We will certainly be concerned with kinetic energy and
gravitational potential energy, possibly with chemical energy and heat energy:
seldom will our energy net be cast so wide as to bring in radiation energy (though
it did in explaining the atmosphere’s temperature lapse rate) or the inherent mass
energy of nuclear reactars or explosions. Energy is a scalar and has the same units
as does work.

Kinetic energy (KE) is the energy a massive body has by virtue of its motion.
The kinetic energy of a body of mass m, in a frame of reference in which its speed
is o, is

KE = {mm? (3.10)

In the example of the previous section, the body falling from the airplane in a
vacuum, say from height # and for time interval & (f for “final™), it is casy to
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calculate the work done on the body by gravity and the corresponding final
kinetic energy:
F-d=mgk-hk
= mgh
= lmgi
=£m!':[{lr} (3.11)

The general statement of what happens to a body’s kinetic energy if you
accelerate it with force F between positions r, and r, is

1 dy
J: F~ﬂ'r_m_|: - ~dr

=m J Cvedy
| 1,
- Em@ —5my
= KE, — KE, {3.12)

Potential energy (PE) is encrgy a body has by virue of its position in a force
ligld. OF the various types of potential encrgy—electrical, magnetic, chemical,
mechenical, and gravitational—we will only be interested in the gravitational
variety, Only potential energy differences are defined, but we often implicitly
assume the starting point or datum is at MSL, or on the Earth directly beneath the
pirplane, or at some standard altitude above or below the airplane’s current
position. [fwe take owr previous falling object example and calculate the potential
energy difference between having the object at ground level and placing it in the
airplane at absolute altitude A, then

FPE = mgh = Wh (3.13)

This is just the work—using our previous variables, (=F - —dl = (F-d) =
imgh—it would take to lift the body from the PE datum (ground level), to the
airplane’s altitude, against the force of gravity. Motice, in Eq. {3.11), how
naturally that amount of work appearcd in the kinetic energy calculation

Energy is conserved. That means that the total energy of a fixed set of material
objects, confined within an energyproof barrier (no particle or heat or radiation
leaks), never changes. In the falling objeet case, the body lost gravitational PE as
it was falling and gained an equivalent amount of KE. Onee it hit the ground, the
body's splendid isolation was broken; then its K£ was converted into heat energy,
within itself and the neighboring ground, and in mechanical potential energy in its
dents and ground compression.

In force/motion ‘mechanics problems, one often has a choice between consid-
ering forces in detail or, alternatively. taking an energy approach in which kinetic
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and potential energies are interchanged. You can feel free w take whichever path
seems most obvious and simplest. But do not combine them; once potential
energy is introduced you must not consider the force field responsible for that
potential energy.

Pover is the time rate of doing work. The striet British engineering units are,
therefore, units of work divided by units of time (fi-1bf/s), but we most often fall
back on the familiar preindustrial unit Aorsepower (hpl, which is 550 ft-1bf/s.
Using P for power, common relations in which it appears (assuming force i3
constant in time) are

AW d(F-d)

di ds

P =F+v (3.14)

Circular Kinematics: Angular Position, Velocity, and
Bcceleration

We describe the anpular “position™ or arientation of an object by saving how
many degrees or radians a given ling, embedded in the object, has rotated, in a
certain direction, relative to a given reference position of that line, In the airplane
case, the given line is usually taken to be one down the length of the fuselage,
likely passing through the airplane’s c.g.: the “body axis.” We often pretend the
body axis is parallel to the thrust axis, the symmetry axis of the propeller shall,
but those may differ by as much as a couple of degrees, perhaps down a bit,
perhaps off a bit to the right (for propellers that rotate clockwise as seen from
behind), That small off-axis possibility is only a minor annoyance because, for a
given airplane, it is a fixed quantity. We usvally ignore it.

The angle units used in science and mathematics are saefions, previously
defined as the ratio of arc subtended to radivs, where the angle is considered a
sector of any circle. The common angle unit, of course, s the degree. Because
there are 2% radians, and 360dez, in a full circle, a radian is 180/% =
372958 = 57 3 deg. As is common in engingening work, we will use radians
in equations, because that makes them simpler, and use degrees in common
parlance. Conversion factors of 180/%, therefore. or of its reciprocal =, 180,
abound. Degrees are sometimes broken into 60 min of are, which in turn are
broken into 60s of arc, but modemn usage, to which we will adhere, prefers the
simplicity of decimal fractions of a degree, An angular position, or the angular
displacement (refasion) required to achieve one angular position from another,
can be any (real) number of radians or degrees, positive or negative.

For our fairy elementary purposes, in which rotations take place zround one
fixed and well-defined axis at a time, or very close to that, angular positions and
displacements can be considered scalars, In the full generality of three-dimen-
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sional space, with rotations about axes that are not fixed, correct treatment of
rotations involves describing them at least as vectors and, most generally, as
pscudo-vectons or axial vectors, actually antisymmetric second-order tensors, You
can leave that for a course in stability and control or cne in orbital mechanies. We
will only show angles and angular speed as vectors when it is necessary to get
proper directions for such derived concepts as angular momentum or torque.

Example 3.2  An aside, Roational kinematics and dynamics are much morg
complicated than their linear counterparts. Here is an example. My father-in-law
begueathed to me his small (about 3 in. long) two-hlade pocket knife, This knife
{and many of its type) has the following strange behavior. If you place it on its
back on a Formica (low friction) countertop and spin it (blades closed) clockwise
as seen from obove, it rotates for about 8s. It slows down, because of friction
hetween the knife back and the countertop, and stops. It barely wobbles while it
does this. If, on the other hand, you spin the knife counterclockwise, the knife
wobbles (back and forth about its long axis) fairly vielently, comes to a stop in
only 3 or 4 5, and then backs wp (rotates in the clockwise direction) approximately
20 o 30 deg. How can this be? Why the asymmetry? Why the extreme wobble?
Why the backing up? Advanced physics mechanics books, or specialized tomes
on rigid body mechanics, answer these questions. [t is not 2 miracle—the knife is
not haunted—but the causes are subtle and the proper mathematical description is
quite involved.

Becanse angular position or displacement——For pitch angles we are hikely to use (f
{Greck small theta), for angles of attack we have used 2 (Greek small alpha), and
for flight path angles we will mostly use 7 (Greek small gammay—can, in simple
cases, taken to be a scalar, so too is its time rate of change, angular velocity or
rotation speed, commonly denoted e (Greek small omega). As is angular
aceeleration deofdi; becanse we will not need it, the fact that angular acceleration
is often denoted «, the same letter as angle of attack, will not confuse us. While
usually has rad/s for units, our most common rotation rates are of propellers or
crankshafts. For those we employ variables /¥, revolutions per minute (Fpm) or #,
revolunions per second (rps).

Circular Dynamics: Torque, Work, Energy, and Power

Having cut rotary mechanies down to rotations at constant speed about & fixed
axis, Table 3.1, augmented with a few comments, tells the story as we need it.
While one cannot always use these relations uncritically, they obtain in most
straightforward cases considered in this book. In linear mechanics, it was masses
that had position, moved, were forced on, and accelerated. Here we have the more
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Table 3.1 Correspondence between linear and circular quantities

Concept Limear variable Line=ar units Circular variable Ciroular units
Mass analop " slug ! sluig-it*
Pasition x 1t o radizn, ar deg
Velacity E=% s =l rad/s, or deyrfs
Acceleration =1 It,-'sz a=ao I'.ll;l,-'sr. ar -;lr.:g;"sz
Foree analog F =rma Ikt LerxF=1Ile N-1bf
bMaomentum F=my slug-ft/s rxp=la s]ug—ﬂ:;'s
Wark F-d fi-Ibf L-A A-ThE
Kinetic energy ipﬂ-“ fi-Ibf é.l'rulE ft-1bf
Giruvitational FE gl -1l - —
Povwer Fr ft-Ibfs, o hp Lew ft-1bf, ar hp

complex notion of momeni of inertia I, which depends both on the extended
object’s mass and on the distribution of that mass about a given rotational axis:

=

-:= "mr-
=1

T

(3.15)

Here my; is mass of the ith of N mass points and distance »; is the
(perpendicular) distance between that ith mass point and the axis. An airplane’s
moment of inertia about its longitudinal axis plavs a role, for instance, in its full-
aileron-deflection roll rate. We will not be considering rapid aerobatic maneuvers.
Beginning physics books often have caleulations of moments of inertia of such
regular solids as spheres and eylinders. We will get by citing only a couple of
those results: 1) for a solid cylinder, about its axis, [ = $MR*; 2) for a hollow
cylinder of inside radius £, outside radius B, I = IM(R] + R3). In both of these
cases, the object has uniform density and has total mass M.

In aviation, we generally associate torgue with engines or propellers and use a
different word, moment, for torques on the (assumed rigid) airframe. Moments of
weight forees, about the c.g. of the airplane, come inte play in weight and balance
calculations. An airplane loaded too heavily aft, for instance, even though its
gross weight is less than the maximuwm allowed, is a particularly dangerous
situation, It might take off apparently normally but then rotate nose up, farther
and faster than could be corrected by full nose-down elevator stick deflection, and
stall. Even if one gets past that takeoff problem by rotating at higher-than-normal
air speed, the balance problem is waiting at the other end of the trip, when the
pilot slows for landing.

Uniform gravitational forces act on an extended object ag though its entire
mass were concentrated at the center of mass (c.m.). Because gravity is the pivotal
body force we are interested in, the c.m. is often also called the center of gravin
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{c.g.). For a body consisting of N masses, the position of the c.m. can be found
from this relation:

N
Mray =3 mr, (3.16)
=l

This calculation leads to the same position for c.m. (which may not even be
within the material of the body itsclf; consider & flat washer) regardless of the
coordinate system origin chosen; of course the coordinates of the center of mass
will depend on which origin was used.

A eircular motion case of particular importance—and one that confuses much
of the Federal Aviation Administration (FAA) 2—is that of an object moving in a
cireular path at constant speed. You learned in elementary physics that for this to
happen there must be a centripesal force on the object, directed towards the center
of the circle, of size

_; r
Faangon = = (3.17)

There is also a ceasrifugal force, of the same size, dirccted away from the
center of the circle. But the centrifugal force is not a force on the airplane. The
centripetal force is that of the air on the airplane, radially inwards; the centrifugal
force is that of the airplane on the air, radially outwards. This is an example of
Mewtons third law of motion.

Centrifugal and Coriolis Pseudoforces

For the performance of Aghi aireralt, this s an optional section. When one
coordinate system is rotating with respect to another, strange new effects called
pseudaforces arise. Newton's laws of motion are enly true in an inertial frame of
reference. Preudoforces appear when one insists on looking at particle motion
from a noninertial frame of reference. In the case of uniform rofation, the
pseudaforees are the centrifugal jorce and the Coriolis jorce. (Caution! This
centrifigal pseudoforee is not the same as the acwal foree called “centrifugal™ in
the section just above. That fact causes much confusion.)

Example 3.3 Relative to a rotating (and smooth) merry-go-round, a bleck of
ice, if released, would slide away outwards unless restrained. That inital
psendoforee is the so-called “centrifugal™ (away from the center) force. For the
block of e to remain “unaccelerated™ with respect to the (noninertial) merry-go-
round, 3 counterscting centripetal (lowards the center) foree, say a barrier, would
have to be applied to the block. In an inertial frame, the unconstrained released
block simply continues its initial motion in a straight line while the merry-go-
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round turms under it and “away off to the side.” The motion off to the side, once
the block has some palpable velocity with respect to the merry-go-round, is a fwo-
dimensional form of “Corialis™ force,

Example 3.4 An airplane circumnavigating the Earth, 35,000 fi above the
equator, headed cast, has a slight advantage over its twin (which we ke to be
near the same place at the same time) circumnavigating westward, Making the
transition to the three-dimensional rotating Earth, we must be prepared for a brief
bout of heavy lifting, The usual way of describing the influence of frames of
reference rotating with angular speed [3—the origin of that frame unaccelernted
with respect to the inertial frame, and in our case coincident with it—in physics
texts’ 7 or in flight dynamics texts™ is to arpue towards and derive:

a=Fim=[a] +QxQx R+2Qx V+0' x p (3.18)

Here vector a is the acceleration in F7, the inertial frame, and vector [a] is
acceleration of the particle viewed in the rotating frame (for the rotating Earth
case, call that rotating frame FE). R is the radius vector from the origin of #1 to
the particle, Vis the velocity of the particle as seen in the rotating frame, and §°
i the angular acceleration of the rotating frame with respeet to the inertial one
Although the Earth’s rotation rate is slowing (due to tidal friction), jgnore that last
very small term. Symbols *x " denote cross ar vector produgts, The pseudoforces,
“seen” in the accelerated frame, are expressed best by solving for [a] {and, here,
neglecling the angular aceeleration):

el =Fim—-QxQuR—20xp [3.19)

The lefi-hand side of Eq. (3.19) is the acceleration seen from the neninertial
{Earth-based) frame. The three terms of the right-hand side of Eg, (3.19) are, in
order, the (imertinl) acceleration from external actually applied forces, the
centrifugal pseudoforce (often called “centripetal” because of the negative
sign), and the Coriolis pseudoforce,

Az further simplification, we also assume the center of the Earth is unac-
celerated, so that if it were not for its rotation abour its axis {also ignoring
precession and nutation). it would be a suitable inertial frame, That is, we ignore
the arbital aceeleration of the Earth about the Sun and any acceleration of the Sun
as it revolves in the Milky Way and anything else. Coriolis aceelenation is
commonly thought of as manifesting itself (only) by forcing moving objects in
the northern hemisphere to the right and those in the southern hemisphere to the
left. That is not quite correct; there will tum out to be more to that story.

MNow let us specialize the velocity of the particle (zirplane) ¥ to the cquatorial
plane. The Earth rotates *from west to €ast.” Ahout its axis. seen from above
the Morth PFole, that is considered a positive totation with angular specd
£ =2m/(24 = 60 x 60) = 7.27 = 10—* rad/s. The radivs of the Earth is about
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3960 statute miles or &= 2.091 x 107 . Add A = 35,000 to it and you get
(R+ M) = 2.094 = 107 fi. ©2x(R + k) points East and is of length 1522.3. The
negative of {22 that previous result, the centripetal term, points inwards, towards
the center of the Earth, and is of length 0.111 fi/s” = 0.0034 g, where g = 32.174
fi/s°. Notice there is no dependence of the centripetal term on the velocities of th.e
easthound or westbound airplanes. The centripetal term is there, true, but it is
precisely the same for the two airplanes. But we have neglected something (else)
impriant. ; ol

The Coriolis force! Evaluated, using FE, for the easthound airplane, this is an
outward (from the Earth’ center to the airplane) foree of size 200 Not right, net
lefi, but outward, Om the westbound airplane, an inward force the same size. So
the difference between the two airplanes is that the eastbound one, if it is to
maintain its flight path, enjovs an extra lift of size 40V, If one were 1o take
different noninertial frames, say for instance the easthound or the westhound
airplane, then caleulation details would change and the various pseudoforce terms
would be different. But the difference between the eastbound and westbound
airplanes would always be precisely 4401,

Example 3.5 Putting numbers to the previous example, take airplanes with air
speed 500 fi/s (very clase to 300 KTAS), For simplicity, no W‘illd. Then the effect
difference is 401 =4 « 7.27 2 1077 x 500 = 01454 i/s° =0.0045¢. For a
large F00,000-100 transport, the “weight™ difference would amount to Z.ISI.'I Ihf.
For a light airplane, of course, it is a negligible effect, practically spl:aku_]_g! bt
that is not the point. And just because it is a psendoforce does not mean it does
not have real effects in some circumstances. Rivers in the northern hemisphere
wear away their right banks quicker and are a little, but measurably, higher on the
right side than on the left.

Technical Logic of Airplane Performance

The problem faced by a beginning student of airplane performance is that
everything seems to depend on everything else. You can not calculate angle of
attack because it depends on lift, which depends on flight path, which dc-pl:‘l:lds on
air speed, which depends on angle of atiack (AOA). That sori of thing, This
conundrum is certainly not insupersble—mathematics and analysis evalved, after
all, specifically to overcome dependency problems of this kind—but the.y
certainly are daunting to the beginner, What follows is a positive spin on this
fundamental difficulty. If not a solution then a2t least 3 reduction of frustration.
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The cast of this airplane performance melodrama is made up of three personae:
airplane, atmosphere, and pilot. Now follows (getting a little ahead of ourselves!)
some details on the characterization of each.

Airplane

The standard fixed-wing, propeller-driven airplane consists of three parts:
airframe, engine, and propeller.

1} Airframe, This is charaeterized by weight ¥ (including that of the engine
and propeller), reference wing area S, wing aspect ratio 4, pitching moment
coefficient o p(x), cg. location, O (x), Cplx);

Engine. This is characterized by rated horsepower Py, rated revolutions
per minute N, and engine power P (which depends in tum on engine
revolutions per minute, manifold absolute pressure [MAP], and air
density p);

Propeller. This is characterized by power coefficient funetion Cp(f). throst
coefficient function Op(J). and diameter &, Jf is the dimensionless propeller
advance ratio, Vind, where Fis true air speed, n is propeller revolutions
per second, and & is propeller diameter. We assume the propeller has
sufficient strength and rigidity to withstand the centrifugal and torque pulse
forces placed on it

2

—

3

.

It is too early for us to do much gbout the engine or propeller. We do know that,
when the engine is turned ofT, there is not any thrust; we will consider that gliding
case in due time (Chapter 9). We will leam lots about engine power  in Chapter
5 and much about functions Cp and Cr in Chapter 6. Here we are just making a
list.

For the two important airframe fGections, C; and Cp, we mean that 1o help
characterize the airplane we must know the entire functions, their values for any 2
we are likely to encounter, not just a particular valuc at some particular angle of
attack = 5o when [ say [ know Cp(x) [ usually mean 1 have a table {or graph or
formula) of all the ordered pairs (2, C; ) for the entire function; 1 do net mean that
1 know what numerical value C; has in this particular case,

The mathematics education establishment, if any such thing exists, needs to
come up with better functional notation. Or perhaps a nested sequence of such
notations, each appropriate to a particular level of discourse. The authors pure
mathematics instructors, for instance, used to draw lines under numerals (e.g., 1)
o show we meant the function whose value was everywhere that constant;
Professar Dirac used lots of primes on variables—x', x", etc—to distinguish
among vanable x's alternative values, Cumbersome stuff. Ordinary functional
notation is often ambiguous, thereby confusing even good students, but it is all we
have at the moment.
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Atmosphere

The next character is the atmosphere, of which we have a good understanding. To
move the Earth, all Archimedes needed was a fulerum and a lever; w pin down its
atmosphere, all we need is the vemical distribution of either pressure or of
temperature. Chapter 1 has the details; with them we can readily find out encugh
ghout the atmosphere. Density g is normally the pivotal performance variable.

Pilot
Finally, the pilot. Actually, we catalog the contrals the pilot manipulates:

1) Ailerons—these control bank angle ¢

2) Rudder pedals—except for cases like wing-low approaches and forward
slips, these simply maintain coordinated fight;

1) Elevators—these change pitch attitude and contral air speed F: and

4) Throttle—this sets MAP to control altimde (climb or descent rate) and
cngine torgue.,

OF course we simplified. The propeller functions in wm depend on the number
of blades B and on the twist angle fir) and blade chord cr) as functions of radial
station » out from the center of the shaft. The pilot may or may not have a
propeller revolutions per minute contral but almost always has a mixture control
knob, But remember, we are only interested here in the big picture and, for the
moment at least, propulsion details do not marter.

Quasi-Static Equations of Motion

It iz time to tie up loose ends even if the resulting bundle is too heavy o 1ifi. Quite
often we will use the physicists time-honored wechnigue of analyzing forees,
Those are, of course, the forces of lift L, drag D, thrust T, and weight W acting on
the airplane. It was further stipulated that this airplane will be of conventional
design, flown trimmed and in coordinated fight, and not subject to accelerations
cxcepl the centripetal acceleration associated with banked wrns. Now what are
the (sufficiently general) force equations?

Mathematics is wonderful. When handed a heavy dose of equations, first you
wonder what they are trying to say. After you get their drift, you wonder whether
they are true. And even following their indubitable derivation, you continue to
wonder: What are the solutions?

But that is for later. For now, we only want to introduce the three force
equations that will be cur sometime companions. They come from staring at Fig.
i.1, concentrating on each of the three indicated spatial directions in tumn, and
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using the two important facts that drag is always parallel to the flight path while
lift is ahways perpendicular to it
Parallel to the flight path:

Teoosg—D— Wsimy =10 (3.20)
Perpendicular to the flight path and in the vertical plane:
Leosch — Weosy + Psine=0 (3.21)
Perpendicular to the flight path and in the horizontal plane:
Wil
Lsin b — % =0 (3.22)

In these equations, & is AOQA, o is bank angle, v is flight path angle (negative
when descending), o is tuming rate (angular speed) in radians per sccond, Fis
true air speed of the airplane in feet per second The other symbols have their
usual meanings, Figure 3.1 depicts the general situation, The attitude angle & is
also shown there; it can easily be calculated from the ADA o and the flight path

HORIZOMTAL

wy
Figure 3.1 Forces and angles for the airplane in flight.
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angle y: 0 = + «. If the propeller shaft is not aligned with the body angle of
attack reference line then, as mentioned carlier, an additional constant offset angle
must be added to our .

It is a good exercise to jot down these “full”™ equations and then consider, one
case at a time, simplified versions under several different circumsiances: 1)
banked glides, T =(0; 2) unbanked glides, T = ¢ = 0; 3) unbanked powered
fight, ¢ = 0; 4) ADA small enough so that cosa = 1, sinz = 0; and 5) flight
path angle small enough that easy = 1, siny = 0. Some of these cases, especially
the first twa, the gliding ones, we will consider in great detail in Chapter 9. The
fifth case is a standard assumption of both power-available/power-required
[P/ P analysis and of the bootstrap approach. Our performance appetite is
whetted. But next we need to know more about the acrodynamic force.
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The Aerodynamic Force

Introduction

The aerodvaamic force on the airplane is simply the total of all forces on the
airframe due to the moving airstream. We can think of each portion of airframe
surface as subjected to iis own aerodynamic force increment, acting inwards or
outwards or tangentially, but by restricting ourselves to rigid airframes we can
simplify that complicated picture of a huge flock of arrows, Physical mechanics
tells us that cvery system of forces on a body is equivalent w a single force,
through an arbitrary point, plus a force couple. A force couple corresponds to two
equal but oppesitely directed forces acting at a distance from one another,

Because wings and airframes almost always have a plane of symmetry, and
generally move (relative to the air) in that plane, we can simplify matters to a
single aerodynamic force, acting at a cemer of pressire, plus a torgue about an
axis perpendicular to the plane of symmetry. In particular cases, either the force,
torque, or both might be zero. For our needs, determination of quasi-static
performance, we push this simplification even further, with the lines of action of
propeller thrust and aircraft drag wsually assumed to act in the longitudinal
(approximate) symmetry axis of the fuselage and aircraft weight and lift
concentrated at points on that axis but acting perpendicular to it In this
approximate theory, we ignore torques due to drag and thrust, The latter is not
always reasonable. We also ignore, except in special cases, aerodynamic side
forces, In practice, total torgue on the airframe, in sieady fight, vanishes because
we frim it away by imposition of counteracting torque.

The aerodynamic foree, acting in the aircraft’s planc of symmetry, is split into a
lift component L perpendicular to the free airstream direction and a drag
component O in the direction of the free airstream. Lift is the sine gua non
(“without which not™) of heavier-than-air flight and will get most of our
alention. The torque or acrodynamic pitcfiing moment will be considered
solely due to lift forces. Drag is split into parasite drag—further decomposed

B4
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into pressure or profile, skin friction, cooling, trim drag, and a fow specific others
and a catch-all “interference™ drag—and induced drag, also termed “drag due tg
lifl." W will not treat parasite drag in any detail. We will confine its expression g
a parasite drag coefficient Cp,, because we are dealing with airplane performange
not design and we can more casily measure the airplane’s parasite drap
charactenistic than ponder and compute it. Induced drag, on the other hand,
will treat at length,

So much for starters and generalities. We shall proceed to define lift, drag, and
pitching moment cocfficients, depending (almost) exclusively on the shape and
arientation relative to the free airstream of the lifting surface under consideration,
A family of airfoil profiles will be described. A numerical example will show haow
Bernoullis theorem (relating airstream speed to pressure) and the Kutta—
Joukowski theorem (relating airstream circudation to lifth can be used to computs
lift and pitching moment coefficients from empirical data on pressures distributed
aromd an airfoil profile. Pressure coefficients will be used in that analysis,
Aerodynamic differences berween actal three-dimensional wings and their
infinite-span “two-dimensional™ constructs will be treated in detail, Tnduced
drag (an essential concomitant of 1ifi), associated with an induced angle of atiack,
and modified by ground effect, will be treated.

Moving to the acrodynamic characteristics of practical wings, we analyze their
planforms (views from above) and their spanwise geometry (profiles with variable
angles of incidence, variable profile ordentation or rwist). We will integrate lift and
pitching moment characteristics tabulated for two-dimensional airfoils to approx-.
imate actual wing behavior. Extension of flaps—giving us a slightly different
wing for each flaps deployment angle—uwill be brought into the discussion. A
further lifting surface, the horizontal tail, enters from back stage when we discuss
lift and moments on the entire aireraft, We will end our discussion of 1ift with a
brief but cautionary collection—some specimens considered, some almost
ignored—aof practical factors.

As mentioned, drag will get fairly short shrift. But we will develop one useful
approximate formula for caleulating the drag force as a modification of its
minimum value and then another formula for estimating the drag effect of
deployed flaps.

Lift and drag and pitching moment—rediscovered by every child holding a
flaitened hand out the moving car window—happen when a surface and the air
are in relative motion, We extend that discovery with some of the cultural and
guantitative details.

Lift, Drag, and Pitching Moment Coefficients

Aerodynamic force and torque depend on several vanables. To separate environ-
mental, kinematic, and surface size considerations from those of surface shape
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and oricntation in airflow, we use dimensionless cocfficients implicitly defined

by

L =1pV*sC;(a) (<.1)
D = L pi?SCpla) (4.2)
M = L pFSc(V)Cy (@) (4.3)

The lift, drag. and pitching moment coefficients are, respectively, C;, Cp, and
C),. Variable g is air density, I air speed, § reference wing area, o)) the length of
chord at spanwise position v (measured laterally from the aireraft centerling), and
x angle of attack, the smaller angle from the direction of relative motion of the
wing (with respect 1o the air mass) and some reference chord line associated with
the wing profile (drawn from tail to noseh. That reference chord line may be taken
to he the longest line starting and ending inside the profile from tail to nose, along
the hottom of the profile, or otherwise: the definition does not much matter but
needs to be stated. Jumping ahead a little, we will also need to consider infinite-
span or two-dimensional cases in which any of lift, drag, or pitching moment
might be infinite. The useful concept then is lift, drag, or pitching moment per
unit span, Using primes for derivatives with respect to the spanwisc space
vanable v and using small letters for subscripts (as is conventional), these
coefficients are implicitly defined by

L'y} =1 pV ) C)lx(v)] (4.4}
D(y) = §ph ely)Cyla) (4.5)
M) = Lpl (G, [=tv] (4.6)

Coeflicient values are normally graphed or tabulated for the two-dimensional
case, Adjusting factors, to be discussed below, are then used to find the
corresponding values of coefficients for an actual three-dimensional surface or
'I-'i-']i'lg_

It turns out that, besides depending crucially on angle of attack {ADA) each of
the coefficients slso depends to some extent on Mach number M = V'V (where
F; = the local speed of sound), and on Reynolds number Re = FT/v {where
{ = some representative length—perhaps of the wing chord—and v kinematic
viscosity of the air). In our far subsonic cases with full-scale aircraft, neither of
these additional two dimensionless factors will much matter,

One additional wrinkle in the drag situation for the three-dimensional case
is that total drag D is the sum of parasite drag D, (we prefer D) and
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induced drag
" o)
C“[.:r = CUP =&+ C_w = CI;Q + ]'rf_.ld {4-?I

There is no induced drag in the two-dimensional case. In the induced drag
term, e is the afrpdone (or Qewald) efficfency factor and aspect ratio 4 is & /5 (8
the wing span). We shall take up induced drag in due course, Because Cpy is just
a single number (for a given airplane in a given flaps/gear configuration in a
given state of repair and cleanliness), one sees that variation in drag cocfficient
depends on variation in lift coefficient. Lift is the dnving concept.

Actual wings are usually made up of different wing sections—profile shapes—
of various sizes and orientations, When the full wing is to be considered, our
usual case, we take for AQA some agreed-upon orientation of the airplane
fuselage with respect to the free airstream, the so-called “body™ angle of attack,
#g. Except in confusing cases, we leave off subscript B,

Let us consider lift coefficients in greater detail. It is a convenient aeronautical
circumstance that most operational aircraft wing sections are “about the same.”
That 15, almost all of them (especially in our subsonic general aviation regime)
have graphs of C; vs a looking like Fig. 4.1, data' collected at Re = 6 x 105,

At smaller AOAs, these graphs are quite close to a straight line, with slope
a somewhat less than 0.11/deg or 2r/rad. Because of wing profile camber
tarched shape), C) seldom falls to zero before some small nose-down angle of
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Figure 4.1 Lift coaficient O as a functicon of angle of attack 2.
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attack, oy <= 0. The lift coefficient function resches a maximum value, Crngy At
some sizeable stall AOA ;. For flaps up, an 2; of about 16 deg is typical. En:;epl
for some latitude in fairing between the linear portion and the curved portion at
the top, the four numerical values a, o, %, and C, pretty well complete the
description of any particular wing’s Cy(x) and, once the discussion shifis to an
actual wing with finite aspect matio, its €, (). So the wing's lift characteristics,
awaiting the appearance of flaps or ailerons, is not hard to determine.

You might occasionally need an analytic polynomial expression for Cyla) for
values of = between the linear portion of the curve and it peak. For generality,
call the point at the end of the linear portion [x;, Ci(z,)] and the point at the peal_c,
the stall point, [or;, Ty, }]. We know both heights and both slopes (a on the left,
zero on the right). Four pieces of information comespond to a polynomial with
four constants, a cubic:

y=Cla)=a2 + b +entd (4.8)

Writing down the four facts we know gives the following system for
coefficients a, b, ¢, and d:

B = Terle Migpg O ] Ciloy)

] 15 Xy | ] g C.l'nm:.
eegors e gt 1w o[l st m 580
2 2w 1 0 d (1]

50 as not 1o get confused we used s in liew of what is often called g or 2™ for
the linear slope. The 4 = 4 matrix on the left side of Eq. {4.9) is an example of a
so-called confuent alternant® matrix. While its special structure leads to special
techniques for its inversion, we shall simply use standard methods, below, when
wi curve fit O for the NACA 2412 profile of the Cessna 172 wing. [t is often
good enough to restrict the spline to a parabola, crossing out all second rows and
the first column in the aliernant matrix in Eq. (4.9). That lets Cimax oGt o its own
level, granted, but one will not be too far off Viseosity and reality kick additional
sand in the face of these stead)y or slowly achieved stall angles; compared to static
wind nnel results, actual aircrafi dvnamic stalls vsually give the pilot a short-
term break. Devolving to a parabola will not lead you far astray for another
reason; like sguares and eircles, all parabolas have the same shape. They are
predictable. If you do take your spline down to a parabala, you get this more
tractable form for & when o is in [z, 2.];

—a 3 Aty axy(x; — 2a,)

X =+ le{ﬁfﬂ e

Cla) = 2+
; 2(ety — o) (o =2} 2ty = o)

(4.10)

Let us take an example. For the NACA 4412 airfoil (see Fig. 4.2), for
Re =6 10°, the two points in question are approximately (10deg, 1.4) and
(15deg, 1.65); the slope of the linear portion is closely 0.10/deg. Either
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prescription sbove (since the coefficient of the «* term is zero) then gives the
result:

CHACAMIZGD = 0014 + 0.3g - 0.6, l0deg < o= 15deg  (4.11)

For the straight line portion, written in terms of the zero-lift ADA
%y = —3.8deg, we find

A Re) < 0.10(x+3.8), % < 10 deg (4.12)

Figure 4.2 shows this so-called NACA 4412 profile section at an (for future
purposes) € deg ADA.

Let us now tum briefly to pitching moments. Moments (hence the common
varable Af) or torgues have an ennoying feature not shared with forces. Because
they are measured as the products of forees and distances from the line of action
of the relevant force to a point or axis, the same physical situation gives different
torque values depending on which center or axis one chooses, O the other hand,
it is not difficult to compute a torque value about one axis when you know its
value about another We shall treat cqses in which we first compute pitching
moments abuut the wing's leading edge, then convert those (for a reason to be
discussed) to moments about the quarter-chord point {one-fourth of the way back
along the chord from the leading edge). A sign convention for torques also needs
1o be selected. In aerodynamies, positive torques are defined ss those tending to
raise the leading edge of the wing when in ordinary noninverted flight.
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The not=very-cxciting graph of f",mlgrt], mnrnr_:m!-_lnkcn ;I?nul the qu;_:::rrd-
ord point, for the NACA 4412 wing, is :ihn“_m in _F'lg. 45?.-.. The quarter-cho :
chi]“ is essentially the aerodynamic center. Again, this data’ is for fe = 6 = 10",
: es of 2, O (2) = —0.09 looks about right. .
Fu:»ﬂ":tfmvuatlu::{flifal 'l.=.rin“:5'.’}I We are not yet in a position to u;rmsldet_‘ the
gerodynamic details of an actual three-dimensional NACA 4412 wing, as is 1::;
Aeronca L3, Bellanca Champion, or the Stinson "l-"wggcr. {.:'r any othf._'r. W
e first understand mduced ACA and drag. But here 15 a :ilrnplclquahlatn-e
mu_sntm[t for our reticence. For two-dimensional wings, synuﬂetﬁF:aI in the span
E::minm air passing around the wing is deﬂeuwdlmilhur lefl nor right. Hmhs.u E:::
actual wings, where higher pressure under the wing and lower pressure ; [E:k
means that air lowing under the wing 1.r11-l.'-,:|.~: .l'.lllght]}' l.'llilT'-\'ElTﬂ.S.. not sT-ra-|g. i h!;: h
And air lowing over the wing travels shgh_t]:.-' inwards. In simpler CRRSE
most of ours will be, we ignore that deflection, when not t:l-usle to theimlngfupi
and consider the airflow as strictly parallel to the plane of s}-mn'.u..m. fu 1t |
airplane. [n this dominant case, we can reconstruct thc average I::Ehawarg ac uar
wings (though not details close to the l_|ps:!;| by cnnmd:nn{g them as 1:na. e up od
thin shices of two-dimensional wing sections, profiles u:uf't'anu!m shnpn?a., sies, ..;m
orientations. Then ordinary integral caleulus or nflmcm:ﬂl Lnlngmt]nn Fives us
reasonably good approximations to the nemdyqamlc !dat::q on which we can base
our performance caleulations, We will be doing this, but let us first take up
another question,
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Figure 4.3  Pliching moment coefficiant about the quarter-chord peint for the NACA
H412 aecton profile.
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Airfoil Profiles

We used the NACA 4412 profile, above, and will again. What is this all about?
NACA stands for National Advisory Committee on Aeronautics, precursor (o the
current National Aeronautics and Space Administration (NASA). The NACA
4412 profile is a member of the so-called *NACA 4-digit”™ profile family, with the
four digits partially coding that shape as follows: the first digit 4 means that the
profile’s maximum eamber ¢c is 4% of the chord length; the second digit 4 meang
that the chordwise location of that maximum camber is at a point pe 40% of the
way from the leading edge to the trailing edge; the final two digits 12 mean that
the maximum thickness ze of this profile is 12% of the chord length {and oeeurs
at (03¢ from the leading edge). Later we will make even greater use of the Cessna
172 wing, very close to a NACA 2412 profile. Hence, the Cessna wing has only
one-half the maximum camber of the NACA 4412, used on say the Aeronca L3,
but is otherwise the same,

The three shape parameters ¢, p, and 7 are not the whole story. To be able to
draw the prafile from such scant information, one needs a formula for the camber
line height ¥{x) measured up from the chord line joining the extreme nose and
tail of the profile, x the distance from the leading edge to the station, and another
for the profile thickness T{x), thickness measured (strangely enough) perpendi-
cular to the camber line instead of to the chord line. For the MACA 4-digit family
of profiles, thase are smoothly joined parabolas

X X x
i i Ao A 1 42-2), peisl “3
T T AR A

and

e " _o0126% A
T(x; T.¢) = mm[u.zuﬁu Sz 0126 #—03531(#)

C
o I].EEME)!—G.IDISG)‘] (4.14)

It turns out that the leading edge has radius of curvature r = 1.1019¢%¢. The
upper and lower profiles are given (to our approximation) by

yuup=YxT/2 {(4.15)

These NACA 4-digit details were only given to illustrate the relative complex-
ity; we will not be using them further. NACA scientists came out with several
other profile families—3-digit, modified 4- and S-digit, and 1-, 6-, and
7-series—while aeronautical researchers in other nations and offices did likewise,
Additions to profile shapes and their taxonomy continues to this day. Details of
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some of the standard profile families can be found scattered throughout the
c 1,34
literature, "™

Pressure Coefficients

We have another coefficient 1o consider, When cataloging the distribution of
pressures on an airfoil, it is customary to use dimensionless pressure coefficients
C, defined as

(4.16)

where p is the pressure at the airfoil surface location, gy is the ambicnt
atmospheric pressure, and ¢ is the so-called dynamic pressure

g =1pk? (4.17)

one could expect from the free airstream with density @ moving at relative speed
V. The dynamic pressure can also be looked at as the cokerent kinetic encrizy
density {energy per unit volume) of the airstream. Pressure p, on the other hand, is
[for an ideal gas) two-thirds of the rondom translational kinetic energy per unit
volume,

1.0
0.5 /\
d
0.0 /
!
Lower surface
-0.5

b

B
-1.0 Upper surface

Prassure Coafficients

-1.5

2.0
o0 01 02 03 04 05 O& OF 08 09 140

Chardwise Position x/c

Figure 4.4 Experimental pressure coefficient values on the NACA 4412 gection,
8 deg AOA.



T John T Lowry

Tahle 4.1 Experimental pressure
coefficients at 21 chordwise positions

(1} (2) (K}

[0.00 015 —1.77
.05 051 —1.50
.10 038 =139
D.15 0.3 —1.2K
0.20 028 1.23
D.25 027 =1.20
0.30 025 =1.04
0,35 026 —0.95
fdm L] —0.xL
.43 24 —0. 76
0,50 0.23 (LA |
0.55 [ x| =062
LRI 03 =033
.65 23 =049
070 023 —0.30
0,75 23 =030
LR 023 1,24
{.ES 021 =ih, 1%
0,50 0.20) nml
(495 019 .03
100 015 15

The pressure cocfficient is constructed (o remind us that what is important is
the excess or deficil of pressure on the airframe, compared to ambient atmo-
spheric pressure py, relative to the dynamic pressure. Values of the pressure
coefficient, for given airfoils at given ADAs, are typically given at many locations
on the upper (L) and lower (L) surfaces of the wing section, Here (Fig. 4.4 and
Table 4.1} are experimental pressure coefficient data’™® for the NACA 4412
profile at an § deg AQA,

Bernoulli’s Theorem

This theorem {or law, or equation), which we have presented before, is recast here
because it is fundamental to these aerodynamic inquiries. For incompressible
irrotational inviseid Auids that suffer no energy changes except those due to the
work donc by pressure differences along the streamline, one get: Bernoullis
theorem:

]

Pi+ieVi =pa+iph (4.18)

b
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for any two positions | and 2 along any given streamline in the fuid. This form of
gernoulli’s theorem ignores differences in gravitational potential (head) along the
streamline. For gases in our practical circumstances, that approximalion is
perfectly acceplable. Our first use of Eq. (4.18) will be to take position 1 far
out in front of our airfoil, so that p; = p;,, the ambient atmoespheric pressure, and
I, = . the air speed of the wing. Various positions 2 will then be taken on the
upper or lower surfaces of the section. On the upper surface, generally speaking,
pressure will be lower and streaming speed ¢ will be higher; on the lower surface,
pressure will be higher than ambient and streaming speed v lower than section air
speed.

Combining Bernoulli’s theorem with the definition of the pressure coefficient
gives us two useful results:

Coup=1- (*‘i—“]z (4.19)

and

Vi

Equation (4.20) gives us relative streaming speeds and, turning matters upside
down, relative times of flight for air molecules passing either over or under the
wing, Let us take a closer look.

Times of Flight of Air Molecules Over or Under the Wing

First, there is a problem calculating relative times of fight over and under the
wing. “Ower the wing” should mean from the forward stagnation point (at
positive AQAs, somewhere on the lower surface of the wing, slightly abaft the
leading edge), then up over the leading edge and on over the wop surface of the
wing to the sharp trailing edge, where there is an additional stagnation point.
Similarly for under the wing. But malecules at stagnation points have no speed in
either direction; they just hit and sit, taking infinite time to go anywhere. If we
decide to clock molecules by moving slightly off the stagnation point to start, and
cnd just before the aft stagnation point, we should be prepared to defend our
choice of cutoff, how close to the stagnation points we venture. Unfortunately,
there is insufficient reason for picking any particular cutoff. Still, we will
implicitly or casually pick one in the calculations to follow. Qur results will
make illustrative sense, but they will not be precise. Another source of impreci-
sion comes from owr treating the airfoil as so thin that paths along wing surfaces
are portions of chord lines. Experimental error and a coarse horizontal grid kick
additional sand in the face of our numerical work. And then there is the faet that
actual air is not inviscid. We are using a vanant of so-called thin aigoil theory,
and it is “well known™ that thin airfoil theory is not sufficiently accurate to give
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good pressure coefficient values. Arguing in reverse will not fully palliate the
dafect. This 15 rough work. :

In Table 4.1 we divided the wing chord inte 20 equal portions Ax/e = 0.05.
Time to traverse portion Ax, is proportional to iv,-,-"V]'t the quantity we will
numerically integrate to determine relative times of flight over and under the
wing. For several of these caleulations, we will use the simple but adequate
“trapezoidal rule™ of Appendix D:

] H
] JE)dx = Ax B = (o +A)NAZ/2) (@21
a =0

Table 4.2 sets out numerical facts relevant to our time-of-flight ratio and
section 1ift coefficient calculations. In the tme-of-flight case, we see that
molecules passing under the wing take 1.164/0.789 = 1.48 times as long for
the trip as do molecules passing over the wing. If the wing is moving to the left,
relative wind towards the right, this difference in speeds over and under amounts
to clockwise circulation, Later on, we will directly calculate that circulation.
Crualitatively, it is important to note that the divided airstream does nor smoothly

Tahle 4.2 Data for relatve time-of-flight
caloulations, NACK 4412 8 deg AOA

n () {5

xfe F ek ¥iel!
.00 10847 (B0
005 14286 (L6325
0.10 L2700 (L6468
0,15 1.1952 (6623
0.20 11785 L6697
0.25 11704 (L6742
0.30 1.1547 (7000
0.35 1.1625 (L7161
0,411 1.1547 L7274
1,45 1.1471 (L7558
0.501 1.13%6 (L7647
0.55 11306 (LT85T
0,60 1, 1396 (LRSS
0.65 11396 (B4
0,70 11396 (L H4HZ
0.75 1.1396 08771
0.0 1.1396 (LR9E0
0.85 1.1251 02167
{150 1,180 10050
0.95 11111 1.0240
1.0 1.0847 1.0847
Sums 243623 166174
Intcgrals 11639 O.TRAT
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rejoin at the trailing edge of the wing. The upper branch is moving faster. The
trailing shear zone—faster air above, slower air helow-—produces a trbulent
wake. Because actual air is slightly viscous, the wake includes rotation,

Further NACA 4412, « = 8 deq Details

Lift Coefficient from Pressure Coefficients

Even with rough data and numerical procedures, it is worthwhile to see examples
of calculations showing how pressure data taken at various positions around the
airfoil leads to evaluation of the lift coefficient, the center-oFpressure position
P, the pitching moment cocfficient, and circulation. Table 4.3 gives some of the
caleulated columns we need. Column (6) integrates to give C); column (7) shows
CF, the x/e position which evenly divides the total lift; and column (8) integrates
to give the pitching moment coefficient about the leading edge.

Table 4.3  Pirching momen: calculations for
MAGA 4412 profile, z = Bdeg

n () M (1]
xje Co=Cou Cumulative MMoment
sum of (i)
0.00 142 191 0.0
0.035 2 ERE 0. 100
0.10 177 570 01T
0,15 1.58 T.28 0,237
0.20 1.51 879 0,302
023 147 10,26 0368
030 1,29 11.55 0,387
.35 1.21 12,76 0,424
040 1.14 13.90 0456
45 1.00 14,940 0,450
050 094 15.84 0.470
55 RS 1 66 0.46%
060 078 17.45 0456
nas [ I 1B17 465
0.0 0.62 1879 434
n.7s 033 19,32 0398
0.50 047 19.79 0.376
.85 040 019 0340
0 AL 2038 0171
025 014 20.52 0.133
100 0.00 20.52 0.000
Sum 20.52 Sum 66135
(] 0978 o —0.33068

s —0.0851%
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Fram the definitions of lift per unit span L [Eq. (4.41]. pressure coefficients
[Eq. (4.16)]. and dynamic pressure [Eq. (4.17)], with judicious addition and
subtraction of ambient pressure gy, we sce that

|
= HT = Cop)d(x/e) 4.22)

The section lift coefficient for the NACA 4412 profile at an 8 deg AOA, we get
here as 0. '?TH This is almost 23% below the O = 1.20 given in Abbott and von
Doenhoff.' Our experimental data did not show us a stagnation point below the
leading edge. and coarse graining (3% ¢ slices) cost us some fr-reduced pressune
values just behind the leading edge. And there are other inaceuracies.

Center of Prassure

Another point. If you run a cumulative sum on column (6) in Table 4.3, vou find
that precisely one-hall the total pressure acts forward of the quarter-chord point
{x/c = 0.25) and one-half acts abaft that point. Thin subsonic symmetric airfoil
theory claims such will always be the case, that the so-called “center of pressure”
(or CF), the single place where the total lift force can be presumed to act, is
always at x = 0.25¢c. Actual airfoils, or even theoretical thin cambered ones, ane
not so accommodating. Also note that when the airfoil is orented to
#y = —3.Bdeg, the ADA at which the lift coefficient is zero, there can be no
“single place where the total lift force can be presumed to act.” Because there is
still a nonzera pitching moment, and that must be presumed o be due to a foree
couple, there are fwo places where lift acts. This complication iz one reason
pitching moments are used in lieu of center of pressure calculations. Center of
pressure cannot always give the whole story.

Pitching Moment Coefficient

Let us further extend our example by computing the section pitching mament
coefficient about the leading edge, ;. That only requires our getting back to
our original pressure coefficient data and doing a numerical integration of column
(8), the product of columns (1) and (5), in Table 4.3

I
Cute = = |, C1eNCps — G s/ (4.23)

The value tuns out to be €, = —0.3307, But the leading edge of the wing,
once one gels past introductory examples, is not the mast convenient place about
which to take momenis, The so-called “aserodynamic center.” which for thin
airfoil theory is precisely at the quarter-chord point, has the felicitous feature that
moments taken about that point are independent of AQA. The rule of thumb is
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that pitching moment duc to wing eamber has the midchord point as axis and that
pitching moment due to AOA has the quarter-chord point as axis, Even for real
wings, this is close to being the case. For a standard value of Re = 6 » 10, for
instance, Abbott and von Doenhoff! have acrodvnamic center for the NACA
4412 wing atx/e = 0.246. Adjusting the axis—by now you may have discovered
that, if distances are measured in units of ¢ and forces measured in units of g,
I'=C; and M = C,—first in a way to show the general pattemn, and then
gpecifically to the aerodynamic center ac, 1aken as the point x/e = 0.25, we have

] : L (B — Xg) C
c‘.ﬂlu: & ('n.-h' a5 'EI' MT C.n:ll'n ar 4‘

Using the first of our computed values of C in Eq. (4.24), we get
B = -'[I- 0862, Abbott and von Doenhoff' make it about —0.088 while both

]-I[gn:m,kh and Diehl® show it about —0.089. In either case, close W our caleulated
value. In view of our inaccurate ), somewhat lucky.

(4.24)

Circulation

The Kutta—Toukowski theorem presents g simple and powerful notion discovered
independently by Kutta in 1902 and by Joukowski in 1906. It relates circulation I
around a two-dimensional airfoil—essentially the infegrated excess airstream
flow over the wing compared with that under it—to the lift that section
cxperiences

L'=pFx=T (4.25)

The lift direction is given by rolating the relative wind direction 90deg in a
direction opposite to the direction of circulation. For instance, with the nose of
the airfoil w the left, circulation is clockwise and, by the right-hand rule, a veetor
into the paper. The airstream speed is to the right. Turning P into I" with a
serewdriver, the shortest way, would make a right-hand screw advance upwards,
That is the direction of 1ifi (per unit span) L', The same goes for lifi of aclual
wings with finite aspect ratio.

Circulation is the line integral of the air flows over and above, or under and
below, that of the free stream. Theory says that amy path around the wing profile
one chooses gives the same circulation value I'. Above the wing (at ordinary
positive AOAs), where local streaming speed is higher than I, that excess is

by — ¥ = F{PVL' " 1) = V(u-'ll - Cpy - l) (4.26)

while below the wing, reversing sign 1o go in the direction of the integration, we

have
) : f
V== ( _ﬁ)=1»(l—w.'!—{fp,{) 4.27)
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Putting these last two results together with the Kutta-Joukowski thearer [Eq.
(4.25)] and Eq. (4.4). and solving for the section lift cocfficient, gives us

Cj=2 E ( ey J1- cp,_) dix/e) (4.28)

Table 4.4 has the numerical values we need to caleulate section lifi coefficient
from the Kutta—Joukowski theorem. Circulation is integrated airstream speed
excess. The relation between pressure and stream speed comes from the Bernoullj
relation. Doubling the integral gives C) = (.873, even farther from the nominal
1.2 value than our earlicr approximation. By now we should be used o reality
going beyond our theeretical expectations, at least beyond our simpler ones.

Just a minute! Equations (4.22) and (4.28), two calculations of €, using
pressure coelTicients, do not agree! But notice that if one linearizes the integrand
of Eq. (4.28) with the binomial expansion (1 +%)"* = 1 + L x, the two forms are
equivalent, We warmed this was rough work,

Table 44  Rough | caloulation, NAGA 4412
airfoil, B-deg ACOR

¥ (% (1o (]

e Soquanc root Squre root Difference,
rt—c,;-: 11 _f.n'-l M=
{00 1 663 (1.5220 1.7424
(.05 15811 0,700 (B8]
i, 11 1. 3460 07874 0.7586
015 L1000 DLEIGT [LETID
.20 1. 4933 LE4HS L6448
25 14832 08544 1.6258
03D 1.4183 0.8650 L5623
15 1364 0L R602 0.5362
0,44y 1.3748 LR (L30RT
045 1.3267 BETIE [LA540
Q.50 1.3077 08775 D4%02
035 1.2724 08775 0380353
.60 1.2369 08775 01,3594
65 1.2207 OATTS 03432
170 L1790 08775 03015
0,75 11402 08775 02627
0.80 L1136 08775 L2361
085 (L] (.85EE 0.2021
040 0.9550 (LB 0. [
0495 09747 09000 00747
100 09230 (L9220 CLCHO0
Sum L0967
Imtegral 04363
Lo 0.ET25
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We are finally ready to make the leap from two to three dimensions, which will
let us caleulate serodynamic coefficients for practical wings or other lifting

surfaces.

Induced AOA and Induced Drag

Detailed treatment of an infinite-span, two-dimensional wing shows that there is
an upwash in front of the aerodynamic center and a downwash behind it. We did
pot have to consider those because the initial upwash vanishes (but without
becoming a downwash) at the two-dimensional aerodynamic center and the
trailing downwash reverts to zero in the far wake. This means that two-
dimensional Iift 15 perpendicular fo the freestream direction; there is neither an
inducad AOA nor any induced drag. See Fig. 4.5

Mot so for finite-span wings. The airstream at the aerodynamic center of a wing
with finite aspect ratio has a discernible downwash velocity (say of size w). The
downwash angle there, or the indiced AOA =, is then tan™ (w/ V), where I is
the air speed. See Figs. 4.6 and 4.7. With the acrodynamic force vector now tilted
rearwards by amount x, with respect to the free stream direction, a component
opposing Might, induced drag, has made its appearance. In fact these angles are
not the same at all spanwise locations; induced angles are greater near the wing
tips, The downwash speed w and induced drag, everything ¢lse being equal, are
larger for smaller aspect ratios 4. That is why high-performance sailplanes have
large span wings with small chord. Eventually, the downwash dissipates through
viscous processes that heat the air,

Relative UpDownwash

Figure 45  With infinite aspect ratio jsection pralile) case, there is no downwash in the
uldmate wake,
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Figure 4.6 Actual wings, with finite aspect ratios, show induced ADA and downisash
in the ultimate wake.

FLIGHT PATH

Figure 47  Downwash in the ultimate wake averages twice the induced AGA.
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There are some minor issues to mention, it only to gloss over. One is that our
faeus on only the acrodynamic center of the wing comes from our implicit picture
in which the system of vortices corresponding to the wing is simplified to a single
horseshoe vortex of constant circulation strength. There is a vortex bound to the
moving wing and two equally strong vortices, semi-infinite in extent, trailing
from near each wing tip. (There is also a transverse starting vortex line and
additional spanwise vortices shed whenever the wing’s AOQA changes.) Therefore,
all lift appears to take place at that one chordwise location. Mot quite nght (a sct
ol nested horseshoe vortices would be better) but good enough for our heuristic
and performance purposes. A second simplification and minor error, again arising
from our assumption of a single horseshoe vortex with constant circulation
strength, is our assumption that all spanwise wing stations can be treated as
equivalent. In fact, there is considerably greater downwash nearer the wing tips.
Thirdly, the theory we present is only accurate for clliptically loaded wings; other
shapes or loadings lead to minar correction factors, again especially near the wing
tips, which have been tabulated. We will not bother with those so-called & (delta)
and 7 (tau) comection factors, depending on both wing taper and aspect ratio] our
experimental evaluation of airplane efficiency factor e will take the place of these
and several other corrections. Among them is a fourth factor that is neglected
here, that the airplane’ wing is not the only lifting surface to consider. The
horizomal tail, and in some cases cven the fusclage, may contribute to 1ift, Sll,
the hig if simple piciure we skeich is substantially correct, good enough for our
performance calculations.

Abaft the acrodynamic center ac, downwash grows to a maximum value, then
diminishes, But—IFor thin wings with elliptical loading and close enough for
practical wings—the downwash angle in the ultimate wake, ¢, is twice the
downwash angle «; at the aerodynamic center. Why twice? Consider two
positions near one of the trailing vortices—point A very near a wing tip, point
B far back in the wake, The Biot—Savart law says that an element ds of a straight
line vortex of constant circulation I induces (downwash) velocity increment dw
according to

Bt i [ (4.29)

ER TS

where angle 0 is from the direction of the vortex line to the point a distance r from
the line element. Mear the wing, then, the bound vorex contributes hittle or
nothing to downwash at point A because {f is zero, the effective portion of the
contribution comes from integrating Eq. (4.29) along the semi-infinite trailing
vortex. At point B far back in the wake, however, that trailing vortex appears
infinite, stretching cut in both direetions. That is how the distinguishing factor of
two comes sbout. See Prandil and Tietjens” for details of this caleulation.
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So at this point we only know that

A
A =rs (4.30)
but we do not know the size of either angle,

An easy, it approximate, way of evaluating ¢ is to consider the impulse per
second given a tube of air with diameter equal to the wing span, equating that
time rate of change of momentum to the lift force. Temporarily consider a fully
effective wing, ¢ = 1. Take a wing of span & moving through the air at F fifs, It
deflects downwards each second, by angle ¢, the air within a circular eylinder of
diameter £ and length ¥ (see Fig. 4.8). The mass of air affected (each second),
the mass flux, can be found by multiplying the volume of this cylinder by the air
density:
prft v

4

Beecause ¢ is a small angle (about 2 deg for a loaded Cessna 172 at 100 kn) we
can use the “small angle approximation”: ¢ = sing = tane, ¢ in radians. (For
2 dep, that would be 0.03491 = (0.034%0 = 0.03492.) The velocily change of the
affected air mass is then Fe. The force (change of momentum per sccond) on that
air mass is the mass affected times its change of velocity:

_ pnBV%  pVSC,

m=pd¥ = (4.31)

L 4,
4 2 (4.3
Solving for the downwash angle in the ultimate wake gives
2C
£ = H" (4.33)

and so the induced angle &' = /2 = C, /nd,

It i important to have these gualitative and semiguantitative facts in mind, but
our main purpose is te get a handle on the behavior of finite aspect ratio wings
using wing section data, data for infinite aspect ratio wings.

Boundary of assumed tube of deflected air

Figure 4.8 The wing atays up by the air being deflected down.
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With a real wing (finite A), to get the same ifi as we do for a “wing” with
infinite 4, under identical conditions of air speed and air density, we must have
the same lift coefficient €. This means the srue AOA in either situation must be
the same. Because having a finite aspect ratio 4 reduces the true o by ¢ /2, we can
get back the old lift simply by increasing our apparent AQA by ¢/2. (Here and in
what follows we restrict ourselves to the lincar portion of the lift coefficient
graph.) For that “apparent” x we actually see and fiy by, our angle with the
horizontal must now be

c
ol =™ 4o = o™ 4+ == rad
A
1800,
A

=™ + deg [4.34)

Mow that we are moving to real wings it's convenient to take up a different
sample profile, the less highly cambered NACA 2412 used on the Cessna 172
single-engine trainer.

NACA 2412 Rirfoil Profile

For our first sample calculations we used the NACA 4412 profile because (at least
for & = & deg) pressure coefficient data for it was available, And it does appear on
several airplanes. But the relative ubiquity of the Cessna 172—now back in
production—prompts a change 1o its NACA 2412 profile. See Fig. 4.9 in which
the implicit message is that your wing sees a smaller AOQA than docs your
wingman.

But what are the NACA 2412 section lift and pitching moment characteristics?
Using Abbott and von Doenhoff' for data for a typical Re = 3.1 x 10°, one finds
the following. The linear portion of the graph of Cy{2) runs from (=8 deg, —0.60)
to (8 deg, 1.03), That means o™ = 0.1031. The stall point is at (15 deg, 1.60); the
angle for zero lift is oy = —2.1 deg. The pitching moment coefficient about the
guarter-chord point is fairly constant, with ADA, at e = —0.043.

Solving Eq. (4.9) to get a cubic fit for the nonlinear portion, for ADAs between
# and 15 deg, one gets

Cil=) = —0.0011029:" + 0.030686s"
— 0176122 + 1.0597, Sdeg =<2 =< 15deg (4.35)

That is all the (somewhat compressed) section data we shall need for the
MNACA 2412 profile.




an John T, Lowry

20
o 1AE
(] Section, infinite &
5 -
2 10
% os
£
1

0.0

-4 0 4 8 12 16 20

Angle of Attack cr, degrees

Figure 43  Liftcoefficient as a function of AOA for the NACA 2412 “seetion” and for the
Cessna 172 wing, aspect ratio 7.38,

Finding C;(u) from Section Lift Characteristics

We now need to pause and restate our current goal. It is to take aeradynamic
coefficient data for the NACA 2412 section and, from it, to construct what? Ta
construct @ sequence of formulas or graphs, one for each Maps/gear configuration,
each af which gives lift coefficient ) (x; d¢, up/down), as a function of AOA a,
for any specified flaps/gear configuration. In the Cessna 172, where the GLUMES
approach-to-landing check always comes back with “down and welded.” gear
configuration is vacuous. But it might not be on some higher-powered airplane
fior which you might be constructing these graphs or formulas. Back to business,

We have seen that, for any given profile, a wing with finite aspect ratio 4
requires a higher angle of attack &, relative to the infinite-span “section™ at AQA
:t‘t to attain the same coefficient of lift. These ADAs differ by induced ADA
given implicitly by Eq. (4.34). But that equation reminds us that there is an
exception: when €y = €, = 0, which is the case at the so-called “zero lift angle™
%y; then induced angle o, = 0. No Lift, no drag due to lift. Working for now anly
in the linear region—a defect to be corrected below—we have, in general,

Crlxy = a'la’ - to) = Cle™ — ) = a™ (™ — 1) i4.36)
Using the relation between the two ADAs,
Cy

=g
A

(4.37T)
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we have

1 (= ] 1 {:J'.

{'.;_{tc’*"l = (I _E_Iu} (4.38)

Rearmangement then gives

Cy (l + g) = a™(x! — o) (4.39)

or finally
(=]
a' = ] (4.40)

(] i a) =t
For wings with palpable sweepback angles A—which aircraft might also fly at
nonnegligible Mach numbers M—there is further complication:

cos A o
V1= M2
The simpler form, Eq. (4.40) suffices for our hardly swept and far subsonic

aircraft. It may be easier o remember in a form analogous to the formula for the
total resistance of two resistances in parallel:

1 l 1
il finam 4.42
o g o A i
But what if we are not in the linear region? Matters get messier but there is no
difficulty in principle. Restricting the lift coefficient function so it starts at some
point with positive slope and stops at the stall point, and calling

a'(A. M) = (4.41)

Cy =1 (™) (4.43)
then §| has an inverse
o™ = 1C}) (4.44)
One can similarly think of Eq. (4.34) as
C
R RPN A — i i
e =fIC) = +of = 5= {4.45)

with the inverse function, we need

=1
Co =) = (m"(ﬂﬂ + f—;) (o) (4.46)

where of course exponents here mean “inverse” in the functional sense. Using
our curve fit, Eq. (4.33), for the nonlinear portion, Fig. 4.9 gives the graphical
picture, showing the definitely lower slope when the wing aspect ratio is finite,
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Let us look at some numbers for the NACA 2412 Cessna 172 wing,
that airplane’s wing span is B = 35.83 ft and its reference area is 174 %,
aspect ratio is 4 = 8%/S = 7.38. For the new slope, converting from rad—!
deg™', and rounding slightly,

v a* 0.103 o
Ve — =
(1 _]__ama'“) (I 180 x 0,103} g
=ld r? x 7.38
with zero lift AQA
ol = o = —2.18 deg (4.48)
The only other parameter we need to reevaluate is the angle of AQA for stall:
180, 180 2 1.60
— o e 5 R O
o =a 4 = 15.0 deg + i 3g = |00 deg (4.49

The maximum lift coefficient and the pitching moment coefficient are not
aflected (al least not in this theory of thin elliptically loaded wings) by our taking

o a finite aspect ratio. Stalling, however, is very nonlinear. So these results for o,

and for Cy,,, are not sufficiently accurate. Stalling actually takes place earlier
than our predicted 19.0deg: consequently, C,,,,,, does not guite get up to its old
section value of 1.60. Therefore, we shall use experimentally determined POH

stall speeds to fix O, and experimental flight tests to fix =,

For reasonable values, 1ift coefficient unity and aspect mtio 7, the downwash

angle is 0.0455 mad at the serodynamic center, about 2.61 deg, and twice this
amount far behind, which might include the location of the horizontal tail. The
effizet is impaired by the fact that wing spans are typically much larger than
horizontal tail spans, so the tail gets much less than an average share of the wing’s
downwash. Still, this must be included in all but very preliminary aircraft design
waork. It is also worth mentioning that the vertical component of airstream, when
beyond the wing span, is briefly wpwards. Wings are complicated.

Formulas for a, oy, €, and o

These formulas are modified from the classic works of Diehl® and Woods'™ and
from spreadsheet regression analysis. After presenting each formula we will then,
as a reality check, compare the NACA 241 2-caleulmed formula value with the
“known™ value.

o _ - 1
o = 0.1097 u.u?(f]
= 0.1097 — 0.0007N;, (4.50)

The Aerodynamic Force a3

Because in our case /e = 0.12 (Ny, = 12), this gives 0.101 for the slope; the
section curves gave about 0.103. This is good agreement here and Eq. (4.30)
generally gives good results.

w=-or)-(2)(9)
= —(LOTN, = 0.07TN, N, (4.51)

For our NACA 2412, Ny = 2 and V; = 4, so the formula gives 2, = —1.9deg.
The section curves gave about —2.2deg. In general, the regression formula
sandard error here is 0.2 deg (precisely ours!) and B*, a measure of how much of
the total variation in the set af #, values is attributahle to the above relationship, is
.96, This is good.

cor ==11(2) = 35(2) (£) +33(2) ()
= —0.011N; — 0.0038N,N; + 0.00038N, N, (4.52)

The formula gives —0.043 and this is exactly the section curve value. The
standard error for this regression formula is 0.004 and E® = 0.98. Exeellent
agreement. And a nice formula to have; there is nothing we can casily measure,
even with flight tests, to come up with a value for oy,

%, =9.54 + 5,72@) s 1.5_4@

= 9.54 4+ 0.5T2N, + 0.264N5 (4.53)

This formula gives 15.0deg for the NACA 2412 airfoil; just exactly what we
got from the original section curve. Mevertheless, this formula is not very
accurate: the standard error is 1.5deg, and B° = 0.49. The scauer diagram
looks like #n ineffective arrow shot through a swarm of gnats. You can only
expect so much from statistics.

1f we did come up with a statistical formula for O, it would suffer the same
fate as that for x, In most cases it is best to use POH or experimentally
determined stall AQAs and maximum lift coefficients. Mevertheless. the follow-
ing guite limited rule may be of use. [f your computed N and N, are the same as
those for a section curve you possess but your computed Ny is different, you can
try to adjust the section Cpp,, with this rule:

CramantNaa) = Crmax (W34 = 12) — 0.03IN;, — 12| (4.54)

it being understood that all the other parameters are the same. You may have o
use the rule twice, of course, if the seetion curve you have is not for Ny = 12,

At this point, you have fairly good estimates of the most important section
values. Before we procesd to compensate for the vagaries of aspect ratio, wing
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geometry [in all three dimensions), and flaps, we detour to consider ground
effects.

Ground Effects on Lift and Induced Drag

We have just seen that the lift coefficient graph for the real wing, with finite
aspect ratio 4, may have considerably smaller slope than does the graph for the
(infinite aspect ratio) wing section. That was because finite 4 comes with a
downwash angle that lowers the effective wing ADA. Now we look on a brighter
side of this story. A wing near the runway develops less downwash because of the
interference of the Earths surface. Consequently, the 1ift slope is increased and
lifi is enhanced, This is the so-called “ground effect on lift.” This same
phenomenon also decreases indueed drag,

While the physical picture is simple, the quantitative details are not. See Fig,
410, where vertical force components are lift, horizontal ones are induced drag,
and depicted tilt angles are exapgerated, about 20 times realistic values. The
following analysis is due originally to Frandtl (1919 and Wigselsherper (1923),
independently arrived at by several others since then.

Von Mises® shows how Prandtl's wing theory explains interference between the
two wings of a biplane. We can use his analysis by replacing our wing, at distance
f above the ground, by similar biplane wings verically separated by 2k with the
lower wing turned upside down. Then the coefficient of interference drag, for a
wing not necessarily elliptically loaded, is

Cpp==== (4.55)

Finite A, In Ground Effect
Finite &, Cut of Ground Effect

L AIR SPEED

Figure 4.10 The aeredynamic force on real wings tilis back, but less so when nezr the
surface,

The Aerodypnamic Force Q5

where

B
7= i =N

g positive mumber no relation to relative air density, and

"

Ay
I—(EJ’—E )ild_rd.r
— (4.57)
e o T
TR Vi

YWou may recognize Cpy, as very close in appearance 1o the ordinary induced
drag term

1 I [
:EJ j SO =23 (1 =)
ST P

(£
) 3
[E— 458
Ry (4.58)
where superscript O means “out of ground effect.” F means “in ground efTect.”

S0
Chi = Chi + Cpiz = Chi(1 — 0) (4.59)

Becavse Oy, is proportional to the induced angle o, [Eq. (4.34)] and because
this is reduced by ground effect by factor (1 — &), that is equivalent to increasing
aspect ratio A w A/(1 — 7). Making use of our earlier discussion, that is
equivalent to changing the slope of the lift coefficient curve from

a™

I.ré; = —W |:4.5‘ﬂ::|
1
( T )
[[1]
aﬂ-ﬂ
a4 = 180a™(1 — a) R
1+ —
w4
or
el
cl = G (4.62)

(T)
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Ancther form, one we will find useful when trealing the takeoff prohlem,
comes from inverting Eq. (4.60) and puiting that result into Eq. (d.62):
a5 5 4.63)

smrn-g,) (o

¢ -
; (l_ atd

MNow te find ¢. It depends on the ratio of wing height above ground, &, to wing
span 8, Figure 4.11 shows the results of numerical integration using & twao-
dimensional version of Simpson’s rule with Cessna 172 parameters. Lift enhance-
ment is our concern here; ground effect on lift is evidently pretty small, The
“standard curve fil" there was used in the Dacdulus man-powered flight project
and also appears in performance reports for large jet transports. That fit is

ThE
Sl E--t.mw;“

(4.64).

close w0 and much more convenient than numerical ntegration of Eg. (4.37), A
perhaps more accurate formula, becanse it includes the influence of airplane
efficiency factor, is duc to Suh and Ostowari,'" cited by Hubin'*:

2 B\’

T =

(4.65)

1.0 ﬁhﬁﬁﬂﬁﬁﬁﬁﬁﬁﬂ
o \ In,. Out
Induced drag ratio (D /D; ")
08
0.4
0.2
. Excess Iift (L 1) e
e i i) -

0.0 T E=== =

00 01 02 03 04 05 06 OF OB 08 10 11 12

Wing Height'Wing Span, B8

Figure 4.11 Ground efiect induced drag factor and eurve fit.

The Aerodynamic Force

o

One or another of Eqs. (4.64) or (4.65) will be used later in computing distance
1w liftoff, the takeoff run. This finishes up our treatment of techniques you are
likely to need for computing your airplane’s it in any operational circumstance,

Practical Wings

Wing Planform Geometry

Aircraft wings come in many sizes and shapes. The section coeflicients are
independent of size, or almost so (Reynolds numbers!), so we can concentrate on
wing shapes: from above (planform), from in front (dihedral or anhedral), and of
eourse in sagittal section (both the lecal profile shape and its nose-up or nose-
down orientation, the “angle of incidence™). Planforms vary from rectangular
through elliptic, tapered, swept back, and sometimes even swept forward.
Because we are not dealing with stability considerations, dihedral is relatively
unimportant to us, Anhedral (drooped wings in flight) is relatively vare. Figures
4.12 and 4.13 depict the planform nomenclature,

Table 4.5 gives coordinates for the geometrically important points on a Cessna
172 wing. It is generally most economical in dealing with practical wing
geometry to start with the kind of data in Table 4.5, then develop formulas for
the various (almost always) straight-line segments, rather than develop specialized
formulas in terms of root chord, tip chord, sweepback angle, eic.; practical wings
usually reveal some wrinkle eluding generalization. Except this one, Notice that
in even such an apparently simple wing as for the Cessna 172, the leading edge
taper does not begin at the root and the wing tip is an add-on. Even so, you may
still have to approximate rounded shapes.

The next goal is to obtain formulas for the various straight-line segments. To
find slope m and y intercept b of a (nonvertical) straight line, when you are given
the coordinates (¥, v, ) and (x;, y;) of any two points on that line, one needs

_m—n)
e
b = X (4.66)
i (xap) — X1 )a)
{.'['2 —].'1}

Although for this fairly simple wing we could get by with simple geometry, in
peneral we need a formula for chord length as a function of spanwise station, o(y).
Because we know points along the leading and trailing edges (LE and TE), a first
step is to get formulas for those edges, LE(y) and TE(y). Then we can get cly) by
subtraction, c{v) = TE(¥) — LE(y). After applications of Eq. (4.66), we find

5135 D=y=8§33
ely) = « —0.1832y + 6.877, B33 <y= 1728 (4.67)
371, 1728 <y = 17.92
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Figure 412  Sketch of Cessna 172 wing with numerals keyed 1o Table 4.5,

Calculation ol total wing area § immediately suggests itself. Using wing span
8 = 3583 fi, this is

Fed
=7 r (¥ dv = 175.0 f* (4.68)
L]

Take off | f for the rounded corners of the wing tips, and we have the Cessna
172 POH" value of 174 . The average wing chord length, the mean geomerric

The Aerodynamic Force o9
—a—Tip Chord —#=

Leading Edge / Trailing Edge

!

B il

A/ CQuaner-Chord Line
14y Br2, Half Span
J
!
4
} s sm b LomaBOORZONH) sy, weodk
¥
Y
Canter Line

Figuve 413  General aviation wings are only very slightly swept back, if at all.

chord, mge, is then (¢) = 878 = 4.85 fi. The wing aspect ratio is the eatio of span
o averape chord, 4 = B/{e) = B*/5; for the Cessna 172 wing, 4 = 7.38.

A slightly more complex calculation would be that for the mean aerodynamic
chord, mac, useful for more advanced stability considerations and as a weighting
factor in composite pitching-moment caleulations. The definition, and evaluation
for this Cessna 172 wing, is

2z
e = % r (‘z{_].’:l dy =498 fi (4.69)
o ]
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Table 4.5 Cessna 172 right wing peints and their coordinates

(dimensions in leel)
Foini # Coonfinaies Deetails
1 (0,1 Leading edge (LE), Center line (CL)
2 0, L.71) LE, Fuseluge
3 (0,8.33) LE, 51an of taper
4 (042, 17.28) LE, End of taper
3 (042, 17.93) LE, Tip
i (4.13,17.92) Tratling edge (TE}, Tip
) (413 ]7.25!] TE, End :nf'lapl.':'
L] (5,35, 8.33) TE, Start of taper
9 (5.35.1.71) TE, Fuselaye
[LH (5.35.0) TE. CL
L1 (372, 1.71) Intoard leading fap corner
12 {317 8.33) Outhoard leading fiap comer

{The Cessna POH, in the weight and balanee section, gives mac = 4.90ft)
Because this Cessna wing is close o rectangular and has similar partial tapers
front and rear, mge and mae differ only a little. This concludes what we need to
know about wing section characteristics,

Aerodynamic Characteristics of Practical Wings

Mext we fake a look at how real three-dimensional (finite span) wings are put
together and how to combine section charactenstics to get a handle on the real
wing's acrodynamics, There are several problems. We have seen how wings of
finite span have less steep curves € (%) than their infinite-span counterparts with
the same profile. “Three-dimensional™ wings (finite aspect ratio) are subjected to
an “mduced AQA" whereas their unrealistic cousing (infinite aspect ratio) are
not. In addition, practical wings may be designed with *washout,” an increas-
ingly nose-down orientation as spanwise position nears the tips, W ensure that
stalls initigte far enough inboard to aveid ailerons. And, of course, chord length
may vary spanwise, generally getting somewhat shorter with progress towards the
tip. Even the profile shape may vary o some extent along the wing. So il is not an
alwogether trivial problem—even assuming that wing sections act relatively
independent of ome another. with negligible lateral “crossflow™—to picce
together the acrodynamic characteristics of a practical three-dimensional wing
out of its two-dimensional components. But, to work our way fowards consider-
ing the flight charactenistics of the entire airplane, we must do that. Considering
the entire airplane, the AQA most often used is the so-called body AOA, 25, the
angle between the free airstream and some reference line imbedded in the
fuselage (sometime a top or bottom door sill, sometimes a line between two
screw heads protruding slightly for just this purpose).

THE ACFodyNEamIE Forog 1l
Wing Geometry: Incidence, Twist, and Body AOAR

It would not be realistic to obtain a formula for the Cessna 172 lifi coefficient
funetion € (2 &; = 0)—we have appendad specification of the faps deflection
angle 8, we need to carry along—assuming an unswisied wing of aspect ratio
738 with constand chord length and with o measured between the relative airflow
and the direction of the chord. The Cessna 172 wing is twisted and has a slight
taper in the outboard half. And we want to measure AOAs from the relative
airflow to the _fisefage-level direction. Adjustments are needed.

According to Clarke,'* the Cessna 172 wing is set 0.78 deg above the fuselage
body-level direction for stations from the wing root (where it meets the fuselage)
to station 8.33 A, In our numerical example to follow, we will take that so-called
“angle of incidence,” a;, to be the case from the airplane’s center line. (Reference
wing areas § usually assume such a continuation through the fuselage.) From
siation £33 ft out to station | 7.28 ft the wing is progressively (we will assume
linearly) tilted downwards (“washed out”) from (.78 to —2.83 deg. For the tip,
from station 17.28 to 17,92 ff, we assume a constant incidence of —2.43 deg. The
purpose of washout is to ensure that a stall, when it comes, does not start
outhoard where the ailerons are. Using our two-points-make-a-line formulas,

0,78 deg, 0<y=833
wplvh = § —0.403y + 4.14 deg, 833 <y=1728 (4.70)
—2.83 deg, 17.28 =y = 17.92

What we have, in a sense, arc many little wings with various chords [with
lengths distributed as in Eg. (4.67)] and pointing various directions all joined
together. I the level line in the fuselage is pointed to body AQA 34, then the AOA
of the winglet at station y 18

!Lv:l = 13 = ﬂ‘r{}'} f417 l}
For the incremental piece of wing at p, with “span” dy, the lift is
dLiy) = § pV2Cy[m(p): Olc() dy (4.72)

If we add these up across one-half the span and use our relation for wy), we
have
B2

L=lp2 ] Cylig + 2,(): ety by

1]
= LplSC (25: 0) (4.73)

where we have brought in the definition of the lift coefficient function we are
ultimately after. Getting down to coefficients

£
€, (g2 0) =§ L C g + 2y(59): Djely) dy (4.74)
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The integral on the right. even though we have formulas for all of the pieces,
presents two problems. The first is that part of the wing stalls before the whole
wing does, Hence, to evaluate the integral we need o extend our definition of

Cy[2(y); 0], at least for close-in ys, 1o the right of the stall paint. This is not

difficult; we simply let the curved analvtic spline keep running. The second
problem is that we are getting too many pieces in this puzzle: vwo formulas for
Cyfe 0), three for ey(v), and three for ¢(y). Too cumbersome a result for practical

performance caleulations. (Remember those? They are what we are driving

toward.) We need to simplify, to approximate,
Well, integration is a linear process, C,(x) is fairly lirear and so is a;(r). At
least on the linear portion of the lift ceefficient curve,

Coleer () + o 0] = e (V) + Gyl = g M i4.75)

where the strange functional notation on the right reminds us that the ol function
C; is invelved there, not the new one we want to evaluate. That term does not
depend on y, 50 we take it out of the imegral, use the fact that the inegral of the
chord over ane-half the span is one-half the wing aren, and get (again, only for the
linzar portion),

a2
Crlog: 00 = C, (3 = 2g) +§ J a; [ ¥e( y)dy (4. 76)
1]

The integral on the right—shightly messy becavse of the different formulas for

sr(v) and ely) at different spanwise stations—is an ideal candidate for 2 computer

spreadsheet. Just use separate columns, somewhere off to the right, for cach of
() and oy}, Figure 4,14 shows the dependence on station of the vardable part af

the integrand. For m = 0.082, the integral evaluates to —{0.715; up near the stall,

taking the slope to be 0.082/2 = m = 0.041, to onc-half that, —0.355. When
multiplied by (2/5) these give —0.008 (rounding to —0.01) and —0.004 (round-
ing to 0.0, respectively.

After all this, it turns out that the canstant term in our O formula is decreased

by 0.01 in the left-hand portion and is essentially unchanged near the stall. It s an

amazing coineidence that correcting the LN coelficient curve for rool incidence,
twist, and taper gives (for the flaps zero configuration) almost exactly the
uncorrected result we started with.

Or s it? Maybe the Cessna pioneer designers intended this. They did not have
computers and needed to keep things simple. We shall see a similar near-null
result when we caleulate the longitudinal location of the acrodynamic center of
the Cessna 172 wing. Nevertheless, vour own wing may not be this simple and, if
it is not, vou will need your own version of these calculations.

Whal if you da give this problem the full crembersome treatment? The result is
that the stall AOQA is depressed a little, from 19.0 o 182 deg, and so is Cp ..
from |60 to 1,576, The main parts of the curves are almost identical. Nothing 1o
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Figure 4.14 Incidence angle =, times chord length ¢ gives integrand for caloulating
Cj:.[ﬂ'ai o).

write home about regarding the stall characteristics, especially because we most
likely use alternative techniques te estimate o and O,

Here is a sufficiently accurate result, for the flaps zero case, using one-half the
linear-portion slope when up near the stall:

0.0820, 4 016, =169 <ag <158

0.0412g 4 0.82, 158 < ag =190 (4.77)

Cplen ) = I
This very slight change in intercept b means =, is now raised to —2.0 deg, Mext
we need similarly practical results for flaps variously deployed.

Flaps

It is somewhat unrealistic to associate a given airplane with only a single wing.
Most have movable trailing edge flaps that can be extended to various flaps angles
d-. Extending flaps translates the C,(x) curve for the flapped region of the wing
Straight up (more or less) by an amount that depends on how much the flaps were
extended and on the type and size of flaps installed. There is a somewhat smaller
effect on the €, (%) curve near the stalling point, and that flapped stall ADA o, is
slightly farther to the left. Flaps extension has negligible effect on the slope of the
Cylz} curve. These general features can be seen in any of the section lift curves
from Abbott and von Doenhoff' in which split fiaps extended 60deg were
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investigated. See Fig, 4,15, the section 1ift cocfficient function for the NACA 655~

415, used by some Piper aireraft.
In this section, we use an assortment of derived, empirical, and eurve fit

formulas (most of the hase data from MeCormick'") to estimate these flaps
effects on C;(z) for the flapped area of the wing. “Flapped area™ here means
“area of the wing that has flaps™ and ae¢ “flaps area.” Effects on the entire wing
are then taken to he based on the matio of flapped area to total wing area. As
simple and versatile as this procedure is, we will find we get quite respectable
estimates for our sample aircrafi.

O starting point is the realization that 1ift with faps is equal to lift withour
flaps plus an increment due to having a fapped area Ay with additional lify
coefficient ﬂ!.l'cl.'['ir:':

L =L pV?(SCy{a; 0) + ApArCy(60)] (4.78)
where
AC, = arlep, emide)dy (4.79)
with functions and paramefers defined as

a = lefi-portion slope.
T = flap effectiveness factor,

4,
¢y = flap chord, and (4.5
it = viscosity correction factor.
The flap effectivencss factor © is defined as
sinif) 1]
e, el =1+ M_]T{u
(4.81)

2e
=i =1 _"r_
HJ, = CDS ( e I) deg

The viscosity correction factor 4 is complicated by having different forms for
each of plain, split, and Fowler/slotted flaps types:

—89.9015 158051
My =gt == 01191 (4.82)
{5}‘ 'E
0.432%
Mot = —5— — 0.00315, + 0.539 (4.83)
T

o 5 3 ] 8 3 dy a d;
— o 7 T =
Hslcnted (3 5_1-;) (243) o (Lz_m) (]4.53) (I?.Sd) St

(4.84)

Figure 4.15
parallel ines,

Experience (or imagination) leta you see these graphs as two pairs of
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Figures 4.16 and 4.17 are graphs of the fap effectiveness and viscosity
correction factors, Best to look at these formulas as shorthand tables of
experimental results. We can use those empirical adjustments 1o evaluate what
flaps do to lift for our sample Cessna 172, Slotted /Fowler flaps apply. Slope a is
0,082, ¢, = 1.63f, ¢ = 535 ft, 0, = 113.0deg, T = 0.6653, and 4, is one of 10,
20, 30, or 40 deg. The flapped region 4, is 70.8 f2 = 0.40715. After turning the
calculational erank, using Table 4.6, we find the results of Table 4.7,

We have yet to deal with our orphan stall points [%.(80) Crmm(d)]. As
mentioned ahove, this involves further correcting AC, with a factor (which
depends on the type flaps installed), we shall call f;,... Brute force polynomial
curve fits to graphs found in MeCormick" vield

ﬁ;'“::mu = 16.667 e }4 et (%,)3

—2.667 (%)— 0.1 33(%) iy (4.85)
ang
ploied _ |:3.mji'(%f)q i 25.004}(%)3
+ 6.333(%)2— u_aﬂn(%‘) +1 (4.86)
10
- 08
E
E 0.6
E 0.4
r
[=1
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0.0
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Flap Chord / Wing Chord, cf f C
Figure 415  When theory fails, scientists often take refuge in "finagls fectors”
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Figure 4.17 Howsver, “polynomial curve fits™ sounds better.

Straightforward application of the proper one of these formulas gives the
results in Fig. 4.1%.

The Cessna 172 POH'" only cites stall speeds for flaps (0, 10, and 30. Using
those values (and picking a most forward c.g.), Table 4.7 gives POH values
compared with spreadsheet results. The handbook gives stall speeds to the nearest
knot. That implied half-knot error implies an error of about 0.04 C,,,.; 50 we see
that our calculations are elose to the mark. More importantly, we have filled in the
gaps in the POH data, Even though we are not placing much eredence in our
approximations to Cpp., itself, we have some reason to believe this calculation of
differences in Cpppy.

These Cessna data are examples of the fact that incremental flaps effectiveness
always decreases with increasing flaps angle. The last notch adds only a linle

Table 4.5 Flaps afect
on lift coeficient for a

Ceasna 172

d AT, ()
10 0.1%

20 0.34

30 0,48

40 .56
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Figure 418 Cymux iNCreasas doe to flaps are consistently smaller than O Increases
within the linear portion of the graph.

reduction in stall speed, but it adds a lot of drag. On approach to landing,
especially with full flaps, watch your air speed!

Table 4.8 shows the Maps eflect first deseribed in Table 4.6. These supplement
(for the main region, not close to stalling) the earlier formula for lift coefficients
with retracted flaps.

The graphs corresponding to Table 4.8 appear in Fig. 4.19. Positive incre-
mental effect of Alaps lessens with increasing flaps angles. As an estimate of the
decrease of stall AOA 2 with flaps extension you can use this rule of thumb:
Am =g fd.

Tahble 4.7 FOH and caloulated AC, . due to flaps

CI72 POH, FOH PCH Calculated Culewlated
Flap KCAS B M ACH e - PFOH
slall speed difference
] 52 1.51 0,010 0.0 .00
(1] 44 1.70 [N k) 0.1s —0.04
20 Na' MNAa NA 029 MA
an 46 193 0.42 0.40 -0.02
40 MNA MA Na 0.47 NA

E Mot available.
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Table 4.8 Casana 172 lift coefficient functions in the

linear region

&y flaps angle  Cplgd 8e) . dog
0 Cpfog: Op = OLDB 2oy 4 0,16 =20
10k Cylg: 10) = 008225 4+ 0.34 —d.2

20 gy 20) = 00822, + 0.50 .1

30 Cylmy: W) = 00822, +0.64  —7.8

A Cplmgs 40) = 008205 + 0,72 =38

We have one last question to answer: What do flaps do tw ¢, 7 Both Dichl®
and MeCormick'” show experimental data, but here it pays to remember that our
uses for o, are simple ones. We are not trying to investigate the dynamic
sability of a supersonic transport; we are just planning to get a good estimate of
the til-down force on g timmed general aviation aircraft during moderate
maneuvers. Accordingly, we will use the following average approximation for
all flaps types for their effect on the pitching-moment coefficient:

Crune(BF) = Cpae(0) — 0.18AC, () (4.87)

Combining this result with Table 4.6 and the base value, —0.043, gives the
results in Table 4.9, After lengthy but neeessary adjustments dealing with the
structure of the wing, we are finally ready to tackle the entire aimplane.

25
20
1.5
1.0
0.5

00 -2

Lift Coefficient & |_ {Linear Portion)

8 4 0 4 B 12 18

Bady Angle of Attack, deg

Figure 419  Lift coefficien: curves for the Cessna 172 wing (NACA 2412) not close to
stall.
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Table 4.9  Pitching-moment coefficients,

any flaps sasfiguration, Cessna 172

iy unclily)
1} 0043
1 —0.075

E —0.104

il —0.129

40 —0.144

Lift and IMloment of the Entire Rircraft

The Plan

When, above, we went afier the hest possible €, values, we failed to take ail
force inta account, We now need 1o correct that oversimplification, 11 the airplane
weighs 24001bf and the tail force is 300 Ibf downwards, then the wing has to
support 2700 161, not 2400. And if the tail force is 100 Ibf upwards, then the wing
only has to support 2300 Ibf, I tail lift is measured the same way wing lift is—
upwards forces positive—we have in general, in unaccelerated level flight,

Ly+Ly=W (4.88)

To get the full lift required of the wing, we need to calculate tail force,
Afterwards, we may decide to ignore it, or give it a “rule of thumb™ valuc once
and for all, but we at least need to know to how much we are giving short shrift.
You may have run into hangar-fight rules of thumb: “tail-down force adds
another 10 or 15% to your weight.” We shall see,

Here is an outline of the plan, In steady unaccelerated fighe, total forces and .
moments on the airplane must be zero. From knowledge of c.g., wing and tail
geometry, POH data, and earlier work, a small amount of algebraic unraveling
will give us expressions for lift on the wing and lift on the horizontal tail, From

those we can find C; .., (F/A, d;), where F/4 stands for forward-most ¢.g. or aft-
most ¢,

Moment Equations

For the airplane to be in equilibrium just before the stall, both the sum of the
forces on it must be zero—the condition just above —and also the sum of the
force moments (torgues) on it must be zero, Because the moment due to the wing
pitching coeflicient is about x.. it is convenient 1o use that point of reference for
all moments, There are three moments: for wing lift, weight, and tail lift. We are
assuming drag and thrust lines act through or near the c.g. so that we can ignore
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their moments, Such is usually the case for trainer aircraft, though for seaplanes
or amphibians it often is not.

0=Myy +Myp +Myr

= %p&’z.'ir_-cm.h. ey — S (o= X (4.89)

Equation (4.89) ignores small effects of nonzero body AOA and ignores the
pitching-moment contribution of the horizontal il itself. Downwash off the
wings also changes airflow over the tail; we ignored that, wo. IF necessary, one
can add in some or all these factors. [n general, aircraft control issues are not
within our chosen realm and can be safely skirted.

Wwe do know or can readily figure out the constant geometric locations, the
acrodynamic centers (average quarter-chord points) of the wing (x,.,) and tail
{¥,.;). Once the airplane is loaded, settling the location of the center of gravity
(¥ep)» we kmow cverything except Ly. These longitudinal locations and the
vertical moment-producing forces we are interested in, are depicted in Fig. 4.20,

Here are some details, From a graph in the weight and balance section of the
POH, the most forward c.g. position obeys

2,92,
2.92 + 0.00083(W — 1950),

W = 1950

W = 1950 ubert)

J"-.f"l:.g.{'ll'!} o |

The farthest aft c.g. for the Cessna 172 15 always at 3,94 ft. For maximum gross
weight 2400 Ibf, the location of the farthest forward c.g., k. , is 3.294 fi behind
the datum, the fromt surface of the lower portion of the firewall.

Lw W tind B
A{‘.'lu'l.l"[:i.EE /

i == Enul | S alubl g
.r_.*n - i B
- _ - Ly
., - ACT 18.54
s
19 1,|;|,|I d ks
I Pwd
G|G
3.29 Longiudinal Station, ft
0 216 394 17.33
Reference Leading Aft Leading
Datum Eﬁga CG Edge Tl
ng

Figure 420  Cessna 172 alphanumeric soup of important points, stations, and forces.
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Averape aerodynamic centers {quarter-chord points) of the wing and tail are,
strictly speaking, what you pet by weighting each section's quarter-chord point by
its chord. For the wing, this is the case we mentioned earlier that hardly (for this
aireraft) makes any difference. But, because your own airplane may not be so
abliging, here is the general formula

2 _II:.
Lapw = E r e(h ) dy
o

2

2
=2 J: SN 60) + ez 0N by (4.91)

In using Eq. (4.91), do not forget that our longitudinal origin has been shified
to the firewall specified by the POH weight and balance seetion, 2.16 ft ahead of
the leading edge of the wing where it meets the luselage. It turns out that
S = 3.50 ft. Taking one-quarter of the chord length of the early part of the
wing, 5.35 fi/4 = 1.34 ft, and adding it to xyey = 2.16ft, one gets the very
respectable estimate of 3,50 f1, If your wing is not swept back, and is not tapened
much, you can do the same.

The same technique applies to finding x,,. with the added inducement to
casualness that a couple of inches more or less, in this case, does not make any
difference. From our plan drawing of the horizomial tail, and the dimensions and
stations on it, we estimate x,, = 17.77 ft. The average horizontal tail chord, ¢, is
338/,

We have already calculated the effect of flaps extension on ¢, for the Cessna
172; Table 4.6 gives those results. You will have to use your section graph or
statistical value of ¢, with the increments you found near the end of our carlier
discussion. That completes preparatory work getting the needed parameters.

Tail Force
Mdding the three moment expressions together, setting their sum cqual to zero,
and solving for Ly gives

L ISl 7) + (g = Yo W
[-Im_-f e Im-}

LT{I-:.S.' E'_f]' =

Figures 4.21 and 4.22 show the resulting Cessna 172 tail force for 2 range of
calibrated air speeds for the two extreme loading conditions (those specified in
the POH stall speed table) and for all flaps scttings. Near stalling, we sce the
tailforce varies from 54 1bf up (for flaps up, c.g. aft) to 96 Ibf down (for Aaps 40,
c.g. forward).

(4.92)

100

=100

-200

Tail Load, Ibi

-300

=400

-500

40

Figure 4.21

Tail Load, Iof
b
8
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POH cautions:
V = 108 KCAS if & = 10°
V= BAKCASIt &= 20°

Y
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Negative (downwards) tail farces add 1o the burden, raise stall speed.
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Figure 4.22
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Factors Influencing Lift

In spite of the lift details we have treated, one must not become sanguine. Reeall
that we are generally saved, in our low speed, low powered, quasi-steady-state
regime, by the fact thar fight path angles are small and, therefore (wings level),
net lift is close o gross weight. Here is a lexicon of practical effects on lift in
general aviation—some large, some medium, some small—to emphasize what "y
complete theory™ would be up against.

1) Environmental—air density (large). air viscosity or Reynolds number
{small), Mach number (small), ground effect (medium), gusts (variable),
centrifugal and Ceriolis pseudoforees (quite small, but treated in Chapter
3).

2) The airplane—wing area (large), wing shape (medium), wing profile
(medium), angle of incidence and twist (medium), sweepback (medium),
dihedral (small), nonwing surfaces (variable), surface smoothness and
cleanliness (variable), protuberances (small).

3} Adrplane configuration—Raps extension angle {large), landing gear exten-

sion (small).

4) Operational factors—body ACA (large), air speed (large), vaw and roll
angles (small), trim settings (small), throttle and for revolutions per minute
settings (mediumy).

Drag

In some nonaviation applications—oil droplets dropping in stll air, spheres
slowly rising or sinking in a resting fluid—the drag force goes as the first power
of the relative speed of object and fluid. Stokes law govems. In aviation we
seldom see those cases. While it is primarily a phenomenological (not funda-
mental) relation, in our regime we shall stick with the time-honored and
experimentally supported “quadratic drag polar” deseribing the relation between
drag and lift coefficients:
i
= — 493
Lo St med ¢ )
The drag force, of course, is then arrived at through Eq. (4.2). There ane cases,
especially with highly cambered airfoils, when it is comvenient to bend the rule of
Eg. (4.93) and proclaim

Cp = )
o Dmia T =

(4.94)
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but that only amounts to sliding the C; (%) over a bit; the requisite mathemarical
manipulations are essentially unchanged. We will use only the simpler form.

In Eqg. (¢.93), we now know all about aspect ratio 4. What remains to be found
is the pair of constants Cpg, the parasite drag coefficient, and e, the airplane
efficiency factor. Because, for the case we care aboui—ithe entire airplane—we
will arrive at these two values by means of glide tests and we leave the details to
the chapter on glide performance. But before we leave the acrodynamic force, we
should familiarize ourselves with a graph of 2{F). It is important to keep in mind
that, because O rises at slow speeds, the total drag curve is cup-shaped, with a
definite minimum. Later we shall show that this minimum oceurs at Vi, the
speed for best (longest) glide in still air. For now. assume that result. For the
Cessna 172, which Fig, 4.23 mimics, ¥y, is at about 72 KCAS when the airplane
weighs 2400 b,

Expression for Drag D in Terms of D, ;, = Dy, and Vy,
If ane considers the airplane in wings-level {unbanked) flight and uses Egs. (4.1),
(4.2), and (#4.93) along with the so-called “small flight path angle assumption™

L=Wcosy=W (4.95)

400

Total drag

350
300

250

200
Parasite drag

150

Drag Components, [bf

Indju::&d drag

-

o0 &0 70 a0 90 100 110 120

KTAS
Figure 4.23 Parasite, induced, and total drag force on an airplane in lewvel Right.
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where W s the aircraft weight and 1 15 the flight path angle, then the total cira!

The Aerodynamic Force |17

Table 4.10 Parasile drag coefficient Cpy vs

depicted in Fig. 4.23 is given by the formula Bapp feliovtion masia ¥;

3 F.e il
D(V) = AV + B (4.96) e i
¥ 0 0.037
with 10 0.039
eli} LIS
A =1pSCy (4.97) gy 0055
£l 0064
and
W ; .
= 1S (4.98) [Eqg. (4.103)] gives a value of drag that differs from the exact formula (for all
i i specds between stell and level maximum) by less than 11bf
A convenient property is shared by functions J° of the form of Eq. (4.96):
f=A4g+38/g (4.899) Additional Drag Due to Flaps

where function g—for us, g(F) = F2—does nar have an extremum (minimum up-
maximum) in the interval of interest. Taking the derivative of /7, a litile alg:bta
shows that the extremum of / oceurs only when

el B

MeCormick '™ has a formula—possibly originally from Cahill—that you can use
to check your own experimental runs at various flaps settings or use in case you
have to deal with an airplane that does not come with drag information on each
flaps setting.

=z 4.1
B A (4.100) 17 £y 138 ,fj 5 = 3
or, rearranging, the extremum of f occurs precisely when i (cj (5) sin’ It b
Ag = By (4.101) g 138 /4 LA te])
= i ey -
& . . ﬂ.?(—f) ( ;,r ) sin’ dy, slowed or Fowler
Im our case, this means the minimum value of drag occurs when parasite drag is c

equal to induced drag, Jumping ahead to pick nomenclature and an ideas from the
glide performance chapter, the speed at which this drag minimum occurs is the
speed for best (longest) glide in still air, ng. So minimum drag will be twice

either drag component:

Here AC, is the additional drag coefficient due to flaps deflection dy. Variable
¢y is the chord length of the flap and A, is the area of the flapped portion of the
wing (not of the flaps themselves). Variables ¢ and § are the ordinary wing {mean
aerodynamic) chord and reference area, respectively.

Using Eq. (4.105) for the Cessna 172 gives Table 4.10. Extending faps has
negligible effect on the airplane efficiency factor & but considerable effect on both
lift and drag. Swccessively higher flaps increments give relatively smaller lift
increases but relatively larger drag increases,

Afier this long introduetion to the aerodynamic force, we are almost ready for
practical work. But first we must consider the engine and the propeller.

Dy = 24¥) h; = 13{}'& (4.102)

Salving Eq. (£.102) for constants 4 and & (not guite constant, recall), we then
have the very nice—even memorable—result that

_ i
D= J:E.f_:-,,,,,,(E + V—"f) (4.103)
-

A more careful analysis shows that this approximation depends on the
smallness of
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The Engine

Introduction

To many aviators, the airplane’s engine is a “black box.” Fuel in, power out. Naot
only a black box but—with fewer and fewer “round engines” these days—a box
hidden inside a cowling, yet another hox. Out of sight, out of mind. Unless, of
course, it seizes, sputters, or dies. Then the engine attracts our full attention!

As it will in this short chapter, a preemptive strike. We will study, in broad
outline, how engines work (we limit ourselves to normally aspirated spark
ignition reciprocating internal combustion gasoline engines) and their more
important performance measures and variables. To some extent, how those
depend on each other. Very little on coddling an engine or maintaining it and
nothing on repairs; we remain focused on performance under the prosaic
assumption that everything is eopacetic. This background should be of value to
ordinary pilots and even to aireraft accident investigators.

Modern internal combustion engines are a technological marvel. For all of their
complication and intricacy and all of the violence of their pistons’ thrash, these
engines are extremely reliable. They are also complicated; a lot goes on behind
the scenes. The chemistry is not as simple as some would have us believe; the
thermodynamics is intricate and the mechanical engineering is extreme. Without
an ioda of hard evidence as support, the author estimates more complex modermn
internal combustion engines as somewhere between 171000 and 1/100 as
complex as the simplest viruses. Just a guess,

These engines can be put to many uses and the range of constructed engine
sizes is vast. MacMahon (an engineer) and Bonner! (a biologist) consider a list of
35 internal combustion engines. The smallest engine listed is the Webra Spa:dy,
single cylinder two-cycle engine weighing 4.75 0z, displacing 0. 110in., and
developing 0.45 hp at 22,000 rpm. The largest is from Burmeister & Wain, a |2—
cylinder four-cycle Diesel engine weighing 225,000 Ibf, displacing 726, 180in.?

119
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and developing 27,800 hp at 110 rpm. That range of engine masses spans a factor

of T38.000! About ane-half the engines Machahon and Bonner list are aireraft

engines, either for models or full-scale airplanes. As a hero of the motion picture
Flight of the "Phoenix’ (the more intellectual and neurasthenic one) expressed, the
distinction between model and full-scale aircraft is somewhat artificial. “The pilot
for today’s flight is Col. Charles Lindbergh.” Or, “Col. Thom Thumb,”

Machahon and Bonner go on to propose and defend varous allomeirie

formulas connecting pairs of engine variables sclected from among engine
mass i, brake horsepower bhp, engine rotation speed N, diameter of cvlinder
hare B or length of strake 5, average lincar piston speed &, and total engine

displacement volume Fp,. An allometric formula is one in which two variables +

and v are related according o
y = b (5.1)

or, equivalently, aceording to

Gy=hb+agx (5.2)

where, for any given pair of variables x and y, @ and b arc constants. Plotted on
log—log paper, the points of variable pairs closely follawing an allametric formula
lie close to a single straight line with slope a and p intercept (where
x =1, &x=0)Ink Because parameter & can be thought of as depending only
on the arbitrary unils used 1o express variable v, parameter @ is the number that

holds all the important information. Table 5.1 gives the results for several engine

variable pairs. It does not, however, show the extent to which the correspondimg
39 points were scaltered about that best-fit line. The zero exponent for §, shows
that mean piston speed (hence, maximum piston speed beeause those are
proportional) is fairly constant over the large range of engine masses considered,

As the first and last rows in Table 5.1 explicitly show, not all of the dependent
varibles v are independent of one another. For even some variables nov given as
functions of others, further analysis provides an explanation of their associated
exponents a. Take displacement V., for instance. How might we explain that it
has @ = 4/37 As follows.

Table 51  Allomeiric parameters conmecting
engine variables

Wariahle x Variabla p Exponent a
m bp e N ox ¥, |

m & {rpm) =13

m & (Rore) 173

m 5 (Stroke) 143

" Fyy (Digplacement) 443

m S o NS 1]
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Oine structural limitation on internal combustion engines is the maximum strain
energy per unit volume that pistons can take without breaking down. That energy
density is proportional to the mass density of the piston material, approximately a
constant, and the square of the average piston speed, 5. So constant limiting
sfrain means constant .':'-:,1: means constant S, Now switch gears and consider
pOWET, Power P goes up directly with the engine mass m, with exponent one. This
is shown by the fact that as we move from single- to multicngine aircraft we do
not appreciably gain or lose in the specific pover, power-to-weight ratio. We can
gain power, of course, at the expense of equivalent weight, and we may gain
reliability—light twins, it not heavily loaded and if at only moderate altitudes,
may continue level flight after one engine fils. We know more about power.
Almost any amount of fuel can be pushed through an engine if one does not care
about burning it; in earlier times, you may have had a car like that. Power is
primarily limited by the speed with which the engine can breathe in combustion
air, on the product of the amount of air brought in per eycle, engine displacement
¥, and the number of complete engine cycles per time, N/Z in the case of a four-
stroke eycle, So power P o Fyy x N, Because N cc m™'/? (see the second row of
Table 5.1), we are left with the conclusion that the exponent of m in the
expression for Fp must be 14+ 1/3 = 4/3. We have here strayed from perfor-
mance into rudiments of engine design, but is is always worthwhile to point out
that there are reasons for (most) things.

As the recent focus on power and engine displacement illustrated, our initial
descriptive snippet that the engine is a black box—fuel in, power out—is far from
the mark. Though still much simplified. Fig. 5.1 gives a more realistic picture.
The engine mechanism cycles, but the fuel, air, and waste products do not,

Though pewer is most often cited as the primary useful engine output, forgue,
in most productions, best plays that leading role. Power and torque (or moment,
henee the common variable M) are related by

P = 2nnM (5.3)

Torque M is more closely the engines ability fo do work (under given
conditions of throtile position, a competently leaned mixture, and sufficient
imput air density) while power P is more closely the rate at which the engine is

Fusl ———— g ——p» Heat
EMGINE ——m PFower, RFM
Air ————— ——p Waste Products
= CO2, H2O, atc.

Figure 5.1  Anengine that does useful work must alzo produce heat and entrepy.
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actually doing work. 1f an increased load is placed on the engine (leaving
everything else the same) engine circular speed—here measured by revolutions
per second n instead of by the more common revolutions per minute, H—
decreases, [n a common aviation example, this might come about by a decision of
the pilot of a fixed-pitch propeller airplane to climb without changing his thromle
position. Revolutions per minute would decrease, engine power output would
decrease, but torque would remain almost consiant. I he decided to (power) dive,
on the other hand, both power and revolutions per minute would increase while,
again, torque would stay fixed.

Besides wanting to know how much power or torque an engine produces, we
arc interested in its fuel efficiency. The type and specifications of the fuel matter,
of course, but those choices are quite limited. Table 5.2 lays out the major
variables for common aviation gasolines, In addition, of course, the gasoline must

be very clean and uncontaminated, especially free of water. Gasoline engines are

finicky and, by design, only accommaodate one or two varieties of fiel, IF the
correct type of fuel is not available, it is easier on the engine to temporarily use
fuel one step higher in octane (antiknock) rating rather than fuel a step lower.
Jet-propelled aircraft generally have less delicate fuc] appetites.

In Table 5.2, the appellation lower heating value refers to water, among the
combustion products, in vapor farm. If this vapor were to condense, additional
heat would be liberated and the so-called fifgher heating value, about
1400 Btu/lbm  higher, would be appropriate. By convention, lower heating
values are used in thermal efficiency caleulations of interal combustion engines.
The abbreviation LL in the heading of the second column stands for “low lead.™

All of these “avgas™ varieties have nominal specific weights of 6.0 1bf/1.5.
gall. More exactly, for 1007130 aviation gasoline

Fuel Ibf/U.5. gall = 6.077 — 0.00409 = °F (5.4)

More to the point is adjustment of the mixture, the fuel-to-air ratio F: A, for
maximum speed or maximum range or whatever operational goal the pilot has in

mind. This involves the “leaning” we spoke of, and most airplanes have a |

mixture control knob for that purpose. Earth-bound automobiles enjoy smaller
altitude excursions and seldom need to control the F: A The chemically cornect
or stoichiomeric ratio of fuel weight to air weight for complete combustion

Takle 5.2 Common aviation gasclines

Vartable 100 LL L0 L 3 115,145
Mimirrum bean/rich antiknock rating 31 /98 B0 1 30y 1157145
Color Bl Cireen Furple
Mimirmum bower heating value, B/ lhm 18700 18700 18700
Muximuam tetracthy] lead, mil/gal 2 3 4.6
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depends slightly on the relative proportions of hydrogen to carbon in the fuel, So
does the heating value. For heating value £ = 18,700 Bu/1bm cited above, the
stoichiometric F: A is (F: A), = 0.067 = 1/14.9. With 25% excess air, this drops
1w about (F:A)= 0053 = 1/18.9. The mixture’s F: A is of course a major
influence on fuel economy, generally measured as brake specific fuel consumpiion
rate or Hsfe, pounds of fuel consumed per hour per horsepower. But the F: A also
influences cylinder and exhaust gas temperatures (which can thereby be used to
monitor and adjust the mixture) as well as the chemical composition of the
exhaust gas.

Stoichiometrically, pure hydrocarbon fuel should burn to nothing but carbon
dioxide, C0s, and water, H»O. In practice, of course, there is always some sulfur
in the fuel; it should burn o sulfur dioxide, SO, IT the mixiure is lean, with an
excess of oxygen, the exhaust contains that uncombined oxygen; if the mixture is
rich, with an excess of fuel, the exhaust contains uncombined hydrogen, Hy, and
some partially burned carbon as carbon monoxide, CO, the gas one sees as a
darker plume in the inner and cooler portion of a candle flame. Because it
behooves an aircraft engine to do things quickly rather than exactly, in practice
there are always unbumed carbon particles and some methane, CH,, expelled in
the products of combustion.

The main engine performance variables we have discussed so far are power P,
rorque M, engine circular speed A or m, the fuel-to-air mixure mass ratio (F; A),
and fuel efficiency expressed as hsfe. That is only the beginning. Now it is time to
tackle the details,

Engine Power and Efficiency

Of the many questions one might have on the workings of the aireraft internal
combustion engine, two stand out:

s Given reasonable mechanical specifications for such an engine (including a
rated revolutions per minute, which we are very far from being able to
predict), what maximum power (or torque) output we can expect from w7

o Given that maximum output, how efficient is the engine in ruming the
chemical energy in the fuel and air into mechanical work?

Tentative answers to these guestions come from looking inte the cngine’s size
and speed relatdonships wgether with its F: A and fuel/air heating value.

Thermal Power

[t is not realistic to assume that the engine can gulp a full volume Fy, of new air
each engine eycle. Fy is the total volume displaced by all the cylinders, granted,
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but various pressure losses in the intake system (carburetor, intake manifal
intake valves), with temperature increases that rarefy the induction air, and th
fact that some of that gas is indeed fuel vapor, lead to a finagle factor known
vilwmetric effictency, 5. This is a measure of how well the engine “breathes ™
Volumetric efficiency is normally close to 85%, but an “asthmatic™ engine might
not do that well.

We can use 1, with previously defined rates and sizes, to find that th
power Pr, the combustion energy per unit time the burned fuel should liberate, §

5 heat  fuel wt  airwt  vol
= K, —
T fuelwt ™ air wt vol  eycle
=HxF:AxpgxnVyxn2

cveles
e
time

¥
(5.5)

For our sample Cessna 172, powered by a Lycoming 0-320-D2) engine with
Vyp = 320in.” total displacement, using the fuel heating value featured in Table

5.2, munning “full bore” at sea level at its rated 2700rpm=45rps with a
stoichiometric F: A, the thermal power is

(1&?{:{! = 778 %) ® 0.067 = (0.002377g) = (0.85 = 320/12%) x %

P;r —_ - '
550 fl-]bf,a's [

hp {

= 480 hp {5.6)

The explicit conversion factors in Eq. (5.6) are for the mechanical equivalent of
heat and to convert to horsepower. Our rough sample answer for thermal power is
three times the 160-hp rated output of the engine. But we have further lozses and
ineficiencies to explore.

Other Efficiency Losses

The engine transforms only about one-third of the heat of combustion into useful
shaft work. Here is an approximate breakdown of the various energy loss
mechanisms for a normally aspirated engine.

s Oito cycle thermodynamic efficiency, about 57.5%, Internal combustion
engines of this type approximate the ideal Otto cycle. Thermodynamic
analysis of the Ouo cycle (adiabatic compression and power strakes,
constant volume ignitdon and heat dumping) shows that the efficicney of
the eyele depends only on the compression ratio r (8.5: 1 for our sample
Lyeoming 0-320-D2]) according 1o

Mo =1 —r'* (5.7)
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where & is the ratio of specific heat at constant pressure to that at constant
volume, C,/C,. One normally takes standard air as an approximation to the
“working fluid” in the gasoline engine; the nominal value of k for standard
air is 1.40. In fact the working fluid is a much more complex mixture of
gases and, in additional fact, [ for air at the higher temperatures inside the
engine is closer to 1.30.

Volumetric efficiency, about 835%. This is the figure we used above.
Depending on how much one lumps into the engine’s respiratory process,
85% may have been putting a good face on it. Beside the air-passage
restrictions mentioned, which should include pumping losses during the
intake and exhaust strokes, and the rarcfying temperature increases, there are
effects due to exhaust and intake valves both being open during part of the
cycle and due to the finite elearance volume V- (the gas volume remaining
between cylinder heads and pistons when the latter are at top dead center).
From the fact that by definition

Fc+¥n _
= (5.8)
it follows that
frpoam mille (5.9)
or=1

Efficiency to this point, 57.5% = 85% =48.9%.
Fuel-rich operation efficiency, 86%. The stoichiometric F: A is about 0.067.
To achieve the most complete buming of the fuel, say for economy, one must
lean the mixture to about F: A =0.055 To get maximum power from the
enging, to the other side, one must enrichen the mixture, to about
F:A=0078 Our overrich efficiency figure comes from the fact that
0.067,/0.078 = #5.9%. Efficiency to this point, 48.9% x 86% = 42.0%.
Mechanical efficiency, 8%%. This loss includes all sources of hard-surface
friction: piston rings rubbing against the insides of the cylinders and on the
pistons themselves, bearing friction along the crankshaft and camshaft, rods
in rod guides, etc. Efficiency to this point, 42% x 88% =37.0%.
Accessory bleed efficiency, 95%. Almost all engines turn altemators or
generators (1o power the airplane’s electrical devices, including vacuum
pumps powering some cockpit instruments) and magnetos (for spark
ignition), Some airplanes go further and siphon off engine power for
cabin air conditioning or pressurization. This item is quite variable.
Efficiency to this point, 37% x 95% = 35.1%.
Efficiency dug to other effects, 95%. This might inclode various chemical
effects, energy entrapped in unburned molecular species, radiative effects,
blow-by gas and fuel losses, humidity effects, anything not yet covered.
Final total efficiency, 35.1% » 95% =33.3%.



126 John T Lowry The Engine 127

Indicated power gets its name from so-called “indicater diagrams,.” graphs of
eylinder pressure vs volume, drawn by mechanical monitoring instruments ported
into an active cylinder. We will soon derive Eq. (3.11), but let us first show how
the power dropoff factor varies with (dry) density altiude (Fig. 5.2) and what the
effect of humidity on engine performance can be (Table 5.3).

Do not be misled by this close confirmation of the caleulation in Eq. (5.6). N
of these efficiency figures will precisely hold true as one moves from one enpj
to another, and none will remain constant for any single engine subjected
changing conditions of maintenance, time before overhaul, aimosphere, load, o
temperature, These numbers are in the ballpark, but only that. A somew
different energy branching outline (adapted from Liston.” originally for a super
charged engine} should bring home this looseness. Here the Otto cyele efficie
appears explicitly as heat in the exhaust gas.

Example 5.1 Data in Table 5.3 were constructed under the following assump-
tions: the air is saturated with moisture (5o that the outside air temperature T is
the same as the dewpoint temperature T;); atmospheric pressure is assumed
standard, p = py = 29.921 in. Hg = 2116.2 psf.

Describing variables and units as we pgo, let us calculate the last row of Table
5.3, the hot humid case with T = T, = FF. Saturation vapor pressure e,, in
in. Hg, comes from Teten’s formula given as Eq. (1.14). We see that water vapor is
providing about | /15 of the atmospheric pressure. The specific gas constant £,
treating vapor molecules as nonentities (which they essentially are, because they
do not contribute to the chemistry of fuel combustion), is given by Eqg. (1.16).
R'/R = 57.041/53.355 = 1.069; discounting water vapor, the specific gas
constant 15 almost 7% larger. To find «,, the density of (only) “air,” we first
use the ideal gas law given as Eq. (1.1), with 8" substituted for 8. Temperature T
will be (100 4+ 459.7)°R = 559.7°R. Doing that arithmetic and dividing by
fo = 0.002377 glug,/ft*, we find 7, = 0.8667. Ordinarily, and as given by Eg.

Fuel enerpy, 100M

A. Exhaust, 51.6%
1. Heat, 47.0%
2. Chemical, 4.6%
a €O, 3.1%
b. CH,, 1.5%
B. Other thermal, 12.2%
I. Conduction to air, 7.2%
2. Conduction to oil, 1.6%
3. Radiative and miscellany, 3.4%
C. Indicated output, 36.2%
1. Mechanical loss, 4.3%
2. Brake horsepower output, 31,9%

MNotice that the implied mechanical efficiency is | — 4.3/36.2 =88%. Thisisa
“ereative adjustment™ we imposed to ensure coincidence with hoostrap para-
meter £ {about (.12 for our sample engine) used in the altitude power dropoff
factor da).

1.0

09

0.8
The Gagg-Farrar Power Dropoff Factor ®{er; C)

The inevitable decrease of shaft power P output with diminishing air density at
altitude is expressed in the bootstrap approach as well as by most investigators s

o (sigma) = p /pg
f

g, &

0.7

Plm) =P, C) x Plo = 1) (5.10) 0.8
where the dropoff multiplier ®(a: C) is that originally arrived at by Gagg and /
Farrar® in 1934: %3 !
@ (Phi) = (g - C}(1 - C)
=£
Do, C) = — (5.11) 0.4 3
IS S SR P ¥ T ST B R 20x10

where engine-specific parameter C is the ratio of power lost to friction (such loss
assumed constant with altitede) to indicesed power at sea level, Pie = 1) = Py Altituda. ft

Figure 5.2  The Gagg-Farrar factar & drops off with density altitude a bit steeper than
relative deneity o

=L (5.12)
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Table 5.3 Humidity effect on engines, saturated air, standard pressure
T=T, 2, R o, Moe
L] (045 53.435 1.1265 —d |28
10 X 33481 1.1015 =333
L] 110 £3.551 1.972 —2563
an 0. 166 53653 10532 =781
40 0,248 L3801 10293 =GE%
in 0.363 54,010 1.0052 —176
G0 0.522 54302 LR 671
Tn 0.740 54,707 [ERRE ] 1369
&0 1.033 55262 o278 25440
el 1423 kLA LR 36l
nii 1.933 57.041 LRERT 4307

{1.13), that relative density would connote a density alimde of 4807 ft and 1
Gapp—Farrar dropoff factor, by Eq. (5.11), of © = 0.849. Even though pressure is
at the mean sea level (MSL) standard value, heat and humidity have “raised”
effective altitude almost 5000 ft.

For aegrodynamic purposes, there will still be a humidity effect because water
molecules are lighter than “air" molecules, but not as large an effect as on the
engine. Caleulating & with Eq. (1.15) shows it to be 54,691, only 2.5% larger
than standard, The wet atmosphere relative density fums out to be o = 0.9040,
and the aerodynamic density altitude is 3410 fi. Quite a bit rarer than the press -j
fipure would suggest, but not as rare as the atmosphere experienced by the
engine,

Mow we return to our interrupted derivation of the Gage-Farrer dropoff factor,
Eq. (5.11). We need to know that indicated power is the engine’s power before
friction power is subtracted:

Pi(a) = P(a) + F; (5.13)

and that indicated power F{a) is assumed to drop off with altitede just as does
relative density o itself

Ploy=aPs = 1)=0oPy, (5.14)
Then, from Egs. (5.12-5.14),
P(c) = Pi(c) - P; = 6Py — Py = Pyla — C) (5.13)
Om the other hand, at sea level, we have

Plo = 1)=Pq— P; = Py(1 - C) (5.16)
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Dividing Eg. (5.15) by Eq. (5.16),

A R
O ey et

(3.17)

which is Eq. (5.11). o :
When dealing with engine performance charts, it is sometimes useful to know
the ratio of friction power Py 1o MSL full-throttle power Pio = 1). That is casily

=l to be

Priw By o] )"_ C
P[n:l]_FH,JrP,_(E'H i T i)

Gage and Farrar published their work in 1934 but general aviation engines
have not changed appreciably since then beyond lowering the value of dropoff
parameter C through advances in materials, closer tolerances, and improved
|ubrication. Their equation was empincal, a distillation of then-available data, and
was found by them to be applicable to either normally aspirated or gear-driven
supercharged (though not turbosupercharged) aircraft. They also found that
manifold pressure (MAP), at full throttle and constant revolutions per minute,
also varies as does brake power;

MAP{g) = ®(c; C) x MAP(s = 1) (5.19)

although Seatt” arpues eogently that it makes more sense for MAP to vary as does
pressure ratio &. Pressure ratio decreases with altitude faster than does @ (which,
in turn, decreases faster with altitude than does o).

Engine brake horsepower at constant MAP increases with altitude because
exhaust backpressure decreases with altitude. This may explain why the power
dropoff parameter © = (.12 (apparently corresponding to mechanical efficiency
1,, = 0.88) is relatively low. In general, 5, = (.85 is considered 2 generous (low
friction) value. In older engines, C = 0.165 was considered standard, Analysis of
the Lycoming 0-320-D2J engine manual charts suggests € = 0.1137 is about
right, but we are new straining at quite small distinetions. The upshot is that we,
along with almost everyone else dealing with normally aspirated, propeller-driven
aircraft, assume and use the Gagp—Farrar relation given by Egs. (5.10) and (5.11).

The Ideal Otfo Air-Standard Cycle

5o that you can work through some of this material with your own engine, at this
point we take up a theoretical thermodynamic heat engine akin to the Otto eyele.
Tao build realism we will use sample specifications. Table 5.4 gives pertinent
numbers for the Lycoming O-320-DZJ engine found on older Cessna 172
airplanes, The engine has four horizontally opposed eylinders (that is what the
0 in the model designation stands for), direct drive, and is air cooled. The
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Table 5.4  Lycoming 0-380-DE] specifications

Engine variable Spectfication

Rated MSL power (@ rpm 160 hp G 2700 rpm
Cylinder bore, 8 5.125in

Piston stroke, & JLET5in

Engine displacement. Fy, 319.8in’
Compression ratio, © B3:1

Spark timing 25 deg before TDC
Engine welght 2751bf

Fuel type 100/ 100 L1

carburetor i3 from Marvel-Schebler, model MA-45PA, single barrel, Aoat
with manual mixture control and idle cutoff. There is a fuel primer. The ignition
features dual spark plugs and two magnetos.

We will display the air-standard Otto cycle pressure-volume diagram for -:me‘

&0-in * cylinder of the Lycoming. Because the compression ratio is r = 8.5, from
Eq. {5.9) the clearance volume Ve is 8057.5= 10.67 in." and the cylinder valume
al bottom dead center (BDC) 15 9067 in.’. Our assumption is that the enging s
running at sea level under standard conditions; the intake air is at 39°F and at
pg = 21162 psf = 14.7 psi. We pick up the one-eyele (two crank revolutions)
narrative at the start of the intake stroke, point A in Fig. 5.3,

During the intake stroke 4—f, work 15 done on the piston by the incoming air
In fact, the cylinder is being used as a vacuum pump and some work is being
done by the other cylinders, enerpy extracted from the flywheel and crankshaft.
The theorztical work needed is simply gy = (Fp — F;) = 14.7 » 80 Ibf-in, =
1176 Ibf-in. = 98 ft-Ibf. In fact, pressure in the eylinder during intake is below
ambient atmospheric,

At point 8, the piston is at BDC and begins the compression stroke 8-C. This
15 assumed adisbatic, A briel review of elementary thermodynamics reminds us
that, in such a process, one with no heat exchanged between the working fluid and
the environment, pressure and volume are related by

plP* = constant (5.20)

and we will take k, the ratio of specific heats, at the nominal value 1.40 for air. For
a mixture of fuel and air, 1.37 would be better, The constant on the right-hand
side (RHS) of Eq. (5.20) is obtained by evaluating the left-hand side {LHS) at any
point; we would do that at B because we know both pressure and volume there,
The result is

P 1.4
Pe =pg % (F’) = 294 psi (5.21)
z

The Engine 131

1200
]

1000
& . 80D
g :
3 &00 Igriticin
E Compression
e 400 5T
a c Fower Stroke
=
;a 200 ,/ E

Y %
e Intake and Exhaust Strokas

0 10 20 30 40 50 €0 TO B0 80 100

Cylinder Volume, In.3

Figure 5.3 The Chito cycle is a loose model of an internal combustion engine cylinder
during two rotations of the crankshaft,

At point O the hreaker breaks, the spark sparks, and combustion takes place so
rapidly (in our model) that the piston moves not at all. Pressure and temperature
of course rise precipitously. How high?

We can find out by arranging that the power stroke, D-£, occurs along an
adiabat such that the net amount of work of the entire diagram comes out to be
what one would expect of one eylinder of our engine, during two crankshaft
revolutions, at MSL rated power and revolutions per minute. Here are the details.

Each of the four cylinders delivers 160/4 =40hp by cycling n/2 = 22.5 times
per second. Dividing to find the energy or work delivered per engine cycle,
converting that first to fi-1bf and then to in.-Ibf because we are using psi (1bf/ in.”)
as opur pressure units, we find the 0-320-D21 delivers 11,733.4 in-1bl per cycle
per cylinder.

Mext, we use Eq. (5.20) to find that the work associated with an adiabatic
nterval is

pdV = = (3.22)

A Un the compression stroke, when Fy = Fg is greater than Fy = F, this work
15 negative, On the power stroke, when work is done by the engine, it is positive,
Arranging to have the net work over one engine cvele, 8-C-D-£-H, equal our
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Equation (5.24) results from definitions and geometrical considerations.
Returning to British engineering units, torque M is P/2nn. Average delivered
er P—the engine pulsates, do not forget—is net work per time, A wrinkle is
that bmep is defined as the average cylinder pressure during only the power
stroke, not the much smaller long-term average pressure. Because work is force
times distance (stroke §), and force is (average) pressure times total piston face
area A, the work done by all cylinders, over one cycle, is bmep x 4 x 5. But
recall that 4 = § = Fp. Multiply that product by the number of cycles per unit
time, #/2, 1o get the figure for net work per wnit time, net power. Invoking the
above relation between power and torque, then solving for fmep and converting
length units to inches, gives Eq. (5.24). Because, for this engine, M = 311.2 fi-Ibf
and ¥y = 320in.%, Eq. (5.24) tells us that bmep = 146.7 psi.

Now what about the result of Table 5.5, that the net work per cylinder per eyele
iz 077.7 fi-lbf= 11,732 in.-Ibf? What sort of smep does that connote? Pressure
times area times stroke equals pressure times volume (80 in? per cylinder) should
then be 11,732 in.-Ibf. Solving for pressure hmep, we again have 146.7 psi.
Makes sense.

agreed-upon 11,7334 in-Ibf, we find that pj, = 1058 9psi. With a _
situation at one end of the power stroke, il is easy enough to find that, at the
other end, py = 52.9 psi.

There are two further details to wrap up. We would like to have a feeling fi
temperatures inside the cylinder at various times during an engine eyele, and it js
useful to relate the average pressure on a piston, the so-called brake meqn
effective pressure, bimep, to the torque being developed by the engine. The ides
gas law from the aimosphere chapter, or even the high school chemistry version

LS _:P:V:
T T,

can be arranged to give us the temperature story. Table 5.5 is a summary of
important ideal air cyele variables for our model of one cylinder of our sample
engine. It takes the engine over ane engine cycle (two crankshaft rotations). The
engine is al M3L with standard dry air as the working fuid, producing 160 hp at
2700 rpm. The model was rigged (by adjusting pressure at point D) to put out the
same amount of work as does that prototype cylinder. Remember this is only a
rough model of the actual engine cyele,
A given engine’s bmepz is proportional to its torque output, Writing thal
ressure using psi (Ibf/in.") as the unit, and displacement using cubic inches
51:: aumrisingirpsimp]c relation is Iters We Have Neglected
As we have mentioned, the air-standard eyele is fairly far from the actual activity

15080 B, ] g
= inside an engine. Here are the main items we have neglected:

hmep = 7

# During an actual intzke stroke, the cylinder is being forced to work as a
] vacuum pump and pressure inside it 15 somewhat below local atmospheric.
Table 5.5  Standard air cycle model of one cylinder of the Lycoming C-320-Da] Conversely, during an actual exhaust stroke, eylinder pressure is somewhat

engine higher than ambient. In effect, work must be done on the engine by the other

Crek cylf'ndcrs o make up l:"u-r this “pumping loss.” :

oy ¢ MNeither the compression nor the power stroke is completely adiabatic,

process Deseription ¥, in? 7. psi T.°F without transfer of heat. Heat is passing out through the eylinder walls o
: the conling system (here, airflow) duning each of those strokes.

j_ﬁ ?:;;::T:;u ik TE, 4 s lgnition does not take place instantaneously. Except {or instants at TDC and

& Start compression 9057 14.7 59 B, the piston 15 abways moving. The sharp top of the cyele, illustrated in

8-C Compression sroke Fig. 5.3 as point D, is actually quite rounded, and lower.

C Ignition 10.57 4.1 72 s Scavenging is not so quick and cfficient as we have indicated. In fact,

ﬁ—.'} gmm:imm-mlu.mn combustion T i = n-ﬁlhing is.

DE M:":::L_ i X s The working fluid is not air. At the beginning, it is a combination of dry air,

E Start seavenging o067 $30 1407 some water vapor, and fuel as both vapor and small entrained droplets. After

E-f Scavenging hol gas ignition, the working fluid is a combination of gases—the so-called

& Start exhaust 90,67 14.7 59 “products of combustion™—of quite variable composition.

A-d Exhaust stroke

o Our theoretical engine had infinitely close tolerances; actual engines have at

wark i I : -
ok S R least some gas losses into the crankease or otherwise,
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o Our theoretical valves worked infimitely quickly and were fioe of leaks. Ij
the actual engine, compromises must be made; for at least a brief perod, ip
actual engines, both the imake and the exhaust valves are open at the same
time,

o [n an actual engine, complete combustion requires excess air. On the oth
hand, maximum power requires air amounts of less than stoichio i
proportions, a rich mixture. Fuel efficiency and high power are, in reality
mutually exclusive,

s The real engine suffers many kinds of mechanical losses, friction and
wiggles and loose bearings, of which the theoretical engine is
wnconcerned. Even the theoretical engine also suffers inevitable s
law losses—in the Qo eyele, related only to compression ratio—but there g5
more entropy gain, efficiency loss, in the real engine.

available, P,, = T )—those wonderful engines somehow take those wonde;
flying machines from place to place well and reliably.

Controls and Instruments

How do we control the engine and how do we monitor its performance? Table
lists the more common engine controls and instruments filling those roles. For
further details on the functioning and operation of these devices, and others, see
Thomas.® Larger engines, on what are now considered “antique™ aircr:
sometimes had an additional control for advancing or retarding ignition
Lirring, ]
Engine controls for ordinary operations with fixed-pitch airplanes are limited to
only a throttle and a mixture control. The throttle controls air to the cylinders and,
indirectly, thereby controls fuel flow rate. The other variable of interest is th

F: A. That is contralled by the mixture knob and assessed either by memorize
numbers of turns cut from full forward, by reading the exhaust gas temperature
gauge, or by leaning until the engine runs “rough.” then enrichening the mix
a tum or so. Constant-speed propeller airplanes have another “degree of free-
dom™ in that propeller revolutions per minute can be selected (within mechanical
low- and high-stop blade angle limits) independently of the air and fuel flow
controlled by the throttle. The tachometer monitors revolutions per minute and &
MAP gauge monitors airflow to the engine. There is no good reason, except cost,
for a fixed-pitch airplane not to have a MAP gauge; having one would certainly
help the pilot make sense of the engine performance chart.
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Table 56 Engine controls and instruments
High L
Majnr functon Conkrol Insimment mrrﬂrmamx Engines
Pawer oulput Throttle X W
Propelier paich X
Tachomeicr x X
Manifolkd x
pressune
Fuel fmir mixture Mixture control* X X
EGT® X X
Fueel management Fuel selector X X
Bioosa |1u|:|1|'|" X
Carburetor hear* X
Fuel quantity X X
Fuel pressurc X
Fuel flow X
Starling Ignitian switch X X
Primer® X X
Engine cooling Cowl fkaps X
Ol temperature X X
il pressure X X
CHT' X

*The mixture control also affects engine power output.
" EGT =exhaust gas lemperature gauge,
“In fuel-injected engines, this awxliary fuel pump primes for starting. [t i3 also

u.w:d to suppress vapor lock at high altitudes and in hot weather,
! Carburetor heat is pulled an to prevent or cure carbureton icing when ambient
humidity is high,
“Waost fiel-injected engines have no primer. See table footmote o
"CHT = eylinder head temperature pauge.

The Aircraft Engine Operator’s Manual

Aircraft engine manuals—Ilike much aviation technical materizl—are mixed hags
of information and quasi-information. The fuel flow information is particularly
sketchy and, in places, inconsistent. For instance a full-throtile fuel usage mate. in
gallons per hour or pounds per hour. appears nowhere. Graphs portraying the
effects of leaning or ennching the mixturc on exhaust gas and cylinder head
temperatures and on power and bsfe rate, have no numbers on the lean-rich axis
and none on the bsfe axis. Nevertheless, we recommend you buy the manual
appropriate to your engine, It does have much more information than appears in
the Pilots Operating Handbook, more on leaning and on troubleshooting, and
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more on engine maintenanee and disassembly, These manuals cost around %135
and, for those with Lycoming or Continental engines, are available from

Textron Lycoming

£32 Oliver Street
Williamsport, PA 17701
(T17)-323-6181

Teledyne Continental Motors
Artention: Publications Department
EO. Box 90

Muobile, AL 36601

We will often be referring to the engine manual® for our sample Lycoming. Ta

get the appropriate manual for other equipment, contact the factory or an overhaul
facility.
Figure 5.4 represents an important graph ane might find in an engine operating

manual: the effect of leaning the fuel /air mixture on shafl power ouiput. Figure

5.5 is a translation of twoe different engine manual graphs of brake specific fiel
consumption rate and the way that number depends on shafi power; the small
discrepancy between the two rightmost points is negligible. Brake specific fuel
consumption rate is an impomant concept primarily because—except for the
sizeable jump at 75% power—it is close to constant. That it not only the case for

110
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Figure 54  For this engine in thiz airplane, bheat economy cruise has an A: F of about
18: 1 and best power mixture about 13:1.
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Figure 55 Because of the jump in befc around T5% power, most cruising is done at or
balow that power setting.

different power levels of the same engine but alse as one moves from engine to
engine,

Power as a function of engine circular speed, at full throtle and sea level, is
displayed in our sample engine manual in two different graphs. Figure 5.6 recaps
the data and points out that we should not pay much attention to minor varations,
Power drop factor (p.d.f) is

' power at 80% of rated revolutions per minute
© rated full-throttle power (at rated revolutions per minute)

pd.f (3.25)

If rorque were truly constant with load, as we suppose in the bootstrap
approach, p.d.f would always be B0%%. The p.d.f, as a measure of power
response {and constancy of torque under varying loads) has fallen out of use,
but you may find it in older books. Diehl,” for instance, uses p.d.f. extensively.
You will also find, in engine operator’s manuals and elsewhere, graphs of so-
called “propeller load horsepower.” While Thomas™ refers to this graph as a
representation of engine behavior, in the constant-speed propeller case, when the
propeller speed control s full in (high revolutions per minute, low blade pitch),
with throtile varied, that is not quite right. The idea behind the propeller load
curve, according to its definition, is that it follows a strict #° relation. From the
definition of propeller coefficient, that would mean that ) is held constant while
different loads, hence varying revolutions per minute, are applied to the engine.
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Figure 56  The lower graph, for the sample Cessna 172 engine, gives a p.d.f of
0.634.

That can only be in the static, air speed P = 0, case. For all practical p

you can ignore propeller load horsepower as a source of useful information.
After these skirmishes with partial pictures of engine performance, we ane

ready now for our main assault, on the infamous engine performance chart itse

Engine Performance Chart

Figure 5.7 is the engine performance chart for our sample general aviation enging,
the Lycoming 0-320-D2J. When the chart is entered with triples (MAPR revolu-
tions per minute, i}, it produces the corresponding value of brake horsepower £
(As usual, we have simplified the pair [kp, 04T to density altitude.) At this point
the reader should review the somewhat ungainly procedure involved in using U
chart. Directions appear in the boxed area in the upper left; again, ignor: the
temperature correction because that will have already gone into the priof
calculation of density altitade. .

Two eautions. First, there are other ways to present enging performance and
dynamometer data. This is only one method, though it is the most common
presentation these days. (See Liston,” especially Chapter 6, for several others.)
Second, one must not take these charts terribly seriously. They come from what is
now the fairly distant past and they were constructed (hand drawn) from scanty
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Figure 57  Engine performance chart for the Lyesming 0-330-D2] engine that
Powers older models of Gessna 172, (Far infermational purposes only)

data, perhaps only a dozen or two dozen actual experimental points. This means
that some linearity assumptions that go into their make-up stretch credulity; there
15 very little reason 1o believe that anything as complicated (and adjusted, and
compromised) as a modern internal combustion engine behaves linearly! On the
other hand, these charts would not still be used if they were far from the mark.
What all this means is that while we do want o analyze the charts, we do not want
o tumn that analysis into its own little research project. There is little value to
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attaining a very accwrgle set of curve-fit formulas reproducing your engine’s
performance chart. A rough one, yes,

Start with the LHS, the so-called sea level performance side (see Fig. 5.8),
graph results from extending the straight lines on the LHS of Fig. 5.7, That
done ta see where, if anywhere, the lines for various revolutions per minute focus,
They do, but instead of at MAP =0, as some say, they focus, for this engine chan
at about (MAP, hp)=(5in. Hg, — 19hp). Nineteen horsepower is quite close ig
C = Py=0.1137 = 160 = 18.2hp, what we would expect to see (from carlig
considerations) as the horsepower loss due to friction, Fy. It i1s important to nate
that here manifold pressure reductions, as one moves from right o left, are due o

at 28.5 in. Hg, one will get six values of line slope and intercept. Then using li
regression on those two sets of six values, and combining these resulis to
global formula, one finds that, approximately:

HP(N, MAP. @ = 1) = 0.002277N x MAP + 14670 MAP — 0.01036N — 3041
(5.26)

Checking a few values shows that this is quite a good fit to the “mp-ntimmf
data. But perhaps we have only recreated the formula from which those
experimental data were first obtained.

200
150
100

a0

Shaft Power, HP

-5 0 5 10 15 20 25 30
Manifold Pressure (MAF), in.Hg .

Figure 5.6 Emdingm.tmmnatmgmtpummncechmmismmarmm -'.
one sees they come to a focus of about (MAP hp) = (5 in. He, —18hp).
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The RHS or “altitude performance™ portion of the engine chart is also
understandable (see Fig. 5.9). Everything on this side is understood to be at
full throttle, With revolutions per minute fixed, power drops off with altitude just
g5 docs full-throttle torque, according to the Gagg—Farrar factor, Eq. (5.11). The
straight lines (in fact they are not exacily siraight) come from the chart's designer
having usced a nonlinear scale, along the battom of the chart, for (density) altitude.
Linear distances, starting from the left end, are in fact proportional to | — ().
Those lines all come to focus at the “altiude™ at which & =0, That will be
jusing the more exact figure, obtained by conducting a statistical study on this
RHS) where 7 = C = 0.1137. That is, at h, = 38.1801i. There the engine is
gffectively friction locked and would not turn over.

There is one further aspect of the altitude performance chart worth mentioning.
Notice that when you do the sample problem built into the chart, vour final cutput
power P, under otherwise identical conditions, is higher if you are at higher
altitudes. This small power boost is an effect due to reduced exhaust backpressure
gt higher altitudes. If wou do several problems like the sample, vou will find that
gll such slant lines running up and to the right have about the same slope, A wnit
along the abscissa or honzonlal axis, s here a unit of 1 — @, Let us now find that
slope and then translate it into an approximate power gain, expressed as horse-
power per thousand feet increased altitude, due to reduced exhanst backpressure.

First. the slope of the upwards slanted dashed line in Fig. 5.7, the one running
from point € o point 4. The vertical change is easy: Ay = Ahp=
(114 —98.3) = 15.7hp. The horizontal change, from MSL up to T200ft

160 3
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— 70
2 120
£ 100 pekies e g % g
< BO - 50
% ZF
2 w0 il
= 5
£ 40 L
=
=
W 20 — 20
o — 10
-o0 0
00 01 02 03 04 05 06 07 08 09 1.0 1.1

1-d(a)

Figure 59  Modeling the RHS of the engine perfarmance chart.
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(density) altitude, takes a bit of work. From Eqg. (1.10), «(7200 {t) = 0.8057.
Using € = 0.1137, then Eq. (5.11} says that ®{7200 ft) = 0.7807. Then the
horizontal change is 1 — b = 0.2193, Finally, the slope is 15.7/0.2193 = 71.6 hp,

Mext we need to translate that 71.6-hp per unit into horsepower per thousand
feet, The fiest step is to write down the caleulus “chain rule™

dhp dhp  dil — @)
a0~ O ET—@) i, (5.

The product of the first two factors on the right we know to be about 7 1,600, Nexf
we need o work with the rightmost factor in Eq. (5.27). Because, from Eq. (5.11),

l-a (s, -:_..

==
I 1=-C

we see that
dil - 1 d_:r
dh, (C—1)d,
The derivative on the right, using Eq. (1.10) again, can be written as
do _(zR—1)a (] _E&)"
dh, RTy IS

At sea level, Eq. (5.30) evaluates to —2.926 = 1077; at for instance 10,000 f,
where & = (.7385, Eg. (5.30) evaluates to —2.320 x 10", Picking up the other
factors 71,600 and (C — 1}'l = =1.128, we find that reduced exhaust back-
pressure will lead to a horsepower increase, near sea level, of about

1.87 hp/ 10001, So, roughly, for this engine, reduced backpressure at constant
MAP pives a gain of about 2 hp/1000 1.

us how much and in what direction that horsepower gain figure changes
altitude, It decreases slightly, about (.05 hp/ 1000 ft.

Conclusions

This wraps up what one needs to know, at least in simpler cases and
performance purposes, about the airplanc’s engine. There are only minor wrinkles
when one has more than one engine, or a fuel injected engine, and considerable
changes when an engine is murbocharged—more specialized than we could go
into. Our rather cavalier efficiency numbers, our rule of thumb on the power boost
due ta reduced exhaust pressure, and even the Gagg—Farmar power dropofT facto
are approximations. Internal combustion gasoline spark ignition engines have
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heen very thoroughly and quantitatively studied (see Taylor,” and Heywood") and
many more details of their performance are known. If one operates in the tropics,
or anywhere that it is both hot and humid, certainly consider humidity effects
detailed in the atmosphere chapter. Looking 1o the finure, iry 1w keep in mind that
determining bootstrap propeller polar slope parameter m. via climb tests, will
actually be a determination of the product mM; use reasonable and independent
means to assess the health of your airplane’s engine and its torque output M. That
is cspecially true, as for mountain search and rescue missions, when you need
good performance at high density altitude.
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Propeller Thrust

Introduction

While you are mingling with the crowd at the static aircraft display on Airport
Appreciation Day, notice how hard it is for visitors to keep their hands off
propellers. Simple object, the propeller, but atiractive. We admire its sheen and its
shape. But once the engine starts, the propeller’s status as art object fades into a
dangerous blur. Propellers are not just for decoration.

This chapter takes up propellers in detail, We will get acquainted with propeller
geometry; propeller size and shape are crucial to the propulsive job. The bulk af
our lime will be spent exploring propeller aciion: how that action is described
(thrust and power coefficients and efficiency) and how it is caleulated (momen-
tum theory, blade element theory, and a combination). Ouwr interest is in
explaining existing propellers, not so much in designing new ones, so we will
sidestep such structural questions as whether the propeller material will stand up
to the centrifugal or bending stresses. And we will sidestep the very interesting
guestion of how to design an oprimal propeller fior a given job. We will leave out a
lot of details. Even so, this will be the most strenuous background chapter in the
book. Why?

What at first seemed a simple problem became more complex the longer we studied
it. With the machine moving forward, te air fying backward, the propellers turning

sidewise, and nothing standing still, it seemed impossible to find a starting-point
from which fo trace the various simultaneous reactions. Contemplation of it was
confusing.

Orville Wright, How We fovenied the Airplane

In spite of these difficulties, the Wrights did well with propellers. By standing
on their shoulders, and with the help of other researchers before or since them, so
can you. Our challenge will be to maintain ¢larity and focus; your challenge will
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be to track a lengthy procession of symhaols, to keep in mind what they mean. We
start with the geametrical description,

Propeller Geometry

There are B identical blades of radius & (diameter o = 2R) (see Fig. 6.1). At cach
“propeller station™ r along the blade (or the corresponding “relative station™
£ = r/K), as measured from the center of the hub, there is an aerodynamie section
profile characterized by some name or number (see Fig. 6.3) and by blade widih
or chord length c(x), maximum thickness ¢(x), and angle #(x). Angle [ is usually
measured, as in Fig. 6.3, from the plane of propeller rotation to the flat underside
of the profile. (When the profile consists of two conjoined convex poartions, as it
does near the hub, the “flat” is taken to be that line of junction.) In some caseg
{e.z., Clark ¥ sections) the § measurement is taken to the zero lift line running
forward from the trailing edge; you will need to decide, or know, which definition
of 1 is meant, First, we will consider fixed-pitch propellers; the constani-speed
type will have their say later on.

Figure 6.1 Propelley blade numkber, diameter, and relative station.
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Figure 6.2 Clark ¥ and RAFS propeller airfoil sections.

Radius £ {or diameter o) tells us the size of the propeller, All of the rest—AB,
clx). elx), fix), and the designation of the profile—tells us shape. We will ignore
“extraneous " details such as number, placement, and diameter of mounting holes;
diameter of the centering hole; boss thickness; direction of rotation; weight; and
so forth.) We do not need to specify the propeller’s angular position, say, in
degrees one blade is from, say, vertically pointed upwards, except under con-
ditions of asymmetncal flight. And we will not treat those.

Maost general aviation propellers have either Clark ¥ or (more often) RAF6
profiles (the latter modified to have a flat lower surface). Saying a propeller “has
RAFG profile” actually means it has a fomily of RAFS profiles of differing chords
cfx) and differing “thickness ratios™ z{x) = f(x)/c(x). Table 6.1 has numerical
details on the RAFS shape. The RAF6 profile is claimed to have leading edge
radius (.10 {of the maximum thickness) and trailing edge radius 0.08.

Details for a McCauley Propeller

The 1986 Cessna 172P stock propeller, the MeCauley 1C160,/DTM7557, has
RAF6 profiles. 1C160 is the basic planform design number. DTM gives details (if
you have the propeller repair manual giving the eode) on the proper tvpe of

ri = 2anr = xnxd
Figure 6.3 Propeller blade section with chard ¢, thickness ¢, and resuliant air spead
W,
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Tahla 5.1 RAFA edge radii and
srdinales (ecaled to maximum of
unit at chord fraction 1 /3]

Chaoad Traction Chrdinate
0025 041
005 .59
LNl 074
0,20 (.95
0.30 0998
0.40 LR
0.50 9%
(.60 0.87
070 0,74
[{ % 2)] 0,56
i L35

crankshaft for the propeller, blade tip contour, etc, The 75 means the propeller
diameter 4 = 75 in. = 6,25 ft. The final digits 57 give the nominal pitch p, the
distance (again in inches) that the blade section at x = (.75 would advance, in
some nonglipping medium like wet sand or soft clay during one full rottion.
Mominal pitch can be translated into nominal blade angle at r = 0.75, fi; 75, by
visualizing that full Totation scratching the inside of a eylinder of radius 0.758.
Cutting that cylinder open (see Fig. 6.4) shows a triangle with angle
Boqs =ten” T‘;Hﬂ; (6.1)
Substituting our DTM7557 values gives fly,; = 17.88 deg. But that is at only
one station. The propeller overhaul manual gives dimensions and angles at
several blade stations. See Table 6.2, where all linear dimensions are in inches,
When a tolerance range was given, the larger value was sclected,
Why no blade angles for the early sections? Overhauling a propeller includes
possibly retwisting to correct out-of-specification angles. Close to the hub the
blade is too thick to be retwisted. To get those missing figures, take one of those

\

B 75 = 17.88°

2nxI4A = Yund = 176.7"
Figure 64 Unwrapped helix for McCauley 7857 propeller, r = 3R,
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Table 6.2  Selections from the McCauley 1CI80 propellar
overhaul manual

Relative Chord or Thickness Blade

Station » station x width ¢ [ angle 1, deg
5 1133 5634 2,432 MNA*
9 024 5766 1.190 MA

12 032 5796 0,920 NA

15 0,40 5826 0,760 26,83

] 048 5776 0,650 2428

4 0.64 5326 0.510 20.0)

KlI] 0,80 4,510 0.390 17,061

1 (14 1810 0.33% 15,80

in .96 15981 0.258 14,801

"MaA = not applicable.

many-necdle, contour-copying devices (plus a good protractor and a bubble level)
out Lo the airplane and messure. It is easier with the propeller off the airplane, on
the bench,

In doing propeller calculations it is mast convenicnt to have evenly spaced
relative blade stations. And more of them. To that end, we made curve fits to the
data of Table 6.2. Results appear in Fig. 6.5 and in Egs. (6.2), (6.3), and (6.4),

B 40
Chord

= ‘ 35
- o
g © g
€ Blade Angle >
2 3 % &
F o
] =
- 20 2
£ &

1 15

Blade Thickness
o 10

oo 01 02 03 04 05 08 07 OB 09 1.0

Relative Station x = R
Figure 65  Overhaul manual and curve-fit goometry ior MeCauley 7557 propeller.
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The units for chord c(x) and thickness n(x) are inches: blade angle [f(x) is in
degrees.

£{x) = + 26,50 + 45.1 1x — 65.99%° {6.2)
tx) = (=0.33546 + 6.7181x — 9.2040:7 + 6.767:°) " (6.3)
fix) = 43.375 — 49.801x + 20.929x° (6.4)

So much for geametry. Mow we need a little action.

Propeller Action and Dimensional Analysis

All the (fixed-pitch) propeller can do is rotate at some angular speed, n
revolutions per second (rps) or & = 60w rpm. From that rotation, the size and
shape of the blades give us resistive torgue O (often called brake moment A,
propulsive thrust T, and consumed shaft or brake power P, What else matters? Ajr
density o, for one; there s no thrust in a vacuum! And the airplanc’s air speed 1
matters because [© {along with r and ») influences section air speed, hence
aerodynamic forces, on the propeller section at r.

Seven variables! We can simplify the problem a little by eliminating either
power P oor tomque M those are related by

P = 2uaM (6.5)

Power is mote in the mainstream, so let us retain power. Now we have the
shape of the propelier plus six interrelated variables: d, n, p, P, T, and . What
we want is some sort of procedure for caleulating absorbed power ™ and thrust T
in terms of the others. What we have is—not much!—a short list of variahles. A
list meant to demonstrate tidiness, commendable routine administration’! Are we
assiduous sergeants, “mustering the troops” after a day in the field? Not at all.
There is an important principle (a theorem, in fact) that we want 1 demonsirate.
And it does not require much more than this list of variables.

Buckmgham's 11 Theorem': if there are m physical variables defined in terms of
n independent fundamental guantities, then there are (m —n) independent
dimensionless groups of variables.

Moreover, those (m — n) groups will be related by (m = n — 1) algebraic or
graphical relationships. Some background for this “dimensional analysis™

subject, Most physical quantities have units and dimensions. In our British

enginesring system, the fundamental units are feet (ft). pounds force (Ibf). and
seconds (3). The associated dimensions are length L, force F, and time T. Mass in
this systern is a derved quantity with unit slug (Ibf:s®/fl) and dimensions
FL™'T?. That makes density {mass per unit volume) have units of slug_.*ftz' and
dimensions FE=4T2, Angle is a strange case. We ordinarily use deprees; but, for
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most theoretical work, radians (rad) are preferred and because radians are
measurcd as the ratio of sublended arc to radius, are dimensionless. So we take
degrees o be dimensionless too. Table 6.3 shows the units and dimensions of
each of our six propeller vanables.

Applying Buckingham’s I1 thearem to our case, m = 6 and, because each of the
dimensions #. L. and " appears at least once somewherc in those six expressions,
n = 3. Henee there are (6 — 3) = 3 independent dimensionless groups made up
of our six variables and, therefore, two relations (only!) among those three
quantities. [7 we can find those three groups we will have saved ourselves much
work. Otherwise we might expect to need five relations for the six variables.
Discovering those five experimentally (or theoretically) would likely be a big job.
And, of course, we will be able to find those three dimensionless groups. Right
NOW.

Two of the dimensionless groups can he extracted simply by close inspection of
the dimensions column in Table 6.3. Look at entrics in the first, second, and
fourth rows and see F/nd is dimensionless. This composite variable is commonly
known as the “propeller advance ratio” and given variable letter J. In 1 s, the
airplane “advances” distance I while the propeller tip goes around a lincar
distance nnd; that ratio (ignoring constant ) gives ./ its name.

Looking at the lasi three rows, you can see that the group 75/ P, commonly
known as *propeller efficiency™ and given symbol ¥, is also dimensionless,

To get a third and last independent dimensionless group (independent means
not a sum, difference, product, or quotient of previous such groups), we can
consiruet & new product by leaving out at least one of J s variables [V, n, &} and
also at least one of 4 s variables [T, 1, P}. Let us keave out I (because it appears
in both earlier groups) and P. Then the dimensions of our product must satisfy
(you can always take one factor raised to the first power):

[ pP T =L x T~ x PPLT™ x F* (6.6)

Collecting like terms on the right gives ys L'-*T-o+tFbe Because the

group is dimensionless, each of the three exponents must be zero. Solving thosc
three simple equations gives us b=1, a=1 and c= —1 So the product

Tahle 6.3 The aix propeller variables with their units and

dimensicns

Variahle Hrﬂ:nmg Dimensions Units

o Propeller diameter L ft

" Angular speed =l 3

n Air density FLTE shug = Ibfs* /fi*
¥ True air speed LT fifs

P Power Fr! fi-Ibfys

T Thirast F Isf
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dn' 2pttT 1% is dimensionless. Clearing fractional expanents by raising eve
thing to the fourth power, so then also the product &*n?p/T is dimensionl

Insiders will recognize this last combination as the reciprocal of the dimensione
less “propeller thrust coefficient,”

i 4
e (6.7)

Another way of sesing that a dimensionless thrust coefficient must logk
someihing like Eq. (6.7)—aerodynamicisis e different times and places do use
slightly different definitions of these coefficients—is to think of thrust as a sort of
lift, of C; as a sort of lift coefficient, Then Cr must depend, as C; does, on the
force, air density, some reference area, and the square of an air speed. In this
thrust case, one can reasonably (and that is all we can ask) take the reference area
to be o (total blade area might make more sense but, for blades of the same
shape, blade area and o arc proportional). And the relevant air speed might be
the linear speed at the tip, 2mnR = mod. Multiplying the three factors (ignoring
the constant #°) gives the denominator in Eq. (6.7). '

We now have these three independent dimensionless groups of variables: J, g,
and Cp. There are many alternate ways this analysis could have gone. Instead of
FLT we could have used the more common set MLT. By “leaving out” different
variahles appearing in earlier groups, a number of alternative dimensionless
coctlicients could have been found. And powers of products or quotients of those
would have resulted in different final “answers.” But no matter what choices we
made, we would always have ended with (6 — 3) = 3 independent dimensionless
groups. And any other dimensionless group would always be expressible in terms
of those three,

The most common sel of dimensionless variables for propeller work is
W, Cr. Cpl. where Cp is the “propeller power coefficient” defined as

P

LS mp

(6.8)

Just as we drew a parallel between it and thrust to “explain™ Cy, we can
explain Cp by looking at power as force times speed; this new speed factor
corresponds to another power of tip speed, another power of the product ne.

Definitions of the two propeller coefficients shows that efficiency § = TV P
can be expressed, in terms of this new and final sei, as

(6.9)
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W have not lost anvthing; if we have J, Cp(J), and Cpl) we can still find 1.
Advanee ratio J gets special billing as the independent varable _h:r:aLm*: it is made
up of only “kinematic™ quantities, quantities that mcrt_:!;,- clc_scnh: _rnnhcm. Power
and thrust, on the other hand, are “dynamic™ quantities, mw:ﬂwng,_ fm:»e_s and
aps accelerations. We prefer to deseribe the complex in terms of the simple.
There is nothing lost by our making that choice; given sy the \'E.IIII:? of Cp for a
fixed-pitch propeller, it is almost always casy, and occasionally quite useful, to
invert Cpld) to find J, o

Our refined goal then is to calculate, for a given propeller shape with given
aerodynamic coefficients Cqx: 1) and Cx: 7), graphs of Cr(J) and Cpl ), as
was done by McCauley, the Cessna |72 propeller manufacturer, for Fig. 6.6. That
will take some doing.

We left out something vou may have noticed. What about the influence of
Reynolds number (Re)? And of Mach number (M)? Good questions. It turns out
that aircraft propellers differ little enough in size and speed that scale effects,
Reynolds number effects, are negligible. Not so for Mach number. When t.he
fastest part of the propeller blade, the tip, reaches speeds above M 0.85, noisy
compressive losses hunt efficiency rather badly. Using swept-back blade tips,
thinner blade sections, and a larger number of blades helps alleviate this problem,
but the only good solution, in our non-experimental realm, is to sy clear of the
rransonic region. In summary, Reynolds number does not much matter but Mach
number dows,
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Figure 86  McCauley 7557 propeller characteristics.
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There is a simpler way to see why propeller work calls for precisely twa
relations. The propeller is subjected to two types of dynamic forces: 1) tangential
(torques]), from rotational air resistance to the engine, deseribed by Cp(/); and 2)
axial, from reaction of air the propeller pushes back on, described by Cr( )
There are radial forces within the propeller structure too, of course, but these (we
eamestly hope) are completely balanced and static; there is no perceptible
movement in that radial direction along the length of the blade. There are
forces in two directions and two coefficiem functions to describe them. It is
that simple. But dimensional analysis is needed for the details.

Dimensional analysis reduced the number of needed relationships, but it
will never complete the whole job of finding Cp(f) and CplS). We have
got an acrodynamic problem requiring an acrodynamic solution. Forces and
pressures and torgques and energies—the stuff of mechanics—will have to he
brought to bear. We now tum to that work by considering two physically quite
different theories of propeller action—the momentum theory and the blade

element theory, Then by combining them we will get an amalgam stronger

thin either.

Momentum Theory

A propeller creates forward thrust by pushing back on the air. By Newton's third
law of motion, the air pushes forward on the propeller just as hard, The stream of
air passing through the propeller is also subjected to changes in kinetic energy,
static pressure, and angular momentum, The momentum theory analyzes these
changes—predominantly as a overall balancing picture—to come up with eondi-
tiong on the resulting thrust, on power absorbed by the propeller, and with an
upper limit to efficiency. It is a broad-brush theory. It replaces the propeller by an
“actuator disk™ of area 4 = ma” /4 with an infinite number of blades. It pays scant
attention to detail. Though the momentum theory may seem only a preliminary
unrealistie cartoon of propeller action, it is guite a useful way station.

Phys=ical Picture

We will take the pilots view and consider the propeller at rest (in the longimdinal
or axial direction) with undisturbed air coming at us with speed I, Figure 6.7
specifies five important exial positions:

1} Far in front of the propeller, in undisturbed ambient air;
2} Just before the propeller;

3} Halfway through the propeller;

4} Just behind the propeller; and

5) Far to the rear (the undissipated slip-stream wake).
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/ Araa A

1
Far Ahead

4 5
Far Behind

Figure 6.1 Mamentum theory air stream with five important locations.

We drew the airstream as a perfect cvlinder because one of the (slightly false)
assumptions of momentum theory is that the slip-stream contraction, behind the
propeller, is negligible. (In particular, using momentum theory to learn about
static thrust, thrust with no forward air speed (F = ./ =0, is probably very far
from the mark.) Table 6.4 defines the most important variables and asks the
important questions,

Axial and Rotational Interference Factors

The “axial interference factor™ a is the proportional increase in air speed above
free stream, from F ota F(I 4+ &), af the propeffer. The “rotational interference
factor” &' is the proportion of propeller rotation speed taken on by the airstream
immediztely at the propeller, from zero to w = a'Q, where Q is the propeller
angular speed 2mn. The relative wind felt by the propeller blade is faster in the
axial direction and slower in the tangential direction tham without these inter-
ference effects, We will not be able to calculate values [or the two interference
factors until we get to the combined momenmm and blade element theory, the
most sophisticated propeller theory we will diseuss. But we can here find ultimate

Table 6.4 Momentum theory airsiream variables and locations

Angular
Position # Adr speed speed Pressune Disk area
1 ¥ (fpoe stream) 1} P (ambient) =4
2 {1 + a) 0 P—Ap A
i Fil +a) afy - A
4 Fil+a) A0k P+ Ay A
5 Fil 4 &) B} Fl =d
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wake factors b and & in terms of @ and o', rotational factor x just behind the Solving Eq. (6.11) for py, Eg. (6.12) for py, and subtracting gives

propeller disk. and the gavge pressure differences Ap; and Ap,. And we can lear

i 2
the overall efficiency of this propulsive process. R S L L
Interference effects are in a sense secondary. But not negligible. In our o
anthropomorphic haze, we focus only on the airplane. But let us sneak a ; 3
at aviation from the point of view of “Molly,” an ambient air molecule. She seeg L= Ay~ ps) = pAV W +Er2) (o-14)

the airplane coming—let us say the airplane path is directed just very sli
above and slightly to the side—and thinks: “Well, I'm in for a ride!™
enough, first an upwash, then over (or under!) the wing, then a dowrnwash,
“Thank goodness [ was halfway out along the wing,” Molly thinks, I supe
wouldnt want to get mixed up in a wing-tip vortex, And the propeller is even
worse: | get speeded up towards the airplane, chopped at through the propeller,
given a corkscrew motion, often banged apainst the vertical fin, and pushed to the
rear until the wake dies out. What a thing!™ You get the point it is an
airplane fatmosphere systemr, Each pant affects the other, Let us now caloulate
some effects on the atmosphere. 1

Equating the final forms of Egs. (6.10) and (6.14) gives b=2a. Our
momentum theory thrust relation is, therefore,

TMT = 2pAFa(l + a) (6.15)

The differential form, for the increment of thrust on the disk annulus between
stations r and 7 + dr (which we shall need later on) is

dr'™ = 2p2ar A V(1 + ala
= dmrph (1 + ada dr {6.16)

The great bulk of those axial speed gains takes place within one-half the
diameter of the propeller. Viscosity is at work throughout this process, slowing
the slip-stream to its ultimate dissipation,

We can use Eq. (6.11) to calculate the pressure deficit at position 2. The result
is that (positive amount of underpressure) Ap, = ga(2 + @) where g is the
ambient  dymamic  pressure ;-pir’z. Similarly, overpressure al position 4 is

Ap, = gal2 + 3a), always somewhat larger than Ap,.

Thrust and Pressure

The momentum theory looks at thrust two ways: 1) as the time rate of change
airstream momentum and 3) as a net pressure on the actuator disk, 1f we caleulate
the thrust both ways, then we can find the relationship between the axial
interference factor a at the propeller and the ultimate wake interference factor
b, In addition, by focusing on the ratio of useful propulsive work to the total
kinetic energy given to the airstream, we can compute the (ideal) efficiency of this

PHOCESS, Ideal Efficiency

To get a handle on the (ideal) efficiency of this propulsive process, let us look at

Thrust #1. Mass flux (mass passing through some portal in unit ime), for a the ratio of useful to total power:

fluid of density o passing normally through arca A with specd V. is pA V. (Speed
I at the propeller, by definition of the axial inerference factor, is acwally

W= (6.17)
F[1 + 2].) The slip-stream air ultimately zains speed increment 5V, so

P
Because air spead at the disk is V(1 + a), the denominator is
P = AKE per time :% » mass flux x difference of squared speeds
=LpdV(1+a)(Vi =]
= LpdV3(] +a)da + 447
= 2pAV%a(1 + a)’ (6.18)

T = mass flux = speed gained
= pdF(l + a) = bV
= pAV1 4 a)b (610}

Thrust #2. Consider thrust as the actuator disk area 4 tumes the difference in
pressures between the rear (position 47 and front (position 2} surfaces. To do this,
use Bermoullis principle twice, once before and once behind the propeller:
py+10V] = py + 50V + a)? (6.11)

py+1pVHL + af = p +LpFP(1 + B (6.12)

Using our earlier expression for thrust, Eg. (6.15), in the numerator of Eq.
(6.17),
i 2p4V¥1 + aa a1

= - 619
' 2pdVMl +aYa l+a &L
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Because thrust inereases with axial interference factor o, Fig. 6.8 shows
momentum theory ideal efficiency is higher when the disk is more lightly loaded,
when thrust is lower.

Efficiency and Power

Heving dealt with ideal propeller efficiency, we need to develop one further
for future reference. A relationship between ideal efficiency and propeller p
cocfficient will be needed in construction of a “gencral propeller chart™
constant-speed propellers, We know that total power, Eq. (6.18), is

P =TV(] +4a) = 204V?a(l + a)°

= p'd’C, L
We also have, from Eq. (6.19),
s (6.21)
i

Therefore, using A4 = md? /4, we find

nb3(1 - n,)
O mm :
4 dny
w1 —apy) -
S e i (6.22)
1.0
0.8
=
g 0.6
g
L
0.4
f:
=
02
0.

00 02 04 05 08 10 12 14 16 18 20

Axial Intarference Factor &
Figure 6.0 ldeal efficiency decreasing with increasing axial interference factor a
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which can be rearranged to give us

_m_my
TEETLE (2J i (6.23)

The quantity J/C" on the right-hand side (RHS) of Eq. (6.23) is interesting in
that it does not depend on propeller circular speed n. Only on power P and air
speed V' (and of course on air density and propeller diameter). As long as you
know power and air speed, Eq. (6.23), within its “ideal™ limitations, is available
for use.

Figure 69 is a graphical representation of Egq. (6.23) with approximate
“hounding” realistic curves. Ideal efficiency #, is & theoretical upper limit to
propeller elficiency. Even in free air in favorable cases, actual attainable
efficiency is only from 80 to 88% of ;. That is because of additional losses:

Fotation of the slip smeam (which we shall soon consider):
Profile drag on the blades (the major loss factor);

Tip losses and hub drag;

Multiblade interference; and

Torque pulses from the small number of engine eylinders,

1.0
i
l‘H\". F-——d_-_-_"
0.8 T 'h e e
- o e e e
it ¥
o *. 0.88m;
0.6 T L]
+
r:’; 0.80m;
0.4 o’
{.I'
0.2
0.0
0.0 0.5 1.0 15 20 25 a0 35 4.0
.J.I'Cp-ua

Figure 6.9 Precursor to what will be a general propeller ehart.
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Slip Stream Rotation and Torgque

Pilots know that the propeller slip stream rotates in the same direction as the
propeller but not nearly so fast. To calculate some of the details, we focus on ong
{arbitrary) propeller station ». We do this for two reasons:

1) Two similar objects rotating about a commaon axis, with the same angulap
speed e (units rad/s) but at different stations r, do not have the sa
angular momentum

few = ' w

because the moment of ineria [ (units slug-f°) depends on the square f
location r.

2) Propeller sections taken at different stations differ in many respeets
(breadth, angle, thickness, relative wind speed, and angle). We will need
to take these differences into account.

So, we are at station r, asking for the incremental torque df absorbed by the disk
between ~ and r = dr. The flux is p x arca = speed = p x 2erdr = Kl + a
The propeller is rotating at £ = 2ap rad/s and our slip stream, in the final wake,
is Totating at mg = ey = 2a'0 (to be discussed). The impressed change of
angular momentum per unit mass is oy = 720’0, So we have

dOM" = p x 2mr dr x V{1 4 ) x #2400
- 4-1';?'qu F(l =+ a)lha dr {6,25}

The rationale behind the doubling of the at-disk rotational interference factor
&', to become 2a' just behind the propeller (and also 2a” in the ultimate wake), is
subtle, The airstream rotation in the vicinity of the propeller is partly due to the
bound vortices en the propeller blade and partly due to the trailing vortices. The
vortices trailing from the propeller trailing cdge wrap up, as do wing vortices, into
a single large vortex trailing off the tip. There is also a vortex from the propeller
blade root trailing down the propeller shaft (see Fig, 6.10). The hound-to-the-
blade vortex line causes equal and opposite angular speeds at positions 2 and 4.
But ar position 2 there must be no net rotation because the propeller vortex
systemn has nat yet reached that locale, Henee, the contribution of the trailing
vartices from the tip and the root at position 2 must cancel the contribution from
the bound vortices; the two effects are equal and opposite. Hence, the trailing
voriex comfribution at posidon 4 (or at position 5, for that matter, ignoring
viscosity) must be twice the size of that due to either the bound or wailing
vortices alone, At the propeller blade itself, position 3, the interference rotation is
due only to the trailing vortices and hence is only a'(} (see Table 6.5 where the

angular speed contributions due to the bound and the trailing vortices are
denoted by Bd and Tr, respectively).

161

Figure 610 Bound and trailing propeller blade vortices.

Tahble 6.5 presents a tabular picture of bound and trailing vortices” contribution
to the angular speed al various locations i the slip-stream_ Al position 1, as at
position 2, there is no rotation. This table describes why @y = @, = 2a'Q2 So
now we know that, in Table 6.4, v =5 = 24",

What has the momentum theory done for us? It has given us thrust T in terms
of an unknown axial interference factor a, Ideal efficiency #; is similarly scantily
clad. And the torgue added to the slip stream annulus at » is in terms of an
unknown retational interference factor &', A more accurate caleulation of ideal
cfficiency, incorporating the energy loss due to slip stream rotation (we will not
go through the details), gives

l—a

T (525

0

Botational interference factor o' is almost always considerably smaller than
axial interference factor a. So where are we? We are waiting for the blade element
theory.

‘Table 65 Bound and trailing vortices” contributions to angular
spieed at varions slip styeam locations

Position # 2 3 4 b

Final factor LI} a (by definition) 7 a
Bound contribation —Bd o Bd Bd
Trailing contribution Tr Tr Tr Tr
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Blade Element Theory

Physical Picture

The blade element theory, simple unadulterated version, uses the straightforward
acrodynamic force reasoning we are all used to:

Force = dynamic pressure = area acted on x coefficient (6.27)

Figure 6.11 shows the resulting force picture. The total incremental aero-
dynamic force dF has lift and drag components di and d aligned paralle] and
perpendicular to the resultant airflow of speed W, But the components of dF in

the direction of forward motion and in the direction opposing engine torque are

dT and dg/r. Later we will have to add up the increments,

Ler us pick at the pieces of Eq. (6.27) with an eye to getting propeller force

expressions for increment of thrust d77 and increment of wrgue-produeing foree

dgyr.

Relative Wind and Dynamic Prassura
The resultant relative wind acting on the propeller segment has speed W given by

W2 = VT 4 (mend ¥

s ntt
= F [I + J—z) (6.28)

Maotice also that the so-called flow angle, ¢, is given by

[r J
=fl—a= -1 — P e i
=il —x=tan e tan = (6,29

an ri} = 2xznr = tnxd
Figore £.11  Blade element aifflows and incremental force components.
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gp the dynamic pressure is

ph?

1oW? = Lpb(1 + col ) = ——
L Zsint ¢

(6.30)

Incremental Area
We are taking a lintle slice of span dr = R dx = (d/2)dx of cach propeller blade,

And there are & blades. Hence, the area acted on is

Belxpd
2

dd = Befr)dr = dr {6.31)

Berodynamic Coefficients

There are a couple of problems in using the standard lift-and-drag coefMicients for
the propeller airfoil: 1) values of those cocfficients are hard to come by and 2)
increments of lift df and drag df? do not peint in wseful dircctions,

The first problem is by far the most serious. To work with RAFS, airfoils the
author uses elaborately interpolated, extrapolated, and curve-fit functions e(x; 7)
and c,(x: t) derived from graphs displayved by Weick.” There are over 10,000
entries in each table. We will not carry that much apparatus with us for the few
sample caleulations to follow. Instead, we will use respectable approximations to
RAF6 propeller lift-and-drag coefficients by borrowing simpler curve-fit formulas
devised by Norris and Bauer.” These (as amended by personal communications)
are;

¢, (x) = 0.09458(x + 4.8)

r
L5 4 = (1.5 — ;)" 4 0.04 _
- (6.32)

clz) = 0.009 + 0.03(4¢, /3 — 1) (6.33)

ci{x) =

The coefficient functions of Norris and Bauer have no dependence on thickness
nitio © = f/¢; the preliminary zero lift angle @ is taken to be —4.8 deg, and the
lift slope 0.09458 for any blade thickness. Such liberty is not guite realistic,
especially in the =, matter, but it is the principle that counts; once one sees how
the caleulations go, one can add refinements. Figure 6.12 is a graph of the Norris
and Bauer RAF6 lift-and-drag cocfficient functions.

The second problem, orientation of the serodynamic force components, is
tiken care of by rotating the coordinate system clockwise by flow angle o (sce
Fig. 6.11). The effect is to give us coefficients Ay and A, (here we are looking
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Figare 6.12  RAFE lifi-and-drag coefficiant functions of Norris and Bauer.

ahead to our eventual replacement of torque O by power P, linear combination
ol oy and ¢, for the desired force components:

cpens b — oy 8in

[-t]= [t‘rsin¢+qms¢] (6

Blade Element Thrust and Power Coefficient Gradings

Purting wgether results from the last three subsections, we have our not-gui
final blade clement thrust and torque grading formulas:

& lRe(r)pbi
ﬂ £ w (6.3
dr sin’ o

dO"  LBe(rirpVip

e T 628

We are almost home, Our goal, remember, is to get functions Cr(J) and CplJf)-
We need to change variables to those coefficients and (numerically) integrate.

Groundwork for that first job has heen laid. Equation (6.5) pets us from
abzorbed torque @ (which always matches, once the propeller has stopped
accelerating angularly, engine torgue M) to engine power P. Definitions of the
propeller thrust and power coefficients, Eqs. (6.7) and (6.8), get us from T, O o
Cp. Cp. And it greases wheels to move from station » to relative station x with
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= {d /2)x and dr = (o /2)dx. These changes, with the definition of advance ratio

J= ¥ nd, ke Egs. (6.35) and (6.36) to the final blade element thrust and power

coefficient gradings formulas:

dOfE  Be S (g cosd — ¢ sing)

de 44 sin’ ¢b 3
46" _ mce /(g s + 64606 §) (6.38)
i 4 sin” b

It is satisfying to get relatively simple expressions in a relatively complicated
problem. A numerical example could be even more satisfying.

Example 6.1 For our simple blade element example we arbitrarily select
J =006 and x = 0.8. We will use the curve-fit peometry of the Cessna 172
McCauley propeller [Eqs. (6.2) and (6.4)], with the Norris and Bauer lift-and-
drag cocflicients [Eqgs. (6.32) and (6.33]].

Step 1. Geometry and Relative Wind
There are B = 2 blades of diameter & = 75 in. = 6.25 ft. The chord
cl0.8) = 4.512 in. = 0.3760 ft. The bladeangle is f{0.8) = 16.929 deg.
Flow angle ¢ = tan™'{J/mx) = 13,427 deg, so angle of anack (ADA)
o= —d =3.502 deg,

Step 2. Coefficients
Preliminary lift coefficient & (3.502 deg) = (.7852 gives of[3.502 deg)
=0.7715 and c,{3.502 deg) = 0.0150. By Eq. (6.34), then, i, =
0.7469 and Ap = 0.1937.

Step 3. Results for S = 0.6, x = 0.8
The thrust coefficient grading under these circumstances, from Eq.
(6.37), is dCEE jdy = 0.1500: the power coefficient grading, from Eq.
(6.38), is ACAF /dx = 0.09777.

Repeating this caleulation for a range of relative stations x gives the graphs of Fig.
f.14 for the thrust and power coefficient gradings for J = 0.6

To get coefficients Cp(Jf = 0.6} and Cpl = 0.6) themselves, we must caleu-
late the areas under the curves of Fig. 6.13. The (extended) trapezoidal rule for
numeric integration, from Appendix D, is

r flody = ”[Eﬂ AL T%} (6.39)

where / is the uniform subinterval length and f; means f(x;), is acevrate enough.
To get the final propeller characteristic graphs, in the blade element approxima-
tiom, all the above must be repeated for 2 range of J values, Figure 6.14 gives the



1] John T. Lowry

0.20

0.15

0.10

0.05

dCT/dx, dCpldx

Q.00

-0.05

01 02 03 04 08 06 07 08 08 1.0
Relative Station x

Figure 6.13  Propeller thrust and powes coefficlent gradings for [ = 04

final blade element results for this propeller with these assumed lift-and
cocfficients,

If you compare the blade element results of Fig. 6.14 with the manufacturer’s
data (Fig. 6.6, vou will see our blade element efficiency graph goes too high an 1
ends too soon, Eventually we will see what can be done about those defects. In
the meantime, we take up another and more sophisticated version of propeller
theary. One final complication before—we promise!—simplification arrives.

Combined Momentum and Blade Element Theory

There are almost as many variations of propeller theory as there are writers on the
subject. But almost every such writer includes what most call “the combined
momentum theory and blade element theory.™ But be careful, some call it “the
vortex theory.” The momentum theory, inconclusive as it was, included the axial
{a) and rolational (&') inlerference factors. And it allowed expressions for
differential thrust, Eq. (6.16), and differential torque, Eg. (6.25), in terms of
those factors. The blade element theory did not include interference effects, hat it
was 2 nice straightforward exposition in terms of propeller geometry and
propeller section lift-and-drag coefficients. Equations (6.33) and (6.36) gave
the blade element expressions for differential thrust and torque. What could be
more natural than to combine them?
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Figure 511  RAFG propeller characteristics, blade slement approximatian.

Physical Picture

The combined momentum theory /blade element picture, Fig. 6.15, is that of the
simple blade element theory (Fig. 6.11) with the addition of interference factors.
Those two unknown quantities appear in two new geometric relations:

W = Vil + a) cosec ¢
W= (1 = a')sec

(6.40)
(6.41)

ri2{(l-a’'} = 2renr{l-a') = rnxd(1-a')

Figure 615 Combined momentum and blade elemen: theory airflows and incremen-
12] force components.
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Mathematical Solution

We cannot hope to succeed by simply dropping the identifying MT from Egg
(6.16) and (6.25) and the BE from Eqs. (6.35) and (6.36). We had best have s

a, d. and a’; Eqs. (6.40) and (6.41) bring up two more, ¢ and /. (We can sea
that ADA 2=/ — ¢ so we will not count that as a seventh unknown ang
relation.) Mow, with luck, it is just a maiter of algebra.

and (6.41), with the use of definition x = r/R, J = F/nd, and local propel -._:
solidity (proportion of propeller disk annulus actually occupied by blades),

_ Be(r)
IR = 2nr
and solves to get our “master propeller eguation”:

__m(4F sin® ¢ — Aya)
" [4F sing cos ¢ + Lpe)

where the Prandtl momentum loss factor &7, a function of relative blade station x
and flow angle &b, corrects for both the finite number of blades B and for propeller
blade tip losses. It involves this multistep definition:

Bl el
a
. Bi(lfx—=1)
S P ifr,
where the flow at the blade tip @, is given by
LtvaS M.

1 1
AR L Pt
sin i, \/ T an? i
For further details on /7, see Appendix E.

Example 6.2 To find a solution AQA 2 (hidden within angle @) for a given
propeller geometry and aerodynamics at a given J and given relative station X,
follow these steps:

1} Pick a wial ADA x;

2y Compute ¢ = ff — o

3) Compute F = Fx, d);

4) Compute Cifa) and Cyla);

5) Compute iy and Ap;

&) Compute solidity #; and

Ty Compute the RHS of Eq. (6.43).
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If vou get the desired given J, you are done; if not, recaleulate with a different
prinl o, Let us work through an example. As with the simple blade clement theory
gxample, we use the McCauley 7557 propeller at .J = 0.6, x = 0.8.

Step 1. Choose trial ADA =
For comparisons sake, let us start with trial o = 3.502 deg, the
solution given by the previous simple blade element theory.

Step 2. Relative wind direction
The bladeangleis f(0.8) = 16.929dep. Anglecd = f — a0 =13.427 deg.

Step 3. Compute Prandil ancillary loss factor f, here equal to 1.0661. Then
follow up to find the Prandtl loss factor is F = 0.7762,

Step 4. Lift-and-drag cocfficients
Preliminary lift coefficient o) (3.502 deg) = 0.7852 gives¢;(3.502 deg) =
0.7715 and ¢,(3.502 deg) = 0.0150.

Step 5. Rotated thrust and power coefficients
By Eq. (6.34) then, iy = 0.7469 and 4, = 0.1937. So far we have
essentially retraced the simple blade element caleulation.

Step 6. Solidity caleulation (this will not have to be redone, in spite of
iterations, until one moves to a different relative station x)
There are § = 2 blades of diameter o = 75 in. = 6.25 ft. The chord
c(0.8) =4.512 in. Blade station r =08 x 75/2 = 30in. By Eq.
(6.42), solidity ¢ = 004787,

Step 7. Results for mial & = 3.502 deg, x = 0.8
The RHS of Eq. (6.43) gives J = 0.46556, not very close to our target
J = 0.6, Worth retaining, however, because we will soon want results
for a lot of other values of J.

Repeating the above process by hand, or automatically, the correct AQA for
this circumstance turns out to be 2 = 1478 deg, Onee J = 0.6 is verified, one can
usg additional formulas in Appendix E to find that axial interference factor o (for
this x and J) is 0.1459 and the corresponding rotational interference factor
a = 0.0102, This means that ar this station and for this J, the propeller is
drawing in air such that the local axial air speed is about 15% greater than that of
the airplane and the immediate slip stream rotation speed (halfway through the
propeller) is about 1% less than the propeller angular speed. The thrust and power
grading numbers, also from formulas in Appendix E, are dCp/dy = 0.1121 and
dCp fdy = 0.0826,

The next step, of course, is to repeat this trial-and-error procedure for a
selection of other relative stations from about x = 0,15 through x = 0.95 at
intervals Ax = 0.05. (Because this is not a square-tipped propeller, blade width
and most of the important numbers, certainly the thrust and power gradings, are
zero at x = 1.) Using a computer spreadsheet program with a Backsolver or
SalveFor facility actually makes quite quick work of this Process.
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Then one numerically integrates the thrust and power gradings—again
the extended trapezoidal {or perhaps cxicnded Simpson’s) rule from Appendiy
D—to find values of C; and Cp. Treating C as either coefficient, that integration
is

Nl

C{J:I Iﬂ.|§ dI dx

For this propeller, you would find Cp(0.6) = 0.0499 and Cp(0.6) = (.0369,
From Eq. (6.9), that makes efficiency n(0.6) = 0.8114. Figure 6.16 gives th |‘-_
McCauley 7557 two-bladed propellers characteristics as they eome from the
combined momentum and blade element theory using these (Morris and Bauer
RAF6 lift-and-drag coefficiens, '_
This is our “last best theory.” How good is it? How realistic are the numbers it
gives us? We will defer those important questions to briefly discuss a special case;
no forward motion of the airplane.

Static Thrust Case (J = 0)

The static thrust case, the airplane at the start of its takeof¥ roll, is an exception,

Our previous equations will not do that job because axial interference factor « is

0.20 1.0
0.18 Combined BEMT 7 Mcﬂaulay'sv [markers)
" ) .
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0.16 i 0.8
e P \ L
0.14 CT - X
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& 0.08 0.4
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0.04 0.2
0.0z
0.008 —a— 00
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Advance Rafio .

Figure 6.16 Propelley characteristics using combined momentum and Blade elersent

theary.
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work. The best theoretical thing to do is to starl the entire derivation over from
scrateh, different diagrams and all, with ¥ = 0. If you do that you will get,
instend of our “master™ equation, Eq. (6.43), this “static master” equation:

4F sin® p — dpoc =0 (6.47)

Equation (6.47) is not original; it can be found (though without the Prandtl loss
factor F) in Glauert” In retrospect, one can see that Eq. (6.47) results from
imposing the condition ./ =0 on our full “propeller master equation,” Eq,
{6.43) —which is original so far as we know. But the alternate derivation is
peeded to get new equations Tor axial speed v (in lieu of ) and for the thrust and
power gradings. In practical computational terms, none of this extra considera-
tion and apparatus is neaded. The nonstatic equations, using some small but finite
J like 0,01, work just fine and give (very nearly) the same static thrust and power
grading results as do the static (J = 0) solutions.

Errors and Omissions

We now pick up the previous thread in question-and-answer format,

(): How pood are our results?
A: Only far

Why 507
We have lefl oul some factors and effects,

Q
A
©Q:  What can be done about this?
A: More attention to detail,

Following is a brief compendium of where errors lie and of factors we have
ignored, These are presented in approximate order of importance and with simple
remedies where those are known, Numeric estimates are only rough because they
do not take into account individual airplane and propeller characteristics.

1} Slip stream speed greater than true air speed causes increased drag on
airframe.
This lowers effective thrust and, therefore, lowers propeller efficiency
about 5%. Multiply calculated values of efficiency by 0,95, For finer work,
do a careful analysis of increased drag contributions for the parts of the
airframe within the slip stream.

2) Presence of fuselage reduces effective fresstream air speed ¥,
This places the propeller into operation at a reduced effective advance ratio
A, on the average about 8.5% below the nominal value, This means a
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caleulation for say Jf = 1.0 requires an experimental ./ of 1.093 (becayse
91.5% of 1.093 is 1.0). Take the calculated propeller characteristic =
and inflate the abscissa values by about 9.3%, stretching the caleulamag
curves to the right while leaving them anchored at the vertical line S =g
A more accurate slowdown efficiency factor (SDEF) depends on rg‘[m :_
station » and can be approximated by a source /gink pair giving streg .
around the fuselage shape. But this finer analysis destroys our Elhlllt}r
cansider J to be the single independent variable on which propellg
characteristics depend. Having to comsider air speed V¥ and prop
speed # separately is, ordinarily and for performance purposes, too much
work to be practicable.
3) Uncertainties in lifl-and-drag coeflicients,
4) Drag of the propeller hub or boss reduces effective thrust.
Calculate the effect treating the hoss as a flat plate (Cp = 1.11) or as 3
spinner (Cp = 0.35). But do not forget that effective air speed there is
probably less than one-half the nominal aircraft air speed 17,
Propeller blades twist, under load, so as to frcrease the blade angle,
If the brake power is less than 100 hp per blade, you can ignore this effect,
If bhp/8 = 100, recaleulate the propeller characteristics with all blade
angles increased by

3

—r

hi
Afideg = L—u’j’ﬁ 2]

calculating for a 300-hp engine direct driving a two-bladed propeller,
case there is a gear box, reduce the effect given by Eq. (6.48) by
multiplying it by the ratio of propeller revolutions per minute 0 cnging
revolutions per minute. Because larger blade angles mean larger values o f
J; (the advance ratio where O and 5 fall to zero) this effect, as did effect
2, means you should stretch vour calculated graphs of propeller charactee-
istics 2 hit to the right.

6) Torque pulses due to the small number of engine cylinders create an
unsteady airflow.

7y Convex lower contours of blade clements near the hub decrease lift
coefficient,
Take the lift coefficient for those elements 1o be the lift coefficient of the
upper portion decreased by three times the ratio of the lower contour
thickness wo the blade chord:

3"rl.rm‘-:f

B) Above M 0.85 compressibility effects add noise and diminish efficiency.
Many aerodynamics texts include charts for this efficiency correction.,

B Slip stream wake contraction raises the power coefficient a bit,

Tosal Upper

e =g (6.49)
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In typiczl cases the contraction is about 1% in area. This raises the power
coefficient about that same amount and thereby lowers efficiency about
1%.

107 1f the propeller shaft is not directly aligned with the airstream, blades are
loaded unevenly. There is not much effect an efficiency, however.

117 There are small scale {Reynolds number) effects duc to varying air speeds
and blade chords.

12} Other speed regimes obviate much of the developed propeller theory.
Avoid the fan, windmill, and brake speed regimes.

13} Tip shape has a small effect on propeller efficiency.

Just a5 in the case of wing tips, square is worst,

14) In spite of theoretical and experimental evidence that blade elements are
independent of one another, this may not be completely true. Because a
propeller is essentially a rotating wing of finite aspect ratio, there will be
some crossflow. We ignored those small radial airflows through the
propeller and in the slip stream,

15) Because propeller blades push back on the air, air resistance bends the blades

forward.
Making even casual use of only corrections numbered 1, 2, and 9 modifies the

propeller characteristics of Fig. 6.16 to become the more realistic ones of Fig.
6.17. Mote the “stretching™ to the right and the lowered maximum efficiency.

0.20 Corrected BE/MT 1 MeCauley's n {markers) | 1.0
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Figaore 6.17  Propeller characteristics as in Fig. 816, with the additen of corrections

numbegred |, 2,9 (see text).
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Our list of possible corrections might well give the reader the impression th
one can spend a lifetime studying one propeller. Especially if one bolis copieg
that propeller onte different airplanes. Orville Wright was right: there is a |
going on up there. Propeller reality is certainly less sedate than the theory, We g
leave the subject at this point, confident that this grounding in propeller culture
sufficient for our airplane performance purposes. We need to know something
about propellers and their coefficients, but we will not be wsing -:--,-':
detailed calewlational methods, We will do something a lot simpler involving the

“propeller polar.”

Example 6.3 This introduction to propeller theory may have given you more
facility than you realize. As an example take the common experience of having
revolutions per minute drop, as speed drops when one starts to climb, at constan
throttle, out of level cruise. Here is one way that drop in engine speed with ai
speed can be explained. We only need three pieces of information:

1) The definition of Cp, Eq. (6.8);

2) The definition of advance ratio J = F /nd; and

3) The fact that, in the “working range,” graphs of Cp(J) slope down 1o the
right; ie., dCe/dJf < 0.

assumption 1), plus the relation between power and torgue, Eq. (6.5), that means
there is a constant K such that Cp = K/n”. Now when air speed ¥ drops off

the n increases or stays constant and see what we can figure out. Then, by
assumption 2, because ¥ decreases and m increases or stays constant, J decreases.
But then, by assumption 3), Cp increases. But then, because #° = K/Cp 2
decreases. So if n increases, then n decreases, which is absurd. So, when ¥
decreases at constant torque, it must be true than n also decreases (just as we

know it does), '
A more constructive theory,” computing differentials with Jacobians, gives

where Cp means dCq/dJ, Again, the fact of negative Cp ensurcs du/dl 15
positive.
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propeller Polar Diagram

The propeller polar diagram is a graph of Cp/J® plotted as a function of Cp /0.
Why would one cire to make such a strange praph? Let us take a look at these
new x-aﬁahles.
L e
JL n T dpl?
Fquation (6.51) shows that propeller polar variable Cp./J° depends on engine
torque and, at a given density altitude, on the true air speed. Engine torque is a
quite linear function of manifold absolute pressure (MAP). And for a given
density altitnde, MAP depends on throttle position. So for a fixed throtile and
aliitude, Cp/J* depends only on air speed. By selecting his air speed, the pilot
thereby selects Cp /. Let us take a similar look at the dependent variable:
) S
T pd?y?

The important thing here is that this depends on thrust and air speed and sof on
engine revolutions per minute, That is a good thing because (without a lot of
engine and propeller data) we do not have a good way of knowing revolutions per
minute. (This is a defect to be remedied in the chapter on cruise and partial-
throttle performance.) With an accurate propeller polar diagram, ignorance of
revolutions per minute does mot hurt much. The propeller polar lets us tum
knowledpe about throttle position (torgue) and air speed into knowledge about
thrust. We will use this line of reasoning when we discuss the bootsrrap approach
to computing fixed-pitch airplane performance.

The final interesting and useful fact about the propeller polar diagram or
formula is that, over the main operating speeds of the airplane (excepting very
low speeds early in the takeofT roll and very high speeds, say diving under
power), the propeldler polar is linear: Figure 6,18, for instance, is the polar for the
MeCauley 7557 propeller we investigated carlier. This example uses the correc-
tion-adjusted combined momentum theory and blade clement calculation. Using
McCauley’s datn, the polar is even more nearly linear. If we call the value of
advance ratio where efficiency is maximum J, then Fig. 6.18 uses only Js
between 0.50 J,, and 1.17 J,,.

Finding the best straight linc through the points of Fig. 6,18 gives us the
“linearized”™ propeller polar (also in Fig, 6.18):
with (in this particular case) slope m = 2.086 and intercept b = —0.0670.

There are theoretical reasons why propeller polar disgrams are nearly linear. A
tompeting simplified theory, that of the “representative blade element,” says there

i6.51)

16.52)

(6.53)
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. Linearized Propeller Folar (best fit line for
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Figure 818  Propeller polar diagram from corrected combined momentum and blade
clement theories ealoulation.

is some station along the blade (not far from + = 0.75) that can “stand in™ for the
average propeller section. Von Mises” uses this representative blade element
theory predominantly in his analytic propeller and aircraft performance sections,
He includes a “proof™ that the propeller polar is approximately linear. One can go
farther and tie information about the propeller diameter and average width,
together with the blade setting angle and drag coefficient of the representative
blade element, to the two numbers (slope and intercept) characterizing the lincar
propeller polar. We will not do that here, however,

The best argument towards linearity of the propeller polar diagram, to our
mind, is that whenever you construct such a diagram (restricted to the “working
range”} out of believable propeller characteristic charts Cplf) and Cr(J), you do
indeed get quite a straight line. So, for fixed-pitch propellers, we need propellet
charts ar, far this “reduced” description, propeller polar diagrams. It will turn out
that bootstrap approach flight tests obtain the propeller polar experimentally. But
what are we going to do about constant-speed propellers?

Constant-Speed Propellex

A proper pair of propeller charactenistic graphs Cpl(J) and Cp(J—or one of these
plus a graph of g/ l—describes the action of any propeller with a fixed blade
angle seming, We usually specify this sciting by citing fi, 45, the blade angle at
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¢ = 0.75. Often an entire family of related propellers differ only in that regard.
But constant-speed propeller blades do not have fixed blade angle settings! Those
hlades twist in their automated hubs to meet (within limits) the torque and speed
demands set by manifold pressure and the propeller speed control. For constant-
speed propellers it looks like we will need a whole sheaf of characteristic graphs.
If we had them, here is how we might proceed to find propeller efficieney 1, the
pivotal quantity we need:

e From V, n, and ¢, calculate .f.

» Enter the POH cruise tables with pressure altitude &y, OAT (giving density
altiude A, or its surrogates relative density & or density p), manifold
pressure and revolutions per minute, to find shaft power P {or P as a
proportion of rated mean sea level power),

e From P, p, i, and o, calculate Cp.

e From graphs for Cp vs J for various fi, 5, determine ;2 by intersection
{with perhaps a little interpolation).

« From the graph giving § vs J for the ff;,; above (again, perhaps with
interpolation), read off 1.

The bad news is that you can seldom get your hands on that full set of charts
for your particular propeller. The good news is that there is a much easier, though
approximate, way that in a sense combines the last two steps abowe, This
alternative has the additional advantage of being general, of not depending on
all the details of your particular make and model constant-speed propeller.

General Propeller Charts

The momentum theory, recall, suggested that ideal propeller efficiency », is
purely a function of J/CY°. As usual, reality (including blade drag, mutual
interference among blades, and rotation of the slip-stream) is somewhat more
complicated, Actual efficiency # is still pretty much a function ofJ,."L",',"IE, but the
detzils of just which function depends on how big Cp is. And not only C,. but also
a “power adjustment factor,” X', which depends on the propeller’s distribution of
blade widths. The first use of this strategy was the general propeller char
pioneered by the Boeing Aircraft Company (BAC) in its production of long-
range bombers during World War [1. A version of the BAC general propeller chart
can be found in Perkins and Hage.®

But the difference in scale between say a Bonanza (285 hp) and a bomber or
ranspart sporting four Pratt & Whitney Wasp Majors (2685 hp cach) is just too
great. The BAC general propeller chant does not give accurate results for general
aviation airplancs with constant-speed propellers. What was needed was a new
chart, similar to Boeings but based on data for the smaller general-aviation-sized,
constant-speed propeller: a general aviation general propeller chart. Data and
measurements for a general aviation constant-speed propeller let us construct
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such a chart (see Fig. 6.19). This chart will play a pivotal rale in the consgag
speed version of the bootstrap approach. Let us see how it works. .

Example 6.4 Our engine is turmning over 2400 rpm (n = 40 rps) and is purtin
out 200hkp (P = 110,000 fi-lbfys). We are cruising at density altitude of (M)
(o =0.8617, p = 0.002048 slug/ft"), at 150KTAS (V' = 253.2 ft/s).
diameter is o = T  Accordingly, advance ratio J = F/nd =1,
Cp = Plpn*d® = 0.04993; C}° = 0.36824; J/C;° = 2.456. The cight
of the general aviation general propeller chart are labeled by Cpy = Cp /X, wherg
A is the power adjustment factor (1o be explained below), which depends on the
total activity factor (TAF, also 1o be explained below) of our particular \
Assume our blade activity factor (BAF) = 100 and we have two of them; thag
TAF = 200, Tt turns out that A" = (.246, Hence, Cpy = 0.2030. We need the
phantom graph about halfway between the graphs for Cpp = 0.15 and

Cpy = 0.25, Interpolating, we find 5= 0764 (the Boeing general propelle
chart gives r = 0.87).

Now let us turn, as promised, to deseribing the propeller BAF and the powe;
adjustment factor, There is actually one additional wnnkle to be ironed out, the
SDEF, having to do with obstructed airflow through the propeller. Again, to be
explained.

EKctivity Factor

The tangential air speed of the propeller section at relative siation x is propor- |
tional te x. Aerodynamic forces vary as the area and as the square of the air speed
and hence as x%¢(x)dx. Absorbed power goes as force times speed, hence a5
e(xpdr. That is why BAF 1s defined as

1
R J il e (6.54)
32 12 R

The denominator & (blade radius) is to moke BAF dimensionless. The factor in
fromt of the integral sign is to give BAFs reasonable numerical sizes. For
commonly shaped blades, BAFs vary from about 70 to 140, Tofal activity
factor, for the entire propeller. is defined as

TAF = number of blades x BAF (6.55)

MNormally, you do not have a formula for blade width o(x) as a function of
relative station x and o evaluate the integral in Eq. (6.54) numerically. Table 6.6
and Eq. (6.55) are the ticket, First you must measure your propeller blade’s widths
at relative stations 0.20, 025, 030, ., 090, 0.95, 1.00, If early stations (0.20,
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etc.) are hidden by the spinner, just treat them as having zero width. Using the

trapezoidal rule from Appendix D,

78.125
BAT =

x [ £10.20) + 2[ /{0.25) + /(0.30) + - - - + /(0.95)] + £(1.00)]

Values ([x), as indicated in the BAF data sheet, are products of x* and g{x).

Power Adjustment Factor X
Power adjustment factor X for your propeller depends on its TAF according to th :if
{curve-fir) formula (see Fig. 6.20): ]

X = 0001515 TAF — 0.0880 (6.

For the McCauley 1C160 propeller on the Cessna 172, for instance, BAF is
87.15, TAF is 174.30, and s0 & = 0.1761. In use, X is divided into Cp to get
Cpy. It is the value of Cpy that tells us which of the cight graphs on the general
aviation general propeller chart to use or which two to interpolate between.

Table 66  Blade sctivity lactor data aheet

Propeller make & model: Mumber of blades: Propeller diameter:
BAF: TAF: Mol

Sinticn x x Blade widih ¢ fisk= =e
020 ]

025 1L.0156

130 0.0270

35 (10429

A0 (1.{k40

45 0911

0.0 0.1250

nss 1 L6

[.60 02160

0,65 12746

070 L3430

075 [ERIL

080 05120

0&S 06141

050 0.7290

095 048574

1.00 1.00040
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Figure E20 Power adjustment facior for constant-speed propelless,

SDEF

As was mentioned, 2 major propeller correction factor is needed because air just
in front of the propeller comes into it considerably slower than the airplane’s true
air speed. The fuselage (and to some extent the spinner or propeller boss) get in
the way and obstruct or deflect the flow. Though the details of this effect depend
on the precise fuselage shape and air speed, a reasonably accurate figure can be
obtained using only the ratio Z of fuselage diameter to propeller diameter. (The
fuselage diameter is to be measured one propeller diameter from the plane of the
propeller.) We have adapted graphs made by Diehl® from British and American
experiments. The SDEF for the tacior propeller is (see Fig. 6.21);

SDEF; = 1.05263 — 0.00722Z — 0.164622% — 0.18341 2° (6.55)
and, for the pusher propeller,
SDEF, = 1.05263 — 0.041857 — 0.014812% — 0.620012° (6.59)

The somewhat surprising (larger than unity) leading factors in Egs. (6.5%) and
(6.59) are because raw data from which the peneral aviation general propeller
chart was constructed came from a propeller mounted on a small nacelle, not one
in free air. Tractor SDEFs from 0.85 to 0,95 are common. A good average scems
i be SDEF; = 0.92, an 8% reduction in efficicncy due to airflow obstruction by
the fuselage; this figure reduces the nominal maximum “free air” efficiency of
D85 down to 0.85 x 0.92 = 0.782. Because pusher props have more fuselage in
their way, their SDEFs are smaller than for tractors,
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Figuare §.21 SDET for constani-speed propellers.

The final constant-speed propulsive efficiency approximation is

5§ = SDEF(Z) = n(J/CH?, Coy)

Conclusion

As promised, a considerable struggle. We see why even Buckingham' wanted
gvoid “venturing further into the chaos of screw=propeller theory™ (along with
Orville Wrizht). Retreating to the caves of theory to construct finely tuned
well-corrected propeller charts for ordinary performance prediction is usually
impractical. For instance, we avoided the question how one might design an
optimum propeller for a particular propulsion job. The reader interested in that
study should consult the papers of Adkins and Licbeek,' of Bauer,'' and of
Ribner and Foster.'” On the other hand, understanding at least a modicum of the
theory hehind propeller action is a major key to understanding performance of
propeller-driven aireraft. Conveniently assuming some constant propeller effi-
ciency—=80 or 85% is often cited—ean never pet that job done. With the
linearized propeller polar diagram and the general aviation general propeller
chart we have realistic epprosimations, & middle road that will serve us well,
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PART II. PRACTICAL AIRPLANE
PERFORNMANCE



1

F

Introduction to the Bootstrap
Approach

Introduction

The reader may be surprised upon being informed that the bootsirap appraach
(TBA) allows one to closely calculate how an airplane will perform, at any given
weight and at any given altitude, through knowledge of only nine aircraft
parameters that are not very hard to come by. Despite minor qualificrs 1o
follow, that is a provocative claim! But pilots and flight test engineers who do
understand and use TBA get a wealth of accurare guasi-sieady (qualifier #17)
flight performance information with very little work.

This chapter introduces TBA by presenting the original full-throttle (or idle
throttle, gliding) wings-level version for fixed-pitch, propeller-driven aircraft.
Many concrete examples will be given. Later chapters will take up extensions of
TBA to maneuvering (tuming) fight, partial-throttle operations, and takeofl and
landing. Constani-speed propeller airplanes also need nine boolsirap parameters,
but numbers for the constant-speed propeller differ slightly from those in the
fixed-pitch version, Because there the general aviation general propeller chart
must be used, a computer is needed for easy constant-speed aircraft performance
calculations.

At this point & TBA initiate is likely to have several questions.

Q1: What are those nine numbers?
Al:  With sample values for a Cessna 172, here they are (see Table 7.1}

Q2: For a given airplane, how does one come up with those nine numbers?

A2: Four of them—S. A, My and d—come straight from the airplanes pilods
operating handbook or from direct measurement. C comes from analyzing the
right-hand side (RHS) of the performance chart in the engine manual’ (for details
see Lowry”) or can almost always be simply taken for modemn reciprocating
aircraft engines as € = 0.12. The remaining four are the “hard cases,” requining
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Table 1.1 Cessna 172 bootsirap data plate with items
aftached o appropriate aircraft subsystems

BOF item Vil inits Adreralt

W‘irlg e ference iwrea, 5 174 ﬂ? Adrframe
Wing aspect mtia, A .38 Airframe
Rated MSL? tomgue, M, 3112 fi-lbf Engine

Altitude dropott parameter, © LI Engine

Propeller diamcter, 6,25 it Fropeller
Parasite drag cocfficient, Ty [ERIE R Arrframe
Airplane efficiency factor, ¢ w72 Airframe
Prapeller polar slope, m 170 Propeller
P‘mpe”:r Tmhr inLen.'Epl. & = {10564 Prn'p:l'l-er

*MSL =mean sea level,

simple climb, glide, and level run performance flight tests eccupying a total of
about [ b A comimon bootstrap buzz phrase is “Fly the aieplane to find ot howe
the airplane flies....” ;

That does ror mean to forget theory, install computerized recording instrume
and aceumulate flight performance data for a large collection of weights, spcedg;ﬂl
and altifudes. Instead, here is what it means and all one has to do.

To get the drag polar parameters Cpg and e one glides repeatedly [ugually'
about half'a dozen glides is enough) over the same vertical interval (an indicated
S00 fi or 50 is sufficient) until he or she has maximized the product of air speed
and elapsed time. Because that product FAJ is the length of the hypotenuse of the
flight space triangle and the vertical interval is fixed, maximizing the hypotenuse
minimizes the sine of the glide path angle. Hence, it minimizes the glide path
angle itself, Figures from that optimum glide—after being processed to find the
true geometric vertical interval and corrected with the airplane’ air-speed
mdicator calibration curve [Chapter 2)—will give values of speed for best
glide V;, and corresponding best glide angle 3, Then formulas in Appendix
E, Flight Test for Drag Parameters, let one calculate Cpg and e. The glide tests
must be fown and the drag polar parameters calewlated for each individual
flaps/gear configuration of the airplane—or for at least each configuration of
performance interest.

The intercept of the linsarized propeller polar diagram, b, is oblained (rom
climb tests analogous to the glide tests. One minimizes the product of air speed
and elapsed time to find speed for largest climb angle ¥, Having done so, the
propeller polar intercept is obtained as

2H?
~ prdiSmedv?

_SCmw _

i

(7.13
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Finally, to get the slope of the propeller polar, m, one has a choice. One method
is to simply make a level full-speed run o find ¥y;. Then the propeller polar slope

is given as
1 V*
vty

Alternatively, one can choose to perform repeated climbs o locate speed for
pest rate of climb F,. That of course is the speed that minimizes the elapsed time
required to cover the vertical interval. Then one gets the propeller polar's slope

from
_ 2ngdw? 3V_E+ 1
© d{a)PypSmed \ VT V]

When data from the performance flight tests has been massaged, the bootstrap
data plate fully filled in, phase | of TBA (sce Fig, 7.1) is over. For a given
airplane, it is a one-time job. Practical details bearing on these procedures,
including on the necessary tools (calibrated air-speed indicator and altimeter, and
a stop watch), appear in Lowr}-j and in Appendix B, Bootstrap Approach Inputs
and Cutputs,

(X H

2nd 7

L 7.2
. )P pSmed 72

{(7.3)

Precisely what items of information are included in “performance” of
the airplane?

Ald:  Resricting ourselves for the moment to full-throttle or gliding performance with
wings level (limitations later to be removed), having knowledge of the airplane’s
performance means knowing the following P speeds for it at any weight and at
any altimde: maximum level Fyy, minimum level ¥ (seldom achievable, not stall

speed Py, and 1o be later discussed), speed for best angle of climb V), speed for

S, A Mg
C.d
Glide | o | Coo Bootstrap
Tests ]r:!; Tl om Data Plate
Climb Tests Vy mm
—fo-

Lavel Spaed Tests Vg b

Figure 1.1 The bootstrap approach phase [
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best climb rate ¥, speed for best glide angle ¥y, and speed for minimum rate of
ghiding descent Fi ;. Also Enowledge of thrust and drag (parasite and cisd)
and of rates and angles of climb or descent for the airplane at any weight, altituge
and achievable steady speed. Perhaps a few more details, such as absolute altitude
and the speed required there, but the above covers almast all of the ground,

(4: How do we calculate those performance items?

Ad:  From simple bootstrap formulas, For an overview, see Fig, 7.2

Q5 And where do those come from?

A%: Boowstap formulas are derived from the combination of ordinary poy

available ‘power-required analysis with the lincarized propeller polas, Deri

ihem will be our job over the nexi two sections.
Onee basic bootstrap formulas are under our belts, we can take derivatives tg
see how sensitive the more important performance items (c.g., ¥, and perhaps its

corresponding maximum rate of climb) are W varations in aircrafl gross weigh
or density altitude. Then we consider what effeet winds—headwinds, tailwinds,
updrafts, downdrafts—have on the ground-reference 1 speeds (F, and Fy, ) and
on their optimal angles of climb and glide. A couple of performance odds
ends, absolute ceilings, and sca level mted propeller efficiency, close out
chapter,

Power-Available /Power-Required (P, /P,.) Analysis

Graphical Picture
Fower available is thrust times true air speed, P, = TV, the useful power o

Vi Vy VM Vg Vmd Vac hac
Vi Yog PClmax RSmin Mo bhsc

Bootstrap
Data Flata

VW, o
P, P. Dp Oy D
T RC v RIS

Figare 1.2 The bootatrep approach phase IT,
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P.= [V, the power needed to overcome the tolal drag force. A nice feature of
P, /P, analysis—and the reason for its ubiquity in ground school classes and
aviation texthooks—is that graphs of those two quantities, plotted as functions of
air specil, show many of the performance numbers a pilot cares about. Figure 7.3
is such a graph for a Cessna 172 at W = 24001bf and h, = 7500 ft. We have
supplemented with a third graph, of “excess power” £, = P, = P,., which is
peeded to demonstrate o, speed for best angle of climb.

1) The right-hand intersection of the P, and P, graphs (alternatively, the
rightmost zero of the P, praph) shows where V' = I, maximum level
flight speed, under these conditions,

2) The lefi-hand intersection of P, and £, (or the lefimost zero of P,,) shows
where ' = F,,, minimum level Night speed, would oceur if it were not for
the fact that (except at quite high altitude) the power-on stall speed is
somewhat higher. Because V), seldom occurs in practice, we only seldom
mention it.

3) The maximum value of £, (alternatively, where P, and P, are farthest
apart, or where their slopes are equal, P, = P.,) ocours where V' = F,,
speed for greatest rate of climb. This ¥ speed is completely independent of
headwind or tailwind.

4) The minimum value of P,, takes place where V¥ = F_,. speed for minimum
(gliding) descent rate. V. is independent of headwind or ailwind and is
always To% of the speed for best (longest) glide in a calm.

120

o

g

b

o

o

[

o

KTAS

Figure 73  Power available, required, and excess. Numerals are keved to text

Commenis,
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5) The minimum value of £/ (in other words, the minimum value of drag
) takes place where I = Fj,.. speed for best {(longest) glide in a no-win
situation,

6) The maximum value of P, /F (the maximum value of cxcess thryss
Ty, = T — D) occurs where V" = I/, speed for steepest angle of climb (in
a no-wind situation),

Table 7.2 recaps these relations by focusing on excess power £, and powe
required P, The next question is “How does one go about getting (for & giveq
airplane at given weight and density altitude) these power-available and po
required curves?”

Traditional Approach te P, and P,

Beeause power required is the produet of drag and troe air speed, we need drag as
a function of air speed, D(F). Tn older times “drag polar” meant a plot of tota
drag coefficient Cp, as a function of airplane lift coefficient O ; in recent times
drag polar appellation has commonly been broadened to mean the formula
total drag foree:

]

c: .
D=1pV8C, =1p v*s(r:m + HA)

med

15 deg. Doing 50, we have

L
-1 _pV]S

and &0

P =DV =GV +HV

Table 72 Steady flight performance V¥ speeds, Cessna 172, 24004, 7500 it

¥ speed Speed deseription Condition Fig. 7.3 value, KTAS
Fiur Maccimum level Po=0 1059.0

F, Minimuaen level P =0 459

K, Beat rste of climb =0 LIS

Fy Baz angle of climb P f¥i=T,=0 0.7

Fig Best (longest) glide (PS¥Y =0 =0 BLG

Voo Minimum descen mle PL.=0 612 = 0.76 = Frg
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where
G =1 pSCyy (7.7
and
2w
= pSmed (7.8)

Wi have always known we would need operational variables W and P as well

 as independent variable V, but Eqs. (7.7) and (7.8) tell us that, to graph (1),

we also need reference wing area 5, parasite drag coefficient €y, airplane
efficiency factor ¢, and wing aspect ratio 4. Only the two drag parameters Cho
and e posc any problem. A traditional method for getting them has been to do
repeated glides at a fairly broad range of air speeds, recording the rate of sink #°
(the time denvative of altitude), and to use the fact that, when gliding (& < i,

P=—Wh (1.9)

There are two ways to see Eq, (7.9). From the power point of view, P, is what
is left over from fighting drag, heating the atmosphere. The only other foree to
oppose is that of gravity. So the excess power goes into enhancing gravitational
potential, mgh, al rate mgh = Wi, When gliding, P, = 0 and so P,=PFP,.
‘_f-'ine. For the force point of view, look back at the force equations for sren'dy ﬁig?ut
in Chapter 3; one such equation [Eq. (3.20)] is Tcosx — D — W sin 7=0.In
PP, analysis, we ignore the slight off-flight-path thrust alignment and get
7 = I'=— D= Wsiny. In this gliding case, moreover, thrust T = 0, Multiplying
the simplified expression for 7, by air speed V and recognizing that I siny = i
{s2e Fig. 7.4), we again arrive at Eq. (7.9).

Equations (7.6) and {7.9) then give

-WhV =GVt +H (7.10)

\

Figure 74 Gliding case of sin = i/ V., Only V¥ is positive.
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1 combustion reciprocating engines, full-throttle torque M at altitude is just
B Mo, the power dropoff factor @ (see Fig. 7.5) times the rated mean sea level
adsL) torque, both of which we can assume are known or knowable, The
; i '. aved flight manual ordinarily cites, instead of rated torque, MSL-rated power
Py and rated MSL “red-line” revolutions per minute, Ny = 60n;. Using these
mofe comman gpecifications. we have our final bootstrap formula for power

'ﬂﬂlﬂhlﬂ

The next step in the traditional approach te getting the drag palar is to p ol
experimentally known lefi-hand side of Eq. (7.10) against F* and determine
eye or by linear regression, slope G and intercept /. Finally, solve Egs. (7.7)
(7.8} for Cpy and e, So that is where the traditional graph of power requis
comes from. The bootstrap procedute is quicker because it needs o repeat gl
only long enough to find speed and angle for best glide, |

The traditional method for finding power available is a different story, req) '

much more work and information than does TBA. We can follow the ( P =TV =EV 4 F1P (1.14)
simplified) procedure of von Mises.* He has us start by selecting some a i

engine specd n and using that value to enter a curve of full:throtile brake where

Fin), thereby finding P, Next, we use the definition of propeller power coefficis | md(e)P,

Cp [Eq. (6.8)] to find that quantity, then look up advance ratio J on the et ks (7.13)
Cplf) upprﬂprimc to the installed propeller. From J/, get true air speed F = pg

Also from J, using the appropriate efficiency curve gl.f), find #. Finally, caleulage and

oo 88 nP and plot one point (V, P, ). Repeat for other engine speeds n | 0 g F = pd®b (7.16)

more points.

In vther words, the traditional approach o P, requires, one way or g
knowledge of the full {two) propeller charts, Those charts are just what are
come by and, even if given, need further correction for the particular cowl "
fusclage installation. A murky picture. But the goals of all this, the grap hs o
£ V) and of P (F), are invaluable, ]

Equations (7.6-7.8) and Eqs. (7.14-7.16) practically carry the entire weight of
the hootstrap idea, Our first result will be to simply get an abbreviated form for
excess pawer using the definition of new composite parameter K = F — G

Py = Py, — P, =EV+KV’—H/V (7.17)

il

Bootstrap Approach 1.0
Basic Derivation 0.9
Here is how 1o get thrust, hence power available, using the linearized propelle

polar instead of the full propeller charts, Start with the definitions of 0.8

available (£, = TV} and propeller thiust coefTicient [Eq. (6.7)] tw find

a (sigma) = p ipg

P = pnd*CoV % 07
Mexl, use the linearized propeller polar [Eq. (6.53)] to write 0.6
P, = pi*d*¥V(mCp + bJ?)
Then use the definition of the propeller power cocfficient Cp [Eq. (6.8)] and of 0.8 ® (Phi) = (o - C)/(1 - C)
Jo= Find o find
P L | bRy > AR, s oA Ay 1t 20x10°

ndd

At first blush this does not help much because we do not know engine speed I
or, for that matter, brake power P, But we do know the ratio P/n; it is just 2mM
where M is the engine torque. And from what we leamed in Chapter 5 about

Altitude, ft

Figure 75  Relative density & and engine altitude dropoff factor @ for full-throttle
tore e and power,




196  fohn T Lowry Infroduction fo the Boolsirap Approach 97

mext, let us consider V. speed for best rate of climb. Table 7.2 says we must
(ake the derivative of Eq. (7.17) with respect to ¥ and set that expression equal o

gero:

The next twa subscctions use algebra and elementary differential calenh
Eqgs. (7.17) and (7.6) to get useful bootstrap performance number results,

Formulas for V Speeds P, =E+3KV +H/V? =0 (7.23)

Using Table 7.2 as a guide to mathematical manipulations, we start with I,
the RHS of Eq. {7.17) equal to zero and multiply through by air speed ¥, You
then have o “biquadratic equation,” a quadratic equation in M2, Solve this w

When you multiply through by 2, you again get a biquadratic equation, Solve
it and find

[

| s —
the usual guadratic formula and, using the fact that K < 0 forces T f _ﬂ= fl—g+ ,HQ—E = (7.24)
4 ¥ 6K ¥ 6 Y3ie 3
K=Kt ir

An explicit form is

use the root that grves vou

ifﬂ,z\/—ﬂ_—_ /E W=J‘*§+ﬁ+ﬂ

mbPy |[(nr':DPu)2 24W2(d2b — SCpp/2)
- - +
A yd Hod Smed
2 Gpldih — 5Cn/2)
Move on to F,, speed for best angle of climb. Divide Eq. (7.17) by V, thereby

getting an expression for excess thrust T, then take the derivative and sel equal
1o zero. Multiply through by #7/2 10 get

EVieH=0 (7.26)

(7.25)

where new composite parameters are defined as 0 = E/K and R = H /K. Th
explicit version of the formula for maxinum level flight speed is

_mbPy [ (mDPy\] , 82 — SCpu/2)
gl el Sted
2p(d2h — §C 00 [2)

Solve for I to find the very simple result

174
v, = (%) = (=)' (7.27)

Vy =

Full-bore Eq. (7,20} will be useful to you in case someone asks how maxi
level flight speed depemds (everything else being equal) on any parfi or. cxplicitly,
Answer—not very simply! It is & relation encountered during development of Eq
(7.20) that allows us to backengineer m via Eq. (7.2).

If your peed the formula for mimimum speed for level flight, that can be obtai
from Egs. (7.19) or (7.20) simply by changing the sign just before the i

radical to et
o _J—.&'+q’m_.$/ o |'Q2+R
P 2K gy can 4

o .

Sned(5Cp,/2 — dib)

It is the inversion of this formula that allows us to backengineer & via Eg. (7.1).

These expressions are all for the F speeds in frue terms, but Eq. (7.28) shows
us something interesting about V, in calibrated torms: calibrated air speed
Ve = V7). does not vary with density altitude, Figure 7.6 gives an example
of how all four full-power V' speeds depend, in calibrated terms, on density
altitude. It also gives stall speed Vg, which preempts minimum level flight speed
F. at low and moderate altitides.

Composite parameters @ and £ were introduced partly to simplify future
practical calculations and partly for another reason, Notice that the three full-
throttle ¥ speeds—V),, ¥,, and F,—only depend on the two composite para-
meters ( and R. This means that there must be some algebmic relation among the
three, that they are not all independent. Indeed, afier some algebra—one method

and

_m®py (mchpu)3+ EW N2 — 5Cpo/2)
0 ngd N Smed
i 2p(d2b — 5Cpe/2)
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Figure 16 How full-thxottle V¥ speeds vary with density altitude Calibratad
constant,

is to look on the three biguadratic Eqs. (7.17), (7.23), and (7.26), from which wi
obtained the three I speeds, as a system of homogeneous lincar equations in th
three unknowns K, E, and H and to set the determinant of that system equal i

zero—one finds
5 oy L ;
e e Mt (7.29
. l'Il-n'l_.l'l F !'Illl.'“E N

minute, then solve the obvious relation for 1. One can solve Eq. (7.29) for eithe
Fy; or F,, but one gets considerably more complicated expressions for those
I speeds. Equation (7.29) is useful as a quick check on the validity ©
manufacturers” advertised performance figures. 1
If one makes the same statement as above about full-throtile ¥ speeds Fyp, T,
and ¥,—using F,, in lieu of ¥,—a considerably simpler relation results: i
V, = ViV, (7.30]

M m

Speed for best angle of climb, in a calm, is the geomeiric mean between the
minimum and maximum speeds for level flight.

composite and explicit formulas for the two gliding ¥ speeds Fj, and V. B
there is a simpler way, When power is off —when E = F = 0 (to be discussed)-
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- is simply the speed for best rte of (unpowered) climb and ¥, is simply the
speed for best angle of (unpowered) climb. With power off, further composite
0= E/K =0 (because E=0) and further composite R=H/K = —H/G
(because F=0and K =F — (7). Defining a final composite L = K/, one
then straightavary has

H 1,4 ;
o (E) —y'H (131)
explicitly
fa 1er 174
Wi
o | Lo 3
S \'IpS (Il.'f.‘icm) Es
and
HAMS o e
o (ﬁ) X (E) (7.33)
afr
| |‘-1-
V= (5) Vi = 0.7598V), (7.34)

Let us return to the question of F = 0 when the engine is off. As defined [see
Eq. (7.16)] F does certainly nod go to zero when you turn the engine off or down.
But rather than tuming off the engine and pulling up to stop the propeller, it is
maore convenient to lump drag of the windmilling propeller in with parasite drag,
So we pretend F = 0 under those low/no power situations. Norris and Baver®
have a better, though more elaborate, zero-thrust procedure for getting a
consistent drag polar (see Fig. 7.7). This concludes derivations of bootstrap
formulas for various ¥ speeds.

Formulas for Thrust, Drag, Rate, and Angle of Climb
Thrust is easy; Just divide Eq. (7.14) by ¥ to get
T(V) = E+ Fi? (7.35)
Notice that propeller efficiency is not mentioned. The lincarized propeller

polar, with the known tie between (full) throttle and torgue, makes it unnecessary
10 know propeller efficiency. The explicit form is

i Lt

Tpit 7.36
=7 + pd* B [ ]
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Figure 1.7 Ty pical bootsirap thrust and drag curves.

Similarly with drag, building off Eq. (7.6) but being more explicit about the
division into parasite drag Dp and induced drag (drag due o 1ift) 2, (see Fig. 7.8)

D(V) = Dp(V) + D¥) = GV* +ITH3 (1.37

The explicit form is

I e 4B PR il
== b PN
2 E;LS'C,,,, +,|:Gﬂa-! e

Rate of climb, as we have discussed, is given by (see Fig. 7.9):

sceP s iFe B _-|—__K_P__3__ - H/V
Kpy=" =0 —
The explicit form is

_ ()P, ¥ M b = 5C /21173 2w N
T ngdW W T pSmedV

h(v)

F, certainty depends on gross weight W, but not according 1o any power kiw
And, in the expression for rate of climb, the first two terms on the right are
inversely proportional to gross weight W whereas the third teom is directly
proportional to B, The end result is that, while maximum rate of climb certainly

Parasita, induced, Total Drag, 14

Rate of Climb, ftdmin
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400
Total Drag D
i
300 !
200
100
0

40 50 60 0 80 a0 100 10 120

KTAS
Figure 1.8 Parasite, induced, and iofal drag curves.
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Figure 19  Rate of climb ploted against calibrated air speed.
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Figure 11l Like most general avistion eptimal performance paramsters, climb angle
has a broad mazinum.

log(W)

Figure 1.10 Logarithm of maximum rate of climb vs gross weight, three density
Tudes,

does depend on gross weight, falling off quite alarmingly with increased weight
it does nat depend on weight to any particular power (see Fig. 7.10).

The gquick path to angle of climb is o draw a velocity vector disgram (like
Fig. 7.4 flipped around the horizental) and use the fact that & is the vertie
eomponent of velocity (and that the sine is the ratio of side opposite to thi

hypotenuse) 1o get
S e L 3
7 = sin ( = (7.

The explicit version 1s

. [®e)mP, . [(SCog — 2478)
Bp _2{ ' ;
b P2 ( S e T L

Sometimes il is useful 1o have specialized gliding versions of some of these
formulas. For example, the gliding sink mate is

Using Eqs. (7.39) and (7.41), the general angle of {full-throtile) climb is (scé b AV = =G - H[¥ (7.46)
Fig. 7.11) ' i) = W :
w(F) = sin~! [i}fl—ﬁﬁi] ( The explicit version is
An explicit version is Figl V) = — PSCpo V" e {7.47)

W pSnedV
mblo)Py  p(SCpal2—EBWE 2 S

¥} =sin™! -
7V = sin [ oV W7 oSmedl?
Oceasionally, you might want to know the size of the best angle of climb:

¥, = sin~! (ﬂ)

(7.43)

Then there is the special case of the minimum descent rate (see Fig. 7.12);
Substituting Eq. (7.33) for V,,; into Eg. (7.47), onc soon gets

(744

e L "
W Wiy = ﬁ,/; (GoHg)'" (7.48)
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Figure 712 Minimum rate of gliding deacent ia at guite a slow spead.

Where angle of gliding descent is concerned, we have
g [GVE+ H K

w (Y= — 1 Tk T S

PV} = —sin [ = ]

The explicit form is

L :
‘.l'.;nﬂ[#’}l=—sin''['r'h's"':":'”'r{r 2L ]

W plmed 1

As in the ¥, case, the underlying simplicity of l"bg (sze Fig. 7.13) allows us o
get @ short version:

Yop =

e —:;1'11"(2 ?H)
H
Explicitly,

Vag = —sin! (zwf:ﬁ) (7.52)

You might notice that the version of Eq. (7.52) used in Appendix F has g
inverse tangent in place of this inverse sine, That is because our £, [P, analysis
takes weight W equal to lift L while the truth is that £ = W cosy; for angles a8

large as 10 deg there is only a 1.5% relative difference between sine and tangent

values.
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g fior given calibrated speed, independent of aliitude; | »
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Figure 113 You cannot stretch a glide by going slower than V. (here, about
T8 RCAS).

This finishes the main presentation and derivation of bootstrap formulas, And
quite a few it was! You may be thinking “the bootstrap approach is only a bunch
of formulas.” Mot ealy formulas, but it is a bunch of them. On the other hand,
what else could one expect of a good, clear, quantitative theory? We certainly do
not want performance estimates coming from hand waving or rough rules of
thumb. The “just add 10%: of the . .." type rule might be fine for the airplane for
which it was inftially designed, bul when applied to another craft it may be quite
far off. TBA formulas are clear and operational and gquite accurate. Im a
quantitative theory, formulas come with the termory.

Mext we collect, in one central location, definitions of all of the bootstrap
composite parameters with their explicit dependencics on gross weight W and
relative air density o. Using bootstrap composite parameters markedly cascs
future caloulations.

Compendium of Bootstrap Composite Parameters

Almosr everything about the airplane’s full-throttle, steady-state (nonaceelerating)
Right performance depends on the nine BDP items plus two variables weight W
and relative stmospheric density & But only certain combinations of those nine
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numbers (called £, £, &, and #) actually occur in TBA formulas for speeds g
for thrust, drag, rate of elimb or descent, and angle of climb or descent. Tn th
speed formulas only certain combinations (called @, R, ) of those combinatigy
occur,

We remind the reader that if he or she does flight tests, to determine the f;
harder-to-get BDP parameters, say at S000f and W = 220010bf result
parameters should not depend on those operational choices; BDP paramete
only depend on the particular airplane and, for the two drag parameters, on jgs
flaps,/gear configuration. Running the Might tests at some other altitude
some other weight we would have potten, within experimental error, the sam
BDP values.

But performance numbers—rates of climb, V' speeds, etc.—obviously dg
depend on gross weight and density altitude. The easiest way to get perfo
numbers for a particular case is o employ simple correction factors to the
composite bootstrap parameters and use those correeted figures in the comp
version of the appropriate formulas. For our sample Cessna 172, let us
“hase" relative air density to be (very reasonably) the MSL value &, = 1.00,
the base value ol the airplane’ gross weight, we select maximum gross we
Wy = 2400 |bf for the sample Cessna 172P. Any relative density and gross v it
could have been selected for base values, but these are reasonable and easy to
remember, |

Mow let us review the bootstrap composite parameters and consider th
former definitions as being modifications of base bootstrap composites (tha

weight and air density are

E=O@E, wih E="20
Hgd

F:(IFD., WJ'Th Fu: ﬂ‘,jd!b

Iniroduction to the Bootstrap Approach

Takle 1.3 Bootstrap compaosite numbers and operational

variables, two cases

Vanable or

composiie Base case, W), and MSL W /Wy = 0,75, BO0D fi
[ 2400 1hi = W 1500 bf = W
a | 0. 78602

) I 075684

E 531.9 = E; A6

F =052368 = Fy —(.0M041 162
i 00076316 = Fy 0.006{0 42

H 1668535 = M, 1.194,062

K —01 28884 = K, =0,010130F
0 —41,2T06= ¢ =39,7384

R — 129,460,301 =Ry — 117,568,333
U 218,064,505 = Liy 198,538, %40

Sample Calculations with Composite Bootstrap
Parameters

207

Every composite has a density altitude correction; only H and the further
composites & and L that depend on it have weight corrections.
As a reality cheek and to provide fodder for numerical examples, at this point
we pause to display values of composite bootstrap parameters (Table 7.3) under
mwo different weight/density situations. These values are based on the bootstrap
data plate of Table 7.1.
With these conerete figures at our disposal, it is casy to run a few sample
performance caleulations.

G =0aGy, with Gy =3p,5Cp

H=(%)1$Hu. with H,;.=P:;{:’: v
K=ak wih K,=F, -G
Q=?$Qﬂ~ with Qﬂ:::_rz
R‘—(%)l Iz R,. with Ru=I:—_:
oA U

We now usc bootstrap composite parameters to calculate, for the two operational
scenarios of Table 7.3, a variety of performance figures. Table 7.4 contains the
usual [ speeds and artendant optimum rates or angles of chmb or descent. Table
7.5 contains various performance figures for the airplane under the two scenarios
and at an arbitrarily selected air speed of 75 KCAS. Because we have recently
eovered a lot of materal, the reader should reproduce a few of these resulis as a
check on his or her understanding of it. For ease of checking, we have carried
somewhat greater numerical precision than makes strict sense.

Bootstrap Application 1: Variations with Weight or Altitude

The bootstrap approach has provided us with a full set of formulas for predicting
the quasi-steady performance of fixed-pitch, propeller-driven airplanes. To recap,
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Table T4  Sample bootstrap ¥ speeds for two scenarios

Introduction to the Bootstrap Approach 200

one adds 100 Ibf to the airplane’s gross weight? or How much does V¥, decrease

177 if one climbs up 1000 ft7 One would expect of our analytic (formula-

Scenario 1, i S ; : i

h::T]jm mu f Equation {MJ theory that a performance sensitivity analysis can be accomplished, using
Iem 2400 Units | BN 0 differential caleulus, vielding yet further formulas. Such is the case, but, ..
- - Now for the bad news, in three parts. First is the (minor) lack of usable
% 115.3 KOAS 100.4 % : iables i
B 145 KCAS 3 5 formulas for one of the optimal performance variables, That problem will be
F, 758 KCAS 65.0 4 addressed through an approximation. Second is the fact that sensitivity or
i, i 705 1t/ min 6905 24, 39 variation formulas are not so important as the original formulas from which
F, B3.2 KOCAS 547 27 they spring. Indeed, one can always check vanation simply by caleulating twice
e 3.7 deg REE 44 : ¢ for each value of an operational variable, say first for W = 2000 [bf and
Fig 72.0 KCAS 62.4 3l If'_iﬂ“c . L ; STt
e 540 i L e then again for W = 21001bf) and subtracting. Third, 10 performance variables
Vg 54.7 KCAS 474 13 times 2 operating variables means a total of 20 cases to consider. Too much!
iy —6023 1 min SRR 33, 46 Mext the gpood mews. The required calculations can be done in about four

ups; the breadth of work is not so great as first feared. And we do not have to
give all of the details. Our sample calculations and several numerical examples
should be cnough to lead the interested reader to any particular sensitivity result

those formulas were for six V' speeds—Vy, ¥, V,, ¥y, V), and ¥, ;,—as well 8 or she may need.

for many performance output variables, Among those were optimal £
associated with the last four cited V¥ speeds: 3, Ve M A o We ol
explicit formulas for the first three of those optimal figures but decided
explicit formula for b, would be more cumbersome than a two-step calcula
{first calculating ¥, then calculating #'[V,]). :
But there is the additional question of how these ¥ speeds or optimal outpy
variables change when one of another of the two operational variables—g)
weight W or relative air density o {or its surrogate #,, density altiude)—cha
For two examples: How much does maximum level flight speed ¥, decrease i

Variation of ¥V, Viyp Vg (alse Vi),and b, with Wer o

In this first group, we have a nice simplification. One-hall our bootstrap I
gpeeds—F,, Vi, and F,,—as well as stall speed V; and minimum descent rate
fr.,; are proportional © I::H";"E}”E. Taking f to stand for any of those five vanables,

we then have
= ,,f”_; N%f} = ,,F;F,ri (7.61)

where, despite early appearances, f; depends on neither gross weight nor altitude.
Table 1.5 Sample beotstrap performance data fer two Using Eq. (T.61), it i easy to see that

ascenarics, ¥ = TSECAS

aF
Scenario |, Secnario 2, P {7.62)
MSL, B0 i Eqquati , . Lo
Tem 24008 ks | 00 n:_uu i s0 that, if W increases, then each of the four necessarily positive I speeds also
= FrEYT = T increases; the necessarly negative minimum descent rate decreases (that is,
: z = become more negative with increased weight). Similarly, we find that
P iodi hp 827 14
2 122.6 Tl 122.6 37 i —1
i, 0.1 IbP 586 a7 = i (7.63)
) 226.7 Ihl 181.2 7
F. $22 bp 470 6 so that if ¢ increeses, in other words if h, decreases, then each V speed f
j}, ?:S: ;p : 5.7 17 decreases; minimum descent rate runs contrary and increases (that is, becomes
. 2213 l;rmm ?::; ﬁ,rr less negative with lower altitude).
7 529 deg 438 4 While relative air density ¢ is the natural variable for our 1 speed expressions,

Pilots think in terms of density altitude &,. And, in a practical sensitivity analysis,
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in terms of differentials: how much dees such and such a performance -=:_'i_.

A Eq. (7.44) and realizing that A is proportional 1o W? so that the second
Fro d
change, under these particular conditions, if altitude increases say 1000 f

is independent af weight, we have

make the switch of dependent variables, one often needs 1o make use of dsiny, —E (7.68)
d N _ED\.F-ESI W wi
dh, 34,174 and 50 .
: ; i i o = dw (7.69)
While Eq. (7.64) may be of use in more complicated circumstances, it ’

T Wicosy,
ton that pilots fly according to calibrated air speeds, And a practical conse
of Eq. (7.61) is that none of these four I speeds—F, , Figs Voo 0OF P
considered in calibrated terms, varies one iota with density altitude. If the airp] _
stalls a1 SOKCAS at sea level, it stalls at 50 K.CAS at 10,000 ft,

S0 let us consider a practical example involving only variation in Eross

As expected, more weight means a shallower best climb angle. Let us look at
' an cxample.

i ivafi i io 2 af Table

le 7.2 Fvaluating the derivative at the base point {scenario .
%?mﬂe find that dy, = —0.72deg and so 7, for W = 19001b is about
' : ion gives 5.14deg.
Example 7.1  According to Table 7.4, when our sample Cessna 172 is at 5 82 — 0.72 deg = 5.10deg. An exact calculation gives 5 2
weighing 1800 1b, ¥, = $4.7 KCAS. What would ¥, be if, instead, it it ¥ dhs Mie of : ;
1001b more, 1900167 In differential terms, we are thinking What about variation of 3, with altitude? With one new wrinkle, the calculation

is much the same as that just above.

Jamsl 'da A f =g T651
AV S oy Sl g e 38T o0y G S KCAS dg;;:u dh, fTE d‘jir} (34 m)
T T T ~ 3600 it Bye | S i ' (7.70)
h, dsiny, COSY,
S0 the new F, for the higher weight, is about 54.7 + 1.5 = 56.2 K ] dy,

exact caleulation to this precision, using Eq. (7.28), also gives I, = 56,2 KCA
Motice that as far as weight variation is concerned, it makes no difference whethe,
one uses F_in true or calibrated terms.

We used Eq. (7.64) to change from density altitude to relative air density. Tl‘lere
is still the derivative in the numerator of the right-hand term, but it 1s
straightforward:

di(a) J (7.71)

e — T e

Variation of v,, 5, with Wor o da 1-C

How about variation of the best climb angle or best glide angles themselves? Fo
best glide angle v, matters are as simple as possible: it [Eq. (7.52)] does not ar

Example 7.3 Gathering numerical picees from Table 7.3, Eg. (7.70) evaluates
at all with either weight ar altitude: 3

Ey ddbg) (—a"T 5319 1 —0.?3&02”5‘-“)
W do (34,!74)L(1ann) (1 —0.12) ( 34,174
COS Y, x 0.9943
= —8.216 x 10°° (7.72)
If the pilot climbs from his original 8000 to G000 i, dlhﬂ = 1000 fi and =0
dy, = —8.216 x 107 % 107 = —0.008216 rad = —0.47 deg (7.73)

This approximates the new best climb angle as 5.35 deg. An exact caleulation
Eives 3, = 5.36deg.

a?l‘ul:_"}-"_“"#_
aW " dh,

Having skimmed the cream, it is now necessary to buckle down and aet ;":
calculate how best climb angle y, varies say with gross weight. It is easier to
with the sine of the angle:
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Variation of ¥V, ¥, and V, with W or o

To avoid repetition, we will use a couple of algebra/calculus tricks to bring i
three remaining ¥ spoeds under one umbrella, Referring back to Egs, (7. -.
(7.21}, and {7.24), we can consider

Vitm = =g £/ +r

where g = Ofa and r = bR/q, with @ = b = 2. Similarly, we can consider

E?. 4]

V= —qg+ g +r

with the difference that for ), we have o =6 and b= —2. Now all thr
expressions—call any of the three V¥ speeds 1, for “harder cases™—have 5
effectively shochorned into a single form, Add ¢ o both sides, square ag
(ridding the M /m case of the sign ambiguity!), and simplify to find

fiW. =V +2qV =7 =0

rewritten form is
(W, o) = ali, + 20,®V5, — bW R /Wi =0

MNext, we take the derivative of g{ ¥, #) with respeet to an operational vara
say W, and solve, That first result is

v,

al

bRy W 1
T2WE, (alh +0Q)

Example 7.4 What would he the effect on maximum level flight speed of @
L00-1bf gross weight increase for the airplane of scenario 2 (1800 Ibf at 8000 )Y
Table 7.4 has Vy, = 100,37 KCAS = 169.4 ft/s calibrated. Because not all terme
depend on ¥y, in the same way, one cannot be as cavalier as before and simply
employ knots with the expectation that any needed adjustments will cancel out,
The RHS of Eq. (7.78), using other values from Table 7.4, evaluates 10
—0L.00911 fi/s-1bf = —0.00540 KCAS/Ibf. With a 100-1bf weight increase,

90 81 KCAS. An exact caleulation gives 9080 KCAS. Maximum level fig it
spead decreases with gross weight, but not markedky.

To assess sensitivity of our “hard case™ V speeds to changes in the othe
operational vanable, density altitude, we take the partial denivative of g( W, o}
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with respect to relative air density &, convert to density altitude by multiplying by
Eq. (7.64), simplify, and find that

av,.
it

P

ATy,
Cilali

T ORE.348(1 —

TG, T O G

For this next example let us take our varied V' speed to be V. Remember that
mak(-_q a="0

Example 7.5 What would be the effect on speed for best climb rate of a 10001t
climb for the airplane of scemario 2 (1800 1bf at 8000 fi}? Table 7.4 has V, =
65,90 KCAS = 111.23 fi/s calibrated. The RHS of Eq. (7.79), using other values
from Table 7.4, evaluates o ~0.00148 fi/s-ft = —0.000877 KCAS/ft. With the
1000-ft density altitude increase, the speed increment would be —0.87 KCAS.
This gives a new speed for best climb rate of 65.03 KCAS. An exact calculation
gives 65.04 KCAS. In calibrated terms, F, decreases a bit as altitude increases; in
true terms, it inereases a litile,

Variation of i, with W or o

An “exact” calculus approach would not be useful because it would give overly
complex results, Recall there is no difficulty in principle: to assess variations we
ean simply ealeulate, with known formulas, to find whatever performanee figures
we nced. That was done for Fig, 7.14, which shows how best rate of climb goes
for our sample Cessna 172 over its useful vertical range and several weights, [Fwe
want varjations, differences, then we can subtract. As follows our intuition,
maximum rate of climb decreases with added weight or added altitude.

But there is a nomstrict approach that will give us a simple, though only
epproximate, onc-step formula for f (W, & ) and something of a handle of how
best climb rate chamges with either weight or density altitude. It uses three
approximations: 1) the first few terms of a two-dimensional Tavlor series for b,
expanded ahout some base point (W, &, )}—often taken to be standard weight ¥,
and MSL., hy; =0 2) a binomial expansion to lincarize the relation between @
and f,.: and 3) ignoring the relatively slight variation of ¥, with weight or density
altitude, Here is how it works.

A rwo-dimensional Taylor series expansion of Fix, v) about “point 1,7
begini as follows:

(e 0)

F[x-.'r"]éF[-tl-.?"]}"'% (x le@.r (y=m) {7.80)
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12 A ;
W 1 then approximately evaluate that last derivative using
E 1000 h, 425635 by
] 1800 bf 7= (‘ & 145.45?) At T LG
E 800
2 2100 |of which shows us that
s \
600 i
g 0l (7.85)
o dh, 34,174
E 400 :
% r Putting these various approximate results together, we have
= 200
® E b, + 0 KGF) H,
W = 2400 Ibf = I (W) By ) — 60 T +H"a’ = (W—w)
0 1 i AT
0 2 4 g B 10 12 18 | E ¥, - F 5 W Hy (e = hr) (7.86)
Density Alfitude, ft 56961 —C), W, Wioiv, | '

Figure 714 Graphs of by, ve i, for W = 1200 2100, 24004, :
B B i While it does make sense 10 1ake starting point | at some intermediate poimt—

for our sample Cessna 172 say at W) = 22001bf, k_, = 5000 ft—it considerably
simplifies matiers to take it at MSL and at ¥, = B} = 2400 Ibf, Then Eq. (7.86)

where the derivatives are to be evaluated at point 1. Translated to our case, this is shortened o

becomes
b AW h)=h_ (W =HWF;h i) ﬁu(EV + K, b2 +H){H" Wy
d’? L max 1 1) = Mgy = Mo - T 0¥ 40 0F w0 T T 1]
P (W ) = B (W, b))+ (F = W)+ '""“ h, —h,) (18l r g A Fyo
Bo . EV
_"—"_Fsﬁglﬁw (]“ *E +Kﬂr;‘43+%) i, (7.87)
The  first Tﬂ"“" on the right is simply the rate of climb when it atl S "

VAW, by} = ¥, For the second term, we need to take the indicated derivati
and then cvalunle it at point 1. But by our third approximation, above, we do thi
while considering ¥, as (relatively) fixed, at value ¥pi. Using numeral “1" 1€
denote point 1 I:hmughuut the result is

where V., is the speed for best rate of climb, in feet per second, at MSL and at
standard weight . Equations (7.286) and (7.87) were adjusted to have units of
feet per minute, But after three approximations, it is certainly important to assess
how aceurate these formulas are.

.y, .~ EWV, — e Ky H, 7 83
AW [ Wea, ¥, (7.8

Example 7.6 Consider our sample Cessna 172 with bootstrap daia plate as in
Table 7.1. Assume that we want to use a reasonable intermediate hase point |
from which to approximate best rates of climb, the point with ¥, = 2200 Ibf,
h,; = 5000 ft. Then Eq. (7.86) obtains. What will our estimate of best rate of
climb be for this airplane when it weighs 23001bf at 6000 f? Among the
constants in  Eq. (?,86} we need (2200 Ibf, 5000 fi) = 1, = 128.2ft/s
der _ [from Eq. (7.24)), k..(2200 Ibf, 5000 ft) = 583.1 ft/min [ﬁom Eq. (7.39)].
I (7.83) and the usual array of composite bootstrap parameters and atmospheric density

Ly factors. When all is said and done, Eq. (7.86), for this airplane and this choice of

For the similar derivative with respect to density altitude, we need to change
variables by means of
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point 1, i3 simply s indicated by Fig. 7.6, at the absolute ceiling all P speeds (and in fact, all
attainable speeds) coalesce to one. Because ¥ = Fy = ¥, there, we know that
haoth excess power £, = 0 and its derivative P, = 0. (This is just another way to
cay that the power-available and power-required curves both touch—just!—and
are tangent at the pertinent point.} Using the excess power definition, Eq. (7.17),

under these conditions gives the dual resuli

I W, B, = 583.1 — 0.580(W — 2200) — 0.0519(h, — 5000)  (T.88]

Adding 100 1bf and 1000 ft above the base point, we find A, (2300 Ibf,
G000 i) = 473.2 ft/min. The precise two-step value is 482.1 fi/min, a relative

ermor of less than 2%. P
Vie = = T ar (7.90)
Example 7.7 Let us repeat the above caleulation using scenario 1 of Tahle 7.3 ; i hiinct R e s .
(MSL and standard maximum gross weight} as base point 1. Then Eq. (7.87) Suhf‘-ﬂ;m AC means absolute ceiling. The second relation in Eq. (7.90) gives
obtains. Among the constants in Eq. (7.87). we need V(2400 Ibf, the fact that
MSL) = F, = 128.0 ft/s and Ay, (2400 Ibf, MSL) = T00.5 ft/min (from Table 2W  ——  2Wngd [SCpy —2d°b
T4). Using the proper base bootstrap composite parameters in Eq. (7.87), Cyc = WoEy —HyKy = mP, Sred (7.91)
have
and the first relation yields the fact that
By (W, B0 = 700.5 — 0.5634(1 — 2400) — 0.04645, (7.89) el ,@ . [ mgd (762)
L _ : . ; A=Y Joac®,c \ poSmedmP,
This timie, subtracting 100 Ibf and adding 6000 ft above this new base point, sl

find k. (2300 Ibf, 6000 fi) = 4784 fi/min. The precise two-step value
482.1 ft/min, a negligible error and undoubtedly a fluke of our three separate
approximations just happening to largely cancel,

This “rough”™ and completely lincarized approximation is nonetheless quite
good. If for instance, in example 7.7 we had asked for By, (2300 (b, 1000 f)
still 100 b light but cnly 1000 ft above the base point, Eg. (7.89) would have
given us 7104 fit/min; the precise caleulated value is 711.4 ft/min. That is clo
What one can carry away, for this airplane, is that a weight gain of 100 1h ar an
altitude gain of 1000 ft, cither ong, means that best rate of climb will decrease
about 50 to 60 fi/min. So, after all, we do have a good handle on vanation of best
rate of climb with weight and altibude.

One can see that gross weight W plays a simple direct role in calculating @ -,
the absolute ceiling’s power dropofT factor value. Mot so simple for ¥, the speed
at absolute ceiling, because W appears three places in Eq. (7.92), once openly,
twice hidden in 7~ and @ .

To calculate the absolute ceiling density altitude or F,e, one first needs 1o
invert the power dropoff factor definition to find

e =(1 = CWDue +C (7.93)

Example 7.8 According to Eq. (7.91), our sample Cessna 172 (of Table 7.3),
. when stripped down to anly 1800 Ibf] has absolute ceiling torque/power dropoff
4 factor @, = 0.4136. (Furthermore, o, = 04839 and h - = 22,805 f.) At
P maximum gross weight B = 24001bf, on the other hand, @, =0.5513,
Bootstrap Application 2: Absolute Ceiling ¢ ¢ = 0.6033, and k4 = 16,184 f.
and Speed There

The only problem with these results is that you cannot get high enough to try

Service ceiling, usually defined as the highest altitude at which the maximum them direetly.

gross weight airplane can just achieve a 100-fi/min rate of climb, is nothing
special. By trial and error, one simply finds the altitude at which the best rate of
climb is 100 ft/min. But absolute ceiling is something else.

For one thing, unless transported by some high-flying outside ageney, you
cannot get there. To do so would take an unhounded amount of hoth time and
fuel. But it is still a mildly interesting number to compute, this maximum altitade
“where you could stay there if you could get there,”

Bootstrap Application 3: Wind Effects on (IVMostly)
Full-Throttle Climbs

Before we setile down to consider the cffects that winds have on climbs—in
particular, steepest climbs and others ar full throtile—we examine the broader
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picture, [n this work we are not so much interested in the origing or classifigay
of winds as in their performance effects. Still, it is advisable to classify winds,
time scale, as belonging to turbulence, usts, or steady winds. Pilots try ta gy
twbulence o, if they cannot, slow appropriately and tighten their safety be
Gusts often play havec with landings or while maneuvering in mountains, fy
again have little relation to our guasi-steady performance problems, So our
concem is with steady winds, whether headwind, tailwind, updraft, downdrap
crosswing,
Except during landing or takeoff or during pround reference Ml vey
(including some instrument flight patterns), we can accommodate steady cros
winds simply by crabbing to an appropriate “wind comection angle.” Thayg
crosswinds, headwinds, or tailwinds play a major role in large-scale navigatjy
for our smaller-scale performance purposes, wind effects impact only thas
parumeters that reference an Earth-based system of coordinates: speed for hes
angle of climb, angle of climb itself, speed for best glide angle, and glide ang|
itself. Becanse glide performance has its own chapter (Chapter 9), here we wil
focus on climbs. That means effects on speed for best angle of climb ¥, and fighy
path angle 7 {whether steepest angle ¥y or path angle at some other speed).
The qualitative situation is clear. Headwinds set you back and steepen your
climb angle; tailwinds push vou along and make for a shallower angle. See Fig
7-15 for the pure headwind alternative, which lays out the various speeds and
angles. An updraft or downdraft by itself has an obvious performance implica
ton; rate of climb is simply increased (by an wpdraft) or decreased {by
downdraft) by the speed of the draft; there is no direct horizontal eflfect. At
some point below, we will consider just what happens when headwinds o
tailwinds are accompanied by vertical air-mass movements, Next we need to
“How large are these various wind effects? How much is (say) ¥, lowered by a
20-kn headwind? Or by a 300ft/min updraft? How are best climb g ngles
impacted? What are the quantitative details and explanations? Before W
can answer such questions—graphically and fairly completely, then algebraics y

\ ROC

Tg ¥a

[y

Figuare T.15 Vector and angle ralations (side wview) for a headwind.,
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and somewhat spottily—we need some background in the geometry of the
Fublﬂm-

Relative Motion (and an Approximation)

The rule for computing relative motion gets down to this simple vector equation:
Vau - V:B.r + an (7.94)

velocity, d together with its direction, ¢ stands for the
Eal::mpp;gﬁﬁs&a?;lm:: an}cri zpeﬁfr the air. The way t© rcrncrnlb-.:r this rule is to
i.r:n.; the collapse of the “interior™ repeated symbaol an1t‘ne right. That is what
k. ts. In English, the rule reads: velocity of the plane with respect to the {l-m;:al}l
E‘;:::l. {-grnu;ld velocity) equals velocity of the air with n:sper:t_m th_.e Earth med
velocity) plus veloeity of the plane with respect 1o the air (air spiI::dlv:-ﬂEl
heading). Of course, Eq. (7.94) wnrks_ for any three objects, Fn.rm the p 1%-3u]:|st 5
point of view, there is nothing special about the Earth, air, and an airplane.
i cnow hetter. ._
M;t;:cll?lﬁ ghaw: less pedamtic abbreviations of the some ol the velocities _and
introduced &', as the rate of climb. Symbal ¢ is conventionally uls:d for the fMight
path angle. There arc a lot of symbols in Fig. 7.15. Now what might we be after?
Perhaps the full-throttle air speed V) (also ﬁlm!ﬂ}' ¥ in the ﬁgu_rc}. which, “:h:
given (here) headwind, will give us the largest flight path angle with res!::ect 0
Earth, ¥, henceforth simply T It makes sense to call that air spe_ed ¥, in the
wind,” ¥,,,. But remember, because we fly solely by reference to air speeds, lJuft
K. is an.m'.r'.rpﬁﬂd. In our graphs and calculations it will. be a frue air speed, but it
is easy enough to later convert that to more operational calibrated or even
e Spa:;f b le of climb, we want 10 maximize y, with respect
i eed for best angle of climb, w .
o i{'k_;:: i:r-‘:]h?:, we are going 1o need an algebraic relationship berween those two
variables, One such comes from briefly studying Fig. 7.15:

b = ¥ siny, = ¥, siny, (7.95)

We need V,, which, as Fig. 7.15 shows, depends on I, F_. and Var .d.pplir::'utiun
of the “law of cosines,” the Pythagorean theorem for nonright triangles, gives

V.: =V 4 V12KV, cosy, (7.96)

What saves us in using Eq. (7.96) is that y,, is a small angle and, lJlerefore,.its
eosine is quite close to unity. Even cosine 8 deg, pm@ub!:.-' a larger climb or glide
angle we will encounter or achieve, differs from unity by nn]:.-rl ]”aﬁ.dThlshsrl;?ll':

; i ! i
flight path angle approximation is one we have madc consistently and 13 T
largely responsible for the relative simplicity of TBA and of the P, /F, analysis.
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With the cosine set equal to 1, the RHS of Eq. (7.96) is a perfect square and Table 16  Sample Cessna 172 bootstrap data

have the simple relationship

BDF [tem Value Units Adrerafl
F=F - 7 g - .

e nprtopndt (7.97) Wing reference area, § 174 i Airframe
Of course! / ing i iation ai ; : Wing uspect ratio, 4 7.378 Airframe

: ourse A:: vi: are saying is |Ii"lﬂt, for genera! aviation :'nl_'craﬁ, ﬂl.ght path ] MF:I: Sy i i Rt

SHNGER, Are B0, SNy w'"_ nmplal]y be using the gliding version, Altitude dropofT parameter, C 0,137 Enginc
remember—that there is no practical difference between the (slant) air speed gng Prepelies: dagmeits, £.3% i Propeller
its horizontal component. Figure 7.15 does not support that statement, but thap i Pucasiin g Eoetficient. Cpa 0037 Airframe
because we exagperated the angles so much by using a much larger vertical scale Airplane efficiency factor, & 0.72 :]nrfn[flnc
than horizontal scale, None of these airplanes elimbs steadi i Propeller pokar slope, m 1.70 peller
a Bonanza! i by &t 30dez, nl Prepeller pokar interoep, b —0.0564 Propeller

Combining Egs. (7.95) and (7.97), we have

sin R E.. ) )
. ==r (748

il

headwind. Approximate Eq. (7.99) gives, instead, 56.81 KCAS and 48.1?2 KCAS,
respectively. Cly negligibly different. So the small flight patlh approximarion is
not a problem. We placed exact in quotes above because TBA L[?Blf uses ““f srral |
angle approximation. Hardly anything is exact in aerodynamics or in airplane
performance calculations or needs to be.

This simple but good approximation will be the basis of the following gre
and analytic calculations of ¥, , when there is a pure headwind or tailwind,

there is also an updraft ¥, or a downdraft V. then Eq. (7.94) has ano
embellishment and becomes

sin -ﬁ_éh_—h ||.;

it Em Vil Graphical Analysis of Headwind /Tailwind Effects

Consider the curve of Fig. 7.16, a plot of rate of climb /™ against true air speed.
[Figure 7.3 is similar; to be identical, according to Egq. (7.17), only requires
division of ordinate P_, by gross weight.] Figure 7.16 is a picture in speed space;
speeds in both directions though at much different scales. But speeds, iff you
multiply them by time intervals, become distances. Doing that then gives a
picture in ordinary space, of precisely the same shape, but with this advantage: it
is clear that a straight line from the origin to any point on the rate-of-climb curve
rises at angle ¢ from the I axis. (In saying that we have used our slight hedge that
actual slant speed and displayed horizontal speed differ by a factor very near
unity, the cosine of small angle 7.0

In a no-wind situation, air speed equals ground speed. Now consider three
alternative wind situations: ealm, a 20-kn headwind, and a 20-kn tailwind. Those
winds subtract or add 20kn to our ground speed. Figure 7.17 gives the picture.
The effect of say the headwind is the same as taking the cap-shaped curve of Fig.
7.16 and sliding it ¥, to the left. But then hat is the same (and keeps us in the
air-speed picture) as shiding the starting point (origin) of I to the right by amount
Vy. So the headwind lowers F,, raises y,, and lowers the rate of climb at V.. The
headwind sets you back so, for best angle, you slow down to let it steepen your
angle. The tailwind does the opposite (raises V., lowers y,, and raises the rate of
climb at ¥,). The tailwind pushes you along into the barrier ahcad so, for best
angle, you speed up to let it do as little damage as possible,

where, just as a positive F, is to be taken to be a headwind, positive ¥, is to be
taken to be a downdraft. In a glide, both & and i {and its sine) will be negative,
But the same relation still holds. 1t is also true for small angles that :

giny = tany (7. 100}

Those two wrigenometric functions differ by less than 0.001 up until nearly 8 deg.
To investigate how well Eq. (7.94) approximates the “exact™ formula, combing

Egs. (7.95) and (7.96) fo get

i)

siny (V. V) = ;
VP2 + V2 =20, VT = k(7))

(7.101)

To examine the validity of the small flight path angle approximation, Tet us
consider an example.

Example 7.9 Consider a sample Cessna 172 airplanc with the bootstrap data
plate of Takle 7.6,

If one uses TBA Eq. (7.39) to evaluate A for our sample Cessna at MSL
and weighing 24001bf, an “exact™ trial-and-error calculation using precise Eq.
(7.100) gives ¥, = 56.86 KCAS for a 20-kn headwind, 48.96 KCAS for a 30-kn
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we should also take winds into consideration when trying to achieve long or
maximum range. That analysis would usc lincs tangent to the power-required
graph because ¥, is close to Vi, for details on the cruise situation, see Chapter
10 for the best glide approximation, see Chapter 9. [n essence, with a headwind,
speed up; with a tailwind, slow down, Wind speeds have to be sizeable, a quarter
or more of air speed, to make much difference. Steady winds have no effect on

endurance.

Graphical Analysis of Headwinds,Tailwinds Accompanied by
Updrafts /Downdrafts

For definiteness, consider a headwind accompanied by a downdraft. Figure 7.18
shows the speed vector relationships in a general (not necessarily optimal) climb
under these wind conditions. ¥, and A are air speed and rate of climb in the calm
atmosphere, with no headwind ¥, and no downdraft ¥,. ¥y, is the airplane’s
ground velocity when there is a headwind but no downdraft. ¥, is the airplane’s
ground veloeity when there is both a headwind and a downdrafi.

Under the obvious theory that “what’s sauce for the (horizontal) goose is sauce
for the (vertical) gander,” we can redraw Fig, 7.17 to see the effects on F, and on
v, of headwinds or tailwinds with downdrafis or updrafis (see Fig. 7.19), The
positive and negative Faxes are, as before, where one would relocate the origin of
the tangent line in cases of pure headwinds or tailwinds, respectively.

The original {calm) tangent line in Fig. 7.19 hits the rate-of-climb curve at ¥,
speed for best angle of climb with calm winds. As the reader can verify by
mentally drawing new tangent lines to the rate-of-climb curve, all points below

Figure 7.18 Speed vectar diagram for airplane climbing into headwind with down-
drafi.
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for best climmb angle and that angle tself,

that calm tangent have V', < V.. and y, = y.,; all points above the calm tangen
{up to the airplane’s absolute-ceiling downdraft) have ¥V, = F_ and 7, = 3. If
one draws a scale diagram like Fig, 7.19 (for a given airplane at given weight at

the differing vertical and horizontal scales) for any given headwind /tailwind a d
dcrwndmﬁfupdraﬁ: sifuation.

(as in Fig. 7.19) but, as a p-racilcal matter, dunng ﬂ]g]lt there are too /
variahles—speeds of the headwind or tailwind and of the downdraft or updraft :
one does not know precisely. And even the several known variables—airplane,

cxample graphs, one can get a feeling for the directions and rough sizes of the
various effects. The important thing is to not make an adjustment in the
direction, such as slowing down when elimbing with a downdraft. Table 7.7 gives
“rules of thumb™ for attaining “best angles”™ when one has a headwind or
tailwind with or without admixture of a downdraft or updraft.

Having exhausted the graphical sohition possibilities, it is time to consider
some analytic and numeric facts regarding wind effects on performance.
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Table 1.7 ¥, and ¥, in complex wind situations
Best chimb Best climb
Wind situation angle speed angle
Drireet headwind Fa < I Yur > ¥y
Drimect tmilwimd }’l,r . }'T Yu =T
Headwind with downdmft Frag = Vi Vard € Tod
Headwind with updraft Fow = Va R
Tatlwind with dewndeafi Foa = Fy Yo 2 VY
Tatlwind with updrafi Fow = ¥y Yo = ¥

Formula Approach to Wind Effects on Steepest Climbs

We must first take stock. The airplane’ fight path angle y with respect to the air
miss is given, in general, by Eq. (7.41) or, making use of TBA, by more explicit
Egs. (7.42) or (7.43). In a no-wind situation, there are precise bootstrap formulas
both for the optimal climb angle v, [Egs. (7.44) or (7.45)]) and for the speed for
best climb angle F, [Egs. (7.27) or (7.28)]. When a headwind F, (to be taken as a
failwind when negative) is present, basic Eq. (7.41) is changed inta Eq. (7.98).
When both a headwind and a downdraft F; (to be take as an updraft when
negative), that basic formula becomes the even more general Eg. (7.99) for the
flight path angle with respect to the Earth, which is

hi—F;
b
T

{7.102)
The subscript ¢ is to remind us that the cited rate of climb is for calm wind
conditions. Given true air speed F, relative air density «, and airplane gross
weight ¥, TBA Eq. (7.39) gives us rate of climb (with respect to the air mass) b,
in terms of bootstrap composite parameters (see Table 7.8). So if we then also
know the wind components I, and I, we have everything we need to compute
the airplane’s flight path angle y, with respect to the ground (see Table 7.9).

Example 7,10 Using the BDP of Table 7.6, which gives composite parameters
{at W = 2200 1bf and &, = 4000 ft or ¢ = 0.8881, & = 0.8737) of Table 7.7, let
us caleulate some ground-reference flight path angles when our sample aircraft is
climbing full throttle at 80 KCAS = 84.9 KTAS = 143.3 ft/s.

Table 7.9 is fine as far as it goes, but we are even more ambitious. We would
alzo like o know how to modify our cockpit behavior o achieve besr angle of
climb with respect to the Earth under given circumstances. So let us start out to
figure that.
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Table 7.8 Booistrap composite numbers and operational

variables from BDP of Table 7.6

Wariable or

composite Base case, W, and M5L W, =0.8017, 4000 fi
W 2400 [bf = W, 2200 Ibf = W
a | NEER]

) I 02737

E 5319 = £, 4647

e ~(L52368 = Fy —0. 46508
o DO0TES 16 = &y D.00GTAS2

H 1,668,987 = H, 27, 142

K =L 28884 = K, =001 14460
@ — 41,2706 =k — 40,6034

B = 120,445 304 = #, — 137 064 564
L 218,123,707 = Ly 232389286

Speed for Best Climb Angle V,,; in Given Headwinds and
Tailwinds, Given Updrafts and Downdrafts

To obtain a relation for V,, = V.. the air speed giving the maximum ground-
reference flight path angle ... we substitute Eq. (7.39) into Eq. (7.102), ta
derivative with respect to air speed P, set that equal to zero, and simplify. We

an overly complex quintic mess {

Vi(EV2, + 3KVE + H) = 2KVS, + 20V, + WYLV, (7.103)

There is no difficulty finding V., from Eq. (7.103) in principle, but that mus
be done by trial and error. We no longer have a neat analytic solution. '

Table 1.0  Ground-reference flight path angles under
various wind conditions

Headwind {+) or Diwndraft (+) or Cirpund-reference 7,
tailwind (-}, kn updrafl (—), f/min ~ deg

0 it 40
il 1] 52
0 20 35
mn 400 1.7
1] — 200 10
0 =400 57
40 i 1.3
40 il 50
40 400 25
40 — 200 10.1
40 —400 127
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5o we move on to the simpler case of finding V. speed for best climb angle
when there is a headwind or a tailwind but no palpable updraft or downdraft, With
¥, =0 Eq. (7.103) simplifies somewhat to

EV‘?& + Z'Hi'l:ﬁ

i e
"TAKVE +EVE+H

(7.104)

This has the advantage that the headwind (or, if negative, the tailwind) speed is

 jsolated on the left. Then any trial ¥, plugged into the RHS is a solution for some
'\ headwind or sonte tailwind. And, having calculated, you know which one. In this

way, one can quite quickly piece together (see Fig. 7.20) a graphic picture of how
specd for best climb angle F,, depends on the sirength of headwind or tailwind
¥

*,d,,; we have seen both logically and graphieally, V,;, decreases, from its calm-
wind value, when a headwind is present. To obtain a rule of thumb for
approximately how much one should slow, when encountering say a small
headwind of Fy kn, one can go on a bit further and compute the dervative of
Eg. (7.103) with respect to ¥ and solve the resulting expression fo get

Wy,  EVE 4+ 12KV, V3 +3KVE + H
@y 10KV} + 2H - 2BV, ¥,

(7.105)

70

Vi, KCAS

45

30 20 -10 0 10 20 30

Headwind Spead, knots
Figure 1.20 V. ve WV, from —35 kn te +30 kn at MBL, 3000 £, and 10,000 ft.
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Again, a mess; but do not despair. Recall that speed for best angle of climb iy

calm wind, which we can now call ¥, is the fourth root of (-R) = —H K}
Using that fact, Eq. (7.105) can be rewritten as ,

4 3
1- 3{&) i Bl _E Wy

¥y ¥ e e
ar, i ¢ ]
b g BBV
LA Fa

Mow consider the case of relatively light headwinds, taking V, =
Vi = Fig. This approximation allows Eq. (7.106) to be rewritten as
Jr: Pl E

—

3V, & BJ/_HE (i

Referring back to the prior section on absolute ceilings, Eq. (7.91), and doing
same minor rewriting with the weight and relative air density dependence of
composite bootstrap parameters, one finds the surprisingly simple result that

Wy 1@

¥, 4 Py
Beecause @ is always greater than @ .. the last term on the right is greater than
unity, hence b, (il (for light headwinds) is always negative. If one uses the
definition of torque/ power dropofT factor @, a binomial expansion approximation

for o interms of i, and treats C as 0.12, one gets the more pilot-friendly but only
roughly approximate form

(7. Iﬂﬂ]‘.

Wy . by —Rose
av, — 122,000

(7.109)

Example 7.11  According to Eq. (7.91), our sample Cessna 172 {of Table 7.7),
when it weighs 22001bf, has absolute ceiling torque/power dropoff factor
@, = 0.5055. (Furthermare, a4 = 0.5617 and A, = 18,432 ft) At MSL
(D= 1), we would then have dF,, /8F; = — 0.245 near zero headwind. [Equation
(7.109) gives the not-so-close figure —0.151.] 8o if you are in an optimal climb,
in a calm, and you run into a 10-kn headwind, slow down about 2.5 KTAS, At
4000-ft density altitude (© = 0.8737), we have, instead, 8V, /F,= — 0.1%2 near
zero headwind. [Equation (7. 10%) gives the still not-so-close figure —0.11%.] This
time, encountering the 10-kn headwind, slow only about 1.8 KTAS. If it is a 10-
kn tailwind, speed up about 1.8KTAS. Figure 7.20 supports this altitude
distinetion. As one gains altitude, headwinds and tailwinds have increasingly
less effect on ;. And the approximation of Eq. (7.109) improves.

Infroduction fo the Foolsirap Approach el )

[r mountain flying, it is often the case that we have to deal with the fuller and
more complex situation of a (say) headwind with a (say) downdraft. The other
three wind orientations also occur, but let us eonsider only this one example. Now
it is also ofien the case that the downdraft occurs purely because the air mass is

Hlowing the ferrain, so that the total wind vector ¥, slopes down at angle @,
where subscript ¢ stands for terrain. In this common case we can see a
simplification of the full and messy situation presented by Eq. (7.103). That is
hecause the downdraft speed is now simply

v, = V,sind, (7.110)

With that substitution, Fe. (7.103) can be rewritten to look just like the simpler
no-downdraft case, Eq. (7.104) with a slight complication to its term featuring
hootstrap composite parameter £:

g 2KV, + 2HV,,
YUKV 4 E—Wsind)VL +H

The only real difference between Eg. (7.104) and Eq. (7.110) is that the latter
has (£ — W sin {,) where the former has only £. We got this from the mathematics
of the situation, but that added term can be interpreted in terms of forces on the
aircraft. £ is the bootstrap parameter for static (F = 0) thrust and W sin @, is the
weight component pulling back on the airplane when its path is inclined 0, above
the horizontal, a drag-like force opposing thrust. The terrain-following, head-
wind-with-downdraft problem is precisely like the pure headwind problem, only
rotated by angle @, Makes sense,

This concludes our explanation of the effects of winds on elimbs and especially
on optimal climbs,

(7.111)

Bootstrap Application 4: M5L “Rated” Propeller
Efficiency

Without those additional full-throttle climbs we mentioned carier, recording ¥
and n, propeller efficiency is generally not available to us. But thers is an
exception, The MSL engine specifications include both power and revolutions per
minute, giving us what we need for that one case. Starting at the beginning,
.4 (1.112)
s :

It is not & good idea to use the manufacturer’s claims for maximum level flight
speed at MSL—call it Fy—for the V' in Eq. (7.112); specifying an airplane’s wp
speed is one place manufactuirers tend o be overly optimistic. But it is easy
enough {even if you live in a mountainous state where access to sea level is
permanently restricted ) to use the bootstrap parameters to compute that speed. Let
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us use iy o denote the value of propulsive cfficicncy corresponding o ¥,
Using Eq. (7.14) for £, = TV in Eq. (7.112) then gives us

i
_ mFun . Ao BV g _ Eo¥am it FaV i

=T Py SRR (7.113

i

Take for example the airplane typified at sea level in Table 7.3, Equati
(7.19), ar a glance at Table 7.4, tells us that ¥, = 115.3 KTAS = 194.6{i/s,
Using the base case composite parameters of Table 7.3, Eq. (7.113) then gi
#p = 0.738. This is quite a bit lower than the nominal », = 0L20 or even 0.85
often cited. The more realistic figure is reflected in our maximum level flig
speed 1153 KTAS, whereas the Cessna POH cites (without speed fainngs
Fyo = 121 KTAS.

Conclusions

First we must look more deeply inte the validity and accuracy—or, altematively,
into the weak points—of TBA. Because TBA is a combination of P, /P
analyvsis and the lincarized propeller polar, we break our evaluation into those
IW0r LS. p

Power Picture Assumptions

Power-gvailable and power-required pictures include the following four restric-
tions and approximations:

1) Only unbanked (bank angle ¢v = 0) flight is treated, That restriction can be
relaxed by rewriting condition L = W as Lcos¢h = W and making corre-
sponding changes w the composite bootstrap parameter for induced drag,
H. That will be done in the next chapter on maneuvering performance.

21 Possible offset, due to angle of attack, berween thrust direction and flight
path, is neglected. Doing so, we neglect a small thrust component aiding lift
and (conservatively) slightly underestimate flight path angle 7.

3) Any offset built into the propeller crankshaft orientation relative to the
longitudinal axis of the fuselage is neglected. That offset is often a slight
droop.

4) The quantity 1 = cosy is treated as a small quantity of second order and that
slight difference is ignored. That means treating lift as sensibly equal to
weight, L. = W, where the truth is that {unbanked and with no thrust offsets)
L= Weosy.
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Linear Propeller Polar Assumptions
The linear propeller polar picture uses three additional assumptions:

5) At given o, throtile position determines engine torque. This is not new; von
Mizes® mentions that “almost all performance calculations are carded out
under this assumption.” On the other hand, this assumption is not strictly
correct. A graph of Py, against engine revolutions per minute at fixed
throtile in the operating range—one can get this from the engine manual'—
has slightly decreasing slope as revolutions per minute increase. Torque for
g given point is proportional to the slope of the line from the origin to that
point. 5o if the airplane changes from level o climbing Aight, for instance,
and the propeller loads down, revolutions per minute decrease and torque
increases a little. For the engine in our sample Cessna 172, torque increases
only about 4% over a quite large 700-rpm decrease.

) Full-throttle torque depends on air density via

=

7 —C)
(1—C) My

where C is a number close to 0.12, giving the proportion of internal engine
losses mol responsive to air density. This again i old hat: again see von
Mises’, where he takes € = 0.15. Engines have improved. M, is the full-
throttle sea level torque value, Equation (7.114) lets us get along without
detailed engine charts piving Pi(n, 7).
7} The propeller polar relation between CpfJ” and Cp/J? is sensibly linear
(see Chapter 6); there are two parameters s and b such that
Cr Cp
L2 ot G
on Mises® uses the method of representative blade elements to show
that the propeller polar is approximately linear. Graphs made from the full
propeller charts support this approximation. So this lincanity assumption is
not unusual, just the use of it in this £, /P, confext. Parameters m and b,
incidentally, implicitly include such complications as tired engines, dinged
propeller blades, and reduced airflow through the propeller due o the

fuselage. Recall our early admonition: “Fly the airplane to find out how the
airplane flies.”

M(#) = Bia)M, = (7.114)

+ b (7.113)

Evaluation

S0 what is the overall evaluation? We suspect performance numbers plus or minus
3 ta 5%, The truth is that not nearly enough well-instrumental trials on a variety
of fixed-pitch propeller airplanes have yet been performed. A femile research
field. Accuracy of the various bootsteap nirmbers will differ in different eireum-
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stance and for different airplanes. And with the earc or luck of varig
imvestigators, While we would never claim consistent accuracy to 1 or 2%
neither would we roll over for those who claim (static ports, and all that) “nothing
can be done better than 10%." And there is an additional “social” artifacs
Because TBA was devised by the author,™* can the reader expect his evaluatiog
to be purely objective? Prabahly not.

When someone (including you yourself) asks for 2 calculation, yvour first
response should be “How close do you want it? ™ Perhaps calculation is not g ite
as much art as it is science, but knowing what effects to leave oul is certainly an
important key to gfficiens calculation. “The world is so full of a number of things.
1" sure we should all be .. " well, tosally congised, if we do not diseard --;:
them.

Say, for cxample, you are about to ¢limb over a 12,000-ft ridge in yvour 25 -
old *“Classic Clunkerbird.” Say further that one of this airplane’s nice features js a.
perfect POH performance section 5, all the data you could ever want and all of it
infinitely accurate—for an airplane just out of the factory, You are currently -..::
8000 ft indicated altitude, at 2000 Ibf gross weight; the POH says that ,—speed.
for best angle of climb—under these circumstances is 65 KCAS. So you pull back
and retrim o 65kn on the air-speed indicator. You have achieved, for now, best
angle of climb, i

Or have you? Here are some of the effects—some stochastic (chance) and some
not—you have ignored:

* The factory-fresh “Clunkerbird ™ engine was rated at |50 hp at 2600 rpm at
MBSL. Your airplane, however, is due for an overhaul and only gets an honest
140 hp at sea level. '

e It is a warm afternoon and the indicated 8000 ft is actually 9500-f density
altitude. And density altitude is the one that marters, 4

e The weight-and-balance record suggests your current gross weight is
2000 1BE, but it is out of date. Your actual weight is 2050 Ibf,

e Your 65 KIAS is actually 68 KCAS according to your “perfect” air-speed
indicator calibration curve. |

» [t was calm when you left Cody, Wyoming, but up here there is a 15-kn
headwind,

» Plus—and this is impertant—you just happen to have entered a thermal
rising at 5 fi/s.

* The POH specifications do not account for those bugs plastered onto the
leading edge. Or for those nicks in your propeller blade.

Mot a pretty picture. Though the rising thermal helps. How far is your chosen
63 KIAS from the frue V.2 Three or four kn; say about 5%. The good news is that
general aviation performance curves have such shallow minima and maxima that
your 5% speed error translates into only about a 2% performance deficit. See Fig.
7.11 for an instance. Weight is an exception; do not be cavalier about weight.
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The point is that if random and uncontrollable reality factors dish out 5% errors
then it does not make a whole lot of sense to use a theory much more precise than
505 At least not one you have to pay for. Do what you can to eliminate systemaiic
errors, of course. But those who use overly precise but still inaccurate theories or
caleulations are Kidding themselves. The most accurate (and precise) job we can
do today in this age of hyperactive computer programs requires mounds of input
data worked on and moved forward a hundredth of a second at a stage. And
results in reams, if not mountains, of output. Boging and Martin Marietta can
afford to pay for that process. They may even—ifor supersonic transports or
fighters—need it. Most cannot. Most do not.

Advantages of TBA

Pilots (and their bosses, charter/cargo fleet or flying school operators) generally
rely on the airplane’s pilots operating handbook for performance data. And that
performance data (with the possible exception of maximum speed for level flight)
15 not far from the truth, Performance fight tests are conducted in the LS. under
Federal Aviation Administration regulated guidelines and attested as truthful by
the airplane manufacturer, But, even so, there are several problems:

¢ The airplane engine may be far from factory-fresh, need overhaul, and offer
reduced power output,

& The airl’rﬂrnt'mu:.r be dirty or dented, offering increased drag resistance.

& Modifications to engine or propeller or airframe may have been made
without the effects of those changes on performance having been properly
accounted for.

& The POH performance section is extremely spotty.

This last is the major problem. Here are & fow common POH deficits: 1) most
¥ speeds not cited for various gross weights and density altitudes; 2) rate ol climb
and best glide information for only one gross weight; 3) no maneuvering flight
information except for banked stall speeds; 4) only a generalized air-speed
indicator calibration curve; 5) very limited takeoff and landing roll data over
the possible range of wind, slope, and runway surface conditions; and 6) level
cruise performance information ignoring low speeds, some (those for best range
and for best endurance) with safety implications. At this point not all of these
problems have yet been addressed by TBA, but they all will be by the time we are
through. For safe flight operations the airplane’s performance envelope must be
consulted and adhered to by the pilot. But there is no way the pilot can do that
with the performance envelope known so incompletely.

A major advantage of TBA for manufacturers of small airplanes is that design
changes—say a different engine—only require, for new performance predictions,
new BDP items for the engine. The three subsystems are (relatively) independent.
The hedge is this: afler yvou swap out an engine or a propeller, the new
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combingtion must again be capable of achieving MSL-rated revolutions e
minute at full throttle. And no more than that, Otherwise the MSL rated torgue
will not be correct and will have to be reevaluated. For instance, an ultralight
propeller attached to our sample Cessna 172% Lycoming engine would overspeed;
that is not allowed. Puiting our sample McCauley 7337 propeller on a litfle two-
cycle Rotax engine would not do the job either, But apart from the need for
matching engine and propeller, the subsystems are independent,

The saving graces of TBA are its speed and simplicity. It takes only a day or so
to run preliminary fight tests, compute BDP parameters, compute performance
numbcrs, and spot check their validity with further flight tests. And that is the
ultimate evaluation of this or of any airplane performance computation technigue:
Does it work?

To this point, we have stressed the full-throttle, wings-level portion of TBA.
Later chapters will consider glides in much greater detail, coordinated turns
{level, climbing, and descending), partial-throttle operations, and most aspects of
takeofl and landing,
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Maneuvering Performance

Introduction

To this point we have kept the airplane moving (either gliding or at full throttle) in
a single vertical plane. We will maintain that engine state bifurcation—power
setting parameter IT either 0 or 1—but now we let the airplane turn. In the
bootstrap approach, this requires but a single simple substitution:

Bk T g e (8.1)

where ¢ is the angle of bank. Among the bootstrap first=line parameters, this
devalves into a single change:

-1 oelyibwet T2 i
= pSmed il et pSned cos® (5.2)

We will henceforth write H as f{4); the unbanked case will be f{0). The
acrodynamic source of this modification is simply that, to continue to support the
airplane’s weight as it banks, total lift must be increased (back stick) so that its
projection onto the vertical remains at gross weight W, We are neglecting the
facts that, in a glide, a small portion of the airplane’s drag helps keep it up and, in
a climh, a small portion of the airplane’s thrust helps support its weight.

The added induced drag, tsgging slong on the coattails of the necessarily
increased lift, is the source of parameter A% aupmentation. See Fig, 8.1 which
shows power-available and power-required curves for a Cessna 172 at MSL
(weight 240011} at three different bank angles. At 40deg bank, as vou can see
from the reduced overlap of the P, and P, curves the airplane has diminished
rate of climb. In a nuishell, because we are concemed only with guasi-steady

235
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Figure B1  Banking the airplane raises the power required curve and rotates it clock-
wise,

manewvering—unconcerned with how the airplane ever banked in the first place
and how it recovers from that tilt—the two formulas above give us the whole
story. In practice, there is quite a bit more o be said,

After a careful review of our dynamic performance assumptions and their
expressions in force equations, we begin the mancuvening subject with level
turns, both coordinated and uncoordinated. We then discuss structural limitations
on genetal aviation aivcraft. The bootstrap approach is then revised, in a
thoroughgoing manner, to accommodate maneuvering of any steady sor
ineluding climbing or descending turns. We come to a wseful new concept, the
“banked absolute ceiling,” and look into somewhal strange “crossing”™ behavior
af fixed-pitch values of ¥, and V. Steady maneuvering charts for these airplanes,
providing a wealth of information regarding mencuvering performance, will he
displayed; a precise recipe for constructing those charts is given. A praphic
example—graphic in both senses—highlights the dangers of high-altitude turns
in low-performance aircraft. Particular optimum results for the level case—
tightest and fastest wrns—are then derived. Those resulis prove to be guite
different than common textbook versions. We will end up with 8 numerncal
treatment of maneuvering Bight of constant-speed propeller aircrafi.
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Review of Performance Assumptions

From time to time we need to review the assumptions underlying our performance
analyses. This is one such time. They are

o The Earth is flat and the acceleration of gravity g is fixed for any operational
altitude at 32.174 fi/s.

« The three dynamical inertial terms outlined in Chapter 3 |centrifugal,
Coriolis, and rotation deceleration), are all negligible except for the slight
diminution of weight from the centrifugal effect, which made the scales
indicate a very slightly low weight.

o Buoyancy of the airplane. equal to the weight of air it displaces, is ignored.
That small effect also made the scales read a bit light.

s Reynolds number (Re) and Mach number (M) effects, for our general
aviation far-subsonic aircraft, can be ignored.

s The airframe’s drag polar is accurately quadratic: € = Cp + KCT.

s Engine torque at given altitude is totally determined by throtile position.

& Aircraft gross weight W, in spite of fuel consumption, is assumed to
decrease only negligibly during the course of any single maneuver. This
will not be the case, of course, for extended cruises.

e The airplane’s engine is always properly leancd for maximum power.

« The propeller polar, for fixed-pitch airplanes, is linear. For constant-speed
airplanes, the general aviation general propeller chart is sufficiently accurate.

o [n most (but not all) propeller considerations, the effective average speed of
air through the propeller is taken to be the same as the “free stream™ air
speed. ie., no “slowdown factor.” Without this simplifying assumption,
propeller coefMicients would not depend on only propeller advance ratio J
and the analysis would be considerably complicated,

o Flight path angles 7 anc shallow enough that eosy = 1. Sin 7, however, is
generally nof laken as zero for nonzero 7.

o The airplane’s flight is to be considered unaccelerated {except for centripetal
acceleration when turning), coordinated (veloeity always in the direction the
airceaft is pointed), and properly trimmed (no moments).

e Thrust is directly aligned with the flight path angle . This ignores any
pussible thrust offset angle and, moreover, the effect of body angle of attack
(AOA) in letting the thrust vector provide a slight lifting effect. Asymmetric
propeller loading, so-called *P-factor,” is also to be ignored.

e The zirframe is rigid (as against elastic) and no rotating or reciprocating
paris (engine or control surfaces) need be considered as influencing
perfommance.

s Bank and pitch angles are assumed w0 commute, that is o give equivalent
results no matter in which order they are taken.

s Wing dibedral (or anhedral) angle, if any, is ignored.
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* In many cases, no wind. The stmosphere is then stationary with respect
the surface of the Earth, And dry. In a few explicitly stated cases, those
assumptions are relaxed. When wind effccts are considered, slant gir speg
and the horizontal component of air speed are usually taken as equal,

& The slight acceleration due to increasingly rarified atmosphere in a constang
calibrated air speed climb (or the similar deceleration during descent
so-called “kinetic energy™ effect—is ignored,

* During takeoff or landing rolls, energy going into spinning up the wheels (3
slight deficit on takeoff, a small plus on landing) is ignored. During thase
maneuvers, in fact, several such small effects will be ignored.

o When making a steady climbing or descending tum, the radins of curva
of the flight path is taken essentially equal to the radius of the cylinder
which it is wound,

Itis a long roll we have called. But no more extensive than the list traditonally
assumed—explicitly or implicitly—in the vast majority of carlier books on this
performance subject. A few such books are specialized exceptions. Our simplify=
ing assumptions should continually be reviewed but, given the vagaries of
atmospheres and engines and riggings, they are not crippling. In spite of this
manifest imperfection, with careful attention and some repetition useful results
cin be extracted. We will discuss a few of these points further an,

Flight Controls and Associated Variables

The pilot mancuvers the airplane by manipulating the controls. These, along with
the dynamic or kinematic varables each determines, are

s Stick or control eolumn (back and forth). Controls elevator position, which
determines wing ADA (thereby lift and induced drag) and air speed V.
s Stick or control column (side to sidz), Controls ailerons, allowing the
airplane to bank (or unbank), leading to (or from) turns. In general, because
we treat quasi-steady maneuvers almost exclusively, the roll mates or other
detailed motions generated by the ailerons are not of direct interest to us in
this work,
» Rudder pedals. Deflects the rudder, causing the airplane to vaw, Proper use
ensures coordinated turns. As a concomitant to banking, again not of direct
interest to us,
# Throttle. Controls manifold pressure and flow rate of gasolinefair mixture
into the engine cylinders and thereby determines the torque developed by the
engine. Density altitude is a further important parameter. The propeller
transforms this torque into propeller thrust (along with some propeller drag)
which, if left to its own devices, will be translated into altitude changes.

Maneuvering Performance 239
e Propeller speed control (constant-specd propeller airplanes only). Controls
engine and propeller revolutions per minute, within limits, and thereby
enging hrake power for given throttle position (manifold pressure reading),

Aircraft Equations of Motion

To maneuver the airplane—change its velocity either in speed or direction or
both—the pilot’s control inputs must be translated into changes in forces acting
on the airframe. The forces that act are of course familiar vectors lift L, drag D,
thrust T, and weight W. Because jettisoning cargo is seldom an option, we simply
take weight W as a given parameter always directed downwards towards the
center of the Earth. Because we consider anly quasi-static maneuvers (the quasi
hedge has o do with the slow siphoning away of gasoline and weight, the kinetic
encrgy effeet, and the fact that cven steady turns are accelerated), the airplane
moves from one situation of total force

F=L+D+T+W (8.3)

to anather. Except while turning, F =0; during stcady ms, F=F,, the
serodynamically generated centripetal force. It is most convenient to write Eqg,
(8.3} as three equivalent sealar equations for force components parallel and
perpendicular 1o the instantaneous flight path,

Parallel to the Might path:

Teos(a+ap) — D — W siny =10 (8.4)
Perpendicular to the flight path and in the vertical plane,
Locosgh— W cosy+ 71 sinfo +cr) =10 (RB.5)
Perpendicular to the flight path and in the horizontal plane:
3 Wl
Lsing-"2" =9 (8.6)

In these cquations,

; % is the body ADA, =y is the angle by which the thrust
direction

is offset above «. ¢ is the bank angle (not necessarily at all a small
angle), y is the flight path angle (negative when descending), e is the turning rate

(angular velocity) in rad/s. A radian is 180, m = 57.3 deg. V' is the true air speed
ofthe airplane in fi/'s. The other symbols have their usual meanings: T for thrust,
D .ﬁ:u' drag, L for lift, W for weight, and a
attitude ar pitch angle 8,—how much the long axis of the airplane is pointed

above the horizon—can easily be calculated from the ACA = and the flight path
angle v: @, =y + o

for the acceleration of gravity. The
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The three directions represented by Eg. (8.4)-(8.6) are mutually perpendiculay
[f one computes the sum of the squares of the three, one will indeed find that
F-F. =0
where the centripetal force has magnitude

W 3
e R = WRur g = Wal (g

because angular speed 0 = /R, R the radius of curvature of the airplane’s path

We shall find, in the mext chapter on glide performance, that setting thrugt
T = [ means that Eq. (8.4)-(8.6) can often he solved exactly. But our job now jg
to invoke some of the approximations recently mentioned to make that full set
more tractable. Then we have the simpler but still very realistic group

T—D—W siny=10
Leosgp=W=10

WeaV
L siu¢-i=[l
£

[fwe had left the cos y correction to the second term in Eq. (B.10], these

again be consistent, with the total force on the airplane reducing to only the
cenlripetal aerodynamic force. As il is, they are “almost™ so. '

Coordinated Level Turns

But at this stage it is much more important to understand—approximations or

no—the force relations in an approximately level mrn. Figure 8.2 gives

picture, It is the horizontal component of the lift veetor that provides the
centripetal force starting the wm, Aerodynamic side force aball the airplane’s
center of gravity and some rudder to counteract adverse yaw keep the tum

coordinated.

The force that makes the airplane travel in a circle is the centripetal force, the
inwards component of the tilted 1ift vector, of length £ sin g = WV /2R, If one

then substitutes for L in that relation, from Eq. (3.10), cancels weight W, and
solves for radivs of curvature R, one finds the important turning relations

Fi
= T (8.12)
m=%=gt:'r"¢ (8.13)
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Figure 8.2 The only forces on the airplane, perpendicular to its fight path, are lift L
and weight W.

When the turn is not level, Eq. (8.12) is not guite correct. [n those climbing or
descending cases, there is an additional factor cosy in the denominator on the
right-hand side (RHS). In addition, Eq. (8.13) needs a slight emendation, While
we shall take a close look at these mathematical details in Chapter 9, Glide
Performance, for now we only stick a toe into the chilly waters of differential

geometry.

A Closer Look at the Flight Path Helix

Let us take a closer look. Our flight path helix can be generated by thinking of the
airplane moving at constant speed in a circle while lifting or lowering it, at some
other constant vertical speed, perpendicular to the plane of that circle. In the limit
of high translation speeds, the path of the moving point would approach a straight
line, S0 “certainly™ as we translate at finite speeds the stretched Slinky has a
larzer radius of curvamre, at each point, than does the compressed one. The
upshot is that if the flight path radius of curvature is given by B = F/w and the
Planform mdius of the cylinder on which the helical flight path is wound is given
by r, then eloser analysis of the helix pives

r:%R(l +1- (ﬁ)i (8.14)

where pitch p is the gltitude lost in gliding one full “circle.™ In almost all pracrical
cases, it is good enough to use the approximation that R = r,
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One further approximation. Say one is making a constant true air-speed
climbing turn at full throttle. At lower altitudes, the engine will have 5
torque and the flight path angle y will be larger than at high altiudes. So, as the
pilot ascends, the spiral path will become somewhat more compressed, with lowep
pitch p. So the long-term flight path is not quite a helix.
Let us put same numbers into the previous three formulas.

Example 8.1 Take an airplane (it does not matter what kind) waveling a
BO KTAS = 135.0 fi/s, descending at rate of “climb™ — 600 ft/min = —10 fi/s,
banked 30 deg. Equation (8.12) then gives radius of curvarure ® = 981.1 ft. 4
Eq. (B.13) implies the yaw rate is 0.1376 rad/s = 7.884 deg/s, which tums ntg
457 ¢ for the airplane to make one complete helical turn, during which it log
p=457 L in altitude, Plugging these values of R and p into Eq. (3.14), we find
that the cylinder onto which the helical flight path is wound has radi
r=9755 ft. As promised, a bit smaller than &,

Turns, Centrifugal Force, and the Federal Aviation
Administration

Fitting centrifugal force imto a description of how airplanes tumn leads to
confission, Mild disorientation is often revealed during “hangar flying™ sessions
on the subject whether held at the airport or on the Internet. Even official Federal
Awviation Administration (FAA) publications line up somewhere between mislead-
ing and erroneous in their reatment of centrifugal force in tums. There is a faitly
good reason for this confusion: “centrifugal force™ has two related but distinet
meanings, Before we give them, let us take a look at what the FAA has to say

Figure 8.3 is taken from The Pilot s Handbook of Aeronautical Knowledge.! Tt
purports 4o show the forces (perpendiculsr to the fAight path) acting on an airplane
in a level turn, (Kindly overlook the artists oversight or ignorance in failing to
resolve the resultant lift vector correctly into horizontal and vertical components.)
The FAA' basic idea here is twofold: 1) that the vertical 1ift eomponent exactly
cancels the airplane's weight, which is correct, and 2} that the horizontal lift
component 15 exactly canceled by a centrfugal force acting on the airplane,
which is not. In their discussion, they write “the horizontal component must
overcome centrifugal force™ in one place and, in another, “The total resuliant |
lift acts opposite to the total resuliant load, So long as these opposing forces are
equal to each other in magnitude the airplane will maintain a constant rate of
tum.”

In the FAAS Flight Training Handbaok? the total resultant load idea is further
promulgated (see Fig. 8.4.) In that discussion, after correctly stating that “The
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Figure 83  The FAA believes that atarning airplane is acted on by a centrifugal foree.
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Figure 84  The FAA is consistent in believing that a centrifugal force acts on the turn-
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horizontal component of lift is the force that pulls the airplane from a straigh
flight path to make it turn,” the FAA poes on to say “Centrifugal force is the
*equal and opposite reaction” of the airplane to the change in direction and act
equal and opposite to the horizontal component of 1ifl.” Not so.

Now for the verbal and physical facts. One sense (#1) in which “centrifiy
foree™ is used can be illustrated by the familiar example of a child's hand whirlig ':'_,
a rock tied to a string. Mewtons third law speaks of “equal and opposil
reactions” and, in this case, one of those is the (centripetal—center-sesking)
force due to the child’s hand (transferred by the string) on the rock. The other is the
[centrifugal) force due to the rock (transferred again by the string) on the childs
hand. The important point is that, in using sense #1, while the forces do balance,
the swa forces aer on different objecis. In the mwming airplane case, the force
causing the airplane 1o turn is a (centripetal) force caused by the acrodynamic
force of the air on the airframe. Its third law parmer is the force of the airplang ...i
the air. a (centrifugal) force cansing the air Lo swoosh outwards, [P the forces on the
airplane balanced, it would move in accordance with Newton's first law, in a
straight line at constant speed. Because its velocity vector is changing direction,
even though not changing length, a turning airplane is accelerating. We grant that
this is a particularly simple case of acceleration, but it is acceleration nonetheless,

The second sense (#2), in which “centrifugal force™ is used is as one of the so-
called “pseudoforces™ emploved w describe the motion of an object from the
point of view of a non-inertial frame of reference. This was discussed earlier in
the performance preliminaries chapter (Chapter 3), 1

MNewton's laws of motion are only valid in an inertial frame of reference, ong
moving uniformby (and therefore not rotating) with respect to “the fixed stars’®
For the purpases of this discussion let us ignore the rotation and revolution of the
Earth and take it to be an approximately inertial frame. For amall-scale move-
ments—such as the turning airplane—that approximation is sufficiently valid.
While riding on a {noninertial} merry-go-round, the ticket booth underpoes all
sorts of gyrations, [rom our point of view, even though there are no unbalanced
forces on the booth. A beetle stuck in the tread of a hike tire similarly sees a
viclently accelerating outside world which, again, is undergoing no such external
forces. The turning airplane, because it is moving not in a straight line and 8
rotating (vawing), 15 yet another noninertial frame,

The detailed physics of rotating coordinate systems would lead us too far
astray. The simple fact in the uniformly rotating case iz that there are two
peeudoforces—apparent forces that explain the motions of object seen from non-
inertial ~ frames—the  outwards-from-the-axis  centrifugal  force of size
mb*{R = mRo* and the somewhat more complex Coriolis force. These are
essentially cancellations of apparent motions of objects, motions that are in fact
due to the rotation of the noninertial frame itself The rotating frame is not
subjectad to either pseudoforce; instead, those are “forces” on orker objecis,
viewed with respect to the noninertial frame.
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«Now just a minute!” you might reasonably exclaim at our discarding the
peality of the eentrifugal force, “When I'm driving my car, with my sunglasscs
resting on the smooth. dashboard, and take a curve o the left, what about the
centrifugal {outward) force that sends the glasses sliding to the right?” The
explanation is that, in this case, the turming car is providing the frame of reference
and the sunglasses are another object whose motion is o be deseribed by an
ahserver fixed in that noninertial frame. The observer sees a pseudoforce acting
on the glasses. In an inertial frame (say the Earth) the description is quite
different: the glasses did naf move toward the outside of the curve! As seen by an
jinertial) hawk hovering overhead, the glasses moved to the inside, though not as
speedily as the car did. Even if the dashboard were completely frictionless, the
glasses would merely have continued in a straight line (until they hit thg lower
right comer of the windshield, of course). A straight line, that is, with reference 1o
an ineriial frame of reference, which the tuming automobile is certainly not. In
fact the relative motion of the sunglasses and dashboard is most properly
explained by saying that the car was forced (by having the roadway push on
the tires, which pushed on the ankle bone, which pushed on. .. ete.) until the
dashboard was pushed toward the inside of the turn and slid beneath the
sunglasses. The glasses, if we ignore all friction for a moment, just kept going
straight, as does anything when there is no net foree on it

Whether one uses “centrifugal force™ in sense #1 or #2, there is no centrifugal
force or even centrifugal pseudoforce acting on the wrning airplane. A physics
professor (and private pilot) at the University of Texas at Austin, Fritz de Wette,
has for some years tried to politely disabuse the FAA of their faulty notion of
centrifugal force, To no avail.

Coordinated, Slipped, and Skidded Turns

A coordinated turn is one in which the airplane is pointed (relative to the air
mass) in the same direction it is moving. A centered inclinometer (or urn-and-
bank indicator) ball shows the pilot that he or she is flying a coordinated mm. If
you fly a 360 deg circle, coordinated, yvou must also yaw 360 deg_ 1f you yaw less
quickly than vour center of mass turns, you are slipping and the ball goes to the
low side; if you yaw more quickly than you turn, you are skidding and the ball
goes to the high side, to the outside of the mrn. When you slip on final approach,
o counter a crosswind, you use opposite rudder to prevent the airplane from
vawing, When you polish a mirror high on the wall, to take another example, the
center of your hand {and the polishing cloth) moves in a circle, but your fingers
remain pointing primarily upwards, hardly vawing at all.

Ta correct a slipping turn, bank less or use rudder to yaw faster. Or speed up.
To correct a skidding turn, bank more or use less rudder. Or slow down. A
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spoonful of rudder, more or less, is the usual preseription. Uliralight airplaneg
give wonderful demonstrations of turming problems, including a separate secongd-

ary serodynamic effect, “adverse yaw.” It seems the smaller the airplane, the

harder to fly. But, to a point, the better to leam in,

We can use the centrifugal pseudoforce to analyze the inclinometer’s behayi
For simplicity, replace the usual inclinometer—a ball in a fluid-filled arc-sha
race—by a bead constrined to slide (without friction) on a wire circle (see Fig,
&.5). The plane of the wire circle is perpendicular to the long axis of the airplane,

stahilized, has stopped sliding along the wine loop, the components of forces 2
and 3) along the directions tangent to the wire are of equal size but opposit

directed. For simplicity, focusing on accelerations instead of forces, we
have

e sinfl = (R +r sin O’ cosd {E.lsj

(Rersing) w’cosh

Figure B5  Acceleraticns on the inclinometer ball as seen from the rotating frame of
reference of the airplane,
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We can ignore rsin i, tiny compared to tum radius K. We then have, I’hr the
inclinometer, the relation [essentially the same as Eq. (8.12) moved to this new
context]:

P
P g (8.16)
For the airplane in a coordinated turn [via Eq. (8.12) and (8.13)], we know that
2
"¢ 8.17
R tand e
where @, is the coordinated turm (therefore, yaw) rate and ¢ is the aircraft bank
angle. Saying the inclinometer ball is “centered” means 8 = ¢. But, from Egs.
{8.16) and (8.17), this can only be true if & = ..

A bit farther down this path, we can see how to use the inclinometer as an
ersatz “relative yaw™ indicator, an instrument telling us what our actual yaw rate
is compared to the yaw rate proper for a coordinated tum (see Figs. £.6 and £.7).
From Eqs. (8.16) and (8.17) we see that

o _ fan8  fanio+o
m, \tang V| tang

(8.18)

where ¢ is the angle by which the ball is above being centered. After a little

migonometry,
tan &
(128

(1 = tan ¢ tan )

(3.19)

Figure §.6 gives us a feeling for the workings of our new instrument. Let us
calculate a sample point.

Example 82 Figure 8.6 is based on an airplane slipping or skidding off its
coordinated turn at 100 KTAS (168.8 fi/s) banked 30 deg; the corresponding turn
mmdivs is R =15341fi and the coordinated tum or yaw mte is o =
0.110 rad/s = 6.31 deg/s. Assume the airplane is skidding its wrn so that the
inclinometer is 15 deg to the outside. That makes the actual tum rate, by Eq.
(8.19), @ = 8.30 deg/s and the excess yaw rate @ — o, = 1.99 deg/s, a 31.5%
relative erpor.

Using a binomial expansion on Eq. (8.19) somewhat lincarizes and certainly
simplifies. The result for relative excess yaw rate is
m—e , tane

m sin 2¢b

c

(8.20)
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Figure 86  The inclinometer makes a passable "sxcess yaw rate” ingtrument.
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Figure 8.1 The inclinometer gets progressively less sensitive 1o @XCRES yaw raje as
bank angles approach 45 deg; it regains sensitivity beyond that angle.

Maneuvering Performance 249

Ome can see from Fig. 8.6 that this approximation is a fairly close one. So if we
geep in mind that the RHS of Eq. (8.20) is odd in inclinometer (off-coordinated)
defiection angle €, and cut the range down to a reasonable 20 deg, we get a chart
useful for a much wider range of bank angles (sec Fig. 8.7). Because the sine
funetion is symmetne about 90 deg, the RHS of Eq. (8.20), with its double-angle
denominator, is symmetric about 45 deg.

Structural Limits in Level Turns

Even though our study is aireraft performance, not design, and almost exclusively
steady unaccelerated performance, not aerobatic, we must touch on the V-n
diagram if only to enhance our awareness of technical culture. -n diagra“lms ar_e
plots of load factor # (no relation to propeller revolutions per second) against air
speed ¥ with legal or manufacturer-determined structural and ultimate limits
shown. Load factor is

1
cos

A typical graph looks like Fig. 8.8, Since load factor limits are as much legal
gnd bureaucratic limits as they are technical ones, there are ancillary provisos and
much small print. One major restriction is that we are talking only about loads
impressed in the lift directions (both upright and inverted). Maneuvers that

(8.21)

L
H —
W

B

Structural failure f&ﬂ\lmata} limits

Load Factor n

Agradynamic (stall) limits
0 20 40 60 80 100 120 140 160 180

KCAS
Figure 8.8 V-n dizgram for a Cessna 172 a1 24001hE, Saps up.
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include rolling have further and more stringent limits, A second restriction is th !
ardinarily, a diagram is drawn for only one gross weight and one flaps ]
uration; one must create diagrams for the other cases. Figure 8.8, for inst:
only for the Cessna 172 at 2400 Ibf with flaps up. ¥, is the “never exceed speed
here 152 KCAS. The major limit depicted is the positive structural load limit, [
acceleration terms, this is 3.8g. This limit is related to the maximum level gy
bank angle (74.7 deg) the airplane can sustain without damage, :

Figure 8.9 narrows focus, in one sense, to only positive limits, starting up frop
the wings level stall limits (L = W, or » = 1), but enlarges the ¥-n concentus
picture by including two weights and two flaps configurations. Maneuve ing
speeds ¥ are those at which the acrodynamic (stall) limit curve meets
structural damage limit line. ]

A F-n diagram is often loaded down with further information: design cruising
speed V. design diving speed Fy, and gust load factor lines for those speeds, For
details, see Roskam and Lan.” The F-n diagram does implicitly include banlk
angle information, since » = 1/ cos ¢, but not in an easy-to-use format, Later in
this chapter, we introduce “steady maneuvering charts,” in appearance somewh t
like “doghouse™ plots used to describe fighter aircraft turn performance, which
contain much more information on an airplane’s maneuvering capabilities at g
given weight and altitude.

For maneuvering performance information, one cannot rely exclusively or e en
very much on the Fon diagram. Its basic flaw is that it does not incorpo ate
information about the aircraft power plant—in our case, engine and propeller—

5
1800# stalls:
flaps 0
4 B g L an=38
e Hapsdo ™o, structural damags limits
= d ds
N o dedeebs -==='n=30
& 24004 stalls:
-
g = l,." F) -, ]
E 5 LA flaps O |
5 “faps 40
.-" [
e
| o maneuvenng spesds Vg |
bﬂ Ak flaps up: u ¥ne
n=1 (bank 0) stall speeds  flaps down: d +
1]

20 40 60 B0 100 120 140 160 180

KCAS

Figure 8.9 Zooming in on the upper right pertion of a V-n diagram.,

are thrust
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in the general aviation case, most of the airplanes’ mancuvering gpabilities
limited. While it may be true (see any of the following 5t!.':|f|1y
avering charts) that the point on the VF-n diagram deilini:nglmaneuvelrmg
d V,—where banked stall speed meets structural load limit line- pl!:lvlq.:’ues
ﬁmu:“ turn rate and minimum tumn radius for fevel flight, general aviation
“?H.mﬁ cannat maintzin level flight at such ecxtreme bark angles. So that
:::.:iiic:axiun is somewhat empty. Because of the largat number :?F variables
- olved, maneuvering performance is a traditionally duli'ﬁculll, S}Ib_]WL So, to
1}11: extent possible, using the bootstrap approach, let us simplify it

Extension of Bootstrap Approach to Steady Full-Throttle
Maneuvering Flight

In wings-level, constant-altitude unaccelerated flight to our ﬂppro}r_.imatlun (no
off-axis thrust component), lift L is equal to weight #. When ﬂic pilat wanis to
turn the airplane, he or she banks to some angle ¢, tilting the lif vector mra.rds
the desired direction. To maintain altiude, the pilot also appl_lr:s sufficient
backetick, enlarging the vertical component of lift, to balance weight. Beqaus_e
inereased lift means increased induced drag, the pilot must also add power if air
speed is to be held constant, " h

As mentioned, this additional induced drag while turning leads to the unl.jr
maodification of the wings-level bootstrap approach required to encompass quasi-
steady-stale maneuvering flight*

HI0)

e (8.22)

H=H{0) = H{p) =

The zero in parentheses denotes a value for unbanked, wings-level flight. For
most (not all) intents and purposes, banking to angle ¢ is tantamount to
increasing gross weight from W to W/ cos ¢. Using Eq. (8.22) in the defining
relations for bootstrap approach § speeds shows that banking transforms several
such speeds precisely as it does the stall speed:

Fs /b jmd (0) 223
Fe, il 1 =_‘: { . }
x| h;,nf(¢) V"L"'HS )
where the wings-level stall speed is given by
[ e o | e
g i
ro(0) = 2W cosy . 2w (8.24)
PSCrpax P
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For our sample Cessna with flaps up, Cp,,.. = 1.54. F,{0), ¥ie(0), and ¥, ,(0)
are given by

oW

o= (T22) = Rrop (5.25)
T3 ey

V,,gm}=(T) = U(0) (8.26)

14 14
Val0) = (%) - (ﬁ}) < 0.7598 ¥, (0) (827)

Figure 8.10 shows the effect, at two sample altitudes, that banking has an
speeds for best angle and for best rate of climb. ¥, and ¥, curves cross at the
condition for banked absolute ceiling,

Speeds for best rate of climb and minimum or maximum level flight are
somewhat more complicated. In the banked case, those three F speeds are:

Faepulih) = \,I'LE i E: ; (il \{ —g + .,.I'%: + R{d) (8.28)

T — r
’1{¢1=J E-JE=DKHW) _ | 0, [0 Ri$) (829)

6K Supilidag 3
110
Wy, 12,000 ft
b
Macdrmurm level
100 bank, 12,000 ft

Vy, 12,000 f

"ulrx H.I"H:I u'y'. KTAS

70 Yy MSL BMaximurn leval
Vi, MBL | Dank, MSL
&0
li] 10 20 an 40 50 &0 70

Bank Angle &, deg
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They now depend, instead of simply on R = R(D) as in our wings-level
formulation, on

R(O)

Rid) = e

(8.30)

As is shown in Fig. 8.10, ¥, is affected more by banking than is V. That is
because V, depends on excess thrust and induced drag drops off faster. with
increasing air speed, than does the induced power responsible for the speed
dependence of V. \

Figure 811 shows the dependence of minimum and maximum level flight
speeds and stall speed on bank angle at two different altitudes, :

Banked forms for rate and angle of climb are arrived at simply by substituting
Hi#) for H =H(0) in the equations for the wings-level versions of those
quantitics. The hanked versions are given below as Eqs. (8.37) and (8.41).
Figures .12 and 8.13 show the speed dependence of rate and angle of climb, at
mean sea level (MSL), for four specific bank angles. Cutoffs on the left portions
of those eight graphs are due to impending stall speeds.

140
W, MSL
120 R
Vg, 12,000 f
w
AT R T, 7
g __'3"""1. f:-
= Vi, 12,000 ft , i
= G -
. 80 Vmd2000r_ . Y )
- = :._-r 1 _ﬁ" /
E‘ m__‘-:-r_‘:'_:""l' ---.#_l-r:/
= i LIS 2 Ll Vg, MSL
.'-ll'
40 _..-""'-i.
Vi, MSL
20
a 10 20 30 40 50 60 70

Bank Angle ¢, deg

Figure 8.10  Speeds for best rate of climb and best angle of climb cross at the maxi- Figure 8.11 Omly at relatively high altitudes is minimam speed for level flight higher
mum feasible bank angle for level flight at o given altide. than stall speed for a considerable rangs of aircraft bank angles.
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- % unbanked absolute ceiling, while perhaps a theoretical performance

ark worthy of record, is not attainable. For the airplane at given weight in
. confipuration, there are two numbers invalved: 1) the ceiling figure, a
sity altitude, and 2) the air speed the gireraft requires to stay at that altitude
'{uﬂﬁ it dropped there by some higher-flying entity). The airplane’s banked
ceilings, however, are readily achieved. This is, therefore, 2 much more practical
and interesting set of figures, one for each finite bank angle. The airplane’
fnﬂﬂkﬂd ar unbanked) absolute ceiling is characterized analytically by the graphs

Rate of Climb, ft/min

Bank 56554 dag I“‘u % of power available P, and power required F,, using the possibly banked form of

-400 .l composite parameter H{g), touching at one point. The expression of that
L osculation is that both P, and dP,/d} are zero. Using

W PAd)=F, - FPid)=EV + KV — H{)/ ¥ (B.31)

! L i 80 90 100 110 J
to express that dual condition, one can use elementary methods to (somewhat

cireuitously) derive simple expressions for the required ceiling air speed and
altitude for given gross weight and bank angle:

Vicd W, &) = %[rﬂ (8.32)

KTAS 1
Figure 812 Banked 56.54 deg, this airplanc can fly level at MSL, but cnly at 85 KTAS,

e = 14545701 — a2 (8.3%)
The ceiling relative air density is given in terms of the ceiling power dropoff factor
g4c = (1 = Cibye +C (8.34)

which, in turn, is given by

W
Dl ) = oo/ ~Kalla® (8.35)
In Eq. (8.35). and many following, former subscripts zero have been changed to
subscripts B for “ base case™; zeros have been conscripted to denote wings-level-flight.

To get a clear physical picture of what is going on, one can sketch graphs
like Figs. §.12 and 8.13. Figure 8.12 plots rate of climb apainst air speed for a
Cessna 172 (weight 24001bf, flaps up, at MSL) for four bank angle values.
Unbanked, the airplane has best rate of climb about 700 ft/min at F, about
76 KCAS, When banked 56.54 deg the airplane will descend unless precisely at
85 KCAS. These are, of course, full-throttle graphs. Each graph ends on the lefft at
the corresponding banked stall speed. Figure 8.13 is very similar but features
flight path angle against air speed. Notice that banked values of ¥, are less than
their I, counterparts excepf in the case of the largest bank, at which the airplane
is at absolute banked ceiling even though at sea level,

Time for calculation of an example.

- -
- e i
-t —

4
30 deg

1 45 deg

Flight Path Angle, deg

A L e, ~ N
o e T

-1 g a ¥
-2 Bank 56.54 deg 1

A 60 70 BO 80 100 110 120

KTAS
Figure 8.13 Banked 8854 dedq, thiz aiveraft is atits cailing even though at sea leve].
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Example 83 We found in Chapter 7 (Example 7.8) that our sample
172, wings level and weighing 2400 1bf, had absolute ceiling hoge = 16,18
How much lower would this airplane's absolute ceiling be if it were b

30deg? And what air speed would be required for it to maintain that ceiling? F :

concrete data, we recast former Tables 7.1 and 7.3 as Tables 8.1 and 8.2

To answer these absolute ceiling questions, we can run through Egs. (8,32

#.35) in reverse order or we can simply make modifications, due to the bank
angle, to the previous results in Chapter 7. We choose the latter briefer stratopy

Looking at Eq. (8.35} in a relative way gives the useful relation

By, ¢ =0)

b, (W, ¢} = e

Table 8.1  Cessna 1TE bootstrap data plate with items
attached 1o apprepriate aircraft subsystems

Adrerafi
Bootstrap data plate ilem Value Units subaysiem
Wing reference anca, § 174 2 Airframe
Wing aspeen ratio, A4 T.38 Alrframe
Rated MSL torque, M, 3.z fi=lb{ Engine
Abiude dropelT parameter, © o.l2 Engine
Prapeller diameter, o 6.2% fl Propeller
Parsile drg voeflicient, Cry [HRrEi Airframe
Adirplane efficiency Ector, ¢ 072 Airframe
Propeller polar slope, m 1.7 Propeller
Propeller polar inlercept, & —(LDG6d Fropelles

Table 8.2 Booieirap cemposite numbers and cperational
variables, two cages

Variahle or
campasite Base case, W, and MSL W Wy = (.75, 8000 f

W 2400 Ibf = B, 1804 bl = W
3 1 075642

W) 1 0.75684

E 5319 =& 4026

F =S8 = Fy — 041 142
s DMTES16 = 00 0.00641142

H 1,668,533 = H, 1,154,062

K —(D128684 = Ky =(0.H101305
o —41,270.6 = &y —10,7384

& — 125460301 = &y —117, 868,335
w 118,064,595 = L 198,538,940
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In our case, this means @O (¢ = 30 deg) = Dy (h = 0 deg)/ cos 30 deg =
{1.5515,/0.8660 = 0.6368. That implies [Eq. (8.34)] that a,c(d = 30 deg) =
0.6804, which implies in turn [Eq. (8.33)] that & (¢ = 30 deg) = 12,582 f.
The nu'ingS'|c‘-'¢1 results mcluded o~ = 06052 and hﬂ, = 16,184 fi.

Banking the airplane at some density altitude k, is equivalent to dragging the
ceiling down tewards that altitude. Bank it enough, and the absolute banked
ceiling descends onto the aircraft or even, temporarily, slides beneath it. When
our sample Cessna banked 30 deg, its absolute ceiling was reduced from 16,184
tp 12,582 ft. If the airplane is at density altitude 12,582 &, it can certainly bank
mare than 30deg, but when it does so its full-throttle best climb angle and rate go
negative: the aireraft descends to stabilize at a new and even lower banked ceiling.
Each such ceiling of course requires the specific air speed given by Eq. (8.32). To
maintain alutude, our wings-level Cessna at absolute celling 16,184 ft must fly at
63.2 KCAS; banked 30deg at absolute banked ceiling 12,582 ft, it must fly at
679 KCAS, Both speeds are the pertinent speeds for best angle of climb
VAW, ) which, in the bootstrap approach and expressed in calibrated (more
accurately, equivalent) terms, are independent of density altitude,

I is instructive to investigate the range of urning possibilitizs with this aircrafi
at its service ceiling (i, = 100 ft/min, at the appropriate ¥,). By trial and error
on h, using

P.(V) _ EV +KV* - H($)/V
Tty W

ROC(V)=h(F)= (8.37)

the maximum gross weight service ceiling is found to be 13,773 ft, with
corresponding F, = 80.4 KTAS. The maximum possible bank angle, before
one starts down, turns out to be only 24.86 deg, at 82.0 KTAS, with tum radios
R = 1285 fi. The mindremn radivs turm at this alttude, however (using techniques
developed in the third section following), 15 # = 1165 ft at 744 KTAS (about
8kn above the 66.2 KTAS banked stall speed), banked 22.8 deg. This aircraft, if
in the straitened circumstance of a narrowing canyon, is about to preclude the
possibility of terning towards lowering terrain. Such circumstances cause some
general aviation mountain flying accidents and provide a pood reason for using
steady maneuvering charts. An example of restricted turn capability at high
allitude will appear below. Figure 8.14 shows banked absolute ceilings and
ceiling air speeds for bank angles up to 60 deg for two aircraft weights.

Let us mow consider weight W and density altitude h, as given and inquire into
the corresponding maximum permissible level-flight bank angle and ceiling
speed. First, Eq. (8.33) is inverted 1o give

-ﬁ'p_-il:‘ 4.15635
o (1 ’ m) (8.38)




258 John T Lowry

25x10 Cailing, 2000 Ibf
y,
sof=e=im. .
= -
o
_,E 18 \1
% 10| Celing, 2400 ot
c Vac. 2400 Ibf
E 5 ; i
o s
E 0
T
% -3 ...-----.-l"""-
55 Vacs, 2000 Ibf
-10

Bank Angle, deg

Figure B.14 The two important banked ceiling numbars, the ceiling density altity
and ¥, required fo maintain level flight, for two aircraft gross wedghts,

with 0~ then given by

=Yg

Using Eq. (8.22) in the osculation condition, Eg. (8.31), then tells us 1]1&

maximum bank angle for level Night at this altitude is

S =

E

79
0D 5 10 165 20 25 30 35 40 45 50 55 60

(8.40)

The corresponding ceiling air speed is given by the same Eq. (8.32) as before.
These ceiling manipulations show how easy bootstrap calculations are when one
uses composile parameters and how intuitive the “hanked absolute ceiling™

coneept soon becomes,

Steady Maneuvering Charts

A sufficiently complete set of steady maneuvering charts (see Figs. 8.15 through
8.21 for Ex.ampll:s]l might consist of a dozen or so individual charts for both radius
# and turning rate w outputs: charts perhaps for a1l the combinations of two Zross

Load Factor Limit
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Figure 815  Turnradins maneuvering chart for a Cessna 172, MSL, 24004, flapa up.
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weights, three density altitudes, and two flaps/gear configurations. A practical
minimal st of six charts might span only two weights and three density altimdes,
Because maneuvering possibilities are enhanced by power, at least for low-
rmance aircraft, these will be full-throttle charts. Because the bootstrap
roach is a variant of the vencrable power-available/power-required analysis,
the small flight path angle is assumed. This means there are small errors (beyond
any of the lincarized propeller polar itsell) in all of the graphs making up the
chart. But if one iterates, using

E + KV2 = HJP?
;] (8.41)

. Sy
WP = sin IFZSLH [ 7
gelectively for the flight path angle, one finds the errors practically negligible
except at extreme descent rates one would never use for steady turns,

The twa outputs of interest are given by the standard formulas

(8.42)

_£ woj (8.43)

It is clear from Eqs. (8.42) and (8.43) that desirable mancuvering character-
istics—small ® and large eo—both result from small values of I and large values
af ¢ but, as usual in acronautical work, the devil is in the details. And it is
precisely those details that the steady maneuvering charis are designed to
elucidate. These chars employ essentially the same independent variables,
and ¢, as the more common F-n (sometimes F-g) diagrams, but their use is much
difterent. The V-n diagram describes the flight envelope predominantly i terms
of quick control inputs, stalls, load factor limits, and the never-exceed speed. It
includes negative-g (or invened flight) possibilities. Quick noncontrol inputs
from gusts are often overlaid on the F-n diagram. Qur charls, on the contrary,
consider only quasi-steady-state maneuvering, steady turns. Though the load
factor limit is included, it is hardly ever of scrious concemn when using a steady
maneuvering chart,

Before using either of the steady maneuvering charts, one should answer two
questioms: 1) How close to the stall is one willing to venture? and 2) How large a
descent rate can one live with? If the answers are, respectively, Skn and
250 ft/min, then at MSL in our sample aircraft Figs. 8.15 and 8.17 provide a
i radins of sbout 3101t and a turning rate of about 25 deg/s, each at about
T8 KTAS banked about 60 deg. If the airplane is up at 12,000 fi, however, Figs.
.16 and 8.18 provide a trn radius of about 560 ft and a tuming rate of about
14 dep/s, each at about 77 KTAS and banked about 44 deg.

Notice that if level tums were prescribed at 12,0001, then the pilot will get
minimum turn radies and maximum wming rate ot speeds greater than the
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I banked stall speed. At higher altitudes, the curves of constant climb or deg

rate have emerged from behind the limb of the banked stall curve, Also not
that the standard “maneuvering speed” important in rough air, the speed at whicl
the hanked stall curve crosses the load factor limit, is here too large {1
to be of significance for steady tums. High-performance aircrait may very i
enter 4 turn with such excess speed (above the stall) that slowing down to enhane
wm performance is a viable option. For tuming low-performance aireraf
however, the inevitable slowing due to increased induced drag is all they ea
afford.

To construct steady maneuvering charts for a specific airplane, one must ha
the nine bootstrap parameters for the desired flaps/gear configuration plus th
appropriate positive g limit and Cy,.,,,. The procedure for getting the four harde
to-get parameters (Cpg, €, i, and b) was given in Chapter 7. Next a parfieyla
weight and density altitude are selected. The following five different kinds of
curves can then be drawn. |

5) Curves of constant turning rate m—inverting Eq. (8.43) (and now using
purming rate o in degys)

b=t ! [’l‘g"ug] (8.49)

several of these curves (depending on whether one uses true or calibrated air
specds) do not vary with density attitude, Therefore, it does not take a great deal
of effort to construct a set of sleady maneuver charts for a given airplane,

A Cautionary Tale: Fatal High-Altfitude Turn

To illustrate the trouble one can get into by overbanking a thrust-limited airplane
at high altitude and the way the steady mancuvering chart can be used in this
sirpation, we relate this (apocryphal) story of Bill and Bob.

Bill and Bob were “goldam flatlanders” who flew their Cessna | T2 out West to
see the Rockies and fish and have fun. Their first night in Colorado they camped
under the wing at a small airport at a moderate 6000-ft elevation. After a good
night's sleep and a leisurely brunch, carly the next afterncon they loaded up,
topped off, and decided to spend an exploratory hour flying up a broad U-shaped
side canyon which, according to the chart, terminated at a 14,000-ft ridge. They
did not make it back. The wreckage was found by an elk hunter that fall, rolled up
bencath the trees on the side of the canyon at 13,000 ft. It had all seemed innocent
enough. What hed gone wrong?

Figure 8.19 is for the Cessna 172 at maxinmum gross weight at the service
ceiling, caleulated to be iy = 13,773 ft for this particular airplane. Under those
conditions, the airplane’s speed for its 100fi/min best rate of climb is
Fige = BO.LKTAS. Figure 8.20 enlarges the important portion of Fig. 8.19 and
marks several important points on it There we pick up Bill's Cessna, wings level
at full throtle, doggedly climbing slowly but steadily up the camyon. Bob is
leoking down at the rocks and sparse trees below, Finally he 1ells Bill the ground
i geting closer, By that he means the rocks are getting suncom/fortably closer. Bill
prudently decides it is time to turn around. First he banks left 30 deg, moving the
airplane’s state (Fig. 8.20) straight up from the barely visible tip of the 100 fi/min
curve, at S0 KTAS, to point X. Then Bill notices he is descending a little—not at
all stalled, just descending—so he adds a little backstick.

Bill is not used to this high altitude. He also does not realize (lack of
performance knowladge, or perhaps preoccupation) that he has gone above his
absolute ceiling for 30deg of bank. By adding angle of attack {(ADA) with
p2 backsrick, induced drag increases and the airplane slows down. On Fig. 8.20, it
dp =tan™" [E_] (8.48) slides straight left from peint X. The turn radius thereby decreases a little, true,

R but the descent rate gets worse. So he adds a bit more backstick. As the steady

I} Load factor limit—for the Cessna 172 normal category airplane, the flap
up flight load factor limit is 3.8g, That means !

L Weosy .
= — =18

oot Bl —
W W cosd eosdg

independent of V. The limiting bank is then
Bution = €05~ (1/3.8) = 74.74 dog
2} The banked {and padded) stall limit—using Egs. (8.23) and (%.24), allowing

for the pad AS—we normally suggest about 5KCAS for this
mverting,

Psqas = co5~' il )
PSC s (Vs () — AS)

3) Curves of constant climb or descent rate—using Eq. (8.22) in Eq. (8.37),
and solving (using rate of climb & in fi/min) !

] H(0)

VIE + KV?) — WiV /60

Py = cos

4) Curves of constant tum radius R—inverting Eq. (8.42)
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maneuvering chart makes clear, there is only one place this sad scenario can o
at point Y in a full-power stall.

What should he have done? He should have applied one or more proverhis
ounce of prevention:

fui not always. At higher altitudes, the analytic optima may prevail, We now
ste ane of them, speed for minimum-radius level wm Ve g and display the

othes. which arc derived similarly. From Eq. (8.41), because the tumn is level

(= {1}, we have

¢ Take some gualified mountain flying instruction:

e Buy a higher-performance airplane;

o Circle early 1o maximum necessary altitude (say 14,000 ft), then fly o g
head of the canyon, wrm around, and come downhill, towards loweripe

E+KV —H(@$)/V* =0 (8.50)

Use the facts that H(g)= H(0)/cos’ ¢ and that 1/cos’ = sect i =
| 4 tan® &, we can get an expression for tan ¢ in terms of air speed ¥

terrain; or W
o Reduce gross weight; leave all excess (nonsurvival) pear in camp. tan ¢ = \'HW‘ 1 (8.51)

But once caught up in their high-altitnde situation, and not able to afford o g
much altitude—after all, that is what prompted the turnaround—Bill should ha
banked only about 23 deg and slowed aboul 6 kn true, going to point Z on Fj

Then we can use the standard turning relation, Eq. (8.42), to write

2 x
8.20. The disadvantage of point Z is that the um radius is fairly large, abao) R= ¥ :.;,—._. (8.52)
1200 fi. Almost 0.5-statute mile wrn diameter. If the canyon had narrowed to less g tng Ifﬁ'ff’d T
than that, there is essentially nothing Bill and Bob could have done in £1||| H{

airplane except make a precautionary landing onto the smoothest site a
They certainly did not have enough air speed for a fancy wing-over AT

But expecting an ordinary pilot w have the experience and information to hank
just so far but no farther and to slow just so much but not slower, 15 unre:
The hetter moral reads: aveid high altitude mancuvering in low-performan
airplanes. Use the bootstrap steady maneuvering chart to learn where and how
your girplane can safely maneuver and where it cannot. '

Now it is just a matter of taking the derivative of the RHS of Eq. (8.52) with
respect 1o I, setting that equal to zero, and solving to find the speed for the
optimum (smallest) radius turm:

2H(0)
min i = _E'_

(8.53)

Similar manipulations, starting from the expression for the minimum level
flight speed, Eq. (8.28), result in an expression for the proper bank angle for that

shortest-radius turm:
Minimum Radius and Maximum Rate Level Turns npdd. 4
400

‘:hmink = m'“_l I‘IIJI o K-Q"" {8-54]

which shows, becanse the radicand is less than unity, that @, is always less
than 43 deg,
The search for inputs giving maximum turning rate also gives fairly simple

results
g
@M” = tpn_l - — Q'llllllﬁ {3.55}

_Heoy
%

As representative of the standard piston-propeller maneuvering theory we (ake
formulas derived by Hale,® also cited by Adamson,” for level (thrust equals drag)
turns, Similar formulas are treated, somewhal more extensively and with T
approximations, by Miele.” Those authors express the variables of interest, £
i, in terms of the load factor # (standing in for bank angle ¢) and air speed ¥, To
find optima, they differentiste those expressions with respect to ¥, sct those
derivatives equal to zero, and solve, With functions of two variables, one cannal
in general be ensured of successfully using that single-variable procedure to find
relative minima or maxima. Kaplan® has a clear and simple eounterexample.
Because their resulting expressions are complicated, Hale and Adamson also
make warmanted discards of small terms. After that work and those approximas
tions, results are to be taken as only indicative because their calculated air speeds
for optimal turns are considerably below associated banked stall speeds. That 18
also often the case when using our alternative caleulation procedure.

angd

max 4

= F,(0) (8.56)
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Table 8.3 Optimum level turns in

standard and booistrap approaches speed propeller airplanes take considerably less flight test and calcula-

] tant-
g Not with the bootstrap approach, where there are formulas for almost

..‘,m] Hme.

Value for - Standard Bootstrap thing about the fixcd-pitch type but where one has to use the general
aplirmm approach approach ;&ria‘tiﬂ“ gcnﬂm] pmpg]]e[ chart for higheﬁpnwcrcd airplanes with constant-speed
Vi 43TKTAS  6R.BKTAS cliers. Nonetheless, we now run through a case using the constant-speed
e Gesna 152

;:; :;:3;?5 :f’E;i:M Example 8.5 Table 8.4 isa samplle hootstrap dgla plate for I!Il: airplane. Thcm
Ol 167degs &5 deg/s will be some differences in the details, but the basic serodynamics approach is the

same as for fixed-pitch airplanes.
put our sample Cessna 182 initially at density altitude 10,000 f, weight

310016, cruising at 2300 rpm with 19 in. MAF. The Cessna Model R182 POH
¢ruise performance table for that altitude, entered with this engine speed and
manifold pressure, says we can expect 63% BHP, 148 KTAS, and 11.4 gph fuel
consumption rate. We do not care about those last two numbers because 1) this is
going to be a short maneuver and 2) our airplane is draggier than the POH
archetype so we will use our BDP data for drag.
Mot many Cessna 1825 go on bombing runs, but let us bank this one 30 deg
and push over to a moderate 150 KCAS. We leave the throttle and propeller speed
B ] control unchanged, What will the descent rate and turn radius be under these
3 x 550npSned(hp) (8.58) gircumstances? ; it
The turn radius is not much of a problem. We do need true air specd in British
engineering  units. Because 10,000f corresponds o o = 0.7385, we sec
150 KCAS is equivalent 10 17435KTAS or 294.6ft/s. Equation (8.12) then
straightway [actually, it would be more accurate to first find the flight path
angle and correct Eq. (8.12) or (8.42) with a cosy in the denominator] gives us
R=4672 fi.

Subseripts min R and max e must be int i isi
erpreted in a provisional sense. To gpa
whether the banked stall speed is higher, and therefore overriding, the appropriy
steady maneuvering chart, or an ancillary calculation, must he consulted.
The corresponding approximations due to Hale® are

B g = 30 deg {8.57
independent of weight or altitude, and :

min@ =

His 550hp is our ordinary (British engineering units) brake power P, Eg
maximum wming rate, Hale uses b
¢m: =45 deg 1
A8 42 3
= Sovosragii ™5 Voing (8.60
350npSned(hp) 2

ATHLN fra

Example 8.4 Table 83 compares those formulas of Hale with ours for the
sample Cessna 172, flaps up, at 12,0001t at maximum gross weight W '

24001bf. Both standard approach optimum speeds are less than the actua Table 8.4  Sample bootstrap data plate (Cessna 168)

:J?nhke?lstall speeds and so are not operationally feasible. For this relatively T

'I::':E i t:Jud; “'::;' bootstrap approach results, on the other hand, are greater thar Haoistrap data plaie jiem Valus Units  subsystem
e actual banked stall speeds ; . :

peeds and are therefore realistic. Wing reference area, § 174 fi? Alrframe

Wing aspect rutio, A 7448 Airframe

Rated MSL pawer, Palll = 1) 235 hg Engine

Turn Performance of Constant-Speed Propeller Abtitude dropoff factor, © 0.12 Engine
lhphm Propeller diameter, o [i%.£] ft Propeller
Pamsite drag eoeffleient, Cpy, 002874 Airframe
P ', Airplane :ﬁ'l;i:n.ty factor, & 0.72 Ajrframe
mfmlﬂm}l performance test pilots tell the author that, of the two types o Towal aesivity factor 195.9 Propeller
propeller airplanes, it is the lixed-pitch ones that are the more problematical, that Fuselage, propeller dinmeter, 7 01,688 Propeller
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The descent rate is given by
nP— Dy
H’
Drag D will come from the usual bootstrap formulas, using Hig)
H{(30 deg), but propeller efficiency y is quite a bit more problematical, [t '
us back to the section on constant-speed airplanes and to the propeller thy
chapter (Chapter &) for the general aviation general propeller chart. The

several steps.

£
b == =
W

1) Power adjustment factor X comes from the propeller total activity
(TAF). For TAF = 195.9, X = (.2088%.

2) To pet propeller power coefficient Cp we use power
0.63 = 235 x 550 = 81,427 fi-Ibf /s, air density p = 0.001755 shigs/
engine speed n = 2300/60 = 38.33 rps, and the propeller dig
683 1 We find Cp = 0.0554 and that Cp/X = 0.2653. This last ig
af two numbers with which we use the general aviation general p
chart. !

3) The other is J/C,”. Advance ratio J = ¥ /nd = 1.125, so J/CL* = 2.

4) With these last two, we use the Chart to find that our provisional propul
cfficiency is approximately 0.720.

5) There is more. The slowdown efficiency factor (SDEF) for this
airplane, corresponding to its Z = (L688, is 0.910. So the final estimate o
propulsive efficiency i8 5 = 0.91 » 0.720 = 0.655.

6) Drag, from the usual bootstrap formula—not forgetting the fact
cos” = 0.75 in the denominator of the induced drag term—tumns o
be 438.2 Ibf. _

Ty From Eq. (8.61), finally, the descent rate s & = —24.44 fifa:
—1466 fpm. The flight path angle is 7 = —4.76 deg and the tm rate i
= (L0631 rad/s = 3.61 deg/s. Not terribly dramatic. Less a bombing nu
than just a proper response to air traffic control’s request w “expedite your
descent.”

To economically produce steady maneuvering charts for constant-s

propeller airplanes, one needs a camputer version of the general aviation ge
prapeller chart. There is one and Fig. 8.21 is an example of a steady maneuverinj
chart taken from it. But there still remains the fact that these zirplanes have a
extta “degree of freedom™ in their propulsion controls—the propeller s
control—which must be taken into account. That is essentially why, in the
hootstmap approach, fixed-pitch airplanes are simpler. But predicting maneuvering
performance for either type is quite manageable,
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downwind tum is simply one in which the airplane starts off moving into the
- and then turns so as to move with the wind. For simplicity, let us say it
ing directly into the wind then s 180deg w end moving direcily down-

' wind. No problem with that maneuver; it is done all the time. The important part
of our headline is the word “infamous.” That epithet comes about because some
peginning pilots—and even a few experienced ones—believe such a tum is

with danger. Their (incorrect) reasoning is that, in a downwind turn, the

girplane will, unless the pilot takes special cormective action, lose air speed. It will
~ pot. But, 85 in so many controversies, it is instructive 1o look for reasons why
cuch an air speed loss might seem to occur.

Here are the main points bearing on the downwind turn issue:

« Airplanes do tend to slow down, unless one adds throttle, in downwind
mms. But that 15 simply because airplanes tend to slow down in aff tumns,
whether to downwind, upwind, or crosswind. Or in a calm. That deceleration
is strictly from the added induced drag which, in tumn, is due to the increased
AOQA necessary o maintain the vertical lift component at the airplane’s
weight. And perhaps a little from the drag of contrel surfaces deflections. In
addition, when banked, stall speed has increased. But in any case, no
difference between turning from upwind to downwind or the other way.

& This “killer tum”—that is another common description—is dreaded primar-
ily at low altitudes, when maneuvering close to the ground usually in
preparation for landing. It is true that after a turn o downwind, your ground
speed has increased by twice the wind speed. The problem is a perceptual
one: the unwary pilot may translate that undoubted ground speed inerease
into thinking that the air speed has also increased—without checking the air-
speed indicator to verify that it has not—and consequently throttle back.
Unwarranted.

s [f you happen to fly into slackening wind during your turn to downwind
bona fide wind shear—then you certainly may have a problem keeping the
airplane in the air. Your air speed might drop dangerously . . and fast! But
again, not a different problem than you would encounter under the same
circumstances turning to upwind. If you happened to run into a vacuum,

same thing. Practitioners of statistical mechanics say it could happen!

Moving to the positive side, what is the correct reason there is no actual
difference between downwind and upwind tums? The auther hes read several not-
quite-correet, or at least muddy, explanations. One is “When aitborne, you are
tarried with a moving air mass independently of vour movement through it.”
Because, in heavier-than-air crafi we cannot move with an air mass withous
moving through it, that rationalization is unconvincing. The correct explanation
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for the phantasmagaric character of the downwind tumn “problem™ is Aff f
acling on ihe atiplane except for gravity, which does nol change, are
dynamic forces, forces due to the airplane’s relative movement through the
[f—considering the two turns, upwind vs downwind—initial air speeds g

Consider Jennifer, a transcontinental jcl_ flight attendant nf weight .PP:Z mass
o /g slugs. She is walking down the aisle, at speed s relative to the airplane,
" 4 the rear of the cabin, to deliver a copy of Esquire to a passenger. Th-:
me is traveling with ground speed V. Relative to the ground, then, Tennifer
g yas ground speed (¥ —5). And she has initial kinetic energy

idshsidenimlimaaii 0 F o KE, =Lm(V — s = Lm(V? - 2Vs + &) (8.63)
As she gets near the passenger and hands him the magazine, she-_puslws un_u:e

with her foot, with average foree {F) in the airplane’s direction of motion,
over time interval Ar, and reverses her velocity. Ignore the fact that she also pivots
gn that foot 5o she will be able io see where she is going as _s:he retraces her stcps.
Afer her dramatic turnabout, Jennifer has (oppositely directed) speed v with

ct to the airplane and, relative to it, precisely the same Kinetic energy she I_md
pefore. But relative to the ground, with her new ground speed (¥ + ), Jennifer
has final kinetic encrey

KEy = Ym(V +5)* = Lin(F? +2Fs + ) (8.64)

Where Did the Extra Kinetic Energy Come From?

Another conundrum, one related to the infamous downwind turn, is this: relat
to the air mass, an airplane having just made a (constant air speed and leye
downwind turn has not changed its kinetic energy. But relative 1o the E:
because it is now moving faster, it certainly Aas inereased its kinetic etergy! H
can that be? s

Therefore, relative to the ground, Jennifer has pained kinetic energy
KE = KEy — KE| = 2mbs (£.65)

Mat inconsiderable! If she weighs 100 1bf and walks at 4mph in an airplane
going 500 kn, this is an energy gain of 30,777 fi-Ibf = 38,56 btu, aboul the energy
given off by burning 40 kitchen matches (in the requisite air). Not recommended
in flight.

Snglennifer gained no kinetic energy with respect to the airplane but gained
quite a hit of kinetic energy with respect to the Earth. Let us see how we can make
sense of this dichotomy using part of Eq. (8.62). We approximate it as

frame of reference or the air mass frame of reference, wers identical, All of
indeed the case. As often happens in questions of this kind, the difficulty
resolved, miraculously, when one performs a detailed caleulation.,
Which, for the tuming airplane, we will not do here. That is because it w i
take a couple of pages of onerous vector caleulus. But we will give the kerm
the idea. And a simplified one-dimensional calculation that correctly -
turning airplane. The basic idea is that, going back to the aircraft perfi
preliminaries chapter, the change in o body's kinetic energy, if accelert
force F between positions ry and vy, no potential energy change taking pla

_|'JF-dr:m Eﬁu{lr
£ e

a.nz:[F-dr=Jr-vare{F-pm;={u>-ap (8.66)

o

= mJ p-de where Ap is Jennifers momentum change, of size (in either frame) Ap = 2ms and
' directed toward the nose of the airplane.

=1mvi —Limv Taking the time interval Ar, during which she turned around, symmetric about

- :&'E = ,I‘E]_-_‘ lime 1 = (), her velocity with respect to the airplane is an odd function. Taking the
2 1

direction of motion of the airplane as positive, her speed relative to the airplane
went from —s to +5. So her average velocity, relative to the airplane, was zero,
Hence her AKE, relative to the airplane, was also zero.

With respect to the Earth, the situation was much different. She went from
ground speed (F — 5) to speed (F + 5), so that averages out at I, the speed of the
airplane. And her change in kinetic energy, relative to the Earth, and according to
Eq. (8.66), is indeed 2mPs.

To get further insight to the problem—by drawing graphs—one can tske force
Fiz) duning that intervel as some Gaussian blip centersd at r=0, an even

With respect to the Earth-based frame and the air-mass-based frame the force
are indeed cqual, b the displucements are nor equal. As the downwind-
airplane speeds up relative to the Earth, its displacements (say, per second)
and, consequently, its kinctic energy increases. One cannot simply focus on the
forces and nu::gk:v:t the disp]aﬂemmls. Any more than one can, when treating
internal combustion engines, concentrate on gasoline to the exclusion of air. |
takes both. Now let us put some numbers, or at least concrete variables, t0 8
simpler case, one-dimensional and impulsive.
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function. Alternatively, one can get back to the downwind turning airplane, using
the full array of vector notation and the various sine and eosine functions relating
to circular motion, to calculate the details. One will find that a variable downwind
wrn over time r gives the airplane additional kinetic energy, with respect to the
Earth, of amount

AKE() = mFF (]l — cos ) (8.67)

where m is the mass of the airplane, V' its air speed, ¥, the wind speed, and o the
rate of turn., If time interval 7 is the time for a complete circle, Eq. (8.67) gives the
realistic result that K5 = 0}, no turn at all, equals, KE(# = 1), a full circle; both
are zero, And that KE(r = 1/2), a halfcircle to straight downwind, is 2mFF.

Conclusions

The linearized propeller polar or bootstrap approach is easily gencralized fo
encompass maneuvering flight. It gives simple analytic results for the main
variahles of interest: banked {or unbanked) ceiling specifications; turn radius;
turning rate; and specification of conditions needed for optimum level wrns. Our
specifications for optimum short and quick level turns were more realistic than
those suggested by the standard approach and at considerable variance from them.
Steady maneuvering chars for @ mnge of weight and aliitude situations arc fairly
easily constructed, Those provide a graphic display of operational limitations and
suggest optimum safe turning speeds and bank angles for any given situation.
That visual aid is particularly useful for moderately powered trainers, airplanes
that are quite thrust limited at higher aliitudes. General aviation aircraft manu-
facturers should consider including steady maneuvering charts in their pilot
operating handbooks,
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Glide Performance

Introduction

Glide performance—at least the wings level varety—was treated bricfly in
Chapter 7, Introduction to the Bootstrap Approach. But this foray will penetrate
much deeper. Setting thrust T = [ so simplifies the equations of motion for the
airplane that we will be able 1o get “exact™ solutions for flight path angle, rate of
descent, and pertingnt ¥ speads. Or at least more nearly exact, solutions not
taking refuge in the small flight path angle approximation (in which cosy = 1
and lift £ = weight W), And we will be able to see differences (both numerically
and analytically) between “exact™ flight mechanics solutions and the earlier
“small 3" ones. For our peneral aviation aircraft, even most aireraft, differences
are normally slight.

Also, having recently covered tumning mancuvers, we are now able to treat
hanked glides. Wind effects are usually of greater practical imporiance for glides
than for powered Aight. We will consider not only direct headwinds or tailwinds
but also updrafis or downdrafts or combinations (headwinds with downdrafts,
Bte. ).

We shall cover some special maneuvers involving gliding: the terminal velocity
dive, zooms to gain altitude at the expense of air speed (or dives, antizooms, for
the opposite imerchange), and the pliding course reversal (return-to-airport
maneuver) one gy want to consider should his or her engine quit soon after
takeoff.

We shall skip one topic that ofien appears in discussions of glide perfor-
mance—velocity hodographs. Those are graphical representations of aircraft
glide speeds and angles and the way those are related to the airplane’s drag polar.
Hodographs are often touted as a good way to go beyond the small flight path
approximation. But we have at our disposal (quadratic) drag polars, and aero-
dymamic force relations, which let us go 1o beyond that and with more flexibility.

277
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In this computer age, quite a few such older graphical procedures have given way
to analytic or numerical methods,

Mow for a semimajor caveal: the magging problem of the “windmilling®
propeller. In powered aircraft glides—unless the propeller has seized or the pilor
has gone lo some pains to stop its rotation—the propeller will be turming g
different speeds depending on the steepness of the glide. In our treatment we s
simply lump drag from the windmilling propeller into the airplane (parasite)
as a whole. That cannot be entirely correct because steeper glide paths make the
propeller rotate faster and, presumably, extract more energy from the airstream,
More drag, but not necessarily proportional 1o the square of the air speed, If th 3
propeller is not windmilling, for onc of the above reasons, we will have 1 bonus,
lowered drag, The author has not found a satisfactory theoretical solution o the
windmilling propeller conundrum; each published approach he consulted hag
differing techniques and quite widely differing numerical estimates. Experiments.
substantiating a good consistent theory are sorely nceded. The linearized
propeller polar is of little use in this regime. As advance ratio J approaches
the point where thrust coefficient C; goes to zero, the airplane’s polar begins fo
bend away from its straight line approximation. The hootstrap approach is a
performance theary for powered airplanes in the normal flight regime, which this
is not.

On the bright side, relative simplicity of glide performance equations MERNS
that we can fairly easily calculate a wide range of gliding maneavers. But not all
of them. There are three main forks in the road:

¢ "Exact” analytic treatment versus the small flight path angle approximation;
* Banked glides versus wings-level glides; and
s Gilides with wind effects versus those in calm air,

These make for the eight cases, only five of which we shall consider, detailed
in Table 9.1. The double quotes on “exact™ theary are to say that, while that _
theory does not use the small flight path angle approximation, it does have other
rough edges such as the windmilling propeller, We will bypass cases 5 and 7

Takla &.1 Glide situations moat of which will be treated below
Case & Theary Banked /anbankad Wind /calm Treated?
| “Exact™ Banked Calm s

2 “Exact” Wings level Calm s

3 Small y Banked Calm Yes

4 Small 7 Wings level Calm Yes

5 “Exact” Banke:d Wind No

fi “Enact™ Wings level Winmd Mo

7 Small Banked Wind Mo

B Small ¥ Wings level Wind Yes
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pecause of bookkeeping complexity; it is not practical to consider either rapid
speed ch:nges durin: agnJm or to incorporate details of initial and final headings
relative to the wind direction. Nonetheless for a few very necessary -:alcul?-
tions—say for liti gation support purposes—those ca_:aes ccrulf! certainly he dgnc in
oMM AVErREE Sensce, We skip case 6 because “exact” and wind are contradictory;
wind conditions are neither steady enough nor known well m?ugh o prf:lmd to
exactitude. Case 8 will have to substitute. Let us get started with our main result

while we are still fresh.

Banked or Unbanked Glides in “Exact” Theory, No Wind
(Cases land 2)

Gliding Equations of Motion (Exact)

Copied over from Chapter 8, Maneuvering Performance, our ﬁfll (possibly
powered) general aviation force equations are, first parallel to the flight path

T coslz+ap)— 0D =W siny=0 (9.1
then perpendicular to the flight path and in the vertical plane,
L cosd — W cosy+ T sinfe-+ap)=10 (9.2}
and finally perpendicular to the flight path and in the horizontal plane,
g gy (9.3)

Simply setting thrust T to zero, and recalling that now flight path angle y is
negative, we have the corresponding “exact”™ gliding force equations:

D+ W sing =10 (9.4)

Lcosgp— W cosyp=10 (9.5)

Lsinrﬁﬂm:ﬂ (9.6)
E

Acrodynamic forces L and D come to us through their cD-rrcsp-Fmding
coefficients, functions of angle of attack (AOA) «, and the usual quadratic drag

polar:
L=1pV?sC, (9.7

D=1LpVscy (9.8)

ot (9.9)
Cn=0Cr+ =




280  John T Lewry Glide Performance 281

We almost always assume that aerodynamic torques on the airplane have hee
trimmed away. Therefore, we can ignore torque on the airframe and its coefficien
Cy

If, for instance, both p and p are 500 fit, r = 487 i, somewhat less. The relation
perween fli ght path angle 7 and the helix geometric parameters is

siny = ——2— (9.13)

Ji 2
221+ (3,)
Formulas for Flight Path Angle , Rate of Descent k', and Turn

Radius R, Case 1 (Exact)

Put yourself in the cockpit as or alongside the pilot. In unpowered flight, the only
aircraft parameters that matter are W, Cpy (which depends on flaps setting), e '
and & Then there is environmental variable p. Finally, manipulation of

controls leads to the pilot’s choices for air speed I and bank angle . Flight

But in spite of these annoying complications (which we usually Lgnnrf.:), the
ysual relation between flight path, air speed, and descent rate—h" = ¥ siny—
holds exactly. You can see this by unwrapping the flight path from around the
cylinder and flattening it out. . .

Getting back 10 our first required result, the flight path angle y (negative for
glides) must arrange itsell according to Egs. (9.4) and (9.5) augmented by Eqgs.,
(9.7-9.9). Dividing Eq. (9.4) by Eq. (9.5) gives

=0

not immediate, is forthcoming, But first we need a brief tutorial on gliding along a ALEFE L
f L cosd

(9.14)
helical fight path.

tany =

Using Egg, (9.7-9.%) then gives

ey Lo (C_m+i) 9.15)

. sp  cosp \ T A
If your airplane is in a constant-banked glide at steady speed V (ignoring the fa ct g A R e

that a steady fndicated air speed will mean a very slightly decreasing frue aie
spead), its flight path will be a helix wound on some cylinder of radius r.
radius of curvature of the flight path, often called p in calculus texts, is some
greater than r, If w is the yaw rate, it wrns out that ¥ # re and, moreover,
F # pen, The correct relation is:

More Facts About Helical Flight Paths

The middle term of Eg. (9.15), in the unbanked case, is the simple exact
expression commonly serving as backup for the statement that “best glide ;mgl.u
1t Tesults when the airplane’s AOA makes ratio Cp/C; 2 minirpum_.“ At this
point, however, we are interested in finding a general exact cxpression for banked
glides. Solving Eq. (9.7) for C; and using Eq. (9.5), gives us

2K cosy

. _ 20 cosy 9.16
V=, /rpw (9.10) Ci pVE cosd (Fel9)

which, when placed in Eq. (9.15), gives

S o 2W cosy
e oL i i - (9.17)
2Weosy pFlSmedcosie
Multiphying through by cosy and using two standard trigonometric identities,
we get a quadratic equation in sin 7:

so that the correct radius R, in the usval relation ¥ = Ruw, is the geometric me
of the two most promising candidates.

A helix is usually deseribed in terms of cylinder radius r and its pitch p, the
distance (down, in our case) one moves along it in one revolution. Pitch, yaw rate
(angular speed), and descent rate (neglecting signs for the moment) are related b

g pelir)
b =—
Iz

(9.11) b sin’y —siny—(a+ b)) =0 (9.18)

The relation between cylinder radius » and flight path radius of curvature p (in where we defined auiliary variables

maore ordinary parlance, simply &) can be expressed (sce Chapier 8) as 22 CpopV*S (9.19)
R
Z
r=iol 141~ (i) (9.12) gl 9.20)
e -~ plSned cos® o
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[t is useful to note that product ab is nor a function of air speed V. The soluti
of Bg. (9.18) is

| — 1+ 4ab + 45
2h
1o R
=E_\'“+(E) (1 + 4ab)

A fully fledged form of the solution is

siny =

i pViSmed cost$ /] 4 (p:ﬂsnm cm1¢)2(1 + 4%
AW ¥ 4 med cost

(9.22)

The (negative) rate of climb, our second “exact™ result, can then be ascertained
from the (unwrapped) velocity vector triangle as

=V siny (9.23)

where siny is given by Eq. (9.22).
“Exact” considerations also modify the usual level trn formula [Eq, (8,12) in
the chapter on Maneuvering Performance (Chapter 8)] for wm radius as a
function of air speed and bank angle. Here is how to find the correct nonlevel
turn formula. Return 1o the last two gliding force equations, Fqs. (9.5) and (9.6),

split each around its minus sign, and divide. Afier canceling weights W on the
right, one has

wk
g cosy

tan g = (9.24)

On the right of Eq. (9.24), multiply by | = ¥/ ¥, then replace e,V with I/R.

{As discussed above, R® = rp, but this stratagem prevenis us from having to

make a decision between those last two.) Solving for this “radivs®

= i 9.25

T gtandcosy k=

Now on to a special glide—the longest possible in calm air—in this “exact™
formalism.

Fermulas for Speed and Angle for Best Glide, Vi and v, (Exact)

Because ; is least when siny is, we find 1, and Fig by taking the derivative of
Eq. (5.21) with respect to an auxiliary variable w, given by

1
T (9.26)

u
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and setting that derivative equal to zero. Afler some algebra, the results are

20 I Hh
Vigl$) = l’ll'p? J [4:!:'.‘};,,:I + Cpymed cos? ¢] 27
o
ey oL ACpg
sin () = \/ ST (9.28)

Equation (9.27) shows that speed for best glide increases with either gross
weight, altiude, or bank angle, Equation (9.28) shows that calm wind best glide
angle does not change with gross weight or with altitude but does decrease (is
larger in absolute value) with bank angle. Conversion af Eq. (928 }—compare it
with Eg. (7.52), which used the small flight path angle approximation—io a
statement about the tangent of the best glide angle gives the even briefer formula;

ACo

=1
8 Y (B) = e\ et e

Equation (9.29) also has the advantage of showing that cosdtany,, is
rigorously invariant under banking:

tan g lh;)  cosg, .30
tan () cosd, o

for any two bank angles o and ¢, with the same airplane in the same flaps/gear
configuration.

Looking back at Eg. (9.4), we can see that, because drag [0 = —W siny,
minimum drag D, occurs at precisely the condition for best glide, an exact
result. It is sometimes said (¢.g., Hurt') that “Because of the particular manner in
which parasite and induced drags vary with speed (parasite drag directly as the
speed squared; induced drag inversely as the speed squared) the minimum total
drag oceurs when the induced and parasite drags are equal.” In fact, the condition
for that equality at minimum drag is much more liberal, Consider any drag
fimction 42 split into parasite eomponent Dy and induced component Dy, which
depends on any reasonable function /(' }—function and derivative not vanish-
ing—as follows:

5

Fi= =¥ 931

VY= D, + D, =#f( }+J'_“,]I (9.31)

Using primes now o denote derivatives with respect to F, and taking them:
#'(F)

D{F)Y='(F) - 932

(RS o) — (0.32)

When I is minimum, ¥ = 0. Multiplying the nght-hand side of Eq. (9.32) by
Fif" ., one sees immediately that Dp = [y, In the usual aerodynamic case, of
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course f{F) = F*. Beeause the parasite and induced components are equal at
FE'S" there (-}J = EC(m. Then

D= D=t ﬂrfgs'(zcm] = =W sinyy, {9.33)
and it is only a small step o
Lyg =Loe =W cosyy, = JHI— IR 9.34)
On the coefficient side, completing the circle, we have

Cisg = v/ Coomed (9.35)

This wraps up most of what we want to know about glide performance
variables at speed for best glide in calm air, wings level, Except for speed for
minimum descent rate, yet 1o be discussed, Tables 9.2 and 9.3 give a numerical
summary of our findings.

Example 9.1 Using the airframe bootstrap data plate (EDP) of Table 9.2, Tahle
9.1 gives precise values, source relations, and graphic references for the several
best glide quantities just described when the airplane is gliding, flaps up, down
through 4000 fi. Table 9.4 gives results from applying Eqs. (9.27) and (9.28) 1o
our sample Cessna 172 (W = 2400 Ibf, /i, = 4000 ft, & = 0.8881) at bank
angles 0 and 45deg. As flaps come down in 10-deg increments, parasite drag
coefficient Cpyy goes up (see Table 4.10) from 0.037 to 0,039, then 0.045, then
0.055, and finally (flaps 40) to 0.066 approximately.

Table 9.2  Ceassna IT2 bootstrap gliding data

plate (Daps up)

BDF item Vitlue Units
Wing reference anca, & 174 i
Wing aspect mtio, A 738

Parasile drag cocflicient, Cpg (037

Aldrplane efficiency factor, ¢ 072

Table 8.3 “Exact” best glide, Cesena 172, 4000 ft, 2400 1bf, flaps up

Glide quantity Value Egquation mo. Figure ne.
P TIBAKCAS 9.27) 9.1,92
Tor —5.38 deg (9.28), (0.20) 4.

Ciiy 0.7859 (9.35)

L 0.074 - —

Ly T3R9.4 T (9.34) 94

oy, 225.0 Ibf 4.33) 44
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Table 84  Best glide supiits for Cessna 172, 4000 &, 2400 b4, wings

level and banked 48 deg

Degrees, Degrees, T, KCAS, Fy Degrecs, v, KCAS, Fy,
& (0 deg) {0 deg} {45 deg) (45 deg)

1] —-£38 7.8 ~7.58 252

10 ~5.51 TS =7.7% 4.1

20 —5.93 684 —8.35 al.1

30 -6.55 65.0 —3.22 7.0

40 =7.17 620 —10.08 715

It is instructive to see that lift here differs from the airplane’s weight by only
10.61bf, only 0.4%: that bodes well for the small flight path angle approximation
to be discussed below.

Figures 9.1 to 9.4 provide additional reality checks, showing data for the
Cessna 172 at 4000 ft. On the low speed end, these graphs all terminate at the siall
speed. Figure 9.1 is one way to see that this airplane’s speed for best glide 1, is
ghout 72 KCAS. Motice that, at that speed, the fuselage 15 pitched about 2 deg
above the horizon, Figure 9.2 presents the glide raifo concept, the number of feet
the airplane goes forward for cach foot it descends. Glide ratio is a more intuitive
measure of glide prowess than is the bare glide angle itself. Figure 9.3, a graph of
descent eate, has its minimum (at 54.1 KCAS) only very slightly above the stall

20
Angle of attack o
15 ;‘
5’ 10
-
o
S 5 Attitude angle &
Flight path angle v
/
5 F
——— —
-10

50 b6+ &0 65 F0O 75 &80 8 B0 95 100

KCAS

Figure 9.1  Unbanked glide path angle, (AOA), and sttitude for a Cessna 172 at 4000 ft,
Haps up, 2400 1EE
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Glide ratio, as a function of air speed. for the same airplane az aboye,
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Gliding descent rate, as a lunction of air speed, for the same airplane.
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500 2400
= ]
400 ki 2380
Lt
5 300 2360 —
o
o 200 f 2340 T
Drag
100 2320
0 2300
50 B5 B0 w85 M0 TS BD Akl a0 a5 o 10d
KCAS
Flgure 894  Lift and drag forces, as functions of air speed, for the same gliding

airplane.

speed (53 KCAS) at which the curve stops. Speed for minimum descent rate ¥,
for this airplane in this circumstance, while not precisely at the stall speed
{53 KCAS), differs from that by only a knot or two. Figure 9.4 gives lift L and
drag D numbers; a5 one can see, when gliding with wings level, lift very nearly
equals weight W, Recall that [? + D* = §2,

Formula for Speed for Minimum Descent Rate V,,,; (Exact)

If we go through the same manipulations for ¥, as we did in finding an analytic
expression for V., we get into a real mess. A shortened version follows. Using
the same auxiliary variables @, &, and u as above, the job is to find the value of u
{proportional to %) which makes

dh d?? — Vut k)

du dae % 24
where K is yet another auxiliary variable defined as
40
Ksl+dab=1+—22 :
+ datr I+mﬂm§¢ (9.37)

Taking the derivative ends up giving the following biquadratic for auxiliary
variable «* which is proportional 1o 7}

OK(K = i + (6K =9l +1 =10 (9.38)
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Solving Eq. (9.38) for u?, then rearranging and taking fourth roots, gives
follewing quite eumbersome (but “exact™!) relation for the speed for minimum
descent rate: |

I,l's T
i
pSred cos® b

4

Vmp'{*j’} s

case (¢ = 0), one will find that ab = 0.0022165, K = 1.O0SS6E, v = 6,0219 and
finally, Vg = 97.10 ft/s = 57.5 KTAS = 54.2 KCAS, This latter value is s
ted by Fig. 9.3. Notice that neither V,; nor ¥, when expressed as calibrated ai
speeds, varies with altitude, And that each poes up as the square root of the

cated, rest assured that when we get to the small Qight path angle approximatior
we shall come up with a very simple relation for ), in terms of the much less
complex F.. That simpler result ean also be obtained directly from Eqg. (9.39) W
Judiciously treating K =1=0, K =1, and 1/(K = 1) = Fi’z,f{thH[ﬂ} while
manipulating its RHS, :

To find the minimum wings-level gliding descent rate itself, one can use Egs.
(9.22) and (9.23) with ¥ = V,;. Numerical evaluation with our sample param
eters gives p(F, ;) = =6.245 deg and =h_, = 10.56 ft/s = 633.8 ft/min, values
corroborated by Figs, 9.1 and 9.3,

“Instant” Drag Polar Determination from Best Glide Information
(Exact) i

A common, if not the most commaon, method for determining drag parameter
Cpg and ¢ (for aircraft for which glide testing is practicable) is to conduct wings-
level glide tests at several air speeds . From experimental rate-of-sink data, ong
first plots graphs of &'V as a function of P4 (this uses a small flight path angle
approximation}, then uses regression analysis to obtain the best siraight line
through the experimental points. Cpy comes from the fit slope and e from the fit
intercept. Here is another method, simpler and more acourate. It is surprising this
procedure managed to remain hidden wntil 1991,

Equations (3.27) and (%.28) show that, under given density, gross weight, and
bank angle conditions, Vy, and v, are determined by (7 and e. We can mvert
those relations to et formulas determining Cpp and e Multiply the radicend
of Eq. (%.28) by Cpg/Cpy to put that long denominator equal to the long
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denominator in Eq. (%.27). Square Eq. (9.27). Then solve each of those offshoots

for
(e 7. AT oed W 2Ch
y Copmied cos? g 4 4C {’5}"53 i - (9.40)
The second and third terms in Eq. (9.40) immediately give
= siny
g hg
Cl’.il'l o= E-Pf.:g {‘]_4']

(n the practical flight test side, to use those formulas one must still run several
test glides to experimentally determine Fy, and y,,,. Gliding over a fixed vertical
space interval in time intervals A, I, is the speed for which product FAr is
MEAK M.

Towards e, simply solve Eq. (9.29) for the airplane efficiency factor and plug
Eq. (9.40) into that result. This gives a halfway form, practical for caleulation,

o A Fak (9.42)
A tan’ j, cos? b

Putting Eq, (9.41) into Eq. (9.40) gives the form 1o best pair with Eq. (9.41)%
—4W sin Yig

= ——— 4
P8V, tan 7y, cos® g e

[

In practical determinations of the drag polar parameters Cpp and e, one will,
most likely, perform glide tests with wings level, ¢ = 0.
Equation (9.41) presenmis us with a second invariant under banking,

Sin 7, () Vi, ()
sin pp(d2) (92
siny, (b)) Vi)
When combined with the invarant relationship of Eq. (9.30), this allows one to

directly obtain best glide speed and angle for any bank angle if one knows those
best glide specifications for any other bank angle.

(9.44)

Banked or Unbanked Glides, Small Path Angle
Approximation, No Wind (Cases 3 and 4)

Almost any practical work describing complieated systems is replete with
approximations. Ours is no exception. Approximations are needed to simplify
problems, to make them solvable or at least tractable, One may simply ignore
“negligible™ variables (e.g., acroclasticity, angular momentum of rotating
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machinery, or solar radiation pressure on the airframe), weat slightly varyi
variables as constants (e.g., neglect changes in gravitational acceleration g wi
altitude or latitude), or linearize complex “slightly™ nonlinear phenomena (e.m.,
the propeller polar diagram). Sometimes approximations are required for pure]
technical mathematieal reasons. (An example, below, will be Bridges’s infinite
series solution to the effect of headwind or tailwind on best glide speed; in
practice, once eventually truncates the series.) Approximations take many forms,

The “small Might path approximation” used in flight mechanics is of
linearization or small parameter sort. It is unusual in that cosy is (usually)
approximated as unity but siny is left as is. The ostensible rationale behind
procedure is that the series expansions of these trigonometric functions (angles 5
of course in radians) ane

cxﬁs;-:]—-‘i+$_a+,..
ey

i i (g (TR Wi g

R ST, ST

and we need keep only leading terms, But in the case of the sine function we do
nat just keep the leading 3 term! We keep the whole thing. The ultimate and
actual rationale is that the small flight path angle approximation works well: such
approximate solutions (for 7 = 15 deg) differ only slightly from the fuller and
more accurate solutions one can obtain through more complicated trial-and-error
or iterative technigues.

Mow that we have well in hand the “exact” solutions to some of our major
gliding flight mechanics problems, for comparison purposes in this chapter we
take refuge in the small flight path approximation—or trot it oul as more
succinct—in two dilferent ways. Two ways partly as a tribute to pedagogy, to
build variety, First we will make the small 7 approximation to the underlying
force equations, Solving those will give our first approximations. But then we will
turn around, somewhat retracing our steps, and use the small v approximation
directly on our former “exact” solurions, via binomial expansion, In this case
both approximation approaches give identical resulis.

Hpproximating the Force Equations (Small )
Taking Eqs. (9.4-9.6) and replacing cos ¢ by unity in the rewrite of Eq, (9.5), we

have
D4+ W giny =10 {9.47)
Leoosh— W =0 (9.48)
Wial
e R g (9.49)
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Notice Eq. (9.48), that we now have lift L = W/ cos ¢. (In the unbanked case,
it is even simpler, L = 1) Just as in the “exact” case, let us go afier siny. It is
qlmost direct. Using Eq. (9.47) with Eq. (9.48) and switching to coefficients, we
e
e S MG B

W~ Lcosp Cpcosg

Mow substitute from the ecoefficient relations Eq. (9.7-9.9), nothing has

changed there, and simplify to find our first small y approximate result:

—Cpap¥’S 20
2w pViSned cos® g

siny = (9.50)

(9.51)

siny =

Equation (9.51) is not only much simpler than its “exact” counterpart, Bq.
(9.22), but it looks much different. But we can show that in fact a simple binomial
expansion of Eq. (9.22), keeping only lowest order terms, will indeed result in Eq.

(9.51).

Approximating the “Exact” Sclutions for v, ', and R (Small )

It simplifies the algebra to make use of abbreviations o and b, Eqs. (9.19) and
(9.2, and begin with the first form of Eq. (9.21). On the radical portion, use the
first two terms of the binomial expansion formula

alp—1) 5  nln—1)n—12)
e oTEe 3 e

for n = 1 Equation (9.21) tumns into

1 — (1 + 2ab + 2%
2h (Bi53)

When the RHS of Eg. (%.53) is simplificd and substitutions from Eqgs, (2.19)
and (9.20) are made for a and &, one has

—Cgp#2S W
2 pFi8med eos® o

This is precisely Eq. (9.51), obtained by approximating the underlying “exact”
equations, Look back in the bootstrap approach chapter and find the formula for
siny there, Eq. (7.43). Cross out terms having to do with the engine and the
propeller. Put in the weight-amplification factor 1/ cos® ¢ due to banking. You
then have Eq. (9.54). The bootsirap approach consisiently uses the small y
approximation. We shall make much use of that fact in the two subsections
following.

Proceeding now ta the other two needed results, there is no change in the
formula for i, Not so for turn radius & The small y formula for R, whether

(9.52)

(1+x=1+4nx

siny =

(9.54)

siny =
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derived from Eqs. (9.48) and (9.49) or approximated straight from the exag
solution, Eq. (9.25), is now clearly

= }"'1 :
T z mﬂ¢‘ l:g-

This 15 the same as for level tums and is of course a better approximation fisg
nearly level turns,

Approximations for V,,; and v, (Small %)

Of the four importani bootstrap composite parameters £, F. G, and Hig)
because we are here considering gliding, only & and A (ad) matter. Refreshing
our memories, those are

G=1pSCh
el
)= pSned cost

D= —W siny = GV? +%

To find ¥}, we can set
o _
dire
and salve for VY, . This of course gives us, though it now includes the possibi
of banked ghdes, essentially the result we found in the boolstrap approach

chapier:
e (T) VY ps [C‘mxr.4 cos? c,l!-i|

This is close w but not identical to the “exact™ expression for the
quantity, Eq. (9.27). Putting Eq. (%.60) into Eq. (9.58), and rearranging,

—JAGH§ -1 [iC,

W T eos i V med

0

sin Ty =
The corresponding “exact” expression has a tangent function in lieu of this sing
because 1an = sin/fcos, this difference makes sense, And if you decide to derive

“small y instant drag polar™ formulas, for Cpy, and e, from Eqgs. (9.60) and (9.61),
vou will not quite get the same exact drag polar formulas of Eqs. (9.41) and
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{9.43). You will get Eq. (9.41) all right, but your analog to Eq. (9.43) will have
<ines instead of tangents, in the denominator.

Eppmxun' ations for ¥, and b, , (Small v)

Entirely similar manipulations work for the case of the minimum descent rate.
Asking for & a maximum (smallest in the negative direction) means that
i + H/V will be a minimum, or

3G —Hig)/ ¥ =0 (9.62)
which has solution
Hid 1/4 I 154 :

But why not continue on to get an expression for the minimum descent rate itself?
That can be cxpressed as

—GV3; — H(d) V,a

by = Fogsiny{F, 0 = W (9.64)
Substituting Eq. (9.63) into Eq. (9.64) gives us a new result:
T
lg = —— (3GH (¢ ' (9.65)

W

Because bootstrap composite & 15 proportional to IFE.IJ,'M is proportionzal to
W1UZ As are so many aircrafi performance parameters,

Example 9.3 Just how good iv the small flight path angle approximation? It is
not sufficient to simply focus on cos 7y itself, citing such true but not completely
pertinent  facts such as 099 =cos8.1 deg, 0.98 =cos 11.5deg, or even
0.95 = cos 18.2 deg. That is because the imporant performance numbers
might go as squares or cubes or some other amplifying function of cosy or of
some other function of . Table 9.5 presents alternative numbers for the exact and
the small 7 approximation. It uses best glide and minimum descent figures for its
example simply because we have obtained simple formulas for those, The figures
in Table 9.5 are for the Cessna 172, flaps up, 2400 Ibf, at mean sea level (MSL).
With the single exception of the hanked minimum descent rates, there is no
practical difference between “exact”™ figures and small flight path approximation
figures, Equal turn radivs values, 6402 ft, are not a coincidence; even though
exact and small y speeds and path angles differ, cancellations make the best glide
wrmn radii always precisely the same.

Table 9.5 makes the small flight path angle approximation pretty convincing.
But what would happen, you might ask, if we took a heavier, less glider-like,
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Table 9.5 Glide, turn, descent data for Cessna 172, M3L,

Naps wp, 2400 1b{
Wings level Hanked 45 deg

Paramcier Exact Small 7 Exact Small
iy KCAE T1.54 T2.00 8525 8362
Tog deg 538 =5.40 =7.59 ~7.65
Ry T MA MA 649.2 Bae2
Fog- KCAS 54.22 54.71 63.87 6506
b eimin —597.2 —602.5 — 16830 —1013.2

Tahle 9.6  Glide, turn, descent data for F104G, MSL, flaps up,

18000 Ibf

Wings level Banked 45 deg
Parameier Exact Small 4 ExacL Small ¢
P KCAS 299,65 T3 355,10 KL
Tag- R =084 = B9 =463 =477
. T HA NA 11324.6 113246
Foa KCAS 2215.13 2285 26351 271.74
Iy M —314135 =312074 —B6RE9 ~5354.1

aircraft? Table 9.6 presents the same kind of data for an F1040, a jet fighter, alsc
at sea level. Tts pertinent data are: reference wing area § = 196 ', aspect rai
A =247, Cpy = 0.018, e = 0.644, gross weight # = 18,000 Ibf. As Table 9.5
shows, the small approximation still holds up (with the exeeption of the minimum
descent rates) quite well. Again, the two identical tumn radius values, 11324.6

are not coineidental.

Now we return to “exact” theory to treat a gliding mancuver we hope ¥
never have occasion to consider, the return-to-airpart “impossible wrn.”

Engine Out (Return to Airport) Maneuver (Exact)

If your engine quits soon after takeoff, you may suddenly become interested in
the possibility of tuming around to return to the airport. What air speed and

angle should you adopt to maximize angle wrned AJ for each foot of altitede lost

Ad?

Because both i and e are time rates, combining Egs. (9.5), (9.6), and (9.23) gives

a8y ¢.;:;i‘— St (9.66)

T F2umy(F, @)
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we can solve one-half our problem immediately (and save oursclves from
multivarizble calculus) by recognizing that the strong inverse speed dependence
in Eq. (9.66) can mean only one thing: we should execute the turmaround
maneuver a5 close to the stall speed—stall speed for whatever bank angle we
chonse—as is possible and prudent. Stall speed at bank angle ¢ with flight path
angle ¥ is given by combining Egs. (9.5) and (9.7) for the special case of
maximum lift coefficient Cfp g,

2W cosy

H) = ————— 9.67
S = S os #C Rk
Inseriing Eq. (9.67) into Eq. (9.66), we get
ull) _ EPSCyp, Sin g
M{Vﬁ-{ﬁ]. Pl e ey (9.68)

Having specialized our tarnaround to the banked swall speed where C, =
€} mae» complication is avoided by rewriting our earlier Eq. (9.15) and implicitly

defining auxiliary variable &
= I. Cm C‘; 1) _'uk
¥ = e —Emax | 060
cos aft (C}m g zed cos g )

Using a trigonometric identity to change the tangent function in Eq. (9.69) into
the sine function required by Eqg. (9.6%) and making that substitution, we arrive at

Al —g S, L SN oos? g + 2
(Vs($), 9) = EE i TREVE §

e RS (9.70)
The best trnaround bank angle then eccurs when
%{sin $r/cos? ¢ + K2} = 0 (9.71)
Straightforward calculation finds that the best umaround bank angle is
o (K) = m-l(gm) 9.72)

Becouse & will always be positive for any girplane in any configuration, and
normally fairly small (for our sample Cessna, at zero flaps, & = 0.1163), Eq.
[9.72) tells us that the best turnaround hank angle is always slightly over 45 deg.
In our sample Cessna case, ¢, = 45.39 deg. only negligibly gre.ate: than the 45-
deg solution offered by less exact theories (Langewiesche®; Rogers™) which,
explicitly or otherwise, use the small flight path angle approximation.

So, practically speaking, a 45-deg bank it should be. Again speaking practi-
cally, one could not afford to fiy at the precise banked stall speed even if one
knew what it was; for a typical trainer aircraft, a minimum 3-kn pad is in order.
For our purposes we will stay with the theoretical optimum. Exact calculation, as
sometimes happens, turns out to be simpler than approximation.
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Table 8.7 Optimum  turnaroand  for
Cessna 172, M3L, 2400 Ibf

& & Pror 055 Al (130 deg) B
[i] 01163 4539 — 684
10 0. 1252 45 .48 =162.7T
20 0. 1347 45,52 = 163.0
L] 01441 45,59 =165.8
ik 01528 4567 —=1692

For example, using the optimum of Eg. (9.72) for bank angle ¢ in
numerator of Eq. (9.70) gives the felicitous result that

st o058 = LK)

reciprocal and multiplying by = radians, we arrive at a simple relation
minimum altitude loss while making a 180-deg turn:

Aty (180 deg) = PSC (1 +ki§| 19.74)

Factors & and Cy ., in Eq. (9.74) depend on the airplane’s flaps configuration.
Minimum relative altitude loss during a tunaround maneuver increases directly
with gross weight and inversely with atmospheric density. Next we look into the
relative altimude loss effect, for our sample Cessna, of taking different flaps
configurations.

maneuver, At a time when the pilot's hands (and head) are full, it is nice 1o be ahle '
to ignore at least one aspect of the problem.

Application: Engine-Out (Return-to-Rirport) Maneuver

If your enging quits while climbing out after takeoft, should you or should
not try to tum around? To help you answer that question, now follows a
calculation that every safety-conscious pilot should repeat, for his particular
airplane, several to many times using various values of gross weight; headwind
speed; crosswind speed: density altitude: runway length; and perhaps other
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variables such as runway surface type, unway slope, and altiude at which the
engine stopped. Coupled with at-altitude practice of the suggested maneuver (45-
deg banked tum, as close to stall speed as is comfortable), these calculations can
he very enlightening.

We will assume, for our version of the problem, a dry level conerete runway,
3000 ft long, situated at a time and place with pressure altitude &, = 3000 fi with
runway temperature 10°C = 50°F. (This makes density altitude }:J, = 3110 ft but,
hecause we will be working in such a restricted range of altitudes, we will simply
use i, = 3300 ft, with corresponding relative density & = 0.9069, for all calcula-

_ tions.) Because we have not treated takeoff vet in detail, we will use Cessna 172

POH takeoff performance data to properly place the airplane during the early part
of the exercise. We take the airplane at 2400 Ibf with 10-deg flaps (setting for
ghort field takeaf), taking off on runway 36 (1o the north). For wind, assume a 12-
kn headwind with a 9-kn crosswind from the left: the wind is then 15kn from
323 deg. The surrounding terrain is assumed level,

We will assume a takeoff and climb out “by the book,” with ¢limb out from 50
to 500 ft at the appropriate F,. We will take it that the engine quits at the moment
the airplane reaches 300 ft AGL. According to the Cessna 172 pilots operating
handbook, interpreted through the air-speed indicator calibration curve for
flaps 10, lifiodT speed Frp = 51 KIAS = 56 KCAS = 58.8 KTAS = 99.3 fi/s.
At 50 ft AGL, speed is Fy, = 56 KIAS = 50 KCAS = 62.0 KTAS = 104.6 ft/s.
The POH gives a no-wind distance to lifteff, 4, as 1140 f; it gives the no-wind
distance to 50ft, dyg, as 2120 ft. We will be making wind adjustments to those
figures. Among them is a POH note that one should reduce distances 10% for
each % kn of headwind. (From more respectable engineering grounds the reduc-
tion should be greater; the POH suggestion follows an Federal Aviation Admin-
istration mandate that, for takeoff purposes, one should count on only one-half
the available headwind and, if taking off with a tailwind, should figure on one and
half<times the estimated tailwind speed.)

We need data on the airplane, its BDP (for flaps 10) and composite bootstrap
parameters caleulated for density altitude 3300 ft and (we ignore any takeofT or
climb out fuel burn) gross weight 2400 Ibf Table 9.8 is the BDP; Table 9.9
provides composite parameters.

We shall analyze each segment of this short Right in order. Those segments are
between the seven pivoial points deseribed in Table 9.10. Transitions between
segments—except for a 4-5 pause when the engine quits, for “What's that lack of
noise?™ and for the answer to sink in—are assumed instantancous. [t is unrealistic
t0 have the turn precisely at the banked stall speed, but we do so to avoid yet
another arbitrary parameter, And we ignore the slight additional term, beyond 180
deg, needed to point towards the end of the runway (minus any wind correction
angle, also ignored). In the glide back towards the departure end of the runway,
We also neglect to have the pilot retract his 10 deg of faps. We will include
elapsed times (since start of the takeoff roll) because those are needed for some of
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Tahble 9.8 Ceesna 172 BDF, Flaps 10

BDP Value Units Alrcrall subsy
Wing referepce area. § 174 fit* Airframe
Wing aspect ratio, A 7378 Airframe
Rated MSL torque, My 312 fi-IbE Engine
Aldtitude dropodT Factor, & 012 Engine
Prapeller diameter, & 6,25 s Propeller
Parsite drag coefficient, Cpy, 4. = 10 deg 0.039 Airframe
Adrplane efficiency foctor, e 0.72 Airframe
Propeller polar slope, m 1.70 Propeller
Propeller palar intercept, b ~0.0564 Propelles

Table 5.9 Eeatstrap compesites and
other data for the airplane of Table 8.8

Vastable or composite Value

3300 1t
200 T
00,9069
01,8941
01262
475.7
—(47495
00073146
1,840,235
—0N 20641
—39,427.8
-152,537,707
251,582,592

a

CRRATOTMMYT &9 g

Table 9.10 Return-to-airport mansuver lor the airplans of Table 3.8

Poind

=l oL e W RS —

Diescription

Start of takeof oll (F, = 0, ¥ = 12 KCAS. from headwind)

Liftoff (Fp = 20 KCAS)

AL SO (Fag = J9KCAS)

AT 5007 (F = ¥, = 63 KCAS), engine quils

Start of tum towards aimont [ = Falgl & = g, ]

Completion of 180-deg twem, start of wings-level crabbed glide (F = Fy.}
Adrcraft contacts ranwiyy (or lermain)
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ihe calculations and they are instructive in their own rights. At the end of all these
annoying little calculations appears a summarizing table.

gegment 1-2, Takeoff Roll

For do We need the aforementioned headwind adjustment factor. Because we
pave a 12-kn headwind, the no-wind distance will be reduced by 10% x 12/9 =
13.3%, from 1140t to 988 fi. The liftoff ground speed will be (99.3 — 12/
0.592468) = 79.0 ft/s, so the average ground speed during the takeoff roll will be
30,5 fi/s. Elapsed time will therefore be 988,/39.5 =25.05. We are off!

Segment 2-3, Liftoff to 50 ft

Again, let us find an average speed. We lified off at 99.3 ft/s. By S0 R, we will
have very slightly acceleraled w 62 KTAS = 104.6 fi,/s. That makes the segment
average true air speed 102.0ft/s. In calm air, our horizontal displacement would
he (2120 — 1140) = 980 ft and would take 980/102 = 9.6 5. But, during that
time, the 12-kn (20.3-f/s) headwind component set us back 203 x 9.6 =
194.9 ft. So we really only progressed over the ground 7851 fi. Bui we have
cleared that proverbial obstacle.

Segment 3-4, 50 to 500 ft (Engine Failure)

We had decided to climb out, after 50 1t, at the appropriate F,. How much is that?
Because V', = —R~'/%, Table 9.9 tells us ¥, = 111.1 ft/s. Because the flight path
gngle s so small, we can also use that same figure for the horizontal component
of true air speed. But we need the rate of ¢limb so we know how long it takes to
get to 500 ft AGL. For that we use the usual bootstrap formula:

EV + KV —H[¥V
W

Substitution from Table 9.9 gives A'(¥F,) = B.23 fi/s = 494 ft/min. 5o to climb
45011 takes 54.7s, duning which we have progressed over the ground about
111.1 = 54.7 = 6077 fi, a nautical mile. Now, the engine quits! Where are we?
Taking x directions as straight north of the start of the takeoff roll, y directions to
the west, and A==z as AGL altitude (all in feet), we are now at
(x. 7, b, 1)y = (7850, 0, 500, §9.3),

WP = (9.75)

Segment 4-5, Getting Ready to Return to Rirport

If we were planning 1o land more or less straight ahead, we would immediatcly
lower the nose to (wings-level) best glide speed, here (from Table 9.7)
TYKCAS =745 KTAS = 125.7 fi/s. But there is something out there—sharp
rocks, an unbroken expanse of thick trees, concrete canyons, freezing cold water,
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Tahble 811  Sample Cessna 172
coafficients for varioue lape angles

g, deg Cm Gy
i 037 1.54
L 003a 1.73
20 DS .84
30 0055 1.93
Al L0 200

a dazen day care eenters all on recess—we do not like. So, today and here, it hag
got to be the old college try at the old “impossible™ turn. Luckily, we have
carefully calculated how to optimize our chances, [

We need to find the best-tumaround-angle stall speed. But for that we need th
bank angle. Using parameter &, from Table 9.9 and Eq. (9.72), that angle ._s
iy, = 45.46 deg. Using the small Qight path angle formula for stall speed

i i W
Vsldh) = JP—S 208 §Cpo

(9.76)

Why not zoom? That 15, pull up o smultancously lose wr speed and
altitude. Of course we have only (1111 —102.7)=8.4 fi/s = 50
KTAS = 4. TKCAS excess speed to lose, but it is the principle of the thing. 5o
let us look into the zooming possibility.

Zooming

If one neglects the dissipative effect of drag, zooming merely trades kinetic
encrgy for potential energy:
ImiVE = V5) = melhy - hy) (©.77)
In that case, using our current situation, we would find that we gained [geometric)
altitude (hy — h, ) = 27.0 fi.
But let us, at least approximaiely, take drag into account, To do that, we need 1o
assume some time mierval A (which amounts to a fAight path, whether sharp and
steep or slow and shallow) over which the zoom (xor dive, antizeom) maneuver

takes place. It is often said that when the engine quits it takes about 4 5 to figure
out that it has quit, so we will take that time interval, At =4 5.
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Energy-dissipation rate is power required. P, = DV, and elementary consid-
erations lead one to the following general formula for the pure gliding (thrust

T = ) case:
Vi—¥ (D), + (DV))M
2g Zgm

(When there is still some thrust, T' > 0, P, needs only w be replaced by the
negative of excess power, —P..) In our sample calculation, the rightmost
[\dis&ipﬂﬁ‘ﬁ"ﬂ term, using composite parameters from Table 9.9, amounts to
4371 Not good. Our slow zoom has cost us altitude, Now of course if we
were quicker witted and did the zoom in 15, the dissipative term would only be
111, resulting in a small net altitude gain of 17 fi.

So, on second thought, forget the zoom. Just add 4s to the clock, with
4w (1111 = 20.2) = 364 & forward progress, while we gather our wits and roll
into a near 45-deg bank.

hy —hy =

(9.78)

Segment 5-6, Optimal 180-deg Turn

We are banked 45.5 deg at true air speed 102.7 fi/s. To find the altitude loss, we
adjust the proper entry in Table 9.7, dividing by our now not-standard relative air
density, 19069, We find that Ah_; (180 deg) = —179.4 fi. But what about our
horizontal “progress” during this tum?

The usual turn radius formula, B = I /g tan ¢, tells us our i radivs, in the
air, was 322ft Our slant air mavel distance was then the square root of
[(xRY + (Ah)*] = 1027 R, which took 10.0s. During that time, the 12-kn
i20.2 fi/s) headwind blew us back 2021t and the 9-kn (15.2-ft/s) crosswind
blew us to the east 15.2 x 10,0 = 152 &.

We instanianeousiy rall back wings level and assume both a proper crab angle
to head for the departure end of the runway and trim to what? In calm air, we
know th =709 KCAS = 74.4 KTAS = 1256 fi/s But with tailwind of a little
over 12kn, we need o slow by about one-fourth that amount, o
70 KTAS = 118.1 fi/s.

Segment 6-1, Glide Toward Runway

First things first: Where arc we? If vou have kept track, we are at (8012, —492,
321) ft after 103.3 5. Because the departure end of the runway is at (3000, 0, and
0 ft), our nose is pointed 5.6 deg too far to the right. Because we are going to be
set to the left by the (now) right crosswind, that is nathing to worry about. Our
slant distance from the runway, by Pythagorean theorem, is 5036 ft.

What about our plide angle? The best angle with a tilwind (to be discussed at
length below) is a little shallower than the best in calm air (which is, incidentally,
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=35.55 deg). The standard bootstrap formula for glide angle, for our true air sn,
L18.1 ft s, gives y = —3.39; not much difference. In calm air, this would b
down from our 321 ft AGL altitude in 3279 ft in about 27.8 5. But, duri

time, the say 12-kn tailwind will push us along another 27.8 x 20.2 = 562 f &
over the ground we will make a total of 3841 ft. But, still 1195 ft shy of y
runway. We did not quite make it! Think positive. Perhaps it is pretty level gy
there, omly waist-high sagebrush and no ditches, i

Return-to-Airport Summary
If we had been a couple of hundred pounds lighter, or had had another 5kn o

initial headwind, or had come off & SOM-ft runway, we would have made it. So
is certainly nof an “impossible” turn; just an wnlikely one. We did not quite mak
it back even though we were doing everything “just right.” Lightly powes
airplanes, with their shallow climb angles, tend to get oo far from the mun
be able to make it hack,

This is off the strict performance subject, but nothing takes the place of pooad
judgment. Whether or not it is wise to attempt a relurm-lo-airport manenve
depends on many factors: the airplane, the pilots skill, aircraft weight, density
altitude, wind, the runway, and the terrain both close to the airport environment
and farther out. The time to think about your response to an engine failure soon
after takeof¥ is before the throttle goes forward. ]

Consider instituting a new before-takeoff check list item that would lead to a
definite piece of advice to yourself, which might run as follows: “Today, un
these conditions, I will perform the rerurn=to-airport maneuver, turning left, if
only if the engine goes out when [ am between 3600 and 4000 fi (500 1o
AGL). If I do, T will bank 45deg and po to 63 KCAS, leaving myself a slight
buffer above banked stall speed, 17T am not within that range of elevations, T wil
lower the nose o 71 KCAS and look for the hest spot within about 40 deg of my
heading.”

Table 912 is a summary of calculations for the various return-io-ai
mansuver segments,

Table .12 Sample return-to-airport scenario
Pasition
Point (LT KTAS THole
| (0.0, 0, Ds) 12 Start of tkeoff roll (12-kn headwnd)
2 (988, 0.0, 25.04) SHE Lifioff (¥ = SEKCAS)
3 {1773, 0, 50, 34 6) 62 S0t (Vyy = S9KCAS) i
4 (TR0, 0, 500, 8Y9.35) (3.8 S [V, = 63 KCAS), engine quits !
i (8214, 0, 500, 93.35) BLE Start course reversal af Felad). o = digy
[ (BO12, =492, 321, 1033:) T 180 dep tum complete, san of glida
i (4195, —117, 0, 131.135) ] Aijrcraft contacts terrain shorl of ranway
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As you see, the return-to-airport seenario (refer w Figs, 9.5 and 9.6) played
jtself out in just a little over 2 min, Most small airplanes will not be able to make
it back 10 2 fairly short runway unless there is considerable headwind., But

rhaps the airport environment is better for a forced landing than is the terrain
farther out.

Ome cannot take every contingency into account on every lakeoff. And one
certainly cannot do all these caleulations; we are smarter than computers, but we
are not as quick. Still, running through a few return-to-airport scenaro drills
(different winds, different weights, different elevations) is a good idea.

Speed in a Terminal Velocity Dive, V;

After our complicated turnaround example, here is a short and easy one, To dive
at the fastest possible speed. one might think that lift, because it is perpendicular
to the Aight path, is of no consequence. But that would ignore induced drag,
“drag due to 1ift.” So, in fact. maximum diving speed must be at L = C; = (0.
Then, in our unpowered case, foree Eq. (9.5) says y = —90 deg, straight down-
wards. Furthermaore, by force Eq. (9.4), drag D = weight W, so

D=W =}plF75Cpy (9.79)
g0 the terminal speed, in calibrated terms, is
[ 2w
Fre = 9,800
- H‘Iﬂu-gcm ; :

For our sample Cessna 172 with flaps up (W = 2400 Ibf, S =174 &,
Cpg = 0.037), this gives V- = 560.1 fi/s = 331 8 KCAS. Such a high speed
dive might not be particularly dangerous by itself (assuming the windshield stays
in place and that drag tubes in the wings are strong enough), but during the
ensuing recovery perpendicular wing loads will go from zero to some very high
value unless that pull out is delicate and gingerly. In sum, do not even think about
it. Terminal true air speed will be higher at higher altitudes, of course, because air
resistance is lower.

Horizontal Wind Effects (No Updraft or Downdraft) on
Wings-Level Glides (Case 8)

The qualitative picture is clear. Gliding into a headwind, to make best progress
over the ground, one should go faster than the no-wind best glide speed V. The
headwind of speed V), is setting you back, relative to your calm-wind progress
over the Earth, by distance ¥, each second; to minimize this effect, you speed up.
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Gliding with 2 tailwind, on the other hand, you should slow down. The questing
is: Speed up or slow down by how much? {

First we will write down the basic vector equation—and the correspomdin,
vector diagram—having to do with the airplane’s motion through the air mass and
the air mass’s mation over the Earth. Then comes a crucial approximation, thy
flight path angles are shallow enough that the horizontal component of ai

does. Mext we will show what a graphical solution to the problem would lagl
like. Following that comes the corresponding bootstrap equation, a fifth-degres
polynomial unsolvable in closed form. But not unsolvable if one relaxes efiougk
to allow a solution in the form of an infinite series; we present such & solution
to Bridges.” Finally, we discuss the dependence of the solution on density
altitude.

The rule for computing relative motion gets down to this simple vectar
equation (first mentioned in Chapter 3 on Aircraft Performance Preliminaries);

Vap = Vou + Yoy (9.81)

Here ¥ stands for velocity, speed together with its direction, @ stands for the
Earth, g for the airplane, and a for the air mass. The way to remember this rule is
to notice the collapse of the “interior” repeated symboel on the right. That is what
counts. In English, the rule reads: velocity of the plane with respect to the Earth
{ground velocity) equals velocity of the air mass with respect to the Earth (win l
velocity) plus velocity of the plane with respeet to the air (air speed with
heading). OF course Eq, (9.81) works for any three objects. From the physicists

Awiators know better.

Figure 9.7 shows you what Eq. (9.81)—after abbreviating ground speed Vg, to
¥, wind speed Vg, to F,. and air speed ¥, to F—looks like as a vech
diagram. Gliding inte a headwind, the flight path angle one sees from the ground
is steeper than the angle one would see if’ moving with the air mass. Unless there
is a downdrafl or updraft, descent rate &' is unchanged.

Figure 9.7  Vector diagram, from the Earth point of view, gliding into a headwind,
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There are lots of symbols in Fig, 9.7, Now what are we after? The glide speed
¥, will give us the largest flight path angle (smallest negative angle) with
respect to the Earth, 75 henceforth simply 3,. But remember, because we fly
golely by reference to air speeds, that Vi, is an air speed. In our graphs and
calculations it will be a rrue air speed, but it is easy enough to later convert that 1o
muore operational calibrated, or even indicated, air speed. \

So we want to maximize y, with respeet to V. To do that, we are going to need
an algebraic relationship between those two variables. One such comes from

briefly studying Fig. 9.7:

W =V siny, = F sinj, (9.82)
we need ¥, which as Fig. 9.7 shows depends on ¥, F_, and 3,. Application
of the “law of cosines,” the Pythagorean theorem for nonright triangles, gives

V2= W4 2 2PV, cosy, (9.83)

]

What saves us, in using Eq. (9.83), is that y, is a small angle and therefore its

cosine is quite close ta unity. Even cosine 8 deg, probably a larger climb or glide

angle we will encounter or achicve, only differs from unity by 1%. This small

flight path angle approximation again. With the cosine set equal to unity, the RHS
of Eq. (9.83) is a perfect square and we have the simple relationship:

P (9.84)
Of couwrsa! All we are saying is that, for general aviation aircraft, flight path
angles are so shallow that there is no practical difference between the (slant) air

speed and its horzontal component.

Figure 9.7 does not support that staterment, but that is because we exaggerated the
angles so much. General aviation airplanes will not have such steep best glides.
Flamed-out turbojets, however, are another matter!

Combining Eqs. (9.84) and (9.82), we have

(9.83)

3in Y —i;
A S T )

This simple but good approximation will be the basiz of the following graphic
and analytic caleulations of Fi,,. It is also true, for small angles, that
giny = tany (9.86)

Those two rigonometric functions differ by less than 0.001 up until nearly 8 deg.
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“Exaect” Bootstrap Formula for sin ()

To investigate how well Eq. (9.85) approximates the “exact” formula, comb ne
Eqs. (%.82) and [9.83) to get the correct expression: 1
(V)

siny (¥, Kl =
VPV + Vi - 20 T )

Equation {9.87) works equally well for climbs or glides. Subscript g stands u;
ground. Let us consider an example.,

Example 9.5 Our job is to support the validity of approximate Eg, (9,85)
compared to exact Eq. (9.87) with a sample caleulation of each. We consider
unfortunate engine-out airplane of Tables 9.8 and 9.9, the Cessna 172 with flapg
10 deg, weighing 2400 [b, at &, = 3300 fi, wings level. To gei off the flat portion
of the rate-of-descent curve, put that airplane gliding at 95.2 KCAS
100 KTAS = 168.8 fi/s true. And have it gliding into a sizeable 25kn o
42.2 fifs headwind. |
From the gliding version of Eq. (9.75),
Py =P, _—GP —H/V
T g W ;
we soon find that the airplane’s mate of “chimb” is —19.20 fi/s = —1152.1
ft/min. Evaluation of Eg. (%.85) tells us that flight pnm angle 7, is —8.72 deg

On the other hand, the cxact form, Eq. (9.87), gives us 7, = —8.70 deg,
Megligible differsnce. i

=

The appraximation of small flight path angles is again vindicated. Even nto a
30-kn headwind, the approximation is probably sufficient. It gives j, -
=13.15 deg; the “exact” form [or the 50-kn headwind gives 7, = —12.98 deg
Menetheless, exact is in double guotes because the bootstrap approach uses
small angle approximation itself in Eq. (9.88), the bootstrap expression for e
gliding rate of climb. Hardly anything is truly exact in aerodynamics or in
airplane performance calculations.

Graphical Approach
From performence glide tests, or otherwise, assume you have a graph of
{negative) gliding rate of climb &, as a function of air speed F, for a given
weight and density altitude (or relative air density): &{F; W, ¢). When you arg
gliding, P, =0 and so & = —P,/W and the peak of —P /W is at ¥, ;. If you
start from the origin and lay off various lines hitting the A" curve, the one of
greatest (least negative) slope s the only such line tangent to the & curve. If you
go shallower, you miss the & curve aliogether. See Fig, 9.8 where for a 21.2-kn
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-1000
-20 0 20 40 60 80
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Figure .8 Graphicalconstruction for finding speed and angle for best glide, ¥, and

Tog » {rom a rate-cf-chimb curve.

taibwind, ¥y, is 69.5 KCAS; for calm wind, Vy, = 72.0 KCAS; and for a 21.2-kn
headwind, H"R = T75.2 KCAS. The somewhat oddly sized wind speeds are due o
our desire to plot calibrated air speeds along the horizontal axis. At 4000-ft
density altitude, 20KCAS =21.2 KTAS.

Using the approximate “fact™ that the slant length from the origin to the curve
i5 the same as the honzontal distance V, Eqg. (9.85) tells ws that the point of
tangency is at the speed that is Vy_,, speed for best glide in a calm. Furthermore,
starting another tangent line from point (¥, 0) along the ¥ axis, Eqg. (9.85) tells
us that irs point of tangency is at the speed for best glide into a headwind of speed
Vi L., at ¥y, IF & tailwind is involved instead, one simply moves the starting
point of the tangent ling, from zero, the other direction.

So that is all there is to the purely graphical approach to finding ¥, (W. ) :

# Draw a graph of &'(V; W, g);

* Lay off a tangent from (¥, (1) to that graph; and

# Go straight up from the point of tanpency, to the I axis, and read off
Vil W, 0).

As mentioned, simply treat taibwinds as negative headwinds. If you take starting
points for your tangent lines farther to the left, you can scc that speed for best
glide angle, Fyer approaches speed for minimum descent rate, V.

What about the other way, as F,, geis larger? Eventually our approximation—
small path angles—breeaks down. As I, approaches aireraft aie speed =V,
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where the first five values of the constants a, are: ay = /4, a) =7/32,
g, =5/32, oy = 167/2048, and ay = 1/64. That is a sufficient degree of
;;pmﬁmlign and gives the following result for the optimum glide speed:

2 3
Lt i A W (i W5
Pagw = Vigo + 73 B\ Vs e\ T T STEN
3
o b
16\ Voo

Figure 9.9 shows how Vy, varies with direct headwind or tailwind at varicus
altitudes. The spread in )y, values is in a sense an artifaet due to winds being
ground speeds and our V' speeds being expressed as calibrated air speeds. As true
air speeds, there would be even less spread between the three Fy, graphs.

A commonly cited rule of thumb is o adjust calm-wind values of F,, by
adding or subtracting one-half of the speed of the encountered headwind or
tailwind. As the curves in Fig. 9.9 show, that rule of thumb greatly over-
compensates for light winds. But picking on a sizeable 20-kn headwind (and
setiling on 2 moderate altitude of 5000 ft), the graph shows one should adid o
calm-wind V), only about 6 kn. In a 20-kn tailwind, it suggests subtracting from
calm-wind ¥y, about 4 kn. Except for quite strong headwinds, the conventional

Eq. (9.85) blows up. In practical terms, in a 60-kn wind you have got higg
problems than worrying about how steep vour glide path is.

Speed for best glide Vy, (refer to Fig. 9.8) is just the unpowered version of J.
speed for best angle of climb. Indeed, when gliding, Vj, is your speed for greates
positive (least negative) flight path angle. In similar fashion, V., is just fhe
unpowered version of F,. A rate of sink is just a rate of climb that happens to by
negative, i

(9.92)

Formula Approach

Owr guiding analytical light is simply the well-known Eq. (9.88) for excess powes
and rate of descent. There, G and A are “composite™ bootstrap parameters thaj
depend on the four airframe BDP parameters and the two operating variables |
and 4. So once we have tied down the BDP, we are in perfect position o ugs
elementary differential caleulus to come up with an expression V. Solving !
expression will turn cut to be something else again.

Computing the derivative of the RHS of Eq. (9.85) using Eq. (9.88) and
setting the resulting expression equal to zero, one gels

—2GF, + 2HY ),

M -JGVA,“ + f

While this general fifth-degree equation can not be solved algebraically in

closed form, it can easily be solved numerically. Just plug values for P inta a5

RHS of Eq. (9.89) until you get the desired value of headwind or tailwind. That MSL
how we got the solutions for Fig. 9.8. For a more comprehensive look, at ( Tailwinds Headhwinas \‘
widely-separated altitudes, see Fig. 9.9, where we used Quatiro Pros SolveFor

facility to get the numbers. F

While Eq. (9.89) is convenient for sceing what wind speed V¥, corresponds to
which true air speed of the airplane, there is also something to be leamed by
rewriting the eguation in standard polynomial form and simplifying it a bit by
using the bootstrap composite parameters fact that 5,/ G = L

Vbg KCAS

3 1
P — 5 VoV — U + 3 ¥, =0

There is an even hetter way, pointed out to the author by its discoveret,
Professor Philip Bridges.” Working on curve fils to a numerical iteration scheme,
he discovered an infinite series solution to Eq. (9.90),

(EL) S g (h) 3 a,( £ ) (9.91) ¢TI ST

Figa L = R Figure 9.9  Variationef V,_ with headwines er tailwinds at various altitudes.
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rule of thumb is about twice what is needed, Adjusting by one-fourth of
encountered headwind or tailwind is a better rule: it is the initial correction faet
featured in Bridges's formula, Eqg. (9.92),

That revised rule is also supported by caleulating the slopes of the pranhe .
¥.. = 0. Evaluating the derivative of I with respeet to ¥, there (by taking g
inverse of the derivative of ¥, with respect to 1) one finds, in the glide case, g
the slope there is exactly 1. (In the climb case, the derivative is even smaller g
of opposite sign.) But again it is not the small winds one is concerned about

The corresponding graphs and formulas support a revised rule of thumb fg
speed for best glide in wind: in a headwind, increase 1, relative to its cal
value, by one-fourth of the speed of the wind. In a tailwind, decrease Vig, Tel;
to its calm-wind value, by onc-fourth of the speed of the wind, Only f
substantial headwinds (30 kn or more), double the feregoing prescription for

i unique emvelape of that set of tangents. This means that a different
EfiIE::h grgph, say (‘tﬁ: for a different weight or tjar a different altiude,
ﬂmm have a different set of tangents. But having a differcnt set of wngents
wuns that the set of best g]j.dc angles Yhgw will he diffﬂl‘ﬂ!'llt. Far II'ISIEI]'II:I:.. the
mﬁcnt line which starts up at ¥, = 20 kn will be different; its angle 1_.\.-11‘1-. the
Iﬂ!g will be different, hence the cormresponding hest glide angle Vhgw M & 20-kn
IIJ“h._.qu.uirud (at the same altitude) will be different. So best E‘;ii'lie alngle, in a NonZero
peadwind or tailwind, does vary with gross weight or w_n]'l altitude.

But how? To answer that we do need a little calculatlnlzm, or at least a reﬁped
~ praphical construction. Let us start with additional details on the ratc—c_if-chmb
'I gm]:;h iV W, @), with parameters W and o written out explicitly. For instance
E: graph of Fig. 9.8 is A'(V; W = 2400, o = 0.8881). Going back to our
definitions of bootstrap composite parameters G and H, the general formula for
pawerofl rate-of-climb can be written as

Weight or Altitude Effects on v, in Direct Headwinds or Tailw

In the calm-wind situation, angle for (wings-level) best glide Tngn d0ES NOL var
either with airplane gross weight W or relative air density o That isa
consequence of the well-known fact, seen from Egs. (9.4) and (9.5, that

-1 g Gol? (W ]a)H,
WiF:-W.a)= F{GV* +HIV) = --{h - 57

(9.94)

What one sees is that poweroff rate-of-climb, for a given airplane in a given

bany = atd = =t flaps/ gear configuration (given Gy, and Hy), depends only on air specd and on the

g G patio (W /o). As do so many important light aircraft pcrrmwnr!celnumhem. Figure

Because the drag-and-lifi coefficients are purely functions of AOA w, the 9.10 is an augmentation of Fig. 9.8 with an additional rate-of-climb graph drawn
minimum glide angle —y occurs at whatever value of z makes 1”.',';,,',.'1(,"‘K in, that for A(F; F = 1600, ¢ = 0.8881). Knowing that it is only the ratio (W /)

minimum. For the Cessna 172 of Table 9.2 (flaps up) we found €,
about 0.786. Referring back to our earlier formulas for the Cessna 172 ¢
Cy(e; d7), in Table 4.8, best glide implies ADA is thy = 7.63 deg. Becs
Tiy = =338 deg, this puts the airplane’s best glide athitude slightly nose
2.25 deg above the horizontal,

So, in & calm, weight and altitude have no effect on best glide angle. On the
speed for best glide, yes, but not on the angle itself. But what about when there i
a headwind or tailwind? One can see, without calculation, that then weight and
altitude will affect best glide angle. Here is how.

Consider Fig. 9.8, rate of climb vs air speed, with those few tangent lines (each
corresponding to a chosen value of headwind or tailwind) drawn in. Now, in you
mind’s eye, add many more such tangent lines, those for large tilwinds up
through large headwinds. (Even though tangents for larpe headwinds ame
“unphysical” in that our approximations break down.) The rate-of-climb graph
uniquely determines the set of all such tangent lines. .

But that last statement can be turned around! The set of all those tangent lings
uniquely determines the rate-of-climb graph. In “mathspeak,” the rate-of-climb

that matters, more parsimoniously we could have said that Fig. 5.8 was for
(W /o) = 24M/0.8881 = 2702 |bf and that the additional graph in Fig, .10 was
for (1)) = 1600/0.8881 = 1802 |bf. Also keep in mind lh.ai, because density
altitude }, inereases as relative air densily o decreases, lowering (H"Jf"rr}ﬁas WS
done in the seeond graph of Fig. 9.10—can comrespond to lowering, individually,
either W or hy

Figure 9. 10 shows how it is that best glide angle in a calm does nod vary, for a
given airplane, with B /o, The rate-of-climb graph maintains its tangency to the
original calm-wind tangent ling; speed for best glide changes (getting larger for
larger values of W/a), but angle for best glide stays the same.

Figure 9.10 also gives us “directions” of weight or altitude effects. If W/a
decreases in a headwing, both speed for best glide ¥y, and angle for best glide y,,
decrease (the glide deteriorating), If W /o decreases in a tﬂillwind speed for h_cﬁt
glide I, again decreases, but angle for best glide y,, increases (the glide
Improving).

Having disposed of effects of direct headwinds or tailwinds, we are ready for
the final wrinkle.
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of best glide angles like y,,,,, saying it is greater than y,,, is meant in the strict
algebraic sense, a5 =3 > —3. A greater glide angle is less negative, a shallower
le.

aﬂ'!i'he upshot is that, while it is perfectly possible to get numerical solutions to
hest glide speeds and angles with headwinds or tailwinds accompanied by
downdrafts or updrafts, it is seldom practical to do so. In practice, from the
cockpit, speed of an updrafi or downdraft can be estimated only very roughly. For
gafety purposes, more than for performance estimation, Table 9.13 gives the
qualitative directions in which one should make adjustments if one encounters
headwinds or tailwinds accompanied by downdrafts or updrafts. Table 9.13 is
stricily for reference and to check answers you get by drawing speed vector
dizgrams like Fig. 9.11 or analyzing rate-of-climb diagrams such as Fig. 9.10. In
the table, updraft and dewndrafts are assumed small enough that the no-wind
tangent line is not crossed; just as in the V, climbing case (Chapter 7) that is the
dividing line. In addition to this confusion is the possibility of crosswinds, but
those are accommodated by crabbing to the appropriate wind correction angle.

Why have we neglected to treat minimum descent rate and speed for it?
Because chosen air speed has no different effect on descent rate with or without
wind, F_;, just as does speed for best climb rate I, references only the air mass.
Granted that 2 downdraft increases descent rate into the ground, but that
downdrall, assumed steady, only adds a constam 1o the no-wind descent rate.
Of course this disclaimer is unresponsive and passive in those cases in which one
can ffy out of the downdrafi,

Glide performance is one of few places one can achieve exact (or “exact™)
solutions to flight mechanics problems. That fact is of interest, but it does not
mean that getting those exact solutions is always worth the added effort. The
small path angle approximation is quite good enough for most practical purposes,
especially for lightly wing-loaded aircrafi.

-

Calm path ™~ , g

Tailwind, W¥ o = 2702 ,'?-“!-
oy

-600 ROG, Wi o = 1802 _ "

Rate of Climb, fpm

oH
800 A

ROGC, W/ g = 2702

-1000 =
=20 4] 20 40 B B

KCAS

Figure 5,10 Ceasna 172 rate-of-clirnb va air spesd for two values of W /s,

Downdraft and Updraft Effects on Wings-Level Glides
(Small v, 5till Case 8)

When the headwind or tailwind is aceompanied by a downdraft or updreaft,
matters get even more complicated. Let us focus on the downdraft because that is
the more problematical case. See the relative motion vector diagram of Fig, 9.11.
The downdrall is pushing you into the ground, at so many feet per minute, so you
will need to speed up (relative to your direct headwind value of speed for best
glide angle, V., ) to attain the best possible speed, ¥, (speed for best angle of
climb with a headwind with a downdraft), Table 9,13 gives the directions the
varions [ speeds move and the angle effects for every possible case. In the cage

Table 213 Effects of headwinds, tailwinds, updrafts, and down-
drafis on best glides

Winel situation Spesd for best glide amgle Best plide angle

Direct headwind Figh = Pig Yigh < Tig

Direct taibwind P = Pl Vo = Thg

Headwind with downdraft Fogra = Figa Vight == Fagh

Headwind with updrafi Froku = Figs ik i

Taihwind with downdraft Figrs = Wiy Figar = e : : ; - ST
Taibwird with updrafl Wi iV, T = 'r': Figure 8.11 Velocity vector diagram, from the Earth point of view, for gliding info a

headwind with a downdraf.
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Conclusions

From general gliding equati-:rnﬁ af motion (originally from Newton's laws and he

and their associated I:u::sl.‘ glide a.nglq: and minimum descent rate for the no-wing
case, For comparison, and lor shorter formulas, we repeated much of the e
work using the small flight ]:r.lth angle approximation. Then we returned to

the best mrnnmund bank angle and for (minimum) altitude lost in that lliﬂ-de

tum. Finally, we considered (back in small approximation) wind effects—dj

headwinds and tailwinds (including the further compounding of weight ‘::_

altitude effects) and also headwinds and tailwinds together with updrafts
downdrafts—aon over-the-ground best glide air speed and angle.
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Cruise and Partial-Throttle
Performance

Introduction

Cruise and partial-throttle operations have traditionally been given short shrift in
the aircraft performance literature. Standard textbooks do discuss two important
aspects of partial-throttle operation: best range and best endurance. But, almost
without exception, they do this for propeller-driven aircraft using an over-
simplified theory in which both brake specific fuel consumption rate (bsfe) and
propeller propulsive efficiency # are taken as constant. These books often include
classical Bréguet range and endurance formulas, but derivations of those (c.g.,
Hale' or Perkins and Hage®) usually hinge on such assumptions as flight at
constant C; or at constant air speed ¥ neither are realistic scenarios. Lack of
specificity is another problem. Miele,” for instance, mentions a general thrust
control parameter m for turbojet, turbofan, ramijet, and rocket engines, but none
for the propeller airplane, Even if he had, what would be the operational
definition of w7 (Greek pi stands for power and, though we shall emphasize
torque, below we use the capital version of that same letter for cur partial-throttle
parameter.) Von Mises” briefly treats partial-throttle problems using an insuppor-
table approximation in which engine brake moment (torque) is independent of
engine speed. If engine speed decreases say because of increased propeller
loading under constant throttle—as during transition from level cruise to climb—
engine torque s closely constant. But not when the revolutions per minute drop is
caused by engine throitling.

Practical operational information regarding partial-throttle performance of any
given airplane comes from its pilots operating handbook. A cruise performance
table typically deals with only one aircraft configuration (clean, flaps, and, if
possible, gear up)—a limitation that is understandable—but also with only one
gross weight, which is not so easy to accept. For cach of several density altitudes
{eonfusingly and unnecessarily split, in the common GAMA-format table, into

n
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pressure altitude and outside air temperature), this table presents—for the si :
case of fixed-pitch aircrafi—several engine revolutions per minute values with
associated true air speeds, per cent ([MSL] meen sca level rated) pOWET, 3 -
gallons per hour fuel consumption rate. The range of revalutions per minute 3
air speeds given is usually shaded towards the higher side, Hardly any POHs p
walues of Fy, (speed for best endurance) or Fy, (speed for best range) even though
that knowledge may well be of crucial importance to flight safety. Most PO
have, in addition, range profiles and endurance profiles. Again, these are for g
(initial) weight and one configuration. They typically include graphs giving
range (nautical miles) or endurance (hours and minutes) associated with several
combinations of cruise air speed VF, percent power, and density altiude,
Well, the reader might ask, what more could one want? Fair question. {
How about range and endurance figures for other configurations? What if; for
instance, & hapless instrument pilot puts his gear down for approach to a so
in airport, can not retract the gear because of some mechanical or electriga]
problem, and must divert to another field? Because his 45-min IFR pad was only
figured for the clean configuration, gear-down range information now beca
critical. How about speeds for best range and best endurance for a varicty of g
weights and at least for several (terrain clearance) altitudes? One can voice si
objections about the brevity of the POH cruise performance table: more weig
and a wider range (at the lower end) of revolutions per minute and air spee
should be represented. And while we are scraiching out our wish list, why
include columns for propeller thrust and efficiency? The GAMA-format cruise
performance table is better than most of its predecessors, but it is Ceﬂa.ﬁ'l[j' not
sufficient. How could it be? When it was designed, there was no adequate partis
throttle performance theory available,
Straying from the straight and level, might it not be useful to include at least
some data on the airplane’s performance during standard maneuvers such as
steady climbing turns or descents? For example:

Question #1. Consider the airplane at 6000 ft, 24001bf, flaps up, making a
standard rate (3 degy/s) turning 3000 ft/min descent at 90 KCAS. What bank angle
dr and engine speed N does this require?

Question #2. Consider the same airplane and sitwation (2400 Ibf, 6000 ft, flaps 1
up). What revolutions per minute are required for the airplane to descend along a
3-deg glide slope (in calm air) at 90 KCAS?

Once you have understood our extended bootstrap approach theory of partial-
throttle operation you will be able to answer a/l of the above query and wish list
items and more. That theory will rehabilitate the partial-throttle performanée
stepchild. And elevale i If not into Cinderella, at least into respectability. A first
fair warning, however: this is a fledgling theory (Lowry”), extensively unchecked
by experiment, still awaiting the good offices of a competent pilot/investigator. A
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second fair warning: he or she, and even the reader, may find the theory's logic
and algebraic reasoning somewhat tortuous; straightforward examples will help
keep you on the path,

we shall begin by quantifying *partial throttle.” Mext we lay outl new concepts
and expressions needed for the partial-throttle extension. Then we show how, by
collecting a litle bit of level cruise flight test data, one can move beyond the
propeller polar to get graphs of the airplane’s insalled propeller power coeffi-
cient, thrust coefficient, and propulsive efficiency. Specific endurance and specific
range are introduced. A better cruise performance table is constructed, and
sealing rules that simplify that work are derived. Two concrete partial-throttle
examples, 2 banked descending tum (question #1 above) and a descent along a
glide slope (guestion #2 above), are laid out in detail. Partial-throttle absolute
ceilings are discussed. We will end with a briel discussion of unanswered
questions and future opportunities.

The Bootstrap Approach Partial-Throttle Model

Definition of Bootstrap Power Setting Parameter [1

Pulling back to partial throttle, in our formulation, is equivalent to replacing the
actual engine by a “virtual” engine of diminished capacity, one with reduced
MSL “maximum™ torque, Because throttle is tied to torque, partial or reduced
throttle means reduced torque. (Another warning, on nomenelature: the words are
backwards. “Full throttle™ actually means not throttling the engine at all and
“reducing throttle™ actually means to throttle it more. For historic reasons we stay
with the common misconstruction.) From a description of the “derated™ enging,
our analysis proceeds 1o use—in a way as yet obscure to the reader—one of
several bootstrap formulas to caleulate torque needed for a given operational
situation, a given air speed associated cither with level cruise or with a known rate
ar angle of climb or descent (with or without tuming), Our concrete operational
definition of power setting IT is:

= L
i oM

M is engine torque at whatever altitude, revolutions per minute, and throttle
setfing obiaing; da) is the altitude power dropoff factor; and M is base MSL-
rated torque at full throttle, The denominator measures maximum possible torque
at altitude with full throttle and with fuel-air mixture leaned for maximum power,
This definition differs in kind from that of the percent power numbers found in
POH cruise tables. In them, for instance, 70% brake horse power means 70% of
MEL-rated full-throtle power at maximum rated revolutions per minute. In our
definition, IT = 1 always corresponds to Gl throttle under ambient conditions,

(10.1)
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New Wine from (Mostly) Old Bootstrap Bottles

Reviewing basic bootstrap formulas, one sees that engine torque M appears anly
in composite parameter E. Given the bootstrap data plate (BDP) for the airplang
and altitede, power setting IT <+ M« E; if vou have any one vou have any other.
(Symbol < mewns “corresponds 0.") We can motivate deceptively simple Eq.
(10.1) by plotting power-available/power-required curves for several values o
partial throttle parameter I1 (see Fig. 10.1), based on the BDP of Tahle 10.1 and
on case 2 of the sample composite bootstrap parameters in Table 10.2. One sees
in Fig. 10.1 that 6000 ft is near absolute ceiling for IT = 0.7.

Tahble 10.1 Sample bootsirap parameters for Cessna 172

BDF item Value Units Adrcrafl
Wing reference area, 5 174 fi! Airframe
Wing aspect ratio, 4 7378 Airframe
Rated MSL torque, Mgl = 1) iz M=1b8 Engine
Altde l]ruplrﬁ' pm‘mnﬁcr, i 12 Engine
Propeller diameter, o 625 fi Fropeller
Parasite dmg coe [Mcient, Cl'ﬁ' 0037 Airframe
Airplane cfficicncy factor, ¢ 072 Airframe
Propeller polar slope, m 1.70 Progeller
Propeller polar intercept, & =0.0564 Propeller

Cruise and Partial-Throttie Performance i

Table 10.2 Sample composile bootstrap parameters, fwo
full-throttle situations

Vaurdable ar composine Case 1 Case 2

by MSL G000 it

W 2400 Ibf = Wy 2400 |bf = Wy
w | 0.8159

1) 1 (LE135

E 5319 =E, 432.7

F —0.0052368 = Fy =0.0043772

o 00076516 = Gy 063956

H 1.668,535 = Hy 1.996,192

K ={2ER84 = & —0.0107729

o =41, 270.6 = Oy =il 165.4

® —129. 460, 301 = R, —185,297,929
L 218,064,595 = Lip JI2118214

A somewhat more detailed review of hootstrap formulas shows that a little
additional knowledge about the airplane and its motion—weight W, air speed V,
and either rate of climb & or flight path angle ¥ (including the possibility of those
last two variables being zero, level cruise) implies knowledge of torque M and
therefore again knowledge of £ and of TT. That comes from the basic bootstrap
relations surrounding maximum (or, it turns out, minimum) level Aight speed, rate
of climb, and flight path angle. Let us here repeat those three formulas as Eqgs.
(10.2), (104), and (10,5}

-ExvETakE_ [ o0, & .
T—\/T* T

In the partial throttle case, Vy ., becomes level cruisc speed V.. Which speed,
the high or the low one? It turns out that it does not maner, Either choice for
solution for £ (or Q) leads to this relation for torque M:

V-i
.

Va

Vitim = {10.2)

" —

M{ﬂ.u}=¢(rrwﬂ{ﬂ.a=1]=:rﬁ.’g( d

2mm

(10.3)

Example 10,1 If onc decided under these casc 2 circumstances, 0 educe
throttle and cruise (still at 6000 ft) at 93 KTAS, Eq. (10.3) would tell us that
torque was reduced to M = 202.80 fi-Ibf. Dividing M by the maximum possible
full-throttle torque at that altitude, P{a)M T = 1,0 = 1) = 0.8135 x 311.2 =
253.16 fi-Ibf, gives IT = 0.80. In corroboration, the right-hand intersection of the
power-available curve for TT = 80% with the power-required curve does oceur at
F =093 KTAS.




322 John T Lawry

The rate of elimb formula is

F e W
and the flight path angle connection is
N g -||:E+KE'2_HJ"V2:|
= =gin | —
W
Solving both those last two relations for torque gives

MIIT, o) = D(e)Mg(Il, 6 = 1}

gl
¥ AN Tm

: R=F"] 4
[W stny+dﬁ'ﬂ(?)]m

ROC(Y) = k(V) =

V) = sin

What 15 missing in all of this is information about the engine circular spead .
How does one come by that? In quite a roundabout way. First off, the definition of

the power coefficient

Cpm Iﬁ
of propeller advance ratio
i
J= =
and the relation between power F and torque M
£ =2mnid
give us a relation
Cp_ 2nM
J2 T pdPPe

for the independent vanmable in the lineanzed propeller polar. But because

depends only on advance ratio J, so does Cp/07. And, assuming invertibility,
depends only on Cp/J”. S0 if we had a graph or chart giving us knowledge of

as a fimction of Cp /%, we would be able to find J and then, quite easily,

n=— (10.11)°

)

That if will be the subject of the next subsection. First we discuss a couple of

ohjections, or at least doubts, the reader might have,

Ohjection #1. Composite bootsirap parameter £ and engine torque M have heen
associated so far only with full-throtile operations. Values of M smaller than base-
rated torque Ay have certainly been found at full throtle, but those have besn
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saller only because of altiude dropoff factor ®ie). How can we understand,
inmitively, this changed convention?

Answer #1. The basic idea behind this bootstrap extension is that an engine at

ial throttle may be thought of as a smaller engine at full throttle. If someone
took a hacksaw and cut an inch off your throttle control plunger and then screwed
the knob back on over the cut, you would suddenly have an airplane of
diminished performance. But a neophyte pilot would have no easy way of
distinguishing between this sabotaged partial-throttle situation and a “virtual”
engine characterized by reduced base MSL full-throttle torque Mz(TT < 1). The
reader should keep in mind that we are implying the possibility of many different
virtual engines, each with its own derated MSL torque value M(IT = 1); which
particular virtual engine we usz depends on assumed air speed, altitude, and flight
path. We also assume any such virtual engine has the same power dropoff
parameter C as does the real one. That assumption is supported by the fact that C
iz quite close to (112 for a wide varety of aviation internal combustion gasoline
engines of various displacements and verious numbers of cylinders.

Objection #2. Another possible objection to our virtual derated engine proce-
dure might be linearized propeller polar parameters m and b were calculated
using data from full-throtle Might tesis, How can one be sure the same values of
those parameters will be obtained in the partial-throttle case?

Answer #2. One answer to this objection comes from reviewing formulas from
which m and b were originally caleulated [Lowry,” Eq. (18) there for b and either
Egs. (19) or (20) for m]. There one sees that the relation for & does not invelve
engine torque or any varigble that depends on engine torque. And while either
relation for m does indeed imvolve base engine torque My, either could just as
well be looked upon as a relation for the product mMy, If one had ongmally
inadvertently (sav) overestimated M because one old tired engine needs an
overhaul, one would have calculated as a consequence a larger and precisely
compensating (though not correct) value for m. Because that same overestimate of
Mg continees to plague the partial-throttle development, the inadvertent compen-
sation in s continues to do iis job. A shorter answer to this objection comes from
remembering that the correct propeller polar is a relation only having to do with
the propeller. One of the most useful features of the bootstrap approach is its
sgparation of the airplane into three essentially independent parts: airframe,
engine, and propeller. Utility of dimensionless coefficients and other quantities in
the propeller polar hinges on the fact that their correet values do not depend on
the particular engine used to determine them.

Beyond the Propeller Polar

At this point, both for definiteness and for use in sample calculations, we describe
one prescription from which one may determine .f(Cp,/ 7% ). There are others. And,
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in fact, we recommend that if one is implementing the bootstrap approach on ag
airplane, he or she keeps a running record of cockpit readings taken during a wide
vanety of steady climbs, descents, and level ecruises. Each of those can b
arrnged to give an additional J/(Cp/*) datapoint.

Our procedure is as follows. Take the airplane to a given density altitude at
known gross weight (these may be calculated after the flight) and a given
flaps gear configuration. Fly level and stabilized at various (indicated) aj
speads and record the associated engine speeds, The AGARD manual sug
taking 3 to 10 min to let the aireraft stabilize at each level air speed and sugg

this ulrplum. and an assumed mstalled ‘slowdown factor™ of 8.5% as sugg
by Norris and Bauer') are collected (first and third columns) and lightly massay _
isecond and fourth columns) to get advance ratio J (fifth column).

To conveniently use these data to construct J(C/J?), use Eqgs. (10.3)
(10.10) and the relation between composite parameter R and speed for best g
of climb in calm air

¥V, = E—RJI’“
eliminating torgue M o picce together
Coigy v, (—Ky)
1
S |i 0 (V”) ] padm

In this way, we can readily find Cp/f? for given level flight speed V.

Table 1.3 Sample compesite beotsirap paramaters, two
full-throttle silmations

“arighle or composie Cose 1 Caze 3

h, MSL 3000 it

W 2400 0bf = Iy 2300 bl

'] L 0.9151

P 1 09035

E 5319 =E, 48l 6

F —LODS236R = Fy =0047923
G 00076516 = 7y 0007021
H 1668535 = iy 1,674,526
K —0.0128884 = K —0,01 17544
g —41.270.6 = [0y =40,748.5
R =120,460.301 = &, =141 976,614
o 218,064,395 = [i; 2391462356
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Table 10.4 Data from simulated level
cruise flight fest
KICAS KTAS N n ]
1] 5227 2021 3368 m42
53 5749 14959 32.65 h4E
11 62.72 15436 3243 052
6as 67495 19467 3278 056
0 T3.17 2003 33.54 (LA
75 TRAD 274 460 oAl
20 8363 3153 3548 063
83 RHRS 2239 37.32 064
an 08 2332 38.87 0G5
93 w31 2431 452 066
100 1,54 2534 42.24 067
103 10976 il 44.01 047

“Just a minute! ™ we hear the reader protesting as he or she reviews Eqg. (10.13).
“Do vou mean to tell me that F, is independent of throttle position?” Precisely.
The best climb angle itself, of course, very much depends on engine torque, but
with identical gross weight, altitude, and bank angle, any throttle setting gives
identical values for F,. Composite parameter £, the only first-line composite
parameter involving torque, plays no role in the definition of V.

Mow, another point about thizs pivotal performance speed. Recall that we
mentioned, on the question of whether to use the form of Eg. (10.2) for maximum
level flight speed or for mininmm, that it did not matter. Solution ¢, and then M
15 the same for either. Being able to ignore that distinction implies a relationshap
between F,, I, and ® and it is satisfyingly simple:

= ViV (10.14)

¥, is the geometric mean between bootstrap minimum and maximum speeds for
level flight.

With these raw and immediately derived performance flight test data in hand,
Eg. {10.13) with standard bootstrap information on the pertinent value of F,
(hootstrap composite parameter R = —141.976.614 corresponds to F. =
109.2 fifs = 64.7 KTAS) then provides corresponding values of CP;"JE. One
gets a graph such as Fig. 102; that is the major result obtained from the
supplementary level cruise flight test. Additional valuable information, propeller
power and thrust coefficient graphs, and a propulsive efficiency graph, can be
gained from it. To be able to caleulate with the graph, it is convenient (though
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Figure 02  Propeller advance ratio [ as a fanction of Cp/f 2

devoid af any deeper meaning) to fit a curve 1o it In our sample case, one such fit
i5 given by

reconsideration of early full-throttle climbing data or even an additional fligh
test emploving panial-throtile descents timed over some vertical interval __'
come in handy. Instead of belaboring experimental exigencies, we will simply use
the curve fit of Eq. (10.15) as though it subsumed all of our requirements. In
several later sections, we shall demonstrate the use of this somewhat unusual
propeller chart [Fig, 10.2 or Eq. (10.15)] and our theory with sample caleulation
First, however, one further data input item must be tied down,

Brake Specific Fuel Consumption Rate

Unlike extension of the full-throttle, wings-level theory ta include manswvering
iwhich required only a slight change in the induced drag term), extension i
partial-throttle operations requires additional data on both engine and propellet
To calculate fuel usage, we must know bsfe rate, For our sample Cessna 172 wit
its Lycoming 0-320-D2) engine, as for almost all general aviation aireraft,
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mpmpriam engine manual is readily available and includes the necessary graph,
from which we abtain

_|0.45 hbp=122
£ Iﬂ.jl. hp = 122 Ll
The wnits of ¢ are lbm/h/hp. Aviation gasoline density is approximately
g bm,/gal (L1.5.). Rather than a piecewise constant Asft, one may find that the
engine is better modeled by a continuous graph, probably with a minimum near
70% rated full-throttle power. Keep in mind that Eq. (10.16) is only an example.

Calculation of GAMA-Format Cruise Performance Table

Such a table is for a given type of airplane in given flaps/gear configuration,
wings level, at given gross weight. The table is entered first with pressure altitude
and outside air temperature, then with any of several values of engine speed N in
revolutions per minute. Dependent data consist of percent rated MSL brake
power, true air spead Fin KTAS, and fuel flow rate in gallons per hour. Table
10.5 shows POH cruise performance entries for one density altitude for the
Cessna 172 airplane without speed fairings. Because fuel flow comes directly
from brake power, it is convenient to cut entries for each density altitude back to
triples (A, ¥, P). Though any one of those three might be considered a second
independent variable, that role usually falls to M. 1t will turn out, in our alternative
bootstrap cruise table later on, that N is mor a good choice for independent
variable.

In theoretical developments we use torque M, rather than power P, because
torque is most closely tied—through manifold absolute pressure, and brake mean
effective pressure—to throitle position. And partial-throitle operation 15 our
subject. 5o we will consider the slightly transformed cruise performance table,
which has, for each of several density altitudes, entries (1, M, N). To caleulate
twe of those from the third, two functions of single varables are required. The

Table 10.5 Cessna 172 POH
cruise performance at 6000 ft

RPM Yabhp KTAS eph

2600 7 17 B0
2300 i) 111 18
2400 a3 105 7.0
2300 57 o9 6.4
2200 521 o3 50
2100 47 15131 55
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first, of form M(F), is Eg. (10.3). The second, of form N({F) [only for our
particular curve fit, Eq. (10.15)] is

_ 6oy

N =——16.9145 - 5.9501 =i

(10.17)

where Cp/J* comes from Eq. (10.13). Let us consider an example.

Example 10.2 Let us calculate croise performance details for our sample
Cessna 172, flaps up, 2400 1bf, at 6000 ft, for cruise air speed V' = 95 KTAS =
160.3 ft/s. From Table 10.2 (case 2), the altitude factors are ¢ = 0.8359 and
@ =0.8135. ¥, = (—R)"™ = 185,297,020 = 116.7 ft/s. From Eq. (103}
torque M = 207.5 R-Ibf. From Eq. (10.13), Cp/J? = 0.1046. From Eq. (10.17),
N =23093 rpm. With circular speed, we can then calculate engine power
P = XM = 52.007 fi-lbf /s = 94.56 hp. Because the rated MSL power is
160 hp, the engine is developing 59.1% of full power,

At this power level, from Eg. (10.16), bsfe = 0.45 Ibm/h/hp; fuel consumption
rate is therefore 7.09 gph:
ofie
HEY 9

To compare our sample Cessna 172 (BDP as in Table 10.1) with the archetype
from the Cessna POH (Table 10,5}, in Table 10.6 we use two lines interpolated
from the POH table flanking the results of our calculation. The baotstrap airplane
is neither as clean nor as cfficient.

Foreing POH and bootstrap revolutions per minute to maich (rows 2 and 3 in
Table 10.6), the POH airplane is almost 10 KTAS faster. Forcing air speeds to
match (rows 3 and 4 in Table 10.6), the bootstrap airplane requires faster engine
speed and has considerably higher fuel consumption.

gph (141 E}

Propeller Charts Cp(J), Cy(J), n(J)

Propeller hlade elements, under most steady conditions, move in two mutually
perpendicular directions, tangentially and longitudinally. We are here ignoring the
possibility of differentially loaded propeller blades, as in a steep climb or descent,
leading to P-factor; that can be adjusted for in retrospect. The usual two

Tahble 10.B Comparizon of bootetrap and POH entries

Source Pm Dbl TAS aph
Inmerpolated from POH 2393 6.6 {LE R LR
Bootsirap caloulation 2393 51 95,0 709
Interpedated from POH 2233 536 95.0 .06
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directions of motion require two independent scalar propeller relations. The
linearzed propeller polar

L,

—!=Hi'

7 &+.b

N7 (10.19)

is one of these but, because only one, can never do the full job. That is why the
supplementary level cruise flight test (or some other test recording engine speed)
is necessary, Considering what we gain from it, performing that brief test is a very
small price to pay. With that additional information, we can go far beyond the
limitations of the linearized propeller polar and construct a full set of (installed!)
propeller charts for the airplane. This development is of extreme importanee and
wtility. And guite easy 1w do.

There are many types of propeller charts, From any independent pair of them,
one can construct all of the others. We will construct the usual graphs of
coefficients Cplf) and Crf) and supplement that pair with a graph of propulsive
efficiency (/). These graphs will be for those values of advance ratio J
encountered in fight tests,

The power cocfficient, because we have pairs (Cp/f2.J), is immediate by
multiplying abscissas by J°, Next we can use our linearized propeller polar, Eq.
(10,19}, to calowlate matching values of €} /%, From those one finds CrlJ).
Then we get matching values of propulsive efMciency 5 from

(Cy i

) =0 = Col e

(10.20)

0.070
0.065 Fmpﬂllar:h/msl coefficient Gt
0.060
&
< D0.055
L]
0.050 Propelier ;m/war coafficient Cp
0.045 \
0.040
052 0b4 056 058 08B0 062 064 066 068
Advance Ratio J
Figure 103 Propeller power and thrus: coefficients as functions of advance zatio [
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0.76 2y If we fly continually at {ever-changing) Fj,.. what will maximum endurance
£ (not the similarly named bootstrap composite parameter) be? If we fly,
instead, at ever-changing Vy., what maximum range 8 (again not the

= D7 . hooistrap parameter) can we expect?

§ . Considering the situation at a given point in time, Fi, is the speed thai

E | maximizes specific endurance, given by

D 074

£ T . (10.22)

2 P

E 073 :
with units h/1bm of fuel. To actually find endurance £ one must integrate Eq,
(10.22) from the initial to the final aircraft weight (von Mises®). Using an
unrealistic assumption of constant propeller efficiency and constant bsfe, that

072

 integration can be performed analytically. In our realistic nonsimplified case, the
integration must be done numerically.
Similarly, ¥, is the speed that maximizes specific range, given by

050 052 054 056 058 060 052 054 066 068 07

Advance Ratio J

Figure 104  Boowstrap partial-throttle procedures give realistic values for 1

¥
propeller propulsive efficlency. specific range (no headwind) = - (10.23)

That is all there is to it. Figures [0.3 and 10.4 show the relevant graphs for g

with units n mile/Ibm of fuel. To find actual range R, i the realistic cass, one
experimentally accessible range of J values,

would numerically integrate Eq. (10.23) from the initial to the final {empty of
fuel) weight (von Mises®). Flying into a headwind of speed ¥y, the item Fy,, (the
extra subscript w means a headwind or tailwind is involved) maximizes as

Specific Endurance, Range, and V;, V;,

How long an airplane can stay aloft (endurance) and how far it can go
landing to refuel (range) depend on how much fuel it carries and the rale at

L

¥,
. . el il
specific range (headwind) = v 7

(10.24)

In Eg. (10.24). as is usual, tailwinds are accommodated by treating them as
negative headwinds, ¥, is speed made good over the ground.

At given W and o (and in a given headwind or tilwind, in the range case), one
finds these new ¥ speeds essentially by trial and error. Referring to the cruise
performance table, which we shall soon augment, one needs to take a trial air
speed, find the corresponding torque, then Cp (2, and then engine speed N. Then
Power P, bsfi: ¢, and finally the specific endurance or range figure as given in one
0f the last three equations. When this has been done for a range of air speeds, Vy,
5 the speed that maximizes specific endurance and ¥, or V.. the one
Maximizing specific range.

Because J(Cp/J?) is given as numerical data (though we have fita curve to our
#mple data), this is essentially a numerical process. We shall go through an
Example after we construct an augmented eruise performance table.

weight of the airplane, altitude at which it flies (assumed in level flight), i
fast it travels, In the range case, headwinds or tailwinds make a difference. As the
airplane travels, its weight decreases according to

W o=—cF
As gross weight W decreases, less lift is needed to keep the airplane up. =

speed, or a smaller angle of attack, will suffice. For the same speed, induce
goes down. Because less thrust is required, engine power can be reduced. g
slowly varying vet dynamic situation. The practical operational questions piie

have in this regard are

1) For amy given circumstance, what are the speeds for best
endurance, ¥, and best {longest) range, V.7
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Bootstrap Cruise Performance Table

The combination of Tables 10.7 and 10.8 is what we have in mind for an
and serviceable cruise performance table, Brief bootstrap calculations and the
of density altitudes allow construction of a cruise performance table
considerably more information, though with fewer columns, than the

GAMA-format cruise table, This newer specimen illustrates several points,

Table 10.T Bootstrap expanded cruise

performance table for Cessna 172, 84001k,

G000 ft, flaps up, partl of 2

KCAS KTAS N S gph
L] 104 B2 THY 0.7
45 1039 2556 VLS B5
ot QE 4 2454 631 7.0
B3 930 2159 5.9 .8
B0 BT.5 T2 5.7 6.2
75 B0 210G 415 57
T3 Ve 708 260 462 55
T Th.h 21 445 5.3
Bs 7.1 L] 438 5.1
62 My, aT.8 2081 42.5 3l
&0 iR 2079 42.7 51
33 .2 2104 EER 5.4

Table 10.8  Bootstrap expanded cruise

performance table for Cessna 178, 24001Lf
G000 ft, flaps up, part 2 cf 2

KCAS KTAS Wil ToabD n

100 1094 954 28335 0.735
5 1439 916 20E.1 0739
ol 93.4 B854 e 0.744
RS 930 A0 kvl R 0.748
R} 871.5 T 33v.2 0.751
75 Ra.0 J1E MEE 0.751
73 P 9.8 0.6 3532 0.750
0 V6.5 692 3506 0.747
6s 7.1 1.9 o9 T 0.733
61 Wy, 6714 L] 75l 0722
i) 63,8 68,1 3T 0711
35 6.2 0.4 IBT.6 0.671
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1) Near the bottom af the table, FiN) is double valued; N = 2100, for

)

3

instance, ocours for a speed near 535 KCAS and also for a speed near
66 KCAS. Therefore, N is not an appropriate independent variable for a
wide-span cruise performance table. This defect does not show in current
POH cruise tables because those are prematurely cut oft, on the lower end,
at relatively high air speeds. (Considering that the POH Cessna is aboul 10
KTAS faster than our sample airplane, the POH cruise table only goes down
to settings for approximately our T8 KTAS.) Air speed is the appropriate
independent variable because that choice makes the other performance
items single valued. We chose calibrated (equivalent) air speed partly
hecause it is closest to the operational indicated air speed and partly for a
reason having te do with cruise table scaling to be discussed below,
KTAS is included for two reasons. As in the POH cruise tables, it is needed
for navigation. But also for trial-and-error calculation of speed for best
range {with or without a headwind or tailwind).

Power setling IT is of course a new feare, Tt is caleulated vither as
MTT < 1)/My(I1 = 1), which would be (207.5/0.8135)/311.2 = 82.0%
for the recent 95 KTAS example, or as M{TL a)/da)Mu(1l = 1) =
207.5/{0.8135 = 311.2) = B2.0%.

43 Thrust is caleulated from the usual bootsirap relation:

3]

6

—

T(V)= EV + FI? (10.25)

Because the craft is at partial-throttle, EgiTT < 1) = TIER(TT = 1) is the
correct base composite factor to use in calculating £, Because this is level
fight, using Eq. (10.26) for drag avoids having to even consider throitle
setling.

DNV} = Dl V) + Dy{(F) = GV + % (10.26)
Propeller efficiency # is ancther new feature. Because our extended flight
test data were fabricated, efficiency calculated from thrust, air speed, and
power gives results a couple of percents higher than does Table 10.7.
Accurate experimental data would give more consistent results.
It seems 1o us imperative that a good cruise performance table include Fg,
and ¥,. Let us first deal with the endurance side. In Table 10.7, ¥, was
found as the speed for which consumption rate gallons per hour is a
minimum (altematively, where 1/cP is maximum) (see Fig. 10.5). Specific
endurance peaks for this airplane under these circumsiances at aboul
62 KCAS. The graph dislocation on the lower right is from bsfc ¢ switching
from its low to its high value. The same is true of the two graphs following.
In the usual simplified theory, in which both propeller efficiency y and
specific fuel consumption ¢ are taken to be constant. Fj, is speed for
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Specific Endurance, hrilbm fusl

7
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0.035

0.030

0.025

0.020

0.015
50 60 0 ED a0 100

KCAS
Figure 10.5 Specific andurance as & funetien of air spead.

maximum €32 /€, and speed for minimum descent rate

) H 1/4 U IlH,
By (EE) - (E) = 0.7598F, (102

For our sample Cessna at 6000 ft, 24001bf, ¥,; = 54.7 KCAS. But that is
more than 7KCAS below our (correct!) best endurance speed F, =
62 KCAS. The discrepancy 15 due fo the moderately sharp decrease
propeller efficiency at lower values of J.

Now for F,., speed for best range. First, in calm air. This is the speed
¥ /cP. or Fgph, is maximum (see Fig. 10.6). Speed for best range in calm
air, for this airplane under these circumstances, is at 73 KCAS. A temporary
column ol o the side gives the nod, for this circumstance, to F, =
TIKCAS = T9.8 KTAS. In the simplified theory in which efficiency n and
specific fuel consumption ¢ are constant, V), is speed for best alide

114
Vig = (}é) = [/ (10.28)
For our sample Cessna ar 60001, 24001bf, ¥, = 72.0KCAS, only 1kn
below our Fj, = T3KCAS. Our caleulations improve realism in that 5
varies with air speed and, closely following the engine manual for the
Cessna 172% Lycoming 0-320-D2J engine, ¢ is taken [Eq. (10.16)] to be
only piecewise constant, Pilots should be sble to base crucial range or
endurance decisions on fuller data, as given by Table 10,7,
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Figure 10.6 Specific range in calm air as a function of air speed.

&) With a headwind or tailwind, finding ., is somewhat cumbersome, But let
us do a sample caleulation for say a 20-kn headwind,

Example 103 See Fig. 10.7. With headwind Fy = 20kn, besl range is
achieved when (KTAS —20)/cP is maximized., The upper curve is the calm-
wind specific range, as in Fig. 10.6. The lower curve is ¥),./cP, 20 times the
graph in Fig. 10.6. The middle curve, the difference between the other two, is the
operative one here, Motice, just as in the Pa/Pr curves, that maximum distance
between the first two curves mentioned, where their difference peaks (for the
FajPr curves, at V). is where the two curves have the same slope. The same
relation holds here: Fi., is about 78 KCAS, Notice that with a headwind the
maximum value of specific range is lower than for a calm. That only makes sense,
@5 does the fact that maximum range itself, the integral over weights, will be
lower,

Going off to the side of Table 10.7, calculate a new column (KTAS —20)/gph.
For the selection of air speeds featured, maximum of that new column is ncar 80
KCAS. If one uses a finer grid, the maximum is closer to ¥, = 78 KCAS. So
for best range, cne needs to My somewhet faster when bucking a 20-kn hesdwind,
The procedure is straightforward enough, but finding ¥, for a variety of gross
weights, altitudes, headwinds, and tailwinds entails lots of number crunching.
But it is nice to have at least a few sample points in a fucl pinch far from a safe
haven.
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Figure 10.T  Figuring specific range in a 20-kn hesdwind.

Cruise Performance Scaling Rules

The sample level flight dara in Table 10.3 gave us the pivotal propeller coefl |
relation J(Cp,0%). But if we had been particularly interested in the airplang’s
cruise performance at that panticular altitude and weight (3000 ft, 2300 1bf)
could have simply used that wbular data, with the ¥y, ., relation Eq. (10.3),
find, for cach featured cruising speed, My(IT < 1) and then M, P, or %, and then
gallon per hour fuel consumption. We had the germ of the cruise table for
W = 2300 Ibf and &, = 3000 it in our hand. Because information in Table 10.3
was all that was needed to predict cruise performance at other weights and
altitudes, one suspects there are rules for deriving cruise performance data for any
W and = from eruise performance data for any single W and o

Indced there are. The easiest way to see that and decipher the cruise
performance connection or scaling rules, is o look again at Egs. (10.12) and
(10.13) with the definitions of various composite bootstrap parameters, Then Eq.
(10.13) can be rewritten as

CF Hy ( w )l (=)
-4 = — | +1|=x 10.29
J? [EEEKH ab? pyedtm ( )

Equation (10.29) shows us that two cruise situations related by having identical
values of

Ve _ Ve
N (10.30)
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are two situations characterized by identical values of Cp/J?. Therefore,; by
jdentical values of J and of idemical values for Cp, Cy, and #, items that depend
aaly on /. And not so incidentally, in level flight, by identical values of C; and

1
Dl:ucuging an identity of ./ values gives the scaling rule for engine speed V. Our

mpomcsis 5

L =L ¥ T2 (10.31)
N VLA
and, because J| =0y,
! IIH": fo
.I"lrz —_ V1 JI|I'I| = HI_I []'zhrl {I0.32-}

As situation 1, consider a fixed-pitch airplane in a given configuration at MSL
(o, = 1), Wy = 2400 Ib, requiring 2300 rpm to fly level at 100 KTAS = 100
KCAS. If that airplane goes to 3000 ft (7, = 0.78607 weighing 1800 1bf, at air
speed given by

Ve
1800

100

= V2400

ar ¥ = 86.6 KCAS, then from Eq. (10.32) its engine must be turning 2442 rpm.
Similar machinations with definitions of propeller power and thrust coefficients
Cp and Cy, with the engine speed scaling rule just derived, give Table 10.9. For
abbreviation we used w, = W /W, 0,2 = 7 /7., and so forth.

Again, the importance of these scaling rules is that they let one use known
cruise performance data for a fixed-pitch propeller airplane, data good for only
one weight and one altitude, to calculate cruise performanee for that airplane at
any other weight and any other altitude.

(10.33)

Table 108  Bootstrap cruise performance
scaling rulee (for Vg /s = Ve /W)

Variahle Scaling rule
Engine speed Ny = Sy o W,
Engine power Py =y oy
Engine torque My = wy M)
Power setling Is = wy a0l
Thrust y=wyl

Dhrag Dy = w0

X elJ. Ca. Crom. Cy, Cal A =Xy
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Partial-Throttle Operation at Given Speed, Turn Rate,
and Climb or Descent Rate

The best way o demonstrate the caleulation wrinkles demanded by climbing or
dezcending rurns (including wings-level climbs and descents as a special case) ig
to go through an example (previous guestion #1),

Example 10.4  Consider our sample Cessna 172 at 6000 ft, 2400 [bf, flaps up
jease 2 of Takle 10.2), making a standard rate (3 deg/s) wrming 300 f/min
descent at 90 KCAS. Here are steps and formulas required to compute bank angle
i, engine speed N, and further performance items of interest

11 Use the standard tum relation

= tan~! ‘“V) 10.34
i = tan (H (10.34)

Three degfs is 0.05236rad/s and F =90 KCAS = 98.44 KTAS =
166,15 ft/s. Hence, bank angle o = 15,13 deg, This will modify bootstrap
composite f for additional induced drag,

2) A useful variation of the top portion of Eq. (10.6), directly using composite
parameter values as in Table 10.2 and the general banking prescription [Eq.
(10.39)], is

A Kr? H{’ﬂj] (10.35)

: 5 d

.uw,ﬁ.qb.u.uj_m[T— t il
Substituting the proper BDP and composite items (case 2 of Table 10.2) and
bank angle gives M = 177.15 ft-Ibf. (Recalling altitude power dropoff
factor O, at 6000 R, is O.BI35, and that MSL base torque iz 311.2 fi-Ibf,
power setting is IT = M /DM, = 70%.)

3) Use Eq. (10.10) to find that Cp/J* = 0.0831. From Eq (10.17),
N = 2295 rpm. The desired descending mrn, maintaining 90 KCAS, results
from banking 15 deg and throttling back to about 2300 rpm.

4) From the linearized propeller polar [Eq (10.19)], Cp/U7 = 00849 and so
propeller cfficiency, during the early stages of this pamial-throttle descent, is
i = 0.6950 x 0.0849/0.0831 = 71.0%.

In summary, calculation input data (to the pilot, given conditions and goals)
consists of 1) BDP for 51': 0; 2} W =2400 Ibf; 3} h, = 6000 fi; 4) V =
o0 KCAS; 53 & = =300 fi,/min; and &) e» = 3 deg/s. The calculated outputs (to
the pilot, required control inputs) are 1) ¢¢ = 15.1 deg; 2) ¥ = 2295 rpm; and 3)
whatever elevator manipulation is required to maintain 90 KCAS.
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Partial-Throttle Descent at Given Speed Along Given
Approach Path

Again, an example (previous question #2) is called for.
Example 10.5 Consider the sample Cessna 172 at 2400 1bf at 60040 [t with flaps

up. What revolutions per minute are (initially) required for the airplane to
descend along 2 3-deg slide slope (in calm air) at 90 KCAS?

The glide slope s =0.0524 rad, with sine —0.0523, The formula similar to Eq.

(10.35), but fearuring flight path angle, is

MV, p,g; W, E}:H K-+

d |[W siny 5 H{D)
2o g HOT s

In our example, bank angle ¢ =0. M = 14288 fi-Ibf (hence, [T =

142.88/(0.8135 x 311.2) = 56 4%). Cp/J? =0.0670, by Eq. (10.10), and
N=2153rpm by Eq. (10.17). To descend along the 3-deg glide slope, at
G0 KCAS, the pilot should throttle back to about 2150 rpm.

In summary, calculation input data (to the pilot, given conditions and goals)

consist of 1) BDP for 8, =0; 2) W =24001bf; 3) h, =6000f; 4) V=
SOKCAS; 5) wings level; and 6) 3y = =3 deg. The calculated outputs (io the
pilot, required control inputs) are 1} A = 2153 rpm and 2) whatever elevator
manipulation is required o maintain 90 KCAS.

A continuing question. Assuming that indicated air speed and physical throttle

position are maintained down to 2000 f, and that the latter implics constancy of
I1, what will the revolutions per minute be at this lower altitude? At 2000 fi,
= 0.9428 and altitude dropoff factor @ = 0.9350, Truc air speed has decreased
to 92.7 KTAS = 156.4 ft/s. Torgue M will be increased by the ratio of dropofl
factors, 0.9350/0.8135 = 1.15, t0 164.31 fi-lbf. Cp/s* is also increased by that
factor because air specd appearing in the denominator of Eq. (10.10) is effectively
calibrated (equivalent). Then Cp/t? = 0.0771. By Eq. {10.17), N = 2110 tpm.
Engine speed has dropped by only 10 rpm/ 1000 fi; difficult to notice even in very
calm air,

Partial-Throttle Absolute Ceilings

Because it is well known that an airplane cannot possibly achieve its absolute
ceiling in fimite time with fimite fusl unless deposited there by some higher-flving
entity, caleulation of gbsolute ceilings and speeds there appears pointless, at most
a comparative benchmark. But, in fact, getting to absolute ceiling is impossible
only when one 15 “confined” to wings-level, fullthrottle flight. Banking or
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1hrotltl:'ng !:ack certainly do not give the airplane 8 upwards boost thase conme
manipulations work the other way around, dragging the absolute ceiling dowr, &

“absolute™ ceiling, in relative terms, is attainable by flying high, full throtile and

Mngﬁ level and then banking or throttling, In so reducing the ceiling, s
interesting facts emerge. Moving from the full-throttle wings-level ceiling
relations

L 2
DWW M=1¢=0)= mq—fﬂgm]ﬁn

W
H{L'{W’n__' I, gh 2032?\/‘1—2}3—%
# AT 4L

to the possibly banked, possibly partial-throttle case is easy. Use the genera]

prescription for hanking

H{0) )
i =H{0 Hig)=—- ;
{0 — High) e {lﬂ.i
and the similar prescription for partial throttle

Eglll = 1) = EglTl < 1) = [TELIT = 1) (10.40)

with the composite formula for V. Eg. (10.12), to get

1
DA T )= —— = — f
ac (A T ) nmsé‘t’ﬁ{w- M=14¢=0 (1041

e
VoW, I, ¢) = 1FWV.;=3 {10.42)

The parenthesized zero, as in Eqs. (10.37-10.3%), denotes 2 value for unbanked
(wings-level) flight. For most intents and purposes, banking to angle ¢ is
tantamount to increasing gross weight from W to W/ cosd. If, for instance,
one goes from full to three-fourths throttle (1T = 0.75), ceiling dropoft factor @
increascs by one-third and ceiling density altitude is considerably diminished, say
from 16,000 (= (.5556) to 8582R (© = 0.5556 x 4/3 = 0.7409) and
similarly, if' one banks 41.4deg. If the airplane is currently above the new
banked or throttled ceiling, the airplane descends to it

We have chosen to express the air speed required at the ceiling, Eq. (10.42), in
calibrated terms w simplify matters. ¥, is the calibrated speed for best angle of
Flunh under base conditions. For a given airplane in a given configuration, it is
Just a number, independent of altitude. The interesting aspect of Eq. (10.42) is
that it shows calibrated air speed at absolute ceiling, while it does depend on
weight and bank angle, is independent of ceiling altitude and power setting TT,
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Throtiling back certainly lowers the ceiling, but calibrated air speed needed to
maintain level flight at that lower ceiling is precisely the same as before.

Example 10.6  For a full numerical example, consider the airplane described in
Table 10.10, case 4 (W = 2400 [bf, altitude 12,000 ft). What if, wings level at
12,000, the pilot throttles back to T = 0.75. What will the “absolute™ ceiling,
and the calibrated air speed to maintain it, then become?

From Eg. (10.41), using composite parameter values from Table 10.2,
@ (2400, 1,0) = 0.5514. Because the pilot then goes to three-guarters throttle,
the new @ ,-(2400, 0,75, 0) = 0.7352. Inverting the power dropoff formula to get

a=(l-Clb+C (10.43)
one finds that this corresponds to @ ;¢ (2400, 0.75, 0) = 0.7670, which by
h, = 145.457(1 — g"2*) (10.44)

gives h, o = B790 fi. Absolute ceiling air speeds are always P, and, h-ecausa.this
does not vary (in calibrated terms) when wings are kept level at constant weight,
it is convenient to compute at the original 12,000f alitude: V, = (—R)/* =
360, 435, 17014 = 128,12 fi/s = 75.91 KTAS. Using the value for relative air
donsity at that altitude, o = 0.6932, F_ =632 KCAS. Having pulled back
to T1 = 0.75, the airplane, il kept at optimum air speed 632 KCAS, descends
to 8790 fi.

The importance of ¥, and especially of ¥, is a red thread running through the
bootsirap approach to propeller aircraft performance. Mumerous earlier investi-
wators schemes for simplified performance caleulations (c.g., Kerber” or Diehl')

Table 10.10 Sample composite beolsirap paTametsrs, twa
full-throitle situations

Variable or composite Case 1 Case 4

I, MSL 1 2000

W 2400 bl = iy 2400 1bf = Iy
o 1 06932

b} 1 06513

E 5319 =Eg k1%

F —0.0052368 = Fy ={1.0036300
[ 00076516 = Gy MO0SHES

H 1,668 533 = H, 2407, 100

K =101 23584 = K —0.0089339
Q —41.2T0.6 = [y —38.779.5

R — 129,460,300 = Ky —269,435.17T0
[ 218,064,595 = U 453,840 063
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used other dimensionless speed ratios. More often than not, base speed wae
choscn as maximum level flight speed (either at sea level or at altitude) or as ey
flight speed for maximum propeller efficiency. Very often those were taken g he
the same. The treatment by Perkins and Hage,'! which uses Vay s the base speeq
is exceptional. iy is close to I, in concept. In fact Vi, is speed for best angje
when gliding. The two speeds differ because V. has an extra term in

denominator relating to propeller drag. In our work ¥y, because it depengs

only on drag characteristics of the airframe and of the propeller (and in fact

on the ratio between induced and parasite components), plays the natyura]
role.

Conclusions

Three specific issues pertaining to this theory require further thought or expe
ment:

1) IT is defined under conditions of maximum power leaning while

petformance usually assumes a “recommended lean™ mixture. Cur sample
Cessna 172P POH quantifies recommended lean as 50°F rich of peak EGT,
Because the engine manual shows that setting providing slightly over 998
of best power, there is little to no problem in our case, In other cases S0ME

medest adjustment might be needed.

2) Does C, the BDP ahiitude dropoff parameter, have the same value for the
virtual derated engine as for the actual one? For practical purposes, it
probably does. Because that factor varies little among actual engines of

widely varying displacement and power, the two are likely very close, Tn
addition, no performance item depends critically on the precise value of .
3) A more important question is “To what extend does power setting variable

I correspond to spatial position of the throttle control plunger?™ In other !
words, if one pulls back the throttle control 2in. at 10,000 ft, therehy
throttling back to say [1 = 0.55, then leaves the throttle control alone, will it

still be IT = 0.55 at 2,000 fi? Because of temperature expansion in the

throttle and carburetor linkages and the vagaries of volumetric efficiency,

we doubt that IT will be precisely maintained constant. In a sample
problem, for lack of sufficient reason otherwise, we assumed constancy
of IT, but we do not know how correct or incorreet that assumption is. A
few simple experiments involving partial-throttle ceilings (because in those
cases, air-speed dependency is so casy to deal with) would settle the jssue at
least for a single airplane.

Supportive experiments are called for generally. There are simplifying boot-
Slrap assumptions concerning torque and throttle, small Might path angles, and the
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uadratic drag polar, plus a new set of assun?pljnns connected to this par{.ial-

qhmﬂlc extension., Any lengthy sorites of 1J'_u_v. type, no matter how m.ﬂ ar
o ngly argued, always requires experimental verification. Expl:nn'lml'l.t.
ﬂ.mﬂnc:;]igysnid and done, is the final arbiter of the value of a tl'._en.ry. While
“h:ﬁ :mcndal'ions ta this one may be needed, it does provide a realistic method
;.Tr caleulating detailed fixed-pitch, partial-throttle performance,
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Takeoff Performance

Introduction

“Takeoff is optional.™ But not for us. For without it there is little o interest
the aviator. Analyzing takeoff puts us into the new realm of dynamics, the study
of motions of objects under forces. In our previous flight mechanics, forees and
moments on the airframe were balanced; yes, the airplane moved, but only
{quasi-)statically, at constant velocity. The exception was steady turning flight.
Then the airframe was accelerated, true, but in coly a guite simple fashion,
maoving (with respect to the air) in a circular or helical path. During takeolT, the
girplane will (should!) move in a sequence of straight lines, but with new and
varying forees acting on it—runway reaction, rolling friction, possibly contami-
nant drag.

So our job will be to delineate those forces, quantify them, and see their cffects
on the airplane’s speed and position during the three phases of takeoff—from a
standing start to initiation of rotation, a brief rotation to liftoff, and a climb out to
an altinude of 50 ft AGL. Under only slightly idealized conditions, we will be able
to piece together more or less “exact” solutions to the takeoff problem: mainly,
how much distance (and, to some extent, time) iz traversed during each takeoft
phase. We will obtain and study various useful approximations to our lengthier
analytical solutions. We will see what effect takeoff headwinds or tailwinds have.
Some additional algebraic adjustment will result in a perturbation appreach to
calculating distance to rotation and liftoff. We will study the guestion: When
should we takeoff uphill into a headwind and when downhill with a tailwind? We
will come up with a single simple (though approximate) number—a takeoff
power parameter | TOPP}—for relatively guick and dirty predictions of minimum
takeofT distances.

345
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Takeoff Phases

The typical small general aviation aircraft pilots operating handbook recognizes
only two takeoff phases: 1) from start of roll through lifioff and 2) from lifioff
an AGL altitude of 50 fi (assuming flat terrain). We will split their first phase into
twa: up until start of rotation and from then until liftofT, That lets us account for
variation in the airplane’s attitude and changing forces on the airframe during
rotation. So our picture assumes the three phases depicted in Figure 11.1 with the
kinds of performance numbers we will be caleulatin g. Our work will be
specialized to airplanes with tricycle landing gear; taildraggers have a further
brief initial phase during which the tail wheel is still in contact with the ground,

Cessna 172 Sample Takeoff Numbers

For an initial reality check (and subsequent comparison with calculated estie

mates), let us see what the Cessna 172 pilots operating handbook (POH) short
field takeoff performance page gives for their airplanc at mean sea level {MSL}
(standard conditions) weighing 2400 Ibf, flaps 10, full throttle. on a level dry
conerete runway with no wind, They cite o, = 892 fi, Fro = 55.8 KCAS

(having used the FPOH airspeed calibration table), dy, = 1628, and

Vsg = 59.3KCAS. We typically rotate at their recommended Jiftoff speed,
Liftoff speed ¥, is slightly greater than stall speed. Much higher than that and
we would be burning up runway and mubber for no good reason; much lower and

the airplane would not fly. For flaps 10, stall speed Vg for this airplane is givena

few pages earlier in the POH as 49 KCAS (for most forward center of gravity). So
(POH value) Fyy = 1.14 ¥y, LiftofT speeds commonly are 10 10 20% greater than
corresponding stall speeds. We will call that propartionate excess x: so for these
POH values x = 0.14. We normally select & = (.15,

Where did ¥y, , here 56 KIAS = 59.3 KCAS, come from? Speed for best climb
angle V, for this weight and flaps setting is 62,7 KCAS, A Cessna report’ goes
inta this minor question in major detail. It mentions that this “obstacle clearance

50
ﬂ1=dﬁ d2=dLﬂ_d‘l U_allﬂsﬂ.—ﬂ‘-dg
t=0 /=] Lo o
v=0 Vi YLO vey
d=0 dH dl.f,.l d_'jl:l

Figurell.1  Thethree phases of the takeslf mansuyer,
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speed” is certainly not I, (as we have seen it is not) and that “test pilots normally
select a speed close to 1.2 Vg (which would be, here, 58.8 KCAS) for obstacle
clearance.” With 0.5-kn lecway, that might wFII hawlbwn the C:cs&naJP{)H
sclection. Thinking ahead, one will be accelerating to climb out at either V, (ﬂ&e
usual choice) or at ¥, (our preference). Fyy can be looked upon as a way g.t.-.;:mn
toward one of those speeds. We shall normally take 1h; POH I:n::-ruk value in our
caleulations for comparison with our computed dgy estimates. We want 1o make

as few changes as possible,

Cessna 182 Sample Takeoff Numbers

Running through similar numbers for the Cessna IE;. Dr!SL standard day,
3100 Ibf (maximum gross weight for this model of this airplane), flaps 20,
cowl Maps open, full throttle, 2400 rpm (giving :'ated_ power 235 bhp), IEW:.] dry
concrete runway with no wind the 182POH gives o, = B0, VF,=
575 KCAS, deyy = 1570 f1, and Vg, = 62.0KCAS, :

The forward c.g. stall speed for flaps 20 is 52 KCAS, so the ]Lft'uﬁ't:m::‘.a over
stall is only x=0.11 Fg=1.19 Vg, cssentially the nominal 1.2 figure
mentioned in the Cessna report. .

The two Cessna POHs say nothing about imes to liftoll or to 530 fi. Those are
not normally of any intenest, though one way to calculate takeoff numbers with
wind involves calculating time to liftoff. Both POHs give some guidance on
takeoff roll adjustments for headwinds or tailwinds and for talci_ng oft on short dry
grass instead of concrete, Their tables include many density altitudes (in the usual
mannar, unnecessarily split between pressure altitude and OAT) and three
representative gross weights. g

For future reference, Table 11.1 collects these results for the two Cessnas.
These are “base case™ figures at MSL, no wind, for takeoff from a dry level
concrele Tunway.

Table 1.1  Important takeoff numbers (POH) for two Cessnag

Varihle Cesma 172 Cessna 182
Short field takeoff Aaps, deg [£1} 20
Giross weight, 1bf 2400 312‘_]'

Stall speed, ¥y, KCAS 40 2
Distance to Lifioff, o, ;. it 192 f20
Speed st liftoff, Fyp, KCAS 55.4 514
r=(Falfz—1) 04 011
Drstance 1o S0, dyy, £ 1628 1570
Speod ot AGL 506, Fgy, KCAS 593 62

Ratio Fay/Fg 121 119




345 John T Lowry
Takeoff Forces

“If you know the forces (and initial conditions), you can figure out the maotion,”
said Newton. Airframe forces dirccted along the munway are thrust, drag, rolling
friction, and sometimes (on sloped runways) a weight component. Runway
reaction (“normal™ forces) and lift are also operative, Those affect the takeofi
roll, but only indirectly through interaction on drag (a little) and on frictiona]
retarding force (a lot). We need to understand how those work, So let us begin
(Table 11.2) with a catalog of all major forces on the airframe during each takeofF
phase, Then we will comment on each type force, The various forces at wark
during takeofl, at first glance, seem many and varied. In fact they are quite easy to
keep track of.

Thrust, T

For fixed-piteh airplanes, we have a good theory, with two minor caveats, for
thrust. First, at rest (static), and very early in the run, propeller blades are partly
stalled. This is mirrored by the Cessna 172 POH citation that full throttle static
revolutions per minute are about 2360 60 rpm instead of the 2700 rpm rated in
flight at MSL. The sccond caveat is that the linearized propeller polar is a poorer

Table 112 Takeof forces

Force type and Phase 1, up to Phase 2, during Phose 3, Lifieff
component rotation roslation te S0
Thrust, T s, ignore static s Yes
thrust deficit
Pamasite dmg. £, Yes s Yies
Induced dmag, 0y Yo, in ground Yes, in ground Yet, mosthy out af
effect effect pround e ffect
Lifi, £ ¥es, in ground s, it ground Yes, mostly out of
cifect effect ground effeet
Weaght, parllel — W sint — W san i ~W sin y
10 meion
Weight, perpendicular Countered by Countered by —W cos
10 rcion Tunway reciion minway reaction
and lift and Hit
Rumasy reaction, v s s Mo
Ralling friction, F; Yea Yes No
Tire fwheel i Senall, ignore No, o very N
runup slight
Met force parallel T=D—F — Wsin# T—-D—F, —Wsind T=D-WFsiny
o mation

Met force perpendicular
10 mation

L - Weogit—N

L= Weosd =N

L— Weasy
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gpproximation to actual dynamic propeller behavior at very lowe air spe:ed_s. But
hecause these effects are only small to moderate and transitory we shall ignore
them. Then in terms of our bootstrap parameters, we have, for fixed-pitch (FP)
airplancs,

Tep(V) = E + FV? (11.1)

where of course parameters £ and F both depend (somewhat differently) on
relative air density o

For our base case Cessna 172, E = 5319 Ibf and F = —0.005237 slug/ft. So,
being somewhat optimistic (the partially stalled propeller), initial takeofT thrust is
5319 |b At rotation, with ¥y = 55,8 KTAS =94.2 fi/s, thrust has diminished to
4554 Ibf.

For constant-speed propeller airplanes, we recommend use of the general
aviation general propeller chart (GAGPC). But there is a problem. In the static
¥ =0 siiuation, J = y=0 and we cannot use the GAGPC. We need anm
alternative method for finding constant-speed propeller static thrust. There are
many such (e.g. von Mises MeCormick, Crawford' McCormick.” and
Diehl™), most of which do not agree with one another. OF course one could go
back to Chapter 6, Propeller Thrust, and do a full-blown propeller analysis for the
siatic situation, but that would be calculational overkill. We will hedge by using
an average of the methods of Dichl and McCormick.,

To use Dichls method, one needs his “static thrust coefMicient™ K to put into

_ K hp
! rpm df
where T is the static thrust estimate in pounds force and 4 is the propeller
diameter in feet. Ky comes cither from a graph, Figure 11.2, or the correspond-

ing curve fit formula, Eq. (11.3). The corresponding formula is a standard
sagmmoid :

5 (11.2)

T9.614
(1 + elfams— 1B.E80/4.256)

K= 22,893 4+ (11.3)
where the three-guarter radius blade angle f; ;5 is in degrees. For the Cessna 132
propeller, the low pitch stop is 15.8 deg at the » = 30in. station. Because the
propeller radivs is £ = 41in,, that is close enough. Putting in the Cessna 182
mumbers gives Ky = 75,600, Because hp =233, rpm = 2400, and 4= 6.33, we
find T¢ = 1084 1hf. This is just over twice the corresponding Cessna 172 figure.
McCommick’s method, much newer, only requires entering a graph, Figure
11.3, or using a simple formula, Eq. (11.4), with the propeller’s disk loading
figure, hp/(disk area). MeCormick’s method, besides being much more current
(propellers have changed considersbly since 1932), also has the advantage of
using readily available input data, The static thrust values, however, may be
optimistic. For the Cessna 182 at MSL, his graph indicates about 6.4 hp/ft*,
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A curve-fit formula for MceCormick’s geaph is

T 72976
5= |-03.6426 + 1.4
hp y( Jhp/DA Ll

where D4, the propeller disk area, is 36.67 ft* for the Cessna 182 propeller of
diameter 82in. The formula [Eq. (11.4)] then gives T, /hp = 5.02 and, conse-
quently, 75 = 11801bf. Only 8% varigtion between the estimates of Diehl and
wMcCormick in this generalized treatment is not bad,

When we need it, we shall use the two methods® average valuwe, (T} =

1132 Ibf.
In the “reasonable” air-speed case (20 KTAS or greater), all the data needed 1o

use the GAGPC will be available, With full throttle and constant revolutions per
minute, air speeds ¥ during the takeofT run will wranslate direcily 1w values of
advance ratio J thrust values, after some work, will be forthcoming. In fact, for
most constant-speed propeller aireraft, T(F) fairly closely follows a cap-shaped
guadratic pattern as in Eq. (11.1). One of our later approximation schemes will
only need to sample T(F) at two places, onee at the beginning of the takeofT roll
and again at rotation speed,

Drag, D

There are three varictics of drag to consider: parasite, induced (now with the
added wrinkle of ground effect), and “contaminant deag.” That latter will take

some work, We start at the top.

Parasite Drag
There is nothing out of the ordinary with parasite drag; it remains

Dp = GF* = §plSCpy (11.5)
Induced Drag

£y is quite a different matter. While this “drag due to i1 and its modification
due to ground effect was treated in Chapter 4, Aerodynamic Foree, let us here run
through the main points and find some associated Cessna 172 numbers. In
coefficient form,

D} =1 pr2sch, (11.6)
where superscript f means in ground effect and where

Chi = (1 - a)Ch: (11.7)
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Subscript ) means out of ground effect, given here with additional subscript Gg
meaning ground un,

2
Ch= % (11.8;
Factor e, no relation to relative air density (distinctive small Greek letters m
short supply), 15 approximated by
o = e—4aihE™

where fr is the (average) height of the wing (of span ) above the ground. For the
Cessna 172, i/ 8 = (.16, making o = 0.336. Body angle of atack (AOA), during
the ground roll is ahout 5deg, so that (Table 4.8 in the Aerodynamic Fopg
chapter) € = 0082 x 5 4+ 0.34 = 095, Out of ground effect, the induceg
drag coefficient 2, /med = 0.0337. In ground effect, this will be moderated by
factor (1 =), 0 Cj':,, = (L0217, only 64% of the out-of-ground-effect value
Cpp = Cpye Tecall, is 0,039 for flaps 10. So induced drag, up until rotation, is
only about one-half of parasite drag. These figures will vary somewhat
aircraft loading and the state of the nose pear struf, but small changes will not
much matler. You can get an accurate ground roll AOA by loading the airplane as
though for takeoft on a level hard surface and messuring heights of the leading
and trailing edges, &; and fy, and the average wing chord ¢, and computing

agp = sin”! [{—hL = IFIT}]

have not built up practical aerodynamic characteristics for the airplane (a8
outlined in the Aerodynamic Force chapter), vou may bhe able to find your
wing in Abbott and von Doenhofl” or in some similar reference. Even so, zero Lift
AOA @y is a problem. But vou will not e far off, when it includes your airplang,
by using Table [1.3 to get e for & = 0 and then correcting for takeolT Naps 8
using i
C s = 0) = Cipnar (57)

4
iy

Ady = ay(8)) — a8 = 0) = (11.11)

Afler some routine algebra on Eqgs. (4.60) and (4.61) for the out-of- and in-
ground-effect lift curve slopes, one finds the relation between them is

45
(1 S lﬂﬂaﬂu)

i d

@l = (11.2)
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Table 11.3  Important numbers (zere fagps) for common general aviation wings
ﬁjm|a|1|: MACA no. lré Eq,[ﬁr =i}
Beech Honanzn 13mz2 0. 105 =12
Cessna 150, 152, 170, 172, 177 2412 103 =21
Mooney M20K Kool 63213 n112 =13
Tip 64412 AT =24
Avemige 0,110 =2.1
Piper Archer, Lance, Cherokee, Warrior, Sencca 65415 0.106 24

Contaminant Drag
D when there is runway contamination, “foreign™ material, is a major new
factor. The most common runway contaminants are water, snow, and slush. Tire
number, size, and pressure, contaminant depth, and ground speed are the major
influences,

Conteminant drag is approximately given (for instance, by various NASA and
Federal Aviation Administration [FAA] technical reports™'") by

3 i &‘ 4 )
'D(' s ]_Igd.ﬂ_adl""' [21-1?“ Eﬂr_‘_u\/ J‘L‘+ o ( le-i-d)
W M

Boded  [hodd)

- = contaminant drag, in |bf

oy = contaminant specific density relative to water;

d = contaminant depth, ft;

F = ground speed, ft/s;

wyy = width of unloaded main tire, ft;

wy, = width of unloaded nose tire, f;

&y = deflection of main tire, fi;

&y, = deflection of nose tire, fi;

Cocy = L4, if ¥V =V, and=max{l4—00180(F = V), 0.3}, if
T

Cpey =26, if ¥ =Vpy, and=max{26— 0.0328(F = Vpy), 06}, if
V = Fpy:

Vpyy = main tire planing speed = 15.2 (Py/p5)"%, fi/s,

Fay = main tire planing speed = 15.2 (Py /ps)' %, fifs:

P,; = main tire inflation pressure, psi; and

P, = nose tire inflation pressure, psi.

(11.13)

where
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Planing speed factor 15.2 may be more familiar as 9. i i
g » 115 value when planing
Because tire pressure (if we ignore contributions from tire sidewall stiffy,
supports uil] of the airplanc’s stationary weight, there is a relation ..
ggiecl:d tire geometry, tirc pressure, and the weight it supports. A G
15k of radius R, if one cuts off g cap of deflection (radialy thi ;
f th -
exposed chord of length s

!=2\/52R =) (1114

with inverse relation

!2
ﬁzﬁ(l—fl—w'=ﬂ—ﬁ=—ﬁﬂ

lT.l:ﬂmpIe 1.1 Let us take our usual Cessna 172 and ask what the “sta :
tire deflection might be expected to be. The single 5.00-5 (radius 6.5 in {
50 n.) nose tire has a recommended pressure of 34 psi; the two ﬁ.llmaﬁ‘,(m if..
7.5in., width 6.0in.) main tires have recommended pressures of 28 psi. i
;T;Iune '-;;mght, 24001bf, is distributed—normal weight and balance assumed—

3% on the mains, 17% on the nose wheel, €
“flattened™ tire, J, is given by = Callzbose fustom i T

.7 L4

NPw

where N'is the number of such tires sharing the load, tire pressure P is in psi, and

hoth Fan‘d tire width w are, here, in inches, For the main tires (M = 2) w:a pat

I'=3.93in.: for the nose tire, [ = 2 .40 in, Using Eq. (11.14) twice --l'-“'

the main tire will be & = 0.61in. and deflection of the nu5e1 tire will be

d=1.11 m Those deflections compare well with actual measurements, s
perhaps sidewall stiffness does not badly perturb our rough calculation, .

(11.16)

Exnn'Ip.Ie 11.2 Becausc we have accumulated this data on Cessna 173 tires, let
uls_cnnun ue on o calculate contaminant drag for 1/8 in. standing water, Always
citing the main tire figures first, the planing speeds will be 804 fi/s (47.6 kn) and
BB.6 fi/s (525 kn). So one will expect hydroplaning during the latter portion of
the takef:ff ground run. Taking the POH liftoff speed of 55.8 kn or 04,2 fi /s, just
b»s._-f"nre I|ﬁc_:|ﬁ‘ the Cpp- coefficients will be 1.15 and 2,42, Because speeds never
will get high enough for this airplane to invoke maximum conditions on the
c\u-aiﬁlclcms, those coefficients will vary linearly between onset of hvdroplaning
and lifioff. To simplify our calculation, we assume an average main tire value
Cocy = 1.30, Cpey = 2.55. Onge all of the numbers for this situation have been

Fluﬂ
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g:d into Eq. (11.13), we find

Dy =0.0132)4 (11,17}

This is 1.64 times the corresponding pamasite drag foree. Just before liftoff
e = S5 RKTAS =%4.2 ftfs), contaminant drag would amount to 116.7 Ibf,
quite a sizeable retarding force. Takeoff, on a badly contaminated runway in a
light airplane, is a subtle danger for two reasons. While all may seem fine early in
the run, the contaminant drag effect builds up as the square of ground speed and
may eventually overpower the engine. In addition, one will cxpect to reach
hydroplaning specd, with consequent skidding and possible loss of control, fairly
late in the maneuver.

Lift, L

Even though lift is not directed along the runway, it affects the takeoff run by
making the airplane progressively “light on its feet.” More lift means less force
pressing the tires o the runway surface, therefore, less rolling friction. Again,
ground effect plays a minor role to enhance lift. Equation (4.63) in the
Aerodynamic Force chapter is

e oGl
c{_m (11.18)
( a7

Berause the out-of-ground-effect lift coefficient for our sample Cessna 172
was .75, we find from Eq. (11.13) that the in-ground effect value is 0,308, ahout
8% prester. We can use this ground-effect excess to help us compute the
airplanc’s body ADA at liftoff, ey 0. At liftoff, lift cquals weight, so

gorl, vl
f—ua—ﬂ"?_ﬂ‘-“‘; T

(i)

(11.19)

Far our sample Cessna 172, standard conditions, this is Cy; = 1.313. But we
can pet by with only 1/1.08 =93% of this our-of-ground-effect value, or
C; =1.22, which requires only oy, = 10.7deg. Getting slightly ahead of
ourselves, into the second takeoff phase, this means that a “normal™ 3-deg/s
rotation rate will have done its job after only (10.7-5.0)/3 = 1.95. Actually (we
assume the performance test pilot 15 trying for 8 “maximal performance™ takeoff)
the pilot would likely rotate abour twice that fast, bringing the rotation time
interval down to 1s.
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Weight, W

On a flat runway, weight is opposed by the combination of lift and
reaction A. But when the runway slopes up at angle 8, weight co i
Fy = Wsinf pulls back on the airframe. IF the runway slopes down, that s

weight component helps the airplane along. Using pasitive angles for ups
tunways and negative for downsloping ones antomatically takes care of the sig
of this retarding force. -
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which amounts, for our standard Cessna 172 taking off at seal level weighing
2400 Ibf, to a diminution of net force of about 3.5 Ibf.

Net Takeoff Force (from Start to Rotation)

putting the previous results together using the definitions of lift and drag
coefficients we have, for V' < Fy {neglecting the complicating possibility of
punway contamination both because it so seldom occurs and because it messes up
the pretty analytic picture),

FrglV) =T =D = Fp — Fyy = (E — uW cosf — W sinf)

g Chan | 1
+ (.F:’ - % + i;ip.cq’ﬂ) yi (11.22)

Runway Reaction, N

During the ground run there is no net force perpendicular to the runway s
N always adjusts itself sa that
N4+L-Wcosf=10 _ )
where the first equality is true of all airplancs but the second only applies to fixed-
pitch ones, K is the usual propeller drag plus airframe parasite drag bootstrap
composite parameter £ — (. In spite of its seeming complexity (including the
fact that density—altitude dependence is buried in several terms), this Jast relation
is in essence (because the coefficient of the 2 term will always be negative)

simply

Rolling Friction, F,

We do not care about static friction—assuming that we can eventually
airplane moving—Dbecause overcoming it does not use up any runway. But e
friction is a major negative player always working against the existing moti
long as the airplane is moving on the runway) of size

Fr= uN = u(Weosd — L)

F ) =a — (11.23)

ifor convenience in future work, take “constanis™ o and b to be the positive
square roots) and can readily be integrated to find the space length or time
interval of this portion of the run. We shall soon do this. But first we look at two
graphic examples showing the progressing sizes during the takeoff run of the
various force components.

Rolling friction coefficient u depends on the type surface on which the
tires mll. Tahle 11.4 gives values for the common types and coefficient values.

Tire and Wheel Runup Neglected
As the airplane accelerates down the runway, a very small portion of the
propulsive energy is transferred to rotational kinetic energy of the tires and
wheels instead of to kinetic energy of the airframe. We shall ignore this ef

Graphic Interlude: Takeoff Forces Parallel to Aircraft Motion

In the base case (sea level, maximum gross weight, flaps set for short field, bare
dry concrete, no slope, no wind), Fig. 11.4, each of thrust, drag, and relling
friction is quadratic in the air speed. Figure 11.4 gives the magnitudes of each
force component; keep in mind that drag and rolling friction always work in the
direction apposite to thrust force. Rolling friction staris out at 48 15 (0,02 W) and

Table 114  Approximate relling [riction coefficients
for common runway surfaces

Runway surfsce type Rolling friction cocfficient decreases as lift grows. Notice that propeller drag, due to bootsirap parameter b
S 002 [not the b in Eqg. (11 .1]}],.rnakn-s: Iil'm.u:t.dmp off about 50 Ibf‘dl:mng the run. Drag
Braken-up dry asphalt o quadratically increases with speed until, at about 30 KCAS, it surpasses rolling
Hard dit .04 Iniction as a retardant. Overall, net force on the airframe drops abour 25%, about
Short griss 004 128 Ibf, during the run.

Wiet concrete or asphalt {03 The higher altitude sloped grass takeoff case, Fig. 11.3, looks considerably less
;T;ﬁ;: gj' Promising. At 2000 Ibf, now the airplane can lift off at only 50.9 KCAS. But up at

5000 ft, on a (short) grass unway sloped up 2 deg, it will still be at quite a
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disadvantage, vis a vis takeofT roll up to rotation, when compared with the base
case of Fig. 11.4. Keep in mind both graphs use calibrated air speeds, so true air
speeds in Fig. 11.5 are higher than in Fig. 11.4. And we are not yet ready to talk
about the distances covered. On grass, rolling friction, in spite of the weight
reduction, has more than doubled over the hase case, starting off at 100 1bf. Drag
is unchanged. But the further addition of unway upslope means a constant 70 Ibf
retarding weight component force on the airframe. Net force is conziderably
depressed. Now of course one does have to ask “Why is the pilot is taking off up
hill without a headwind?" Just for drill.

we now have a firm grip on the fairly complicated picture of forces acting
during takeoff, Aviation needs got us into this mess, but only physics, supported
by some mathematics, will get us out of it. Given the forces appearing in the
airplanes’ equations of motion, one must essentially integrate to find first speeds,
then again to find displacement distances. With forces depending only on speed,
shere are some easy calculus tricks letting us climinate time in favor of distance.
In the most general case, say on a runway with changing slopes, forees get more
complicated, depending on distance covered as well as on speed. One may need to
use numerical techniques (e.g., the Runge—Kutia method for numerically solving
spcond-prder ordinary differential cquations) that allow the investigator to more
precisely model the dynamic situation during rotation, those undulating runways,
cic, We will not in this book—with the exception of numerical integration using
the trapezoidal rule or Simpson’s rule—we draw a line just this side of numerical
methods. A few indefinite integrals (Appendix C) are all we need. Now let us
look into the physics of the takeofT situation.

Physics Intexlude: Dynamics When Force Depends on
Speed, F = F (V)

There are essentially four variables involved in our takeoff dynamics: time ¢,
acceleration @ = x" = F/m, speed ¥ = x'_and displacement d = x (no relation
to the exeess liftoff speed parameter). We do not need to deal with vectar notation
because the airplanes are moving in straight lines: plus and minus signs will be
enough. With four variables, there are 4 x 3= 12 different relations among them.
That is overkill; though any are accessible, we do not need them all (e.g.. x(a)),
displacement as a fupction of acceleration, is seldom of any use. Despite some
arbitrariness in their selection, only about half of the twelve feasible dynamical
relations need concern us. Of the other half, one is given. And the other five are
accessible if ever they arc needed. Table 11.5 presents the survivors.
Starting from Newion's second law,

2

d¥ d-x
AL N 11.24
F=ma=m ar nt e i )
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Table 11.5 Important functional relations fer takooff

[} () (K {a)
1] . . Mo Hr) Yes i 1) Mo #a)
x s vl — Yes X F) No xla)
¥ Tes FI(N Yes Fix) — Mo Fila)
a Yes ali) Mo afx) Giiven alF) -

the job is to come up with the six needed relations when force F — F(I7). Th
force nlzlauon. for our purposes, is onc of only three types: 1) with neithes
contarminant drag nor wind;

Fi{F)=a® - P2
2) with wind but without contaminant drag:

FF)=AV* + BV +C
and 3) with both wind and contaminant drag:

Fs(V)=AV} +BV* L CV +D (11

Because our canvas is relatively narrow, we should be able to push thi
program through without running cut of paint. We shall consider the mos
common cases in detail. But first, notes on how to acquire the necessary relations,

1) To get if¥), multiply Eq. (11.24) by dt/F(¥) and integrate. Using subscript i
for the initial situation and f for the final one, you get .

% dp
, FIV)

We will consistently refer here to the short list of integrals in Appendix C, These
we need for takeoff are denoted /; through Jy. To perform the integration, use I
when F = Fi, use I, when F = £, and use I, when F = F;. '
’ 2) To get F(s), invert the result of 1 just above. Because those relations will
I:mrolv: logarithms or inverse hyperbalic tangents, your inversions for Fi¢) will
involve exponentials or the tanh function. In more complicated exponential cases,
you may find it useful to employ

ﬁf={|,-—r|-:.[]d.r=m [1].23}

exp ['JZCJ In JFE'VI] = [T (7 (11.29)
i

3) To get aceeleration a(r), differentiate (1),
4h To get x(1), integrate (1) obtained in 2 above:

Xp—x = f Ve )de'
7

(11,300
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If Vi) involves exponentials, use [y or its morc general form, My, If tanh is

jnvolved, use 5, : \
5) Finding () is ane of the most important cases. [f net force is in its simplest

form, F =F = 2o — B2 rewrite Mewton's second law as follows:

g S L
r'”’}"mﬁ_””'dx‘z e ({11.31)
Then multiply by de/Fy and integrate. The way station is
i AT
Ax =IJ|-—'.':'I-=ILI1d.r =El‘ylm {”..32}

Change integration variable from 1% to z, then use f,. If net force is in one of
the more complicated forms, Fy or Fy, stop at the next o last term in Eq. (11.31),
then use J5 or I;, respectively.

&1 To find I(x), invert the (logarithmic) result of 5 just above. You may want 1o
use Eq. (11.29) in the ensuing simplification.

Some of these same technigues will be wseful in calculating takeolt numbers
for constant-speed propeller airplanes, but (unless you find you can successlully
curve fit the GAGPC net force results into one of our three previous forms) the
necessary integrations will all need to be done numerically.

Application: Takeoff Phase 1, Base Case, Fixed Pitch,
No Wind, No Contamination

We know the net takeoff foree acting on our fixed-pitch airplane follows the
simple relation of Eq. (11.23), net force F = F,, Taking the sample Cessna 172 at
maximum gross weight, MSL, flaps 10, on dry level concrete, no wind or
contamination, a litthe calculation shows that a® = 483.9 and &° = 0.01448.
Therefore, @ = 22.00 and b = 0.1202. Rotation speed is Fp = 94.2ft/s. The
airplanc’s mass is m = W/g = 2400/32.174 = 74.6 slugs. We run roughly
parallel to the recent physics interlude and ask several guestions.

Questions #1: What is {(V) in genezal? And what is #(Vg) in
particulaz?

Integral I, applies. The tanh~" form is quickest, but the logarithmic form works
fine if one does not have immediate access to hyperbolic functions and their

inverses. The result is
W b
tanh ™' (—)
gah a

(V) = (11.33)
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Flugging in ¥ = ¥y, we find, in this no-wind situation, that the time interval fop
the start of the takeofF roll, up to initiation of rotation, is /(F) = 16.05s.

Question #2: What is V(f) in general?
Equation (11.33) is easily invened

Kt = Etanh (%) (1

If one inserts fp = 16058, Fp = 94.2ffs is recovered,

Question #3: What is acceleration a(f) in general?

Taking the derivative with respect to time of Eq. (11.34), we have [becaugg_
derivative of the hyvperbalic tangent tanh is sech’, the square of the hyperbal

secant):
2
_fa 1 gabt _ga'? i 2 mahi
alf) _Fsech (—w ) = [I lanh (_PF’ )] {]1.3

We see, for instance, that indeed, at =0, we have alt =0)=
F(V =0)jm=a’im=4839/746 = 6491/’ =0202g. By the e
(16.03 & later) the airplane iz up 1o rotation speed, acceleration has slacked off
to 4.77 ft/s* = 0.148g.

Question #4: What is displacement x(f) in general?

Displacement is the integral of speed and the integral of the hyperbolic tangent is
(5ee £y) the loganthm of the hyperbolic cosine. Here

xit) = J;m'}m' = L-‘Luanh(%”)dr‘ = gizﬁl" mm(g%”) (11.

If ome puts in £ = 16,055, one has a long-winded way of finding that d'_
distance to stant of rotation, is 794.2ft. The next subseetion has a better way.

Question #5 What is displacement x(V)in general?
Evaluation of the integral in Eq, (11.32) is, here, via [, with 4 = &? and B = =",

The result i
m’ dz - s
[ etk [t o T el v
x(F) 2_[ua3—h32 s n(l 3 ) (11.37T)

Substituting ¥ = Fy = M2 fi/s gives 2(F) = d; = 79441,
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Question #6: What is air speed V(x) in general?
In this case, the inversion of resull 5, Eq. (11.37), is straightforward, The result is

Vix) = gﬂ — e Wxim (11.38)

Suhslimtiﬂg X= ﬁ'ﬂ = T04.4fi, y_q =04.2 ft /s
we will consider another important special case, including wind effects, below.
Though not in such exeruciating detail.

«“Constant Average Force” Approximation

Back to aviation. Because the initial force on the airframe (no wind) is £, = ot
and the force al rotation speed is Fp = a® — b*FZ, a more operational way of
looking at Eq. (11.37) comes from looking at “net force dropoff parameter™ B
{no relation to the propeller polar &) as

Fo=Fp
= 39
vz (11.39)
and then at the formnla for distance to rotation as
AL S (11.40)

RZEF[I_FR FH

This shows that length of takeoff roll increases with gross weight, increases as
the square of the rotation speed (though inverse with the size of the nei force
dropoff parameter B%), and increases with the ratio of initial to final force. But a
much more immediate realization of Eq. (11.37), though approximate, comes
about by rewriting Eq. (11.40) using the first term of a lile-known approxima-
tion Lo the logarithm function, for positive arguments x, and better for x close 10

umity,
AN el [N
&xél(”_—])+i(ﬂ_—l) 4o (11.41)
using x = Fy/Fy. The bottom line is that
W Wi

- = A2

U et ED 38 e

where the angle brackets dencte an ordinary average, the arithmetic mean. This

approximation is better if the net force on the airframe drops off only relatively

little during the course of the ground run. Equation (11.42) is just what one would

expect under the constant-acceleration kinematics we are familiar with from high
school physics: kinetic energy gained equals force times distance,
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How good is the “constant average” force approximation in our Cessna 19
base case? Using Fj, = 483.91bf, and Fyy = 355.7 Ibf, we find d = 788.4 fi. O
exact value was 794.4fi. Negligible difference, in this case, though the slig
error is o the nonconservative side. We shall explore the “constant averags
force approximation in greater depth a few sections later. First we would like
get the airplane all the way up into the air. And then return to wind effects,

Calculation of Lengths of Takeoff Phases 2 and 3

Of the three takeoff phases—wo rotation, to liftoff, and to 50 fi—we ha
completed “exact” and approximate (constant average force) caleulations of
only the first, (The exact value was 795 fi; the approximate value was TER ft.) Bu
in fact there is very little to do in phase two,

Calculating of; = oy, — dg is quite simple. Assume a rotation rate; we haw
taken it to be b deg/s. Assume the airplane stays essentially at ¥y during rotation
(I, for larger heavier general aviation aircraft, speed constancy during rolation j
not realistic, substitute an average speed, 1 [(F; + ¥,,]) Calculate the body ADA:
for both littoff and during the ground run; subtract those, One then has

— gV,
dyv=d,—d, = {—“'.'.o e ) Vi
IIJR

For our sample Cessna 172, base case, while caleulating lift we found 14
o = 10.7deg, agp = 5.0deg, = 94.2 /s, and we assumed rotation rais
g = b deg/s. That makes o, = 89.5 ft. Taking the exact dy value (794.4 ), ou
estimate is that dy;, = 883.9 fi. The POH makes it 892 fi. We will not ardinaril
expect this kind of (less than 1% error) accuraey, ;

Now for the third phase, o = ds; — dyy. Our method is to average Fig
(55.8 KCAS =3558KTAS=04.2t/s) and Fy = 59.3KCAS =59 3KTAS=
100.1 fifs 10 get V; =576 KCAS=57.6 KTAS=972fi/s. Then we simpls
find the rate of climb for V5 from ordinary bootstrap formulas to see how
mich time it takes for the airplane to gain 50 fi. Then one tumns that time intervd
into a horizontal distance:

Fe el .
& 500
dy =30 (2 —1= =

The rightmost term in Eq. (11.44) proclaims our usual approximation thal
horizontal and slant distances, for these relatively low-powered aircraft, AfE
essentially equivalent,

How do the numbers come out? For V¥ = F; = 97.2 fi/s, under these circuif
stances (do not forget that §; = 10 deg), we find that k; = 558.1 ft/min="9:
fifs. So d; = 520.211. The Cessna 172 deg POH, on the other hand, implie
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dy = dsg — d;o = 1628 — 892 = 736 ft. That makes our estimate of d; a whop-
; 20.3% lower than the book value. We do not know why Ihe. large
p{niepa“w exists or where the truth of this matter lies, Perh:u:!s because distance
f:t-lcar a 50-ft obstacle has corporate legal 1_ial:n'1ir.y implications, the: mm.mf.“'
turer was being overly cautious, as they were in their overly conservative citation
Df;:flnﬁlﬂni;::nf:uum is that we have, at this point, fairly ac:urate~—a:11d not
overly complex—ways of estimating distances for each of the three airplane
lakiziﬁp Eﬂsolae easy wrinkle. What if the airplane takes off on this same runwa_y
tat sloped up 2 deg? Using the “constant average™ force l::chm:qus. the effect is
quite easy to calculate. A 2deg upslope lessens net accelerating force on the
3400-Ibf sirframe by a constant ¥ sin & = 2400 = 0.034% = §3.81bf throughout
the ground run, changing (Fy. from 1r:w:llvalue 419.8 Ibf down to slnPed vitlue
336.0 Ibf, The ratio of net average forces is 419.8,.-'336.'.’] = 1.25, so d|mrll|::g o
rotation will be 25% longer on the sloped runway, increasing from the ﬂ'[?lglnﬂl
705 to 994 ft. There are no changes to d; and &5 (unless you now decide to
measure the S0-f height off the sloped runway).

- Application: Takeoff Phase 1, Base Case, Fixed Pitch,

Headwind, No Contamination

Because the usual takeof wind is a headwind, we will use l‘.'hﬂlt for our gx;unpl-:x.
{Except for the brief condition that a net tailwind deserves a dnﬁ'cimpt, higher, n_nd
unknown parasite drag cocfficient, a tailwind, for our purposes, 15 Just a negahve
headwind.) Our treatment will also ignore those normally ml!‘lDF_pl:l'tuthilf?fii
due to a crosswind component, small effects from control deflections an_d. side
force. Taking off into a headwind affects the length of the takeoff roll in two
ways: 1) lower ground speed is required for liftolT and 2) the takeofT roll now
beging with nonzero drag force.

Simplified constant-force treatments ignore the second effect. Then, because
the required rotation ground speed is

¥

2 (11.45)

g = Ve= Vi

and dy, is proportional to 17y, it is easy to scc that the effect of the headwind is to

shorten dy by factor
T :
FR

Equation (11.46) must overstate the headwind effect (understate the heaﬂuiiud
takeoff roll distance) because of the second effect, the increased drag due to wind.

(11.46)
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The official FAA prescription accounts for this by lowering the exponent 2, jn &
(11.46), to 1.85. They explain that theie modification wasg “developed empi 3
and is #n acceptable method for correction of low wind conditions.” A5 W ghy
see (Fig. 11.6), application of cither Eq. (11.45) or the FAA% version w

lowered exponent both give quite good approximations to the exact formulatie !
which we now obtain.

Distance to Rotation in Wind, dj,

With a good handle on the forces and on the kinematics, the “exact” salutig
the take-offin-the-wind problem should ke fairly near at hand. Thers ane ta
different, but completely equivalent, ways to procesd:

o Take a coordinate system fixed with Tespect to the air. One first caloulay
distance to rotation with respeci 1o the air (from initial air speed ¥, < §¢ g
final air speed V, = ¥, then corrects that (overly Jarge) figure by subirag
ing the distance the air has moved during the time needed for the takeoff ol
to rotation, V, Ar. Of course one has o do an extra caleulation to find
but we know how to do that,

» Tuke a coordinate system fixed 1o the ground. Then one has initial {grou )
speed ¥, = 0 and final ground speed ¥, = Fe—F,.

Both frames are inertial. There is no good reason for preferring one over the
other. Von Mises® choase the first. We choose the second. the ground-he

system. Using subscripts g for ground speeds and ground  displacements,
Mewton's second law then reads !

dF,
FIV) = G(V,) ”*T;"

where the force expression, in terms of ground speed, using ¥ = L F’,_._ ]
F(FY, is

G(Ve) = =b*V] = 2V, W, +(a? - $212) =AV; + BV, +C  (1148)

That defines convenient constants 4. & and € To get @ form suitable for
integrating, to find the ground roll up to rotation in the wind, dy,,, one can again
insert 1 in the form d, /dx,. But this time, hecause of the Vy term, there is no.
advantage to integrating with respect 1o V3. Multiplying the resulting expression’
by dr,, and dividing by GV, ) one gets

v, d¥,

L8 Vy=F,
da = 1 = —_— JEI8 3
= J: e ’"L AVIS BV +C &
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One then uses indefinite integrals £y and [ to find (as is too often said), “after
some algebra,” that

W Il fla—bF)a+ F:V,,.]I) Vo ]n(iu — b¥gha + M;.})]
e = 2gb [Eln({a = bFplla + BFy) a  \la+ bVgla— b))

(11.50)

e should keep in mind that Eq. (11.50) only ap]:r]i:s.wh:n th:.IJ‘lru:s‘t !'unctl;m
ic guadratic in the air speed and of the particul_a.r form ."{_F’} = é._ + FVE, where
E qgm_n:g E and F may depend on gross weight and air density and do not
Ezzcssaﬁl}- have to be those eponymous bootsirap Ipammeler.q. This algehraic
form restriction is actually not a very strong cnmmt cven for mnstam_—sp@
propeller aircraft. For instance, it is the same assumption m:d: by von Mises, in
his treatment of the wakeodT problem, for all aircrafi. Diehl,” on the other hand,

; i ing thrust function.
ash]‘?':mfial ;Tzesal:::i‘:‘:m; of headwinds and tailwinds in the Cessna 172 sea
Im-EIEmaximum gross weight “base” case. When ONE SSUMCS identical mluﬁ nF
distance to rotation with no wind dg;, there is little distinction among the “exact
and the two simplified (no initial wind drag) treatments. And do not take the
spread at large tailwinds in Fig. 11.6, seriously; 1!1¢r¢ is hlttle reason o nssu.me_r_:ls
we did) that the airplane’s drag coefficient at negative air speeds corresponds to
that at ordinary positive air specds.,

“Exact’ imarkars)

Exponant 2

Exponent 1.85

Distance to Rotation, ft
=
L=

20 -0 0 10 20 a0 40

Hzadwind Speed, knols
Figure 1L6  Rotation distanee vawind epeed, three medels.
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If one sets ¥, =0 in Eq. (11,50) one gets, as makes sense, precisely Eg
(1137} evaluated for dy,

Time to Rotation in Wind, ¢,

You may oceasionally want to find the length of time it takes the airplane to get i

rotation speed ¥y with a wind, Start again from Newton's second law for this
situation,

d¥, '
G{F”"j:md_f |I

Multiply both sides by di/G(F,) and integrate:

e Ve—¥, dr i
the=1 ldt= mJ £
i L S (1=

Then substitute for G using Eq. (11.48) and evaluate the right-hand integral
using f,. The result is ;

T (ia+br’ﬂ]{u—bﬂ.-1 i
B 2gab ™ \(a = bVy)Xa + bF,) (11.33

SFrting ¥, = 0 will of course let Eq. (11.33) serve also in the windless case,
Hotlr:-: that, except for a factor —F,,, Eq. (11.53) is precisely the rightmost term
in Eq. {11.50), Von Mises® has several approximations to these “exact™ [o :

@ and 6.

The reader conversant with the cases presented will be able, should the nead
arise, to set up integrals or otherwise find formulas for any of the remaining
relations among the four kinematic variables. Now we move tw expand
purview of the “constant average force™ approximation previously derived.

Kinematics Under Uniform Acceleration

A few pages back we showed how, when the ratio of force at start of the takeofl
roll Fy to foree at initiation of rotation £ is not much different than unity, the
exact expression for dy can be closely approximated by a formula that looks like a
holdover from uniform acceleration mechanics. The “constant average™ force

was taken to be }(F; + Fg). And moreover, at least for our example, the numbers
supported that approximation.
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important Uniform Acceleration Relations

Here we solidify that approximation with bricf formulas that will allow the reader
tor use it under varying circumstances. We take quantities with subscripts 0 to
refier to initial times and we explicitly take f, = 0. Acceleration @ is of course a
constant for any single problem. The most basic relations are then

V) = Vo +at (11.54)

and
d(f) = dy + Vyt + ar’ (11.35)

Becauze we so ofien want to relate distance traveled with air speed attained, it
i useful 1o derive, from Eqgs. (1.54) and (1.35), two further relations;

¥ § A A
(V) = dy +=2(V - m+5‘—"- (11.56)
and
V() = o 13 + 2a(d — do) (11.57)

The “T0/50” Takeoff Rule, No Wind

The reader has more than likely cncountered this rule, which reads *If you do not
have at lesst 70% of vour (calibrated) lifioff speed, when half the available
runway length is behind vou, then abort your takeofl.”

This rule follows from the assumption of uniform acceleration during takeoft.
There is a hidden assumption of no wind. Under that no-wind condition, here is a
derivation of the rule.

Aggume the airplane starts from rest (1, = d, = 0) at one end of a ranway, of
length I. = 4, (barely long enough). From Eqg. (11.57), ¥2(d} = 2ad. Taking the
situation at liftoff, we know that (barely sufficient) acceleration o = F"EUHEL.
Therefore, at midfield, when = L2, we must have

VUL =2 Vo L) _Vie (11.58)
(=<3 3} =2 ;
So, taking square roots,

viL/2 =22 = 07017, (11.59)

V2

That is with no wind. And you see, the rule should mere accurately be called
the “71/50" takeoff rule.
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The “T0,/50" Takeoff Rule With Wind

Here is a way to see that the no-wind rule, Eq. (11.59), cannot work when the
wind. Assurme your airplane requires Fy, = 60 KCAS and that you have a 42.4
headwind at MSL. You start your takeoff roll. Having satisfied Eq. (11.59) afte

ralling 1 fi, your surmise that a 2-fit long runway will be sufficient. Wrong,
how a doctored-up derivation, for the correct with-wind rule, goes.
The following complications come from the fact that sufficient takeoff distan

refiers to the ground, but we fiy the airplane according to air speed. Not only tha
by calibrated air speed, M. Assume a headwind of size V.. The relation givi

ground speed is

For reasons to be revealed, rewrite Eq. (11.60) twice, once for the si
(barcly adequate) liftoff and once for midfield:

V-
Vg.l'.l'.l' ='2al = % - Vw {] _.
and
Bal i1 w2l VAL2) I
o 155l i e, (116

Solve both Egs. (11.61) and (11.62) for (2aL)'/® and set the two
expressions equal;

Frin V2 V2IVRAL/2) i
== Vh 1 .0
Ve g Suleli oo e ¢

Vell/2) = :E"+ NG (

where I, will be negative for milwinds, So the more accurate and com
takeoff rule should read “If you do not have at least 71% of your calibrated
speed, plus (or minus) 29% of the “calibrated’ headwind (or tailwind)
when hall the available runway length is behind you, then abort your
If you are going to recite this rule to yourself, do it bgfore beginnmg
takeofT roll, Otherwise you may be past midfield before all of those words &8
ot "
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Practical Perturbation Approach for Distance-to-Rotation
Calculations

We have seen how to do minimum takeoff distance caleulations in detail. While a
few sets of attendant computations may be fun, takeoff conditions are extremely
varied even for the same airplane. It is onerous to trek through a hundred slightly
different technical combinations,

Especially in view of the fact that such calculations are seldom better than say
4 5%, we need something quicker even though only approximate. This section
and the next provide those more practical approaches.

First, let us review those impinging variables, the influences affecting distances
to rotation, liftoff, and 50 ft. The Cessna 172 POH short field takeolT distance
performance page lists or implies seven factors: gross weight, relative air density,
flaps setting, runway surface type, runway slope, mnway contamination, and
wind. There are also further seldom-mentioned assumptions in all of those
variations:

e The engine is at full throttle and properly leaned for maximum static
revolutions per minute, And presumably in like-new condition.

» Tirc inflation pressures, we can assume, are comect at 34 psi (nose) and
28 psi (main) or higher, It is extremely instructive to tow your airplane
around in a level hangar with a spring scale (100 to 200-1bf calf-weighing
variety] with tires at varous pressures. You will find that rolling friction
coefficient & changes markedly.

o Though it makes little difference at the low speeds during 1akeol, we
presume the airframe surface is clean and smooth.

Changes in major variables affect distance to rotation & (our main concern) in
different ways. Wind is a special case, but we know how to handle it either
precisely or approximately. Runway surface type, slope, and contamination—
when comparison is made with some standard runway—are felt as additional
forces. Added weight lengthens takeofT because there is greater mass to be
accelerated, but there are also force effects (greater rolling friction and, on sloped
Minways, a retarding or accelerating weight component). Flaps setting affects
parasite drag, but also rolling friction {through changed lift); in addition. vared
flaps allow varied rotation and liftoff speeds. 1t is 2 mess. Reality . . . what a thing!
What are we to do?

One perhaps superficially attractive stratagem might be to linearize the takeoff
Problem by computing lots of partial derivatives (of either dy or Fyy, (V) on which
It depends) and consider small variations about some standard takeoff config-
Uration and condition. One would then have, taking F as either dj (in which case
Inteprals would be differentiated using Leibniz's rule) or £y, and using just two
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In its simplest terms, the question before us goes like this: “If the base valug of
[Friet) 18 (Fg) = 419.81bf (for w/o = 1) and the corresponding base value of dj
is dgp = 79441t {as we found it to be), what will 4, = elgy be if we impose an
pdditional constant incremental force AF, = —501bf (in the retarding direction)
on the airframe?' ' We want a simple formula, based on Eq. (11.66), to answer this

kind of question straight away,
You can prabably see how to do this. Think of the base version of Eq. (11.66)

variables (instead of all seven, say only x = 4, runway slope, and y = ¥, gyo
weight} as examples and stand-ins: ;

; aF ar
Fix, y) =Ff-f|-.1‘1}+E{I—11}+‘E(P—}':] (1

where both derivatives are to be evaluated at the “standard™ condition (z,,
But this truncated Taylor series approach seems to be not a good one for gy o

two reasons. One is that some partial derivatives are messy. We do not as

trade a precise mess for nothing better than an approximate mess. The « ; 7
and perhaps more telling, is that some of the underlying parameter variationg m dyg = T (11.67)
not be at all “small.” Runway slope (from horizontal) is normally small, @y
weight variations (from some standard) certainly might not be small; the same pap which means that we have defined
be said of contaminant drag or wind speed. 3 Lk
wg( [ = —*-)

Derivation of Perturbation Approach : Z= _TL = dgs{Fg) (11.68)
What we propose instead—under the general theory that it is just as well tob Now the new perturbed case, in these terms, is
hanged for stealing a sheep as for stealing a poat—is to use the “Constant averagms :
force™ approximation, whenever that can be reasonably supported, and consider Zuen b e

B = IFs) + &F, s

variations of its few factors. Interspersing a few “exact™ calculations helps
build confidence and realism. For review, here is what the “constant ave

force™ approximation looks like when adjusted for possible wind: Substituting for Z from Eq. (11.68) and rearranging slightly, we then have what

we need;

w¥i AY
dps £ _[] = d
= iy (1~ 72) S dyy = — (11.70)
L+ —t
(gl

1Fuye), recall, is just the average of the initial and final net forces an h
airfeame, J(F(V = 0) + F(V = ¥,)). This approximation is simple, but perhaps
not quite as simple as it looks. Weight, for instance, appears there not onk
explicitly but also buried in ¥y and in {Fya)- Relative air density o does ng
appear explicitly in Eq. (11.66) but it too is buried in ¥ (because that is a true air
speed) and in (Fy.) (as an influence on thrust, drag, and rolling friction)
Actually, as we shall sec in the next section on the takeoff power paramete
weight and relative air density influence distance 1o rotation alwost only throwgh

Equation (11.70) shows us how to find the new “perturbed” distance to rotation
in terms of the unperturbed base case distance dgg. the base case average net force
{Fg). and the perturbing force AF, In a practical aviation selling—preparing for
takeoff from some sloped and windy maountain strip—it makes more sense to
eliminate (Fy) in Eq. (11.70} in favor of Z, using Eqgs. (11.67) and (11.68). One
ther has

their ratio W fe. There is a slight hedge, but only very slight. What this means is o dyg N | 1171}
that one might do well to perform about a dozen exact "base” calculations, using AL s 2edpaAF, T __I JgAF, Lt
various values of w/a (where the small-letter version of weight, w, is defined as W__E:T' deg 1 Wyl

W /Wy, and W, is the airplane’s maximum gross weight, 2400 1bf for our sample
model of the Cessna 172). Interpolation between flanking values of dyiw/ar) wi
then take care of those two important vadables. If one is interested in the traly
shortest takeofts, changing flaps settings is not an option. So we are left with of v
frank added or subtracted forces, which come from runway surface type, runway
slope, or unway contamination,

As makes sense, a negative AF | gives a smaller denominator, hence a larger
distance to rotation dy,. In the sample question we posed above, we find
dyp =901.8ft This is 107.4 ft longer than dj;. Keep in mind there is no
approximation, beyond the stretch of the constant average force approximation
itself, in Eq. (11.70) or {11.71).
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There are alternative forms of Eqs. (11.70) and (1 1.71) that stress increfents

distances Ady =dy —dy (we suppress the “rotation” subscript R) instead gf

ralios o) /dy. Those use a useful (refugee from field theory) formula;
I 1

|+x='_(1+l‘)“ (11,

Using Eq. (11.72) with obwvious substitutions for ¥ turns Eqs. (11.70) ang
(1171} into

W —idpy —dyg
ﬁ{fn=(fm—{fﬁa=l+—j;.l{_u_:l-=l H-"FE “[
A

Putting our sample figures into Eq. (11.73) of course gives us the same 107 4-f
increment as before. Again, there is no further Approximation. d
But, because {Fg} / AF) is usually much larger than unity, Eq. (11.73) does leg d
us immediately to an approximation, even quicker and only slightly dirtier:

—AFidgy  —2gAF,

Ady =y —dep = e (11.74)

This approximation gives Ady = 94.6 ft instead of the “exact” 107 4-ft value
given by Eq. (11.73). That might or might not be accurate enough. For relatively

smaller incremental forces, of course, the approximation of Eq. (11.74) will be

better. Now let us consider some concrete examples of this perturbation approach,

Example 11.3 For a perturbation approach example, let us take an uphill
takeoff. Consider our flat dry concrete MSL maximum gross weight base case
modified. The pilot needs to take off under the same conditions, on the “same™
runway, but now sloping up 2 deg. The added force on the airplane {we ignore the

attendant slight diminution of the rolling friction force, only 6 parts in 10,000) is
then

AF| = —Wsin# = =2400sin2 deg = —83.8 |bf (11.75)

Because dpp = 794,41t and Fy = 94.2 fi/s, Eq. (11.71) suggests that this
uphill takeoff will involve oy = 994.4ft. The exact value, from modifying a*
(from 483.9 to 400.1 bf) and integrating, gives 997.2 fi,

Example 11.4  For another perturbation approach example, consider a takeoff
on short grass. Again the base case is modified. This time by substitution of a
short grass runway for the original cement. That amounts to substinting
#y = 0.05 for the original ug; = 0.02. Because rolling friction starts large but
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drops off to near zero by ¥ = Vg, our new average force increment is only one-
half of the start-of-roll figure:

AF, = —W cos (i, — pg)/2 = —2400(0.05 — 0.02)/2 = =36.0 Ibf (11.76)

This time, Eq. (11,71} suggests dyg; = E\_SEJ.S ft, abolft'il.ﬁ'!{- greater. The Cesgr;a
172 POH suggests we should add, for distance to liftoff on dry grass, a |?r‘u
. crement. Perhaps their grass is somewhat longer than ours. 'f&m. exact tak:ll:]atmn
A bit more complicated in this case because rolling friction coefficient u
E ﬂ,;a_fs not only in & but also in b* (because friction force is diminishec} by lift,
?}-ﬂch increases with speed). [See Eq. {_11.22} for details ] Eu_t n_@k_mg ?hgt
calculation gives an exact distance to rotation on grass nf_ H98.3 fi; "h.“' time it is
13% greater than for the base case. Our grass grew a bit taller while we were
erunching those last few numbers.

When to Take Off Uphill Into the Wind Rather Than
Downhill With the Wind

Derivation of Formula for Break-Even Headwind

Combining the distance-to-rotation perturbation 1ec;tmlquc. Eq. (11.71), m.m the
gpproximate wind-effeet formula, Eq. (11.46), gives us ﬂl:vay to sulu:':hn'
conundrum implied by this section’s header: uphill or dowm? It tums nut tﬂaﬁg.
for a given airplane in a given situation, there is a “break-cven headwind™ Vi,
VEE is the headwind speed for which it makes no difference, with regard lo
distance to rotation, whether we take off uphill into the wind or dc!vmhlll with it.
If the actual ¥y, is greater than FEE we are better off to go uphill; |f'a.cr|:|al 1:',,,,. is
less than F#E, we are better off heading downhill. We take pr:rturlhed situation 1
the uphill choice, with angle # = 0, and situation 2 the downhill choice, with
angle € < 0,

With two perturbed situations at issue, we have to ta‘r_ct an e_xtm_mnn_:am 10
keep our ideas straight. For instance, there are now two factors £, with different
winds,

.\
3 hw
Wﬁ(l '—?

: gl s A (11.77)
Jf-| = EE _al VR

and
Ko
ﬂ'tr;-(l +—£)

F, Vbu‘ 3
i Eg
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The “break-even” condition on P is that dy, = dj,, where

R &
o 505
d_m = I — VR .
{Fgl+ AF, ~ (Fg) — Wsing (11.78
and
pEy 2
dR1 i, Zj A 2[}(1 + "ﬁ)
© (Fel +AFy  (Fy) + Wsing (1180
Adfter some routine algebra, we find that
‘,/I + H"sinl‘i_ Jl A W sing
VhE = ¥y x il (F)

11,81
I W sin @ W sin A (I
=} 4 ] = —
{Fat {Fg)

where ane will probably want to make use of the fact that
Wsind  2gdy,sing

S @b 1T piFe

The Break-Even Headwind Rule

Therefore, we have the Break-Even Headwind Rule: If the actual wind co o
down the sloped runway has greater speed than is given by the right-hand
(RHS) of Eq. (11.81)—or given approximately by the RHS of Eq. (11.83)
takeoff uphill into the wind. Otherwise, take off downhill with the wind,

Approximations to Break-Even Headwind Formula

A pattern as complicated as Eq. (11.81) is hard to interpret. But if one is
confronted only with a relatively small slope [or, going back 1o Eqgs, (11.79)

[11.80) & relatively small wind speed], a binomial i i ch
e iy peed] wmial expansion gives the much

VEE = dppg 5in A

An even more pract_ir:al version, suitable for cockpit pre-take-off checks, comes
from converting to wind speed in (ground) knots on the left, to calibrated knots

v, (11.83)
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on the right, using the close linearity of the sine function for small angles, and
B,ppmxiﬂ'-:m'ng, a combination of factors equal to 0.1971 as 1/5:

i g i
ks E'( "?u.uuu)
5 KCAS(Vg)

VEE < (11.84)

Example 115 What is the break-even headwind speed fior our base case Cessna
172 (dgs = 79441, Vy=94.2ft/s=558KCAS) on a 2-deg dry concrete
runway? The RHS of Eg. {11.82) evaluates to 0.2010, The RHS of Eg. (11.81)
is then 9.56 ft/s or 5.67 kn. The cockpit-ready approximate version, Eq. (11.84),
gives 5,69 kn. Perhaps that close agreement is only fortuitous. An important fact
10 keep in mind is that, for a given actual wind and slope, different airplanes may
very well need to take off in opposite directions. For more powerful airplanes,
hreak-even headwinds are smaller, One might very well encounter a case in which
of three airplanes conterplating takeoff, one should go uphill, another should
takeoff downhill, and for the third it might not matter which direction was chosen.
Of course terrain clearance and possible wind shear are practical factors that, even
though we have ignored them in this caleulation, need to be considered.

Is the Optimal Break-Even Headwind Takeoff Good Enough?

An ancillary question may have occurred to the reader: “What does it profit a
pilot to take off (in 2 wind on a slope) in the proper direction but still end up in
the trees near the departure end of the strip?™ In other words, what guarantes is
there that the best takeolT direction will be good enough?

Tt turns out, if vou follow our “break-even headwind rule,” you can be assured
that even your longest takeoffs will only be a little longer than you would have if
that same runway were level and with no wind. Only a little longer? To be
explaingd.

There are two parts to the supportive reasoning. The first part is to ensure you
that the longest takeoff you will have, for a given airplane on a given slope, is one
for which the wind is precisely the break-even headwind V.

Here is how you can see that fact. The runway has a fixed slope. Assume, for
starters, there is no wind. Then of course you take off downhill and your distance
io rotation is somewhat less than dgg. Mext, let 2 small tailwind come up. Your
takeoff run will still be downhill and will be 2 little longer. Let the tailwind speed
increase, Your takeoff run gets longer and longer up to the break-even wind value,
at which point you will get the same length takeoff by changing to an uphill
takeoff, Any wind stronger than the break-even value will only reduce your
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(uphill) takeoff run. So the break-even wind gives you the longest distange
lifto T ;

But, secand, what is the value of that longest distance to rotation at the break

even headwind? Now we have to compute. Using the uphill takeoff version. B

(11.79), to define distance-to-rotation for the maximal break-even headwind sa

we have

I

y

dﬂﬂr=dna( W:E.nﬁ' (11,85
|

590 (g
Calling, for brevity,

_ Wsing i
= (11.56€

and then dividing by dyy, substituting from Eq. (11.80) for ¥/, and tking square

e 2
roots, we have

,h(m-m)
ﬂ'm£= VTEM+VT—M
gy NT=M

S'melil“ying and then squaring, one sees that the break-sven takeof will
be a little larger than from the Aat calm base case runway under the
clreumatances:

2d A W2 sin? ]
dene = 2 = (14220 ‘;) (11.88)

HF;)

H;.r] (] o
1 +‘/| ity
Fa)

Example 11.6  For our Cessna 172 base casc (W = 2400 Ibf, (Fgt = 419.8 b£),
Eq. (11.88) gives dgpe = 1010, for a 2-deg slope. Even for a (seldom
encountered) S-deg slope, the longest distance o rotation is only about 7%
longer than for the flat calm base case, dggy = 1.071dp,.

A“Paperless Office” Version of the Previous Calculation

For small slopes, which means small break-even headwinds VEE a binomial

cxpansion in rewrites of Eqs. (11.79) and (11.80) is in order. Under that
approximation, it turns out that dype = dpe can be demonstrated without
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calculation at all and even without much manipulation. Those rewritten relations
are

2Vie
(1-55)
A T (1.89)
" (I ! W sa.nﬂ)
(Fa

and

2VEE
PR i
L R NI o {11.90)

B

For brevity letting 4 = 2V V, and B = W sin#/{Fjp), the break-even head-

wind distance-to-rotation ratio is now characterized by

];A. — ﬂ (11.91)
1—-8 1+8

Doing the division a little differently (this is the “not much™ manipulation):
{ el (11.92)
l+4 1+E

Because the function on either side of Eq. (11.92) has a single-valued inverse
(itself, strangely enough!}—no horizontal line hits its graph in more than one
place—this can only mean that 4 = 8. But that means that either side _of' Eg.
(11.91) is just unity. But, in turn, that means the break-even head?.-i.nd gwe_s s
back dyy. the distance to rotation with no slope and no wind to this approxima-
tion.

By now we have dealt completely and aceurately enough with the v?garles of
various runways. Now it is time to turn our attention to two of the most important
factors influencing a given airplane’ distance to rotation dy and thereby its
distance to liftoff dj,: gross weight and density altitude.

Takeoff Power Parameter

This approximation concept piggybacks on the “constant average f‘ur:f:f'
approach. The TOPE, a number attached to each airplane (with an mell::lu
understanding that some chosen standard base case runway and atmosphere 15
lurking in the background), allows easy adjustments t0 dg {thereby to d;g) to
account for nonstandard weight or density altitude. The airplane’s TOPP can be
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Figure 11.7 Distanee te liftoff ve w/o for our sample Cessna 178,

dlaterminud. as will be shown below, either from theory or experiment. Once the
airplane’s TOPP number is known, the required adjustment is this simple: -

2
TGPF{—' )
&

dyw, o) = dgy = :
| +(TOPP — lj(ft)
T

(11.93)

w]m_re W= IH’;FFU, Wy any standard weight but normally maximum gross weight.
An interesting aspect of Eq. (11.93) is that dy, there depends on weight and air
dEr'EII:I}' only through the combination w/o. There is a very slight fudge in that
assertion (o be cooked below), but it provides considerable simplification in
calcu]ann% E_nd tabulating takeofT performance (see Fig. 11.7, where in cunr:—ﬂ:;'
fm:t [w/a]™™ does a good job for this particular airplane). We went 1o relative
weight w = W /W, to make the numbers more indicative. :

Relation Between TOPP and Exponent o in (w /o)
Our starting point is that

7B G T i R
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where T = TOPP and z = (w/o). First, get rid of the =%, invert, and define j as
R
Lol
= =z
Now (crux of the pitch), because = varies around unity, substitute 1 +x for =,
Then do 8 hinomial expansion, simplify, and subtract | from each side:
(-1
T

Divide by r [which is only zero when z = 1, in which case Eq. {11.94) holds
for other reasons], then recall @ = 2 — §, along with T' = TOPP, to firnd

[11.95)

(11.96)

= fix

(11.97)

This approximate relation suggests that, if exponent o = 2.65, then TOPP =
0606, We shall see.

Proper Order of Approximations

Before getting into the algebraic derivations of dy(TOPP) and the somewhat
complicated expression for TOPP itself (in terms of more fundamental quanti-
ties), we step back to make sense of the entire takeoff calculation picture. As
usual, we ignore the possibility of runway contamination drag, or at least ignore
cases with hydroplaning.

We are in good shape in having, at least for fixed-pitch propeller airplanes, a
relatively exact theory of the forces involved in takeoff and in having closed-form
indefinite integrals for calculating o, from those forces. We have a similar though
less accurate process for dealing with constant-speed propeller aircraft; there
takeoff thrust must be caleulated numerically (using the GAGPC) and succeeding
inlegration 10 dy must also be performed numerically (with trapezoidal or
Simpson’s rules),

Doable, but messy. With many different takeoff scenarios to deal with,
adequate approximation methods are much to be desired. Our major technigue
involves the “constant average force™ assumption, in which forces need be
evaluated only at the beginning and end of the run. But end of the run means
V = ¥y, which depends on weight (because lifi is involved) and density altitude
(because we need the true air speed). There is no “one formula does all™ solution
to the problem.

Variations from the base case (MSL, W = Wy, flat concrete runway, no wind)
are due to various values of relative air density o, relative gross weight w, runway
slope 6, runway surface type ji. and wind speed up or down the runway, F, . In
pursuing this more global situation, in which several variables have nonbase
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values, it is important te impose approximations in cOTres i
instance one could not correct for wind before mrmcmm;rur m.;'rd;r 3
weight I:g_tu'l:s. through rotation speed ¥y, into the wind correction w .
may c:rmnlly be more than one satisfactory order in which aP]?Tﬂ?;ﬁnaI‘ o
:rn]:w:_ii “Just any old order” will not do. Our suggestion, assumi .-'r:
corrections are needed, is as follows: : G

and

L (F_G_F“T_J;criiﬂ%pﬂgqﬂ) =B, +By+ B+ 8, (11.104)

E, F, and G arc the usual hootstrap composite parameters. We run into the
problem we alluded to carlier as soon as we begin to tease apart

o Gy
E_(I—C) A (11.105)

1} Use the TOPP method to compute dgy(w/e) with Eq, (11 93). But at {
carly stage one will also, for later purposes, need to find the
average force (F)(w/e)) and medified rotation speed Fg(w/a) T

2} Use the perturbation approach to find a AF, which df.‘p;:d.s an ;Iape 2

surface . AF, will inv ’ i
L E’F;Ehi*n 2 will involve modified weight W = wit, and re tive

= L The power dropoff factor cannot be expressed as o times anything independent
AR, (11,98 of . We do so anyway, treating its numerator as

a—C:a(I—E)id(I—E) {11.106)
Il 1)

where (o) is suitable “average” relative air density for takeoffs. For someone
usually taking off at density altitudes between 2000 and 4000 &, for instance,
ala of 09151, corresponding to h, = 3000 fi, might be appropriate. Even
choosing a value for {a}, which is 5000 ft too low, in density altitude, only causes
a 2% error in distance to rotation, These dj, estimates are not extremely accurate;
that is why we adopt personal safety factors. In this relatively high desert climate,
with large temperature variations between summer and winter, it might make
sense to calculate two (slightly different) scasonal values of TOPP. But, again, the
inaccuracy is only slight.

3) Finally, correct for headwind (¥, > 0} or tailwind (¥ = D), using

dp=dp =d (1 V""')2 |
ek =idml) L= Ly
Fin (s

1(35 li;me slightly smaller exponent. That is all there is to it. Now back te

Derivation of Expression for d, (TOPP)

The job is to make explicit the weight and relative air density dependence of ead
factor and term in the constant-average force expression for distance 1o rotz
o WFE B, = .
= m (11.100] Example 11.7 We combine our derivation with a numerical example using

those ubiquitous Cessna 172 parameters. We shall take (@) as unity, tantamount to
taking the power dropoff factor 1o be o itsclf. So then we have

dy

where (Fyq) is given by Eq. (11.22) and an - average of
whe e L g gle brackets mean th )
initeal and final values. If we think of Eq. (11.22) as | i

Fug = A+ BV? (11.101) mP, 1.70 % (160 x 550)
ME R EL A AARTE e e 11.107
A =E=a nodd 4 45 % 6,25 ¢ :

then

Fria) = 3(FuaV = O) + (Fuo(V = V) = A+ 1BV (11.102)
where we have substituted in our standard Cessna 172 numbers.

Far ease of handling, we next dissect each of the “constants™ in the average Mext have an
et ext, we easy case,

base-case force expression as

A=FE—uW =4, +4, (11_“]3 ‘.13=-uﬂr'=—wpl'i’u:—wx{\ﬂ.ﬂ2x24mj (11.108)
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Mow we start 1o work on the B terms. Finally, defining

By =F = opd®h = o x (py x 625 x (~0.0564)) (1110 @4 +BVy)

TOPP=14f=1+—=05

(11.120)

Bym =7 — Lo g7 ol ST
z 3T 0o = 7 = (—30 = 174 x 0.039) (i, and using the implicit definitions given earlier, we heve, explicitly,

figal . (4 C forClor , WClgr [ +x1' W,
TGPP=I+E[—LL"’0+(5 20 i Uil .

. = ~7forClop _ U(—,q, * 174 x 0.64 x 0.75°
3 red I x 0.72 x 7.378

Clmax
By = 3apnSCloy = o x (3o, x 0.02 x 174 x 0.808) (11113 (1.121)
The last separate entity we have to deal with is Using Eq. (11.119), we get our previous Eq. (11.93):
, {1+ x)2W, 1152 x 2 x 2400 Topp(™)’
=1+ 2702 m (o) ant ) He _ (Wy 100 2R
Vs (a) AT (D Nmxaxia) i dlw, o) = dgy % (”) (11.122)

=
End of numerical example; time to assemble results, Note that all four 2 & kR ”(E)

have the same o d d A i i
@ dependence. 4 is more complicated; it amounts to Arithmetic with Eq. (11.107) et seq. will convince the reader that, for our

constant companion Cessna 172, TOPP=0.7895. (From the backengineered
pawer-law relation, we got TOPP = 0.606.) Base distance to rotation g, recall, is
about 794.4 ft from an exact calculation, 788.4 from the constant average force
approximation. For airplanes with more powerful engines (which quite a few
Cessna 1725 do have now), TOPP is larger. That is why it is called the takeoff
power paraimeter.

A= ad) + wdj (11.112

where the primes indicate that no w or o dependence remains. If one rewnma :
CLL100) for dy using this primed-constants pattern, calls (w ,r'aj = z, multiplie
top and bottom by o, and divides through to get a term unity in the denominate
one will get

s
I"

ks I+ g (L1 Example 11.8  Say our sample Cessna takes off on its standard flat paved calm
where runway, but with weight 2250 Ibf at density altitude 5000 fi (= = 0.8617). Then
(w/a) = 1.088. Using TOPP = (7895 in Eq. (11.122), dy = 1.212dy, = 963 fi.
i Elig' i Ta pet distance to liftoff, still assuming a I.-'E rotation, we must recognize that Ve
= 24, : is somewhat higher, by factor (w/o)'™ = 1.043, or V= (94.2)(1.043) =
Uk 983 ft/s. So dyp =963 + 98 = 1061 ft. The nearest case from the Cessna
POH suggests dyq about 1110, about 5% higher.
(243 + BV ._
pis 24, (1.1 It is very useful. once vou have obtained the TOPP value for vour airplane, to
; : construet 4 cockpit-fiiendly graph like Fig. 11.8 from following the admittedly
AL this point, Eq. (11.115), there are still two composite constants. W tortuous path to an airplane’s takeoff power parameter. Two caveats, however: 1)

promised there would be only one. The second can be eliminated by sesing

that the (w/o) = | case, dpy = dpy,, is given by
[

(EY:

so o can be eliminated as dy(1 + f), making

Fig. 11.8 is for a flat dry paved calm runway; further adjustments may need to be
mmade; and 2} no safely factor is attached; afier all adjustments are in, we suggest

= adding 13%.

Backengineering TOPP From Experimental or POH Takeoff Values

oLt (zz{l + ,H}) (L1l 9) One ean also estimate TOPP from two good values of dy for well-separated ratios
By Pl g Bz i of relative weight to relative air density. Let us take an example using POH data.
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Figure 1.8 TOFP takeoff graph for a Cesana 172, various weights, en a fat dry pave

e lim runway.

Consider our Cessna 172 in two extreme cases: 1) fairky low weight (2000
and low density altitude (MSL), with dy, = 585 ft; and 2) high weight (2400 b \
and fairly high density altitude (4000, o = 0.8881), with dyp= 1232Mk
Because our caleulation is for dy and not for d,,, we must subtract reasonable
valu?s of ¢y, To do that, we must know the rotation speed during the (sav) 1-s
rotation. The general formula is b

Vel¥,0) = (14 Ws(W, ) = (142, -2 (111

h POl may

Equation (11.123) says the low weight low altitude case has Ve = B0 fifs
hence oy = 86 ft, and the high weight high altitude case has 1, = 100 ft/s, hence:
dy = 100ft. That makes the low low dg = 499ft, the high high dj, = 1132/t
Store this information for later use.

With data at hand, we proceed to the necessary algebra. Using abbreviations

L

:=; fll.l24]_.
and
_ dyi
3 Em?{ (11.125)

TEREOIT FETTOTMance I

Table 115 Inferred TOPP valves for

several light airerait

Aircrft type TOPP from POH
Piper PA-28 Cadet 0.4%
Cessna |72 0.65
Cessma |52 .65
Cessma 17TRG 0.72
Cessma 182RG 075
Mlooney MIHK 056
Ceasna 414 1.0z
Piper Twin Comanche B 1.17
Piper PA-34 Seneca 1 1.20
Cessna 2085 122

manipulating Eq. (11.122) gives the result that TOFP is (for (o) = 1}
) e Ul .4

(2)# = 23)

In this POH case, =, = (.833 and z; = 1.126. Substituting into Egs. (11.123)
and then (11.126), we find » = 0.80535 and TOFP =0.5726, not very close at all
to our earlier bootsirap-computed value 0.7895 (but close to the backengineered
power-law value 0.606), Taking a representative set of a dozen takeoff pairs from
the Cessna 172 POH gave an average TOPP of about 0.65; still not close. The
problem, the bad news, is that TOPP is a relatively rapidly decreasing function of
dy. The good news, on the other hand, is that dj is relatively slowly decreasing
function of TOPP. Table 11.6 gives TOPP values from representative POH takeofT
data for a selection of single engine and light twin aircraft. Always check TOPP
predictions against the airplane’s POH, or experimental data, before using them
for the frst few times.

While for purposes of rough comparison it is interesting to compute TOPRP
values for a variety of aircraft types from their POHs (as in Table 11.6), one
should not take those individual values very seriously. Much better to take the
actual airplane, in two fairly widely differing density altitude and loading
situations, and measure distances to rotation. Three takeoffs with closely
clustered results in each of the two situations should be sufficient.

TOPP = (11.126)

Conclusions

Takeoff may be optional, but its theory is difficult. Those additional factors
{rolling friction, ground effect, relative motion with respect to the Earth as well as
the air, attitude changes, etc.) make predicting takeoff performance more
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problematic than predicting steady flight performance. Still, we have found
perfectly possible to come up with good estimates. 3
A next-to-last arrow in your prediction quiver should be that of relative, verg,
absolute, predictions. Say you have a high-performance airplane, or g l:ai drag
ger—oases we skinted—and, no matier how carefully you assemble the va 5
effects, your estimate of dy;, (for some particular circumstance) comes out say
20% higher than vour carefully measured takeoff value, (Note: Suspect
engine.) With that discrepancy temporarily banished to some mental backhum
use that 20% overestimate to “adjust™ similar predictions made for offg
circumstances of density altitude, weight, runway surface type, and so fig ;.I
An estimate 20% 100 high means actual distance was about 17% lower than the
estimate. Keep thinking, but do not stop flying! Divide your attention, adjust, an
£0o on. You will not be far off. The best and easiest way to learn to make moed
a:'rc:_-aﬁ performance predictions is to make them: then compare with expe ¥
Finally, a general cautionary note on takeoff calculations. Nowhere along the
line did we append safety factors. In practice, we all need personal safety factors
For distance to liftoff, this author adds a safety pad of 15% o his caleulatipng,
The FAA mandates that one should use only one-half of the available headwing
speed but should use one and one-half times the tailwind speed. One must b
safety conscious but also realistic. Attaching an adequately safe, but parsime
nious, deck to one’s house, for instance, actually only requires about one-third
supporting timber demanded by an official architeets’ handhook prepared by
lumber industry. The trouble with compounding safety factors, as is done |
some govemment agencies and professional institutes, is that unbelievah]
conservative rules result. So conservative that they are largely ignored.
hgrler Lo ereate yout own personal minima, from experience and calculation, an
stick with them, :
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Landing Performance

Introduction

“But landing is mandatory.” And, if not mandatory, it is at least advisable that we
begin by circumscribing the complex landing maneuver, cutting it back to
manageable proportions. We take the view that “letting down,” getting into the
traffic partern, and all in-air approach portions down to 50 ft AGL. lined up with
the runway, merely invalve combinations of flight maneuvers we have previously
treated, Pilots operating handbooks (POHs) break landing distance o inio two
portions: 17 dy ;. in the air, from 50 ft AGL to the runway, and 2) 4}z, the ground
toll to a full stop. Certification regulations' define “landing distance™ as the sum
af those two portions. We shall not only treat both parts but will need to break
thern up into somewhat finer pieces (see Fig. 12.1):

® d; ;. from 50H to just off the runway, say 21t AGL. Initial speed will be
some specified Fgy: flaps will (usually) be well extended.
® d; >, from just off the munway to touchdown. Speed will bleed off due o
acradynamic drag down to Fyp (T0 for touchdown); flaps stay extended.
# d;-, from touchdown through wheel spin-up. We take this as a 15
interval—the reader is free to vary that—stabilizing the airplane on the
runway. Speed decreases first from Fop, to some slightly lower value told us
from impulsive caleulation of wheel spin-up and then from serodynamic
braking, flaps still extended and rolling friction ignored because the airplane
barely has weight on the unway. Angle of attack (AQA) still quite large.
dy . rotation down to all wheels on the runway, We take this as a 25
interval—again user-selectable—during which flaps fully retract. Drag and
rolling friction are operating, Speed continues to bleed off. No brakes yet.
Angle of sttack ends at the same ground-roll figure as for takeoff.

380
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Figurs 12.1 We consider two in-air and three on-runway portions of the overall
ing maneuver.

o d; g, from all wheels on the surface to a full stop. Heavy braking on e
main wheels, rolling friction on the nose wheel. Air speed decreases o
amhbient headwind ¥, and ground speed decreases to zero,

We shall find that the first in-air portion of the landing maneuver is quit
idiosyneratic (pilot technique!) and resists realistic and reproducible anatysis, W
will “backengineer™ it from the desired result—a time-honored but totally
dishonest procedure—so as not to leave the reader in the dark as to how to e
around that manifest difficulty.

Even the landing ground roll is not all that swaightforward, To achiey
maximal landing performance—shortest possible landing roll under the circun
stances—the pilot lands near stall speed (touchdown speed Frp = 1.1¥; is of
specified; see Roskam and Lam®), then executes several fairly intricate flaps a
brakes timing and control decisions, We will approximate and sample those
myriad varations of pilot skill and experience.

Although effects of aircraft weight, density altitude, and runway slope ane

values jy vary with runway surface type or contamination, tire inflation and
condition, and ground speed. 5till, we do the best we can with what we have.

Landing performance is the fussiest part.

Our theory of maximal landing performance will mirror that for takeoff in
having an (only relatively) “exact™ version—now to be dubbed “detailed ™—with
which we shall begin, the possibility of perturbations, and (at least for the last of
the five segments) a constant average force version. With thrust absent, equations
are somewhat simpler. Almost all of the necessary analytic techniques were
introduced in the previous chapter, so our treatment of landing will be somewhal
quicker.

Landing involves a complication not shared with takeoff. Taking our sta
tricycle gear exemplar, wheels are of two different types—main wheels with
brakes, a nose wheel without—so we need to consider not only forces on the
airplane during the landing roll but also sorgues, Torgues directly affect the
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weight burden on each wheel and thereby the ml]inglm braking friction forces on
it. Wi will cross that caleulation when we come to it. :

Because ofthemyriad complicationsand confusing mdmssucslm what E:-IIn_ws,wc
will give summaries of what we will have finally ca‘luu]:lt_ed. with a comparison 1o
pOH “hook " values for the base case at theend of Eaﬂh.hnﬂl.‘ng segment section. Now
on to the quite lengthy “detailed” calculation of landing distance d.

First Segment, d; 5, from 50ft to Just Above the Runway

The small airplane’s POH landing performance sheet includes information on the
horizontal distance used up in coming to Earth from over a iﬂft obstacle, our
dy 4y + dy 4> For our example Cessna 172, at maximum gross weight {2400 Ibf)
ander standard mean sea level (MSL) conditions, at speed Fay = 62 KCAS =
63 KTAS = 104.6 fi/s, the POH suggests 4, , = 740 horizontal ft are used up.
Power is off and flaps are deployed 30 deg (Cpg = 0.053).

We shall find that, if one assumes this first air portion dy stays at 62 KTAS
{hroughout, there is no way the airplane will be able to touch down (2t nominal
Frn = 1.1V = B5.3 ft/s) in s0 short a distance. We cannot know that now, 5o let
us run through our first calcolation, for drill, as though the (POH) book value
were veridical. Later, we will redo and adjust.

We could focus on either rate of descent or glide path angle; we choose the
former. The usual bootsirap formula for the (negative) gliding rate of climb is

-GV - =V
W

using composite G = 1p,5Cpa = 4 pg(174)(0.055) = 0.011374 and composite
H = 202 /(pySned) = 2(2400) {(pg % 174 x 7 % 0.72 x 7.378) = 1,668,987
{in British engineering units) tells us that rate of descent A" = —12.07 ft/s. That
calculates to 4. 14 s 1o get down S0 ft, during which the airplane has traveled 433 ft
along the glide path and (Pythagoras) 430ft horizontally. The POH, recall,
suggests that 740 ft should have been used up before touchdown. That leaves
us only 310 ft yet to be consumed during the horizontal flight just off the runway.
We charge on. But be prepared to come back and redo the above calculation with
a lower initial air speed.

Summary for d, 4, horizontal distance to get from 50 ft to just above runway:
immediately after crossing over the 50-ft obstacle, the pilot prullls back from 62 to
S7T3KTAS. To get down to the runway the airplane will traverse 41_'SIH
horizontally, Flapsed time is 4.35s. This result is finagled in the next section.
The Cessna 172 POH does not separate out this distance.

(V)= (12.1)

_—
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Second Segment, d; ;,, from Just Above the Runway to
Touchdown

First we find the touchdown speed, For this airplane, Chma( 8y = 30 deg) = | 9
This means the stall speed is 77.5 fi/s = 45.9 KCAS. That makes Vyp, = |,[if3: L
50.5 KCAS =853 fifs. .
Second, a calculation using rough averages, Neglecting both any round-out ang
any ground effect, say we start 2 ft off the tarmac sill at 104.6 ft/s. If we b o
speed off to 85.3 ft/s, our average speed, during this flare to land (at sea level)
will have been (I} = 95.0 fi/s. Next we find the associated average horiz
foree (drag only), from the standard formula

(D) = —G(VY! — H (¥} (122

This gives {0 = 287.6 Ibf, Rearranging MNewton's second law, we have
WA

oy el iy

£2(D)

Equation (12.3) evaluates 1o 5.01s. During that time interval, the airplan
should progress about oy ., = 476 ft along and just off the renway. Considerabiy
larger than the only 310 ft we have left if our calculation is to agree with the PO
Further adding to our (temporary] embarrassment is the fact that, having
ncglected ground effect, we overestimated the induced drag component, thereby
underestimating the time interval. The corrected figure would be 570 fi.

Does this large discrepancy mean the world of aviation has stopped me
sense? No. More likely we have mot been given the full story. Once the

to slow down. After all, speed is still 23% above that needed for touchdow 1
Pulling back on the stick both slows the airplane and steepens the glide angle

shrink the glide, shorten the hovizontal ar distance, Double duty, and in
commercially correct direction,

Let us not be hasty. If our guess about the performance test pilot’s verbal
chicanery—while not lying, certainly leaving out information—is correct, We

the obstacle, which will reproduce the POH air-distance figure. Let us find it. We
will ignore the transitional maneuver, backstick, from 62 KTAS = 104.6 ft/s, at
the obstacle, to some (variable) lower speed we will call F,. And we will ignore
the tranzitional round-out and flare to the final hotizontal flight that will continue
from ¥, until Fyp = 85.3 fi/s.

The geometry from 50 ft down to just above the runway—we pick 2 ft AG
is used as before. Equation (12.1), trigonometry, and straight-line kinematics will
lake care of that first portion, ;) (¥)). This time we shall calenlate the second
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rtion, d) 43, more carefully. We need somewhat the same technique we used for
calculating x{¥') in the Takeoff Performance chapter, but now the force expression

is much different:
‘"r’i' ar

P (T U L A TS (12.4
e r —GV* = foell V2 }

2

Call the speed squared =, then multiply through on the right by z/z, and one has
something of the form of integral 7, in the Short List of Integrals (Appendix C).
After simplifying and evaluating that integral for this particular problem. one has

W '+fyf$
=- - JOE 12.5
he = g0\ L% e
Jeet

The only number missing is the ground effect factor £, Peeking back at
Chapter 4, Aerodynamic Force, and tacking 2 fi onto the approximate 6 ft the
ground-rolling wing is normally off the ground, fp = 0.74. It is important to
incorporate ground effect because, at these very low speeds, induced drag
dominates parasite drag.

Taking a selection of initial just-over-the-obstacle air speeds ;. Table 12.1
shows some results of our trial-and-error analysis. This is for the Cessna 172 at
MSL, 2400 1bf, flaps 30, coming over a S0-fi obstacle, going immediately 1o
speed ¥, gliding until 2 ft off the runway, then immediately flaring into a level
glide, decelerating, until touchdown speed Fp, = 50.5KTAS, at which time the
ground roll begins. The third, bolded, data line—yielding o, , = 740 ft—is the
one we are after.

Notiee that, for I, = 57.3 KTAS, the glide path is only steepened, from its 62-
KTAS value, 0.2 deg. There is no great mush downwards. On the other hand, only
11 horizontal ft are subtracted in this descent portion of the maneuver. The real
gain comes from having started the horizontal portion with lower air speed. Then
the bleedoff takes less time, uses up only 321 ft (instead of 570) and puts us on

Tahble 12.1 Alernative landing path histories for a Cassna 172

¥, KTAS F Rfs &I o, deg dy . B dpz dig = digy +dpg
62 104.6 =] ] 430 570 1000

L01] 103 —-11.8 —6.7 427 461 BEK

573 968 =115 — .8 419 3 T40

36 945 =114 =6.9 413 254 H6T

M a1.1 —11.2 =T.1 403 157 60

52 BT.R —I1.1 -73 391 65 456

.3 §5.3 =11.1 —-1.5 381 0 k|
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schedule with the POH. So, if we allow the performance test pilot 1o fudge .
speeds a bit, the POH 50-ft to ground distance for this situation is perfiecily
feasible, i

Neglect of a Balloon and Flare

Or is it? Do not forget our own fudges, neglect of the two transitions: 1) just fier
the obstacle, from 62 to 57.3 KTAS, and 2) near the ground. from a 6.8 deg El N
path to horizontal flight. Let us now take a less sanguine look at those pwg
problematical portions of the flight path. g

For the pilot to reduce speed 4.7 KTAS, he (or she) pulls back, That will mean
a momentary ballooning. Mot absolute, upwards, but above the earlier glide path
To compensate, he or she will need to reduce air speed a little more thay
otherwise, say to around 55 KTAS. Settled at the new lower speed, the glide path
will be steeper, crossing and then sinking below the earlier ane end even below
that path connected to our Table 12.1 solution, 57.3 KXTAS. This is not much of a
problem. The zirplane is stable (we assume no gusts) and still about 11.4 KTAS
above the stall.

necded? Well, taking 0, to be the airplanc's attinde angle,
0,=r+a

(here 7 < 0 and & = 0), we can simply calculate, To get ADAs 2, we need
things. One is the appropriate value of lift coefficient, which we get from

L =1plSCp{z) = Weosy (12.

Assuming the pilot has by now retwrned to nominal 7= —6.8dep @
S7T3KTAS =968 fifs, Eq. (12.7) tells us that C; = 1.230. Then we need the
formula relating lift coefficient and ADA for Oaps 30 deg for this airplane:

CPlx: 8, = 30 deg) = 0.082x + 0.64 (12.8)

Inverting, we get ® = 7.2 deg. So, on the gliding portion, 0, = —6.8 + 7.2 =
0.4 deg, pointed very slightly above the horizon.

On the horizontal portion, going through similar motions, from Eq. (12.7), we
first find CF = 1.24. But for x we realize that we are now in ground cffect; that
will make the required » somewhat less than predicted by inverting Eq. (12.8).
easy way to compensate is to find the value of lift coefficient our of ground effe
which corresponds to our in ground effect value 1,24, Using Eq. (4.63) and some
Cessna 172 wing data from the Aerodynamic Force chapter, we find CP = 117,
Mot 2 whole lot different. Then Eq. {12.8) 12118 us that the actual geometric {body)

i
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AOA is 6.5deg. So the corresponding level-portion aircraft attitude is also
ﬂa = 0.5 d.CE.. ;

To get going horizontally, the pilot must flare through (6.5 — ﬂ.a!} = ﬁ,! deg.
wot a lot, but he or she is only at 57.3 KTAS. Position of .th: mrplanels c.g.
preferably rearward) will make quite a difference. As mentioned, we will not

investigate whether elevator control is efficacious enough for the job. We assume

i ]gur relative dissatisfaction with the caleulation of final n;_rpmach after t.he 50-1:[
phstacle is not that the computation cannot be ;Iumi. It obviously can. It is that it
can be done so many diffcrent ways, For compansons with F'Dl:l pert“an-na!ncr:
data, probably not enough information is given. And then th:r&lls ihfa pr?:tlu.al
matter that each airplane, pilot skill level, an_:! approach to landing situation is,
especially for these light aircraft, close to unique. We have good days; we hs;we
bad days. Still, the airplane eventually touches down, easy or hard. The landing
ground roll commences. :

Summary for d, . from just above runway to touchdown: this segment length
is 321 ft. Elapsed time, from averaging initial and final segment speeds, is abmlut
3535, Cumulatively, we have d,, = 740 fi, the POH figure and our goal in
picking that slower speed once over the obstacle, and a total of 7.9,

Third Segment, d; ), Wheel Spin-Up for 1s

This (assumed) 1-s interval is just to get the airplane stabilized on the runway
with the wheels spun up to roll without further slipping. Only two forees are at
work: an impulsive spin to the wheels and a bout of gerodynamic drag. We find
the speed loss from each effect, come up with an average speed, and get the
segment distance from that. Angle of attack will be assumed to be steady at thal
value associated with level flight at initial speed ¥V, = V. :
Conservation of energy during the wheel spin-up—which cannot be preclml._y
correct in view of the screech and the landing skid marks on the runway—is

expressed as

1
AE =0=1m(V} - V) + ¥ 3l (12.9)
gl P

The sum is over the threc wheels. Variable [ is the moment of inertia of the
wheel and ¢, its final angular speed. If we express the final airplane ground speed

V. as ¥, + AV, where the initial ground speed is V; = (Fpp — Fio ) nd neglect
the square of AV, we soon get

E{ly N

U o RN 0% T TS 12.10)
AV = W(Rf,+lﬂir){ = Fiw) [
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W is the weight of the airplane, not of the wheel. Now we need some whes
data. Roughly apportioning average radii of the masses of wheel, whe, and tipe
{weights are given in the POH equipment list) gives the approximate data of Tah
12.2. j

In our sample Cessna 172 no wind case, Eq. (12.10) gives us Al 2
0.51 ft/s = 0.30 kn. Because this is considerably below the resolution of the
airplanc’s air-speed indicator, the reader can see why we normally ignore this
effect, even if slippage doubles the effect,

Experimental Determination of Wheel Moment of Inertia

Take the wheel on a horizontal shaft of radius r. Wrap a light string around he
shaft and suspend a (variable) weight from it. First, by trial and error, find the
small weight W, which will jusi turn the wheel at a steady speed wi
accelerating it; that is a tare to compensate for kinetic friction. Then ha
somewhat larger weight W from the string and time the interval Af required
the weight to fall distance &. It turns out, from the laws of uniformly acceleratey
circular motion, that

_ PARW — W)
7 2k

i

Estimate of Aerodynamiec Braking

law in a short-term average sense, we have, for this case
mAV
A :
Taking (¥} = V; + 1AV, ¥, the initial speed, and ignoring the term squared in
the speed change AF (similar shenanigans as in the wheel spin-up case), res
in

(F = D) = k(¥ =

. Fivpae :
AV = F—[P,}Iﬂ.! = FFghtf W
m — — ..I;;r_.
Table 122  Cessna 172 running gear data
Whesl, tire, and tube  Weight. Ibf  Hadiuz &, ft  Moment of inertia [, slug-it*
Nose 14 0.542 0uDG03
Main 18.0 D625 (134
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The last version is sufficient when AF/F; < 1. So we need the il:li[iﬂ] vlue of
the force, composed of parasite and induced drag components. This will be

JosCl* )

" red

—B{¥) = —}pVES{{T‘m I (12.14)
Using similar rules and technigues as before, under slightly different circum-
stances, [mr = 0.66 and Cf = 1.39. Equation (12.14) evaluates to F(F;) =
—195.4 [bf and then the more nearly correct form of Eq. (12.13) gives
AV = —2.7 ft/s = =1.6 KTAS, making the “final” speed at the end of this
segment 82.1 fifs =48.6 KTAS.
The average speed for the segment is then 83.4/s; so d, ;) = 83.4 .

Correction in Case of Runway Slope

We are assuming this runway is level. What if it were not? If the runway is
markedly sloped—we mever bounce on touchdown!—there will be a “weight
component” force, ¥ sin . Because this segment occupies only 15, this effect
can be estimated by assuming an interchange between kinetic energy and
gravitational potential energy,

AKE+APE =10 (12.15)

where

APE = W(hy = ) (12.16)

Though we parenthetically consider only the first ground run phase, the same
analysis would apply to the second. After wheel spin-up, the airplane was at
Vi — AVSP-UD — 848 fifs; at the end of the segment, level runway, at
Vpp — AVERnUr _ ApDee — g2 ft/s, That makes the average speed (not
counting the slope effect we are now considering) (V) = 83.4 fi/s. Say the
airplane weighs 24001bf and the runway is sloped up 3 deg. In this 1s, the
airplane proceeds about 83.4 ft (actually, a litthe less!) along the runway. That
second position is 83.4 x sin 3 deg = 4.36 1t higher than the touchdown point.
The associated gain in gravitational petential is 2400 x 4.36 = 10,460 fi-Ibf.
Because that potential energy gain comes from the airplane’s average unperturbed
kinetic energy {;m[gld-]!. its average kinetic energy must be decreased that same
amount. Rewriting and rearranging Eq. (12.15) in terms of all these specifics for
the final average speed we have

(V) = J(F,-]* ~ 2g(¥)Arsin 0 (12.17)

In our no-wind example, the speed decrease duc to this uphill 3 deg runway
slope would be only 1.7 fi/s = 1L.OKTAS, to {F;) = 81.7 fi/s. But recall that we
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are assuming that this extended example involves a level runway,
dpgy = 83.4 it still

Summary for oy 5, wheel spin-up and stabilization: the segment begins with aj
speed ' = Fp, = 1.1V = 50.5 KTAS = 85.3 fi/s. But just for an instant, afig
which we have I = 50.2 KTAS = 4.8 ft/s to account for kinetic energy lost tg
the impulsive wheel spin-up. For the major portion of the assumed 1 s taken by
this segment, acrodynamic braking is at work, reducing final segment speed ¢
48.6 KTAS = 82.1 fi/s, horizontal progression 83 fl. The Cessna 172 does no
separate out this portion of the ground roll.

Fourth Segment, d; ., Rotation for 2 s to A1l Wheels On
the Runway

We assume this segment occupies 2 5. In clocking a number of normal landings in
airplanes of this type, the author found that this derotation typically took about 3 s
tending at near 45 postiouchdown). But, we assume the performance test pilot
interested in maximal performance will hurry that along by coming in s
hence, down o 25, The airplane will slow a bit. Assuming an average aui
(and lift coefficient) halfway between that for Fyy, and that for the ground mun,
course in ground effect, the effect of that deceleration will be calculated. Though
brakes often will be applied during the latter portion of this phase, for simplicity
we will assume not, Mo brakes. But there will be rolling friction from the main
gear—though not much, the airplane is still very light on its feet—as well as deag.
The second phase ends when the nose wheel hits the runway. J

It is time to put average speed and impulsive force approximations behind us
and get back to a nearly exact formulation and caleulation. One moderately
sloppy residuum survives: because throughout this sepment the airplane’s attit
is continually changing, we will use average 1ift coefMficients for deseribing b
lift, (7). and induced drag, (CY). A finer-tuned caleulation for landing distan
(and distance to [iftoff) might use a sccond-order Runge—Kutta numer
procedure with time as the independent vanable. Then the sequencing of rotati
flaps retraction, etc., can be described as accurately as one might wish, or as
known. The Runge-Kutta procedure can be carried out, using some (@look
tricks on an ordinary electronic spreadsheet. But we will continue to work one
step down, still sufficiently lengthy, The two horizontal forces at issue are rolling
friction (which of necessity involves lift) and drag. Because we avoid contaminant
drag, that will include only parasite and induced types. The net foree is then

e
ety = —(W — :%-l[" Vls{(u&l:' b — %_-Ij'VIS (Cnc;- +fﬂﬁri;" :I )

{12.18)

There will be additional terms on a sloped or contaminated runway, but Eg.
(12.18) is 2 simple quadratic of form —{a® + 5°F7). A difference, in comparison

with our similar takeofl case, is that here we know the time dEffeanc: over the
gegment, assumed 2s, instead of the final speed. But, multiplying Newton's
second law by df and integrating, we have the true sentence:

¥ dr
My =m e =
ey .|-r, Frea (V')

where we know everything except final speed ¥, = F, 4+ AV, But to evaluate the
integral and get a relation for cnd—uf—s:_egm_mt spr:mli ¥, we first need to evaluate
the constants in Eq. (12.18). Collecting information from the Take_nﬁ' Perfor-
mance chapter and from the end of the previous landing segment gives us the
information in Table 12.3. Tt turns out that

Freucz = —(@ + B'F?) (12.20)
with @ = 6.9282 and b = 0.1212. In a detailed calculation, it is necessary 1o keep

irack of aircraft attitude, flaps deflection, etc., at all times. Ground control facior

- s roughly constant at 0.66. . .
Because the signs of the constants differ from earlier cases, we need integral Iy,

in Appendix C. When the algebraic dust clears, we have
¥ _gab.{‘.l) _¥,

b
o -1
ﬁV—Emﬂ(tﬂn * W

(12.19)

{12.21)

¥, recall, we have found to be 82.1ft/s. Equation (12.21) evaluates to
AV = =38 fifs, so V; =783 ft/s. All of this (3 g} and we still have not
completely lost the extra 10% over Fy with which we touched down, MNext we
have to find out about the distance traversed in this 2-s segment,

An approximate figure for d; g, can of course be obtained by taking th:la\'mge
speed (82,1 + 78.3)/2 =802 ft/s and letting it run Is That gives us
dy > = 160.4 ft. But let us see what the accurate version comes up with. ,

That caleulation iz precisely the same as for our main takeoff ground run, using
integral f;:

(12.22)

. _mr? dr? _ﬁr? dz
‘272 ) Fuae (V) T 2 A+ Bz

with 4 = * = 48 and B = b* = 0.01468. Using our known starting and ending
speeds, Eq. (12.22) evaluates to 159.6 ft. What we have really found out, and that

Table 123 Aerodynamic cosfficients during landing, Clegena 172

Landing stage Cra cf [} Cr; Cy

Just after wheel spin-up, 6, = 30 deg (LSS 1.3% 1.60 00764 013

Three-point ground roll, &, = { deg 3T 0.75 (81 0.0z 0.05%
0046 1.07 1.20 00493 0035

Average

LAty rerrormrance— J77F
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is of value, is that our previous “rough” estimate is plenty good enough. Stj
because we have it, we will say that d;;, = 159,65 fi. :

Summary for dy o, rotation down to all wheels on the runway: initial air spead
is 48.0 KTAS = 82.1 ft/s. During the (assumed) 2 s of this segment, air speed i
reduced to 46.4 KTAS =783 ft/s. Horizontal motion is 160 ft, The Cessna | ...Z
FOH does not separate out this distance.

Fifth Segment, d;, Hard Braking to a Full Stop
(Bir Speed V,,,)

This segment is to be calculated much as was the first segment of the l,a],;mﬁ'm
The difference is lack of thrust (we ignore any idle thrust or wmdmﬂlmg propelle
drag beyond that ordinarily assumed as part of Cpy;) and there is heavy brakin
On bare dry concrete, we normally assume braking coefficient 1y = 0,55 on |
braked wheel. But the effect very much has to be adjudicated according to weight
actually placed on those wheels. s
The reader who has clocked several landings with a stopwatch may want to
alter the early timing assumptions. especially if he or she is ealeulating for ather
than short ficld landings. For example, we found the following reasonable but not
sacrosanct numbers for times to get all wheels on the ground for small Piper ar
Cessna class aireraft: normal landing, 4 5; crosswind landing (smaller ADA,
exposure to wind), 3.4 5; wet runway (more acrodynamic braking), 4.5 s; soft field
landing (keeping nose wheel off ground longer), 5.7 5. i

Braking Friction and Its Coefficients pg

On bare dry concrete, braking coefficient i, is usually taken to be some
between 0.5 and 0.7. We will ordinarily take that value as ug = 0.55 on bare dry
concrete or asphalt (0.375 on bare dry grass) and our landing distance caleula-
tions will use that value. But there are many other cases, other surfaces, ta
discuss.

And several ways to discuss them, Pilots in Canada have to deal with snow,
slush, ice, and water on their runways quite a bit more than US. pilots do.
Transport Canada uses & James Brake Index (JBI) to adjust bare dry conerete
landing distances for various TBI values. We will not do that—sticking instead
with pg s0 we have something with which to calculate—but there is a relationship
berween those two measures. To add to the confusion, another numerical
indication of braking effectiveness is also used: the munway condition reading
(RCR). Add to those two verbal indications, our common equivalent braking
action {(Good, Fair, Poor, or Nil) and a longer-winded more descriptive aliernative,
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nnway surface condition (RSC). Wot to worry. Here are the approximate
pumerical relations involved.

RCR = —2.30 + 30.8 x JBI (12.23)
sty = 0.208 + 0.00860 % RCR (12.24)

ar
pg = 0.188 + 0.265 x JBI (12.25)

Loose as they are, the B2 measures of poodness of fit of these relations hover
ground (.985. Not too shabby. Table 12.4, ken from the Camada Fiight
Supplement’ gives some operational gmdﬂncc A rightmost entry 1,46 means,
for instance, that for RCR 12, barely “poor™ braking, one should expect landing
distances about 46% greater than on the same (almost always concrele) runway
surface when bare and dry.

Table 12.5 provides rough numerical braking measures corresponding to the
more prolix RSC descriptions. This extract from the Canada Flight Supplement
gives us a ballpark estimate of braking friction ceefficients for various messy

Table 124  Runway condition reading
Equivalent

RCR Median prg braking action dlyFily g

02w 0§ 0.238 il = 1,00

o 12 0286 Poos 14610 1,99

1310 18 0342 Fair 116 to 1.45

1% 1o 25 0397 ol 100 o 1,15
Tahle 125 Rurnway surfsce conditions
RSC JBI range Low jig High pp Medion g
Bare and dry =080 04
Damp, <0.01 in. water 0,60 to 070 0347 374 .36
Mery light snow patches 055 to 0ol 0334 0347 0.34
Wt conerete, 0,01 in. to 0003 in. walcr 00 Lo 01,55 0.2494 0.334 0314
Wet asphali, 001 . to 0.03 in. waier 030 e 060 0,268 0.347 0.307
Sanded packed snow or e 4 0.294
Compected sow, T < 5°F 4D to .50 0204 0331 01.307
Heavy rain, 00318, 10 0,10 m. wiler 028 to 030 0.262 .268 0,265
Snow covered 0.25 to 030 0.154 0.268 0.261
Compacted snow, T = 5°F 0.0 1o (.25 241 0.254 0.248
Cold ice, T < 14°F L b 0,20 0215 0.241 0228
Wet dce, T > 32°F (005 o 010 0.2 0215 0208
Hydroplaning, standing waler =0.1 in. .05 0.201
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runway types. For the last entry, involving hydroplaning, the eontaminant deag
formula in the Takeoff Performance chapter should be applied.

How Much Load is on the Various Wheels?

The braking force on a wheel we take to be a “steady”
F.';I = j.lﬂui"lur

where pg is the braking friction coefficient and N is the “normal™ force pushing
the two surfaces together. The rolling friction force F; has the same form, but we
use simple g for its coefficient.

When both occur together, we assume the rolling friction coefficient is
absorbed into the braking friction coefficient. Fine. But the guestion here
“How hig are the normal forges ¥y on the nose wheel and Ny, on the m
wheels (considered as & umit)?™

For our sample Cessna 172 sitting on the tarmac, Ny = (L23F ang
Ny = 0.37W; weight on the nose wheel is only 30% of the weight on the two
main wheels, 60% of the weight on either main wheel. One can get those figures
from measurements on the scale drawing of the airplanc in the weight and balanee
section of the POH. But, at the start of this final braking segment, applying the
brakes dumps extra weight onto the nose wheel and refieves weight (less is the
pity!) on the mains. Backstick—which we will nor consider (contral considera-
tions again!}—alleviates this problem to some extent. But how will we get an
(approximate) handle on this weight apportionment? Newton's first law, extended,

While forces on the airplanc in the horizontal direction (drag at or near the c.g.,
rolling friction on the nose wheel, braking friction on the mains) are certainly mof
balanced (the airplane is decelerating w a stop); they are balanced in the vertical
direction. The sum of ¥y and Ny, and lift L (which we are assuming acts at the
c.g., for simplicity ignoring the wing’s pitching moment) is still equal and
opposite 1o weight W Morcover, the airplane is not rotating, So Mewton,
extended, says that torques on the airplane, abowt any axis (we will choose a
spanwise axis through the c.g.) must add to 0 (see Fig. 12.2).

Calling the ¢.g. height /i and the horizontal lever arms to the nose and main
wheels {y and [y, respectively, the torgues-aboui-the-cg. condition, counting
counterclockwise lorques as positive, is

LNy = ChpgNyy + huNy + 1, Ny =0 (12.27)

Plugging in our sample values for the lever arms and coefficients (0,02 and
0.55) tells us that Ny = 0,70, Weight on the nose wheel is now 70% of the
weight on the mains! No wonder that up-elevator/ backstick during hard braking
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Figure 12.2 Forees and lever arms (from c.g.) on the rolling braking airplane.

{which we are ignoring) is so important. We need as much weight as p-:nss_ihir:
hack on the braking wheels. Combining this knowledge with the force relation,

L+ Ny +N,—W=10 (12.28)
tells us that the toltal force of friction, rolling together with braking, is
conveniently expressible as

Frin =200 = D1 OF = Dty = 033207 = £) = (gl ¥ ~ 1)
' (12.29)
In other words, this airplane acts as though an average friction/braking
coefficient [jgg) = 0.332 were being used with the standard normal force
N=W-L
The average friction/braking coefficient and the weight distribution differ on

different surfaces, On short grass, for instance, p=0.05 and pp = u_=_.:r5 are
typical values. The general formula for the average effective coefficient is

(12.30)

= D + Loty
& [y + ly + hlug — w)
and so on grass we find (i) = 0.255. The general formula for the wheel load
ratio is

h'llull e :.lh‘ +h.[!a-

E Iy —hy

(12.31)
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This ratio, using our short grass fipures for this ai i

. 1 . rplane, is 0.588. Az ¢

girplane is being braked to 2 stop the nose wheel ris ikt

while the mains support 63%. T o
W_uh Eqs_. [IE._Z*?_} and (12.30), we now have simpler expressions for the

braking /rolling frictional force, even though we may not like what they 3

we are finally ready to move on and complete our landing distance -cah:u 1

Tag End of the Story

This hard-braking ground roll segment, in a sense the main dish, is by this ¢
almost anticlimactic. The horzontal forces, as in the immtdi;.tel}' P
segment, arc drag {only parasite and induced, in our sample caleulation)
rolling,/braking friction. In cocfficient form,

Frewgs = —1PV8Cpgy — g (W — L pV28€Y )

:h'zh;l;c,c Wﬂkznu;ue hﬂ}l’ﬂ secured values of all of the coefficients (see Tahle
3) Cpge = 0039, Ci,{.']d:n-s‘l.ﬂ“d {1tp) = 0.332. Evaluati { o
of the known constants, we have i valuating with the res

Frawgs = —(d + BF?)

with A = 796.8 and £ = —0.04337. Evaluation of the landing segment dists
praceeds as before

i "rr di —W d=
LG = & T IUe . e R e
2 vt Fueea(F) 2g ] A+ Bz

Evaluating this /| integral with starting speed F, =783 fi
iy = 3497 11, E 5P I .3 fi/s, we find t'tnt'

Collecting previous resulis for the landing roll, we finally have
(12.35)

This is 52 ft, almost 10%, longer than the POH landing ground roll value
540 fi. But, if nothing else, the reader has scen the large number of fairly lenuous
assumptions going into such a demailed caleulation, A 0.5 5 here, some backstick
there . .. without expert pilots, instrumentation and computer work, +10% iB;-
about what one ean expect. This author, for instance, doubts his landing rolls
under identical circumstances are more tightly clustered than about 10%. Reality

Tm L::nd Quicker approximations are hoped for (earnestly desired!) and will be
CEL h

ﬂl{_g - df_5| +d;_|_*;1 +d_lﬂ$ =834+ 1596+ 3402 = 502 fi
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Before we get to them, one further point. We have been keeping easy track of
janding roll segment time intervals because we have specified them, but what
ghout this last segment? A rewritten Eq. (12.19) does that job:

£ dF’

Ay =m| ————— :
i JI‘. PV ==
and evaluates (imtegral type J) to Aty = 8365

Summary for dy s, hand braking o a full stop, ¥ = Fj,,, taken here to be zero:
this last segment starts with ¥ =464 KTAS =783 ft/s and cnds with the
airplane at 2 full stop. The segment length is 349 ft, which makes the total ground
roll dr sz = 592 ft compared to 540 ft from the POH. And it makes the overall
landing distance d, = dy 4 +dis = 740 4 592 = 1332 fi compared to 1230 ft in
the Cessna 172 POH, The last segment took %.36 5, the landing roll wok 114 s,
and the entire landing maneuver pceupied only 19.3 5. Landing is mandatory, but
that mandate is relatively short-lived.

uConstant Average Force” Approximation for the Braked
Landing Ground Roll

Something must be done. This entire chapter, so far, has been devoted to
calculating time and distance consumed in a single landing maneuver. Even
that lengthy calculation was somewhat simplified—an impulsive force assump-
tion, nonoverlapping rotation and braking segments, ignored pitching moment
coefficients, ete—and much circumscribed. We only considered one surface
type, usually no wind and no slope, never any contaminant drag, only one gross
weight, and one density altitude. Twenty seconds 1o land, ten pages to figure it
out. Mot economical.

Can the “constant average force” approximation give sufficiently accurate
landing ground roll results? Let us take a Jook.

Though there was much insight to be gained in analyzing air segments—with
plenty of flaps, with sufficient elevator authority, and with fairly calm air, one
should get the speed down on short final; even a few knots lower helps a lot—lat
15 now ignore the landing air portion. After all, we found that the first two ground
roll segments, through rotation to all wheels on the runway, involved only small
speed losses. And because a stopwatch is easy to carry and uge, why not use this
empiricism? Time several landings from touchdown on the mains uniil the nose
wheel touches the runway. (In our case, we assumed this interval was 3 5.) Speed
was a little above stall, but there were some retardation effects (mostly aero-
dynamic drag). So let us provisionally assume we touch down at the stall speed
(45.0 KCAS = 45.9 KTAS = 77.5 fi/s, in our casc) and let that speed continue
undiminished through wheel spin-up and airframe rotation. That would have
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made the first two ground roll segments add 1o 232 i We caleulated, in our earli -
and overly assidupus mode, dy;; + dpg; = 243 ft. Negligible difference. Se, ig
highlight this ansaiz: i

digy + digr = Vil + Aigga) )
We are left with only the final hard-braking segment of the landing ground rall,

know the forces at the beginning (at air speed ¥ = Vo = Fg for the in-air flapg
setting) and at the end of the segment (at 1" = ¥, ) and use the appropri

uniform acceleration formula. Easilv done. From the uniform accelss
formulary in the TakeofT Performance chapter, we have (using our simg
=0 Vg=Fp=F. F=F, =0, a=(Fy)fm <0}

. =W =Vl WV ( Vh)l
dm=dilf,=0= — - = e | B SRy
amile 2¢iFua) 28N\ P

Because timing plays such an important role in the landing maneuver,
might alse need the uniform acceleration elapsed time formula:
—Wi¥mp — Vi)

2{Fe)

Mow let us redo our extended standard-conditions example and compane
results. The decelerating force at the beginning of the three-point ground '
was made up of combined rolling and hraking friction (with average coefficient
{1ig) = 0.332), mitigated by some lift, plus drag. Just before stopping, only the
composite frictional force was operating, IF there had been {constant) runway
slope, that would have provided an additional constant force —W sin & through-

out. For our sample calculation, we need only recall Eq. (12.33) and the mnsmmaj
(A =796.8, 8= —0.04337) appearing therein.

Ay =

Frares = —(4 + BV?) (12.40)

Using our “maintained” Fpp = Vo(d, = 30deg) =775 R/5, (Fyacs) =
(—796.8 — 536.3)/2 = —666.6 Ibf. The (no-wind) distance, from Eg. (12.38),
is 336ft; the “detailed” calculation gave 349ft For the time intervals, the
uniform acceleration formula in Eq. (12.39) gives 8.7 s compared to the detailed
calculation’s B4 5.

Will this pood agreement hold up under all circumstances? Perhaps not, Bug
the undarlying idea behind the approximation is so simple and robust, we should
use it—with occasienal checks, either by detailed caleulation or, even better, by
experiment—unless it leads us astray. 2

A simple even though approximate theory, in the practical realm, has several
advantages. First, it is more likely to be used than its complex cousin. Second, it
can be used piecerneal. One example might be a runway that first slopes up, 8y
2deg for 100yd, then down | deg. Granted one would heve to use the Fid)
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selation in the uniform acceleration formulary to find the corresponding appros-
imate ground speed at the point where the slope cl:.un_g:s. A second chample
might involve hydroplaning. The force !w- starts off .wnh one expression, then
{speed having slowed helow hydroplaning spl:xl:d} shifis to another. Inhqmngu-
neous runways (different partial surfaces, guanding water or other contamination
gver only part of the runway length) provide further examples.

Wind Effect on Landing Ground Roell: Detailed and
Constant Average Force Methods

Recause wind effects on landing distance are large, and because they somewhat
confisingly force a change of reference frame from the air to the Earth, we nc:w:jzl
10 consider wind in explicit detail. With a few changes of notation, the problem is
precisely as considered in the Takeoff Performance chapter. Here arc the explicit
changes:

o For takeoff, Fyy = @ — B*¥2; for landing Fiyy = —la* = B, :

« I the pivotal distance to lifioff example, a = 22.00 and b = 0.1202; in our
braked landing ground roll example, we had & = 28.23 and b = 0.2083.

s In the takeoff example, the integral was from ground speed zero up to
ground speed (Fy — F,,), where Vg was the rotation air speed and V,, = V,
was the headwind speed (negative for tailwinds); in the landing example, the
integral is from some ground speed (V) — ¥, ) to ground speed zera.

The change in integral limits precisely compensates the landing case fun:‘e‘s
prefactor — 1. The upshot is that the long formula for “exact” distance to rotation
with 2 wine in the Takeoff Performance chapter, with a simple notational switch
from ils Vg to our current ¥, applies to the landing case as well. Here is the
rewrite:

W (la= w“.xa+m1) By ((a — b¥|Ja+ w'..l)]
"“"“:E#[E "({a BV a+b¥)) T a  \a+b¥)a—bF,)

(12.41)

Taking the air speed at the beginning of the braked landing ground roll
segment to be ¥, = 78.3 ft/s (and choosing, for apt companson, the same no-
wind distance value for the constant average force approximation and a variant of
that last with exponent 1.85 instead of 2.00), our previous example’ constants
and conditions give the results shown in Fig. 12.3. Just as in the takeoff case
{compare with Fig. 11.6 in the Takeoff Performance chapter). there is little
practical distinction among the “detailed” braked landing roll thm:r].r and the two
very much simpler constant average force approximations with various exponents
close to 2.00.
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Figure 12.3 Braking ground roll ve headwind speed, three models.

The takeoff formula for time required to get up to rotation air speed can
similarly be brought over The braked landing ground roll version is

W (l:a + bV )a — bm) (12.42)

Alige = 3205 ™\ (@ = b7, a + b7,

Again, this works for the no-wind case simply by setting F, = 0. With
F, = 74.3 fi/s, and the above sample values of W, a, and b, Eq. (12.42) evaluates
to the same Adp -, = B.36 5 as before,

Perturbation Approach for Landing

The perturhation approach, recall, is laid on top on the constant average force
approximation. Comparing the landing constant average force formula, Eq.
(12,38}, with its takeoff counterpart, Eq. (11.97) in the Takcoff Performance
chapter, one first sees a difference in overall sign. Secondly, the landing average
net force is negative, opposite the positive divection of travel, whereas for takeoff
the average net foree is positive. When one goes through the algebraic manipula-
tions entirely similar to the takeoff case, signs cancel and one ends up with the
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identical formula (except for changed nomenclature) for a “perturbed” landing
distance:

dign
aF
14—
(Fg
The figure 1 in the Tanding distance subscript now identifies the perturbing
force and no longer means the first ground roll segment. Equation (12.43) shows
us how to find the new “perturhed” braked landing ground roll distance in terms
of the unperturbed base case distance ) g, the hase case average net force (Fy),
and the perwbing force AF|. A more practical version of Eq. {12.43), which
does have a changed sign relative to its takeoff counterpart, is

dig = (12.43)

I
dig = _La8 = (12.44)

WV, dige WV

Let us now take a look at examples of the perturbation approach.

Example 12.1 Consider a downhill Janding. The unperturbed (flat dry concrete)
ease involved standard conditions, maximum gross weight for the Cessna 172
sample aireraft, initial touchdown speed Fpp = 77.5 fi/s, and average net force
{Fraq) = —666.6 Ibf. The base case landing roll was then found to be
tdyca = 336 .

MNow we move to the same runway surface but sloped down 2 deg. That means
an additicnal force AF, = I sin2 deg = 83.8 Ibf, We have firmly decided, to
avoid confusion, to always treat ranway slopes as positive angles, Plugging these
values into either Fq. {12.43) or (12.44) tells us that the braked landing roll has
now incressed o 384 i That is an increase of 48 i

Redoing our previous exact caleulation (which had a shightly different initial
segment speed, 78.3 fifs, instead of 77.5 ft/s) with this modified force shows an
increased braked landing roll from 349 to 401ft, an increase of 52fi. In this
example, the perturbation approach is sufficiently accurate.

Example 12.2  Consider a landing on short grass. Taking the same unperturbed
hase case as before, now consider landing on short grass instead of on concrete.
“Where the base situation involved Frpy=0332 (W —L), this new surface
changes that to Fjp = 0.255 (W — L). That is not the whole story, however.
At the start of the braked landing roll, because the lift coefficient (in ground
effect) is approximately 0.81, lift (for both cases) is

L; = }pVinSClgp = 1006 Ibf (12.45)
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That makes W — L = 1394 [bf. At the end of the run there 15 no lift {in the
wind case) and B — L = 2400 |bf. The average is (W — L} = 1897 Ibf and
perturbing force is

AF, = —(0.255 — 0.332)(W — L} = 146.1 Ibf (12.46)
Equation {12.43) wrns these facts into dy g, = 430 ft, 94 ft or 28% longer
on concrete. The Cessna 172 POH suggests that landing on grass will increase

growmd rall by 45%, Perhaps our assumption that gy, on grass is 0.375 15
generous,

When to Land Downhill with a Headwind Instead of
Uphill with a Tailwind

The takeolT version of this problem was treated at length in the previous chapter,
Because the analysis was a variation on the constant-average-force-cum-sloped-
runway-perturbation (plus approximate headwind /tailwind eorrection), there is
little to add for the landing case except to rewrite the pivotal formulas with

appropriately changed signs. The more precise version for the break-cven landing
headwind is

\/I_Hf'sinl'?_ +w3iﬂﬂ

VHE = F}'ﬂ x l:.F,Hi \ EFE:‘
I‘!]_Wsmﬁ' fl+Wsmﬂ
! gy Y (Fg

(12.47)

where we reiterate that runway slope angle @ is always to be taken as positive. AS
in the takeofT case, one will probably want 10 make use of the fact that

Waind  —led,gmsinf
{F gl Vin

(12.48)

The Break-Even Headwind Rule for Landing

So we have this Break-Even Headwind Rule; If the actual wind coming up the
sloped rumway has greater speed than is given by the right-hand side (RHS) of Eg.
(12.47}—or given approximately by the RHS of Eq. (12.49)—land downhill into
the wind. Otherwise, land uphill with the wind.

Landifg FerTorITance =TT

Approximation to Break-Even Landing Headwind Formula

m as complicated as Eq. (12.47) is hard to interpret. Etlm if one is
?mmed only with a relatively small slope (or a relatively small wind speed), a
pinomial expansion gives the much simpler result

yuse - dugpssind (12.49)

Vo
An even more practical version, possibly suitable for cockpit .prclanding
checks, comes from converting wind speed to 1gruund]_l-:n-:uts and air speed to
calibrated knots using the close linarity of the sine function for small angles and
approximating o combination of factors equal to 0.1971 as 1/5:

d, ol de (I . )
LGE Ell—=

B 70,000 e
L 5 KCAS(Fyp)

What is the break-even headwind speed for our base case Cessna 172 on a
2 deg dry concrete runway? The RHS of Eq. (12.48) eunlua_t::ﬁ o -ﬂ.llil&l. The
RHS of Eq. (12.49) is then 4.80 fi/s or 2.90 kn. The cockpit-ready approximate
version, Eq. (12.50), gives 2.92 kn. Perhaps that close ag,rlmmem is ﬂEﬂ:.r
fortuitous. An important fact to keep in mind is that, for a g_wcnlactu_al wind
and slope, different airplanes may do better to land in opposite directions, OF
course terrain clearance and possible wind shear are practical factors that must be
considered even though they were ignored in this calculation. _

As with the takeoff case, a pilot following the break-even landing headwind
rule can afmaost be assured that he or she will not land longer than on the same
runway were it flat and calm,

(12.50)

How Gross Weight and Density Altitude Affect the
Landing Roll

A glance at the typical POH landing performance page shnws_ very lltt_I-:
discussion of alternative surfaces, altemative flaps settings, headwinds or tail-
winds, or etc. In the Cessna 172 POH, the possibility of landing !igt_lter than at
maximum gross weight (2400 bf for sample model) is not even m_entmned. That
page is preoccupied with landing at various dﬂnsi_t}' alt_uud:es. {split up, as usual,
into separated values of pressure altitude and outside air femperaturel. Thn: FOH
authors are right about that emphasis—density altitude &5 a very important
landing performance variable. But so also is gross weight.

In the takeofT case, we were able to find an (admittedly complicated) way 10
take weight and density altimde into simultanecus consideration: the tqkﬂﬂff
power parameter. The reader will be pleased 10 know that a similar analysis can
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be conducted for landing. And may be overjoyed to learn that, this time, the
is excruciatingly simple;

dy(w/5) = dy(wfa = 1) x (E] (12.5)

Say for example your landing (ground) distance is 540t at maximum
weight at MSL. And say vou are interesied in predicting the corres
distance when your airplane lands at b, = 7000 ft weighing only 2200 |hf
W= W/W, = 2200/2400 = 0.917 and & = 0.811 (0.810 by our approxi
rule). So w/g = 0.917/0.810 = 1.13; you will land about 13% longer than
standard conditions at standard (maximum gross) weight, .

Why is this rule true? And how good is it? We take the second question first

comparing Eqg. (12.51) with the Cessna 172 POH landing performance tahle
ground roll data (see Figs. 12.4 and 12.5). Why is agreement between Eg. (125 y
and the POH so0 pood? Because, at least for the density altitude (or relative air

dens:lt}-) dependence, they used the same theory. Unforunately that POH
considers only a single gross weight value.

Why Landing Roll Distance d; - is Proportional to W/

Or approximately so. Although we have so far kept the first two brief ground
segments separated from the third and longer one, from this point on we lump a

15
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1.1

Relative Landing Ground Roll
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Figure 124  Cessna 172 POH landing ground roll fiqures are inversely proportional
(within reunding arrore) to relative air density o
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Figure 1.5 Thoagh displayed in more practical fashion, this is the same Cessna 172
POH landing roll data as ehown in Fig. 124,

three together into landing (ground roll) distance o, . Next we recall the constant
average force approximation:

k. —WrE,

‘7 2g{Fua)

We have neglected the wind dependence factor [see Eq. (12.38)] because it is

an unchanging feature to be tacked on at the end. To derive Eq. (12.51), all we
have w do is look into the weight and air density dependence of each of the

factors on the RHS of Eq. (12.52).

a Gross weight W = wi¥, by definition of the relative weight w.

s Touch down speed Fr, = £Fg, where k is some constant close to unity and
¥ is the stall speed. As we have scen in Chapters 4 and 8, Acrodynamic
Force and Maneuvering Performance, respectively,

(12.52)

Vel(w/a) = J";" Vilwia = 1) (12.53)
=0
Vep(w/a) = kFelw/6) = E P (12.54)

where we have abbreviated the condition w/e =1 with an additional
subscript 0.
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* The average “constant™ net force on the airplane is

(Fraeid = 1 (Freed Frp) + Fayes00)
and bocause

Py = ={ug) Wow + zl'-ﬂuS{Drwa — CogalaV?
we s2e that

{:Ful: — W':FNmﬂ}

Putting these results together into Eq. (12.52), and canceling § .. !
our desired result;  and canceling factors w, we have

dy(wfo) =dy « (%)

While one might get a slightly more accurate result by separating out the twe
carly landing ground roll segments (whose combined length, assuming the
Ar’s do not vary, goes as (w/a)'" because ¥y, does), applying Eq. (12.58) |
only the third segment then adding back in the differently modificd early seg) ;
lengths, it is alimost certainly not worth the effort. At least at this level, lar
defies precise analysis. To obtain much more accuracy predicting landing ground
mrg requires numerical analysis, -

omparisons with the Cessna 172 POH can only vse the single igh
2400 Ibf used there. Figure 12.6, however, uses Eqg, 312.53] to mﬂfmi:ﬂ:5

8o

W= 2600 Ibf
00 2400 Ibf

Landing Roll, ft

300

a 1000 2000 3000 4000 5000 &0O0O
Density Altitude h, ft

F00O 8000

Figure126  Landing roll ve density altitude for several gross weights, Cessna IT2.

Landing Performance G aLE]

ready graph for landing ground roll as a function of density altitude for several
different gross weights,

Conclusions

Calculating landing ground roll has been our most complicated (and probably
|east accurate! ) performance analysis. One starts with a detailed time sequence af
assumed speeds, flaps configurations, and braking techniques, adds in pertincnt
information about the landing environment (type surface, slope, contamination,
density altitude, and wind), and appends aircraft weight and balance details. Then
come Various approximations to make the problem tractable—for instance, in our
example, we assumed flaps were being retracted only during the 2-s rotation
down onto the runway. To avoid having a large number of landing roll segments
clutter the analysis, some details must be ignored. But one should be careful to
not fudge consistently in only one direction, always lengthening or always
shortening the ground roll.

With the stage set, one is then ready for action—a suitable method of
calculation. Tn most cases the constant average force technique, augmented by
perturbations, will be sufficiently accurate. Our goal. recall, was only to obtain a
respectable analysis of (predominately) quasi-steady-state aircraft performance.

The final act is to compare the calculated result with expeniment or, as we did,
with a finer-honed calculation. Ulimately, experimental landing roll measure-
menis have final say on whether chosen spproximations and calculational
techniques are up to the job. If “identical” landings under “identical” circum-
stances give experimental landing roll numbers no maore tightly clustered than say
5%, a theory calculating only about that close is acceptable “for all practical

purposes.”
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Appendix A

How Big Are the Error Bars?

Introduction

Mormally it is best 1o avoid buzz words, but this subject drives us to display a
whole bunch:

Error; accuracy; precision; significant figures; rounding; uncertaimty; tolerance limil;
hias, or sysiematic error; statistical or stochastic or mndom emor; uncertainty;
correction; adjustment; operational definition; true value; estimator; nomal distr-
bution: direct vs indirect measurement; degrees of freedom: dispersion; standard
error; nommal or Gaussian distnbutions; Student ¢ distnbutions; confidence limit;
correlation coefficient; least squares; outlier; and propagation of error.

Y¥ou get the point: reality is one thing and numerical description of it is anather.
“There 18 many a slip twixt the (theoretical) cup and the (practical) lip.” We want
the world’s “true values™ to mesh well with our estimates of them. While we can
not hope for a perfect fit, we would like a simple, consistent, informative
accommodation, We are willing 0 endure an occasional bent epistemological
cog, but the disaster of stripped descriptive gears we want to avoid at all costs.
Good statistics are more crucial with airplanes than clsewhere m engineenng.
Overbuilding an airplane the way many overbuild furniture or staircases, it could
not fly! This appendix is designed to help you successfully run the gauntlet
between files of credulity and cynicism.

When some client (or professor, or fellow researcher, etc.) asks vou to please
measure the variable corresponding to a particular physical attnibute of a
particular system, your first question should be “How precisely do you want to
know it?” Or, “How much money do vou want to spend?” Usually amounts to
the same thing.

Your naive petitioner often responds to the first question with 1 want the tue
value, perfectly.” That embarrassing (for the questioner) situation happens more
frequently than one might think. And, if so, then vou have o decide how best to

417
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respond, without hurting either facts or feelings, that nome of us can ko
whether any offered candidate number is the true value ar not. In almost all cas
the concept of “true value” has no operational meaning. Yet statistical d.lscu;.
sions assume there is such a thing. Practically speaking, we think we are close tg to
that apocryphal “true value™ when, having eliminated or corrected for aj[
discernible systcmatu: errors (bias), our repeated measurcments cluster ti uh
around some “central”™ value, Especially when various pans of that cluster con e
to us through different measurement techniques or by using different instruments _
This situation is unresolved, and unsatisfying philosophically, but tight clustering
is as good as it gets. Measurements involve errors. Measuring instruments have
finite resolutions, We have to live with uncertainty, But there are ways to reduge
the sizes of those error bars.

Sample Measurement Job

Suppose your job is to find the rate of climb (feet per minute) at 70 KCAS for g
particular airplane and operational situation—assume flaps and gear up, full
throttle, leaning for best power, gross weight 2200 1b, density altitude 5000 fi.
Scems simple enough. '

As neophyte performance test pilot, you load on enough gasoline or ballast
(guided by the airplane’s official weight-and-balance record) to get the weight 1o
2200 Tbf, crank in the altimeter setting (broadeast on the ATIS), take off, and
make a stabilized and timed climb, at 70 KIAS, from 4500 to 5500 ft indicated
altitude, Elapsed time, by the stopwatch, is 93,45 One thousand ft in 93,45
means [000/93.4 = 107066 ft/s or 6423983 ft/min. (Your calculator is sel o
Tour decimal places.) You may be a neaphyte, but you were not bom yesterday;
you report the asked-for rate of climb as a rounded 6424 ft/min.

Back down, your boss is not fully satisfied with your reported 642.4 ft /min at
TOKCAS and mentions some possible sources of bias, or systematic error,
along with actions you might take to mitigate them and how well those efforts are
likely to work, Here is the list:

1} The weight-and-balance record might be faulty, Weigh the airplane
{calibrated scales) to get a good new empry weight (420 Ibf).

2) The weight density of the fuel (avgas) added might not be the nominal
6.01Ibfjgal. And the quantity registered by the pump might be faulty.
Calibrate the pump with containers of sccurately known capacity {£0.5%)
and correct the fuel density using known volume expansion cosfficients
(000 ). Adso, of course, get accurate weights of the pilot, observer, and
whatever ¢lse is taken on board (£3 [bf),

3) Fuel burn between engine start and the climb through 5000 ft diminished
gross weight, Allow for that by keeping track of time intervals for various

4
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phases of the flight and using gallons per hour information from the
enging manual (2 Ibf). Adjust the raw rate-of-climb figure to desired
weight 2200 Ib.

Your altimeter wuse was ill-conceived. Set the Kellsman window to
20,021 in. Hg to have it read pressure aliiude. (This is not strietly
necessary. Any altimeter setting and altimeter reading, if the instrument
is well calibrated, will give you the corresponding ambient pressure, and
thereby the pressure altitude, if you know the formula in Chapter 2.)
Measure temperature at several pressure altitudes and calculate the
corresponding density altitude for each to compute the pressure allitude
comesponding, in “today’s atmosphere” to density altitade 5000 fi.
Reduce the pressure altitude climb band to say 300 ft 1o reduce averaging
effects of nonlinearity of rate of climb as a function of density altitude.
Then use a temperature ratio correction (or a numerieal integration with
respect to pressure altitude) to find the elapsed vertical tapeline (geopo-
tential) altitude difference represented by that pressure altitude band
(£35 ).

5) The outside air thermometer suggested just above needs to be calibrated

(£0.25F) and have its reading corrected for ram temperature rise (£1°F).
This requires knowing the temperature recovery factor which, assuming it
does not differ with air speed, can be found (Chapter 2) from fights at two
different air speeds in aimospheres of the same temperature.

6) Uncalibrated altimeter. Calibrate the altimeter at setting 29.921 in. Hg

(10 fi).

71 Altimeter lag. From the length and diameter of associated tubing, calculate

the lag. Make an argument (because of cancellation) as to the small size of
net effect (£2 i) of this error source.

&) Unknown pitot-static position error. Ascertain position error, with alti-

meter setting 20921, to get the corresponding altitude eorreetion (10 1t)
at the angle of attack (ADQA) arguably expected for this climb maneuver.

9} Uncalibraved air-speed indicator. Calibrate this particular instrument to get

the appropriate corrections (£0.5 KCAS), including that for position error.

10p “Kinetic energy” effect. A climb at constant ealibrated air speed is in fact

accelerating (in true terms) because of decreasing air density. This small
error impacts the space-interval averaging used to estimate the tapeline
vertical climb band. But, if that band is appropriately small, not much
(£2 f1).

1) Uncalibrated stopwatch and thumb. Calibrate the watch against a known

standard time interval of about 100= (=0.15). Also fest the observers
stopwatch technique by having him repeatedly time accurately known
intervals (0.1 5).

12) Propagation of errors due o arithmetic (here, dividing). Even ignoring

uncertaintics in gross weight and midpoeint density altiude, errors in true
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altitude band height AR(+350 fi) and elapsed time As(40.14 51 cause
uncertainty in the caleulated rate of climb Ak/Ad£30 fi/min). This in
spite of the statistical “independence™ of errors in the two variahles Ak
and Ar

Should this be called “nit-picking on a grand seale"? Perhaps. Strenupys
exercise of the critical faculty is, on occasion, required. You should be able to ask,
when offered a measure number, “What reasons are there to doubt this claim?*
You temporarily become a *nattering nabob of negativity,” but in 2 controlled and
positive fashion. You should know quite a bit about possible sources of errar ang
how to reduce them. You should know how to properly express measure numbers
and their uncertainties and how to caloulate the consequences those first-ling
measurement errors generate onto caleulated quantities down the line. This
appendix goes over much of that necessary background.

Having implemented cach of the above dozen suggestions, a fow days later you
run the climb test again. This time you get 724,1 ft/min. But the boss s6l s ot
happy, this time asking: “but how big are the error hars?"

Time out! This is turning from a 2-min climb into a l-week-long rescarch
project! We second the sentiment, Back to the white board. for a short course an
theory of errors. Let us start low and slow,

The Short (Necessary but Insufficient) Course on Error
Theory

Here, without proof and with only little discussion, are some precepts o consider.

1} Get in the habit of assigning error bars (estimates of the mean standard
error, the standard deviation, 90% tolerance limits, etc.) to amy measure
number you encounter. And particularly thase vou come up with wourself,
Do not wait to be asked. Try to make the error bar estimates as much a part
of the quantity es its physical units {or its dimensionlessness),

2) A matter of nomenclature, Considering the (apocryphal!) true value as the
starting point, the standard, here is how best to define “error”

Error = Measured value — true value.
A “correction,” on the other hand, is what is applied to the measured
value to get the true value:
Carrection= —error = trug valug — measured value,

2) Do whatever you can to reduce or eliminate bias or systemalic errors. These
Errars dre consistent from one measurcment to another and can generally he
recognized only by using a second measuring instrument or method.

3) Random errors can never be wholly eliminated, These are due to one or
more stochastic (chance) inputs. Random errors are generally as likely to
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give negative errors as to give positive ones. Unless convineced otherwise,

assume that random errors for individual measurements are normally

distributed according to M, 7}, the normal distribution with mean zero
and standard deviation &, To estimate that standard deviation, one needs to
run repeated sample measurements.

Significant figures are a rough-and-ready way ol assigning error bars. So

93 4 (three significant figures) means “93.4 plus or minus 0.03,” an implicit

error bar as big as one unit at the rightmast significant digit, one-hall above

and one-half below, The usual rules for operating with significant figures
are

a) When adding or subiracting two figures, first round each to the same
{least) number of decimal places: 93.4 and 55.36 become 93 4 and 55.4,
30014 and 7.02 become 3.0 and 7.02.

by When rounding a rightmost digit 5, round down if the preceding digit is
even, round up if the preceding digit is odd: 44,625, to two places, is
44 72; 44.615, 1o two places, is also 44.62. This mle tends 1o make the
terminal midpoint digit 5, in a long string of addends, contribute evenly
up and down.

¢} When multiplying or dividing two fipures, keep only as many significant
figures in the product or quotient as contained in the contributor (factor,
divisor, or dividend) with the fewer number of significant figures:
44,625 = T7.01 = 313 (three significant figures), 0.0069,/3.04 = 0.0023
(two significant figures).

The “significant figure™ concept is a blunt tool, useful in casual
measurement discussions but not o be laken as the last word.

&) It is not reasonable to discard a measurement simply because it is far from
the average of its companion measurcments, On the other hand, it is
reasonable to throw out a measurement because, when that single measure-
ment was performed, something appeared “not quite right” Especially
when that suspicious measurement has in fact resulted in an outlier,

4
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The longer course starts with a discussion of the normal distribution.

The Normal Distribution N(p., o)

The normal probability density for variable x, with mean g and standard deviation
&, is given by the familiar bell-shaped curve:
~(r—pi¥ {20 (
Nixsp, o) = ———— ALd)
ke b -
In almost all of the material w follow, we will assume sampling from a nomnal
distribution. There are two good reasons for this assumption, First, Gauss, almost
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two hundred vears ago, discovered that concatenation of many small random
errors resulied in measured values distributed according to a normal distribution
Second, it is an interesting and useful fact of mathematical statistics (the Central
Limit Theorem) that samples, even those drawn from an underlying distributj
that is far from nommal, are distributed very close o normal,

There arc as many normal distributions as there are pairs of values (1, o), bug
any of them can easily be described in terms of the so-called “standard normal
or £ distribution with mean zero and standard deviation unity, N{0, 1), Beca
the origin {zero point) and scale (units) of most measurements are arbitrary,
can redefine a variable X, distributed according to M. &), by considering ins
variable 7 defined by

This redefinition process is known as “standardization” of the primordial
variable X. It is clear that the standardized variable Z will follow the standg
normal distribution N(0, 1). Figure A.1 is the graph of N(0, 1) with the graph
its integral, the cumulative distribution function {c.d.£) F,(x), the probability th
a single measured value (distributed according to N[0, 1]) will be less than or
equal to x,

Continuous distributions such as M0, 1) do not quite give vou a probability,
only a “probahility density,” There is only a vanishingly small chance that Yo

1.0 Cumulative distribution functian F,
0.9 i e

T,

ik
0.8 \\\f'
83 MNormal distribution function N{0,1) o
re "
0.6 &

P
0.5 \ ik
0.4
0.3
02
0.1

Mormal Distribution Funetion and Integral

3.0 2.0 =1.0 0.0 1.0 20 3.0

Mormalized Variable X

Figure A.1 Graph of (bell-shaped) Nz 0, 1)vs zand the s id of the inte
of N from (—nc) to 2 ok =
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will find say z = 0.3, no matter how many times you sample in {0, 1); there is
an infinite set af possible measure values and, while you will always hit one of
them, there is essentially no chance you will hit a particular one specified in
advance, That is onc reason the cdf F, is so useful; it does give you a
probability number. When sampling N(0, 1}, the probability of coming out with a
value less than or equal 1o 0.3, F,(0.3), is a definite (though approximate)
061791, There is no exact formula for Fz(z), as = ranges over the entire = axis,
but almost all elementary statistics books (and serious spreadsheet programs)
have tables (and @@-functions) giving its values. See Table A.1 for an excerpt of
hoth functions. Of course, some particularly simple values are known:
Fy(0) = 0.5 (because the underlying N[O, 1] is symmetric about = =0}, and
the limits of F,(z) as = approaches oo, are, as for any c.d.f, 1 and 0.

In using 7, we commonly want information slightly backwards (inverse) from
that presented in Table A 1. For example, we might want to know how far out on
the £ axis ong has 10 go before 95% of the area under the M(0, 1) curve is o the

Takle A.1 Density Niz; 0, 1) and
ita eumalative distribution Fziz)
z Nz 0. 1) Falz)
—3.00 00044 0.0 14
-2175 0.0091 00030
—21.50 0.0175 0.0062
=125 00317 0.0122
=200 00540 0.0228
—1.75 00563 00401
—1.50 01295 (1.i6H6E
—1.25 0.1826 0, 1057
=100 0.2420 0.1587
—[.75 03011 02266
=050 03521 0.3085
—0.25 03867 AN 3
000 03989 ). S0
0.25 3867 0.5987
050 3521 06915
0.75 L3011 0.7734
1.00 0. 2420 LE413
1.25 0. 1826 [ B
1.50 0.1295 o332
1.75 0.0ER3 0.95%9
2.00 0.0340 0.9773
.25 0037 09878
2.0 00175 09934
.75 00091 00,9970
3.00 0.0044 0,9987
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Table A2 Selected wvalues from the
cumulative distribution fanction of N(0, 1)

z 1.282 1645 1,960 2326
Falz 0.5 0nes 0.97% G

left, From Takle ALl you can see that z(0.95] 15 somewhat less than 1.75 standa
deviation units above the mean. Because most of our questions of this sort reve
around whether we have such round figures as 80, 90, 95%, ete., of the area to the
left, Table A2 is useful.
There is one additional wrinkle to keep in mind. Say you want to know which
value of = corresponds to having 0% of the area under the standard normal curve
less far out, from the mean, than it is. This is a “rwo-tailed™ requirement beeg
the far-out values can be either larger or smaller than the mean. So the a i
number to look up in Table A.2 is above 0.95, 1.645, and not above 0,90, 1.283,

Twenty percent of the area under the M0, 1) curve is more than 1.282 unils away
from mean #ero.

Important Questions

We are finally ready to get to the heart of matter, how to properly describe g
quantily errors, To kezp what we might call “mental altiiude excursions® under
control, we will use concrete examples to flesh out the math-speak. The main
questions we need to answer are

1) How do we use sampling results to estimate true values?

[n repeated measurements of the same quantity under the same conditions, the
best estimator of “true value™ is the arithmetic mean (ordinary average) of those
repeated pood measurements, This is the result you would have expected, '

When vou reran the rate-of-climb determination seven times—under identical
circumstances, at the same weight, and over the same altitude band, though not on
a day with particularly smooth air—you got these n = 8 values: {724.10, 738.44,
TI1.15, 74539, T13.40, 73152, 72280, 695.70). The average valug,
724 064 fi/min; is your best estimate (on the basis of information so far available)
of the airplane’s, rate of climb (ROC) at TOKCAS.

Using j Tor the true value, and the symbol = to mean “is estimated by,” the _
sample mean “x-bar™ is defined by

ﬂ%f:i l:ﬁ.'ﬂ
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When averaging, keep only one further decimal place, in the sample mean,
than there is in individual measurements.

2) What certainty can we attach to these estimates of the true value?

Certainly not perfect certainty. After all, there was quite a bit of seatter among
your eight measurement results. If the extent of scatter is large, you very
reasonably feel less sure that a ninth measurement will be close to the average
of your earlier eight. With a given amount of scatter, you can either feel quite sure
that you know the true value within wide limits, or alternatively you can feel not
very sure that you know the true value within narrow limits. As you can see, this
is 2 much more sophisticated business than simply estimating the true value itself,
The first job is to get 2 numerical handle on measuring the sample’s scatter.

All nonpathological distributions have a standard deviation ¢ (or its squarc o°,
the variance, which we will emphasize to avoid large radical signs). The best
estimator of the true value of the population variance is the sample varance
{motice the [# — 1] weighting):

L]
g e Y (& — B (A4)
R— Lj_[

where there are m individual measurements x; and T is their mean. The divisor
(i — 1) oceurs because, once the mean is known, not all # individual measure-
ments are independent; knowing “only™ (1 — 1) of them, the ath can easily be
reconstructed, An estimate of dispersion can also be potten from the range
{highest value minus lowest value) of the measurements x,, bul it is not as
“cfficient™ as 5°; more on that technique later. As in the case of the mean, keep
only one more decimal place in your estimate of § than there is in individual
measurements, For your eight ROC measurements, § = 15.331.

You are closing in on an answer to the question “How big are the error bars?”
The sample variance itself, Eq. (A.4), is often used to answer this question, but
for small samples (and for somewhar technical reasons) the Student ¢ distribu-
tion—which approachcs the normal distribution as the number in the sample
grows—is preferred, Let us say we want error bars that give us B0% assurance {in
much of aviation, our statistical standards are not very high!) that the ROC at
0 KCAS is within their confines. The shortest two-sided 80% confidence interval
{CT)—described by specifving « = 0.2 or 20%—is given by

L. U=;§':I:S;(J',‘_|;|_=|r2 [’A-s}

Here £ and [/ stand for lower and upper bounds, arrived at by using the minus

and plus signs respectively. X is the sample average, here 724.06. 5 measures

the variability 1o be expected in averages of repeated samples of this size (here, 8)
and is related to the sample variance § by:

i e (A.6)

2
J
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If you go through the arithmetic, using Eq. (A 4), you will find § = 15,331, Sa
8p = 1333172828 = 5.42].

So far so good, but what is that strange ¢ with al] of the subscripts: how do we
find its numerical value? From a statistical table of values of the Student p
distribution (Table A.3), which we now reproduce in part.

Inourcase, n — | =Tand | —af2 =1 —0.2/2 = 0.90; t;.;, = 1.4149. This
is not terribly far from the two-tailed 80% figure one would get from the N(0, 1)
distribution, 1.2816. Because the c.d.f. of Student ¢ is much less often tabulated
than the standard normal distributions c.d.f. Fs, the following approximation
may be useful to you: ¥

4

L @+3) i

Iy =%+ ar - (A7)

1

Letter § stands for degrees of freedom, the number of independent numbers
that o into making up the statistic being considered. In our case, f =n—1=7

and z, = z;9 = 1.2816 (either from the bottom of Table A3 or Table A2,

Table A3  Percentiles of Student { disiribution

v, deg of frecdom =09 y=085
30777 63138 12,7062

F=0975

1
1 1 ERSH 25300 43027
3 1.6377 23534 31524
4 1.53312 21318 17764
5 1475% 20150 2.5706
[ 14308 1.0432 14460
i} 14149 |.EG 23640
B 1.3068 | .R545 23060
9 1.3830 1.E331 2.2622
10 1.3711 L.EI25 22281
11 1.3634 L7959 22010
1 1.3562 17623 21788
13 1.3502 17T 21604
14 1.3450 17613 21448
13 13406 1.7531 21315
16 1.3306% 17454 21199
17 1.3334 1.73%6 2.1098
1% 1.3304 1.7341 21009
19 13277 1.72%1 208330
20 13243 17247 20860
25 13163 17081 2.0595
30 13104 1.6873 20423
a0 1.3031 1.683% 20211
Limit {oo) 1.2816 L6440 1. QB0
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Equation (A.7) then gives us 1.4026, a relative error of only 0.9%. The end result
is that {using the correct percentile T value):

ROC = 724.1 £ 7.7 ft/min (A.8)

ar that the full-throttle average ROC at 70 KCAS probably (80%, remember) lics
somewhere in the interval [716, 732]. The (80% CI) error bars are about
16 fi/min in size.

Example A.1  The eight raw ROC numbers above were actually arrived at by
asking the Quattro Pro spreadsheet program for eight random numbers from the
normal distribution with mean 720 and standard deviation 25, The fact that that
particular sample was skewed a bit to the high side and had less scatter than the
underlying population is “just the breaks.” When we made the same request of
the spreadsheet program a second time, the sample average came out 712071,
with a sample standard deviation of 32.606. That is the reality of statistics,
especially with small samples. In flight testing, because of time and money
constraints, we usually do have small samples.

In this example, we back up 2 moment o cansider and exemplify what may be
a confusing aspect of statistics on statistics. We were sampling from a normal
distribution with mean g = 720 and standard deviation & = 25. We took a first
sample of size # = 8 and got sample mean X = 724.06. This was a hit high,
knowing what we know, though in the real world we seldom know what the true
population mean actually is. That sample’s standard deviation (using the » — |
weighting) was & = 15.331. From our Olympian height of foreknowledge, that
was quite low. Now if further samples are taken, we expect to find sample means
and sample standard deviations that differ, from those first values, in almost all
cases. Those statistics, X" and §, are also so-called “random variables,” with their
own means, standard deviations, and estimates of those. Here are the several
questions in order;

1) What is the mean of ¥ over many trials? And how do we estimate, having
made just one trial, what pj is?

The mean of X is (simply, again) the population mean g, We estimate it the
same way we estimated 1, with the sample X itself. So after that first sample, our
best estimate of the long-term average of many X also is 724.06. Of course, we
know that this estimate is not exact, but (knowing only what we have seen
realized) what better candidate number could there be? This brings us to further
questions.

2) What is the average standard deviation of X over very many trials? And
how do we estimate that mean having made just one trial?

The standard deviation of X" is the population standard deviation o divided by
the square root of the sample size n. Small samples’ means vary more than do the




428 JohnT Lowry

means of large samples, We estimate this by Eq. (A.6) which, in turn, uses Eq
(A4).

3) Tuming to the sample standard deviation § (the first sample value we
obtained was 15.331), what would be the average of many such sample
standard deviations after many trials and how would we estimare it?

The average sample standard deviation is simply the population standard
deviation . We estimate «, after one sample, by that sample’s standard deviation
&

4) Whal is the standard deviation of sample standard deviations § over many
trials? And how do we estimate that (super) standard deviation having made
just ong trial?

The standard deviation of sample values 5 is the population standard deviation o
divided by the sguare root of 2(r — 1), And (now we are getting repetitive! ) we
estimate this by

g b el
- =1 (A9)

A= N\ 26-1F

To give the above discussion (repetitive and semicircular as it was) some

semblance of reality, consider the following example involving six samples of .

eight ROCs each. Table A4 gives the raw data and the two summary statistics (¥
and &) for each sample.

The mean of the six sample means is 7200186, very close to the population
mean 720 The standard deviabion of the six sample means 15 9.351. The

Table A4 Six samplas, with summary statistics, of eight ROC fgures
each

Sample” Sample Sample Sample Sample Sample

T24.00 670,39 688,63 T55.82 0.4 hEd 94
TiB44 T20.51 697,53 FELR ) T13.57 71351
T21.15 696,35 721.69 T2 ¥ 695,73 72388
T45.3% 663 59 72914 Til.2e 2517 68153
T13.40 3832 73232 Tal. 1T Td1.06 T21.59
T3L.52 TIE20 73005 T13.70 730,91 716,07
T12.ED T32.17 75409 Gt 07 TIZ.60 69501
0570 T304 154,49 TE5.00 TIL52 T04.40
Mean T24.06 TIZ07 72714 T3L37 T17.55 0787
ETDS" 15.33 31.61 402 24,70 14,85 19.54

* Insider cods for (n = 1] weighting.
P STDS = standard deviation sample.
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theoretical value of that latter guantity is «/8'/% = 25/2.828 = 8.839, a hit
smaller.

With the statistics of the sample standard deviation, 5, things arc really getting
rarified. But let us push on, The six & values average to 21.841. The theoretical
value is o = 25, Mot bad, The standard deviation of the six § values is 6.714. The
theoretical value is /(2[n — 1])* = 6.682. Again, fairly close.

IF you want to work out your own extended example and have no obvious easy
way to get a random sample from V(. o), here is how you can do that. First, find
a random number in the interval [0,1]; any reasonable spreadsheet program will
do that much for you. (Or, use a table of random numbers.) Take that random
number to be a value of £, the cdf for the standard normal AN(O, 1).
Functionally invert, using the (z, F7[z]) table, to find z. That result is a
standardized value. So, to find the original value x, you have to multiply z by
a, then add p Say for example you wanmed random values from N{720,25),
Assume your random number from [0,1] is 0.412. The corresponding value of =
is about —0.22, Multiplying by 25 and adding 720, vou get 714.5. That is your
first random number from the &{720,25) density. It is not so slow once you get
organized.

Confidence Intervals for Estimation of Mean with
Dispersion Measured Through the Range

First of all, we need to know how to estimate dispersion {#) using the range. For
this purpose we need short Table A.5. One uses Table A5 by simply picking up
the factor , for his or her sample size n and measuring the range (high value
minus low value) in the sample. The estimate of dispersion is then

gred ®r (A.10)

In our first sample of eight purported ROC walues, the ranpe was
F= 74539 — 695.70 = 49.69. For » = 8, our estimate of ¢ is 17.441. Recall
that & =25 and owr carlier more elaborate estimate of it, using the n—1
weighted sample standard deviation, was 15.331. Both estimates are on the low
side, for this particular sample, but they are not far from each other.

The third column in Table A.], relative efficiency is a factor telling us how
much smaller a sample we could use, for the same efficiency of estimation, if we
employed the sample standard deviation estimate. So, in this example, we could
get by with a sample size of 089 x 8 =7.12, instead of 8, and maintain
efficiency of estimation, if we had used the more claborate standard deviation
estimator instead of our simpler range one,

To make us of this range-estimation technique for confidence intervals, we
have to have vet another small table (Table A.6), one for the #* distribution.
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‘Table R.5 Range estimation of
dispersion for normal populations

7] ), Relative efficiency
2 LB86 1.1
3 0.591 0992
4 486 0975
5 0430 0.935
f 0395 0933
7 370 0912
[ 0351 080
] 0337 0869

1 0325 0

11 0.315 ng1l

12 0307 nEL:

13 0300 0798

14 [.x04 0,783

15 [L28R 0768

16 11,283 0,753

Because this table does not contain the y = 0.90 column we need for B0%%
confidence, we are thrown into using either a 90 ar 95% shortest two-sided CL It
is aviation, remember, 5o we will use the looser alternative; then we will have the
¥ Cl or (area under the distribution curve) 3 = 095 or (area under either of the
twi tails) = = 0.10.

Table B&  Percentiles of

* distributions
fl =055 ¥ =087
2 3.157 6.353
3 0.885 1.304
4 0.529 07T
5 0384 0.507
fi 0312 00,3949
7 0, 2d 0,333
L] 0230 0.288
a 0.205 0.255
11 D186 0.230
11 0170 0.210
12 0,158 0,194
13 0147 0.181
14 0138 (.17
13 0.131 0160
[ 0124 0.151
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The formula for the 10001 — )% CI is then
LU=X£Rts . (A1)

Redoing the ROC confidence interval problem with this tighter interval and
looser dispersion estimate, we find (%59, = 0.230, and hence

ROC = 724.06 £ 11.43 (A.12)

Larger error hars go along with greater confidence. Using the Student f
technique for assessing error bars, with this tighter 90% Cl, gives error bars of
size 2 % 5.421 % 1.8946 = 2 = 10.27 = 20.54. Not significantly different than
the 2 % 11.43 = 22.86 of Eq. (A.12). But then one isolated example proves little,
The important point is that you use one or another of the calculational strategies.
Get into the habit of associating, with estimated experimental quantities, definite
and supportable error bars.

Estimates of Dispersion from Several Shorter Series of
Measurements

In aircraft performance flight testing, especially in the general aviation realm,
there is something a bit unrealistic about our example in which eight “identical™
climbs were performed, at @ single weight, density altitude, and air speed, 1o
assess rate of climb. It is more likely one would do two to four climbs at each of
several air speeds. Then the flight test engineer would draw a smooth curve
through those estimates to find the maximum (located at F,), and perhaps draw a
tangent line from the origin to that curve (¥, ROC[V]) to find ¥, That sort of
thing.

Now performing only (say) three climbs at each air speed certainly tends to
expand the error bars. 3 goes up [smaller samples, see Eq. (A.6), have greater
scatter], and so does the Student ¢ percentile (for the two-tailed 20% CI, from
1.4149 for # = & 1o 1.8RS6 for # = 3), Bul one can argue as follows. Similar
climbs at different air speeds, while they of course differ as to means i, can be
counted on to have just about the same standard deviations &, We would be
surprised to find that at 70 KCAS the ROC error bars were 16 ft/min tall and then
suddenly, at 80 K.CAS, the error bars were as large as S0ft/min or as small as
5 ft/min. So is not there some way we can lump all the scatter measurements, for
different air speeds, together? Yes there is.

You have m short series of measurements, indexed by i each of which consists
of n; measurements. (Fleshing out the example above, assume at =7 and that
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Table B.7 Sample ROC data at seven different air spesds

i 1 2 k] 4 3 &} b

" A 3 3 3 4 1 3

KCAS 600 650 F0.0 724 750 B0.0 a0
5854 fad.6 7522 T 4 T134 h55.6 ﬂi?:?
6445 TI0.3 TA2.0 2T 7315 6. 6403
Al 687.2 Tad | 7514 T228 GRA.T ﬁd?,'|

6957
Belean nl3.75 a77.37 T36.10 T G 71586 66962 61, T
STDS 219.63 8.8 14.47 12.48 15,24 17.10 4.81

*8TDS = sandard deviation sample,

each n, = 3 except, for some reason, ry = 4.) The lumped estimate of & is given

by

crm:.‘/(""']“ilJ"‘""{"“_mﬁ (A.13)

fﬁ|_]}+---+{"m_ 1)

Note: 1) the primacy of the degrees-of-freadom figures; 2} the denominator is
simply n — m; and 3) Eq. (A.13) reduces to (the square root of) Eq. (A.4) when
mo= 1. Let us take an example,

Plugging the numbers from Table A.7 into Eq. (A.13), we get o == 5 = 2135,
close to the & = 25 used to construct each of the seven short samples.

With short samples of only three or four climbs, Table A.5 reminds us that it is
almost as efficient o use ranges, rather than individual values of %5, o estimate
ndividual sample dispersions. For n, = 3 the efficiency is 0.992; for n; = 4 the
efficiency is 0,975, The set of ranges », is [59.12, 75.73, 28.07, 24.24, 35.82,
33.06,9.31]. When multiplied by their respective values of d_, the estimates of m
are [34.94, 44.76, 16.59, 14.36, 17.41, 19,54, 5.50}. These are each a little larger
than their corresponding standard deviation sample (STDS) estimates in the
bottom row of Table A7, but quite comparable. When used in place of 5, values,
in Eq. (A.13), the lumped result is 7 = 5 = 24.69, very close to our “undercover™
vilue & = 25,

The maoral is: with very small samples, use sample ranges, instead of standard
deviations, to estimate dispersion. And do not be afraid to lump information from
camparable samples with different means.

Indirect Measurements

It is.not very often that we merely make measurements, record the results, and
that is an end to it. Our hard-carned measurement results generally end up being
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used o calculate “downstream” quantities of further interest. Here, for example,
is the “instant drag polar” formula for the parasite drag cocflicient:
kL W sin yy,, AL4

Chn W (A.14)

W is gross weight, ¥y, is the best glide angle, py is the standard.ml:afu sea le\rf:!
(MSL) value of atmospheric density, Ve, is the calibrated best gh_dﬂ air speed in
fect per sec, and § is the reference wing area. Weight, angle, and air speed are lhe
genuine variables in terms of which Cpy s to be calculated; the standard density
and wing area (for a given airplane) are constants.

Without going into details on just where we got these figures, the numbers of
repeated trial measurements, and so forth, assume for the moment that each of the
three variables has sample mean and sample standard deviation, (r = 1) weighted,
2 in Table A8, In addition, we know pg = 0.002377 slugs/fi’ and § = 174 ft.
On this basis, what can we infer about the most probable value, and relative
dispersion, of Cpg”

Obtaining our best estimate of Cpg is no problem. Plugging the constants and
mean values of variables from the second column of Table A.B into Eq. (A.14),
we find Cpg = 0.0381,

Getting the estimate of scatter of Cpy is a problem and the one we now
consider. The rule for getting an estimate of scatter for a function f(x), x, x5, .- )
in terms of the sample variances 5; of the variables on which f depends, is:

F . 2
oo (Lo (o (@ar w

The partial derivatives are to be evaluated at the variables’ mean values. Taking
=W, x5 = fpp and xy = Vg, and remembering to use radian measure for the
standard deviation of the angle, we take the derivatives and soon have

2 & 3
i (Cm) 212 4+ (_?i) 0.0157* + (2 C—m) 1.8% = 0.00554° (A.16)
W tan jp, Veue

Notice that we substituted, after taking partial derivatives, to make it conve-
nient to express scatter of the parasite drag coefficient as relative dispersion,

Table B8  Sample data from repeated weighing and

glide tests

Wariahle Mean 5TDS

Weight 2200 b 21 Inf

Beat glide angle 7, 63 deg 0.9 deg = 0.0157rad
Best glide air speed o, 124 fifs LB fij=
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dispersion divided by mean value, This is a commonly used term even in ordinary
parlance, in the guise “We know the weight within 1%." Meaning we know it
within 1% of its estimated value

2 (2 o015ty [ 18) s
o (w) +(lim :'r.g) +(2 'I"’ﬁ_'é) = 0.1454 (A1T)

Hence, we only know Cpg to within about 14.5% of its estimated value 0.0381,
Mot very well. The middle term is the large one; better go do some more plides,
We here deftly skipped over the fact thai the best glide angle is nowhere near an
“elementary sense datum.”™ It came out of a caleulation involving air speed,
vertical glide interval, and elapsed time. Perhaps the atmosphere was too unstable.
MNeeds to be traced back.

Cme good use of Eq. (AL 15) i flight testing 15 constructive rather than critical,
You start by saying you want to know important parameter Cpy to within say 4%,
What does that imply about how much scatter you can tolerate in the numbers
going into making up Cpy? Making various assumptions and playing with Eq.
{A.15), you can find out.

Do not be dissuaded from using Egs. (A 15) or (A.13) because those are not
featured in your current flight test engimeening manuval or handbook. Part of your
joh is to expand the envelope of current practice by doing even betier, 1t is usually
maore cost effective to throw more brain power at a problem than to throw only
more instrumentation at it,

Simple Linear Regression

Mow we treal this simplest case of “curve filting,” geting a formula that
summarizes experimental data. We will only deal here with the simple linear
case, fiting data with only one independent variable and only to a straight line.
There are lots more complicated variants and those are wseful. The general
aviation general propeller chart, for example, was constructed by fitting propeller
data to sixth-order polynomials with Jandel’s TableCurve program, That company
also has a two-independent-varable wersion called TableCurve 3D, Jandel's
competitars have similar programs. A common aviation place to first run into
curve fitting is in the older “noninstant” business of fitting lots of glide data,
taken at vanous speeds, 10 3 reamanged power-required curve to get drag
parameters Cp, and e, Another, familiar to readars of this book, is the lineariza-
tiom of the propeller polar diagram,

Some curves that do not plot as straight lines can make use of linear regression
after being “linearized.” Take, for instance, the power law relation:

y=ad (A.18)
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where parameters 4 and b are to be “fit.” determined, from experimental ordered
pairs (x, v). The “secret” is to take logarithms of both sides, and then redefine
variables 1o get

Y=g ()= (@+bsx)=4+BX (A.19)

where of course X 15 In(x) and & = b. After you find 4 and & via simple linear
regression, you use such facts as a = exp(4) t unravel the necessary complica-
tion. Similar manipulations can be used on simple exponential functions. But
beware! Curve fitting works by finding parameters that minimize the sum of the
squares of all “errars,” vertical differences between v values and the fit curve.
Parameters that minimize this sum in the transformed relation [e.g., Eq. (A.19)]
are extremely unlikely 1o eorrespond to the choice of parameters that minimizes
the sum in the original relation [Eq. (A.18)]. Hence, here is one place computer
work is to be preferred over hand calculation. Good computer programs use
complicated trial-and-error optimization techniques to find the genuine “best™ fit
parameiers i the least-squares sense,

There are all sors of traps one can fall into in this business of fitting curves to
experimental data. We do not have space to do more than simply mention,
without explanation, one further trap: it is particularly hazardous to curve fit, and
especially to extrapolate, using polynomials, Unless, of course, you have good
resson to believe the data actually does follow a polynomial curve.

We are going to stick to one straight line, where the theory is simple and the
practice is sound, Even so, there will he enough complications to go around. Our
(artificially constructed) raw data will come from another close-to-straight line
relationship commen to general aviation: the varation of maximum rate of climb,
for a given airplane, with density altitude. Figure A.2 shows the scatter diagram
of the raw data and the curve fit line Quattro Pro came up with; Table A9 shows
the raw data and the Cuattro Pro regression output.

Nothing could be simpler. You get your raw data into a spreadsheet, call up the
lincar regression facility, hit a few buttons, and there vou have it. In this case, the
best fit line is

Ylx) = —0.04315x + 690.7556 (A.20)

Our next job—and a fairly number-consuming one it will be—is to explain
{though not derive) from where cach of the spreadsheet regression ocutput
numbers came. To get maximum benefit from this, you will need to crank the
raw data into a spreadsheet of your own and follow along as we explore the
various statistics comprising the linear regression process, To cut down on the
number of summation signs and subscripts, we are going to use a bracket notation
that works like this

[x]l= l":xl.; [ev] = i_ri_'.'j: [x] = £:'|.f (A.21)
i=1 i=1

=1
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Figure A.2 Constructed maximum ROC data vs density altitnde, with best fit line.

Tahle A.9 Constructed maximum ROC data as a function of
density altitude, with regression cutpul statistics
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This will not be confusing, once you get the hang of it, because virtually all l:'Jf
out sums will be over the (in our case) 20 picces of raw data, n = 20. We also will
round figures off when that makes sense. Let us get started.

1) The Major Curve Fit Parameters (m and b)

By these we mean X Coefficient —0.04315 and constant 690.8, respectively, in
Table 4.9, The formulas for these ultimately come from a caleulus treatment of
the least-squares criterion mentioned above. The results, using CP for cross-
products and S5 for sum of the squares, are:

= CPy A~ bbln G )35 (A22)
T SSr T [u] = [n

and
b = [v]/n — mlx]/n = 690.8 (A23)

Time out for two quick comments, First, CPxy and 53x, as closer befits their
names, were actually originally defined somewhat differently, as

CPxy = [[x =30 — ] (A.24)
and
§8x = [(x—5)) {A.25)

The bars denote averages, [x]/n, etc., and deviations from those averages are
“understood™ in the plain language names of CPxy and SSx. It is a good exercise,
and a check on understanding, to get the earlier forms of these two definitions
{which are easicr to compute with), from the latter ones, by expanding those latter
terms. Second, it is an interesting fact that, if you consider an x that 15 the average
of all of the x5, [x]/n, then the definitions of m and b, Eqs. (A.22) and (A.23), will
tell you that the fit y value corresponding to that average x is simply the average of
all ¥ values, [y]/n. The regression line passes through the c.g. End of digression.

2) Standard Error (5,)
By this we mean standard error of ¥ estimate 29.6. This is an estimate, from the

data itself, of the scatter of datapoints about the fit line. This estimate is arrived at
vid

S, = [y — ¥l — v/ (n — 2) = (S8 — (CPxy)*/SSx)f(n —2)  (A.26)

The (n — 2) weighting will be discussed below. It is a fundamental assumption,
in the linear regression procedure, that points at any x have the same scarer ah:.mt
the fit ling as those &t any other x. The normal curve centered on the regression
line has the same width everywhere. Of course, in any practical application this
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may or may not actually be the case. In any event, this is the kind of scartter
measured by §,. There are others, g

3) Coefficient of Determination (R*)

Ezsquun:f.i 0.96. This is the square of the so-called “correlation coefficient.” Ap
A& number close to unity says that the hypothesized linear regression rtlaﬁulmhjp
explains a great deal of the variation among y values. In a sense, R* is geving at
!he same thing as 5., but from the other end and in a relative sense. The definition
is

s 33 due to regression - [CP;;r]J
88y ignoring regression  SSx8S, (.23

4) Number of Observations and Deqgrees of Freedom

In our e;ul[nple, there are of course 20 observations, # = 20. The reason for the
number ol degrees of freedom being less by two is that this curve fit has two
parameters, m and b Under this circumstance, not all of the datapoints are

independent; if we had only 18 of them, we could find the other two from
knowledge of m and b,

5) Scatter in the Estimates of Slope (m) and of Intercept (b)

This ilm-'nl'l-'es siandard error of coefficient 0.00198 for an estimate of dispersion
of estimate m. For some reason the spreadsheet regression output does not include
a similar number for estimating seatter in intercept b. We will add that figure. The
important idea here is that the particular values of m and b we eame up with [Egs.
(4.22) and (A.23)] may be not quite comrect because they came from a sample of
[hcre_‘} 20 datapoints. If we ran another 20 climbs, even though at exacily the same
density ul!itudcs, wi would nol expect to get precisely those same values. This
added wrinkle, it tums out—and we will discuss it below—contains a rarely
appreciated implication for aircraft operations safiety.
The formula for estimation of the variance of regression slope m is:

S
$ =gt (A.28)

and, for estimation of the variance of regression, intercept b is
G

st =5t s
i ( In+ SS::) (A.29)

Lower and upper limits on 100(1 — )% Cls are of the same form as any
similarly scattered parameters (with somewhat different deprees of freedom):

LU=m:85t 2140 (A.30)

and
L U = bt Sply-21-0p2 (A3l

Plugging our values into Egs. (A.28) and (A29), we find &, =
{00198 fi/min/f, as on the spreadsheet, and 5, = 16.23 fi/min. Following
through, for a 90% CI, and looking up the fact that fg.00¢ = 17341, we get
estimates of regression line parameters complete with error bars:

m = —0.04315 + 0.00343 (4.32)

and
b= 6908 & 28.1 {A.33)

For our final linear regression subject, we turn to the problems of predicting
mean values and individual performance. There is a difference between these.
Predicting a mean value (for example predicting the average rate of climb at say
SO00 ft) connotes taking samples of size # that work 1o reduce variation within the
population of all climbs done at 5000 . The individual climb s the worlds
smallest sample, of size one, hence has to bear up under additional scatter.

The estimate of variance for the mean value at x is given by

1
#og (un 5] ) (A34)

55x

Notice that the scatter is greater the farther x is from the overall average of all
values of x. This is why error bands around regression lines are curved away from
the ling, farther from the line near its ends.

The estimate of variance for an individual performance at x has an additional
addend S?. This is connected to the (uniform) width of the normal curve
describing variation within that subpopulation, the estimate of “standard error.”
The formula is

5t =S‘£(| + 1;n+{rs‘f) (A.35)

Let us compute these two estimates of standard deviation for climbs, and for an
individual climb, at 5000 ft. Because the overall average x is 7500 f, and 58x is
15.0002, the addend on the far right in Eq. (A.33) is 1/36 = 0.0278. Recalling
that 5, = 29.6 ft/min and » = 20, we gt

Sisoom = 4:5L Sysoqy = 30.7 ft/min (Ac3)
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With these values at hand we can go on to calculate the corresponding say
90% Cls for ROC. In both cases, those are centered about
ROC(5000 ft) = —0.04315 x 5000 + 690.8 = 475.0 fi/min. Looking up the
fact that 15005 = 1.7341, we find the following prediction for the average ROC:

ROC(5000) = 475.0 £ 4.52 = 1.7341 = 4750+ 7.8 (AT

The prediction of best ROC for one individeal effort at 5000 fi, on the other
hand, is

ROC(5000) = 4750+ 30.7 =« 1.7341 =475.0+ 53.2 [A.38)

There is a factor of not quite seven between sizes of the error bars for the
average and individual predictions, Charter and air tanker operators in mountai-
nous terrain, take note! Getting over a rocky ridge “on the average” is not good
enough.

Conclusions

This concludes our discussion of those aspects of the theory of errors we think
most important o general aviation fight operations and performance flight
testing. The interested reader will find more information on the theory af
errors in standard texts such as those written by Arley and Buch' and by Lentmer?
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Appendix B

Bootstrap Approach Inputs
and Outputs

Some of the inputs and outputs depend on whether one has a fixed-pitch or 2
constant-speed, propeller-driven airplane. And also on the flight regime level—1)
full throttle, 2y partial throttle, or 3) takeoff and landing—in which onc is
interested. Discussion of inputs and outputs is therefore organized accordingly.

Bootstrap Approach Level 1

Full throttle {or gliding) quasi-steady flight with wings either level or banked, The
operational (pilotchosen) variables are 1) W, gross weight; 2) o, relative air
density, or h,. density altiude; 3) ¢, bank angle; and, cxcept for ¥ specd
determinations; 4) ', trug air speed, Also the flaps/gear configuration and, for
constant-speed airplanes, propeller eircular speed (revolutions per minute), M.

Inputs for Fixed-Pitch Airplanes (Bootstrap Data Plate)
Airframe inputs:

Iy 8, reference wing area [ﬂz},

2) A, wing aspect ratio (span’/5),

3} Cp parasite drag coefficient (depends on flaps/gear configuration]), and
4) e, airplane efficiency factor (possibly depends on flaps eonfiguration).

Inputs 1 and 2 come from the airplane’ pilots operating handbook (POH).
Inputs 3 and 4 come out of glide tests in which speed for best glide Fy, and angle
for best glide (in calm air) y,, are found by trial and error for (only) one known
density altitude and gross weight and for each flaps, gear configuration of imterest,

44]
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Engine inputs:

5) My, rated full-throttle engine torque (fi-Ibf) and
a) C, engine power altimde dropoff parameter, the proportion of indicated
power that goes to engine friction losses (close to 0.12).

Input 5 comes from the airplane’s POH values of rated (full-throttle) power and
revolutions per minute, Input & comes from the airplane’s engine manual.

Propeller inputs;

Ty o, propeller diameter (ft),
8) m, slope of the linearized propeller polar diagram, and
%) b, imercept of the linearized propeller polar diagram.

Input 7 comes from the POH. Inputs 8 and 9 come out of 1) a climb test for
best angle of climb ¥, and 2} either a test for maximum level flight speed ¥y, ora
climb test for speed for best rate of climb F,. These tests need only be performed
at any one known density altitude and known gross weight.

Inputs for Constant-Speed Airplanes (Bootstrap Data Plate)

[tems 1 through 7, same as for the fixed-pitch airplanes. [n place of the linearized
propeller polar parameters moand b, the constant-speed airplane requires

&) TAF total activity factor and
9) Z, ratio of fuselage diameter (taken one propeller diameter behind the
propeller) to propeller diameter.

ltem & comes from measuring propeller blade width at several stations along its
length. Item 9 comes from measuring the eircumference of the fuselage and from
item 7. A copy of the general aviation general propeller chart or its computer
version is required for the calculations.

Oatputs for Either Fixed-Pitch or Constant-Speed Airplanes
A} V speeds (at any weight, density altitude, or bank angle)

1y Fy,. maximum level flight speed,

2} ¥, minimum level Aight speed (only when greater than Fy, stall speed),

3) ¥, speed for best angle of climb (in calm air),

4) ¥y, speed for best rate of ¢limb,

5) Vyg- speed for best angle of climb (in calm air), and

6) Foq speed for minimum descent rate.

B) Rates or angles of climb or descent (mcluding for climbing or descending,

turms) at any chosen air speed V, any bank angle , any weight B, any density
altriude hy.
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) Service and absolute ceilings (and speeds required there).

1) Power available, power required, thrust, drag (parasite and induced) at any
V., W, and k. Also speeds and bank angles required for various “safety”
maneuvers such as the engine-out (return-to-airport) gliding tum with minimum
loss of altitude or speed and bank angle required for minimum wm radius (or
rate) for given descent rate.

Bootstrap Bpproach Level 2

Partial-throttle quasi-steady flight with wings either level or banked. The
operztional (pilot-chosen) vaniables are 1) W, gross weight; 2) 7, relative air
density or A, density altitude; 3) o, bank angle; 4) N, engine revolutions per
minute; and, cxcept for ¥ specd determinations; 5) F, frue air speed. Also the
flaps/gear configuration.

Inputs for Fixed-Pitch Airplanes
Same as for level 1 (items 1 through 9) with these additions:

10) Several pairs (level cruise speed ¥, engine revolutions per minute V) for
{only) one known density altitude and gross weight (and for any flaps/pear
configurations of interest) and

11} ¢fF), a graph or formula of brake specific fuel consumption rate (bsfc) as a
function of engine shaft power.

Tiem 10 comes from a single level cruise flight test made at known weight and
density altitude and at various air speeds. Item 11 can be pleaned from the
airplane engine manual.

Inputs for Constant-Speed Airplanes
Same as for level | {items | through 9) with these additions:

10} Cruise performanee data giving data pairs (manifold absolute pressure,
Yopower) for  selection of density altitudes and engine revolutions per
minute and

11y elP), a graph or formula of bsfc as a function of engine power.

Item 10 is essentially the airplanes POH cruise performance section, but
without using its often-optimistic air speeds. Item 11 can be 1aken either from thar
same cruise performance section or (better) from the airplane’ engine manual.
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Outputs for Fixed-Pitch or Constant-Speed Airplanes
All outputs of level 1 plus these additional V' speeds:

L) Fy,, speed for best range (at any given W, fr,) and
2Z) ¥y speed for best endurance (at any given W, h,).

For fixed-pitch airplanes, revolutions per minute needed to make climbing or
descending turns under given conditions of weight, altitude, turn rate, air spead,
and climb or descent rate.

Bootstrap Approach Level 3

Takeoff and landing maneuvers. The operational (pilot-chosen) variables are 1)
W, gross weight; 2) &, relative air density, or i, density altitude; and 3) various
air speeds (for takeoff ¥, air speed at rotation; for landing Vy,, at 50 ft and ¥,
Just below 30 ft). Also flaps configuration and several rotation rate and flaps-
retraction'braking timing decisions.

Inputs for Fixed-Pitch and Constant-Speed Airplanes

Much depends on whether one carries ol A) a “detailed”™ calculation or a
“relative” one, using the lakeoff power parameter {TOPP), either B) calculated or
) experimentally determined.

A) In the detiled case, one needs quite a few additional data items such as 1)
height of wing above runway (1o determine ground effect); 2) graphs of C, (x; g}
tor any desired flaps configuration (for induced drag contributions); 3) weight and
balance information (for landing, to determine how much weight is on the nose
wheel and on the main wheels); and 4) several facts about the runway environ-
ment (surface type, contamination type and depth, runway slope, wind condi-
tions). [f there is contamination, then even more data are required about the
airplane’s ranning gear (number of wheels of each type, tire width, tire deflection,
and pressure). For the “detailed™ method, we refer the reader to Chapters 11 and
12,

B) For tkeoff calculations, the TOPP method is considerably simpler.
Referring to Eqs. (11.121) and (11.122), “all” that is neaded to calculate
TOPP is eight of the nine items of the bootstrap data plate (C is not required
because of an approximation we made) plus:

1) i, the rolling friction coefficient for the tire/runway interface;

2) Jfgg, the ground effect factor for the airplane’s average wing height above
the runway;

3) Cfzg. eround roll lift coefficient out of ground effect;
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4) C! 4 ground roll lift coefficient in ground effect;

5) x, the proportion that rotation speed Fp is greater than stall speed Fy;

6) Cpaaer the maximum (critical) lift cocfficient for the takeofT Aaps config-
uration;

Ty W, the airplane’s standard weight (mormally maximum certificated gross
weight);

#) W, the airplanc’s actual gross weight,

9) &, relative air density on the runway;

1) Headwindtaibwind speed; and

11) Any other runway peculiarities (e.g.. mnway slope) to be used in a further
{perurbation) caleulation,

S0 even in the simpler formulation, calculation of distance to liftoff is a
relatively complex enterprise.

) Using the purely relative experimental method, all one needs for takeoff is
two good distances to liftoff at fairly widely separated values of w/e. where
w= W/, For landing, only one good landing roll distance is needed, at a
known value of w/a.

Outputs for Fixed-Pitch and Constant-Speed Rirplanes

1} Far takeoff, ground rall distance d,, and distance to 50 ft AGL, dy,.
23 For landing, distance from 50ft AGL onto the runway, d;,, and landing
ground roll distance d;;.

Another bootstrap requirement is that one have a few calibrated cockpit instru-
ments,

Calibrated Instruments Required

¢ Airspeed indicator, Using the open-box, at-altitude method requires a GPS
unit, but the air-speed indicator can alse be calibrated, somewhat more
laboriously, by running back and forth along a pround course of known
length. The needed output is a graph of KCAS as a function of KIAS.

o Altimeter. This will necessitate shop work. Concentrate on asceriaining
accuracy when the Kollsman window is at 28.92 in. Hg.

s Tachometer. Barrow an optical tachometer running off the propeller blade
flashes. Construct a curve of actual engine revolutions per minuie as a
function of indicated (cockpit tachometer) revolutions per minute.

« Stopwatch. For climb and glide tests.

s Thermometer. To ascertain density altimde. The installed aircrafi OAT
thermometer is slow to equilibrate. One may want to purchase a rapid-
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reading type with & small probe that can be hung out a (closed) cockpit
window,

Conclusions

In summary, implementing the bootstrap approach requires 1) calibrated instru-
menits; 2) about 1.5h of performance flight tests (climbs, glides, and level flight)
to ascertain the nine numbers comprising the bootstrap data plate; 3) two t,akeuﬁ's;
4y one landing; and 3) 1 or 2h of calculztion massaging test data into usefu]
parameters and graphs, For your first aircraft, you might not get all this done in
one day. On subsequent aircraft, you should be able to. Once the above numbers
and graphs are in hand, predicting the airplane’s performance—for a pivotal
example see the calculation {example 10.4 in Chapter 10) of revolutions per
minuie needed for a completely specified descending tum under given ambient
and aircraft conditions—is only a matter of substituting into formulas,

Appendix C

A Short List of Integrals

For full citations of the referenced integrals tables, see the references at the end of
this appendix.
Integral I,—Dwight! (90.1) or Peirce® (26)

L L E

i LY .1
T e el

Integral l—Dwight' (140.02) or Peirce” (50)

dz 1 A+ B= 1 B
A L = tant s |t
J.d-‘ e 2.43‘"‘_4 SET A (4) el

The last form is only correct when 4° = B*22. The hyperbolic functions are
related to each other as are the comesponding ordinary circular functions; for
instance

anhz = :;[::_ (C.3)
whera
sinhz=4(& — &™), coshz=3(+e7) (C.4)
Integral I,—Dwight' (691.01) or Peirce® (448)
Jtanh{,-'lz]d:, = ﬁ In cashidz) (C.5)

M7
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fntegral I—Dwight.' (160.01) Peirce,® (68) or Petit Bois® (p. 3)

24z + B — BT —44C
2dz 4 B4+ /B —44C

dz 1
jd:“+3‘~'+f=«fﬁﬂ—4dcn Ca

Integral I,—Dwight,' (160.11) Peirce,” (72) or Petit Bois® (p. 4)

zdz l B dz
PR o SN ST T ) (R
JA:*+B:+C L{lnlﬁ' +HGE G 4 ) A2 4+ B=4+ C Ca
Inregral f;—Petit Bois® (p. 10)
] dz ot In(z — z;) (CB
AP + B2 +C:+ D 534z + 2B+ C ‘}.

The three numbers z; are roots of the integrand s denominator. For instruetions on

solving that cubic, see Abramowitz and Su:gun" or Birkhoff and MacLane.®
Integral I,—Petit Bois® (p. 11)

l rdz & zhiz-z)
AZ + B2 + Cz+ D 5 34z} + 2Bz + C

(C.9)

Again the three z; are roots of the denominator. For instructions on solving that
cubic, see citations for f; just above,
Integral f—Dwight' (565.1) or Peirce? (401)

E g l H
f.r' de= o e (C.10)

Integral l,—Dwight' (566) or Peirce® (401)

BRI Y 1171 1T
Jﬂe“ :niz—jj Moy (©.11)
where
y=ev (C.12)
Integral I,—Dwight,' (121.1) Peirce,? (53) or Petit Bois® (p. 4)

J aff = = bina + ) (C.13)

Integral I;,—Drwight,' (120.01) Peirce,? (49,50) or Petit Bois® (p. 2)

J de 1ok
La_n e

&+ P2 ab a 3
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Appendix D

Numerical Integration

In both the trapezoidal rule and in Simpson’s mle, intervals Ay aleng the
horizontal axis are (in any given application of the formulas) all the same size,
For fine points such as approximations of errors, and for other techniques, see
Abramowitz and Stegun.'

The trapezoidal rule:

f 19de = AxE - G +)Ax/) 0.1

Considering the subtracted portions on the right of Eq. (D1} as coming out of the
initial and final centered bars' widths, rather than heights, makes the trapezoidal
rule easy to remember,

Simpson's rule:

Vi A
| e =S U 4 At 4o )+ 2o o) 4

(D.2)

Simpson’s Rule demands the x-interval be broken into an even number (2n} of
subintervals.

Referance

I. Abmamowitz, M., and Stegun, |, A, Hardfook off Mashemarical Funciions, Dover, Mew York, 1965,
pp. BR5-ERA.
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Appendix E

Derivation of Propeller
Master Equation

Our goal is to derive, from Eqgns. (6.16) for 4T, (6.25) for doMT | (A.35) for
dT% . (6.36) for dQE, (6.40) for W and a, and (6.41) for W and o', using
subsidiary relations given by Eq. (6.42) for local solidity o and scveral others, the
propeller master Eq. (6.43) or (E. 1), below. This is done by combining the axial
momentum theery and blade element theory along with the Prandtl momentum
loss factor F.! The practical advantage of the master equation is that it is a single
equation and therefore much easier to solve (still by trial and error) than pairs or
larger sets of linked equations used by earlier investigators.
The propeller master equation is

_ mxidF sin® ¢ — o)
T4F sing cosg 4 dpa)

J (E.1)

where propeller blade relative station x and advance ratio S are laken as
parameters and where F = F(x, ) is the Prandtl momentum loss factor, to be
described. During practical calculation with Eq. (E.1), the question is “What
angle of attack o will give flow angle ¢, Prandtl factor F, and aerodynamic
coefficient values A, and i, to make Eq. (E.1) true. During any single trial-and-
error process, J, x, and o(x) are known and fixed. Once a solution is found for a
given pair of parameters (x,J). one must move on to consider other values of
relative station x and, when the hlade length has been exhausted, then move to
other values of J. So, of course, this is, by hand, a laborious procedure. Even with
modern spreadsheet tools designed for iterative solution of equations (Back-
Solver, SolveFor, Salver) it is still somewhat laborious. Such is the reality of
propeller theory,

But where does Eq. (F.1) come from in the first place? Before starting on the
road to its derivation, we must discuss the Prandtl momentum loss function
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Fix, ¢). That is a somewhat difficult subject, for this relatively light correction
(needed because of slightly radial flow), so we proceed as lightly yet definitely as
we can. The paper by Adkins and Liebeck” is our major reference. The loss
function is defined as

F= ?—EI cos (e} (E.2)
where
_B(-21)
e ®, (B

where ¢, is the flow angle at the blade tip. Adkins and Licbeck argue that for any
blade position x with flow angle ¢, this flow angle at the tip obeys

lan go, = x tan (E.4)
which means that

l 1
: =1 4 =—
sin g, =T @

(E.5)

Example E.1 When B = 2, x = (0.6, and ¢ = 10 deg, one will find sing), =
0.1052 and hence /= 3.802 and F = 09858,

At this point, the reader should refurbish his or her acquaintance with definitions
given in Chapter 6 for relative blade station x, axial interference factor a,
rotational interference factor &', propeller angular speed £ the relation between
power and torgue, advance ratio J, the two propeller cocfficients Cp and Cy, Jocal
solidity ratio

A Be(x)
alx) = et (E.6)
and Eq. (6.34) [here Eq, (E.7)] for the properly rotated coefficients
Ar | [ejcosg —c,singd
[}.P] T [-:',-sinn:i: + ¢y cos g (E

Figure E.1 sets the physical picture,
Slightly rewriting Eqs. (6.16) and (6.25), appending factors F previously
ignored, the axial momentum half of our theory gives us

dr =

= = durp(F + vjeF (E.B)
d

0l 4 p(V 4 v)eoF (E.9)
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db Ff1-a') = 2anr(1-a') = xnxd(1-a')

Figure E.1 Flow geametry for propeller blade element at r = xR,

The blade element half of our theory as seen through Eqgs. (6.35) and (6.36),
using Eq. (6.30), gives us

dr

S = oW igeB (E.10)
%zzpwziparﬂ' (E.11)

In Eqs. (E.8-E.11), the apparent unknowns are 0, e, ¢, W, Ap, Ap, T, and @7
where the primes stand for derivatives with respeet to blade station r. Eight
variables and only four equations. [F we exchange ¢ for a, w for o, and the two 4
coefficients for the assumed known two functions cg(z), c,(o) and &,  and ¢
unknown, we have four equations in these seven variables: a. &', W, 2, ¢, T', and
£ which are functions of parameters x and J. But our physical picture, Fig. E.1,
also gives us three further subsidiary conditions:

d=f—u (E.12)
W = nend(] —a'lsecd = F(| + a)esc ¢ (E.13)

Fil+a) J (1+a)
ANl — a7 =x(l —a’)

tan ¢h = (E.14)

With seven equations For seven unknowns, al long last we can setl out to solve the
system of the seven Eqs. (E.E) through (E.14). First, equate the right-hand sides
(RHS=) of Egs. (E.8) and (E. 10) to get

darpV {1 + alaF =1 pW i 2are (E.15)
and then solve for

VO +aF iy

Wis  4bu L
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Seeond, equate the RHSs of Eqs. (E.9) and (E.11) to get
F{I + ﬁ]F ik le

Wig  dmnxda
Third, equate the RHSs of Eqs. (E.16) and (E.17) to get
r i
4Va  dmncda’
and then solve for
J=%="’Tﬂf (E.19)

Mext we start to work on formulas for axial and rotational interference factors a
and &' . Our fourth step is to divide the RHSs of Eqs. (E.B) and (E.10) to get

jil AnrplV + vjuF
© 1pWieB
and simplify, using Eq. (E.13), 1o get
_ daF sin’ ¢
" iro(l +a)
Sixth, divide the RHSs of Egs. (E.9) and (E.11) to get

g drrtp(F + o)wF
T 1pWiiprcB

and then use both forms of Eg. (E.13) to obtain

s da' sin gh cos G

Apall —a')
Seventh, solve Eq. (E.21) for a:
1
a = o
4 sin” i -
iy

and solve Eq. (E.23) for o'
oty 1
@ =T sing cospF
dpes

il
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Eighth and finally, put Egs. (E.24) and (E 25) into Eq. (E.1%) and simplify to get
the combined axial momentum and blade element propeller master equation:

 m(dF(x, $)sin’ ¢ — ira)
T (4F(x, d)sin @ cos @ + Apr)

(E.26)
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Appendix F

Flight Test for Drag
Parameters

The formulas for getting to the needed drag polar parameters—parasite drag
coefficient Cpy and airplane efficiency factor e—from known speed and angle for
best glide, Fy, and y,,. are given in the Glide Performance chapter as Egs. (9.41)
and (9.43). So our job here is to describe how to fly the airplane and © do the
postilight calculations for obtaining V), and 75,.

The idea, in a nushell, is w repeatedly glide down over the same vertical
interval {range of altitudes), at different air speeds, until the produci Vi = At isa
maximum, To caleulate that maximum, you will need to take a pocket caleulator
up with vou. - is calibrated air speed. In the cockpit, one can simply use KCAS
or calibrated miles per hour, whichever your air-speed indicator wses, For
cxample, you might find VC""'# = T0.5 KCAS. Time interval Ad is the elapsed
time for the glide, in seconds, from a stopwatch. For purposes of illustralion,
gssume that the maximizing value is Ar = 3910 5. Once that maximizing air
speed is located accurately, you can return to base to complete the exercise.

Here is a more detailed cockpit activity sequence for one mun. Your altimeter
setting should be 29.92 in. Hg, so that your altimeter will directly read pressure
altitude f,. Sec Figure F.1 for nomenclature.

o Climb well ahove &, . Leave vourself plenty of room. Start your glide and be
well stabilized at your trial ¥ hefore you hit A,

® At fia. start the stopwatch.

e Keep your wings level, maintain a predetermined heading, and keep your
indicated air speed within one unit {1 kn, or | mph) of your tral ¥;. If actual
F, varies during the course of the run, keep a mental note of its average
walue.

» Recording propeller revolutions per minute as you glide down is optional
but always a pood idea. That data can help you later comstruct accurate
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propeller charts, as outlined in the Cruise and Partial-Throttle Performance
chapter {Chapter 10).

s Aty stop the watch, Your altimeter will lag a bit. of course, but it will lag
by essentially the same amount at both ends of the run; the errors cancel,

s Record your actual {or average) ¥y, use your calibration curve to find P,
then compute and record FeAf for that run.

# Power up and climb back up for ancther go. (In fact, you will probably do a
climb test, as described in Appendix G, on the way back up.)

The observer—it is hard, though not impossible, for a lone pilot to do all the
work alone—might want & data collection sheet set up as follows.

For the header: 1) date and papge number: 2) aircrali tail number; 3) airplane
make, model, and year; 4) airplane owner; 5) name of pilot; 6) name of ohserver;
7] starting gross weight: 8) Lower pressure altitude &, . 9) upper pressure altimude
ha: 10) average OAT (femperature halfway between fi, and ho: and 11) Note
(such as “speeds in knots™),

For the column headings: 1) run number (sequential); 2) clock time near
beginning of run; 3) revolutions per minute; 4) gross weight (figured later); 3)
target indicated air speed (IAS); 6) actual IAS (average during that run); 7) Fp
(after application of AS] calibration curve); 8) Af; and 9) FoAi.

It is also a pood idea for the observer to graph produets F-Ar, against ¥, to
better locate the maximum, And, having provisionally done so, it is only prudent
to take a last final glide run to check that speed.

Getting the true air speed for best glide (with respect to the air mass) ¥, is
almost immediate. We assumed you found Ve, = 70.5 KCAS, (The correspond-
ing indicared air speed Vﬂ,x might have been a linle different; correct ¥, 1o the
calibrated value I with your air-speed indicator’s calibration curve.) Because we
need to work in British engineering units, our sample value would be
Frpg = T0.5/0.592468 = 119.0 fi/s. The corresponding true air speed value is
grven by

Verg . Vg
Wy = 2=

Ao Ta)

{@) is the mverape relative air density, halfway down the vertical glide interval.
If you are gliding down repeatedly from say pressure altitude h,, = 6000 ft to
pressure altiude h,, = 3500 fi, simply go to (k) = 5750 ft, fiy level, and record
OAT = {T}. Figure F.1 depicts the various temperatures, pressure altitudes, efc.
Be sure to let vour outside air thermometer equilibrate, and make sure it 15 located
where it is not washed over by hot exhaust gases. One converts pressure altinude
and OAT to relative air density by means of

(F.1)

518.7

———— e S L -6 :
O AT R ST ey i ] (F.2)
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TEMPERATURES PRESSURES DEMNSITY
Top of Glide Ta  Telhpo) hp
Midpoint =T= Tgl= hp;vll <h p” S
Bottomof Glide Ty Tglhpq) it

Figure F1 Atmospheric variables in the glide test for drag parameters.

If, for instance, your measured OAT is (T} = 45°F, then you would have
{m}) = 0.9871. That would make our sample Vi, = 119.0/0.9935 = 119.8 fi/s.

Getting the best ghde angle is a bit more work. Look at Fig. F2, showing the
gliding space triangle with reference to the air mass. While it is certainly true that
a practical best glide, say in case of losing your engine, would be with respect to
the Earth, we do not care about that aspect for present purposes. Headwinds or
tailwinds are all right as leng as they are steady; horizontzl wind shear not
allowed. We do, however, care about updrafis or downdrafts. Because those are
not reproducible from run to run {or even steady within a given run), make sure
that you are ned pliding in amy vertical air currents.

From Fig. F2, it is clear that

Ah
v, = gin~! %)
Tog = SN Vo At (F.3)

All that is lefl is to get Ah, the tapeling geomeirical distance you glided down
through. A sufficiently accurate approximation for it [derived in Chapter 1, Eqg.
{1.35)] is

2b &
L)

(F4)

Ah
Wat

\J

Figure F.2 Glide test space triangle with respect to the air mass.
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Boh emperatures in Eq. (F4) must be expressed in the Rankine (absolute
Fahrenheit) or in the Kelvin scale. Becouse standard temperature, in degrees
Fahrenheit, for a given pressure altitude is

Tslh,) = 59 — 0.003566H, (F.3)

we  would have, for our sample problem, (5750 it) = 38.50°F =
(38,50 + 4597k = 498.2°R. And our measured average temperature would
be (45 +459.7)°R = 504.7°R. Tapeline Ah would then be (504.7/498.2)x%
500 = 506.5 ft, a little larger than indicated.

Collecting these sample values, you would find

&
-"1|'S = s.in'l ﬁﬂﬁi—s =621 deg (Fﬁ}

Az you can see from Eq. (9.41) for Cpy and Eq. (9.43) for airplane efficiency
factor e, there is some additional background data needed to find €y and e You
will need an estimate of gross weight W—keep track of the clock time so that vou
can approximate your fuel bumup until the maximizing glide—and air density
that p = pye (actually, you could have gotten by with just yvour calibrated air
speed in feet per second), as well as reference wing area § and wing aspect ratio A4
from pilots operating handbook data, If we assume W = 2209 Ibf, 5 = 174 1%,
and 4 = 7,38, then Egs, (9.41) and (943} would tell us that, for this flaps/gear
configuration, Cpy = 0.0408 and &= 0.595. The final calculation, for e, is
shorter if one uses Eq. (9.42) in liew of Eg. (9.43).

If you will sometime want vanous performance figures not only for flaps 0 but
alsp for Oaps 10, flaps 20, and faps 30, the entire experiment and calculations
must be repeated for each of these additional flaps/gear configurations. Drag
figures inte almost everything.

There is also the question of whether to do the drag glide tests with the engine
at idle power (the safest procedure), with the engine turned off and the propeller
windmilling, or with the engine tumed off and the propeller stopped. If you
choose either of the latter two alternatives, be sure your starter is functioning
flawlessly and that you have a landing strip within glide range. The experiment
does not require any special altitude, so think high, Here is our sugpested
procedure for stopping the propeller.

s Just before beginning your glide, pull the mixture knob out to full lean (idle
cutoff), turn off the ignition. and pull up, as though to stall (but do not!),
until the propeller stops turning.

# At this point (thinking ahead!) switch the ignition back to “both™ and
(unless you are very high) push the mixture to full Ach.

s When you have finished gliding, crank the engine to start. Stezpen your
glide, il necessary. Once the engine starts, lean the mixture,

s Again, do not try this procedure unless you are sure your starfcr wnrlr_.s and
your engine will get going again readily. Or else have a wide choice of
emergency strips close at hand.

What if you have a biplane? Does not matter. The hootstrap am:_mn-:h dn!::; ot
care how many wings you have. Lots of ink has been spl'lt_ on blplg.ne
aerodynamics: gap, stagger, decalage, Munk span factor K, square tip cormection
1, equivalent monoplane aspect ratio, etc. If you ame :.:Inmbmmg two knmm
monoplane wings to compute the aerodynamics of 4 certam peometric n:nmbmafa
tion from individual monoplane numbers, those details would be necessary. But if
you have the airplane you just run the flight tests. Relmernbcr the bootstrap
approach axiom: Fly the airplane to see how the airplane flies. Another way 10 siy
that is: The airplane is its own best instrument.

Flight Test for Drag Farameters =0y



Appendix G

Determination of Propeller
Polar Constants m and b

Five of the nine bootstrap data plate (BDF) numbers for the fixed-pitch, prapelier-
driven airplane—reference wing area 5, wing aspect ratio 4, engine rated torgque
My, engine power/Lorque altitude dropoff constant C, and propeller diameter d—
can casily be obuined from the airplane’s pilots operating handbook and s
engine manual. The remaining four BDP parameters are the so-called “harder to
pet” omes. Appendix F dealt with the performance glide test, which allows
calculation of the airframe drap parameters Cpo (parasite drag coefficient) and &
{airplanc efficiency factor). The final two parameters needed are the slope m and ¥
intercept b appearing in the linearized propeller polar

C C
J-{:n:lf—;‘-'-n'} (G.1)

Constant b is obtained first, from full-throttle climb testz designed to find V.,
speed for best angle of climb (in calm air), Constant m is then ohiained either
from the climb test results plus a single full-throttle level speed run (giving Fy,
maximum speed for level flight) e from the climb test results plus a further series
of climb tests which locate V,, speed for greatest rate of climb.

Let us start with b. We do not need to go over all of the details hecausc the
experimental situation closely mirrors the glide tess in Appendix F. The
difference is that now the airplane climhs, at full throttle, up through the vertical
interval from k) to A And this time it is the minimem of the product Fe % At
{calibrated air speed times elapsed time), wh ich tells the pilot and observer that
has been found. So the recordkeeping details and various tips in Appendix F can
be used—“with the necessary changes having been made,” as philasophers often
say—1to run the climb tests for P
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S0 let us say we have F,. How is & related? Start with the definition of
bootstrap composile parameter £, the only one that invelves b,

F = pd*h (G.2)
Because composite & = F — G, we then have
K+0G

b= ] (G.3)

Because K = —#H /¥ [see Eq. (7.27)], and then referring to the definitions of
composites 7 and A [Egs. (7.7} and (7.8)], we scon have

i 22

b= = — ————— i

24 Ir?‘d:."i'nﬁ'ﬂ pia (G4
We see, of course, that the experimental conditions under which the climb test
was performed—the flaps/gear configuration, gross weight B and air density
p—make a difference.

On to m. Let us assume the level speed run for ¥, method was chosen. The

mathematical manipulations needed i the IV, method is chosen are entirely
similar. Start with the bootstrap formula for ¥y, Eq. (7,19);

fiiee
|—E — ~ET + 4KH
Fy = | ——
M |‘|' s (€3.3)
Square this and multiply by 2K, then add £, to get
2KVEL + E = —/E® +4KH (G.6)
Square again, simplify, and solve for £
H— KV I\, . KF
E= 17 - S ALt g
T @
Use the fact that
—K/H=v1

and the definition of composites H [Eq. (7.8)] and £ [Eq. (7.15)] to get

2npd W (1 1{.3,)

™ = S)Popsed \F2, Ledk

TV

If you decide, instead, to start from the bootstrap equation for ¥, you will end up
with the quite similar relation

o s N
— D(r)PypSmed | K} 3

(G 10

T

A

Absolute eeiling, 190
bootstrap formula, 216-217
partial-throtile, 339-34

Acceleration vector, 54

Advance ratio. See Propeller, advance
ratio

Adverse yaw, 240, 246

Aerodynamic braking, 396

Aerodynamic center, 75, 82, 85, 87,
ne-nz.

Aerodynamic force, 83

Air speed indicator (ASI), 23
calibration, 324
calibration techniques, 26-32
high spead, 24
low speed. 24
position error, 26

Airplane efficiency factor, 72, 87, 96,
115, 117, 193

Allometric formula, 120

Altimeter, 37
consistency check, 39

Altimeter setting formula, 37
derivation, 37-38

Altitude
determining differences, 16-18
indicated, 40

Angle of atack (ADA), 63, 66, 71,
89-91
bedy, 67, 72, 100, 239, 352, 395
induced, 70, 83, &8, 90, 95, 100
propeller blade, 165, 168-169
stall, 89, 92-93, 102-103, 106

Index

zero lift, 89-90, 92-93
Angle of climb, 190

bootstrap formula, 199, 202-203
Angle of descent, 190
Angle of incidence, 70, 97, 101
Angular acceleration, 58-59
Angular position, 58-59
Angular velocity, 58-59
Anhedral, 97
Aspect ratio, 83, B8-95
Assumptions, performance, 237-238
Atmosphere

density, 7. 10

layers. 5 (lable)

modeling, 15, 40-44

molecular composition, &

relative density, 10, 15

relative pressure, 10

relative temperature, 10
Attitude angle, 66, 239, 394

B

Bank angle, 66, 239
maximum for level flight, 257-258
Banked absolute ceiling, 252, 255-238,
267
Barometer, altimeter as, 39
Bernoulli's law, 22, 70, 84, 156-157
compressible, 23
incompressible, 22-23, 78
Best climb angle
bootstrap formula, 202-203
variation with weight or altitude,
210-211
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Best climb rate, variation with weight
or altitude, 213-216
Best glide, headwind/tailwind graphi-
cal solution, 308-310
Best glide angle, 189-192, 198-199,
2R1-283, 334
hootstrap formula, 204
headwinc/tailwind, weight or alti-
tude effect, 312-314
headwind/tailwind with
updraft'downdraft, 314-315
small flight path angle approxima-
tion, 292
variation with weight or altitude,
210-211
Best glide speed, 189-192, 198-1499,
283, 334
bootstrap formula, 205, 202
headwind/tailwind with
updraft'downdraf, 314-315
Binomial expansion, 84, 291
Biot-Savart law, 87
Body axis, 58
Bootstrap approach, advantages, 233-
234
Bootstrap composite parameters, 205-
207, 256, 298, 321, 324
Bootstrap data plate, 188-190, 221,
256, 271, 298, 320
gliding, 284

Brake mean effective pressure (bmep),

132-133
Brake specific fuel consumption rate
(bsfc), 123, 136, 326
Braking friction, $00-404
Braking friction coefficient, 390, 400-
404
Break-even headwind
landing, 410-411
takeoff, 375-379
Breguet formula, 317
British engineering units, 50, 150
Buckingham's pi theorem, 150-151

INDEX

C

Calibrated air speed (CAS), 15, 27, 29

Camber line height, 76

Center of gravity (c.g.), 60, 110-111
aft, 111
forward, 111

Center of mass (c.m.), 6()

Center of pressure, 69, §1-82

Centrifugal force, 61, 242-245

Centripetal force, 61, 240

Chord, wing, 71, 97, 101

Circular dynamics, 59-61

Circular kinematics, 58-59

Circular mechanics, comrespondences
with linear mechanics, 60 (table)

Circulation, £1, 83-84, 87

Confluent aliermant matnx, 73

Constant average force approximation,
363-364, 379, 405-407, 413-414

Coriolis acceleration, 62

Coriolis force, 61-63, 244

Cosine series, 290

Cross product, 52

Crossflow, 100

Cruise performance, scaling rules, 336-
337

Cruise performance table, bootstrap,
332336

Cylinder head temperature, 123

D

Density altitude, 10
Descent rae, 272
bootstrap formula, 308, 313
gliding, 285-286
Dewpaint temperature, 12, 127
Dihedral, 97
Drimensional analysis, 150-152
Dimensionless group, 150-152
Dimenzionless number, 50
Dimensions, 49
Displacement vector, 54
Doghouse plot, 250

INDEX 468

Dot produet, 52
Downwash, 85-88
Downwash angle, 92, 94
Downwind turn, 273-274
Drag, 65-66, 114-117, 272
biplane interference, 94
bootstrap formula, 199-201
contaminant, 353-355
cooling, 70
duoe to flaps, 117
due to lift, 70
during takeoff, 351-352
gliding, 287
ground effect, 351-352
induced, 70, 72, 85, 190, 251, 392-
393
interference, 70
minimum, 116, 283-284
parasite, 69-70, 190
pressure or profile, 70
skin friction, 70
trim, TO
Dirag coefficient, 114, 279
paragite, 70-71, 115, 193
Drag polar, 192, 279
determined from best glide, 288-28Y9
Dynamic pressure, 77, 82

E

Energy, 56-57, 59-60

Engine
accessory bleed efficiency, 123
brake horsepower, 120-121, 129,

194

brake moment, 150, 164
clearance volume, 125
compression stroke, 130-131
controls and instruments, 134-135
cylinder bore, 120-121
displacement volume, 120-121
efficiency, 123
excess air, 134
friction power, 129
indicated power, 126, 128

intake stroke, 130

manifold pressure, 140

mechanical efficiency, 125

normally aspirated, 119, 124

piston speed, 120-121

power, 164

power stroke, 131, 133

products of combustion, 123, 133

rotation speed, 120-121

standard cycle (table), 132-134

stroke, 120-121

torgue. See Torgue, engine

volumetric efficiency, 124
Engine operator's manual, 135-137
Engine performance chart, 138-142
Envelope definition of graph, 312-313
Equations of motion

gliding, 279

quasi-static, 239-240

small flight path angle, 290-291
Equivalent air speed (EAS), 36
Equivalent braking action, 400, 401

(table)
Excess power, 191-192

boatstrap formula, 195
Excess thrust, 192
Exhaust backpressure, 129, 141-142
Exhaust gas emperature, 123

B

Federal Aviation Administration
(FAAY, 61, 233, 242-245, 353, 388
Flap effectiveness factor, 104-106
Flapped area, 104
Flaps, 103-110
Flaps deflection angle, 101
Flare, landing, 392, 394-305
Flight path angle, 66, 239, 272
banked or unbanked glides, 280-282
bootstrap formula, 322
small angle approximation, 291
Force, 55-56
Frame of reference, 53
inertial, 61, 244-245
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non-inertial, 61-62, 244
Fuel

higher heating value, 122

lower heating value, 122

specific weight, 122

stoichiometric ratio, 122, 125, 134
Fuel consumption rate, 328
Fuel-air mixture

lean, 123

rich, 123
Fuel-1o-air ratio, 122
Fuselage, 87

G

Gagg-Farrar alitude power dropoff
Factor, 141, 195, 217, 228, 231, 319
derivation, 126-129

Gasoline, aviation, 122, See aiso Fuel

General aviation general propeller
chart (GAGPC), 177-182, 187, 349,
361, 381

General Aviation Manufacturers
Association (GAMA), 317318,
327-328, 332

General propeller chart, [58-159, 177-
180

Geopotential altitude, 9

Glide path angle, headwind/tailwind,
307-308

Glide ratio, 285-286

Glide sink rate, 203

Global positioning system (GFS) unit,
28

Giravitational potential energy, 56

Ground effect, 70, 94-97, 362-304

Ground effect factor, 393

Ground speed, 29

Gust load factor, 250

H

Headwind/tailwind effects, graphical
analysis, 221-223

Headwind/tailwind with updrafydown-
draft, 223-225

INDEX

Helical flight path, 241-241, 280
Hodograph, 277
Horizontal tail, 87, 92, 112
Horizontal wind effect, wings-level
glide, 303, 306-314
Horsepower, 58
Horseshoe vortex, 87
Humidity, 11
engine effect, 13
Hydroplaning, 4007, 353-355

I

Ideal gas, 7

Ideal gas law, 7, 132

Inclinometer, 245-249

Indicated air speed (1AS), 27

International standard atmosphere
(ISA), 9-11

Invariant, banking, 283, 289

J

James brake index (TBI), 400, 401
{table)

K

Kinetic energy, 56-57, 274-276

Kinetic energy effect, 32-313, 23§,
280

Fonaot, 50

Kutta-Joukowski theorem, 70, 83-84

L

Landing
downhill with headwind, 410
perturbation approach, 408-410
segments, 389-390)
uphill with tailwind, 410
weight and altitude effect, 411-414
Lapse rate, atmosphere, 5
Law of cosines, 219, 307
Lift, 65-66
factors influencing, 114

k]

INDEX 471

gliding, 287
ground effect, 355
Lifi coefficient, 70-71, 89-90, 102,
114, 279, 394
maximum, 92-93, 102, 107, 110
pressure enefficient relation, E1-82,
84
section, 104
slope, 89, 91-95, 103, 106
slope in ground effect, 352
Linear dynamics, 55-38
Linear kinematics, 54-35
Linearized propeller polar, 194, 231,
329
assumptions, 231
intercept, 188, 197, 323
slope, 189, 196, 323
Load factor, 249-250
Load factor limit, 266

M

Mach number (M), 34, 71, 91, 153,
172
Manifold absolute pressure (MAP), 64,
174-175
Maximum camber, 76
Maximum level flight speed
bootstrap formula, 196-198
varation with weight or altitude,
212-213
Maximum thickness, 76
Mean serodynamic chord (mac), 99-
100
Mean geometric chord (mge), 98-
1000
Minimum descent rate
bootstrap formula, 203
small flight path angle, 293
variation with weight or altitude,
208-210
Minimum level flight speed
bootstrap formula, 196-198
variation with weight or altitude,
212-213

Mixture control, 122
Moment, G0
engine, 121
Moment of inertia, 60
wheel, 396
Momentum, 56

N

NACA airfoil profile, 76
2412, 8993
4412, 76
d-digit, 76
MNational Advisory Committee on
Aeronautics (NACA), 76
Mational Acronautics and Space
Administration (NASA), 353
Mautical mile, 51
Mewton's laws of motion, 53, 61, 244,
348

O

Ohstacle clearance speed, 346-347
Offset angle, 67

Oitto cycle, 124, 129-133

Cutside air temperature (OAT), 29
Outside air thermometer, 34

P

Partial-throttle operation, 338-341
Pilots operating handbook (POH), 232-
233, 317-319, 327-328, 412-414
Pitch angle. See Attitude angle
Pitching moment, 64, 69, 74
Fitching moment cocflicient, 70-71,
81-83, 89, 92-93, 109-110, 112
Position error, 44
altimeter and ASI errors, 47
determination, 44-48
Position vector, 54
Porential energy, 57-3%
Power, 58-60
Power adjustment factor, 272
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Power available, 134, [90-192, 194,
320
bootstrap formula, 193
Power coefficient grading, propeller,
164-166, 169
Power drop lactor (p.d.f.), 137
Power dropoft parameter, 323
Power picture, assumptions, 230
Power reguired, 190-192, 194, 320
Power setting parameter, 3 19-321
Prandtl momentum loss factor, 168
171
Pressure
dynamic, 22
total, 22
Pressure altitude, 10, 29, 40
Pressure coefficient, 70, 77-79, §1-82
Profile thickness, 76
Fropeller
actator disk, 154-156
advance ratio, 64, 151, 194, 272,
322
axial interference factor, 155-158,
161
blade activity factor (BAF), 178-180
blade chord, 63
blade element theory, 162-174
blade tip losses, 168
combined momentum and blade ele-
ment theory, 166-173
constant-speed, 138, 176-182
flow angle, 162
geometry, 146-150
hub or boss drag, 172
ideal efficiency, 157-159, 161, 177
momentum theory, 154-161
nominal pitch, 148
power adjustment factor, 177-181
representative blade element theory,
176, 231
resistive torgque, 130
rotational interference factor, 153,
160-161
slip stream wake contraction, 172-

173

slowdown efficiency factor (SDEE),
172, 181-182, 272
static thrust, 155, 170-171
total activity factor (TAF), 178- 180
twist angle. 65
ultimate wake interference factor,
156
vortices, 160-161
windmilling, 19% 278
Propeller efficiency, 151-152
constant-speed, 177-179, 181-182,
272
fixed-pitch, 194, 325, 323-333
rated, 190, 229-230
Propeller master equation, 171
Propeller polar diagram, 174-176
Propeller power coefficient. 64, 152-
154, 272, 322, 3235, 328-329
mamentum theory, 158
Propeller section profile
Clark ¥, 147
drag coefficient, 163
lift coefficient. 163
RAFG, 147-148, 163-164, 170
Propeller theory approximations, 171-
174
Propeller thrust coefficient, 64, 152,
164-165, 325, 328-319
Pseudoforce, 61-63
P-factor, 237, 328

Q

Quadratic drag polar, 114
Quarter-chord point, 74, 82, 111-112
Quasi-static equations of motion, 63

R

Radian, 58
Radius of curvature, 240
Ram temperature nise, 34
Rate of climb, 190
bootstrap formula, 199-202, 257,
299, 322
correcting, 15

Foate of descent, 194
banked or unbanked glides, 2800, 282
bootstrap formula, 391
Ratio of specific heats, 8, 125
Reference wing area, 64, 101
Relative motion, 219, 306
Feeturn to airport maneuver, 294-305
best bank angle, 295-296G
best turn speed, 295
minimum altitude loss, 296
Reynold's number (Re), 71, 153, 173
Rolling friction, 350
Rolling friction cocfficient, 356 (table)
Root chord, 97
Round-out, landing, 392
Runge-Kutta numerical solution, 359,
398
Runway condition reading (RCR), 400,
401 (table)
Runway reaction force, 356
Runway slope, landing, 397-398
Runway surface condition (R5C), 401
(table)

S

Saturation vapor pressure, 12, 127
Scalar, 51
Scalar product, 52
Service ceiling, 216, 257
Sine series, 200
Slug, 50
Small flight path angle approximation,
115, 220-221, 285, 293-295
Sonic speed, 14, 23
Specific endurance, 330-331, 333-334
Specific gas constant, 7, 127
Specific range, 330-331, 333-336
Speed at absolute ceiling, bootstrap
formula, 216-217
Speed for best climb angle
bootstrap formula, 197
variation with weight or altitude,
209-210
Speed for best climb rate
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bootstrap formula, 197-198, 200
variation with weight or altitude,
212-213
Speed for best glide, 115-116, 283
headwind/tailwind, infinite series
solution, 310-312
small flight path angle, 292
variation with weight or altitude,
200-210
Speed for minimum descent rate
gliding, 287-288
small flight path angle, 293
variation with weight or altitude,
200-210
Stagnation point, 79
Stall, 101
Stall speed, 107-108, 189-191, 197-
198, 209, 413
banked, 265, 300
Static thruse, 349-351
Steady maneuvering chan, 258-268
Structural load limit, 249-251
Sweepback angle, 91, 97

L

Tail foree, 110, 112-113

Takeoll
T30 rule, 369-370
assumptions, 371
downhill with wind, 375
factors, 371
forces, 348 (table), 357-359
headwind, 345, 365-368
order of approximations, 381-382
perturbation approach, 371-373
phases, 346
safety factor, 388
tailwind, 343
uphill into wind, 375

Takeoff power parameter (TOPF), 345,
379-387

Taylor serics, two-dimensional, 213-
214, 372

Temperature recovery factor, 34-35
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Terminal velocity dive, 303
Terrain clearance, 377, 411
Thin airfoil theory, 79
Thrust, 6.3, 190
bootstrap formula, 194-195, 199-
200
Thrust axis, 58
Thrust coefficient grading, propeller,
164- 166, 169
Thrust offset angle, 239
Time to climby, determining, 19-20
Tip chord, 97
Tire and wheel runup, 356
Tire and wheel spinup, 395-196
Torque, 59-60
engine, 121, 132-133, 137, 194-195,
317322, 327
landing roll, 390, 402-404
Trapezoidal rule, 80, 165, 180
Troposphere, 4-5
True air speed (TAS), 15, 27, 66
Turn
coordinated level, 240-245
maximum rate, 208-270
minimum radius, 268-270
slipped or skidded, 245-249
Turn performance, constant-speed air-
plane, 2T0-272
Turn radius, 265
hanked or unbanked glides, 280, 282
minimum. See Turn, minimum
radius
nonlevel wn, 282
srall flight path angle approxima-
tion, 292
Turn rate, 66, 239, 265, 272
Turn-and-bank indicator, 245
Twist, wing, 70

U

Uniform acceleration, 406

Uniform acceleration approximation,
368-369

Units, S0

INDEX

Vv

V speed
absolute ceiling, 159-191
banked, 251-255
best climb angle, 189-192, 202-203,
325, 341-342
best climb rate, 189-191, 213-216
best endurance, 317, 330-331, 333-
i34
best glide, 189-192, 198-199, 283,
334
best range, 317, 330-331, 333-334
design cruising, 250
design diving, 250
liftoft, 346
maneuvering, 250
maximum level flight, 189-191,
321, 325
minimum descent rate, [89-191,
198-1949, 334
minimum level flight, 189-191, 321,
323
never exceed, 250
rotation, 386
touchdown, 389-39]
Vector, 51
Vector product, 52
Velocity vector, 54
Viscosity, 14, 157
absolute or dynamic, 14
kinematic, 14, 71
Viscosity correction factor, flaps, 104-
107
Ven diagram, 2449-251, 265

W

Washout, 100-101
Weight and balance, 112
Wind correction angle, 218
Wind effect
landing, 407-408
climbing, 217-229
speed for best climb angle, 225-229
Wind shear, 273, 378, 411

Wing, elliptically loaded, 87, 92
Wing aspect ratio, 64

Wing span, 72

Work, 55-56, 39-60

INDEX

L
Zero-thrust glide, 199
Zooming, 300-301
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