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Preface

The title of this book should really have been ‘Performance, stability, control and response of
aircraft for undergraduate aeronautical engineers’, but that is obviously too cumbersome. The
material of the book should probably be spread over the three years of the normal British
aeronautical degree, with Chapters 1 and 2 being dealt with in the first year and Chapters 3 to
7 in the second year. The remainder, or most of it, would form a course for the final year; in
this way the course will normally keep ahead of the mathematics being taught. The
mathematical background expected of students include matrices, differential and integral
calculus, the Laplace transform, transfer functions and frequency response. All of these are
normally included in a degree course and it was therefore not thought necessary to include
much purely mathematical material as have some earlier books on this subject. Equally it has
not been thought necessary to include detailed information on the determination of aero-
dynamic parameters because this information is readily available in the publications of the
Engineering Sciences Data Unit (ESDU) and elsewhere.

Many students find this subject fairly difficult. Amongst the reasons are (a) the mathematics
involved, (b) the need to ‘think in three dimensions’, and (c) the very large number of symbols
required. Attempts to assist the student in thinking three-dimensionally have been made by
discussing a number of simple situations in which the aircraft is considered from different
viewpoints, and by means of an illustrative example. In these simple situations the student is
introduced to some of the dynamic stability notation rather before it is strictly necessary.
There is also a gradual progression from one degree of freedom cases to the six degrees finally
required Other aids for the student are a number of worked examples and of examples for the
student to attempt with answers. On the subject of notation for the dynamic stability work, a
subset of that proposed by Hopkin (reference 8.2) has been preferred; in spite of its age this
work is still worthy of study and has received less use than it deserves. This notation has the
advantages that (a) it is used by ESDU, (b) it encompasses both the case in which the
dimensional stability derivatives are divided by mass or inertia, as appropriate, and the case in
which full non-dimensionalization is used, and (c) it is about as compact as may be devised.
Conversion to the American notation is also covered.

I must place on record my thanks to my friends and colleagues Mike Freestone, Ranjan
Banerjee, Peter Lush and Trevor Nettleton who read parts of early versions and who made
valuable comments and suggestions; the mistakes are all my own work. I would also like to
record my gratitude to Dick Cox, ‘Bram’ Bramwell and Malcolm Wright, now sadly all
passed on, for their friendship, help and encouragement long before this project began but
who contributed indirectly. My thanks must also go to the City University for granting me
sabbatical leave without which this book would never have been started and for giving me
permission to publish the examples, many of which are based on examination paper questions.
Finally my greatest thanks go to my wife, Joy, for her support, tolerance and love.
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List of symbols and abbreviations

The following is a list of the symbols used in the text except for a few which are used only in
one section and are defined there. A number in brackets following a definition indicates the
chapter for which that definition only applies; no number implies general application of the
definition elsewhere. If a symbol is defined mathematically the general definitions are to be
assumed for the quantities used.

Information on the corresponding American symbols is given in Sections 4.3.1, 8.6.3,9.2.8
and 11.2.7.

A Aspect ratio, b¥/S (1)
A, Coefficient of A* in longitudinal quartic
A, Coefficient of A* in lateral quartic
A Angular velocity vector
N4 Temporary lumped constant
a Constant term in parabolic drag law (1, 2, 3)
a Lift curve slope (4)
a Aircraft-less-tail lift curve slope (5, 9)
a, Tailplane lift curve slope
a, Coefficient of A in quadratic representing SPPO mode (9, 13)
a, Tailplane lift curve slope with free elevator, a, — f'ib,
a Fin lift curve slope by
a, Elevator lift curve slope
a, Constant term in quadratic representing phugoid mode (9, 13)
a, Rudder lift curve slope
a, Tab lift curve slope
a, Tab lift curve slope with free elevator, a; — glb:,
w Acceleration b,
B, Coefficient of A’ in longitudinal quartic
B, Coefficient of A? in lateral quartic
B Temporary lumped constant
b Wing span
b Coefficient of C? in parabolic drag law (1, 2, 3)
b, Constant term in equation for hinge moment coefficient
b, Slope of hinge moment curve with incidence
b, Constant term in quadratic representing SPPO mode (9, 13)
- a
b, b — —Lb,
a,
b, Slope of hinge moment curve with elevator angle
b, Constant term in quadratic representing phugoid mode (9, 13)

b, Slope of hinge moment curve with tab angle



xiv  List of symbols and abbreviations

by b, — a—3b2
a
o Damper constant (7, 8)
C, Coefficient of A? in longitudinal quartic
C, Coefficient of A? in lateral quartic
Co Drag coefficient, D/;pV2S
Cow Trailing vortex (induced) drag coefficient
Cy Hinge moment coefficient, HApV?S,C,
Chyim Trimmed value of hinge moment
C, Lift coefficient, L/;pV?S
Gy, Lift coefficient in level flight (5)
Ct Poreplane lift coefficient, L'/;pVS;
o) Tailplane lift coefficient, L"/5pV?2S,
cy Wing lift coefficient
Clmax MaxirL\um lift coefficient
Cimg Lift coefficient for minimum drag
Cimp Lift coefficient for minimum power required
Cu Pitching moment coefficient, M/} pV?S ¢
Cuo Pitching moment coefficient at zero lift
Cusx Aircraft pitching moment coefficient with elevator under control
Chtree Aircraft pitching moment coefficient with elevator free to float
'3 Temporary lumped constant
c Wing (section or local wing) chord
c Mean wing chord
¢ Aerodynamic mean chord, see (5.8)
c, Speed of sound
D Drag (1, 2, 3)
D d/d:
D didr
D, Coefficient of A in longitudinal quartic
D, Coefficient of A in lateral quartic
D in Minimum drag
E Constant term in inertial coupling quartic (12)
E Endurance (2)
E, Constant term in longitudinal quartic
E, Constant term in lateral quartic
e Specific endurance (2)
€ 1 — de/da
e, = L/,
e, -1/,
F(A) Characteristic equation
F Vector of forces
F, Vector of aerodynamic forces on aircraft
F, Vector of components of aircraft weight
f Specific fuel consumption, propeller-engined aircraft (2)
f Frequency (10)
f N/L; (12)

5 Specific fuel consumption, jet-engined aircraft (2)
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List of symbols and abbreviations xv

Response polynomials

Elevator gearing, (elevator deflection)/(stick movement)
Linear momentum vector
Acceleration due to gravity
gcos©,

£sin©,

Normalized value of g, = C.
Normalized value of g, = C, tan ©,
Hinge moment

Manoeuvre margin, ‘stick fixed’
Manoeuvre margin, ‘stick free’

cg mafgin, ‘stick fixed’

cg margin, ‘stick free’

Aircraft transfer functions

Angular momentum vector

Height, altitude

Maximum height of mean line above chord line (1)

Components of angular momentum along Ox, Oy and Oz
Equilibrium height

Energy height, h + V¥2g

Screen height

Distance of cg aft of leading edge of amc

Distance of aircraft-less-tail aerodynamic centre aft of leading edge of amc
Distance of manoeuvre point, ‘stick fixed’, aft of leading edge of amc
Distance of manoeuvre point, ‘stick free’, aft of leading edge of amc
Distance of neutral point, ‘stick fixed’, aft of leading edge of amc
Distance of neutral point, ‘stick free’, aft of leading edge of amc
Angular momentum vector relative to cm

Moment of inertia about Ox axis (rolling axis)

Moment of inertia about Oy axis (pitching axis)

Moment of inertia about Oz axis (yawing axis)

Product of inertia about Ox and Oy

Product of inertia about Oy and Oz

Product of inertia about Oz and Ox

1

d, — 11,

, = I,

I/mb*

I/me?

I/mb*

Unit vectors along Ox, Ox,, Ox, and Ox,

General vector quantity
Unit vectors along Oy, Oy,, Oy, and Oy,

Magnitudes of eigenvectors
Proportional control constant (13)
Rate control constant (13)



xvi List of symbols and abbreviations

k, ko,
k. k,

Muv va

qQ

= X XXX

£

X

IR
g

Unit vectors along Oz, Oz,, Oz, and Oz,

Lift(1,2,3,4,5)

Rolling moment (6, 7, 8, 11, 12, 13)

Integral scale length (10)

Lift in level flight (5)

Rolling moment due to aileron deflection

Foreplane lift

Rolling moment due to rudder

Tailplane lift

Wing lift

Rolling moment derivatives, dL/dp, dL/dr, dL/dv, dL/O and 3L/3(

Non-dimensional rolling moment derivative due to rate of roll, Lplichsz
Non-dimensional rolling moment derivative due to rate of yaw, L /}pV,Sb*
Non-dimensional rolling moment derivative due to sideslip velocity,
LJipV.Sb

Non-dimensional rolling moment derivative due to aileron angle, L§/1pVeSb
Non-dimensional rolling moment derivative due to rudder angle, Lc/1pVeSb
Characteristic length

Fin moment arm

Foreplane moment arm (5)

Tailplane moment arm

Rudder moment arm

~LJi,

—LJi,

L Ji,

= Lfi,

Pitching moment

Pitching moment at zero lift

Aircraft-less-tail pitching moment at zero lift

Tailplane pitching moment at zero lift

Pitching moment derivatives, dM/dq, d0M/du,dM/dw, dM/dw and dM/om

Non-dimensional pitching moment derivative due to rate of pitch, Ajiqlsz S¢
Non-dimensional pitching moment derivative due to forward velocity
increment, M/3pV,SC

Non-dimensjonal pitching moment derivative due to vertical velocity
increment, MJ1pVS_

Non-dimensional pitching moment derivative due to vertical acceleration,
M, J3pSC?

Non-dimensional pitching moment derivative due to elevator angle,
M JspV3ise?

Mach number, V/c,

Drag critical Mach number

Mass

Initial aircraft mass

Final aircraft mass

Total fuel used in climb

Fuel mass flow rate
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List of symbols and abbreviations  xvii

Yawing moment

Load factor, lift'weight (3)

Yawing moment due to rudder angle

Yawing moment derivatives, dN/dp, dN/or,dN/dv, dN/OE, and IN/I(

Non-dimensional yawing moment derivative due to rate of roll, N_,/% pV.Sb?
Non-dimensional yawing moment derivative due to rate of yaw, N/;pV,Sb?
Non-dimensional yawing moment derivative due to sideslip velocity,
N,ApV.Sb .
Non-dimensional yawing moment derivative due to aileron angle, Ni/;pVSbh
Non-dimensional yawing moment derivative due to rudder angle, N./3pV2Sb
Normal acceleration factor

=N,

~NJi,

~HN Ji

Aircraft reference axes: Ox in forward direction (for wind axes in direction of
undisturbed flight), Oy towards starboard wing tip, and Oz pointing down-
wards, completing the orthogonal set

Engine power

Equivalent shaft power, P + (T;V/,)

Power required for level flight

Backward force exerted by pilot

Rate of roll

Atmospheric pressure (1, 2, 3)

Atmospheric pressure at sea level

pt

Torque vector

Vector of aerodynamic moments acting on the aircraft

Rate of pitch

qt

Gas constant (1)

Range (2)

Radius of turn (3), of pullout (5)
Routh’s discriminant (9, 11, 13)
Reynolds number, Vifv

Rate of yaw

re

Position vector

Position vector.of cm

Position vector relative to cm
Gross wing area

Spectral density (10)

Foreplane area (5)

Fin area (6)

Taiiplane area

Wing semispan, b/2

Thrust

Jet thrust

Time
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List of symbols and abbreviations

Characteristic time

Time to double initial amplitude of a disturbance
Time to halve initial amplitude of a disturbance
Periodic time

Servomotor time constant

1./t

o/t

/it

1/t

t/t

Aircraft velocity along Ox in disturbed flight, U, + u
Aircraft velocity along Ox in datum flight
Increment in velocity along Ox

ulV,

True airspeed

Aircraft velocity along Oy in disturbed flight (7, 8)
Equivalent airspeed, Wo

Equivalent airspeed for minimum drag

Equivalent airspeed for minimum power
Minimum control speed in air

Minimum control speed on ground

Datum (true) airspeed, resultant of U, and W,
Foreplane volume coefficient, Sglg/S¢

Tailplane volume coefficient, S;I/S¢

Aircraft velocity along Oy in disturbed flight, sideslip velocity
vIV, (= B for small angles)

Rate of climb

Rate of climb at constant forward speed

Rate of descent

Velocity vector

Vector velocity of cm

vector velocity relative to cm

Aircraft velocity along Oz in disturbed flight, W, + w
Aircraft velocity along Oz in datum flight
Increment in velocity along Oz

Rate of gain of energy height (3)

w/V,

Upgust velocity

w/V,

Component of force along Ox

Component of aerodynamic force along Ox
Component of weight along Ox

Forward force derivatives, dX/dq, dX/0u,dX/dw and 0X/dn

Non-dimensional forward force derivative due to pitching velocity, X q/%chS?
Non-dimensional forward force derivative due to velocity increment along Ox,
X pV.S

Non-dimensional forward force derivative due to velocity increment along Oz,
X ApV.S .
Non-dimensional forward force derivative due to elevator angle, X, /4 pvis

- Xq//'ll
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List of symbols and abbreviations xix

Component of force along Oy, sideforce
Component of aerodynamic force along Oy

Component of weight along Oy
Yawing moment derivatives, 3Y/dp, dY/dr,dY/dv, dY/0E and 3Y/0C

Non-dimensional sideforce derivative due to rate of roll, Yplg pV.Sh
Non-dimensional sideforce derivative due to rate of yaw, Y,/i pV. Sb
Non-dimensional sideforce derivative due to sideslip velocity, Y./ pv.S
Non-dimensional sideforce derivative due to aileron angle, Yglz pvis
Non-dimensional sideforce derivative due to rudder angle, Y4/2 pves
Spanwise distance (5, 7)

Lateral velocity of cg relative to mean flight path

—Yim

Component of force along Oz
Non-dimensional vertical force derivative due to pitching velocity, Zq/§ pV.S¢
Non-dimensional vertical force derivative due to velocity increment along Ox,
ZipV.S
Non-dimensional vertical force derivative due to velocity increment along Oz,
Z/pV.S
Non dimensional vertical force derivative due to acceleration along Oz,
Z/ApV.S
Non-dimensional vertical force derivative due to elevator angle, Z JiPVES
=Z /i

-Z,
-Z,

=ZJu,
-Z,
Incidence, angle between chord line and free stream wind direction
Incidence of aircraft-less-tail no-lift-line (5)
Incidence at zero lift
Angle between Ox and flight path in datum conditions (o, = O for wind axes)
Tailplane incidence
Sideslip angle

J1-m?

Dihedral angle

Angle of descent

Relative pressure, p/p, (1)

Unspecified control angle

Downwash angle

Rudder angle

Relative damping, (actual damping)/(critical damping)
Change of rudder angle from trimmed position
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Elevator angle

Propeller efficiency (2, 3)

Change of elevator angle from trimmed position
Elevator angle for zero hinge moment (5)
Tailplane setting angle

Elevator angle for trim

Climb angle

Angle between Ox and horizontal in datum conditions
Angle of pitch

Temperature

Temperature at standard sea level conditions
Sweepback angle

Eigenvalue, root of characteristic equation
Temperature lapse rate in atmosphere (1, 3)
Friction coefficient (3)

Aircraft relative density parameter, m/pSiy (5)
Longitudinal relative density parameter, m/} pSC
Lateral relative density parameter, m/} pSh
Kinematic viscosity

Aileron angle

Change of aileron angle from trimmed position
Air density

Sea level air density

Relative density, p/p,

Magnitude of time unit, m/3pV.S

Angle of bank

Phase angle

y/V,

Angle of yaw

Wave number, spectral frequency, 2nt/(wavelength)
Rate of turn (3, 6)

Approximate circular frequency of SPPO mode
W,T

Circular frequency of directional osciilation
®,1T

Abbreviations

AFCS Automatic Flight Control System
amc Aerodynamic mean chord

cg Centre of gravity

cm Centre of mass

eas Equivalent airspeed

ESDU Engineering Sciences Data Unit
PSD Power Spectral Density

sfc Specific fuel consumption

SPPO Short Period Pitching Oscillation
tas True airspeed
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Note to undergraduate students

This book was written with you in mind and my hope (probably forlorn) is that it is possible
to read it from start to finish as one would a novel, except that it might take much longer.
However, a textbook is a tool to be used in a variety of ways; use the index to find an alterna-
tive treatment of a concept you have been given in a lecture, follow through a worked example
or just ‘browse’. It is my sad duty to inform you that the secret of passing examinations
in this subject (and others) is to solve as big a variety of problems as possibie. You will find
some at the end of most chapters; they are arranged roughly in order of increasing difficulty.
Answers, partial or complete, are given for those with (A) at the end, but before looking to see
if your answer is correct please ask yourself if it is a reasonable result. You should not ignore
the problems for which no answer is given; answers are not given on examination papers and
still less are they given out there in the real world. Lastly, decimal numbers in parentheses,
such as (3.56), are equation numbers with the first number giving the chapter.



1
Introduction

1.1 The travelling species

From the time of our emergence as a separate species Homo sapiens has been a traveller,
firstly on foot, then using animals and finally developing vehicles. Originally the journey was
a daily search simply for food; later it was for new pastures for his animals or better land to
grow crops on. This has led to the spread of the species to almost every part of the globe and
to the present situation where journeys are made for every imaginable purpose. In spite of the
development of telecommunications it appears that every year more people travel greater and
greater distances, mostly by air. The vehicles have developed from sledges and carts to
aircraft and spacecraft. Two broad characteristics of the vehicles have concerned us from the
beginning: how far and how fast they can go and their control and stability. The load a horse
can be expected to pull in a cart and how far in a day was of interest; there must be a means to
stop, start and steer, and even a cart can overturn if overloaded and a corner is taken too fast.

This book then is concerned with one of mankind’s most productive forms of transport and
its performance, stability and control characteristics. The later sections of this chapter are
intended to be an introduction to the characteristics of aircraft that determine the perform-
ance, to engine performance and to the relevant properties of the atmosphere. Chapters 2 and
3 deal with aircraft performance, defined not only as how far and how fast it can fly, but also
such things as the ability to climb, turn, take off and land. The performance of the aircraft is,
of course, the reason for its existence and the most important starting point for design. The
rest of the book is concerned with the stability and control of aircraft to which Chapter 4
forms an introduction.

The safety of the occupants and of the aircraft is one basic driving force in what we choose
to study. The design and operation of aircraft is highly circumscribed by government safety
regulations and we shall make occasional references to various airworthiness requirements
but in no way will they be covered in detail.

1.2 General assumptions

The feature which characterizes all the topics dealt with in this book is that we are dealing
with the interaction between the dynamics of the aircraft and the aerodynamic forces and
moments generated on its surfaces by the motion. Other factors such as gravity have also to be
included. However, the real situation is far more complex than we can reasonably hope to
analyze completely. The atmosphere is a variable mixture of gases and vapours; it is never
completely at rest and its properties such as density, pressure and temperature vary with
position and time. The acceleration due to gravity varies slightly with latitude and height. The
aircraft is an elastic body, distorting with every load on it, and losing mass as it burns fuel and
uses other consumables. We therefore have to make a number of general assumptions.

o The aircraft is flying in a stationary atmosphere having constant properties.
o The aircraft does not deflect due to the loads placed on it.
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e The aircraft is of constant mass.
e The acceleration due to gravity is constant.
o Accelerations of the aircraft due to motion about a curved rotating Earth are negligible.

These assumptions will apply throughout unless it is specifically stated otherwise. Probably
the least justifiable assumption is the second which can have serious consequences if its
effects are totally ignored.

For the purposes of determining aerodynamic forces and moments it does not matter if we
consider the aircraft or some component of it to be flying at velocity V (a vector) through
stationary air, or the aircraft or component to be stationary in a uniform, unbounded airstream
of steady velocity —V at a large distance ahead. We shall use whichever point of view is the
more convenient at the time.

Throughout this book we will keep strictly to the use of consistent units (e.g. SI) for
simplicity. The practising aeronautical engineer, however, uses the most convenient units
(such as dN, hours and knots) correcting the equations with suitable numerical constants.

1.3 Basic properties of major aircraft components

Before we begin to discuss the performance, stability and control of aircraft we need to have
some general information on the components of the aircraft, a basic idea of their function and
how their characteristics depend on such parameters as Mach number and geometry.

1.3.1 Functions of major aircraft components and some definitions

We must first be clear on the main functions of each component of the aircraft. These are
summarized in figure 1.1 which shows an aircraft in level flight.

lift

ailerons  High lift flaps

weight tailplane

Fig. 1.1 Main components of an aircraft and primary forces

The primary function of the wings is to provide lift, which is defined as the aerodynamic
force at right angles to both the direction of motion and the wing surface and therefore in this
case vertically upwards. The lift at a constant speed and height can be varied in at least two
ways. The usual method is to vary the attitude of the aircraft and therefore that of the wings
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to the direction of motion. A common secondary method, normally used only at low speeds,
is to deploy what are known as high lift devices. The wings also carry the ailerons which can
provide a moment about the direction of flight to provide control in roll. The function of the
fuselage is to carry and protect the crew, much of the equipment and the payload; in the case
of an airliner the latter are the passengers and freight. It also transmits loads from the
tailplane and fin at its rear. The fin provides directional stability by generating sideways lift
if it becomes inclined to the local airstream. The rudder is used to provide a moment about a
vertical axis through the cg for control purposes; it is considered to be part of the fin.
Similarly the tailplane provides stability about a spanwise axis and carries the elevator which
provides control about that axis. The engine or engines, if present, are to provide a forward
force to overcome the drag of the remainder of the aircraft and to enable the aircraft to climb
and accelerate.

Collectively the wing, tailplane and fin are the ‘lifting surfaces’ of the aircraft and to discuss
their characteristics we must first set out some definitions. A typical wing section is shown in
figure 1.2.

maximum thickness, t
maximum camber, h

chordline .
2{\ mean or camber line
ol — L —F—
trailing edge
l‘ chord ¢ 9 6%
1

Fig. 1.2 Definition of terms used in describing a wing section

The chord line is a straight line drawn through the centres of curvature of the leading and
trailing edges, and the chord, c, is the length of the chord line between the leading and trailing
edges. For the present we will define the wing section incidence angle, a,' as the angle
between the chord line and the direction of the oncoming airstream. Two ratios are frequently
used to characterize the section. These are the ‘thickness chord ratio’ defined as T = t/c and the
‘camber ratio’ defined as y = h/c, where ¢ and k are indicated in figure 1.2.

We turn now to definitions relating to wing planforms; these are often trapezoidal or nearly
s0, as shown in figure 1.3,

It is usual to define the planform by continuing the leading and trailing edges through the
fuselage to the centreline. The ‘gross wing area’, S, is then the plan area of the wing including
the part within the fuselage, which for a trapezoidal wing is

S =mean chord(¥) x span= %ib (1.1)

where b is the span. The gross wing area is used chiefly to define coefficients for the whole
aircraft. The aspect ratio, A, is defined as (span)/(mean chord) and can be variously expressed as
A=bIT =b*/bT = b*S = SIF? (1.2)

The wing taper is described by the taper ratio A, defined as A = ¢/c,, where ¢, and c, are the
centreline and tip chords respectively. Sweepback is measured by the angle A between a line
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at a constant fraction, k, of the chord and a line perpendicular to the centreline in plan view as
shown in figure 1.3. The fraction of the chord used is indicated by using k as a subscript, thus
the sweepback angle of the quarter chord line is written A,,,. These definitions can be applied
equally to tailplanes and to fins but in the latter case the chord at the base of the fin is usually
taken as c,.

ol trailing edge
c
)
7))
_ R _ _ ~ o
"
\ Q
NN
sweepback \\
angle Ay \
ke \:—
Fig. 1.3 Definition of terms used in

describing a wing planform —_—

1.3.2 Lift characteristics of wing sections and wings

In this section we will describe the lifting characteristics of wings. Although modern
computer based methods can calculate the complete flow around a wing directly and hence
find all the forces on it, the simplest way to approach the lift characteristics of a wing is to first
consider those of the wing section. The characteristics of a wing section are those found, for
instance, using an accurate theory applied to a wing of infinite span having the same section.
Alternatively the characteristics are those found in an experiment in which the wing spans
the width of the windtunnel and accurate corrections have been made for the presence of the
tunnel walls and their boundary layers. A real wing may have a spanwise variation in its

CL lift CL
coefticient
stall
,@
—— N

/t
. . Ay
incidence o / o

(a) (b)

A %4

Fig. 1.4 Variation of C, with incidence: (a) symmetrical section, (b) cambered section
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section or be twisted; we can, however, ignore these complications for the present. The lift of
a wing is best expressed in terms of the lift coefficient C;, defined as

L
oy TpVs (1.3)
where L is the lift and p the air density. A typical curve showing the dependence of the lift of
a symmetrical section with incidence is shown in figure 1.4(a).

It can be seen that the variation is a linear one for moderate angles of incidence, but when
the incidence is about 15° the flow separates from the upper surface and the magnitude of the
lift decreases again. This flow separation is referred to as ‘stalling’. A symmetrical section is
satisfactory for tailplanes or fins which are required to produce lift in both directions. Wings,
however, are mostly required to produce positive lift and so we camber the section which has
the effect of raising the curve as shown in figure 1.4(b). This also raises the positive stalling
value of the lift coefficient, C,,,,, and causes the lift to become zero at a negative angle of
incidence, known as the no-lift angle o, The main characteristics of the lift curve of interest
are then the lift curve slope, a, = dC/da, o, and C, ..

The lift curve slope depends on the thickness chord ratio, the Reynolds and Mach numbers
and the angle between the upper and lower surfaces at the trailing edge. At low Mach numbers
(M < 0.4) and typical Reynolds numbers for an aircraft, the lift curve slope is given approx-
imately by the semi-empirical expression

a.=5.65(1 + 0.87) (1.4)

where the incidence is measured in radians. Most subsonic aircraft have thickness chord ratios
of about 0.14 so that a,, is approximately 6.3. The effect of Mach number is to produce a
distinct peak in the lift curve slope near to a Mach number of one as shown in figure 1.5.

lift curve slope a
H
1

¥ T

T T
0 05 1.0 1.5 20 25
Mach number M

Fig. 1.5 Variation of lift curve slope for a wing section with Mach number
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The effects of Reynolds number and trailing edge angle are much smaller; the lift curve
slope increasing with increase of both factors.

More accurate data can, of course, be obtained from careful experiment or from compu-
tational fluid-dynamics. When these are not available the ‘Data Items’ of the Engineering
Sciences Data Unit (ESDU) will often provide the information. These are based on theory,
where applicable, correlated with experimental data. In the rest of this book these will be
referenced by quoting the number of the relevant Data Item in brackets without further expla-
nation.2 Another similar source of information is reference (1.1). In the case of sectional lift
curve slope much better data than (1.4) is available (Aero W.01.01.05).

Turning to the lift curve slope of a finite wing, a, this depends on the aspect ratio, sweep-
back angle, taper ratio, Reynolds and Mach numbers and for subsonic wings the sectional lift
curve slope. For unswept wings at low Mach numbers we can use the approximate relation

a= a4 (1.5)
a_ + nJAz + 4

which is shown plotted in figure 1.6.

a, =63

lift curve slope a

T T ¥
0 2 4 6
aspect ratio A

0 -4

10
Fig. 1.8 Variation of lift curve slope for a wing section with aspect ratio

The dependence on Reynolds number in this case is expressed through the value of a... The
effect of Mach number is to produce a variation similar to figure 1.5 but with lower values.
Sweepback reduces the lift curve slope at all Mach numbers; a crude theory suggests that itis
proportional to the cosine of the sweep angle. The effect of taper ratio is slight. Better values
are available for subsonic speeds (70011) and for supersonic speeds (70012).

The no lift angle of wing sections at subsonic speeds is given roughly by

o= — 2y (1.6)

where 0, is measured in radians and is the same for plane wings. For more accurate results the
shape of the whole camber line must also be taken into account (72024); twisting a wing also
changes the no lift angle (87031). At supersonic speeds the no lift angle is close to zero.
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1.3.3 Maximum lift and the characteristics of flaps

The maximum lift coefficient in two-dimensional flow depends on the aerofoil section geom-
etry, the surface condition (rough or smooth) and the Reynolds and Mach numbers. There are
basically two types of stall, those in which the separation starts predominantly from just
behind the leading edge and those which start from the trailing edge. The boundary between
the two depends on the leading edge radius, and the maximum lift for the first type varies with
the same parameter. This parameter is often not easily available and it is usually substituted
for by a parameter such as the section thickness or upper surface ordinate just behind the
leading edge. The maximum lift of aerofoils which have rear separation depends on the
geometry of the rear part of the section; the camber is also a significant parameter for both
types as we saw in the previous section. Thin (1 < 0.08), smooth, symmetrical aerofoils, which
inevitably have small leading edge radii, have C, . values of 0.9 or less. The highest values
are achieved by aerofoils with fairly large thicknesses and leading edge radii and so have rear
separations. Values of the order of 1.6 for conventional sections and up to about 2.0 for
modern aerofoils which have been specifically designed for high lift can be achieved.
Roughness of the surface causes a considerable reduction in these values. Increase of
Reynolds number increases maximum lift rapidly up to Reynolds numbers of the order of 10’
for smooth aerofoils (84026). Compressibility effects reduce the maximum lift, starting in
some cases at Mach numbers as low as 0.2; however, maximum lift recovers to some extent
ataround M = 1.

Finite wings generally have rather lower values of maximum lift as once the wing has
stalled at one spanwise station the separated flow region spreads rapidly. Sweepback causes
wings to stall earlier due to unfavourable effects on the boundary layer. Low aspect ratio delta
wings and wings of similar planforms with thin sections are a special case and have higher
than expected values of C,,,, due to the appearance of leading edge vortices. Stalling angles
are also much increased, values of 30-35° being normal.

Buffeting is defined as the more or less regular oscillation of a part of an aircraft caused by
the wake from some other part; often it is oscillation of the tailplane due to flow separation
from the wing, aggravated by compressibility effects. A common cause is separation of
flow in the wing—body junction. The effect of buffeting is to limit the usable C, to rather less
than the true C, ,,, and a ‘buffet boundary’ appears on a plot of C, against M. A typical buffet
boundary is shown in figure 1.7.

0 .J___I\( T -
Fig. 1.7 Typical buffet boundary Mach number M

Flaps were originally front or rear parts of wing sections which were hinged and could
move up or down; in doing so the effective camber of the section was changed, thus changing
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the lift. Leading edge flaps and control flaps such as the aileron, elevator and rudder are still
basically of this form: see figure 1.8(a).

Fig. 1.8 Various types of high lift flap: (a) simple flap, (b} slotted flap, (c) double slotted flap, (d) Fowler
flap

However, trailing edge high lift flaps have undergone considerable development and have
additional methods of increasing the lift. Many configurations of high lift flaps have been
tested, but modern versions can be seen as developments of simple flaps along two lines. The
first is the single slotted flap, which has a carefully shaped gap between the flap and the main
surface, and is shown in figure 1.8(b). Air is allowed to flow from the high pressure area on
the underside to the upper which re-energizes the boundary layer on the flap, increasing the
maximum deflection possible and hence the lift. Sectional lift coefficient increments of the
order of 1.0 are possible with flap chords of 25 per cent of the wing chord and flap deflections
of 50°. A development of this form is the double slotted flap as shown in figure 1.8(c); lift
coefficient increments of the order of 1.5 can be obtained in this case. The wing area is
increased to a small degree with these types of flap as the elements are moved rearwards as
well as rotated for optimum results. This second method of increasing the lift is carried to
much greater lengths with the Fowler flap illustrated in figure 1.8(d). Similar lift increments
as for the double slotted flap are obtainable; more accurate values for all these types are
available (Aero F.01.01.08 and .09). Flaps normally only extend over part of the span, reduc-
ing the increment in the practical case (74012). Deployment of high lift flaps also increases the
maximum lift coefficient available but this increment is generally less than that at an incidence
well below the stall (85033). Both types of flap can be seen in figure 1.9. The high lift flaps
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Fig. 1.9 Airbus showing both types of flap. (Courtesy British Aerospace)

occupy the inboard portion of the wings; the ailerons can be seen further outboard on the
wings and the rudder on the fin.

Leading edge devices can also be used to increase the maximum lift. In this case there is a
small loss of lift at zero incidence but the slope is slightly increased and the curve extended so
that C, .., is considerably increased, as shown in figure 1.10(a).

effect of leading edge device
Co|

(b)

(a) ()

Fig. 1.10 Leading edge flaps: (a) typical lift curve, (b) simple hinged flap, (c) slotted flap, in deployed
position

By contrast with trailing edge flaps the extra lift is obtained at increased incidence, which is a
slight disadvantage, and these flaps are usually only employed in conjunction with trailing edge
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flaps. The simplest device is the leading edge flap shown in figure 1.10(b) and is just
the forward part ‘of the section hinged to move downwards. On a thin wing section a G,
increment of about 0.5 can be achieved using a 15 per cent chord flap; somewhat less will be
obtained in the case of a finite wing (85033, 92031). The slot principle is used in the leading
edge slat shown in figure 1.10(c), and gives a slightly greater lift increment.

Other devices such as vortex generators, suction and blowing can also be used to augment
the lift.

1.3.4 Estimation of drag

The normal method of estimating the drag of an aircraft is to estimate the drags of the compo-
nents separately and then add them together. This usually underestimates the drag, and since
the boundary layers on the components will interact at their junctions, causing further drag, it
is usual to factor the sum by a constant for ‘interference drag’. In fact gaps, leaks, excres-
cences and roughness also contribute and their effects are often included in the factor. We can
then write the drag of the aircraft as

D=k{D

wing

+ Dfuse + D,

nacelies

+ elc.)

where k is the ‘interference factor’. The wing drag can be expressed in the form }pV’SN,
where Sy is the nett or exposed area of the wing, since that part of the gross wing area falling
inside the fuselage can have no drag. The drags of the other components are expressed simi-
larly and, dividing through by 2pV?S, we find the drag coefficient for the whole aircraft as

S
CD = k(CDwing TN + CDfusc

Sm” + CDnacelles Sn‘;"“ + elc.) (17)

where Cpy,. is the drag coefficient of the fuselage based on the area S, and so on. Fuselage
drag is usually based on the wetted area, and that of bluff components such as the under-
carriage on the frontal area.

There are many mechanisms for the production of drag and we can draw a tree diagram to
illustrate the breakdown of the drag according to the various mechanisms: see figure 1.11.

total drag
l
surface friction drag normal pressure drag
boundary layer trailing vortices shock waves
| B TV or induced
BLNPD or viscous lift- drag* wave drag due  wave drag
form drag dependent drag” to thickness due to lift*

Fig. 1.11 Breakdown of drag by mechanisms. Asterisks identify lift-dependent drags

Drag appears on the components of the aircraft in two fundamentally different ways; either
as shear stresses on the surface or as the streamwise components of normal pressures.
Although the viscosity of air is very small, the velocity gradients at the surface of a body are
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large and the resulting ‘surface friction drag’ is significant. All other forms of drag appear as
a result of normal pressure effects, the ‘normal pressure drags’.

The normal pressure drag of a two-dimensional aerofoil in inviscid, incompressible flow
can be shown to be zero. Three main effects in real fluids give rise to drags of this type. In a
viscous fluid the presence of a boundary layer modifies the flow pattern and hence the pressure
distribution on the wing and this produces a nett drag. This is correctly known as ‘boundary
layer normal pressure drag’ (BLNPD), but is more conveniently referred to as ‘form drag’; for
low speed aircraft the sum of the surface friction and form drags is referred to as the ‘profile
drag’. Boundary layer effects also reduce the lift curve slope of the wing and hence its surface
is more inclined to the direction of motion for a given lift, giving rise to ‘viscous lift-depen-
dent drag’. Secondly, the wing has a finite span and this gives rise to wing tip vortices if the
wing is producing lift; the energy required to generate these continuously appears as a normal
pressure drag. This is known as ‘trailing vortex drag’, “TV drag’ or ‘induced drag’. If the flight
speed is high enough for shock waves to appear then the energy loss they represent appears as
a normal pressure drag. At zero lift this is known as ‘wave drag due to thickness’; incidence
effects modify the shock waves giving an additional drag, which is known as ‘wave drag due
to lift’.

Several forms of drag have been omitted from the figure. First, there is ‘spillage drag’
which arises from the interaction of the airflow into the engine with that around other compo-
nents of the aircraft; it is usually only important at supersonic speeds. Second, there is ‘trim
drag’ which arises from the need to balance aerodynamic moments about the centre of gravity
in steady flight. Another effect not explicitly appearing in the figure is that due to the propeller
slipstream; the increased airspeed in the slipstream raises the drag of parts of the aircraft
within it. Each component of the aircraft may have a contribution to its total drag from each
of the mechanisms that have been described and it is convenient to collect all these drags into
two terms, the ‘no-lift drag’ or ‘datum drag’ and the ‘lift-dependent drag’. The latter consists
of the items marked with an asterisk in figure 1.11. A typical value for the interference factor
is 1.15, although if we were confident that some types of drag were accurately estimated, for
instance the lift-dependent drag, a value nearer unity could be employed for them.

The estimation of the no-lift drag of the wing, tailplane and fin follows similar lines.
Conventionally the surface friction drag of a wing is taken to be the same as for a thin, flat
plate under the same conditions. This is a function of the Reynolds number (based on the
chord) and the boundary layer transition position. At typical aircraft cruising speeds the
natural position for transition on a smooth wing is at about 10 per cent of the chord, and figure
1.12 shows the variation of the surface friction coefficient with Reynolds number for this case.
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Fig. 1.12 Variation of friction drag coefficient on a flat plate with Reynolds number
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More accurate data are available (68019, 68020 and Aero W.02.04.01). The profile drag is
then estimated by multiplying the surface fraction by a factor A given approximately by

A=1+351 (1.8)

assuming transition is at about 10 per cent. The profile drag can be estimated more accurately
by allowing for its dependence on transition position and aerofoil section shape (Aero
W.02.04.02 and .03). In practice the transition position varies with incidence, giving a small
variation of profile drag; at incidences approaching the stall, short regions of separated flow
may appear, further increasing the drag. When the wing stalls there is a large increase in
profile drag. Wing drag is a very significant part of the total aircraft no-lift drag and special
low drag aerofoil sections have been developed to reduce it. These have a pressure distri-
bution on the upper surface which is favourable for the maintenance of a laminar boundary
layer on a larger part of the upper surface over a range of lift coefficients. The resulting profile
drag coefficient variation with lift coefficient has a ‘bucket’ in it as shown in figure 1.13.

CDp

low drag aerofoil

conventional aerofoil
Flg. 1.13 Variation of profile drag for
conventional and low drag wing sections with
lift coefficient

Cy

Trailing vortex drag depends on the aspect ratio, A, the sweepback angle and the taper ratio.
Theoretically, about the minimum is achieved by an untwisted wing with an elliptic planform,
and has a value given by

G

Conn =— 1.9
Dtv A ( )

The trailing vortex drag for other planforms is obtained by multiplying this value by a
factor (74035); for unswept wings it is approximately 1.1. The viscous lift-dependent drag
is normally about 10 per cent of the trailing vortex drag but can be estimated more accu-
rately (66032).

1.3.4.1 Effect of compressibility on drag

We need to discuss some aspects of the effect of compressibility on the drag of aircraft. As the
Mach number is increased from a low value the speed of the air over the wing increases
steadily until at some point the speed reaches the local speed of sound; this Mach number is
known as the ‘critical Mach number’. At a slightly higher Mach number a shock wave appears
on the upper surface and the drag rises rapidly. The Mach number at which the no-lift drag
coefficient has risen by a small fixed percentage above the low Mach number value is known
as the ‘drag critical Mach number’, Mp,. The variation of no-lift drag coefficient with Mach
number is shown in figure 1.14; as can be seen My, varies with lift coefficient.
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Co,
increasing C
‘\
shock
wave
C>
Fig. 1.14 Definition of M., Mpce M

M,.. depends on wing aspect ratio and sweep and most critically on the wing section
(67011); in recent years a great deal of research effort has been expended on developing wing
sections with improved performance in this respect.

The no-lift drag coefficient reaches a maximum close to a Mach number of unity and falls
off thereafter; a typical variation is sketched in figure 1.15. Also shown (to a different scale)
is a typical variation of (lift dependent drag)/C?.

no-lift drag coeffiicient

no-lift drag coefficient
lift--dependent drag/C;?

lift-dependent drag/C, 2

Fig. 1.18 Variation of aircraft no-lift
drag coefficient and lift-dependent 0 1.0
drag coefficient with Mach number M

1.3.4.2 Drag polars
A drag polar is the variation of Cp, as a function of C, rather than with incidence; the former
is more useful as C, is related to many other variables. We have already noted that the lift-
dependent drags are directly proportional to C}; we can often ignore the slight variation of the
other forms of drag with incidence, or assume the variation is also proportional to C7, and
write as an approximation

Cp=a + bCl (1.10)

where a and b are constant at Mach numbers below My,,.* This form also suits best-fit lines
to experimental determinations of the drag polar. Some authors use the symbols Cp, or Cp,
and k for these quantities.

1.4 Engine characteristics

There are a very large number of types of engine which have been, or could be, used to power
an aircraft. A short list would consist of petroleum fuelled piston engines, turboprops, pure
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turbojets, bypass turbojets or turbofans, ramjets and rockets. The first two types need a
propeller to convert shaft power into thrust; the turboprop has most of its output in the form of
shaft power but a small jet thrust is also produced from the turbine exhaust.

The type of engine chosen to power an aircraft depends on which type gives the most
efficient and convenient operation for its function; a balance needs to be struck between the
weight of the engine and that of the fuel. A relatively heavy engine with low fuel consumption
may be optimum for a long range aircraft, while a lighter engine with heavier fuel consump-
tion might be chosen for a short range aircraft. Propellers are not suitable for use at and above
transonic speeds in general. The result is that generally aircraft of a given type will have the
same type of engine. Thus light aircraft have piston engines and propellers, small airliners and
business aircraft have turboprops, medium and large civil transport aircraft have high bypass-
ratio turbofan engines, and combat aircraft have low bypass turbofans. Concorde has pure
turbojet engines but future supersonic airliners are likely to have hybrid engines which func-
tion as low bypass turbofans subsonically but change their internal configuration to a pure
turbojet for supersonic operation.

The most interesting characteristics of an engine for our purposes are the shaft power, if it
is a piston or turboprop engine, or the thrust for the other types, and the fue! consumption. For
a turbojet engine the specific fuel consumption (sfc) is defined as the rate of consuming fuel
mass divided by the thrust. The units will be of the form grams/second/newton (g s ' N™') or
pounds/hour/pound (Ib h™' 1b™"). Figure 1.16 shows the variation of sfc with thrust for a range
of Mach numbers and heights for a typical turbofan engine in the 70 000 Ib class with a bypass
ratio of 5.

The 70 000 1b is approximately the maximum sea level thrust and it can be seen that the
thrust falls off rapidly with height. The sfc increases steadily with Mach number and is weakly
dependent on thrust and height.

For the sake of comparison with the turbojet engine the specific consumption of a turboprop
engine and propeller combination may be defined as above on the basis of the sum of the
propeller thrust and residual jet thrust. Figure 1.17 shows the variation of shaft power, residual
thrust, propeller thrust and sfc for a typical turboprop engine in the 1800 shaft hp class
equipped with a propeller of an efficiency of about 79 per cent.

Turboprop engines are usually designed to run at a constant rotational speed, the power
absorbed by the propeller being varied by varying the pitch of the blades. We see that the shaft
power falls with altitude and increases with Mach number, while the specific fuel consump-
tion (as defined in this case) is constant with height but also increases with Mach number.
Comparing the two types of engine the turbojet has a sfc in the range 0.49-0.66 whilst that of
the turboprop combination has a range of 0.36-0.56.

More usually the specific fuel consumption is defined for the engine alone as the rate of
consuming fuel mass divided by the power produced; because some useful jet thrust is
produced, the power it represents has to be included by defining an equivalent power (ehp).
The form of the units in this case is pounds/hour/ehp (Ib h™* ehp™!) or milligrams/second/watt
(mg s™' W™!) which equates to milligrams/joule (mg J™').

1.5 Standard atmospheres

To deal with the problem of the variability of the atmosphere a number of standardized atmos-
pheres have been agreed internationally, the chief of which is known as the International
Standard Atmosphere (ISA). This has the standard temperature of 15°C (288.15 K) as the sea
level value and so corresponds to the average atmosphere in temperate zones. Temperature
falls linearly with height up to a height of 11 km; this region is known as the ‘troposphere’.
Above this height, known as the ‘tropopause’, the temperature is constant up to a height of 20
km and this regioh is known as the ‘stratosphere’: see figure 1.18.
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The rate of decrease of temperature with height, known as the ‘lapse rate’ 4, has a value of
6.5 Kkm™', giving a temperature of 216.15 K in the stratosphere. These temperatures are
mean values based on observation; theory is then used to deduce the variation of pressure and
density and other properties with height.

The first piece of theory required is the ‘buoyancy relation’; consider a cylindrical element
of the atmosphere with end area A, as shown in figure 1.19. The pressure at any point in the
atmosphere is due to the weight of air above it, and therefore decreases with height. However,
as we measure height upwards, we will take the pressure as p on the lower end of the cylinder
and p + dp on the upper. Hence there is a nett upward force due to the pressure of pA — (p +
dp)A = —Adp. This is balanced by the weight of the element pg.(volume) = pgAdh, where p
is the (mass) density of the air. Equating these we find

dp
-— 1.11
Pg ( )
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p*dp

area A

Fig. 1.19 Forces on an isolated cylinder in the atmosphere 7‘5777777777777777

1.5.1 Pressure and density in the troposphere

If we write the temperature at height 4 as ¥ and its value at sea level as 8, we have the temper-
ature variation with height in the form

O=10, — Ah ' (1.12)

so that if we find pressure in terms of temperature we can find it in terms of height. We also
have

w__,
dh

and combining this with (1.11) gives
9 _ps
dg A

We now substitute for p from the equation of state in the form p = pR¥ to give

S __re
d¥ ARV
or rearranging
d_gdd
p AR D
Finally, integrating gives
8
1 =-==In(kd 1.13
n(p) R n(kd) (1.13)

where k is a constant of integration. To eliminate this we assume that the pressure at sea level
has the value p,, then from (1.13)

ln(po)=f§-ln(kz90)
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We subtract this expression from (1.13) and use the fact that In (p) — In (p,) = In (p/p,).

Taking exponentials we find
9 gl AR
5=_PL=(_J (1.14)
Po

where J is known as the ‘relative pressure’. Using (1.12) and the numerical data for the ISA
we find

Ak 2/ AR
5=(1 - 0-) =(1 - 0.002 2564)*** (1.15)

0

where the value for the R has been taken as 287.053 N m (kg K)™' and A is given in km.
Similarly the ‘relative density’ is defined as o = p/p,, where p, is the sea level density, and
from the equation of state we have

P _PY% _sV
Po P 2§
hence (21 AR)~1
o= (1 - ,9—) =(1 — 0.002 2564)***° (1.16)
[}

Ah
If we eliminate the bracket (1 - —) between (1.15) and (1.16) we find

¥,
/AR
§=0", wheren=—3"2" __ -1235 1.17
where n (g/ )_1 ( )

n is referred to as the ‘polytropic index’ for the atmosphere.

1.5.2 Pressure and density in the stratosphere

In this case the temperature is constant at ¥, say; then again using the equation of state to
eliminate p from (1.11) we have

p___&
an~ Ro,”
Rearranging gives
b___2& 4
p RV,

and integrating

=8 1.18
In(p) RO (h + k) (1.18)
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where k is another constant of integration. The initial conditions at the height of the
tropopause, h,, are p = p, and p = p,, so that (1.18) gives

g
RY,

In(p)=——"=(h + k)

Subtracting this from (1.18) and taking exponentials gives

P _ __8 (h—
o exp( ) (h k‘)]

Now 6=2= LA . —R—, and the relative pressure in the stratosphere is

Po P Po P

6=6‘cxp(—Egﬂ—(h - h,)]=0.223 36 exp (—0.015 805(h — h,)) (1.19)

using numerical data for ISA. For the relative density, noting that in an isothermal atmosphere
p o< p, we have

then

0 =0,exp (—?gﬂ——(h — b, )) =0.297 08 exp (—0.015 805(h — h,)) (1.20)

Tables of the variation of the characteristics of the atmosphere with height are available in
many aerodynamics textbooks (68046, 77021, 78008). For other parts of the world there are
other standard atmospheres, ranging from Tropical Maximum to Arctic Minimum, each with
suitable temperature profiles with height (78008). There are also off-standard versions of the
ISA in which the temperature in the troposphere is raised or lowered by a constant amount.
Such atmospheres are denoted by putting the increment (in Celsius) after the letters ISA, for
example ISA + 10 (68046).

Student problems

1.1 A wing of zero sweep has an area of 108 m?, a span of 28 m and a thickness/chord ratio
of 0.135. Using (1.4) and (1.5) find the lift curve slope. (A)

1.2 An aircraft, equipped with an engine whose characteristics are given in figure 1.17, is
flying at a height of 20 000 ft at a speed of 142 m s”!. Find the fuel flow rate. The speed
of sound may be taken as 20.08V9 and 1 km = 3281 ft. (A)

1.3 The Arctic Minimum Atmosphere is defined by the following table of temperatures and
heights:

Height (m) 0 1524 3048 10 668 20000
Temperature (K) 223.15 238.15 238.15 203.15 203.15

The pressure at sea-level is taken as the standard ISA value. Find the ratio of the air
density at each of these heights to the standard density in the ISA at sea-level. (A)
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1.4 Show that the quantity (1/0%)do/dh (used in Section 3.3.2) in the troposphere is
given by

1.5 Use a spreadsheet to produce a table of relative temperature, density and pressure as a
function of height in the ISA. Use steps of height 0.5 km up to 11 km and steps of
height 1 km from there on. Check the results against a published table. Extend the table
to cover other quantities such as relative speed of sound and relative kinematic viscosity
using Sutherland’s formula for the dynamic viscosity:

pod(s+ C)

where for air, C = 114.

Notes

1. The term *angle of attack’ is also used. The term ‘angle of incidence’ originally meant the angle that
the wing is set relative to the fuselage, but this meaning has completely fallen into disuse in Great
Britain.

2. The references are to the main Data Items on any topic and are not intended to refer to all the
information available.

3. The symbol b is also used for the wing span; the meaning intended should, however, be clear from
the context.

Background reading
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Performance in level flight

2.1 Introduction

In the air an aircraft spends the vast majority of the time in level flight, which makes this a
logical topic with which to start our discussion on performance and enables the introduction
of some unfamiliar ideas in a simple context. In this chapter we will discuss the maximum
level speed, level acceleration, range and endurance. The latter is the time for which an
aircraft can fly and has applications for such operations as surveillance. We also include
cruise-climb techniques although obviously they are not strictly speaking level flight.

In this chapter and the next we will treat the aircraft as if it were simply a point with mass
acted on by forces. We are therefore assuming that all moments are continuously in balance.

2.2 The balance of forces

In level accelerated flight the forces on an aircraft are the lift, L, normal to direction of flight;
the drag, D, along the flight direction; the engine thrust, T, which we assume for simplicity is
in the direction of flight, and the weight mg.' The situation is illustrated in figure 2.1.

L

.-
—_——
So

mg
Fig. 2.1 Forces on an aircraft treated as a point

The balance of forces then leads to the equations

T—-D= mﬂ 2.1n
dt
or in steady flight
T-D=0 2.2)

and

L-mg=0 (2.3)
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Taking the last equation, substituting for the lift using L = 3pV2SC, and solving for the speed

V we find
y= |2m8 (2.4)
pSC,

In level flight m, g, p and S are constant so that V o« C['?, so if we wish to discuss the effect
of speed we can use C; as an alternative variable. This has advantages as other aerodynamic
quantities such as the incidence and drag coefficient are known in terms of C,. If in (2.4) we
use the maximum lift coefficient we obtain the ‘stalling speed’ in level flight as

V = _2_'&. 2.5)

K Ps CLmax

This is the lowest speed that an aircraft can fly at steadily, assuming that the pilot can maintain
control.

Another variable often used in place of the speed is the ‘equivalent airspeed’, V, normally
abbreviated to eas. This is defined such that

1poVe =4pV? (2.6)
where p, is the sea-level value of the air density. We can rewrite (2.6) in the form
Ve=Wo (e )

where o (= p/p,) is the relative density. To emphasize the difference between these speeds we
may refer to V as the ‘true airspeed’ or tas, but it is only true in the sense that it is the speed
relative to the air; the. speed relative to the ground is also a function of the wind speed. The
main advantage of using eas is that if the combination pV? is replaced by p,VZ then one vari-
able quantity (Vi) has replaced two (p and V), since the sea-level density is a constant. It also
follows that a speed which is determined by a constant value of the lift coefficient is constant
with altitude when expressed as an equivalent airspeed, but most usefully it means that the
stalling speed is constant as an eas. A secondary advantage is that the eas is approximately
the speed indicated to the pilot by his airspeed indicator. This operates on the static and pitot
pressures fed to it from a static vent and a pitot tube and is calibrated on the assumption of sea-
level density. Errors in sensing the correct pressures due to the presence of the aircraft,
compressibility effects and errors within the instrument account for the difference between the
airspeed indicated and the eas.

2.3 Minimum drag and power in level flight

In Chapter 1 we saw that the drag coefficient is a function of C;, Reynolds and Mach numbers;
however, for the present we will concentrate on the variation with C; and write Cp, = f(C,), or
adopt the approximate form Cp, = a + bC} from (1.10). In this last case using the definitions
of C; and Cj, and (2.6) we find

D=4poViS(a + bC})
bl

= ViSa + ——
+poVeSa %Povl?:s
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and using (2.3)

b(mg)2
D=4p,V3iSa + ——=2— 2.
+poVeSa TpVis (2.8)

The first term in this equation is the no-lift drag and can be seen to be proportional to the square
of the eas, whilst the second term is the lift-dependent drag? and is inversely proportional to
(eas)?. The variation of these drags with eas is sketched in figure 2.2(a), as is the total drag.

D VP, }
total drag total power
no-lift drag no-lift drag
lift-dependent drag lift-dependent power
' -
Vs, Vema Ve Vema Ve

(a) (b)

Fig. 2.2 (a) Variation, of no-lift, lift dependent and total drags with equivalent airspeed.
(b) Variation of no-lift, lift dependent and total powers with equivalent airspeed

It is immediately clear that the drag has a minimum at a certain value of speed. This is also
true for the more general case of Cp, = f(C,), as the effects of speed dominate over variations
in no-lift drag coefficient. Provided that a and b in the drag equation are constant the curve is
independent of height.

The power, P,, absorbed in overcoming the drag, is obtained from (2.8) by multiplying
through by V and using (2.7) to obtain

I b(mg)2
oP =4+p ViSa + 29
=4poVe kpoVeS 29)

The variation of the no-lift, lift-dependent and total powers with eas is shown in figure
2.2(b), and again there is a minimum. Aircraft are somewhat unusual amongst vehicles in
general having these minima; more usually the resistance to motion rises continuously with
speed. We shall see that this behaviour leads to equivalent airspeeds and corresponding lift
coefficients which are optimum for some criterion.

To find these minima we choose to use C; in place of speed as the independent variable and
start by considering the drag. We are interested only in conditions in which the aircraft weight
is exactly supported by the lift and so must use L = mg from (2.10) and write

D Gy
== .mg==D. 2.10
7™ C, mg (2.10)
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on cancelling the factors common to C; and C,,. The condition therefore for minimum drag
is then

(G /€, is a minimum (2.11)

If we multiply (2.10) by the speed V and use (2.4), the power absorbed becomes

G f 2mg
P =DV="L.mg [—=
G pSCL

2
=\[;-—S(mg)3'2(co 1¢l?) 2.12)

The condition therefore for minimum power absorbed is then

(Cp/CY'?) is a minimum (2.13)

Determining the speed or C, values for the minima now depends on the form in which the
aerodynamic data are given. If we assume the form Cp, = @ + bC} is valid then we can write
the condition for minimum drag from (2.11)

d

“(c =
dCL( D/CL) 0

as

2
d fa+bCi)_ 418, pc |=—aC? +b=0
i\~ ¢ JTale

Then solving for C; we find the lift coefficient for minimum drag as

Coma = \]% (2.14)

We can now find the equivalent airspeed for minimum drag using (2.4) and (2.6) as

_ [2ma( o)t
Vemd = oS (a) (2.15)

Alternatively this result could have been obtained directly from (2.8). We now find the no-lift
and lift-dependent drags, respectively, to be

$poViSaand §pVZS(bC})
=+p,ViSa, on using (2.14)
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Hence we see that the no-lift and lift-dependent drags are equal in the minimum drag
condition.
In a similar manner we apply the condition for minimum power absorbed, which from
(2.13)is
d

d—C—L-(CD/CLyZ) =0

giving

d (a+bC} d a 3a b
- + bC 172 =—2C -5/2 + =C =172 =0
ch( " ) dCL(C,_m L ) 2t 2t

Then solving for C, we find the lift coefficient for minimum power absorbed as

3
Cimp = \/% (2.16)

We can now find the equivalent airspeed for minimum power absorbed as

f2mg b\
Ve, = [—=| — .
Emp PoS (3(1) (2 17)

Alternatively this result could have been obtained directly from (2.9). We note from
(2.14)«2.17) that Cy,, = V3 Cppg and Ve, = Vo Y3, We now find the no-lift and lift-
dependent absorbed powers, respectively, to be

+p,VaSa and i-poVéS(bczz_)
=4p,V2S.3a, using (2.16)

Hence we see that the no-lift and lift-dependent powers are equal to one-quarter and three-
quarters, respectively, of the total power in the minimum power condition.

If the form Cp, = a + bC} is not valid and the data are given in tabular form, then graphical
or equivalent computer methods must be used.

2.4 Shaft and equivalent powers for turboprop engines

In Section 1.4 we discussed the characteristics of turboprop engines in terms of the shaft
power produced and that of jet engines in terms of the thrust and noted that in the case of
turboprop engines there is also a small thrust. Considering turboprop engines, if the power
transmitted by the output shaft of the engine to the propeller is P we have, using the definition
of propeller efficiency,

1 = (useful power out)/(power input) = TV/P (2.18)
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Transposing to find the thrust T and adding the direct thrust from the engine, T, we find
T=nPIV+T, 2.19)

which we can take as a general form for the thrust for any type of engine. In the case of the
turboprop engine which has only a small thrust from the turbine exhaust we define an equiv-

alent shaft power P, such that
T=nP/V (2.20)
Equating (2.19) and (2.20) we find that the equivalent shaft power is
P.=P+ TVIn (2.21)

Using P, we can treat aircraft with turboprop engines on the same basis as those with piston
engines. Pure turbojet and turbofan engines have similar characteristics so that we can divide
aircraft into two broad groups, propeller-driven and jet-driven.

2.5 Maximum speed and level acceleration

To discuss these we superpose the aircraft drag curve onto the engine thrust curve at full
throttle at some height, as shown in figure 2.3.

turbo prop thrust
piston thrust

max. excess
thrust

TD TD

tnrust [

drag
max. excess
thrust
'
Vimax max. speeds v
(a) (b)
CpS
THi2 p M2

THi2 p M2

CoS

M

(c)

Fig. 2.3 Determination of maximum speed using excess thrust: {a) jet aircraft, (b) propeller aircraft, (c)
high speed aircraft
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Figure 2.3(a) shows the curves for a jet-driven aircraft and figure 2.3(b) those for
propeller-driven. From (2.1) the acceleration is proportional to (T — D), i.e. the ‘excess
thrust’, and is a maximum where the latter is a maximum, that is at points A. The maximum
speed occurs where thrust and drag are equal at the points B. For high-speed aircraft it is
more convenient to plot the characteristics against Mach number as in figure 2.3(c). In this
connection we note that

V=ecM

where ¢, = 1/)/p /p, in which ¢, is the speed of sound, ¥ is the ratio of specific heats, p is the
atmospheric pressure and M is the Mach number. The dynamic pressure can now be written

2
bpv? =4p(M7plp) =1 pM’ (2.22)

so that all quantities involved can be expressed in terms of Mach number.

As an alternative, to find the maximum speed we superpose the power required curve onto
the engine plus propeller characteristics, as shown in figure 2.4(a). The intersection point of
the curves again gives the maximum speed. Figure 2.4(b) shows the method for jet-driven
aircraft. In both figures 2.3 and 2.4 there are in fact two intersections of the curves, one corre-
sponding to the maximum speed and one to the minimum speed; the latter may be below the
stalling speed, and is in any case of little interest.

jet engine power V turbojet

power required

power required, jet engine power
power required, power available

power required

Vimax v

max
(a) (b)
Fig. 2.4 Determination of maximum speed using excess power: (a) jet aircraft, (b} propeller aircraft

These graphical methods, or computerized equivalents, find the exact maximum speeds
but give little information on the factors on which they depend. We can sacrifice accuracy to
obtain this information by assuming that the thrust for a jet-driven aircraft is constant with
speed or that the power available (the product of equivalent shaft power and propeller effi-
ciency) for a propeller-driven aircraft is constant.

Worked example 2.1

An aircraft of mass 30 000 kg and a wing area of 95 m* has turboprop engines giving a
maximum power of 3500 kW which can be assumed not to vary with speed. Find the
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maximum speed at sea-level if the drag coefficient is given by Cp, = 0.035 + 0.042C? and the
propeller efficiency is 0.82.

Solution
Using (2.9) and equating it to the available power, nP, we find

b(mg)®
1poVeS

nP=14p,VgSa +

or, since at sea-level p= p, = 1.225 and V; = V, we have

(30000 x 9.81)* x 0.042

3500 x 10° x 0.82=0.5 x 1.225 x 95 x 0.035V* +
05%x1225x95x V

or 2.87 x 10° = 2.036 x V* + 6.2517 x 10" x V"', We anticipate that the no-lift drag will be
much larger than the lift-dependent drag, so neglecting the second term on the right above we
obtain a first approximation of

6
v=,3/—2'8270"3610 =112.1ms™

We can now improve this result by subtracting the lift-dependent power given by the
neglected term 6.2517 x 107 x V™! = 6.2517 x 10'/112.1 = 5.577 x 10°. Subtracting this from
the nett engine power leaves 2.312 x 10° and hence an improved estimate is

6
V= ,3/2'31227’3‘610 =10438ms""

Repeating this process gives 103.7 m s™". This result is clearly within 1 per cent of the correct
result and there is little point in further improvement.

This method would also work if the power is not taken as constant with speed as the power
available could be adjusted at each iteration. Similarly the assumption that the thrust is
constant can be made for jet-driven aircraft which leads to the solution of a quadratic equation
in the square of the maximum speed.

2,6 Range and endurance

The distance that an aircraft can fly (or possibly the endurance) is one of the most important
items in the specification of an aircraft, and needs to be defined accurately. For civil aircraft
operations extra fuel must be carried to cope with various contingencies during a flight. It
must fly the distance required allowing for the forecast headwind. On arrival near to the desti-
nation airport it may not be possible to land and the aircraft may need fuel to fly to a diversion
airport. At either the destination airport or the diversion it may have to wait for an opportunity
to land and have to ‘join the stack’. The stack is a reserved area in which aircraft spiral down-
wards keeping a safe distance apart. Fuel is obviously required also for take-off, climb,
landing and manouevring on the ground; there is also a small amount of fuel which cannot be
extracted from the fuel tanks and piping, known as ‘unusable fuel’. We will only discuss two
definitions of range although others have been used.
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o Safe operating range. This is the maximum distance between two airfieids which the
aircraft can fly with full allowance for headwind, diversion and stacking. The distance
flown in the climb is included, as is the fuel for take-off, climb and landing. Values for the
diversion distance and the stacking time are standardized according to the type of operation.

o Gross still air range. This assumes that the aircraft starts the flight at the initial cruising
altitude above the first airfield and runs out of fuel above the destination airfield.

The concept of gross still air range is quite artificial, but it can be related to the safe operating
range. Fuel for diversion, stacking and landing can be estimated and then regarded as unusable
fuel. The fuel for take-off and climb can be subtracted from the initial fuel load and the aircraft
placed initially along the flight by the climb distance. Given the cruise speed and the
endurance, the distance that the aircraft is ‘blown backwards’ by the headwind can be esti-
mated. From now on we will concentrate on the calculation of gross still air ranges and will
use the term ‘range’ only in this sense.

2.6.1 General equations for range and endurance

This is the one instance when we must drop the assumption made in Section 1.2 that the aircraft
mass is constant and define carefully the various masses involved. Figure 2.5 shows the vari-
ation of total aircraft mass with distance flown in a cruise. In this figure m, = initial mass, m, =
final mass and m = mass at time ¢ or distance x. The initial fuel mass is then m, — m,.

mass |

g unusable and
E reserve fuel
(=] -
[}
El 2
a1 =
1] g T =
El € £
2 m = m(t) 2
g engines + structure + payload or g
m = m(x) =
c
&=

]

distance

Fig. 2.5 Definition of terms and symbols used in determination of range

In discussing range it is convenient to introduce the ‘specific air range’ r, defined as
r = (distance gone in a short time)/(fuel used in the same time)

If we write the fuel mass flow rate as 7, then the fuel used in a time & is m1,6 and the distance
flown is Vé. The specific air range then becomes

r= Vi, (2.23)

The range is
Vdm
k= J var= J. dm/dr 2.24)
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on changing the variable of integration to mass for convenience. Now as fuel is burnt the
aircraft mass decreases so that

dm/dt = — m; (2.25)

Using this in (2.24) and integrating from the initial mass to the final mass, we find

R=—J. —dm= J.rdm (2.26)

We deal with the endurance in a similar manner, defining the ‘specific endurance’ as

e = (time for a short distance)/(mass of fuel used) = 1/m; 2.27)

The endurance E is then
B=Ja-[ 50
dm/dt

and then using (2.25) we find

™dm (™0
E=-) —== _[ edm (2.28)
mqo "f my

It remains to determine the rate of using fuel.

The fuel rate is determined from the specific fuel consumption, expressed either as the fuel
mass flow rate for unit equivalent shaft power, or for unit thrust as discussed in Section 1.4,
For a propeller-driven aircraft we can write, using (2.20),

i, = fP, = fTVIn = fDVIn (2.29)

where f is the specific fuel consumption (sfc). In a similar manner for a jet-driven aircraft
we have

ty=fT=£D (2.30)

where f; is the sfc for this case. Using these results we can write general expressions for the
specific air range, specific endurance, range and endurance. From (2.23) and (2.26)-(2.29)
we find, for propeller-driven aircraft,

r= /D 2.31)
e=nifDV (2.32)

™ apdm (™ n( C. ) dm
R= —_—= — = |— 2.33
m JD dm f\Cp )mg @33

and

E= | mm _ —(-‘iin—”l (2.34)

m fDV m fV C‘D mg
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From (2.23), (2.26)—(2.28) and (2.30) we find, for jet-driven aircraft,

r=VI/ftD (2.35)
e=1/fD (2.36)
™ Vdm J‘"'o V(CL)dm
R=] ——/=| ——=|— 2.37
m ij m f) CD mg ( )
and
™ dm 'r'"’ 1{C )dm
=l —=] A=|— 2.38)
m f}D m fj(CD mg (

In the last parts of (2.33)-(2.36) we have used L = mg and, if it is appropriate, we can use (2.4)
to substitute for V. To evaluate the integrals we need the quantities involved to be constant or
a known function of the mass. To optimize the range or endurance the specific air range or
specific endurance must be maximized at all stages of the cruise, subject to satisfying the
condition that the lift and weight are equal.

2.6.1.1 Application of general equations
The best way to describe the application of the equations is to work through a few examples.

Worked example 2.2

At the start of a long distance cruise a turboprop aircraft has a total mass of 67 000 kg of which
13 000 kg is fuel. The drag coefficient is given by Cp = 0.021 + 0.052C3%, the propeller effi-
ciency is 0.84 and the sfc is 1.0 X 1077 kg J~'. Determine the maximum range. If the speed is
kept constant during the cruise determine the ratio of the final to the initial air densities.

Solution

Since we are dealing with the range of a turboprop we repeat part of (2.33) here:
R= r"z(g]@_
m f CD 'ng

The maximum range will occur when the term (C/Cp) is at a maximum and this will be a
constant value. Taking this and the other constant terms outside the integral gives

R _z[gj . I“°d_m
max f CD . - mg

and integrating gives
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This expression is known as the ‘Breguet Equation’ (for propeller aircraft). Note that if the
flight conditions are constrained in some way, for example flight at constant eas, then
the resulting expression for the maximum range will be different.

The condition for (C,/Cp) to be a maximum is that for (C,/C,) to be a minimum and
therefore we use (2.14), that is

Cima =Va/b =4/0.021/0.052 = 0.6355

The drag coefficient is then Cp = 0.021 + 0.052 % 0.6355% = 0.042 and (C,/Cp) = 15.13. Then
substituting values in to find the range we have

- 0.84_); 15.13 n 67000 =2.7946 x 10°
1 x107 x 9.81 67000 — 13000

Since we are using SI units this is expressed in metres and the final result is 2795 km (Ans).
To find the ratio of densities we note that the lift coefficient is constant during the cruise so
we have
M __m
" dpViS ipVis

where, just in this case, p, and p, are the initial and final densities. Solving for the density ratio
we have

pi/po = m,/my = 54 000/67 000 = 0.806 (Ans)

This shows that the optimum climb technique is for the aircraft to climb during the cruise
keeping C constant. This ‘cruise-climb’ is not normally practical for airliners owing to air
traffic control procedures, and a stepped climb technique is used. Note that in the Breguet
Equation we have terms relating to the propeller efficiency, 7, and the engine efficiency, 1/f,
while the term (C,/Cp) can be regarded as the aerodynamic efficiency of the aircraft.

Worked example 2.3

A turbojet aircraft having a wing area of 75 m? starts a cruise at mass of 18 000 kg which
includes 3500 kg of usable fuel. The drag coefficient is given by Cp, = 0.025 + 0.065C? and the
sfcis 2.8 X 107° kg N™' s™'. Determine the maximum range for flight at constant speed with the
cruise starting at the altitude where o= 0.53. Also find the fuel remaining at half the distance.

Solution

Since we are dealing with the range of a turbojet we repeat part of (2.37) here:

R= J‘“’K(&Jd_m
my fJ Cp jmg

Again the maximum range will occur when the the term (C,/C) is at a maximum and this will
be a constant value. Taking this and the other constant terms outside the integral gives
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and integrating gives

erx f,g(CD)m n 'n‘

This is also known as the Breguet Equation (for jet aircraft). Note that flight was constrained
to be at constant speed; if flight is constrained in some other way, for instance flight at constant
altitude, then the resulting expression for the maximum range will be different.

Again using (2.14) to find (C,/Cp)m., We have

Cipms =a/b =+/0.025/0.065 = 0.6202

The drag coefficient is then Cp, = 0.05 and (C,/Cp)y,, = 12.4. We use C, to find the speed,

V= 2meg _ 2 x 18000 x 9.81 =108.1 ms-"
pSC, 1.225 x 0.53 x 75 x 0.6202

The range is then

108.1 x 12.4 ln( 18 000

max = — =1.055 x 10°m =1055km (Ans)
2.8 x 107 x 9.81 18 000 — 3500

To find the fuel at half way, let m, ; be the corresponding aircraft mass; then we must have
Ros = L(Q‘-) In[——m° )
f:ig CD max Mos

Then dividing,

L
2

In(my/m;)

and taking exponentials gives (mym,s) = (my/m)** = /18000/14 500 =1.114. The mass at
half distance is then 16 158 kg and the fuel remaining 1658 kg.

Throughout these examples we have assumed that the sfc is constant; this is some way from
being correct. The variation in sfc during a cruise due to change in height or speed is small
and no great error is involved if an average value is used. The determination of the optimum
conditions for a cruise are, however, dependent on the variation of sfc with Mach number,
altitude and throttle setting. A more accurate expression for the fuel flow rate than (2.31) has
been given by Bore, reference (2.1).
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2.6.2 Cruise in the stratosphere

We have seen that a jet-driven aircraft flies further the higher and faster it flies; however,
compressibility sets a limit to increases in speed. For optimum range in many cases the cruise
takes place in the stratosphere where the temperature and therefore the speed of sound are
constant. In view of this we recast (2.37) in terms of Mach number, M, thus:

R=S j "’O(MCL )dm (2.39)
.f;g m C.D

From (2.39) we see that MC/Cp, must be maximized for maximum range. If we consider the
typical plot of no-lift drag coefficient with Mach number shown in figure 1.13, then MC,/C,
increases in proportion to Mach number up to the point where the no-lift drag starts to rise.
It will continue to rise for a further small increase in M as this increase will offset the increase
in the drag. The optimum cruise Mach number is therefore just beyond the point where the
drag starts to rise.

In practice the optimum has to be found by plotting MC,/C,, against Mach number, or a
computerized equivalent, but examples can be constructed to show the principles involved.

Worked example 2.4

A long range turbojet aircraft has a drag coefficient which can be expressed as follows:
Cp = (a + bCH M)

where
=1forM < M_

f(M)(= exp [c(M - MC)Z]forM > M,

where a = 0.019, b = 0.059, ¢ = 25 and M, = 0.84. Determine the maximum range in the
stratosphere given initial mass = 160 000 kg, final mass = 110 000 kg, ¢, =295 ms™' and sfc
=1.5x10°kgN"'s"".

Solution

We first consider maximizing MC,/C,, or, what is equivalent, minimizing C,/MC,:

&=(i N bCL)exp[c(M - Mc)z]

MC. |\ C. M

Hence

2
| )= - &+ bc, oxp oM ~ M.7] .
ac,. \ MC,. CL M G)
and

i CD - i""bc 2CM(M—Mc)exp [C(M_MC)Z]_exp [C(M“Mc)z] )
M| MC, C. L M2 (i)
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and equating these to zero gives, from (i) C,, = va/b and from (ii)
2MM - M) - 1=0=2cM* - 2cMM - 1
Hence solving the quadratic, the roots are
2cM, £ [(2cM, )2 + 4.2¢
M, =
2.2¢

Substituting numbers, C, ., = 70.019/0.059 =0.5675 and

2% 25 x 0.84 % /(2 x 25 x 0.84)7 + 8 x 25
o 2%x2x25

=0.864

Then Cp =2 x 0.019 X exp[25(0.863 — 0.84)?|=0.0385 and (MC, / C;,)  =12.72.

opt

Then using (2.39) and integrating as before,

[ MG ) 295X 1272 In(m—0)=9555km(Ans)
7\ Co ), \m ) T5x 107 x 981 " \110

2.6.3 Range-payload curves

Aircraft manufacturers use various plots to illustrate the capabilities of their airliners; one of
the commonest is the range—payload curve as shown in figure 2.6(a).

Suppose an airliner is loaded to its full capacity with passengers, their baggage and freight
and a small quantity of fuel; it can then take off but has to land immediately. This corre-
sponds to the point A in figure 2.6(a). Adding more and more fuel then enables the aircraft to
fly further and further up to the point B where the aircraft has reached its maximum take-off
weight, which is fixed by the designer, bearing in mind such constraints as take-off require-
ments and stressing. Further range can be obtained only by leaving out some of the payload
and adding fuel, keeping the weight constant; this corresponds to BC in the diagram.
Ultimately the fuel tanks are full and the only way to increase range is to further reduce the
payload; this is section CD of the diagram. It is conventional to calculate the position of the
points B, C and D and then complete the diagram by joining them with straight lines rather
than the gentle curves they should be. Figure 2.6(b) shows the increase of fuel required as the
range increases. Further range could be obtained by removing unnecessary crew or equip-
ment as might be the case if the operator required to ferry the aircraft to another airport,
giving the ‘ferry range’. A number of range-payload curves have to be drawn for a given
airliner as the maximum take-off weight will depend on the altitude and air temperature
at the take-off airport, and the weight of the passengers will depend on the split between
numbers in first, second and tourist classes.

2.7 Incremental performance

Once an aircraft type enters into service it is likely to be subject to continual improvements;
improved engines or other equipment become available or it becomes apparent that there is a



2.7 Incremental performance 37

payload mass

(a

—

initial fuel mass

>

range

(b)
Fig. 2.8 (a) Range-payload curve. (b) Variation of fuel required with range
market for a variant with a ‘stretched’ fuselage. Changes may also occur which reduce the
performance, such as the addition of external stores. There then arises the need to estimate
the effects of these changes and this is more accurately done as an increment applied to the

established performance of the basic type than ab initio. As an example of the technique we
find the effect of a small increase in the thrust of the engine on the maximum speed of a jet-

driven aircraft.
We first rewrite (2.8) in the form

D= /v + BV? (2.40)

where .57 = }pSa and A3 = b(mg)’/;pS and use has been made of (2.6). We next differentiate
with respect to V to find the speed for minimum drag:

D v — 28V =0
dav

Solving gives

V2 =Rl (2.41)

and then the minimum drag is

D, =2~ 5153

min

We then write the thrust required for steady level flight in the form
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2
T D 1 1% V..V
= S| —— | NBl o + B 2L ot I
> [ [ J / /_)’(V)«///ﬂJ

min min - 2‘/‘9/% de

using (2.40) where we have also introduced V,,, from (2.41). Then writing y = V/V_, the above
expression reduces to

T

D .

min

=-§-()r2 + y_z) (2.42)

Differentiating this implicitly, assuming that thrust is independent of speed, gives

;T =4(2y - 2y7)dy

min

Then approximating differentials by small differences and dividing through by (2.42) we find

g.—_z ¥y \%
T \y+y’)y
and rearranging gives
4
& _ 3 2% +1\or (2.43)
v y -1y T

For values of y greater than about 3 we can approximate further and find that the percentage
change in speed is half the percentage change in thrust. The concept of incremental perfor-
mance can be applied to most aspects of the performance.

Student problems
Take the density of air at sea-level as 1.225kgm > and g =981 ms™".

2.1 An aircraft has mass of 50 000 kg and a wing area of 210 m*. With the engines giving
a thrust of 23.4 kN it has a speed of 100 m s™' at an altitude where the relative density
is 0.75. Find the lift and drag coefficients. If the maximum lift coefficient is 1.42, find
the stalling speed at this height. (A)

2.2 An aircraft has a mass of 40 000 kg and a wing area of 180 m’. If the drag coefficient
is given by C, =0.01575 + 0.033 34C? and 0=0.75, find:

(a) the C_ for minimum power required in level flight, the corresponding eas and
power;

(b) the C, for the minimum thrust required in level flight, the corresponding eas and
thrust. (A)

2.3 If the aircraft of problem (2.2) has jet engines with a maximum thrust of 30 kN find the
maximum steady speed at the same height assuming that the thrust is independent of
speed. (A)

2.4  An aircraft of mass 25 000 kg and a wing area 110 m? has turboprop engines giving a
maximum power of 3200 kW which can be assumed not to vary with speed. Find the
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maximum speed at a height at which the relative density is 0.69 if the drag coefficient
is given by Cp = 0.021 + 0.032C? and the propeller efficiency is 0.88. (A)

An aircraft has the following characteristics as a function of Mach number at a certain
altitude:

Mach number 1.7 1.9 2.1 23
No-lift drag coefficient 0.01 0.00875 0.00775 0.007
(Lift-dependent coeff.)/C} 0.41 0.46 0.56 0.63
Thrust (kN) 128 131 126 116

The aircraft has a mass of 90 000 kg and the wing area is 200 m’. Find the maximum
level flight Mach number if the atmospheric pressure at this altitude is 9.6 kN m™2, (A)
A jet aircraft has a mass of 5800 kg and a wing area of 21.5 m?. It is flying at a speed
of 240 m s™! at a height where ¢ = 0.84, when the throttle lever is suddenly moved to
the flight-idle position at which it may be assumed that the engine gives zero nett
thrust. Determine the time taken for the speed to fall to 160 m s~', while maintaining
level flight. The drag coefficient is given by Cp, = 0.0276 + 0.075C}; integrate
analytically or use Simpson’s rule. (A)

A turboprop aircraft has a mass of 48 000 kg and a wing area of 260 m? and is flying at

sea level at a speed of 70 m s™'. The throttles are suddenly opened to give a power of

5500 kW. Find the distance travelled in accelerating to a speed of 100 m s™', while

maintaining level flight. The drag coefficient is given by Cp = 0.022 + 0.055C%, the

propeller efficiency is 0.87 and it can be assumed that the engine power is independent

of speed. (A)

At the start of a long distance cruise a turboprop aircraft has a total mass of 70 000 kg

of which 12 000 kg is fuel, and the initial wing loading is 3.2 kN m™2, The drag

coefficient is given by Cp, = 0.014 + 0.05C?2, the propeller efficiency is 0.82 and the
sfcis 1.0 x 107" kg J™'. Find:

(a) the maximum range;

(b) an expression for the range for an aircraft constrained to fly at constant eas and use
this to find the range for this aircraft when it flies at a constant eas 40 per cent
above that for minimum drag at the initial mass;

(c) an expression for the speed for maximum range of an aircraft constrained to fly at
constant eas and use this to find the speed for maximum range and the range under
these conditions. (A)

A turbojet aircraft has a wing area of 80 m? and at the start of a cruise the total mass is

19 000 kg which includes 4000 kg of usable fuel. The drag coefficient is given by

Cp =0.015 + 0.075C%, and the sfc is 3.0 x 107 kg N™! s™. Find:

(a) the maximum range for flight at a constant altitude where ¢ = 0.53 (hint: see
comments in solution to Worked example 2.3);

(b) the tas for minimum drag at this altitude at the initial mass and determine the range
for flight constrained to this speed; also find the value of the relative density at the
end of the flight. (A)

A turboprop aircraft of mass 70 000 kg including a fuel mass of 12 000 kg starts a long

distance flight. After 2400 km it receives another 12 000 kg of fuel by flight refuelling.

Neglecting the fuel required for take-off and climb, but allowing for 2200 kg of fuel

reserves, find the maximum distance it can fly. The drag is given by C, = 0.014 +

0.05C%, the sfc is 0.9 x 1077 kg J~! and the propeller efficiency is 0.82. (A)

Find the maximum endurance of a turbojet aircraft having a drag given by Cp, = 0.02 +

0.055C? and a sfc of 2.5 x 1075 kg N™' s™!. At the start of the cruise the usable fuel

mass is 30 per cent of the total mass. (A)
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2.12 The series for In (1 + x) truncated to two terms is x — x%/2 valid for ~1 £x< 1, Use

2.13

2.14

this to show that the logarithmic term in the Breguet Equation can be approximated by
(fuel mass)/(average mass).

A long range turbojet aircraft has a drag coefficient which can be expressed as follows:
Cp = (a + bCHFM)

where

f =1forM S M,
=1405x10° x M x (M- M,)? forM > M,

where a = 0.018, b = 0.060 and M_ = 0.85. Determine the maximum range in the
stratosphere given initial mass = 200 000 kg, fuel mass = 60 000 kg, ¢,=295 ms™'
andsfc=1.5x 10 kgN"'s™",

Show that, if C,, is given in the form C, = a + bC}, the power P at any speed V is
related to the minimum power P, which occurs at speed V,,; by

where z = V/V,,. Repeat the analysis leading to (2.43) for the case of a change in
engine power.

Notes

1. The reader is reminded that it is common practice to quote weights in kilograms, whereas strictly
speaking the kg is the unit of mass in SI. In the former aeronautical version of Imperial units mass
was measured in slugs, one slug being ‘g’ pounds (mass).

. From here on we use the term lift-dependent drag somewhat loosely; it was pointed out in Section

1.3.4.2 that it may include small drag contributions not directly associated with the production of lift.
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Performance - other flight
manoeuvres

3.1 Introduction

In this chapter we consider the performance of the aircraft in other manoeuvres. We need to
know such things as the minimum rate of descent in a glide, the time to reach a given height
in a climb, the radius of turn in given conditions and the distances required for take-off and
landing. Some of the manoeuvres currently practised by combat aircraft, such as the ‘cobra’,
involve stalling the wing and are beyond the scope of this book. We also exclude manoeuvres
which involve varying the direction of the thrust relative to the aircraft centre-line, known as
‘thrust-vectoring’. Flight in a vertical circle is briefly dealt with in Section 5.5.1.

3.2 Steady gliding flight

Consider an aircraft in a steady glide at an angle 7y to the horizontal. The forces acting on it are
the lift, the drag and the weight as shown in figure 3.1; the forces are in equilibrium and a
triangle of forces can be drawn as shown.

triangle of
Y velocities
Fig. 3.1 Forces acting on an aircraft in a glide mg
We resolve the forces along the direction of flight to give
D + mgsiny=0 3.1)
and resolving normal to the direction of flight
L —mgcos y=0 3.2)
Solving these to find sin y = D/mg and cos y = L/mg and dividing gives
tany:%mg—'z 3.3)

The minimum gliding angle is therefore obtained when Cy/C, is a minimum which is the
condition for the minimum drag considered in Section 2.2. It follows that to achieve
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the maximum distance travelled, starting from a given initial height, the aircraft must fly
at the minimum drag speed.

To find the condition for the aircraft to remain in the air for the maximum time we need to
find an expression for the minimum rate of descent or ‘sinking speed’. From the triangle of
velocities the sinking speed v, is

v,=Vsiny 3.4
Now from the triangle of forces

D G

Smy:J/f + D? =Jc{ + C2

3.5)

and from (3.2), after writing L = $pSV3SC, and solving,
Ve 2mgcos y (3.6)
pSC, .

C,

where

COS ¥ = ————— 3.7
,/c{ +C
Then on combining (3.4)~(3.7) we have
2 C
vo= o2 D (3.8)

P (cL+a)”

In deriving this equation we have made no assumptions as to the magnitude of the glide angle
or the relative sizes of C, and C,, and (3.8) applies equally well to bluff bodies for which C,
and C, may be of similar sizes. However, aircraft are designed such that C;, << C, for most of
the useful speed range, so that on neglecting C3 compared with C{ we find

2m
v, = fp—sg(c,,/c{”) (3.9)

The condition for the minimum rate of sink is therefore that for the minimum power consid-
ered in Section 2.2. It follows that to achieve the maximum duration of flight starting from a
given initial height the aircraft must fly at the minimum power speed. In addition, from (3.7)
we see in this case that cos ¥ = 1 and from (3.6) we again have V o C[ "%, so if we wish we can
use C, again as an alternative to V as an independent variable with its consequent advantages.

3.3 Climbing flight, the ‘Performance Equation’

Consider now an aircraft in a climb at a constant angle © to the horizontal.! The forces acting
on it are the lift, the drag, the thrust and the weight as shown in figure 3.2.
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T
/
|4
Ve
triangle of
velocities
Fig. 3.2 Forces acting on an aircraft in a climb mg
We again resolve the forces along and normal to the direction of flight giving
T—-D- mgsin®=m-q£ (3.10)
dt
allowing for a forward acceleration, and
L—-mgsin®=0 3.11)

As in the case of the glide we can rewrite this to give the velocity in terms of the lift coefficient

and other parameters:
y= [2m8cos® G.12)
pSC,

If in (3.10) we now substitute for the thrust from (2.19) and multiply through by the velocity
we can write it in the form

nP + TV=DV + mV%‘ti + mgVsin©® (3.13)

We can write this equation in various other forms; first, noting that

d oy o, dV
Zivii=v=L
dr (% ) dr
and that the rate of climb, v, is
v.=Vsin © (3.14)
then (3.13) becomes
d/i2
nP + TV =DV + ma({,v ) + mgv, (3.15)

This is in fact an energy equation and the various terms can be identified as such. On the left-
hand side we have the useful power input from the propeller and the rate of work done by the
thrust. On the right-hand side the first term is the rate of doing work against the drag, the next
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is the rate of gain of the kinetic energy and the last is the rate of gain of potential energy. We
can further write the rate of climb as dh/dt; then

m%({-VZ) + mgv, =m%(§v2 + gh)

2
If we now write h,, =h + %— = ‘energy height’, we can write (3.15) as
8

dh,
nP + (T, - D)V = mg—-——d; (3.16)

The energy height can be described as the total mechanical energy per unit mass or as the
height to which the aircraft would climb if all the kinetic energy were converted to potential
energy. The variation of energy height with height and speed is illustrated in figure 3.3.

15-
x
n=19
Nen 104
(km)
5 =
0 v T T et
200 300
Fig. 3.3 Variation of energy height with speed 0 100 _0
and height v(ms™)

Methods of performance calculation based on the concept of energy height are well suited
to high speed aircraft and will be dealt with in Section 3.3.5.

A further form of (3.13) can be found by multiplying through by Vo and replacing the
airspeed with the equivalent airspeed, giving

JonP + TV, =DV, + mVE% + Jomgy, (3.17)

The various forms (3.13), (3.15), (3.16) and (3.17) are known as the ‘Performance Equation’.

In the last chapter we divided engines into two broad groups, propeller-driven and jet-
driven, and it is useful (but not essential) to have performance equations for each type.
Introducing the equivalent shaft power, P, from (2.21) we can rewrite (3.13) as

nP, =DV + mV(:l_‘t/ + mgv, (3.18)



3.3 Climbing flight, the ‘Performance Equation’ 45

or, alternatively, from (3.17) we have

dv
«/-&_nP, =DV, + mVEE + «/Emgvc (3.19)

For jet-driven aircraft it is sufficient to rearrange (3.10) to give

T=D + mgdl:- + mgsin© (3.20)
where T is now understood to be the jet thrust.

3.3.1 Climb at constant speed

We consider first the case of climb at constant speed, determining the angle and rate of climb
and the speeds for which these are a maximum. The rate of climb is required in order to find
the time to a given height, whilst the angle is required in order to determine if an aircraft can
climb sufficiently to clear an obstacle in its path. In Section 3.3.2 we determine how the effect
of acceleration modifies the results.

3.3.1.1 Propeller-driven aircraft
Putting the acceleration to zero we find directly from (3.18)

nf, — Dv
mg

(3.21)

co

where we have written v,, for the rate of climb at constant speed. If we substitute for mg from
(3.11) we find

o = i};— - P—‘—/- cos © (3.22)
mg L

We now substitute for V from (3.12) for L and D in terms of C, and C, and find

Vo = nPe —_ (COS 6)3/2 ’%(CD /Cﬁ/2) (3'23)

mg

In this expression the climb angle © is unknown, but for most aircraft it will be less than about
10°. The cosine of this angle is 0.9848 and for this value the error in the second term incurred
by putting (cos ©)** = 1 is just over 2 per cent. We then simplify (3.23) to

nk, 2mg 372
=-e G/ G 3.24
co mg pS ( D L ) ( )
If the final error is unacceptable we can still use (3.24) to obtain a first approximation, calcu-
late the climb angle using (3.14) and then use (3.23) to find an improved result. However,
from this point on we will assume that the climb angle is small enough for (3.24) or similar
expressions to be valid.



46  Performance — other flight manoeuvres

An alternative expression for the rate of climb can be found from (3.19):

Jov,, = Yok~ DV;

e (3.25)
We noted in Section 2.3 that the curve of VoP, = DV plotted against V; is independent of

altitude. We now superimpose curves of YonP, against V; for various altitudes as shown in
figure 3.4(a).

S { w
Q engine power curves 3
L )
o’ as
B = max. excess power
2 altitude 5
increasing altitude increasing
Vo n P, - DV,
VE Ve

(a) {b)

Flg. 3.4 (a) Engine power curves superimposed onto drag power curve. (b) Curves of excess power
for various heights

We can now determine the values of VonP; — DV and plot these against Vg as shown in
figure 3.4(b) and hence determine the maximum rate of climb at each altitude and the speed at
which it occurs. It can be seen that if the power curves are fairly flat then the speed for
maximum rate of climb is close to the speed for minimum power V,,, discussed in Section 2.3.
In some cases it may be acceptable to assume that the power nP, is constant with speed; the
speed for maximum rate of climb is then V,,, as is evident from (3.24) and (2.13). It should be
noted that in this case the optimum speed is a constant eas and hence the true airspeed
increases with height.

To determine the angle of climb we use (3.10), (3.22) and (2.20) and assume that the angle
is small, so that cos © can be taken as unity, giving

sin@=——=—% — — (3.26)
then using (2.10)
sin@=nP, "”—S(mg)"’2 oHE S (327
2 o

To find the speed for maximum climb angle, graphical methods or their computer equivalent
are necessary. In cases where it is reasonable to assume that the drag can be expressed in the
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form C, = a + bC? and the power is constant a quartic equation has to be solved. Figure 3.5
shows a typical plot of thrust and drag against speed for propeller-driven aircraft.

TD
thrust
drag
I Vind V
Fig. 3.5 Determination of maximum angle of climb .
for a propeller-driven aircraft speed for max. angle of climb

From the first part of (3.26) the speed for the maximum angle occurs where (T — D) is ata
maximum and from figure 3.5 we see that it is less than that for minimum drag.

Worked example 3.1

An aircraft having a mass of 42 000 kg and a wing area of 100 m? has turboprop engines of
total equivalent power 8000 kW, assumed not to vary with speed, and propellers of 83 per cent
efficiency. The drag coefficient is given by Cp, = 0.015 + 0.055C¢. Find the maximum steady
rate of climb at a height where the relative density, o, is 0.766.

Solution

The maximum rate of climb occurs at the speed for minimum power, so from (2.16) we have
Crmp =3alb = 1[3 x 0.015/0.055 =0.9045 and Cp, = 0.06. We then use (3.24) to find the
rate of climb:

(0.06/ 0.90453’2) =9.58ms”' (Ans)

, - 0.83 x 8000 x 103_\[2x42000x9.81
© 42000 x 9.81 1.225 x 0.766 x 100

3.3.1.2 Jet-driven aircraft
In this case we start by discussing the angle of climb; the first part of (3.26) is applicable in
this case also. Figure 3.6 shows a typical plot of thrust and drag for a jet-driven aircraft and it
can be seen that the speed for the maximum angle occurs near to that for minimum drag.

We can also write the climb angle in the form

T-D T G

i 03 (3.28)
mg mg C

sin®=

where we have again assumed that the climb angle is small, so that cos © can be taken as
unity. If the thrust can be taken as independent of the speed then (3.28) and (2.11) show that
the maximum angle of climb occurs at the speed for minimum drag.
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Fig. 3.8 Determination of maximum angle of climb speed for max.
for a jet aircraft angle of climb
To find the rate of climb we use (3.14) and (3.28) giving
Vo =Vsin® = -I— - —Cﬁ 14 3.29)
mg G

and then using (3.12)

W [T G [2me
©“\mg C_J\pSC,
_ 2m
=(rcV? — ¢, 107 |28 3.30
Veo ( L p/CL ) oS (3.30)

where we have written 7/mg = 1, which is the (thrust/weight) ratio. For the maximum rate of
climb the quantity in the square brackets in (3.30) has to be maximized, which will usually
need a graphical method. If the thrust can be taken as constant with speed and we can write the
drag in the form C, = a + bC? we can proceed as follows. Substituting for Cp, the condition
for maximum rate of climb can be written

or

d 112 _ -312 _ 2] _
E[rcL aCy bCy?]=0

and performing the differentiation

'-'%TCEBIZ + %aCES/Z _ %bCE”Z:O

Because V2 o« C7' we choose to convert this expression into a quadratic in the latter quantity

by multiplying through by 2C" giving

3aCI" - 1C' ~ b=0

and on using the standard solution for a quadratic we obtain
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-t {12 + 12ab
=

6a

We expect the lift coefficient to be positive and so take the upper sign of the pair to give

the result
2
ci= T+ \/T + 12ab (3.31)

6a

We now find the speed for maximum rate of climb as

V2 __?L"g___"z_(, 4 + 12;,,) (3.32)

™ "~ pSC,  3paS

or taking mg inside the bracket

1
V2 =3st(T +T7 + 12ab(mg)’) (333)

Since the thrust normally falls off with height the eas for optimum climb will also fall with
height, in contrast to the case of the propeller-driven aircraft.

Worked example 3.2

An aircraft has a mass of 40 000 kg, a wing area of 120 m? and jet engines giving a thrust of
80 kN, assumed not to vary with speed. If the drag coefficient is given by Cp, = 0.01575 +
0.033 35C? find the maximum steady rate of climb at sea-level.

Solution
The maximum rate occurs at the lift coefficient from (3.31) given by

c-i Tt J1? + 12ab
=

6a

Now 7= T/mg = 80 x 1040 000 x 9.81 = 0.2039. Then

0.2039 + 4/0.20392 + 12 x 0.01575 x 0.03335
6 x 0.01575

=4.473

Ci'=

The drag coefficient is then 0.015 75 + 0.033 35/4.473% = 0.017 42 and the speed is

=1545ms™!

v [2me _ [2x 40000 x 9.81 x 4473
pSC, 1.225 x 120
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The rate of climb is then found from (3.29):
Veo = (0.2039 — 0.017 42X 4.473) X 154.5=19.45m s™! (Ans)

As a check we calculate the corresponding angle of climb as sin @ = v_/V = 19.45/154.5, or
© = 7.23°, which is within our limit of 10°,

3.3.2 Climb with acceleration

We have seen that the optimum climb procedure indicates that the true airspeed must vary
with height for both propeller and jet-driven aircraft, so to maintain optimum conditions some
acceleration must occur. Using (3.13) and (3.14) we solve for the rate of climb giving

nP+7}V—DV v dv
v, = -
¢ mg g dt

The first term on the right is the rate of climb with zero acceleration v, — see (3.21) and (2.21)
— and we can write v, as

V.=V, — — — (3.34)

We now assume that airspeed is some defined function of the height, that is V = V(h); then
we have

Substituting into (3.34) gives

and on solving we find

yom— Ve (3.35)
1+ V/ig-dV/dh

The reciprocal of the denominator on the right-hand side of the above expression is known
as the ‘kinetic energy factor’ and is independent of the engine type. Since it contains the
airspeed, the earlier determinations of the optimum speeds for climbing are very slightly in
error. For this reason the use of the energy height methods to be described in Section 3.3.5 is
to be preferred for aircraft capable of high speeds and rates of climb.

We will obtain explicit relations for the denominator of (3.35) in two cases: climb at
constant eas and at constant Mach number. Dealing with the first of these, we have from (2.7)

V=VNo

then on differentiating
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&V _ Ve ndo
dh 2 dh

The kinetic energy factor then becomes

-1
v: do
(‘ - ?g—a) 339

The quantity do/dh can be obtained by differentiating the expressions for ¢ given in Section
1.4 (or see Student problem 1.4). It is a negative quantity and hence the rate of climb is
reduced as would be expected since the true airspeed will increase with height.

Turning now to climb at constant Mach number, we have V = ¢ M, where ¢, = speed of
sound = 1/}'Rﬂ and M is the Mach number. The temperature 9 in the troposphere is given by
(1.12) as ¥ = %, — Ah. We then have

V=\7R®, - )M

and on differentiating we find

dav _ AYRM _ _AYRM

dh  2JyR@, - ) 2¢

The kinetic energy factor then becomes
] -1
(1 - ——}.yRMz) (3.37)
2g

In this case the rate of climb is increased, as would be expected as the temperature decreases
with height so that the speed of sound also decreases and the true airspeed decreases to keep
M constant.

3.3.3 Ceiling.

The ceiling is defined as the maximum height to which the aircraft can climb, both the angle
and rate of climb having fallen to zero. In the case of propeller-driven aircraft, (3.21) shows
that the excess poweér (NP, — DV) is zero and the engine power curve must be tangent to the
power required curve as shown for the lowest engine power curve in figure 3.4(a).” In the case
of jet-driven aircraft, (3.28) shows that the nett forward force (T — D) is zero and the thrust
curve must be tangent to the drag curve as shown for the lowest curve in figure 3.6. If the
power in the first case is constant with speed the speed will be that for minimum power;
similarly if thrust is constant the speed is that for minimum drag. At the ceiling the pilot has
no freedom to manoeuvre without losing height as there is no excess thrust. The ceiling
defined above is often known as the ‘absolute ceiling’; other more practical ceilings have been
defined. The ‘service ceiling’ is defined as the height at which the rate of climb has fallen to
100 ft min™' (0.51 ms™') and ceilings corresponding to rates of climb of 500 ft min~' and
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1.5 ms™' have also been proposed. All these ceilings can be determined by plotting rate of
climb against height.

3.34 Time to height

The rate of climb can be written in the form v, = dh/dt, so that the time taken to climb from
height h, to h, is

k2 dp
a=| — (3.38)
m Ve

The time taken is therefore equal to the area under a plot of 1/v, against h and graphical or
numerical methods of integration are indicated.

3.3.5 Energy height methods

In previous sections we have considered the estimation of the rate of climb at constant speed
and the correction required to allow for acceleration, and in the previous chapter we consid-
ered level acceleration. These topics can all be treated in a unified manner using the concept
of energy height introduced in Section 3.3. The effects of changing flight speed on climb
performance are most important for supersonic aircraft for which the transonic rise in drag
coefficient followed by the fall at supersonic speed (see figure 1.13) means that there may be
two ranges of speeds for best climbing separated by a poor region.

Suppose an aircraft is required to achieve a certain speed and height starting from another
pair of values of V and h while minimizing the time taken, the fuel used or some other
quantity. The problem is then to find the ‘climb schedule’, that is the function V = V(h), which
achieves this. We make one special assumption which is that exchange of V and 4 at a given
h., can be carried out instantaneously and without loss. The effect of this is easily corrected
subsequently. We also assume that the climb angle is small, so that cos © can be taken as
unity; the method can, however, be developed without this. This technique is really only
relevant to jet-driven aircraft so that we write (3.16) as

mg dhey =(T — D)V (3.39)
dt
where
2
h,=h+ —V— (3.40)
2g
If we now write
dh
=_¢n 341
py (3.41)

then the time taken for an aircraft to reach h,,, from A, is

jhcnz dh
t = €n
12 - W (342)
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where

v (3.43)
mg

The thrust and drag are functions of speed and height and therefore w is also. Thus to mini-
mize £), we have to make the integrand as small as possible at each value of k., in the range of
integration by varying V and h at constant h,,. That is, we must maximize w for each point of
the climb schedule. Graphical methods or their computer equivalent are essential and we will
describe two graphical methods. The first, which has the advantage of illustrating the climb
schedule of the aircraft, is shown in figure 3.7.

h

lines of constant w

Fig. 3.7 Determination of optimum climb programme

The axes of the graph are height and speed and three kinds of curve are shown. The dashed
curves are simply curves of constant energy height and the continuous lines are curves of
constant w = dh,,/dr. The aircraft in this problem is required to achieve the conditions repre-
sented by the point'B starting from point A, which it does via the climb schedule ACDB,
marked by crosses. From point C to D the curve is chosen such that at every point w is maxi-
mized with respect to the curves of constant energy height. At D the energy height value of the
final point B is achieved and the curve from D to B to the aircraft follows a path at constant
energy height and is in fact diving. From A to D the aircraft is simply accelerating. In some
cases it has been found that the optimum path may involve the aircraft diving through the
transonic speed range as the aircraft has insufficient thrust for level flight there. In determining
the optimum path no account is taken of possible limitations on the aircraft such as buffet, or
on the engine such as height limitations.

Figure 3.8 shows the second method. The axes in this case are 1/w and h. The dashed curves
are plots of 1/w at constant height for a number of heights; the minima of these curves repre-
sent optimum conditions and are joined to produce the curve CD, corresponding to the curve
CD in the previous figure. Since 1/w is the integrand in (3.42) the area below the curve is
proportional to the time taken. In addition the time taken for the sea-level acceleration phase
is proportional to the area below the curve AC. The time taken from D to B has to be obtained
by other means as these points are at the same value of energy height.
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Fig. 3.8 Determination of optimum climb programme, alternative method

Very similar techniques can be used to minimize the fuel used. From (2.30) we have the

fuel mass flow rate as
my=fT
(in this case T # D). The total fuel used is then

mg = Irh,dt = If,Tdr

fT
mg = | ——dh,
F J‘dhm/dt e

- =J‘"¢nz dh,,

or

and then using (3.39) we find

hemt Wi
where
V(T — D)
Wf = r—r—
mgij

(3.44)

(3.45)

Thus to minimize the fuel used we have to make the integrand as small as possible at each
value of h_, in the range of integration by varying V and h at constant h,,. That is we must

maximize w; for each point of the climb schedule.

3.3.6 Standardized performance

A problem arises in the flight testing of aircraft because we cannot control the atmospheric test
conditions closely enough. We therefore seek help by means of dimensional analysis. Taking
an aircraft powered by a turbofan engine as an example we look first at the variables that the
engine thrust and specific fuel consumption depend on. The relevant parameters are the
airspeed V, air pressure p, air temperature ¥, engine diameter D and rotational speed N. If
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there is more than one shaft it is usual to take the high-speed compressor shaft speed; the
steady speed of the other shafts is a unique function of N. The introduction of the viscosity of
the air would simply result in the appearance of the Reynolds number which we can take for
granted; also we can omit the air density as it is a function of p and . We assume that the
relation for the thrust is of the form

T = function(V,p,¥,D,N) (3.46)

The dimensions of these quantities are as follows: T: ML™'T™% V: LT, p: ML™'T%
¥: LT3 D: L and N: T™'. Then using Buckingham’s 7-theorem, which is the result of the
necessity of dimensional homogeneity in an equation, we have six quantities with three
fundamental dimensions; the result we require must then be one involving three nondimen-
sional groups. We choose the form

-p% = function [(7"5)(%-))] (3.47)

If we are considering a particular engine the diameter is constant and can be omitted. We can
also write the air pressure in terms of the standard sea-level pressure as p = dp, and omit the
constant p,. Bearing in mind that we are going to apply this to aircraft performance we replace
Y9 in the first group on the right-hand side of (3.47) by the speed of sound, to which it is
proportional. This first group then becomes the Mach number M assuming that yand the gas
constant, R, are constants. We then write this relation in the form

2= 5(M. N1-/3) (348)

The variables 778, VW9 and N/V¥ are known as ‘standardized variables’. The relative temper-
ature could also be substituted for the actual temperature. A similar analysis for the specific
fuel consumption gives

£148 = (M, N1B) (3.49)

We turn now to aircraft performance, specifically to the lift coefficient. Assuming that the
climb angle is small, using (2.22) we have

C =118 ___"me
“dpvis T IpMPS

We can then write
CL=fM, m/J) (3.50)

taking ¥, g and § as constants. Consider now the drag coefficient which we write in the form
Cp = a + bCL. In the most general case the coefficient a is a function of M and C, and the
coefficient b is function of M. Using (2.22) again, the drag is given by

_Y 2 _7Y 2 2
D= pM’SC, =~ pM S(a + bC})



56 Performance — other flight manoeuvres

or, using (3.50),
2= £(M, m/3) @3.51)

Let us now consider the rate of change of energy height. From (3.39) we have
dh T DYV
mg—=L =(T — D)V=§ — — — 9
et (5 5 )73‘/—

then using (3.48) and (3.51) we find

7%~ dg;" =f5(M, mié, N/JE) (3.52)

In the case of level flight at constant speed, where we have 7'= D, or from (3.48) and (3.51),

M= f,(m/8, N/D) (3.53)

This analysis can be extended to other performance parameters and other types of engine.
The use of these variables enables the aircraft performance to be presented in a much more
concise form than would otherwise be possible.

3.4 Correctly banked level turns

Any body following a curved path must have a centripetal force applied to it. In the case of an
aircraft the centripetal force, which must be normal to the direction of flight and in the hori-
zontal plane, can be generated in two ways. The first is for the pilot to roll the aircraft around
the forward axis, as in figure 3.9, so that the lift has a component towards the centre of the
turn; this is known as ‘banking’ the aircraft.

Flg. 3.9 Aircraft in a correctly banked turn
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The second is for the pilot to rotate the aircraft about a vertical axis thus giving the fin and
fuselage an incidence and thus producing a sideways force; this is known as ‘sideslipping’ the
aircraft and is illustrated in figure 6.2(a). The first method is much the more effective way
to produce the necessary centripetal force; the control actions required from the pilot are
discussed in Section 6.1.2. A correctly banked turn is one in which the centripetal force is
provided solely by the inward component of lift due to banking the aircraft.

We now consider the forces on the aircraft shown in figure 3.9. Resolving vertically
we have

Lcos¢— mg=0 (3.54)

where ¢ is the bank angle. The horizontal component of the lift is L sin ¢ and equating this to
the product of mass and centripetal acceleration we find

V2
L sin ¢=m—R— (3.55)

where R is the radius of the turn. Solving (3.54) and (3.55) for cos ¢ and sin @ respectively and
dividing we find
V2
tan ¢ = — (3.56)
gR

which shows that the bank angle increases rapidly with speed for a given radius of turn. An
important parameter:in the stressing of an aircraft is the ‘load factor’, N, which is defined by
N = (lift in turn)/(weight) = L/mg 3.57
Using (3.54) we find
N=sec ¢ (3.58)
On any given aircraft there is a maximum value of the load factor which the aircraft is
designed to withstand. Typical figures are slightly above 2.5 for airliners and 6 to 8 or more
for highly manoeuvrable aircraft. This makes load factor a significant parameter to use in
equations for the turning performance of an aircraft. Using the trigonometric identity
sec’p=1 + tan’¢
and using (3.49) we find

tan @ = w/N2 -1 (3.59)

Then rearranging (3.56) and using (3.59) we find

V2
g —

This shows that for a given load factor the radius of turn increases with the square of speed
and so for supersonic aircraft the radius of turn can become inconveniently large. We note also
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that the centripetal acceleration is g\/ N? — 1. From (3.57) we have L= Nmg and introducing
the definition of lift coefficient we find

Nmg
Vie——o_ (3.61)
1pSC.

Then on substituting into (3.60)

Nm

= (3.62)
3pSCN? -1

which shows that for the minimum radius of turn the aircraft should fly at the incidence for
Crmx- There is no conflict between (3.60) and (3.62), as in (3.60) as the speed increases C,
decreases. Another performance parameter of interest is the rate of turn, @ = V/R. From (3.60)
we find

R

w=< N — ) (3.63)

and on using (3.61)

2 —
S B S

showing that the rate of turn increases with C,.

We now wish to compare conditions for the same aircraft in turning and straight, level
flight. For the rest of this section and the next we will denote quantities in the turn with the
suffix ‘" and those in straight flight will have no suffix. If the aircraft flies at the same lift
coefficient in the two cases (i.e. the same incidence) we have from (3.51)

_ mg _ Nmg
" hpViS T dpVls

giving
V,=VN.V (3.65)

the speed increasing to provide the additional lift required. Since the lift coefficient is unchanged
the drag coefficient is unchanged; then using D « 1%

T,= ND = NT and P, =N"DV = N"?P (3.66)

where T, T,, P, and P, are the thrusts and powers required. If the throttle is not opened to
provide this increase the aircraft must descend to provide a component of the weight in the
forward direction.

If the aircraft flies at the same speed in the two cases we have
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Vi 2mg _2Nmg
pPSG.  pSCy,

or
C,=NC, (3.67)

This shows that if an aircraft is flying initially in level flight at a speed too close to the stalling
speed, an attempt to turn whilst keeping the speed constant could lead to the aircraft stalling.
The effect on the thrust and power required depends on the form of the drag polar. In practice
for gentle turns, up to a bank angle of about 30°, the effects of turning are small and although
pilots tend to maintain the attitude of the aircraft and not open the throttle the rate of loss
of height is small. For steep turns the piloting technique is different and opening the throttle

is necessary.

Worked example 3.3

An aircraft performs a level turn at a speed of 250 m s ™' and a bank angle of 65°. Find the load
factor, the radius of turn, the angular rate of turn and the ratio of the power in the turn to that

in straight flight.

Solution
Using (3.59) we have N = sec ¢=2.37. Then from (3.60) R = V> / ( g\/N 2 - l) and substituting

gives R= 2502/ (9.81,/2.372 - 1)= 2965 m. The angular rate is V/ R = 250/2965 = 0.0843
rad s™' and the power ratio is given by N** = 2.37%2 = 3.65.

3.4.1 Turns at constant throttle

It is instructive to investigate the rate of loss of height in a turn assuming that the throttle is not
opened. For simplicity we assume that the turn takes place at the same lift coefficient as for
the initial level flight case and that the engine thrust is independent of speed. The forces acting
are illustrated in figure 3.10 and 7is the angle of descent.

Fig. 3.10 Descentin a tum

In the figure it should be remembered that the lift is also inclined towards the centre of the
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turn. Resolving normat to the flight path gives
L cos ¢ — mgcos y=0

and assuming that ¥ is a small angle such that cos ¥y = | we have
L,cos ¢p=mg (3.68)

We can therefore still write N = sec ¢. Resolving along the flight path gives

T,— D, + mgsiny=0 (3.69)
Since thrust equals drag in steady level flight we have

T=D=T,

Using this and (3.66) in (3.69) gives

D~ ND +mgsiny=0
Solving for the descent angle,

DIN-1)_N-1
mg C./Cy

siny = (3.70)

showing that the minimum angle occurs at the minimum drag conditions. The rate of losing
height is given by v, = V, sin yand on using (3.65) we have

) _DVIN(N—1) _ VNN - 1)

3.71
: mg C./Cp 7D

The first form shows that the minimum rate of loss occurs at the minimum power condition.

3.5 Take-off and landing

The primary objective of this section is to discuss the estimation of the distances required for
an aircraft to take off and land. These are not single manoeuvres in the sense that the term has
been used up to now but are really a series of manoeuvres and the division into parts can be

P
/ h Ecreen
e o S| height
4: initial
1: ground run 2: 3: climb
rotation fiare

Fig. 3.11 Phases of a take-off
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the subject of some debate. Piloting also comes into this discussion as variations in technigue
have an effect on the distances; the result is that assumptions have to be made which in effect
standardize the technique used. We start by discussing take-off; the methods used are easily
adapted for the case of landing.

Consider the path of the cg of an aircraft during a take-off as shown in figure 3.11. The take-
off is divided into four phases as follows:

I. Ground run. During this phase the aircraft accelerates up to the ‘rotation speed’, Vg, and
the attitude of the aircraft is constant so that C; and C, are constant.

2. Rotation. During this phase the aircraft is rotated (pitched nose-up) by the pilot so that at
the end of the phase the lift exceeds the weight and the aircraft lifts off the runway.

3. Flare. In this phase the angle of the flight path is changed to match the final climb angle;
the cg follows a nearly circular path.

4. Initial climb. Here the aircraft climbs at steady angle and speed to the ‘screen height’ h,,
usually taken to be 15 m. Thrust, C, and C;, can also be assumed constant.

For a simpler treatment phases 1 and 2 can be combined as can phases 3 and 4; in effect the
rotation and flare are assumed to take place instantaneously.

}L

| o
~
<
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Fig. 3.12 Forces on aircraft in ground run mg

The forces acting at a point during the ground run are illustrated in figure 3.12, where uR is
the rolling friction of the tyres and R is the ground reaction, (mg — L).
The nett forward force then gives the acceleration, «, as
ma=T—-D— uR (3.72)

This could be integrated once to give the speed and again to find the time taken. However, we
require the distance. For this we have

The acceleration distance is then

3.73)

where from (3.72)
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__T—D-pmg~1)
m

(3.74)

Since the thrust varies with speed in general, the most accurate results are obtained by using
numerical integration of (3.73) using equal steps in V2. The simplest procedure is to calculate
the acceleration at say 0.7V, and assume that this is a good approximation to the mean value.
Then the acceleration distance is given by

‘= m Ve
"{T - D~ p(mg — L)

(3.75)

mean

To get a feel for the important parameters we introduce some approximations; we can ignore
the rolling friction compared to the thrust, and the drag is zero at least initially, so that we
approximate the acceleration to T,,./m. We assume that the rotation speed is 15 per cent
above the stalling speed so that we have

2 1.15%mg
Vi=——"%
<&pSCme&
Then
1.15? (mg) 1
X = i k-3 3.76
' 8PCimn \ S ) (Trean ! m8) (370
or
wing loading 1

X, o 3.77
"7 thrust loading oC,,, 77

where the thrust loading is defined here as T,,,,/mg. The ground run is the largest single part
of the take-off distance and the rest of it is similarly affected by the above parameters, so that
take-off distances correlate well with the right-hand side of (3.77). Weight is a particularly
important parameter as increasing weight increases the wing loading and decreases the thrust
loading; both of these effects increase the take-off distance. The result is that the ground run
is proportional to (mg)’. Evidently increasing altitude increases the take-off distance; there is
also a less direct effect of altitude in that the fall-off of air density decreases the thrust. There
may also be an effect of airfield temperature, increase of which often decreases engine thrust.
The operation of an aircraft from airfields at high altitudes in the tropics usually provides the
most testing cases for the design for take-off performance. As a result aircraft manufacturers
need to provide curves to operators giving the effects of weight, altitude and temperature on
performance, known as ‘WAT curves’; in addition the effects of runway slope and wind must
be included.

Returning to the subject of estimating the ground run, if we can assume a convenient math-
ematical form for the effect of speed on the thrust we can then integrate (3.73) analytically to
obtain an expression of intermediate accuracy. A suitable form is
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T=T, - kV? (3.78)
where T, is the static thrust and k is a constant. We also write
L=4pV*SC,,
and
D=1}pV’SC,,
where C;, and Cp, are the values of C; and Cj, corresponding to the ground attitude of the

aircraft with flaps and undercarriage lowered and allowing for the effects of ground proximity.
Then substituting into (3.74) and collecting terms,

(,:(To - umg)_[" + 3pS(Co, ~ u%))vz 379

m m

For simplicity we write this as « = .57 + BV?, where .27 and B are the quantities in the first
and second brackets in (3.79) respectively. Then substituting into (3.75) and integrating we
find

1R dvyhy o v\
=5 = gglnlr + av7)!

or
1 X4
x Y In T AV (3.80)

Runways are rarely exactly horizontal and the effect of a component of weight along the
take-off direction is easily incorporated in the above analysis. Aircraft often take off against a
component of the wind; this can be allowed for provided care is taken to distinguish between
the aircraft speed relative to the ground, V,, and that relative to the air, V, say. The former is
related to the distance along the ground and the latter to the aerodynamic forces; the two are
related by V, = V, + w, where w is the headwind component.

The distance travelled during the rotation phase is estimated from the time taken for
rotation. For transport aircraft a rotation rate of 3° per second is assumed; typically the aircraft
will need to rotate through 12°, giving a time of four seconds. The distance can then be esti-
mated by numerical integration as for the ground run or by assuming a mean speed and multi-
plying by the time. The aircraft will lift off when the lift exceeds the weight but rotation may
continue as during the flare lift must exceed the weight to provide a centripetal acceleration.

The last two phases, the flare and the initial climb, are dealt with together and are shown in
more detail in figure 3.13.

The flare ends when the flight path reaches the climb angle given by (3.26) or (3.28),
repeated here:
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Fig. 3.13 Detail of flare and initial X3 X4
climb

T-D
mg

sin® =

(3.81)

where the thrust and drag are calculated using values appropriate to the aircraft speed and
condition. This angle is needed later to determine x;. Then assuming that A, is the height at the
end of the flare we have

tan® = h ~ hy
X4
or
hs - hl
= 3.82
X4 tan © ( )

where h, has yet to be determined. The distance taken in the flare is fixed effectively by the
centripetal acceleration available at the end of rotation, An.g, then

2

Ang= ?
or
R= A‘:g (3.83)
and from figure 3.11 we have, if the climb angle is not too large,
x;= RO (3.84)
We still need to find h,, which from figure 3.13 is
h, =R(l — cos ©)
Then using the series for cos © we have
=Rl - {1-0%/21 + ©* /a1~ })= RO" (3.85)
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to second order in © and enabling us to find x, using R from (3.83). In some cases the height
gained in the flare found in this way is greater than the screen height. As the take-off is taken
to end at the screen height there is no climb-away phase in this case and the angle © is found

7}
0.4 wet
0 L 13 L 4 —t—
60
Fig. 3.14 Variation of maximum braking friction ° 20 40_ .
with speed Vims™)

from (3.85) putting h, = A;; x, is found from (3.84).

3.5.1 Landing

Landing can be divided into four phases which correspond to those used to analyze the take-
off, as shown in figure 3.14, or into two phases.

The distance taken in this case is much more affected by piloting technique. Student pilots
tend to end the flare with the aircraft above the runway and the aircraft ‘floats’ along in the
ground effect, decelerating until it finally stalls onto the runway. Experienced pilots generally
touch down at the end of the flare at a speed higher than the stalling speed and it is this
distance that is required. ‘Derotation’ follows very shortly after touchdown.

R

approach ground run

~—

flare derotation

Fig. 3.15 Phases during landing

There are a number of factors which can make the estimation of the ground run distance
more complicated than that of take-off. Energy is dissipated in flexing the tyres and in the
brakes, so that the coefficient of friction is now the sum of the rolling and braking coefficients
and is strongly affected by the speed and whether the runway is dry or wet, as sketched in
figure 3.15 (71026).

These values could only be achieved if all the wheels have brakes and with perfect antiskid
systems. The maximum deceleration may be limited by passenger comfort or other reasons
and there may be a limit to the energy which can be absorbed by a braking system; possibly
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80 per cent of these values is a fair assumption. The brakes can only be applied after touch-
down and so there is a delay of about two seconds before they become effective. The same
applies to the use of reverse thrust or ‘lift dumpers’ (a form of spoiler) which are found on
sophisticated aircraft. The braking friction is a much more important factor than the rolling
friction is in take-off distance estimation and it is more necessary to use numerical integration.

3.5.2 Balanced field length

Safety is a prime consideration in all aircraft design and in this context it is necessary to
consider the effect of engine failure during take-off. In the case of a single-engined aircraft,
failure just after take-off is mainly a matter of looking for a suitable field to land in and landing
safely. Failure on the ground simply means aborting the take-off. In the case of multi-engined
aircraft, if failure occurs during the take-off the pilot has the options of either continuing or

normal take-oft . i .
2 engine failure at unstick
]
8
% E\OQ
5 5

)

? o
8 2f
)

BFL
distance

Fig. 3.18 Determination of balanced field length

throttling back the remaining engines and applying the brakes. The latter is known as an
‘accelerate-stop’ manoeuvre. At any given speed one or other of these options will require the
smaller amount of runway; at low speeds the aircraft should stop whilst at speeds near to that
for lift-off the better option is to continue. The pilot needs a simple criterion on which to judge
the correct option and this is provided by the speed at which the engine fails. Calculations are
therefore made for both distances and plotted against speed of engine failure as shown in
figure 3.16.

In the calculation of accelerate—stop distance allowances must be made for the time taken
for the pilot to make the decision to stop, the time taken for the remaining engines to run down
and for brakes and lift-dumpers to become effective. Where the curves intersect defines the
decision speed, V,, and the corresponding distance is known as the ‘balanced field length’
(BFL). The minimum field length for the safe operation of an aircraft for a specified take-off
weight is the larger of the BFL and the landing distance at the maximum permitted landing
weight. Since the airworthiness regulations require that multi-engined aircraft are capable of
climbing with one engine failed, engine failure during the climb-away will result in climb at a
reduced angle. The pilot is likely in that case to abort the mission, jettisoning fuel to reduce
the weight to the maximum for landing, and land.

Rate of climb with one engine failed is a safety issue at any altitude and the airworthiness
regulations specify minimum rates of climb which depend on the number of engines.
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3.5.3 Reference speeds during take-off

There are a number of speeds -attained by an aircraft during take-off between which the
airworthiness regulations require certain relations to be satisfied. The basic speeds are the
stalling speed V;,, the minimum control speeds in the air Vyc, and on the ground Vy,, the
decision speed V) and the minimum airspeed at which the aircraft can take off, V. The latter
may be related to the maximum angle the aircraft can reach without contacting the runway.
The minimum control speeds are discussed in Section 6.3.3.

The principal requirements are that:

1. The speed at which rotation is initiated, V4, shall be at least 5 per cent greater than Vy,
and that rotation at V followed by the maximum rate of rotation shall not result in a lift-
off speed less than 1.05V),, with one engine failed or 1.1V, with all engines operative.
V, shall be equal to or greater than 1.05V .

The target speed at the end of take-off, V,, which is chosen by the designer, must provide
a specified rate of climb and be equal to or greater than 1.2V, for two- or three-engined
aircraft and 1.15Vj, for four-engined aircraft. Also V, must be equal to or greater than
1.1Vyc..

w N

For a complete statement of the requirements for large civil aircraft the European Joint
Airworthiness Requirements (JAR)-25 or the equivalent US Federal Aviation Regulations
(FAR) Part 25 should be consulted.

Student problems

3.1 An aircraft having a mass of 36 290 kg and a wing area of 93 m? has jet engines having
a thrust of 57.8 kN, assumed not to vary with speed. The drag coefficient is given by
Cp,=0.014 + 0.05C2. Find, at sea-level:

(a) the angle and steady rate of climb at a speed of 92 ms™';

(b) the maximum steady angle of climb, the corresponding speed and rate of climb;

(c) the speed for maximum steady rate of climb, the corresponding angle and rate of
climb. (A)

3.2 The aircraft of the previous question is fitted instead with turboprop engines of total
power 10 000 kW having propellers of 87 per cent efficiency. Repeat parts (a) and (c)
of the question. (A)

3.3 At sea-level a jet aircraft has its maximum steady rate of climb at a speed of 152 ms™/,
which occurs at a shallow angle. The aircraft has a mass of 22 200 kg, a wing loading
of 2.4 kN m~2 and a drag coefficient given by C, = 0.018 + 0.065C?. Estimate the
angle and steady rate of climb when climbing at the same incidence but using rocket
giving 65 kN of additional thrust. (A)

3.4 An aircraft has the following lift/drag characteristics:

G 0.2 0.3 0.4 0.6
G 0.018 00195  0.024 0.036

The engine has a thrust of 26 kN at an altitude where the relative density is 0.45 and
the speed of sound is 310 m s™'. If the aircraft mass is 18 000 kg and the wing area is
50 m?, find the speed for the maximum rate of climb at this altitude if the aircraft is
constrained to fly at constant Mach number, allowing for the effects of acceleration.
Also find the rate of climb. The temperature lapse rate is 6.5 K km™'. (Hint: in this
case Cp#a + bCl) (A)

3.5 A sailplane with a wing loading of 250 N m~2 has a best gliding angle of 1.5° at 25ms™".
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3.6

3.7

3.8

3.9

3.10

312

3.13

Determine the coefficients a and b in the equation for the drag coefficient Cp, = a + bC?.
Also determine the minimum sinking speed and the glide angle at which it is achieved
assuming standard sea-level conditions. (A)

An aircraft has a wing area of 260 m?, a mass of 44 000 kg and an engine power given
by 50000%%° kW. Find the absolute ceiling if the drag coefficient is Cp = 0.016 +
0.052C} and the propeller efficiency is 88 per cent. Assume that the relative density is
given by

20- H

g=
20+ H

where H is the height in km. (A)

A twin engine turboprop aircraft having engines which give a maximum power of
5000 kW has been modified to be used as a ‘flying test-bed’ for a turbojet engine
giving a maximum thrust of 30 kN, both figures at sea-level and assumed to be
independent of speed. Find the maximum steady rate of climb at sea-level with all
three engines working and the speed at which it occurs. The drag coefficient is given
by Cp = 0.016 + 0.055C%, the aircraft mass is 48 000 kg, the wing area is 260 m? and
the propeller efficiency is 87 per cent. (A)

Show that the steady rate of climb of a jet engine aircraft is given by

v _2 | mg 2 + ' — 12ab
© 3Y3aps Jr+ 1

where T=T/mg, 1' =1[12 + 12ab, Cp =a + bC3 and the thrust has been assumed
constant with speed. Try to find two other equivalent expressions.

Calculate the radii of turns of load factor 2.6 for aircraft at Mach numbers M = 0.85,
1.5 and 2.5 at a height where the speed of sound is 300 m s, find the bank angle and
comment. (A)

A propeller-driven aircraft of mass 7500 kg is flying straight and level at 110 m s~
at an altitude where Vo = 0.776. It then executes a correctly banked turn at a rate of

8° s~ whilst flying at the same incidence. If the wing loading is 1.8 kKN m™ find the
radius of turn and the load factor. (A)

An aircraft of mass 10 000 kg has jet engines giving a thrust of 40 kN. The wing area
is 50 m?, the wing lift curve slope is 4.5 and the no-lift incidence is —2.5°. The wing
chord line is parallel to the engine thrust line. Find the radius of a correctly banked
turn in which the total load factor is 4 at an altitude where the relative density is 0.74,
the wing incidence then being 8°. (A)

A jet aircraft is flying straight and level at 100 m s™' true airspeed; it then executes a
turn at the same incidence and throttle setting. It is observed to lose 200 m in altitude
in 15 s. If the lift/drag ratio at this incidence is 14 find the angle of bank and the radius
of turn, neglecting any changes of thrust or air density. (A)
A jet aircraft is flying straight and level at a speed 20 per cent greater than the
minimum drag speed when it executes a correctly banked turn at the same incidence
and throttle setting. The bank angle is 50° and it is observed to lose 100 m in altitude
in 14 s. It is known that the maximum speed at that altitude is 240 m s™', the air
density is 0.8 kg m~* and the maximum thrust is 25 kN. The wing area is 50 m” and the
mass is 15 000 kg. Find the constants a and b in the parabolic drag law C, =a + bC 2
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neglecting any changes of air density or thrust at constant throttle.

As part of a two-stage take-off calculation find the ground run distance for an aircraft
with the following characteristics: mass = 21 000 kg, wing loading = 1.9 kN m™, C,,
= 0.4, unstick C, = 1.8, drag coefficient in the air and on the ground C, = 0.058 +
0.05C#%, total engine power = 6000 kW, propeller efficiency at take-off speed =

58 per cent, static thrust = 92 kN, u = 0.035. Assume a parabolic law for the thrust
variation between zero speed and unstick. (A)

Repeat the last problem including a headwind of 10 m s~".

As part of a two-stage calculation find the ground run distance for an aircraft with the
following characteristics landing on a runway with a 1° downward slope: mass =

20 000 kg, wing area = 100 m?, reverse thrust = 30 kN (assumed constant with speed),
Cimax =2.8,C,, =02, Cp,, = 0.17 + 0.06C.2, coefficient of braking friction = 0.2.
Assume that the touch-down speed is 30 per cent above the stalling speed. (A)

An aircraft has the following lift/drag characteristics in the ground run configuration:

Cy, 0.1 0.2 0.3 04 0.5
Cp, 0.0586 0.0598 0.0625 0.0676 0.0741

Find the lift coefficient which gives the shortest ground run in taking off from a level
runway, and find the distance (two-stage calculation). Other characteristics of the
aircraft are: mass = 30 000 kg, thrust = 90 kN, C, at unstick = 1.7, coefficient of
rolling friction = 0.04. (A)

Using a two-stage calculation find the total landing distance from 15 m for an aircraft
with the following characteristics: mass = 28 000 kg, wing loading = 1.8 kN m~2, Ci,
= 0.3, C,_ on approach and touchdown = 1.7, Cp,, = 0.06 + 0.62CL2!. The coefficient of
braking friction is given by

_ 2650
2915 + Vv*

where Vis in m s™'. Integrate analytically or use Simpson’s rule using equal intervals
in V2. (A)

Find the distance required in the last two phases of a four-stage take-off calculation for
an aircraft with the following characteristics: mass = 77 000 kg, constant thrust = 110
kN, wing area = 160 m?, C,,,,, = 1.5, C, = 0.056 + 0.04C?. Assume that the unstick
speed is 20 per cent above the stalling speed and that the increment in normal
acceleration in the circular arc is 0.1g and the screen height is 15 m. (A)

Show that the increment in ground run distance during take-off caused by using a
runway of adverse slope f is approximately

- ﬁvus2
Ax 2gt{r — (u + )}

where 7= T/mg. Hint: use the seriesIn (1 + x) = x + ....
Show that the ground run distance given by (3.81) can be written approximately as

f—— W
ngLus (T - :u’)
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where w = mg/S, 1= TImg, C,,, is the unstick C, and

#,=#(1 - CLglchus) + CDg/2CLus

: Lo +
Hint: an expression of the form (1 + x) can be written in the form (: u) and
- u

In (: ha u) =2{u + terms of third and higher order}.
—u

Notes

1. Itis important for the student beginning this subject not to confuse the climb and incidence angles.
2. Theoretically there could be more than one tangent.



4
Introduction to stability and control

4.1 Aims of study

Suppose we have an aircraft in some state of steady flight. If it is disturbed, by a gust say, or
by the pilot, it is regarded as stable if it returns to a sensibly steady state within a finite time.
The final state, however, does not have to be identical to the initial state, although it often will
be. Depending on circumstances we may be able to tolerate a small degree of instability or
even deliberately design an aircraft to be quite unstable; in the latter case, however, a reliable
automatic stabilization system will be required. We normally require more than mere stability;
the response to gusts must not make the pilot’s task difficult, produce an uncomfortable ride
for passengers, impose excessive loads on the aircraft, or make the aircraft unsuitable as an
aiming platform. The pilot must be able to control the aircraft accurately without having to
perform excessive feats of skill or strength.

Our first aim then is to study the dynamics of the aircraft and its interaction with the aero-
dynamics in order to be able to assess and possibly improve the dynamic characteristics.
A further aim is to understand the physics of the processes involved. If necessary we make
approximations as, while better numerical results can generally be found using a computer,
little real understanding follows its use alone. With a good understanding of the physics
involved, solutions to design problems can be put forward.

4.2 First thoughts on stability

There are a few matters to be discussed as a preliminary to the remaining chapters, consisting
of some notation and a little basic theory mainly to obtain some insight.

4.2.1 Choice of axes

In solving a problem involving the dynamics of a body it is usually necessary to set up axes of
reference and define variables of motion; however, aircraft present some problems in this
respect. We have to choose between (i) axes fixed relative to the ground, (ii) axes which
translate with the aircraft but do not rotate and (iii) axes fixed relative to the aircraft so that
they both rotate and translate with it. A little thought shows that in the first case an aircraft
flying in a straight line has moments of (constant) forces and moments of inertia about
the axes which will vary with time. In the second case simple rotations of the aircraft have the
same effect. We are then forced to adopt axes which remain fixed relative to the aircraft so that
they move with it and recognize that our equations of motion will need to be modified
accordingly. Such axes are known as ‘body axes’. The origin is best placed at the cg as then
there are no moments of the weight to allow for. Our axes are then chosen as follows. The Ox
axis points in the direction of flight, Oy points at right angles to the plane of symmetry and
towards the starboard wing tip (the right-hand one looking forwards), and Oz points down-
wards and completes a right-handed set. Figure 4.1 shows the axes.
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Fig. 4.1 Stability axes and control surfaces of an aircraft

The dynamics of the aircraft are then dealt with using these axes; for other purposes such as
finding the change of height in a disturbance we will have to introduce further sets of axes.

In the next two chapters we shall be mostly concerned with the moments about the axes just
defined; these are L about the Ox axis, M about the Oy axis, and N about the Oz axis, as shown
in figure 4.1. They are known as the rolling, pitching and yawing moments respectively. Like
much of the terminology these have been borrowed from nautical parlance. It is slightly unfor-
tunate that L is used for rolling moment as it is also used for lift. The practice is, however well
established, has merit and causes no difficulty. This notation will be elaborated upon in
Chapter 8 to deal with the requirements of subsequent chapters.

The velocity components, forces and moments and other similar quantities will change
when the aircraft is disturbed but we need to be able to define nondimensional quantities. We
therefore define a datum state and use the corresponding values of speed, density and so on for
this purpose. The datum state will be the initial flight condition if it was a steady state and
therefore in equilibrium. The subscript ‘e’ is used to denote a datum quantity; in particular the
airspeed is written V,, replacing the V for true airspeed used in earlier chapters.

4.2.2 Static and dynamic stability

An aircraft in flight is completely unconstrained and so has six degrees of freedom, three in
translation and three rotational ones. This means that there are many ways for instability to
appear and due to the high speeds serious consequences may ensue. To assist in dealing with
these problems we first discuss a weaker form of stability, known as ‘static stability’. A body
is said to be statically stable if a disturbance generates a force or moment, as appropriate,
which tends to restore the body to the initial state.

g

(a) (b) (© (d)

Fig. 4.2 llustration of various terms in static stability: (a) stable, (b) neutral stable, (c) unstable,
(d) conditional stability
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Consider the ball in a groove as shown in figure 4.2(a). If the ball is displaced to the right
as shown then a component of the weight appears towards the initial position; initially there-
fore the ball was statically stable. By contrast the ball in figure 4.2(c), when displaced, has a
force on it tending to increase the displacement and is therefore statically unstable. The ball in
figure 4.2(b) has no force on it produced by a displacement and so is in a state of neutral static
stability. When an investigation using the full dynamic equations finds that an aircraft is in a
stable state it is said to be ‘dynamically stable’. It can be shown that positive static stability is
a necessary but not sufficient condition for dynamic stability. A further possibility is shown in
figure 4.2(d) where the ball is stable to small displacements but unstable if displaced too far;
this can be described as a case of ‘conditional stability’. An aircraft can be statically stable to
small changes in incidence but unstable if the change of incidence results in the wing stalling.

In the case of aircraft it is useful to quantify the static stability; the restoring factor is usually a
moment so the quantity is the rate of change of a moment with displacement, and so has the form
of a stiffness. We also need to change the same displacements using the controls; the latter apply
moments which are resisted by the same restoring moments. The consequence is that an aircraft
with a high degree of static stability also requires large control movements and vice versa. We
often find this sort of relationship between stability and control in mechanical systems.

4.2.3 Approximate treatment of response to gusts

A very important feature of the dynamics of aircraft is the response to gusts and in particular
to vertical gusts; an approximate treatment of the latter case yields useful information.
Suppose that an aircraft, flying horizontally at steady speed V., flies into a region of the atmos-
phere where the air has a constant upward velocity w,. We will assume that the aircraft does
not change its forward speed or its attitude in space and that the lift changes instantly to corre-
spond to the incidence change. The latter implies, for instance, that we can ignore the time
taken for the aircraft to enter fully into the region of rising air. Initially the vertical velocity of
the aircraft is zero; let the downward velocity (i.e. along Oz) of the aircraft after a time ¢ from
entering the gust be w. Both w and w, are taken to be small compared with the forward
velocity. The increment of incidence on the wing at time ¢ is then

w + w,
Aa=—V— 4.1

e

and hence the upward force on the aircraft is

AL=%pV2SaAa
where a is the lift curve slope. Then from (4.1)

AL=4pV,Sa(w + w,) (4.2)

The downward acceleration is given by
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and on substituting from (4.2) and rearranging we obtain

T 43
a dt & (4.3)
where
T=— 4.4
$pV.S @4

The quantity 7 is a constant having the units of time and will be discussed further in the next
section. The solution to (4.3) is

w=—-ws[l - exp(—at/T)] 4.5)

The upward velocity of the aircraft (—w) therefore tends to the gust velocity. On differ-
entiating (4.5) we find the acceleration is

dw

py = —Kzgexp(—at/ T) (4.6)

The acceleration is a maximum at zero time and its maximum upward value as a fraction of
gis

g =~ Py @7
m™ogdt 2mg '

This result shows that the maximum normal acceleration is proportional to the air density, the
airspeed and the lift curve slope; it is also inversely proportional to the wing loading.

Suppose that we choose to use 7 as a unit of time, so that we write t = 7t and we measure
the velocities in terms of V, so we write w =V,w and w, =V, w,. Then on substituting, the verti-
cal velocity becomes

ﬁ::-—ﬁg[l —,exp(—a?)] 4.8

and introducing the lift coefficient in the undisturbed state, C, ., the maximum normal accel-
eration, in ‘g’ units, from (4.7) is
a .

= 4.9
max C[_e Wy (4.9)

n

So that to the degree of accuracy of this theory the motion of all aircraft with the same value
of lift curve slope is the same in these variables. If also the initial lift coefficient is the same,
then so is the maximum normal acceleration. We will return to the problem of the response of
aircraft to gusts in Chapter 10.

4.2.4 The natural time scale

We turn now to determining what we can learn from the use of dimensional analysis. Suppose
we have two geometrically similar aircraft performing similar manoeuvres and wish to find
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how the times for the manoeuvres depend on the various relevant parameters. Specifically we
define similar manoeuvres such that the changes of the same velocity component are the same
as a percentage of the undisturbed velocity in the two cases. The relevant parameters are the
aircraft mass m, the density of the air p, the aircraft initial velocity V, and a characteristic
length [. The introduction of the viscosity of the air or the speed of sound would simply result
in the appearance of the Reynolds number and the Mach number so we need not include these.
We then assume that the time is given by a relation of the form

t = function (l,V,,p,m) (4.10)

The dimensions of these quantities are as follows: £: T; I: L; V,: LT™"; p: ML™% m: M. Using
Buckingham’s 7-theorem we have five quantities with three fundamental dimensions; the
result we require must then be one involving two nondimensional groups. If we keep all para-
meters constant except the mass, then since the acceleration is inversely proportional to mass,
as in (4.7), the time taken for a given change of a velocity component must be proportional to
the mass. Consequently we choose the group which contains ¢ to include the ratio t/m; the
form chosen is then

pvj.i = f(m/ pP?)

or
m

pv.L’

f(m/ o) 4.11)

If we replace I* by the wing area as usual, the time taken is proportional to the quantity 7 found
in the previous section regardless of the manoeuvre. This is the magnitude of the time unit in
the nondimensionalized system to be introduced in Chapter 8.

The quantity in the brackets in (4.11) is also usually written in terms of wing area and is
regarded as the ratio of a fictitious aircraft density m/SI to the density of air. The quantity
is known as the ‘aircraft relative density parameter’ and written as

n
= 4.12
5 (4.12)

It is also sometimes known as ‘normalized mass’. It appears naturally as the result of analysis
of the motion of aircraft in later chapters where the characteristic length, /, is chosen to suit the
particular case,

4.2.5 Simple speed stability

Suppose that an aircraft is flying steadily at a speed above that for minimum drag, so that the
thrust and drag are in equilibrium. If it receives a disturbance which increases the forward
speed the thrust will in general increase slower than the drag and there will be a nett rearward
force on the aircraft: see, for instance, figure 3.5 or 3.6. This force will decrease the speed and
the aircraft is stable. Conversely if the initial speed is below that for minimum drag the nett
force is forwards and the aircraft is unstable. In fact an aircraft does not normally behave like
this as the speed change also generates pitching moments which alter the incidence and other
forces appear on the aircraft. However if the aircraft is constrained to maintain its attitude, as

for instance if it is forced to follow a glide slope as a preliminary to landing, then the problem
may appear.
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4.3 Controls

To control the aircraft we give the pilot the means to produce forces along the axes or
moments about them, although normally not all possible forces and moments are provided.
A short list of the methods used includes the engine throttle(s), the ailerons, elevator and
rudder as shown in figure 4.1, the all-moving tailplane or foreplane and spoilers. Ailerons,
elevators and rudders are known as flap type controls; they differ from the flaps discussed in
Chapter 1 in that they are required to increase or decrease the lift and so are designed to move
in both directions from the neutral position. The principle of operation is, however, the same.
Moving the pilot’s stick forwards produces a downward movement of the elevator,
increasing the lift on the tailplane and producing a nose-down pitching moment. Movement of
the stick to the right, or a clockwise movement of a control-wheel, raises the starboard aileron
and lowers the port one, producing a clockwise rolling moment about a forward axis. Forward
movement of the pilot’s right foot on the rudder bar moves the rudder trailing edge to star-
board giving a clockwise yawing moment about a downward axis. Essentially these controls
produce a moment about an axis and hence an angular acceleration, but what we usually
require are displacements which only appear later as a result of the response of the aircraft.

4.3.1 Flap type controls

A typical flap type control is shown in figure 4.3(a) and a typical pressure distribution along
the chord with and without deflection of the flap in figure 4.3(b).

—Cp pressure coefficient

(b)

_Fig. 4.3 (a) Definition of angles fora control surface. (b) Pressure distribution on a wing with deflected
flap

Apart from changing the lift from the main surface, a pitching moment M is produced and
a moment H about the hinge. These are taken as positive in the nose-up or trailing edge down
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sense as shown. Control surfaces are usually placed as far from the cg as possible and so the
pitching moment produced is usually much smaller than the moment of the lift about the cg.
Except on some aircraft which have powered controls, control surfaces are usually provided
with a ‘trim tab’ which the pilot can adjust independently of the main control to vary the hinge
moment. The trim tab is a small flap mounted on the main flap and is used to reduce the pilot’s
stick force to zero in steady flight.

Theory and experiment for incidence and flap angles less than about 15° agree on a linear
variation of lift with these angles so that we can write the lift in the form

L
———=C =g —a,)+ad +a 4.13
IpVZs L =a( o) 2 3B (4.13)
where o is the no-lift angle, and & and B are the flap and tab angles. The constants a,, a,
and a, are functions of the main surface geometry, the ratio (flap chord)/(wing chord), and
Reynolds and Mach numbers (Aero C.01.01.03 and .04, 74011, 74012). The hinge moment is
similarly expressed as

H

TPV, Cy=by + b(a — ay) + b6 + b, 4.14)
where S5 and c; are the plan area of the flap aft of the hinge line and the mean chord of that
area. The constants by, b,, b, and b, are functions of the same parameters as for lift (Aero
C.04.01.01, .02 and .06). The constant b, appears because on a cambered aerofoil section even
at zero mean lift there are pressure differences between the upper and lower surfaces. The
sections of tailplanes and fins are often symmetrical and then b, is zero. Unless special
measures are taken both b, and b, are negative, as might be expected from the pressure distri-
bution, figure 4.3(b).

The symbol & is only used for the general case; for the specific cases of the aileron, elevator
and rudder we use the symbols & 7 and { respectively; the subscripts on the flap area and
chord are similarly changed.

On a few aircraft the control surfaces are expected to provide control about more than one
axis. Examples of this are the elevons on tail-less aircraft which deflect in opposite directions
to act as ailerons and in the same sense to perform the function of elevators. A further example
is that of the vee-tail in which antisymmetric deflections of the elevators give control in yaw
and symmetric ones control in pitch. Another possible complication on some aircraft is that
the ailerons are split with the inboard section only being used at high speed.

It is worth noting that the American notation differs in some respects from that just
described; much more use is made of angles as subscripts. Thus the wing or aircraft-less-tail
lift slope is written as C, ,. The aileron, elevator and rudder angles are denoted by §,, 4, and
6, The slopes a,, a, and a; are denoted by using the control angles as a subscript to C, thus
the equivalents for the tailplane and elevator are CLal, C, 5. and C 5. A similar notation is used
for the hinge moments. ¢

4.3.2 Balancing of flap type controls

In smaller aircraft the control surfaces are connected directly to the pilot’s controls and to
move the control surfaces he or she has to apply forces to overcome the hinge moments. In
larger aircraft powered controls are used, but in either case it makes sense to reduce the hinge
moments by aerodynamic means. There is, however, a limit to the degree of balance to be
aimed for; in no circumstances can b, be allowed to become positive in an aircraft that is ever
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likely to be controlled manually. In such a case the control is unstable and would require
constant attention from the pilot. There are a number of methods of balancing controls, some
of which are now obsolescent. We will briefly describe four methods of which the first is
probably the most important: these are (a) the sealed nose balance, (b) the horn balance, (c)
the geared tab and (d) the set back hinge. We are not discussing here the mass balancing of
control surfaces which is necessary for the avoidance of some flutter problems.

The sealed nose balance is shown in figure 4.4. In this form of balance a ‘beak’ extends
forward from the control surface and is joined to the structure inside the wing by a flexible but
impervious sheet of material. Suppose the control surface is deflected downwards, then the
pressures on the wing surface increase on the lower surface and decrease on the upper. These
pressures are vented through to the surfaces of the beak and act to reduce the hinge moment;
a similar action takes place for an increase of incidence. This method of balance therefore
reduces the magnitude of both b, and b, (Aero C.04.01.00 and .04). Any leakage of air from
the lower surface to the upper reduces the effectiveness of a control surface (Aero C.01.01.04)
and in this respect this method is clearly superior; another advantage is that the mechanism is
contained within the aerofoil section.

flexible seal

Fig. 4.4 Sealed nose balance

The horn balance is shown in figure 4.5 and consists of continuing the flap surface forward
over a small part of its span to include the whole wing tip. This is an effective method of
balancing which reduces the magnitude of both b, and b, (88003) but is not very suitable for
high speed aircraft.

hinge line

horn

Fig. 4.3 The hom balance

The principle of the geared tab is shown in figure 4.6. In this form of balance a lever
attached to the tab is connected via a rigid link AB to a bracket attached to the control surface.
Suppose that the control surface is deflected downwards, then the link will push the tab
upwards which then produces a lift on the control having a moment assisting the main surface
deflection. Only the magnitude of b, is reduced.

The principle of the set back hinge is perhaps the simplest of all the methods. The standard
position of the hinge is taken to be at the centre of the circle forming the nose of the control as
shown in figure 4.7(a). A set back hinge position is shown in figure 4.7(b); there also have to be
modifications to the rear of the main part of the wing to provide clearance. This method has a
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Flig. 4.6 The geared tab

BG\ i WC\

Fig. 4.7 (a) Standard position of hinge. (b) The set back hinge

(a)

fairly strong effect on the balance as the load on the control surface is concentrated towards the
nose as shown in figure 4.3. The magnitudes of both b, and b, are reduced (Aero C.04.01.03).

4.3.3 Spoilers

Although spoilers have not been used very extensively, they have been used successfully for
roll control on large airliners at low speed in conjunction with the ailerons. For the purposes
of roll control the spoiler on one wing is raised, thus reducing the lift on that wing and produc-
ing a rolling moment. Figure 4.8(b) shows a sketch of the lift reduction due to a spoiler as
a function of the distance d which it projects from the aerofoil section. Their disadvantages
are that they cause a loss in the total lift and that their characteristics are non-linear; this latter

-4
S
A

@) (b) deflection d

(T~

Fig. 4.8 The spoiler: {(a) definition of deflection, (b) effect on lift coefficient, (c) the lift dumper

(©
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problem has prevented their common use until the coming of modern control systems. Other
characteristics can be found from ESDU Data Items 92002 and 92030.

Another version of the spoiler is the ‘lift dumper’ shown in figure 4.8(c). It is only operated
on the ground during landing and is used to reduce the lift and so increase the load on the
wheels to improve the effectiveness of the brakes.

Student problem

4.1 Think of three other methods of control which have been or could be used on aircraft
and reasons why they are not used or not often used.



5
Elementary treatment of pitching
motion

5.1 Introduction

In this chapter we discuss the behaviour of an aircraft in pitch. Although we shall think of the
aircraft moving in pitch we shall neglect the effects of inertia and unsteady aerodynamics, a
procedure often described as ‘quasi-static’, since it is correct only in the limit of very slow
motion. Our purpose is to determine such things as the elevator angles and stick forces
required for steady flight as a function of the properties of the aircraft and to consider the static
stability of the aircraft. To do this we require an equation relating the pitching moment to
such quantities as speed, elevator angle and cg position. In some sense we model the aircraft
behaviour in pitch and the resulting equation is known as the ‘pitching moment equation’ of
the aircraft. The reader is reminded of the general assumptions given in Section 1.2 to which
is added that of symmetric flight, i.e. there is no sideslip.

5.2 Modelling an aircratt in slow pitching motion

There are various ways in which the pitching moment equation of an aircraft might be found,
such as windtunnel testing or computer modelling of the flow about the aircraft. These
methods are not available until the design of an aircraft is fairly well fixed; prior to this the
pitching moment equation has to be found from data correlated from theory, windtunnel test
results and earlier designs. The process is one of synthesis with the pitching moment equation
being built up by considering the various components of the aircraft in turn. We need first to
examine two concepts related to the pitching moment characteristics of a wing.

5.2.1 Centre of pressure and aerodynamic centre

For simplicity we first consider a rectangular wing of moderate to high aspect ratio. The
various theories for wings generally find that the plot of aerodynamic pitching moment against
lift is a linear one and windtunnel experiments at reasonably high Reynolds numbers mostly
agree except at the stall. In nondimensional terms the line has a slope b and intersects the
Cp-axis at Cy, as shown in figure 5.1. Usually Gy, and b are negative as shown. The axis about
which pitching moments have been measured is at a distance x,.c from the leading edge.

The pitching moment equation for the rectangular wing can then be expressed as

M
J;_lez_sf Cu, =Cy, + bC, (5.1)

Now taking moments we find the pitching moment about a general point at a distance x.c from
the leading edge as

M=M, - (x, — x) Lc cos a — (x;, — x)Dc sin o
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CL

Cm
(a) (b)
Fig. 8.1 Terms defining (a) the pitching moment curve, (b) positions along the chord

or in nondimensional terms
Cu=Cy, — (x;, = x)C cos & — (x; — x)Cp sin &

This expression is rather inconvenient but can be simplified if we remember that for practical
wings C, » Cj, and we restrict the incidence to values below the stall, i.e. @ < 15° say, so that
cos a = | and sin & = . We can then neglect the last term as the product of two small quan-
tities and so on substituting for Cy, from (5.1) and putting cos a =1 we find

Cu=Cy, + [b — (x, — DIC, (5.2)

At this stage we can define two points along the wing chord.

e The ‘centre of pressure’, x,, is the point for which Cy =0, i.e.

=— CMO

Xep + (- X)) (5.3)
L

In fact this point is of limited practical use, as when C, passes through zero, x, goes
through infinity (unless Cy,, = 0 as it does for a symmetrical section).

e The ‘aerodynamic centre’, x,, is the point for which dC/dC, = 0. On differentiating (5.2)
with respect to C; we have

dC,,
dc,

=b— (x; — x)

Equating to zero and solving for x = x,, say, then we find
x,=x,— b (5.4)

Interpreted, this means that the aerodynamic centre (in wing chords) is at a distance equal to
the slope of the C,, against C;_curve behind the point about which pitching moments have been
measured. The pitching moment about the aerodynamic centre is constant at Cy, and the pitch-
ing moment equation of the wing in terms of x, is, on substituting for b from (5.4) into (5.2),
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Cu=Cy, + (x — x)C, (5.5)

The value of x, is approximately 0.25 for a rectangular wing in low speed flow and 0.5 in
supersonic flow.

5.2.2 The reference chord

In the last section pitching moment coefficients were defined using the wing chord; however,
for most planforms the choice of reference chord is not so obvious. We are free to choose any
dimension we please and so attempt to choose one in a logical and useful way; we also choose
a longitudinal position in the aircraft for it. Consider first the calculation of the overall no-lift
pitching moment for a wing given values for each streamwise section ¢y, defined as

1 My

VI o co

Cmo =Cmo(y) =

where y is the spanwise distance of the section from the aircraft centreline. Bearing in mind
that no-lift pitching moment is a pure torque and assuming that the wing is untwisted, the no-
lift pitching moment for the whole wing is

$pV? _r emoc’dy =3pVITCyyo (5.7
-

say, where s is the semispan and Cy, is the overall no-lift pitching moment. In this equation
C is the reference chord which has still to be defined; the magnitude of Cy, will be fixed by
that choice. Now consider the case of an untwisted wing of constant section; often a fairly
accurate estimate of the no-lift pitching moment coefficient will be obtained by assuming cy,
to be constant at its two-dimensional value. From (5.7) this estimate is given as

S
STCyo = ZCMOJ.czdy
0
We now choose to define € such that in this case Cio = Cumg» SO that

s
2
3 [ dy
€= -i—jczdy = '[’ s
0 J.cdy (5.8)

0

This length is known as the ‘aerodynamic mean chord’ (amc) and it is often convenient, but
not essential, to use it as the reference chord throughout stability work.

A wing can be effectively twisted in two ways: it can be of constant wing section and the
chord lines be rotated with spanwise position; or the camber of the wing sections can change,
changing the local no-lift angles; conceivably both methods could be used. The total effect is
known as ‘aerodynamic twist’ and produces a further contribution to the no-lift pitching
moment (87001).



84 Elementary treatment of pitching motion

We turn now to _the question of locating the aerodynamic mean chord longitudinally and
define a distance &, for any planform by

- 2 S
&= Ejéocdy (5.9)
0

where &, is the distance from the leading edge of the centreline chord (the ‘apex’) to the
leading edge of the local chord as shown in figure 5.2.

o £

ou

Fig. 5.2 Determination of reference chord y ¥

For a wing with straight leading and trailing edges as shown it is mathematically simple, if
a little tedious, to show that the wing chord at a distance &, from the apex has a length of ¢.
Another way of stating this is to say that the aerodynamic mean chord ‘fits’ on the wing at this
distance back and at the spanwise position y shown. If we consider a line at a constant frac-
tion k of the chord then for any wing

& =3J’€kcdy=3_‘.(§o + kc)cdy=—2- J Eocdy + k_[czdy =& +kE  (5.10)
St S StJo o

showing that & — &, =, but we cannot in general expect the chord to fit the wing.

When discussing the pitching moment characteristics of a wing it is necessary to have a
moment reference point. For low speeds, for which the aerodynamic centre of a thin wing
section in two-dimensional flow is theoretically a quarter of the chord behind the leading edge,
the obvious point to take is the quarter-chord point of the aerodynamic mean chord. If it could
be assumed that the lift on a plane wing were proportional to the local chord and located at the
quarter-chord point then the aerodynamic centre would be X, 5. For supersonic flow the equiv-
alent point is at half-chord. The use of this choice of reference points removes the gross effects
of wing geometry on overall aerodynamic centre of a wing (70011, 70012). The variation of
aerodynamic centre of a typical wing with Mach number is sketched in figure 5.3. We note that
there is a rapid rearward movement of aerodynamic centre at transonic Mach numbers.

5.2.3 The aircraft-less-tailplane

We proceed with our programme to build up the pitching moment equation of the aircraft by
adding various components, but will leave the tailplane until Section 5.2.5 because of its

importance and the influence on it from the wing.
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Fig. 5.3 Typical variation of aerodynamic centre with Y 1.0
Mach number M

Adding a fuselage to a wing reduces the lift over the part of the gross wing included in the
fuselage as it is a less efficient lift-producer. The lift produced by the fuselage is mostly
concentrated near the nose, so the nett effect is a very small change in the total lift and a shift
forward of the aerodynamic centre of the combination compared with wing alone (76015).
Also because the two components have different no-lift angles there is an effect on the no-lift
pitching moment (89042). Engine nacelles have a similar effect, whether located on the wing
(76015) or on pylons (77012, 78013). If a propeller is placed in a flow at a small angle of inci-
dence to its axis of rotation it produces a lift force normal to the axis and a pitching moment
(89047); both will contribute to a shift in the aerodynamic centre of the combination.

We can write the results of this process in the following form:

Chio= Ciig* + ACUT + ACHE + ... (5.11)
and
Bo = X" 4 Axlie 4 Ay 4 (5.12)

where hj is the aircraft-less-tail aerodynamic centre position. The reference quantities used
throughout are gross wing area and a wing chord, e.g. the amc, and the distances are measured
from a point such as the leading edge of the amc as defined in the previous section.

5.2.4 The pitching moment equation of the complete aircraft

We are now in a position to consider the complete aircraft but still leave detailed consideration
of the tailplane for later. Figure 5.4 shows the major forces and moments acting on the aircraft.
It will be noted that the thrust and drag vectors, T and D, have been drawn as co-linear; this
will not usually be the case but the error is small and of little consequence to our present
purpose. Level or nearly level flight has also been assumed.

We now need to take moments about a suitable axis. Normally in the dynamics of rigid
bodies the centre of gravity (cg) is the obvious choice; however, for an aircraft this is a point
which might vary rather randomly by a significant amount even over a short time due to the
consumption of fuel, the jettisoning of items or for other reasons. A better choice is the aero-
dynamic centre which is a fixed point at speeds for which compressibility is unimportant and
above these speeds is a determinable quantity. Consider the aircraft shown in figure 5.4.
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Fig. 5.4 Definition of terms for the pitching moment equation
Taking moments about the aerodynamic centre we find
M=M' + My + (h — hy)emg — LTI, (5.13)
Also we have
mg=L"+L" (5.14)
Then dividing through by +pVZ2S¢ and defining

=_M8 CT=L. C =M‘:’b+Mg V._STIT
L 20’ L 2¢ ' Mg To= T~ "=
'}pves %pVeST i'pVeSC Sc
we find
Cu=Cy, + (h— h)TC, — W C] (5.15)
and S
C . =CP + ?T-c{ (5.16)

The quantity VT is known as the ‘tailplane volume coefficient’. Note that in defining C] we
have divided the tailplane lift by the same dynamic pressure as for the wing. The wing lift is
produced by deflecting the oncoming airflow downwards and, provided that there are at most
only small regions of separated flow, there is no reduction in the speed of the flow except in a
narrow wake region. The result is that the tailplane operates generally in an airflow having the
same dynamic pressure as the wing. There are, however, reasons why the tailplane may not be
as effective as we expect; they will be discussed in Section 5.8.1.

5.2.5 Tailplane contribution to the pitching moment equation

The main purpose of this section is to find an expression for the tailplane lift allowing for the
interference from the wing; a secondary purpose is to discuss the hinge moments on
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the elevator. Using the general expression (4.13) and writing the elevator angle 7 in place
of the general flap angle 3, we can write the tailplane lift coefficient as

Cl=a0d" +a;n+ a,p 5.17)

Here o and B are the tailplane incidence and tab angle, g, is the tailplane lift curve slope, a,
is the elevator lift curve slope and aj is the tab lift curve slope. It is convenient in this work to
measure incidence, not relative to the chord line as is normal, but to a line parallel to the flow
direction which results in zero lift. This line is known as the ‘no-lift line’, and eliminates the
no-lift angle from our equations even for cambered aerofoil sections. The result is that we
write C; = aa: to find the lift from the incidence. Figure 5.5 shows the angles of the flow
relative to the wing and tailplane, where ‘nll’ stands for no-lift line.

Here € is the ‘downwash angle’ i.e. the mean angle at the tailplane that the airflow is
deflected through by the wing, and 7 is the ‘tailplane setting angle’ defined as the angle
between the wing and tailplane no-lift lines. In figure 5.5 the magnitude of the angles has been
exaggerated for clarity.

failpla ne - .
- c /
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Fig. 5.8 Determination of tailplane incidence (nll = no-lift line)

To find the tailplane incidence o' we consider the triangles ACE and BCD. The angle at C
can be expressed as # — a — 7y or as & — € — . Then solving gives

d=a+n—-¢€ (5.18)

Now the downwash angle is proportional to the wing lift produced by incidence so we
can write

de
e=C" — 5.19
L dC\ul/‘b ( )

which is a form which also makes some allowance for lift produced by lowering the flaps, for
instance. It is usually more convenient to work in terms of the aircraft-less-tail incidence o
and write
de
E=0a.— (5.20)
do

which assumes that the lift results entirely from the incidence. The downwash derivative

de/do is a function of the wing geometry and position of the tailplane relative to the wing
(80020). We can now substitute (5.20) into (5.18) to obtain

de
T 1-— __) + 5.21
o —a( ] Nt ( )
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To find the incidence o we use the aircraft-less-tail lift curve slope a. Neglecting the small
tailplane lift so that C*%> = C_, see (5.16), we express the incidence as C,/a. We then substitute
into (5.21) to find

==L|] - =|+ .
¢ a do h (5.22)

Finally we can substitute this result into (5.17) to obtain the tailplane lift as

a de
(ol =—a‘-(1 - E)CL + an; + a,n+ a,f (5.23)

We now turn our attention to the hinge moment produced by the elevator. From (4.14) and
using the resuits above we find

de

- E)CL + bny + byn + bB (5.24)

where we have assumed that the tailplane has a symmetrical aerofoil section so that b, = 0. If
the aircraft has fully powered controls information on the hinge moments will assist the
aircraft designer in specifying the actuators required. With manual controls the control circuit
will transmit a force back to the pilot at the stick.

5.2.6 The pitching moment equation, ‘stick fixed’

The final task remaining to us in the development of the pitching moment equation is to
substitute for C] in (5.19) using (5.23), giving

- de
Cy =Cy,, =Cy, + (h — B)C, - VT[-‘;—‘(I - E)CL +any + an + a,ﬂ] (5.25)

This equation is known as the ‘pitching moment equation, stick fixed', and is the basis of most
of the work of the rest of this chapter. The label ‘stick fixed' relates to the fact that the elevator
angle 7 is controlled by the pilot through the control circuit. We later meet the situation where
it is determined by the pilot in a less direct manner. It can be helpful to remember that the first
two terms on the right-hand side are generated by the aircraft-less-tail and the part in square
brackets by the tailplane.

53 Trim

The term ‘trim’ was originally a nautical one. If a ship does not float at the required attitude,
then the cargo or ballast must be moved to bring the cg and centre of buoyancy into the same
vertical line. If an out-of-trim ship is held at the desired attitude and then released, it will move
to an attitude which satisfies that condition. In our case we use the controls to trim. In any
steady flight condition the moments about any axis must total to zero. For the specific case of
pitching we have

M=0=C, (5.26)
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When this condition is satisfied the aircraft is said to be trimmed. This condition has at least
three uses for us.

e Used in conjunction with (5.13) we can solve for the tailplane lift for use in stressing the
tailplane and rear fuselage; in this case it may be necessary to deal correctly with the

moments due to the thrust and drag.
o Used with (5.15) we can find the tailplane lift coefficient and check that the stalling value

is never exceeded.
e We can find the elevator angle to trim, which is the subject of the next section.

5.3.1 Trim, ‘stick fixed’
Proceeding immediately to use (5.26) with (5.25) and solving for the elevator angle gives

Cvy _ any asﬁ G a ( de)
S _am _aB - L 5.27
Mt Via, a, a, VT ) ~ho) = do .27

For an aircraft for which the effects of compressibility are negligible many of the terms are
constant and this is better thought of in the form

Nuim = Np + Cy.function(h) (5.28)

where 1, is a constant.and hC is the cg posmon As so often happens we can think of C; as a
stand-in for speed, so that this equauon gives the variation of elevator angle to trim with
speed. A plot of n,;, against C, is known as an ‘elevator trim curve’. A set of trim curves
consists of straight lines of slope depending linearly on cg position and all passing through the
point ) = 1y at C,_ = 0. Figure 5.6 shows the form of typical trim curves.

Nitrim |
No -
k\\\ g
AN aft cg
fwd cg
. . N NC
Fig. 8.6 Typical elevator trim curves L

The corresponding hinge moment coefficient and hence stick force can be found by
substituting 17 = 7, into (5.24). Writing for brevity

e=(1—de/da)
we find
C b—Ce+bn PO (USRS 1 ((h ho)—Va“)+b/3
Higim L it Via, g T a, V.a, T 3
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Rearranging and writing for brevity

b =b, — S‘—bz and b, = b, ~ Z—’bz (5.29)
2 2

we find

bCh - - _
Chn = =2 + b1y +b3T+2—2'£L‘ (h—ho)"VTg'—(l—-qi)l—GZ_bl
VTaZ VTa2 a da a|b2 (530)

Again this can be written in the form
Ciyim = Cuo — function(h).C, (5.3

where Cyy, is a constant. This also leads to trim curves, which in this case are known as ‘hinge
moment trim curves’ and are of the form shown in figure 5.7.

Ch

fwd cg

aft cg

Cu A
Fig. 8.7 Typical hinge moment trim curves Ho

5.3.2 Trim, ‘stick free’

Continuously reacting against the stick force represented by the hinge moment coefficient
derived above would be very tiring for a pilot of an aircraft equipped with manual controls.
For this purpose trim tabs are provided so that the pilot can reduce the stick force to zero, and
in principle the pilot can then take his hands off the stick. The aircraft is then said to be
trimmed ‘stick free’ or ‘hands off’, the conditions for which are therefore

Cy=0and C;=0 (5.32)

This is what a pilot would regard as trimming an aircraft, rather than the simpler condition
(5.26) used earlier, because as we shall see later the first condition is satisfied by a stable
aircraft responding automatically to the out-of-balance moment. Using this second condition
with (5.24) and solving for the elevator angle 1, and writing n = 1)’, gives

b,C, ( de) b by
[ ] — =4+ == + =7 5.33
7 [ bal da) 5B (5:33)
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Providing the pilot applies no restraining force to the stick, the elevator is now effectively
geared to the tab, with gear ratio —b,/b, and with an offset depending on speed, via C;. The
behaviour of the aircraft as a whole is affected, and we have a new pitching moment equation,
obtained by substituting for ' from (5.33) above into the pitching moment equation stick
fixed (5.25). Writing Cy = Cy,,, the result is

Cu,,, =Cm, + (B — B)C, — VT[ﬂ(l - :—;)CL +an, + a,r] (5.34)
a
where we have written
a=a — b anda a,=a; — abs (5.35)
a, b,

This equation is known as the ‘pitching moment equation stick free’; the similarity to the
pitching moment equation stick fixed (5.25) should be noted.

Applying the first of the conditions (5.32) we could solve (5.34) for the tab angle to trim
stick free; this leads to a set of tab angle to trim curves. These resemble the elevator angle to
trim curves of figure 5.6.

The quantities @, and @, can be shown to be the tailplane lift curve slopes with the elevator
left free to float. Consider an isolated tailplane; we can write

Cl=a,d +an+ ap
and
CH = blaT + bzn + b3ﬂ

Putting C;; = 0 and solving for 1 gives

b _1_b
= ——
n b, b, B

then substituting this into the equation for C; gives
b ab
cl = ~ 22T g, - &2
(0 - S (o - 221p

G —
Then differentiating with respect to C] gives —k = a and —L =3z,

dor" aB
5.3.3 Trim near the ground

When an aircraft flies close to the ground a number of changes occur to its aerodynamic
characteristics, some directly due to ground proximity and others due to changes in its config-
uration such as lowering flaps. The lift and downwash are changed due to the ground effect
(72023) and lowering the flaps gives a change in the no-lift pitching moment (Aero F.08.01.01
and .02). Some changes can be accommodated in the previous work without difficulty, others
cannot. Whilst we could derive an expression for, say, the elevator angle to trim it would be
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even more complicated than the expression we already have; we choose therefore to illustrate
calculating 71, by an example.

Worked example 5.1

An aircraft is flying close to the ground at a speed of 50 m s™'. Determine the elevator angle
to trim the aircraft, with zero tab angle, if the aerodynamic characteristics in this condition are
as follows: Wing loading =360 kgm™%,a=4.7,a,=3.4,a,= 2.0, Vy=0.48, AC, due to flap
= 0.9, Cy, flaps down = —0.162, d&/dC, = 0.11. The cg is 0.03 ¢ aft of the aircraft-less-tail
aerodynamic centre. The reduction in downwash due to ground effect is 1.6° and the tailplane
setting angle is —3°. All slopes are expressed per radian.

Solution

We first find the lift coefficient and then use the pitching moment equation in the form (5.15)
to find the tailplane lift coefficient, thus

mg 360 x 9.81

C = = =2.306
LT LpViS 0.5 x 1.225 x 50°

Then substituting into (5.15), i.e.
Cu=Cy, + (h = hy)C, ~ V:CL
with Cy = 0, for trim, gives
0=—0.162 + 0.03x2.306 — 0.48 x C|

and solving for CT gives the value as —0.1934. We now use (5.17) to find the elevator angle
but we must first calculate the tailplane incidence from (5.18). This requires the wing
incidence and the downwash. The part of the wing lift coefficient due to incidence is 2.306 —
0.9 = 1.406, then the wing incidence from no lift is

1.406 =0.2991rad =17.14°
4.7

The downwash angle in the absence of ground effect would be

£=ddT€'CL =0.11 X 2.306 = 0.2537 rad = 14.53°

L

and with ground effect this becomes 14.53 — 1.6 = 12.93°. Then using (5.18)
d=a—e—n=1714 - 1293 + (-3)=121°
Finally using (5.17), i.e.

Cl=a,a + a,n + a;p
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or

1.21
—0.1934=34 x — + 2.0 X
573 Tl

and solving for 1) gives N, = —0.1326 rad = ~7.6°.

5.4 Static stabllity

We turn now to our second main purpose in this chapter which is to discuss static stability. We
shall do this using an intuitive argument, but the results will be confirmed in Section 9.3.5. In
Section 4.2.2 we stated the static stability was related to measuring the tendency for an aircraft
to return to its initial flight condition after a disturbance. Consider the aircraft shown in figure
5.8, which has been disturbed from the trimmed state by a small angle dcv.

Fig. 5.8 lllustration of sense of required pitching
moment required in a pitch disturbance

A pitching moment M will be generated. This is required to be in the opposite sense to da,
as shown, if the aircraft is to have a tendency to return to its initial state. As we measure both
o and M positive in the nose-up sense we can write the condition for static stability as 6M/da
< 0 or in the limit of small quantities dM/da < 0. For later application we will find it more
convenient to work in terms of C; and C,,; providing that C, is an increasing function of inci-
dence the condition for static stability can be expressed as

dCy,

<0 (5.36)
ac,

If we assume that the motion of disturbance has been a slow one as described in Section 5.2,
we can use this condition with the pitching moment equation that we have derived and use the
results to discuss aircraft stability.

5.4.1 Static stability, ‘stick fixed’

We proceed immediately to use condition (5.36) with the pitching moment equation, stick
fixed (5.25), assuming that hy, a, a, and de/da are independent of C,. The resuit (which we
now write as a partial derivative as so many parameters have been kept constant) is

QCM] - a dg
—_— W = (h—~h)—- V. L] - — 5.37
ac, h=h) =W a(l da] ©:37)

Except for the cg position, A, all the quantities on the right-hand side of the above equation are
constant provided that compressibility effects are negligible. As cg position is varied a posi-
tion will be reached such that the right-hand side is zero. At this position no restoring moment
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will be generated by a disturbance and the aircraft will remain in the new attitude; it is then in
a state of neutral stability. Putting the left-hand side to zero and solving for A = h,, say, gives

h, =hy + VT%'(I - %) (5.38)

This possible cg position is known as the ‘neutral point stick fixed’. The process used to
obtain it is the same as that used in Section 5.3.1 to obtain the aerodynamic centre, so that
the difference between these quantities is simply a matter of terminology. The first term on the
right-hand side is the aircraft-less-tail aerodynamic centre and the second can be regarded as
the shift of aerodynamic centre due to the tailplane.

As mentioned in Section 4.2.2 it is convenient to have a measure of the degree of stability.
The quantity —dM/da is in effect a torsion spring rate and we take a nondimensional version
as our measure and write H, = —dCy/dC,, where H, is known as the ‘cg margin stick fixed’.
Then from (5.37) we find

Hy =00 = by = 1 + % &1 - 52 (539)
L a da

and using (5.38) gives
H,=h,— h (5.40)

In other words the cg margin is the distance between the neutral point and the actual cg position,
expressed in terms of the reference chord. It is positive when the cg lies ahead of the neutral
point and the aircraft is then stable. The condition (5.36) for stability in this case then becomes

H. >0 (541

The quantity on the right-hand side of (5.39) occurred previously in (5.27) in square brackets;
reference to Section 5.3.2 shows that (5.28) can then be written as

CLHn

Nuim =Mo — = (5.42)
ui 0 Voa,
or rearranging
= dn.
H_ = — Via,—-1m 543
n 175, (5.43)

This states that the cg margin is proportional to the slope of the elevator trim curve. As noted
in Section 4.4.2 this is entirely reasonable as the stiffer the aircraft in pitch as measured by the
cg margin the more elevator angle will be required to change the pitch attitude, as measured
by the lift coefficient. Note also that the sense of the stick movement will change with the sign
of the cg margin.

Equation (5.43) leads to a method of finding the neutral point of an aircraft experimentally.
Given an aircraft equipped with means to measure equivalent airspeed and elevator angle we
trim the aircraft in level flight at a series of speeds. From the speed and known mass we can
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find the lift coefficient and plot elevator angle against it, i.e. we find the elevator trim curve.
We then find the slope and repeat the experiment with various cg positions (which have to be
carefully controlled) and plot the slopes against cg position. A graph like figure 5.9 results.
Extrapolating back the curve to the cg axis we find a cg position for which dn,;,/dC, = 0,
ie. H,=0orh=h,

0—!
v
£
I~
5
~
~
Fig. 5.9 Determination of neutral point fixed from flight \hw* —
n

test resuits

§5.4.2 Static stability, ‘stick free’

We now apply the condition (5.36) for static stability to the pitching moment equation
‘stick free’ (5.34). In fact the similarity between this equation and that for stick fixed
conditions (5.25) enables us to define the ‘neutral point stick free’ and its position A, simi-
larly and find that

K =h + V.2 (l - 3] (5.44)

H, =——3CL—'°= (5.45)
and find that
H, =hy + V,-“;L(n - :—2) (5.46)
and also
H,=h,— h (5.47)

As before the cg margin, stick free, measures the corresponding degree of stability and is equal
to the distance the cg is ahead of the neutral point, stick free, measured in reference chords.
We can put (5.44) in a slightly different form by writing a, as

a=a - %b - a,(l ~ “Z—b') (5.48)
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K =hy + ‘712'-(1 - @b J(: - d—"')
a a,b, do

Subtracting the neutral point stick fixed distance from (5.38) we find the distance between the

two as
(1 de )b (5.49)

and substituting to give

_h_VT

a( bz) do

Now de&/da always lies between zero and one, also a, a, and (—b,) are always positive. Then
if b, is negative, as it often is, the neutral point stick fixed lies behind the cg margin, stick free.
We have seen in Chapter 4 that b, and b, can be adjusted by the designer, and it can often be
advantageous to make h, > h, by making b, positive.

Again we find a connection between the stability and control. If we substitute for @, from
(5.48) into (5.46) and compare with (5.31) we find

b,C
Cp =Cy — 2L H! 5.50
Higim Ho VTaZ n ( )
or
Va, dC
H == Y% Tty (5.51)
b, dC,

The remarks at the end of the last section can be echoed here. These equations state that the
slope of the hinge moment trim curve is proportional to the cg margin, stick free, and in partic-
ular the sense of the stick force to change speed will change with the sign of H,. Also if we
measure the hinge moment at a series of speeds, perhaps by measuring stick force we can plot
C, against C,, i.e. finding the trim curve, and determine its slope. Then repeating at a series of
cg positions and plotting the slope against cg position will determine the cg position for which
the slope vanishes. This point will be the neutral point, stick free.

Worked example 5.2

An aircraft with wings of rectangular planform and the characteristics given below is in steady
level flight at a lift coefficient of 0.3. Find the elevator angle to trim with zero tab angle and
the cg margin stick fixed. Wing area = 25 m’, aspect ratio = 6, cg at 0.6 m aft of the leading
edge, tail arm = 6 m, tailplane setting angle = —1°, de/ddot = 0.46,a,=4.6,a,=3.1,a,= 1.6,
Cy, = —0.036, tailplane area = 3.7 m?, aerodynamic centre at 0.25c¢.

Solution

We first calculate the wing chord from (1.2) and for a rectangular wing ¢ = ¢ =+S/A=
+25/6 =2.041 m Then the fractional cg position is 0.6/2.041 = 0.294 and the tail volume
coefficient is

= S 37x6

v, =201 = =0.4351
SE 25 2.041
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The cg margin stick fixed is then, from (5.39),

H, =(hy — h) + VTi;'-(l ~ dd_;‘)

=(0.25 — 0.294) + 0.4351 x 2—’;(1 — 0.46)=0.1143 (Ans)

Using (5.27) and (5.42) we have

(P A #)
0036  3.0x(-1) 0— 0.3 x 0.1143
04351 x16 573x16 04351 x 1.6
=—0.067 15 rad = —3.85° (Ans)
Worked example 5.3

Find the maximum lift coefficient which can be trimmed by the aircraft with the following char-
acteristics, when the cg is at its forward limit of 0.13 of the amc, assuming the tab angle to be
zero: V;=0.48,a=4.54a,=28,a,=1.2,dg/da=04, aerodynamic centre position h, = 0.18,
tailplane setting angle 1y = —1.8°, Cy, = —0.018. The elevator angle travel limits are +30°.

Solution

We first find the cg margin as in the above example:

H, =(0.18 — 0.13) + Qﬁs4><TZ~_§(1 — 0.4)=02292

Then on solving the trim equation for the lift coefficient

1
H,

G =—(Cy, — ranr = Vaygm)

and on substituting numbers with 7 = ~30°, since with the cg ahead of the aecrodynamic centre
a download will be required on the tail,

1

048 x28x1.8 048 x1.2 x 30
0.2292

573 57.3

(-0.018 + ) =1.42 (Ans)

5.6 Actions required to change speed

We have rather left the pilot out of our considerations up to now. His or her appreciation of the
pitching stability of an aircraft is related to the ‘actions’ required of him at the stick and he
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knows little of neutral points as such. He expects to move the stick forward to increase the
speed and to have to push to achieve this movement. The more the stick has to be moved or
pushed the greater his assessment of the stability. He will, of course also have to move the
throttle lever if the flight path is to remain at the same angle to the horizontal and we are
assuming that the aircraft does not have powered controls.

To calculate the stick movements and forces we define a ‘stick gearing’, G, as

_ elevator deflection

5.52
" stick movement (5:52)
where the units are metres and radians, or in symbols
n=G,s (5.53)

Here the stick movement s measured at the pilot’s handgrip is taken as positive in the forward
direction, corresponding to a positive elevator deflection. To relate the pilot’s stick force to
the hinge moment we note that the work done at the elevator in a small displacement 67,
corresponding to a stick displacement s, is Hon. This is equal to the work done by the pilot
on the stick, neglecting friction. If B, is the backward force exerted by the pilot, then

Hén = HG, & = P, &
or
P, = HG, (5.54)

Stick position and stick force can now be found using (5.26) and (5.30) for any combination
of speed, height, mass and so on. However, we are more interested in the slopes of the stick
movement and force with speed curves. We have assumed that the pilot’s stick is connected
to the elevator; however, with the more sophisticated aircraft it may well be connected to an
‘all-moving tailplane’, though the alterations to the theory given here are minor and fairly
obvious. In these cases the automatic control system is often connected to the elevator.

5.5.1 Stick movement and force to change speed

Now the wing loading and height are constant so that C_V? = constant, then taking logarithms
and differentiating we find

dG, = 2G
dv vV

Then using (5.43) and (5.53) and putting V=V, and C and C,,

ds _ 1 dn dg _ 2C,

Le .H
dV G, dC, dV G,V.ha,

(5.55)

Hence the slope of the curve is positive if the cg margin is positive, i.e. the stick moves
forward with speed if the aircraft is stable, stick fixed.
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In a similar manner using (5.50) we find

dGy _2Gh,
dv  Viga, "

and the stick force slope, using (5.54), is
dP,

2C b mg 2b
1-G dpV3Sec 2. =G 8¢ 22 . (5.56)
av = On 1PV R e =g S g e

It can be seen that the slope is inversely proportional to the speed. Because the control deriv-
ative b, is always negative, the slope of the curve is negative if the cg margin is positive, i.e.
the stick has to be pushed forward with speed increase if the aircraft is stable, stick free. Hence
in both cases the pilot’s expectations of a stable aircraft correspond with our criteria. It should
also be noted that as C, is proportional to wing loading, both slopes are proportional to the
wing loading, that is as the aircraft loading is increased the aircraft gets stiffer to control.

5.6 Manoeuvre stability

The other main use the pilot makes of his control over the elevator angle is to apply normal
acceleration to the aircraft, as in a pullout or turn. He also uses the actions required to assess
the stability of the aircraft, and so we choose to study the stick action required to ‘pull’ normal
acceleration. We are free to choose the particular manoeuvre studied so that the theory is arbit-
rary to some degree. Both the pullout and the steady turn have advantages and disadvantages
from our point of view. In the turn the stick action is nonlinear as a function of the normal
acceleration, and the power plant may introduce gyroscopic terms. However, the latter can be
corrected for by, for instance, performing turns in opposite directions and averaging. The
pullout is linear in normal acceleration, but is a more difficult manoeuvre for a pilot to perform
accurately. The pullout theory also omits unsteady aerodynamic effects which can be signifi-
cant. However, with these reservations in mind, we proceed to discuss the pullout manoeuvre.

5.6.1 The pullout manoeuvre

We assume that the flight path is an arc of a circle and compare an aircraft performing a steady
pullout at the horizontal position with the same aircraft flying level at the same speed, as
shown in figure 5.10.

We will study the stick actions required to produce a normal acceleration on the aircraft of
ng, where g is the acceleration due to gravity. This will require us to produce pitching moment
equations for the pullout case, which we derive from those for the level flight case by con-
sidering the differences between them. Let suffix 1 denote conditions in level flight, then
equating nett vertical force to mass (m) times the acceleration

L~ mg=mng
or
L=mg(l1 + n)

we also have L, = mg and so define C;, =mg/4 pVis
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Fig. 5.10 The pullout manoeuvre: {a) forces in level flight at the same speed, (b) forces in pullout

Then

L

C =TV35=(] + n)C, (5.57)

As the aircraft follows the circular flight path the aircraft must pitch. Let the rate be g, and so
the tailplane has a downward velocity gql; as shown in figure 5.10. Then considering the
triangle of relative air velocities shown, there is an increment in tailplane incidence Aoy,
assumed small, given by

tan Aor = _q_lr_= Aoy
Ve
To express this in terms of the normal acceleration, we have
2
€

ng=7c andq=E

where R is the radius of the flight path. So g = ng/V,, giving

Acy = ";%T (5.58)

This must be added to the tailplane incidence as found in (5.22) and clearly the tailplane lift
is increased, giving an extra, nose-down pitching moment. The wing also gives a pitching
moment proportional to the rate of pitch, but provided that the wing is not of low aspect ratio
or highly swept the effect can be neglected. This property of the wing is discussed further in
Section 9.2.3.
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§.6.2 Manoeuvre stability, ‘stick fixed’
We repeat here our pitching moment equation, stick fixed in the level flight case (5.25),
adapted for the slight change of notation

—=|a de
Cuy, =Cuy + (B — ho)C, — VT[:‘{I - -d—‘;}CL, +ane + an + a3ﬁ] (5.59)

We now modify this for the case of the pullout. Using (5.57) and (5.58) and writing the
elevator angle as 7= 10, + An, then

9

Cutpna = Coy + (B = o)1+ 1)C, = ‘71[;{1 - %}(1 +n)Cy, +

. (5.60)
n
a {T’T + —521'}‘*' a(m +Am+ asﬁ:,
[

Subtracting (5.59) from (5.60), solving for An and dividing by n, we find

An Via, ~1a { de} agl;

=T h - - Vi =4l — — + =25 5.61

n G, (h = ko) = Va7 daf = V2C, ©eh

We simplify the last term in the square brackets as follows:

vic, V?
b e M _2m o (5.62)
gh gk 1pVS pSh

say, where u is a form of the aircraft relative density parameter, referred to in Section 4.2.4.
The elevator angle per unit increment of normal acceleration, An/n, is also known briefly, if a
little confusingly, as the ‘elevator angle per g'. It will vanish when the cg position is 4, where

b = by + VT[%{! - :—;} 2%‘1-] (5.63)

h,, is known as the ‘manoeuvre point, stick fixed’. Comparing with the expression for the
neutral point, stick fixed (5.38), we see that

Viq

h, =h, +
2u

(5.64)

so that the manoeuvre point, stick fixed always lies a small distance behind the neutral point,
stick fixed. As altitude increases, u also increases and h,, —» h,. By analogy with the cg margin
we define the manoeuvre margin, stick fixed as
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H =h, —h=(hy — h) + VT[%{I -~ %} + ;—L] (5.65)

Then stick movement per g using (5.60) and (5.53) is

As G
——— H, (5.66)
n VTazG

i.e. the stick is moved back to apply positive normal acceleration, as expected. This expression
should be compared with that for stick movement to change speed (5.55). By differentiating
(5.60) with respect to n, keeping elevator and tab angles fixed and comparing with (5.65), we
see that

1 9Cy
H = 567

and this expression should be compared with the definition of cg margin, stick fixed (5.41).
Similarly the condition for positive manoeuvre stability is

H,>0 (5.68)

5.6.3 Manoeuvre stability, ‘stick free’

We could proceed to discuss the stick force required to pull normal acceleration in a similar
manner to the previous section but clearly the equations involved would be still longer. Little
enlightenment would be achieved; fortunately, however, we can make use of the similarities
between static and manoeuvre stability that we have noted. The fundamental reason that they
arise is that both change of speed and increase of normal acceleration involve changing the lift
coefficient. We require the increase in hmge moment coefﬁc1ent and so consider (5.51). The
term Vqa, known as the ‘elevator power’, is dC,/dn and H, is defined as —dC,/dC, under
stick free conditions. We can then rewrite (5.51) in the form

dC,, =dC,, ) [ 9Cy - dCy
dc, dn an dC,
which gives (5.51) the appearance of being self evident. We anticipate finding a manoeuvre

margin, stick free, H,, which is related to the rate of change of hinge moment with C, in a
similar manner, that is

where in this case the change in C, is caused by increase in normal acceleration and so
—dC,/dC, is interpreted as H,,. Since this is a linear relation we can replace the differentials
by differences, and then replacing AC, by nC,, we find
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AG Sb

== =—H (5.69)
n Vg,

Bearing in mind that we have shown in Section 5.3.2 that the effective lift curve slope of a
tailplane with free elevator is @, we take the manoeuvre margin stick free as

HY, =(hy ~ h) + Vr[ﬁ}{1 - %} + ZE—LJ (5.70)

where we have been guided by the form of (5.65). We also define the manoeuvre point, stick
free, H,',l such that

Hyo=h,~h (5.71)
Using (5.54) a change in stick force is related to the change in hinge moment coefficient by

AP, =G, pV2S,c,AC,

Then the stick force to pull g is

AP
—n-"—=G,, '}pvezsn n

and on substituting for C, | we obtain

AP mg (= bz)

—1=G,S,¢c

wSien g2 Hy, (5.72)

VTaz

The quantny on the right-hand side is positive as b, is always negatlve, indicating that a pull
force is required for positive normal acceleration provided that H, > 0. The relations
(5.69)—(5.72) can also be derived in a completely formal manner.

These manoeuvre points can be found experimentally using a technique similar to that for
the neutral points. A series of pullouts are performed with different values of normal acceler-
ation and readings of elevator angle or hinge moment are recorded. The slopes against normal
acceleration are then obtained. This is repeated using different cg positions and the slopes
plotted against cg posmon Extending the plot to the cg axis enables the cg positions for the
vanishing of H,, or H,, to be found. These are the respective manoeuvre points.

5.7 The centre of gravity range and airworthiness considerations

We have seen that the cg position plays a significant role in the aircraft pitching character-
istics. If the cg is well forward the margins are large as are the forces and moments required.
The result on a manually controlled aircraft may be excessive stick movements or forces that
are larger than we can expect a pilot to exert for any length of time. If the cg is aft of a neutral
point the aircraft will be unstable and stick movements or forces to change speed will be in
the ‘wrong’ sense. We will see in Chapter 9 that if the cg is not too far back the aircraft will
only diverge slowly and may well be controllable by a good pilot. If the cg falls behind a
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manoeuvre point the aircraft will diverge rapidly and be uncontrollable. These facts are
summarized in figure 5.11.

hpy
hm - . "
he y A = aerodynamic centre position
h n B = neutral point, stick fixed
l n C = neutral point, stick free schematic
=—-nhg D = manoeuvre point, stick fixed
D = manoeuvre point, stick free
lLe ame L e e i 1
° ABGCoD E

stick forces
become =—

excessive aircraft diverges

aircraft uncontrollable
cg range satisfying airworthiness requirements

]

cg range flyable with difficuity

Fig. 8.11 Schematic of various points of importance in static stability

These matters have to be attended to by the designer during the design process by spec-
ifying the permissible limits of travel for the cg. On a manually controlled aircraft the forward
limit will probably be fixed by the stick movements or forces, the aft limit by the cg margin,
stick free. An aircraft with powered controls (without provision for reversion to manual
control) can avoid the limit on stick force. An aircraft in which the pilot’s control operates on
force rather than displacement (possibly a ‘sidestick’) can avoid the restriction on stick move-
ment. Aircraft equipped with auto-stabilization can cope with a degree of inherent instability;
the aft cg limit will then be fixed by the minimum manoeuvre margin that the system can deal
with. Other considerations may also operate, for instance the aft limit may be fixed by the
minimum load on the nose-wheel on the ground to provide adequate steering, or the forward
limit by stressing of the nose undercarriage.

There are a number of airworthiness requirements relating to static longitudinal stability,
the most important of which will be outlined. The slope of the stick force against airspeed
curve must be stable and have a gradient not less than 1 Ib per 6 knots (0.741 N per knot or
1.44 N per m s™') over a range of speeds within 15 per cent of the trimmed speed. With regard
to stalling it must be demonstrated that as speed is reduced warning of the approach of the
stall begins at not less than the greater of 1.05V, and V, + 5 knots. This may be provided by
natural aerodynamic effects or artificially. At the stall no abnormal nose-up pitching may
occur and the stick force must be positive up to and throughout the stall; it must be possible to
prevent the stall promptly and to recover by normal means. The action of the lateral controls
must remain normal up to stall. If the stall is unsatisfactory the designer may take precautions
to prevent stalling such as installing a ‘stick-pusher’ or make provisions within the Automatic
Flight Control System.

5.8 Some further matters'

There are various useful extensions and improvements to this theory which can be made. We
shall consider three.
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5.8.1 More accurate expression for the cg margin, ‘stick fixed’

The theory for the cg margin as laid out in Section 5.4.1 frequently does not quite agree with
the results of experiments, and a ‘tailplane efficiency’ is often introduced to explain the differ-
ence. Typically this has a value of about 0.9 and is used to factor the tailplane volume coef-
ficient. Apart from errors in estimating the terms in the expression (5.39) for cg margin there
are several possible sources of discrepancy, such as bending of the fuselage or twisting of the
tailplane and variations of downwash over the tailplane. However one certain error exists
which is the result of an approximation made in Section 5.2.5. We neglected the tailplane lift
in finding the aircraft-less-tail incidence which was used to obtain (5.22), the expression for
the tailplane incidence. In short, we should have used C}® instead of C, and written

and on substituting for C}® from (5.16) this becomes

T 1( St T)( de)
=1 ~Srer)i- 98,
@A T do) T

Following the previous analysis, we now substitute into (5.17) to obtain

cl =f;i[{cL - S?TC{}{I - g-g-}] +an +an+af

and solving for CT we get

1 a de
C[ =1 n F[—al—{l - -d—(;}CL + anr + a,n + a,ﬂ] (573)
where
F=231 (1 - e ) (5.74)
aS da

We now use (5.76) in place of (5.23) in (5.15) to obtain an improved pitching moment
equation, stick fixed:

9

|7
Cy, =Cwmy + (h = h)C — —F [

de
T F {1 - -—}CL +an; +amn+ ajﬁ] (5.75)

a da

It is evident that the divisor (1 + F) will appear beneath the tailplane volume coefficient
throughout all subsequent analysis based on (5.75), and in particular in the expression for
cg margin, stick fixed. If we substitute the typical approximate values a,/a = 0.7, /S = 0.25
and de/da = 0.4 into (5.77) we obtain the result 1/(1 + F) = 0.9, in agreement with the value
of tailplane efficiency quoted above. This correction is significant because the tailplane term
in the cg margin, stick fixed (5.39) is always positive whilst the term (h, — h) will be negative
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near the aft cg limit. In the case of the derivation for the pitching moment equation, stick free,
we will need to modify (5.24) in a similar manner, with the result that , will appear instead
of a, thereafter in the expression for F in this case. It is shown in Section 9.2.2 that (1 + F)a
is the 1ift curve slope of the whole aircraft, stick fixed.

5.8.2 Canard aircraft

For various good reasons a few aircraft having a canard layout have appeared in recent years
and it is worth seeing briefly how the ideas in this chapter can be applied. Figure 5.12 shows
the forces and moments involved and some of the special notation needed in this section.

LF Ie A

I

n

Ve

Fig. 8.12 Definition of terms used in determination of pitching moment equation for canard aircraft

One of the advantages of this layout can be seen from this figure: suppose the pilot wishes
to initiate a pullout and pulls the stick back to increase the foreplane? incidence. The lift on the
foreplane appears almost immediately and starts the pullout; then as the aircraft responds in
pitch the wing incidence increases and with it the wing lift and the pullout develops fully.
With a conventional layout, the tailplane has to have a downward lift increment to pitch the
aircraft nose-up; this lift increment therefore opposes the effect of the wing. The result is that
canard aircraft are likely to have better manoeuvre characteristics.

Now equating vertical forces we have

mg=LY + LF

and taking moments about the aerodynamic centre
M =M, — (hy — h)mge + I.C{
Then rendering these equations nondimensional we have
C, =S?Fc{ +cy (5.76)

and

Cu=Cu, + (h — hy)C_ + VeC[ (5.77)
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where S; is the area of the foreplane. We now need to express the foreplane lift in terms of the
incidence of the fuselage and the foreplane angle to the fuselage. Unlike tailplanes, foreplanes
are usually placed on the fuselage at a point where the fuselage width is a significant fraction
of the span; the result is that the foreplane lift curve slope with fuselage incidence and the
slope with angle relative to the fuselage are rather different and we must distinguish between
them. At this stage we divide canard aircraft into two types:

e ‘close coupled’, where the upwash in front of the wing appreciably affects the foreplane
average incidence due to its proximity;
e ‘loose coupled’ where we can ignore the upwash effect.

In both cases we must allow for the downwash effect on the wing. We assume here that we are
dealing with a loose coupled layout. Foreplanes are commonly all-moving surfaces so accord-
ingly we write

Ci=ao + a,n (5.78)

where 7 is the angle of the foreplane relative to the fuselage datum. To proceed we require the
fuselage incidence o. We will obtain this from (5.76), but as foreplanes normally carry a rela-
tively larger lift force than tailplanes it is most unlikely that we can ignore the foreplane lift
term in this equation. The wing incidence, allowing for the downwash, is

=a+ny—¢€

where £ is now the average downwash angle over the wing. Writing

de de
E=a— + n—
da dn
the wing incidence becomes
a% =oF - ne, + ny (5.79)
where
g=1- 2 andg, =5 (5.80)
da dn

Then as CY = ao® we find, on writing s = S¢/S and substituting in (5.76),
CL =se(@a + ayn) + a(aZ ~ ne, + 1y (5.81)

Then solving for o we have

o= 2 — + terms in 77 and 7y (5.82)
asg + ae
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Finally on substituting for ¢ into (5.78) and then substituting for Cf into (5.77) we find

Vv
-——-—g'—-F———:CL + terms in 17 and 1y (5.83)

Cu=Cy +h — h)C +
0 a,sg + aé

Then following the arguments of Section 5.4.1 we find the cg margin, stick fixed, to be

a Ve

asg + ae

H, =(hy — h) — (5.84)

As might have been expected the foreplane has a destabilizing effect, with the result that
foreplanes normally are rather smaller in area than tailplanes and so are usually more
heavily loaded.

5.8.3 Effects of springs or weights in the control circuit

In Chapter 4 we discussed how the aircraft designer can modify the hinge moment with
incidence slope, b,, and we have seen in Section 5.4.2 how this influences the cg margin, stick
free. An alternative method of adjusting this margin is to place a weight or spring in the
control circuit, which has the advantage of leaving the aerodynamics of the control unaltered.
The elevator must still be mass balanced, for flutter avoidance reasons, so that the weight is
placed in the control circuit. It is assumed that we are dealing with an aircraft with a manual
control system.

To see how the stability is affected, suppose we place a weight in the control circuit which
gives a trailing edge down (positive) moment to the elevator. If the aircraft slows down, the
dynamic pressure decreases allowing the elevator to increase its deflection. This increases the
tailplane lift giving a nose-down pitching moment resulting in a nose-down attitude. The
forward component of the weight then accelerates the aircraft and hence the effect is a stabi-
lizing one. A similar effect will be produced by a spring. In both cases only the stick free
stability can be affected.

Let us now proceed to investigate this effect analytically. Suppose that a weight is placed in
the control circuit giving a moment K about the elevator hinge. To the right-hand side of
(5.24) we must add a term

K _ Ks
}pV2S,.c,  S,came

-CL=A-C, say

Then when solving (5.24) to find the elevator angle in the stick free condition, as we did in
Section 5.3.2, an extra term —AC, /b, appears on the right-hand side of (5.33). This leads
to an extra term on the right-hand side of (5.34), the pitching moment equation, stick free,
of AV1a,C,/b,. The final result, after following the same arguments as in Section 5.4.2, is that
the neutral point stick free is further aft by a distance, measured in reference chords, of
AV3a,C /(—b,, increasing the stability. The same result applies to the manoeuvre point stick
free, the moment due to the weight being nK in this case.

Student problems

5.1 A straight tapered wing has a gross area S, an aspect ratio A and taper ratio A. Show
that the centreline chord is given by
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2
C°=1+AJ;§

If the leading edge sweep is A, show that the sweep on the kth chord line is given by

4n(l — A)

tanA, =tanA, — A0+ 2)

Show that the aerodynamic chord (amc) is given by

21+ A+ A
301 + )

c=

and if the wing is part of an aircraft with fuselage of diameter d, show that the chord at
the wing/fuselage junction is

¢, =co{l — d(1 — A)/b)

Hint: see figure 1.2, produce leading and trailing edges to meet and use similar
triangles.

Find the amc, mean chord, fuselage-side chord and quarter-chord sweep for a wing
of area 175 m?, aspect ratio 7.5, taper ratio 0.4, body diameter 4 m and leading edge
sweep 45°. (A)

A model wing in a windtunnel has the following characteristics: area = 0.25 m?, flap
area = 0.06 m?, flap mean chord = 40 mm, a, = 3.5, a,= 1.7,a; = 0.3, b, = 0.09, b, =
—0.014, by = —0.03. Estimate the lift and flap hinge moment at a wind speed of 60

m s~ " if the incidence, flap and tab angles are 3°, —4° and 5° respectively. What angle
would the flap take up if it were perfectly free to move (the other angles remaining the
same) and what would be the lift in this case? (A)

Find the cg margin, stick free, for an aircraft with the following characteristics: wing
area = 95 m’, tailplane area = 15 m? tail arm = 10 m, amc = 3.2 m, a= 4.5, a, = 3.7,
a,=2.0,b,=001, b,= —0.06, de/dor = 0.47. The cg lies a distance of 1.1 m, and the
aircraft-less-tail aerodynamic centre 0.57 m aft of the leading edge of the amc. (A)

An aircraft, with the characteristics given below, is to be designed such that it is in trim
at a C; of 0.3 with elevators in the neutral position (i.e. 7 = 0). Find the tailplane
setting to achieve this, assuming zero tab angle.

V:=048,a=45,a,=238,a, = 1.2, dgda = 0.4, acrodynamic centre position hy =
0.18, cg position h = 0.27, Cyy = —0.016. Also find the most forward position for the cg
for which the trimmed lift coefficient is 1.4. The elevator has travel limits of £30°. (A)
A glider has the following characteristics: tail arm = 8 m, wing area = 42 m?, amc =
2 m, tailplane area = 5 m?, a = 4.6, a, = 1.19, b, = —0.008, b, = —0.013, de/da = 0.39.
Find the movement of neutral point on freezing the stick. (A)

An aircraft is flying close to the ground with full flaps deployed giving a lift coefficient
of 2.0 which includes an increment of 0.8 due to the flaps. Find the elevator angle to
trim and the pilot’s stick force if the characteristics are as follows: wing loading =
3.925kNm™, ¥;=05,a=4.4,a,=3.1,a,=2.5, b, = —0.045, b, = —0.075, Cy in
take-off configuration = —0.18, elevator area = 6.7 m?, elevator chord = 0.7 m, stick
gearing = 1.45 rad m™', de/dC, = 0.11, tailplane setting angle = —3°. The cg is 0.05¢
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aft of the aerodynamic centre and the reduction of downwash due to the ground is 1.8°.
Assume zero tab angle. (A)

An aircraft has the following characteristics: aerodynamic centre position A, = 0.22,
a=36,a,=3.0,a,=1.5,d¢/da=04. Itis to be designed to satisfy the following
conditions:

(a) at the forward cg limit the change of elevator angle for a C; change of 1.0 is 10°;
(b) at the aft cg limit the cg margin stick fixed is to be 0.05;
(c) the cgrange is 0.05¢c.

Find the forward cg position and the tail volume coefficient. (A)

Determine the tailplane area required to given an aircraft a cg margin, stick free, of
0.12. The other characteristics are: aircraft-less-tail aerodynamic centre at 0. 18F, cg
at0.23%, ¢ =1.5m,a=048,a,=3.0,a,= 1.8, b, =0.01, b, = —0.06, wing
area = 10 m?, deg/da = 0.47.

Show that the tab angle to trim an aircraft, stick free, is given by

| Cg _ ma ) _ GH,
Btrim - V - —_ = —
T3 a, Via;

The cg margin, stick free, of an aircraft is 0.06. At an altitude where the relative
density is 0.61, the tab angle to trim, stick free, is zero at a speed of 180 m s™". Find
the tab angle to trim, stick free, at an altitude where the relative density is 0.74 when
the speed is 85 m s ', given that the wing loading is 3.0 kN m~? and V; =0.55, a,=
23,a,=05, b= —0.15, by = —0.003. (A)
Show that the change in tab angle to trim, stick free, due to a small change in speed
AVis

BBy = 2ty 5L

Via, Ve

An aircraft with the following characteristics performs a pullout manoeuvre at 150

m s~ at a low level, pulling an excess normal acceleration of 2.5¢: mass = 65 000 kg,
wing area = 190 m?, V;=0.49, tail arm = 14 m, de/dax=0.49,a=4.5,4,=3.7,a,=
2.0,hy=0.16, h = O 25. The stick gearing is 1.2 rad m™". Find the elevator angle
change from level flight. (A)

Estimate the stick force required to pull an excess normal acceleration of 3.5¢g at the
altitude where 0= 0.74 at a speed of 150 m s™' for an aircraft with the following
characteristics: stick fixed cg margin = O 09,a=5.0,a,=3.7, a2 = 1.6, b, = —0.06,
b, = —0.13, wing loading = 1.96 kg m ™, elevator area = 1.8 m?, elevator chord =

0.6 m, Vi =0.55, tail arm = 9.1 m, de/de=0. 4, stick gearing =2rad m™".

Show that in a steady level correctly banked turn at a speed V, the rate of pitch, g, of an
aircraft is given by

g
==(N—-1/N
q V( )

where N = L/mg, and that the change of incidence of the tailplane is

L
Ay =—=%(N = I/N
T 2/-1( )
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where C, | is the lift coefficient at the same speed in level flight and yt = m/pSi;.

An aircraft is in level flight at a speed of 120 m s™! at sea-level; it is then put into a
level turn at the same speed with a bank angle of 70°. Find the change in elevator angle
required to trim given the following particulars: wing loading = 2.5 kN m™?, tail arm =
6m, V;=0.55, de/da=0.45, h ~ hy=0.05,a=4.5, a, = 3.4, a,= 1.8. (A)

Notes

1. This section can be omitted when first studying thisvchapter.
2. The author prefers the term ‘foreplane’ for the forward lifting surface by analogy with ‘tailplane’;
‘canard’ is used here only as a description of the layout.
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Lateral static stability and control

6.1 Introduction

One of the reasons that the Wright brothers were successful in designing and constructing the
first man-carrying aircraft was their realization that it was necessary to provide control about
all three axes. It is all too evident from cinefilm of many of the early attempts to fly that
control in roll was desperately needed, not least to react the propeller torque. The Wrights
used wing warping and, for good measure, used coupled contrarotating propellers. Shortly
after their first flight, ailerons were invented and are almost universally used today.

In this chapter we consider control and stability about the roll and yaw axes. We also intro-
duce a notation which will be made much use of in later chapters.

6.2 Simple lateral aerodynamics

We first consider some of the simple background aerodynamics, assuming that the aircraft has
conventional flap type controls and a conventional layout.

6.2.1 Aileron and rudder controls

To start our discussion we look at the relation between the rudder angle and the resulting
yawing moment. Consider the aircraft shown in figure 6.1, where { is the rudder deflection
angle from the neutral position, positive as shown.

The sideways lift on the fin will be Y;, = 1pV2Sa5{ where S; is the fin area and af is the
rudder lift curve slope. Assuming that the centre of pressure of the lift on the fin due to rudder
deflection is a distance I, aft of the cg, the yawing moment produced will be negative (see
figure 4.1) and can be written

Ny =NC‘§
where
N, =‘J;V_§R=_%PVZSFIR‘1§ 6.1

In this expression we have used { as a suffix to indicate differentiation with respect to rudder
angle, a practice we often use. The superscript *** is to emphasize that the quantity is dimen-
sional; it can be pronounced as ‘ord’. The side force will also produce a rolling moment as
shown in figure 6.1 and we introduce a derivative L; to represent this effect.

The ailerons are designed to produce a rolling moment which we write in a similar manner
as L, = L; .£. Here L; also will be a negative quantity as positive aileron angle is defined as
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Fig. 6.1 Effects of aileron and rudder deflection: (a) plan view, (b) rear view

starboard aileron down, giving a positive lift on that wing and hence a negative rolling
moment. The increase of lift on the starboard wing increases the trailing vortex drag, giving a
yawing moment in the positive sense. Similarly the drag on the port wing is decreased adding
to the positive yawing moment. From figure 6.1 it can be seen that the yawing moment due to
aileron opposes the turn. This effect is known as the ‘adverse yawing moment due to aileron’,
and particular measures may be taken to reduce it. The rolling moment from the rudder is
adverse at low incidence, but helpful at high incidence, depending on whether the centre of
pressure is above or below the x-axis. However, the moment arm of the fin side force is
generally small and this is therefore usually a much less serious effect.

It should be noted that both the aileron and the rudder produce rolling and yawing moments,
in different amounts, and so usually have to be used in a coordinated manner.

6.2.2 Sideslip

A pilot, by suitable adjustment of the controls, can fly an aircraft steadily in a straight line
but with its longitudinal axis at an angle to the direction of flight. This manoeuvre is
a ‘straight sideslip’, the drag is increased and so it is occasionally used to lose height.
Normally the aircraft will be at a small roll angle so that there is a component of the weight
to balance aerodynamic sideforces. Consider the aircraft shown in figure 6.2(a) which is in
a steady sideslip, but with the wings level. The aircraft has velocity components V, along its
X-axis and v along its Y-axis, resulting in a sideslip angle, f, between its longitudinal axis
and the direction of flight.

If we neglect any interference effects from the wing or fuselage, the fin incidence angle will
be B, as shown, given by

v
tan §= _‘Z_ B 6.2)
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Fig. 8.2 Velocities and angles in a sideslip: (a) plan view, (b) rear view

assuming that B is a small angle. This will give a sideways lift on the fin of
Yon =4 pViSea; -B=1pV,Sea) v (6.3)

where af is the fin lift curve slope. Assuming that the fin lift acts at a distance  aft of the cg,
there is a positive yawing moment which we write

Nﬂn =Nygn V
where
;Vv.ﬁn =4pV.Seleal 6.4)

Other components of the aircraft produce yawing moments; in particular the fuselage
produces a moment of the opposite sign. The latter is the result of a sideways lift on it which
has a centre of pressure near the nose, similar to that produced in the pitching case. The result
is that the yawing moment due to sideslip derivative for the aircraft as a whole is rather less
than the fin contribution.

We now consider some further effects of sideslip, namely those due to dihedral and sweep-
back on the wings. Figure 6.3(a) shows the rear view of an aircraft having dihedral in a sideslip.

Resolving the relative air velocity into the normal to the starboard wing mean plane gives
an upward velocity component of vI", where T is the dihedral angle, positive as shown and
assumed small. The result is an increase in incidence of amount vI'/V,, which increases the
lift on the wing and gives a negative rolling moment. The opposite effect occurs on the other
wing, which again produces a negative rolling moment.
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Fig. 6.3 Determination of dihedral effect: (a) velocities in rear view, (b) velocities in plan view,
(c) variation of lift curve slope with sweepback angle

Figure 6.3(b) shows an aircraft with sweptback wings in a sideslip. We see that the sweep-
back angle is decreased by B on the starboard wing and increased by 8 on the port wing. Now
the lift curve slope of wings decreases as the sweep is increased. Assuming that this wing is at
some incidence, the lift on the starboard side therefore increases with sideslip giving a nega-
tive rolling moment. The opposite occurs on the port side, adding to the magnitude of the
rolling moment.

There are still more mechanisms for producing rolling moment on an aircraft in a sideslip;
we will discuss only one more, that due to wing position on the fuselage. In a sideslip the
airflow past the fuselage can be thought of as composed of two flows, the flow in unside-
slipped flight and a flow from one side of the fuselage to the other, the ‘crossflow’. Figure
6.4(a) shows the ideal flow past a circular cylinder, which resembles the crossflow expected
past a circular fuselage. Figure 6.4(b) shows the cross-section of a high wing aircraft in the
region of the wing. Near the point A the air is deflected upwards relative to the wing, increas-
ing the incidence locally; similarly the incidence is decreased near B. The resulting local
changes to the wing lift gives a negative rolling moment from both wings.

We shall see later that the rolling moment due to sideslip effect is a stabilizing one provided
that it is not too large. The effects on aircraft layout can be seen in actual designs. With
unswept wings, low wing layouts usually have noticeable dihedral whilst high wing ones little
or none. Highly swept, low wing aircraft have little dihedral whilst high wing ones often have
negative dihedral angle, known as ‘anhedral’.

The three effects discussed above all depend on changes of lift distribution over the span of
the wing, and so are accompanied by spanwise changes in the trailing vortex drag. The result
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Fig. 8.4 Effect of wing position on L,: (a) ideal flow past a circular cylinder, {b) forces produced
by crossflow

in cases of dihedral and sweep is a contribution to yawing moment due to sideslip in the same
sense as the fin contribution. In the case of dihedral the effect is usually small, but for sweep
the effect is proportional to CZ, and so can become important at high incidence.

We write the sideforce, rolling and yawing moments due to sideslip for the whole aircraft
using derivatives thus:

1}
~o
<

<

(6.5)

z o~ o~
I

2°<h°

6.2.3 Effect of rate of yaw

In any turn, in order for the aircraft axis to be continually tangential to the path of the cg, the
aircraft must have an angular velocity in yaw, and there are other cases in which the aircraft is
yawing. Let us consider the effect of a small rate of yaw on an aircraft flying in a straight line
and wings level, i.e. without the extra complications of a turn, as shown in figure 6.5.

As a consequence of the yaw rate r, the fin has a sideways velocity of rlc. Then considering
the triangle of relative air velocities, the fin has an incidence of ¢ = rl/V,, which gives rise to
a sideforce of

Yin =3 pV2Sea) -0p =4 pV,Seleay -1

This in turn gives a yawing moment which opposes the yawing motion and which we write in
the form

Nﬁn =Negin' T
where

=—4pV.S:12a" (6.6)

rﬁn
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Fig. 6.5 Effect of rate of yaw: (a) velocities in plan view, (b) lift forces

Other parts of the aircraft also give rise to yawing moments as a response to rate of yaw.

Rate of yaw has another effect, which is the production of a rolling moment; to see how this
may happen consider again the aircraft of figure 6.5. The starboard wing tip is moving back-
wards relative to the cg and so its nett velocity is reduced, and hence also is the lift. This
gives rise to a positive rolling moment; the reverse effect appears on the port wing and so this
contributes to the rolling moment in the same sense. Other parts of the aircraft also contribute
to this effect.

We write the sideforce, rolling and yawing moments due to rate of yaw using derivatives
thus:
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In fact the sideforce due to yaw rate is very small and we frequently neglect it.

6.3 Trimmed lateral manoeuvres

In this section we consider the aileron and rudder angles required to perform two simple
manoeuvres, the correctly banked turn and the straight sideslip. Strictly speaking the angles
found are the changes from straight and level flight, since even in that condition an aircraft
may need aileron or rudder angles to counter power effects or other asymmetries. It is cumber-
some and unnecessary to use the superscript ord in this section since it is evident that all the
terms in the equations are dimensional.

6.3.1 The correctly banked turn

Consider again the aircraft shown in figure 3.9, which is performing a turn at bank angle ¢ to
the vertical. We repeat the relation (3.55) here:
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2
Lsing=m—
¢ R

and rewrite it in terms of the rate of turn @ as
Lsin ¢=mV,0 (6.8)

where @ is the angular velocity of the aircraft about the vertical; we have again neglected the
side force generated by rate of yaw. We need to resolve this velocity along the z-axis to find
the rate of yaw and hence express the aerodynamic effects of yaw rate. Considering the
triangle of angular velocities shown in figure 3.9 we find

r=wcos ¢ (6.9)
We also find a rate of pitch, ¢ = r sin ¢. This means that there will be a change in the trim in
pitch: see Section 5.5. From (3.46) we have L cos ¢ = mg, then using (6.9) to eliminate cos ¢
in this we have

Lriw=mg
and using this to eliminate @ from (6.8) gives

r=(g sin ¢)/V, (6.10)

Since the flight condition is a steady one the total moments about the roll and yaw axes must

be zero (see for comparison Section 5.2). Then adding the moments due to yaw rate and
control action we have

Lr+ L&+ L=0
Nr+ N&+ NL=0 @10

Solving these simultaneous equations for £ and {in terms of r and then substituting r from
(6.10) gives

_r _ _gsing _
é—X(L,N; LN,)= VA (LN, - L,N,) (6.12)
_r _ _gsing _
C—K(LgN, LN;)= VA (LN, - LN (6.13)
where
A=L,N; — L;N; (6.14)

These expressions are dominated by the direct effects of the controls and the rate of yaw
derivatives and can be approximated as
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5 =~ —£ and C = -—-I-Yi (6.15)
L, N,

This shows that the aileron is primarily used to balance the rolling moment due to yaw rate and
the rudder to balance the yawing moment, as would be expected. Once the aircraft has achieved
a steady turn the aileron and rudder angles required are usually quite small. Having found these
angles it is possible to find the stick forces from equations of the form (4.17) and (5.54).

6.3.2 Steady straight sideslip

Consider the aircraft shown in figure 6.6, which is performing a steady straight sideslip, with
sideslip velocity v.

S R

y
Fig. 8.6 Forces on aircraft in steady sideslip " mg

Resolving forces along the Y direction and neglecting any sideforces generated by the
control surfaces we have

Y.v+mgsing=0 (6.16)

The rolling and yawing moments due to sideslip and from the controls must be in
balance giving

Lov+ L&+ L -§=0 }

N,v+ Ng-E+ N;-£ =0 (6.17)
Solving these simultaneously for £ and {'in terms of v gives
v
§=—A-(LVNC - L,N,) (6.18)
v
¢=<(LN, - LN,) (6.19)

where A is given by (6.14) and the roll angle can be found from (6.16). Again these expres-
sions are dominated by the direct effects of the control angles and the effects of sideslip and
can be approximated as
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N,-v

N;

é:——.ll.._y_andcz_
L,

(6.20)

This shows that in this case the aileron is primarily used to balance the rolling moment due to
sideslip and the rudder to balance the yawing moment, as would be expected. The aileron and
rudder angles increase rapidly with sideslip angle, whilst the roll angle increases less rapidly.
Figure 6.7 shows a sketch of typical roll, aileron and rudder angles as a function of sideslip angle.
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Fig. 8.7 Variation of roll angle, ¢, aileron angle, &, and
rudder angle, {, with sideslip, S, in a steady sideslip

6.3.3 Minimum control speeds

If an engine fails on'a multi-engined aircraft then the pilot must be able to manoeuvre the
aircraft. At low speeds the dynamic pressure may not be sufficient to produce sufficient
yawing moment from the rudder. There is therefore a minimum speed at which the pilot can
maintain straight flight. The minimum control speed in the air, Vyc,, is defined in the
airworthiness requirements roughly as the airspeed at which, when the critical engine is made
inoperative, it is possible to maintain control of the aircraft in straight flight with a bank angle
of not more than 5°. This has to be demonstrated by flight test when the aircraft is built. The
rudder pedal force may not exceed 150 1b (= 667 N) and the change in heading may not be
more than 20°. Also Vyc, may not exceed 1.2V;,. In designing an aircraft the designer will
choose a value for Vyc, with reference to the desired take-off performance and use it as one
factor in the design of the fin and rudder. At an assumed value for V,, in the calculations, the
yawing moment from the remaining engines will balance that from the fully deflected rudder.
The minimum control speed on the ground, Vyc,, is similarly defined; no use of a steerable
nose-wheel may be assumed.

6.4 Static stability

In this section we consider what preliminary insights we may obtain from applying the ideas
of static stability. Consider an aircraft disturbed in sideslip as in figure 6.2. The yawing
moment produced by the fin tends to turn the aircraft into the direction of the resultant
velocity, i.e. it tends to reduce the sideslip. Therefore this is a stable response and is known as
‘directional’ or ‘weathercock’ stability. The condition for this is then
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N,>0 6.21)

The fin provides positive directional stability, whilst the fuselage and any engine nacelles or
propellers ahead of the cg are destabilizing. We note that a rolling moment will also be gener-
ated through the derivative L, so that the aircraft will be given both roll and yaw accelerations.

Now let us consider an aircraft which has been given a small angle of rotation in roll around
its velocity vector. No restoring moment in roll will appear because no surface of the aircraft
has changed its incidence to the flow. However, there is a component of the weight along the
Y-axis which will produce a sideslip; this in turn will produce a rolling moment through the
derivative L,. Positive roll angle, as shown in figure 3.9, will produce a positive sideslip
velocity, and so a negative rolling moment is required for static stability. This effect is known
as ‘static lateral stability’ and the condition for it to be positive is therefore

L, <0 6.22)

This sideslip will also produce a yawing moment bringing the mechanism of the directional
stability into play. We see therefore that these static stability conditions are coupled and,
although necessary, are not sufficient and only analysis of the dynamic stability gives the
complete picture.

As in the case of static stability in pitch the measurement of the trim curves indicates the
static stability. The procedure is to fly the aircraft in a series of straight sideslips, and measure
the sideslip, roll, aileron and rudder angles. Then, assuming that the direct effects of the
aileron and rudder are in the usual senses, (6.20) shows that for positive static lateral stability
aileron angle decreases with sideslip. For positive directional stability rudder angle increases
with sideslip. Figure 6.7 shows the aileron, rudder and roll angles in a sideslip for an aircraft
with positive directional and lateral static stability. If stick and rudder forces are also
measured then these can be used to infer the static stabilities, stick free. These are positive
when the forces are in the direction to produce these stick and rudder movements. The airwor-
thiness requirements ask that an aircraft is laterally stable as discussed above and require
the trim curves and the rudder pedal force curve not to have any reversal of slope up to the
maximum angles available or up to a pedal force of 180 1b (= 800 N).

Student problem

6.1 A twin-engine aircraft is flying at low altitude when one engine fails. Find the slowest
speed at which it can fly steadily without sideslip. Assume that the thrust of the
remaining engine just balances the drag and that engine thrust is independent of speed.
The maximum rudder ang]e is 30°, the rudder lift curve slope is 0.55 and the rudder
moment arm about the cgis 16 m. Other information is as follows: mass = 200 000 kg,
wing area = 300 m?, fin area = 42 m?, the engines are 5 m from the centreline, Cp, =
0.036 + 0.062C%. (A)



7
Revision and extension of dynamics

7.1  Introduction

In this chapter we first discuss some simple aircraft motions which can be treated approx-
imately using the familiar first- and second-order ordinary differential equations. We continue
by deriving equations for dealing with the dynamics of a body using axes fixed in the body
itself as discussed in Section 4.2.1, and use them to discuss the motion of a bifilar pendulum.
Finally a generalized method of writing systems of linear differential equations is introduced.

7.2 Some simple aircraft motions

In this section we consider three simple aircraft motions, arranged in order of increasing
complexity. The second and third involve second-order ordinary differential equations with
oscillatory solutions. -

7.2.1 Pure rolling

We saw in the last chapter that when the ailerons on an aircraft are deflected a rolling moment
is produced; the aircraft will then accelerate in roll and quite quickly reach a steady rate of roll.
There will also be a yawing moment from the ailerons and when a roll angle has built up a
sideways component of the weight will appear; these and other effects will lead to motion in
these freedoms. However, it is evident from flying displays that a pilot can fly an aircraft such
that the motion is almost pure rolling and we idealize the situation and just consider moments
about the roll axis.

Rolling an aircraft will produce changes in the local angles of incidence on the wing, as
shown in figure 7.1.

A section of the wing a distance y from the roll axis will have a downward velocity py,
where p is the angular velocity in roll, and considering the triangle of relative air velocities an
approximate increase in incidence of py/V, is produced. This, however, is altered by induced
effects and no simple expression can be found for the change in the local lift. The moment of
the lift about the roll axis is also proportional to y and opposes the roll. The final result is that
the overall rolling moment is proportional to p and to (span)?, provided stalling of the wing is
avoided. This moment is in the opposite sense to the rolling velocity, i.e. it is a damping
moment. Although other parts of the aircraft contribute, the wing dominates as it is by far the
most powerful lifting surface of the aircraft. The total aerodynamic rolling moment is then
expressed using the form of a derivative, that is

L=L,p (7.1)

where L, is known as the ‘damping in roll’ derivative.
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Fig. 7.1 Effect of rate of roll on an aircraft

We now obtain the equation of motion by equating the aecrodynamic moments due to rate of
roll and aileron deflection to the product of the roll inertia, /,, and acceleration in roll, to give

o o dp
Lyp+ Lyd=l, -

or rearranging
I,-p—L,p=Lg¢& (71.2)

We will use this to investigate how the rate of roll varies if the pilot moves the ailerons rapidly
to some angle and holds them there, i.e. we solve (7.2) subject to the conditions that at ¢t = 0,
p = 0 and £ = constant = &,. The general solution is

p=ne* - b (1.3)
L

P

where 4 is = l:P/l,. Putting in the initial condition p=0att=0 gives the constant A and the
solution is finally

p=tabi(er ) (7.4)

In this equation it should be remembered that A < 0 since the damping in roll derivative is
usually negative.
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The rate of roll tends to be the value p, = L°5 .§|/le; in fact usually this rate is nearly
achieved in a second or two as the inertia in roll is relatively small. We measure the rapidity
of the response by the time taken, ,;, to reach half this rate. Then from (7.4)

—e—=§=eh“ -1

and solving for the time to half the final roll rate we find

I In2

X

L,

Iy= (7.5)

These results can be put in a slightly more meaningful form if we use nondimensional
versions of some of the quantities involved. Let us introduce

I
=2 7.6
I b (7.6)
L
L, = 1.7
¢ Tovish .
and
L = _i'P____ (7.8)
T A, '
where b = wing span. The final rate of roll can then be put in the form
pb_ L
v L g (1.9)

For small rates of roll, the quantity on the left-hand side is twice the helix angle of the path of
the wing tips of the rolling aircraft, or put another way, the final rate of roll is proportional to
the speed. Using (7.6)—(7.8) the time to reach half the final roll rate becomes

. _iln2 m
H=
I, §pVS

The second term on the right-hand side is the aerodynamic time unit introduced in Chapter 4,
and so we can express ty in the form

== (7.10)
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The time to half the final rate is proportional to the aerodynamic time unit and therefore
inversely proportional to the speed.

7.2.2 Pitching oscillation

If a statically stable aircraft is in steady level flight and encounters a vertical gust, or the pilot
quickly moves the elevator away from the trim position and back again, it will respond in
pitch, rapidly regaining its original angle of incidence. The changes in incidence in the motion
following the disturbance will result in changes to the lift and hence motion normal to the
flight path. The changes in the lift will cause changes to the drag and the speed will change as
a result. The most important motion is that in pitch and we will idealize the situation and
proceed as if there was no response in the other freedoms.

We first consider the aerodynamic terms that will appear in the equation of motion. Let the
angle through which the aircraft has rotated in pitch from the initial flight direction be 8, posi-
tive in the nose-up sense; this is also the change in angle of incidence in the absence of vertical
motion. The pitching moment arising from the change of incidence is

+pV? S" "‘9——€V 6, say

Since d_Cﬂ-_diﬂ it appears that we could relate this to the cg margin, although
da d¢G da

frequency effects may also have to be taken into account. We can still expect this term to be
negative for a statically stable aircraft, however.

There are also moments generated as a result of the angular velocity in pitch, particularly
from the tailplane. For most aircraft the contribution from the tailplane will dominate and,
from Section 5.6.1 and figure 5.10, we see that the resulting pitching moment is

dé de

—$pV¢ ST(‘{/:)‘III =—4pV.Splia — a —‘%‘/e;’ say

We should also make some allowance for changes in the downwash from the wing arriving at
the tailplane after some time delay; however, ignoring this introduces errors of the same order
as other assumptions we have made. Finally we equate the aerodynamic terms to the product
of the angular acceleration in pitch and the moment of inertia (/,), to find

S0+ BV + €VH=0 (7.11)

where <7 = I, and the quantities ., 3 and ¢ are positive. Usually the condition 4 2€V? >
(BVYis sausﬁed and the roots of the corresponding auxiliary equation are complex, so that
the motion is an oscillatory one. The solution of (7.11) can then be written as

6= 0,e™ sin (0t + & (7.12)

where 68, and £ are determined by the initial conditions. The damping coefficient is given by

A

24 (7.13)
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and the circular frequency by

7 2
0=V, 51 - (4—7;—) (7.14)

Hence the damping and frequency are both proportional to the speed to the degree of
approximation used.

This oscillation is known as the ‘rapid incidence adjustment’ or ‘short period pitching oscil-
lation’. The incidence returns to its initial value in a second or two and the period is of the
same order. Although the incidence rapidly recovers its value, the speed and flight path angle
generally remain altered. These normally return to their original values as a resuit of a further
longitudinal oscillation known as the ‘phugoid’ which is the subject of the next section.

1

7.2.3 The phugoid oscillation

We assume that we have an oscillation of an aircraft of frequency much lower than that of the
rapid incidence adjustment so that the incidence is kept substantially constant throughout the
motion. The lift coefficient is then also constant; also we assume that the Mach number is low
and the elevator is held fixed. As the pitch angle varies the aircraft will lose and gain height.
Assuming that thrust equals drag throughout the motion, the total mechanical energy of the
aircraft will remain constant and we can apply the principle of conservation of energy,
provided also that we ignore the energy used in the rapid incidence adjustment mode caused
by changes in the drag. The lift always acts normal to the flight path and so does no work.

Assume that the aircraft is initially in horizontal flight and let V be the instantaneous speed
and h the height above some datum, then we have

m(gh + }V?)=constant (7.15)

Since the lift coefficient is constant, we have
L=kV? (7.16)

where

k=14pSC, (1.17)

For small angles of the flight path to the horizontal we can write the vertical equation of
motion as
d’h 2
m—dt—2—=L—mg=kV - mg (7.18)

Now let V, be the speed of flight for equilibrium; then (7.18) gives
0=kV? — mgorkV:=mg (7.19)
and substituting (7.19) into (7.18) gives
d’h

m=—7 =kV* - V2) (7.20)
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Now let us define a height A, at which the aircraft is in equilibrium and has the same total
mechanical energy; then from (7.15) we have

gh, + $V2=gh + V2 (7.21)

Then substituting for (V2 — V?) from (7.21) into (7.20) gives
{

d*h
m—x = 2kg(h, — h)

1
and using & from (7.19) and writing z = h — h,, we find

d’z | 2g%
7t —52—=0 (1.22)

The solution of this second-order differential equation can be written

z= L/cos wt + ABsin wt (7.23)

where @ = V2g/V,; <7 and B are arbitrary constants determined from the initial conditions.
The solution represents simple harmonic motion with periodic time

 =2nte (7.24)

If we substitute for g using SI units we find 1, = 0.45V, seconds, where V, is expressed inm s~".
To determine .57 and 3 we suppose that at t = 0, the velocity is V = V., + u inclined
upwards at angle 8, where u and 6, are assumed small. Then from (7.23) at =0

%:—w%:(vc + u)sin@,=V,6,

to first order; then
v.2e.
= L. (7.25)
Vg
Now using (7.21) we see that
282=2gh—h)=V:— V=V — (V. + u)* = ~2uV,

to first order, and from (7.23) at ¢ =0,

Hence we find

V.
o = -Eg_e (7.26)
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The complete solution is then

2
eVi

v2g

uv, .
z=- coswt + sin wt (7.27)
8

The motion of the aircraft represented by the solution is illustrated in figure 7.2. Suppose
that an aircraft meets a disturbance that leaves it with a small increase of speed, and the pilot
takes no corrective action. In this case 8, = 0, and the flight path is a cosine wave as shown in
figure 7.2(a). Note that the mechanical energy of the aircraft is increased by the disturbance
and so the datum height is increased.

speed is a minimum

_new datum height

6 is a maximum

speed is a maximum

T
disturbance

(a)

Ve /+\°§\ datum height _ -
disturbance 0 is a maximum

speed is a maximum

(b)

Fig. 7.2 Motion due to phugoid mode: (a) initiated by increase of forward speed, (b) initiated by
increase of pitch angle

Now consider a disturbance which leaves the aircraft at the same speed but with the flight
path inclined upwards. In this case u = 0 and the flight path is a sine wave as shown in figure
7.2(b). Note that in this case there is no change in the mechanical energy of the aircraft due to
the disturbance. In both cases the speed and flight path angle (8) vary between fixed limits and
the maximum speed occurs a quarter of a wave before the maximum flight path angle. In other
words the speed leads the flight path angle by a phase angle of 90°.

The analysis of the phugoid based on the full equations given in Section 9.4.1 shows that at
speeds for which we can neglect compressibility the estimate of the period is fairly good. The
motion is shown to be damped, mainly by the drag. It is also shown that the phugoid oscilla-
tion is affected by the cg margin which has to be larger than a certain minimum for it to exist.

7.3 ‘Standard’ form for second-order equation

The motion of many systems can be described by a second-order differential equation. On
examining systems with more than two degrees of freedom it is often found that some oscilla-
tory modes are only weakly coupled with the remainder. An approximate treatment of them can
then also be based on the simple second-order system, adding to the utility of this approach.
Consider the system with the equation of motion

x+ax +bx=f() (7.28)
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with a and b positive. The solution to the characteristic equation is

2
a ’ a
==2 4; - = 7.29
A > +i.b (2) ( )

where i = V= 1. Now consider the variation in the characteristics of the motion as the damping
is varied. If the damping is zero there is an oscillation of circular frequency

o, = Vb (7.30)

that is, @, is the natural frequency. In the case of critical damping, which is the minimum
damping for no overswing, we have

Then the critical damping is
a,=2Vb=2w, (7.31)
using (7.30). We now define the ‘relative damping’, £, as
¢ = (actual damping)/(critical damping) (7.32)
Then we have
a=2{w, and b = &}
The equation of motion is then written

¥+ 28w, x + @lx=f(1) (7.33)

and the solution of the characteristic equation is

A=wn(~cii,/1 - ;2) (1.34)

For values of a greater than a.;, the motion is aperiodic, so this form of the equation is only
relevant for lesser values. Like any method of writing equations this has advantages and
disadvantages. This form of the second-order equation has been extensively investigated; for
instance see reference (7.1).

7.4 Dynamics using moving axes

We have seen in Section 4.2.1 that it is necessary to use axes fixed in the aircraft, which are
clearly moving axes, and some modification to the usual equations of motion

(force) = (mass) x (acceleration) and its angular equivalent
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must be expected. We first express the equations of motion for fixed axes using vector
notation.

7.4.1 Equations of motion for a system of particles

Fig. 7.3 An assemblage of small particles O

Consider an assemblage of small particles, as shown in figure 7.3. Consider in particular one
having a position vector r relative to some origin O, and mass &m. We write its velocity  as
v, its linear momentum is therefore dmv and the total linear momentum of the assemblage is

G=Z&nv=z&ni=%z&nr (1.35)

where E indicates that we are forming the vector sum over all the particles. The centre of
mass' of the particles has a position vector T given by

mF =y émr

where m = Zém = total mass of the particles. Hence

Gsi(mF)=m9£=mV
de de

and its rate of increase is

= =g (") =ma (1.36)

where v and a are the velocity and acceleration of the cm of the assemblage. The moment
of the momentum of a particle about O is r,(mv), where ‘A’ indicates the vector product. We
then find its rate of change to be

&n%(gv) =8m(x,v + r,v)=mr,v

Taking vector sums gives the total moment of the momentum. The more usual term for this is
‘angular momentum’, H, which is therefore H = Zr,ﬁmv. Its rate of change is

H_ 5. %(&nv) (1.37)

dr
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If 8F is the force on a single particle then Newton’s law gives 6F = —q-(&nv), and we
then write dr

d _ . _
F=26F—E; &nv-——a(mv)—ma (7.38)

using (7.35) and (7.36). This shows us the form of Newton’s law that applies to the cm of an
assemblage of particles.
The moment of all the forces 6F about O is

dH

9 (7.39)

Q=)rdéF=>r, %(&nv) =

using (7.37). We can restate this in words as ‘torque equals rate of change of angular momen-
tum’. In expressing the angular momentum it is convenient to use the particle position relative
to the cm. Let r’ and v’ be position and velocity vectors of a particle relative to the cm. Then
we have

r=r+randv=v + v
The angular momentum is then
H= Z&mr,y: Z(F + r')A(V +v)
and multiplying out gives
H=3Y omE7 + r,v) + (Y émr') ¥ + 1.3, 6mv

Now by definition Z&nr’ =0, hence also Eé‘mv’ = 0 and writing the angular momentum
about the cm as

h=Yr' omv’ (7.40)

we find finally
H=rG+h (7.41)

This shows that the angular momentum is the sum of the moment about 0 of the linear
momentum and the angular momentum about the cm.

7.4.2 Equations of motion for a rigid body

The equations of the previous section are easily taken over to cover this case, the small
particles becoming small elements of the body. First, the parts of the forces which are internal
to the body must cancel out, so that F and Q become the external applied force and moment.
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With this change of definition of F, (7.38) applies to the rigid body. Similarly if Q is now the
applied moment about the cm the equation of angular motion becomes

Q=h (7.42)
using (7.41) with ¥ =0, and (7.39).
Second, the velocity of the particles relative to the cm is only that due to the rotation of the
body, i.e.
v =Ar (7.43)

where A is the angular velocity, which is a localized vector through the cm.> Hence using
(7.40) and (7.43)

h=Yr,omA,r)
and using the rule for the triple vector product we find
h =Y 0mr'’A — Y 5m(r' A)r' (7.44)

where r' is the magnitude of r'.
We will need the Cartesian form of this equation and so we write

r=xi+yj+zk (7.45)
and
A=pi+gj+rk (7.46)

where i, j and k are unit vectors along axes Ox, Oy and Oz. Then x, y and z are the coordinates
of a point of the body relative to the cm and p, g and r are the angular velocities about the Oxyz
axes. Performing the vector operations gives us

h=25'”{()’2 + ZZ)P - Xq = xzr}i
+ 3 om{(2 + x)g = yer — yxpli (747)
+25m{(x2 + yz)r - zp — zyq}k

The sums such as Zém(y2 + z%) are known as the ‘moments of inertia’ while the sums like
Smxy are the ‘products of inertia’. We write the moments of inertia as /,, /, and I, in the
order given above and the products of inertia as /,, = Z&mxy and so on. The angular

momentum is written as the sum of its components
h=hji+ hj+ hk (7.48)

where
hl =lxp - Ixyq - Ixzr
hy=1I,q = 1,r — Lp (7.49)
h3 =lzr - Ixzp - Iyzq
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It can be shown that the axes of reference can be chosen such that the products of inertia
vanish; such axes are known as ‘principal axes of inertia’; the simplification obtained by
choosing these is obvious.

7.4.3 Moving frames of reference

We now turn to the problem of relating quantities in a moving frame with their counterparts
in a fixed frame, and are able to provide a general result. Suppose we have two frames of
reference S, and S, as shown in figure 7.4

We will use the suffices 1 and 2 to denote quantities as measured in frames S, and S,
respectively, when a distinction needs to be made. The frame S, is a fixed or ‘inertial’ frame,
i.e. it is subject to much smaller accelerations than those involved in our applications, for
example a frame fixed to the surface of the Earth. The frame S, is rotating with angular
velocity A about a point O in frame S,. Let J = J(r) be any vector measured in the frame S,.
This must also be its value in the frame S, but its rate of change as measured in the two frames
must be affected by the rotation. It is therefore required to find the relation between its rates
of change in the two frames.

Figure 7.4 has been drawn from the point of v_ie_“)/ of §,. In the figure oP represents the
vector J at time ¢; in a short time ¢ it changes to OR'. Then PR’ is the increment 8], i.e. the
change relative to §,. During the interval & the point of S, which was at P has moved to Q,
where if v, is the velocity of P then

PQ = v,& = (A J)or

Fig. 7.4 Determination of relationship between
quantities measured in fixed and moving sets
of axes

Now Qﬁ) is the increment of J relative to the frame S,, i.e. it is 8J,. Then from the triangle
PQR we have
PR =PQ + QR

or

5-]] = 8.'2 + (AAJ)&
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We now divide through by & and take the limit as & — 0 to find the required result:

ay (4
(&) -(2) +as (7,50

We can use this equation to relate the time rate of change of any vector quantity in a moving
frame to its rate of change in a fixed frame and derive appropriate equations of motion.

7.4.4 Equations of motion of a rigid body referred to body fixed axes

We now proceed to use the result of the last section to find the relationship between the linear
and angular accelerations of a body relative to axes fixed in the body to the same quantities
relative to fixed axes. This then leads to the equations of motion. First let us identify J in
(7.50) with the velocity of the cm, ¥, then

() (&), +
dr J, dr /,

and on using (7.38) we find
F=v, +A¥ (7.51)

A

This is the equation of linear motion of a body referred to axes fixed in the body. For the
angular case we identify J with the angular momentum, finding

(2) (2), » s
dr j, dr /,

and on using (7.42) we find

Q=h, + Ah (7.52)

This is the equation of angular motion referred to axes fixed in the body.
The Cartesian forms of these equations will be needed, so we write

vy=Ui+Vj+ Wk (7.53)
F=Xi+Yj+Zk (1.54)
Q=Li+ Mj+ Nk (7.55)

Then performing the vector operations and separating the equations gives

X=mU + gW — 1V
Y=m(V + rU — pW (7.56)
Z=m(W + pV — qU
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and
L=h + qhy — rh,
M=h, + riy — phy (1.57)
N=h + ph, — qh

The last set of equations are essentially those usually known as Euler’s dynamical equations;
they are normally used with (7.49) substituted using principal moments of inertia.

7.4.5 Example of use of equations

Before applying these equations to the motion of an aircraft, it is instructive to demonstrate
their use on a simpler problem.

Consider the bifilar pendulum AB shown in figure 7.5. It consists of a thin uniform beam of
length 2! suspended at its ends by strings of negligible mass and length d. The beam has a
mass m and radius of gyration k; attached to the end B is a cruciform vane which is suspended
in an oil pot to provide damping. Provided no vertical forces are applied, the beam can be
regarded as having three degrees of freedom, namely

o translation in a direction along its length
e translation normal to the length
e rotation about a vertical axis through its centre.

wH

\
I
T~
£

Fig. 7.5 The bifilar pendulum

We need to choose axes of reference for the analysis; any choice of axes fixed in space will
result in the moment of inertia being a function of the position of the beam. Accordingly we
choose axes fixed to the beam with the origin at its centre, Ox along the beam, Oy horizontal
and normal to the beam and Oz vertically downwards as shown. Also let x and y be displace-
ments of the beam from the rest position and y be the clockwise rotation about Oz.
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With these three freedoms the equations we will need are the first two of (7.56), the third of
(7.57) and (7.49). These can be simplified, as the following quantities are zero: W, q, p, I, L,
I,, and I, ; as a result h, and h, are also zero. Then we have

X=mU — rV)=m(i —yy) (7.58)
Y=m(V — rU)=m(5 —yx) (7.59)
N =17 =mk’y (7.60)

We now consider the forces and moment applied to the beam. The total tension in the
strings is mg and a small displacement x inclines the strings at an angle x/d resulting in an x-
wise force of —mgx/d, and similarly for the y axis. A small rotation y gives a displacement y{
to the ends of the beam and therefore an inclination of yi/d to the strings, giving a moment
about Oz of —mgl*y/d. Also let the damper vane give horizontal forces of — Cx(velocity along
Ox and Qy), so that there is an x-wise force of Cx The velocity of the end B in the y-direction
is y — lygiving a force of —Cy + Cly/; there will also be a moment about Oz of —CPy + Cly.
Since we have assumed the displacements to be small the corresponding velocities will also
be small, and so the products xy and yy will be second-order small quantities and to be
consistent will be dropped. The equations now become

mx + Cx + mgx/d=X(t) a.en
my + Cy — Cly + mgy/d=Y(t) (7.62)
mk*y — Cly + Cl*y + mglly/d = N(1) (7.63)

where X(t), Y(£) and N(¢) are disturbance inputs. We notice that (7.61) is independent of the other
two equations and so, to the degree of approximation used, the motion in the x-direction is inde-
pendent of the others. We shall follow a similar approach in the next chapter when we derive the
equations of motion for an aircraft; it will be seen that there are a few other similarities.

7.6 State-space description

The traditional method of writing equations of motion for a system consists of writing one
equation, usually of second order, for each freedom as was done with (7.61)~(7.63) above.
The more general modern method is that of the state-space description where state variables
are used. A state variable can be a displacement, a velocity or whatever variable is necessary
for the problem in hand. The essential point is that there is a first-order differential equation
for each variable; new variables are introduced as required.

If we know all the state variables at some instant ¢, together with the inputs at #,, then all
possible outputs of the system are known at ¢ = t,. If we can determine the time behaviour of
the state variables then the time behaviour of all the outputs is known for any given inputs.

In this method of analysis we

e determine the time behaviour of the state variables, so that there must be state equations
relating the state variables to the inputs; and

e determine the desired output from the state variables, for which there must be output
equations.
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For the case of linear systems we arrange that the state equations are n simultaneous, first-
order differential equations in n state variables x,, x,, x, ..., x, with m inputs ,(£), u,(f), us(9),
<o Un(?). The equations are arranged to have the form

N=ayx, + aux, + ...+ agx, + bgu, + bau, + ... + b u, (7.64)
where k=1, 2, 3, ..., n. The equations for the p outputs will have the form
yiscpk tepxy + .+ oo, + dyuy + dpuy + L.+ dipuy, (7.65)

wherej=1,2,3, ..., p.
These equations are most conveniently written in matrix form, so the state equations are

x=Ax + Bu (7.66)

where x is the n x 1 “state vector’, u is the m X 1 ‘input’ or ‘control’ vector, and A and B are
coefficient matrices of dimensions n X n and n X m, respectively.
The output equations are written in the form

y =Cx + Du (7.67)

where y is the p X 1 output vector and C and D are coefficient matrices of dimensions p X n
and p x m, respectively. Examples of output variables in the aeronautical stability context are
the normal acceleration, accelerations of particular points of the aircraft and the time rate
change of displacement of the cm of the aircraft from the mean flight path. It should be noted
that there may be more than one possible choice for the state variables and that their number
must be equal to the number of initial conditions for a complete solution.

The advantages of the description of the problem in terms of first-order equations are as
follows:

e Such equations have been extensively investigated and several methods are available for
their solution.

# This form can be extended to time varying and nonlinear systems.

o It is the form from which analogue computers are set up and it is the usual form for use in
step-by-step integration of equations of motion on a digital computer.

o It is suitable for optimization techniques.

7.5.1 Example of state-space description

As an example of the formation of state-space equations from the traditional form we take the
bifilar pendulum discussed in Section 7.4.5. Specifically we take the coupled pair (7.62) and
(7.63), divide through by m and mk® respectively and solve for the highest derivatives to find

y=—cy +cly — fy — u(t) (7.68)
v =ely — el’y — bfy — u,(t) (7.69)

where b= P/I2, ¢ = CIm, e = CImk?, f = gld, u,(t) = Y(t)/m and u(t) = N(t)/mk®. We now write

V=X, YEX, V=X, Y =X, (7.70)
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Our set of equations in state-space form are then

i =x (1.71)
X, = —cxy + clxy — fr, — uy(t) (7.72)
Xy = X4 (7.73)
X, = elx, — el’x, — bfx; — uy(t) (1.74)

The corresponding coefficient matrix is then

0 1 0 0
- -c 0 ¢l
A= Of 0 0 ] (7.75)

0 el -—bl —el?

7.5.2 Analytical solution of state-space equations

There are two complementary approaches to solving the equations in the sense that they can
be solved in either the time or the frequency domain. Both solutions depend on the idea that
we can give a meaning to ¢*’ where A is a square matrix of order n. We define it by the use of
the usual series for the exponential function; in this case it is

2,2 3.3 n,n
e"=l+A:+A2:+A3"+...+A: + .
. : : n (1.76)
= 3

where I is the unit matrix. Clearly e* is a square matrix and we interpret A? as the product of
A with itself, and so on for higher orders. All the usual properties of the exponential function
hold and can be derived from this series. In particular we derive the usual result for its deriv-
ative by differentiating term by term, as follows:

d a , A
— =A + At + + ...
ar’ 2 .77

= AeAI = eAIA

as in the scalar case

7.5.2.1 Time domain solution
To give us a clue on the form of the solution to be expected we note that the solution of the
first-order equation

x=ax + bu

where x=x(0)att=0, is
!
x=e%x(0) + e“’Je_“'budT
o
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where Tis a dummy variable. Turning to the equation
Xx=Ax + Bu (7.78)

where x = x(0) at ¢t = 0, from the result

d dA dB
Z(AB)=—B + A—
dt( ) dr dt

we find that
Ay ae o Ay A
a-t-(e x)—E-’-(e ')x + e Mx
=—eMAx + e Mx (7.79)
We now premultiply both sides of (7.78) by e/ to give

e Mi=e MAx + e Bu

or
e % — e MAx = e »Bu
Then using (7.79) we find
Edt-(e"’ x) =e¢ " Bu

We now integrate both sides from O to ¢ to give

t
e Mx =x(0) + J‘e'“Bud‘t
o

and premultiply both sides by e* to give the solution as

t
x=e*x(0) + e“je'“Budr (7.80)
A .

The result is then in the same form as the first-order solution. The matrix e* in this context
is known as the ‘state transition matrix’ written as ®(f). In terms of @ the solution can now
be written

x=B()x(0) + J' ®(—7)Budr 280
0

7.5.2.2 Frequency domain solution

The phrase ‘frequency domain’ here implies that we are using the Laplace transform method
to find the solution. We therefore write the transforms of x and u as X = ./ [x] and @ = .£[u].
We proceed to take the Laplace transforms of both sides of (7.78) to give

sX(s) + x(0) = AX(s) + Bu(s)
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or

sX(s) — AX(s) = x(0) + Bu(s)
hence

(sT — A)x(s) =x(0) + Bu(s)
and solving,

x(s)=(sI — A)7'[x(0) + Bu(s)|
On taking the inverse transform we find
%= £ 7[(s1 - A)'x(@)] + £7'[s1 - A)'BiE(s)] (1.82)

which must represent the same solution as (7.80). We consider the two terms separately.
Taking the second and using the convolution theorem:

.l"[(sl - A)"Bi(s)]=jc“"”Bu(t)d‘r
° (7.83)
=e"J‘e_“Bu(t)dr
0

This agrees with the last term of (7.80).
For the homogeneous case, i.e. u(f) = 0, we have from the Laplace transform of the
exponential

d=c =,{"[(s1 - A)“]

so that the first term is
e*x(0) (7.84)

We now consider the form that @ must take; from matrix algebra we have

- dj(sI — A)
— A ! =——-——a ‘l
(s1 ) ]sl - AI

where adj(s1 — A) denotes the adjoint matrix of (sI — A). The determinant [sT — A} can be
written as

IsT — Al=( = AN — (s — Ag) ... (s — 4)

where A, Ay, As, ..., A, are the eigenvalues of the system, that is the roots of |AI — Al=0.
If we write a typical element of the adjoint matrix as a; a typical element of (s — A)~' takes
the form
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B = A6 = A6 - &) (5 — A

Then splitting this into partial fractions we find

C:: C:: C.. Ci:
(Zij = i ii2 + i3 + ...+ —r__
s—A s—A s-A s~ A,
where ¢y, ¢ €3 ..., €y are determined in the usual way. The case of repeated roots needs

special treatment for which a textbook should be consulted. Each element of the state transi-
tion matrix will therefore be of the form

C.. Ci: C:: C
& =By W 4Tl
Y [s—/l, s=A s—XN s = A,

hence inverting the transforms we find
D(1) = et + cpe? + ce? + ..+ ¢et (7.85)

7.5.2.3 Numerical example
Suppose the system equation X = Ax + Bu is

x', - _4 1 x, l
HEEH MEH 039
with u being a unit step function. The eigenvalues are given by |AI — A| = 0, that is by

|).+4 -1 0

3 AT
or
A+4A+3=00r(A+ 1A+ 3)=0

so that the eigenvalues are A, = —1 and A, = —3. We also have
_Ito 2_[—41}j—-4 1] _[13 -4
I'[o 1] and A ‘[—3 o][-—3 O]'[l2 —3]

The state transition matrix is then

1—4t+ U3/ +... 0+t-202 +...
(7.87)

(1) =
@ [0—3:+6:2+... 1+0-@3/2) +...
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lll

We know for instance from (7.85) that each term of ® has the form c,e*’ + c,e*?; substituting

into this the series for the exponential

22 33
PN P SN L
2! 3

for each eigenvalue to give

2
c,(1—1+’?+...)+c2(1—3r+%+ ]

and comparing coefficients of powers of ¢ in (7.87), element by element, we find

e 4oV et — e (7.88)

d(0)= %[

"+3Y et —e
3

which leads to the solution to the homogeneous equation. The rest of the solution is given by

—(1-1) =3(s-1) ~(t—1) ~3(t-1)
—e + 3e e —-e 1
jd’(t T)B“(T)df '!'J'[ -(r T) +e =3¢-1) 3e-(r—r) - c—J(r—r)][z]]dT

=(1-v) _ —J(r—r)
_*J‘ [36 —(t—1) + -3(1—1')](1‘r (7-89)
2 -3 +e”
—%[ —~ Qe” ¢ e—JI:I
The complete solution is then
x=1} —e 4+ 3 e - x(0) + & 2-3e" +e¥ (7.90)
-3 +e ¥ 3 —eY 10— 9e™ —e™ '

using (7.84), (7.88) and (7.89).

7.5.3 Step-by-step solution of state-space equations

The state-space form of the equations leads to a simple method of finding the response of a
system to a set of inputs. Suppose we are given a vector x, of x values at ¢ = 0, we can then
calculate a vector of the x-derivatives at t = 0 as

Xo=Ax,+u (7.91)
An estimate of the vector of values of x after a small time step At can then be calculated as

X, = Xy + XoAt (1.92)
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and the process is repeated as necessary. Better results, or similar results with larger time
steps, can be obtained by using more sophisticated methods such as Runge-Kutta methods.
Step-by-step methods are particularly useful in non-linear cases, for instance if A is a function
of time or x, as it may be if flow is separated.

Student problems

7.1 An aircraft is flying horizontally at a speed of 250 m s™" when it hits a gust which gives
it an increment of forward speed of 5 m s™' and inclines the flight path downward at an
angle of 2°. The pilot allows the resulting phugoid oscillation to continue. Find the
periodic time and the amplitudes of oscillation in altitude and forward speed. (A)

7.2 Extend the simple analysis given for the phugoid mode in Section 7.2.3 to allow for
small changes of density with height to show that the periodic time found is to be
factored by

1

;]1 + yM?2/2n

where it is assumed that the pressure and density in the atmosphere are related by the
polytropic law pp™" = constant and pressure and height are related by dp/dh = —pg.
7.3 Rewrite the following sets of first-order differential equations in state-space form:

(@) x + ax+ bx=u(r)
(b) ¥ +ax+by+ cx=ulr
¥+ a;x + by + ¢,y = uy(t)
(©) x+cy=u()
¥+ ax + by + cx = uy(t)
@ x+ax+by+cy=u
¥+ apx + by + cx = uy(0)
(e) X" + ax + bx + cx=u(t)
) X" +ax +bx+cx+dy=ul)
X+ ¢y = uy(t)
(8 x +ay +byx+cy=u)
Y +ax + by + ¢,y = u,(p)

7.4 Solve the following set of equations in state-space form:

x|_[-4 2[x 1
(2] AR+
with u being a unit step function.

Notes

1. The term ‘centre of gravity’ is strictly only appropriate when discussing forces due to gravity; in this
chapter the term ‘centre of mass’ (cm) is preferred as it is more appropriate in this case; the two are,
of course, very close together.

2. The reader is reminded that a localized vector is a vector through a specific point and may not, in
general, be moved around in space.
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8
Equations of motion of a rigid
aircraft

8.1 Introduction

It is perhaps a little surprising that it was only some seven years after the Wright brothers’ first
flight that the equations of aircraft dynamic stability were set out by G. H. Bryan in reference
(8.1) in essentially the form known today. Since then many refinements have been made and
a lot of research done to find values for the stability derivatives and to verify the results. In this
chapter, using the results of Section 7.4.4, we will derive equations of stability for an aircraft
which will be used in the remaining chapters.

8.2 Some preliminary assumptions

As before we assume that the aircraft is a perfectly rigid body. Real aircraft are of course
deformable but provided that the frequencies of any structural oscillations are well away from
those of oscillations we find and any steady deformations are small, we can expect reasonable
agreement with experiment. We will also assume that the aircraft is initially flying steadily,
i.e. it is in trimmed flight, when it is disturbed in some way.

8.2.1 Axes and notation

We have already introduced some of the notation needed in previous chapters; however, a
complete statement of the basic notation will be made at this point and is shown in figure 8.1.

Q[‘,N

‘ z,ZW
Fig. 8.1 Stability axes and velocities and forces along them, angular velocities and moments around
them

We place a set of right-handed orthogonal axes with the origin at the cg. The Ox axis points
roughly in the forward direction, Oy at right angles to the plane of symmetry and towards the
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starboard wing tip. The z-axis points roughly downwards and completes a right-handed set.
For the time being the freedom to choose the precise direction of the x-axis is left to be decided
to suit the problem in hand. There are at least two natural choices:

e to have the x-axis fixed initially in the direction of undisturbed flight — such axes are
known as ‘wind axes’;

e aircraft normally have a principal axis of inertia lying roughly in the flight direction — this
is sometimes a convenient direction to take as the x-axis.

Now let

e V be the velocity of the aircraft cg, with components U, V and W along Ox, Oy and Og;

o A be the angular velocity of the aircraft, with components p, ¢ and r about Ox, Oy and Oz;

e F be the force on the aircraft, with components X, Y and Z along Ox, Oy and Oz;

e Q be the moment on the aircraft about the cg, with components L, M and N along Ox, Oy
and Oz.

The positive sense of the velocities and forces is in the direction of the axes and that of the
angular velocities and moments is that of a right-hand screw advancing along the direction of
the axes.

8.2.2 Plan of action

It is useful to remind ourselves at this point of the basic equations that we shall be deriving the
stability equations from. These are (7.49) for the linear motion and (7.50) (with (7.42) substi-
tuted in) for the angular motion. Then the programme for the next few sections is first to
express the forces and moments on the aircraft in a usable form, second to set about introducing
various reasonable assumptions to simplify the equations, and then to write down the equations
in various alternative forms. In fact the full equations are too cumbersome to write down in full
and until we have simplified their component parts there is no compelling need to do so.

Our first step is to recognize that normally there are only two kinds of forces and moments
acting on the aircraft, aerodynamic ones and the attraction due to gravity. Symbolically we
write this as

F=F, +F, @8.1)
and
Q=Q, (8.2)

since by choosing to put the origin at the cg there are no moments of the weight. We shall also
use these suffices, ‘a’ for acrodynamic and ‘g’ for gravitational, for the components of the
respective force and moment.

To express the components of the weight at some point during a disturbance we need to be
able to describe the orientation of the aircraft relative to its initial attitude, where we assume
that we knew the components of the weight along the axes. Orientation is the subject of the
next section.

8.3 Orientation

Three rotations about non-parallel axes will move one set of axes so as to be parallel with
another set; however, there are many possible choices of combinations of rotations about the
axes and the order to take them in. We choose one attributed to Euler as follows: take clock-
wise rotations V¥, @ and ¢ about the Oz, Oy and Ox axes where rotation takes place about that
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position of the axis to which previous rotations have brought it. We will rotate a set of axes
parallel to the axes in the undisturbed state into parallelism with the position of the axes at
some time 7 after the start of the disturbance. The angles of rotation required then define the
orientation of the aircraft. Figure 8.2 shows the procedure.

Yo

2, '

Zo, 21

Fig. 8.2 Definition of Euler angles and unit vectors along various axes

Let us label the successive positions of the axes as OxyyoZp, Ox,y,2), Ox,y,2; and finally
Oxyz. To keep track of the directions of the axes choose unit vectors iy, jo. Ko; iy, 1, Ky iy, jo, K,
and i, j, k along the axes, respectively. We now need the relations between these unit vectors.

Consider the first rotation y about the Oz, axis; figure 8.3 shows the view looking along that
axis. In the figure we have dropped perpendiculars PN and QT from the ends of the unit
vectors i, j, onto the Ox, and Oy, axes. Then from the triangles formed we see

iy=0P, =ON + N =i, cosy — jsiny
jo=0Q =0T +Tq = j,cosy + i,siny (8.3)
k0=k|

since the perpendiculars PN and QT are parallel to —Oy, and Ox,.
Each rotation looks like any other when viewed along its axis of rotation, allowing for the
change of labels on the axes. Hence for the rotation 6 about the Oy, axis,

h=h
k, =k, cosd — i,sin8

i, =k,sin@ + i,cos@ } 64
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Yo
¥y
Q
X4 T
N lo
|1 h
Xg v
Fig. 8.3 Relations for one rotation P o o
and for the rotation ¢ about the Ox, axis,
i =i
Jo =jcos¢ — ksing (8.5)

k, = jsing + kcos¢

Then on substituting back we find

ip =icosy-cos@ + Jcosy-sinO-sing — siny -cos¢)
+ k(cosy -sin@-cos¢ + siny -sin )

Jo =isiny .cos@ + Ksiny sin@-sin¢g + cosy -cos¢) (8.6)
+ k(siny -sinB-cos¢ — cosy sin¢)

ko, = —isin@ + jcos@-sing + kcos@-cos¢

which are the required relationships. The inverse relations are also needed; they are found in
a similar manner and are

fgcosy-cos@ + j,siny-cos@ — kysin8
ig(cosy -sinB-sing — siny -cosg)
+ jo(siny -sinB sing + cosy -cos@) + kycos8-sin¢d 8.7)
k=i,(siny -sing + cosy -sinB-cosg)
+ jo(siny -sinB-cos¢ — cosy -sing) + k,cosO-cos¢

8.3.1 Relations between the rates of change of angles

Suppose we find the orientation, or Euler, angles at time ¢ and at time ¢ + &. Then by the usual
process of taking differences, dividing by &t and proceeding to the limit we can define ¥, Band
¢. The vector sum of these must be the angular velocity vector of the aircraft, A. They are,
however, measured about non-orthogonal axes; because ¢ is a rotation about Ox,, then ¢is a
vector along that axis. Similarly is along Oy, and yalong Oz,. Hence we can express A as

A = ¢i, + 6, + vk,
then the appropriate substitutions from the previous section give

A = ¢i + 6(j cos ¢ — k sin @) + y(—isin 6 + j cos B.sin ¢ + k cos 6.cos ¢)
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The aircraft angular velocity can also be expressed as
A=pi+gqj+rk

Then equating the components of A we find

p=¢ — ysinf
g=0cos¢ + ycosB-sind (8.8)
r=—0sin¢ + ¢cos@-cos¢
These then are the relations between the rates of change of the orientation angles and the
components of angular velocity and, as they are linear, they can be solved for y; @ and ¢in

terms of p, g and r. When we have solved a problem these may be integrated to find the orien-
tation of the aircraft during the disturbance.

8.4 Development of the equations

At this stage we need to define the initial condition of flight as different initial conditions lead
to slightly different forms of the final equations. The standard choice is that of a straight
steady unsideslipped climb at speed V, with the x-axis at an angle ©, to the horizontal. In
straight steady flight we have

A=A=v=V=0 (8.9)
with the result that the equations of motion reduce to
F=F, +F, =0 (8.10)
and
Q.=0 (8.11)

This flight condition will be referred to as the ‘datum flight condition’ and the values of
quantities in this condition are indicated by the suffix ‘e’

8.4.1 Components of the weight

We now consider the components of the weight along the various axes. Figure 8.4 shows the
aircraft in the datum condition, with the x-axis at an angle @, to the direction of flight. From
the figure we see that the weight vector is initially

F, =mg[~i,sin®, + kycosO,] (8.12)

We substitute for i, and k, from (8.6) to obtain the weight vector in terms of i, j and k, that is
we find its components along the disturbed aircraft axes. Then
F, = mg[-{i cosy -cosf + j(cosy -sinO-sin¢g — siny - cos¢)
+ Kk(cosy -sinf-cos¢ + siny -sin ¢)} sin®,
+ {~isin@ + jcos@-sing + kcosf-cosp}cosO, ]
=Xi+ Yj+ Zk
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O ip
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Fig. 8.4 Datum flight condition

Then equating components we have

X, = —mg[cosw-cos@-sine)e + sin9-cos9,]
Y, = mg[{sinw-cos¢ — cosy -sin@.sing}sin®, + eose-sin¢~cos9e] (8.13)
Z= mg[—{cosvbsino-cos¢ + siny -sin¢}sin®, + cosO-cos¢.cosGe]

We write the aerodynamic forces in the datum condition as X, , ¥, and Z, . Then the equations
of linear motion are

—mgsin®, + X, =0
¥, =0 (8.14)
mgcos®, + Z, =0

8.4.2 Small perturbations

We come now to the first and most far-reaching of the simplifying assumptions; it is that the
aircraft is only disturbed by small amounts from the initial steady state. From figure 8.4 we
see that the initial flight velocity, V,, can be resolved along the initial aircraft axes into U, and

W, where

U,=V,cos g,and W, =V,_sin ¢ (8.15)
We then write
U=U, +u
V = v (8.16)
W=W +w

The assumption is then specifically that

e u, v and w are much less than the speed V;

e p, g and r are much less than V,/l where [ is a characteristic length of the aircraft. This
implies, for instance, that the helix angle of the rolling wing discussed in Section 7.2.1
is small;

e Y, Oand ¢ are small.
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The result is that squares and products of these are negligible quantities of second order and
that sines of angles may be replaced by the angles and their cosines by unity. We have always
to be aware that practical situations may appear where these assumptions are not justified;
some cases where this happens are discussed in Chapter 12. Because only first-order terms are
retained the process may also be described as one of ‘linearization’. Note that we should not
(and need not) assume that the angles o, and ©, are small; aircraft with slender delta wings can
fly at angles of incidence of the order of 30°.

8.4.2.1 Stability derivatives

We now assume that the aerodynamic forces and moments in a disturbance are functions of
the perturbations «, v, w, p, g and r and expand them as Taylor series about the datum condi-
tion. Taking the X-force as a typical example, we write

X, =X, + &, (8.17)

where

NEANES x
oX, -(au)eu + (avl” +...+ (&),r + X(1) (8.18)

In writing this we have truncated the Taylor series after the linear terms in line with our
assumption of small disturbances. The suffix ‘e’ indicates that the derivative is to be evaluated
in the datum condition and X(¢) is the time dependent force due to, for instance, movement of
the controls. For brevity we use a suffix notation, writing, for instance

aX :
(g)e =X, (8.19)

These quantities are known as ‘stability derivatives’. The derivatives used in Chapters 6 and
7 are quasi-static versions of these stability derivatives; as before the superscript ord, **, is to
indicate that it is a dimensional, or ‘ordinary’, quantity.

To improve the correlation between theory and experiment, it has been found necessary to
add derivatives with respect to linear acgelerations, in particular the vertical acceleration w.
We will add only the two derivatives, Z; and M,, but it is a simple matter to add more if
required. If the aircraft were in a flight condition such that displacements from the datum flight
path generated forces or moments then derivatives due to this source would be required.
Determining these displacements is dealt with in Section 8.6.2.1. Examples of such cases are
flight near the ground or in the flow field of another aircraft.

8.4.2.2 Linearized equations of motion
Bearing in mind (8.1), (8.2) and (8.16), the linearization of (7.56) and (7.57) results in

5

X, + X, =m(u + qW,)
X +Y,=mv+rU, ~ pW,)
Z, + Z,=m(w — qU,)
Ln=’f|
M, =h
N,=h

q (8.20)
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Similarly the expressions (8.13) for the components of the weight become

X, =—m(g, +g06)
Y, = m(g,y +8¢) (8.21)
Zg = m(gl - 829)
where for brevity we have written
gi=gcosO,and g, =g sin O, (8.22)

Another drastic simplification takes place with the relation between the rates of change of
orientation angles and the components of angular velocity (8.8). These become

p=9¢
q9=6 (8.23)
r=é

84.3 Symmetry

We will assume that the aircraft has symmetry about a vertical plane containing the longi-
tudinal axis. This in fact amounts to two assumptions: symmetry of mass distribution and
symmetry of external shape. No aircraft is ever perfectly symmetrical in either sense, but the
assumption is probably as accurate as other assumptions we have made.

Symmetry of the mass distribution results in the cross-products of inertia /,, and I, being
zero. For instance consider I, = E&nxy; for every element of mass &m at a point (x, y, z) there
is an equal mass at the point (x, —y, z) which cancels its effect in the summation. The compo-
nents of angular moments (7.49) then become

hl = lxp - lxzr
h=1q (8.24)
hy=Lr—I,p

representing a useful simplification.

Symmetry of external form implies that about half of the stability derivatives can be taken
to be zero. If the aircraft is given a small dlsturbance lying in the plane of symmetry, i.e. an
increment in forward-or vertical velocity or in pitching velocity, then the airflow remains
symmetrical. The result is that no force or moment out of the plane would appear, i.e. there is
no sideforce, rolling or yawing moments. However, it is quite easy to find mechanisms by
which disturbances out of the plane of symmetry, i.e. sideslip, rolling or yawing velocities,
can produce forces in the plane of symmetry. In Chapter 6 we found that lift was produced on
the fin in a sideslip; this must be accompanied by a drag, which is also likely to produce a
pitching moment. In Chapter 7 we found that rolling the wing produces a change in the lift
distribution on the wing; although theoretically the change in lift on one half wing is equal and
opposite to that on the other, the drag changes will not cancel out. However, a symmetrical
aircraft in an initially symmetric flight condition would produce the same drag regardless of
the sense of the disturbance. This means that the drag is an even function of the disturbance
and therefore is of second order.
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In general asymmetric disturbances only produce second-order effects in the symmetric
freedoms; however, there are some exceptions. In a sideslip the tailplane may move into a
region in which the average wing downwash is different, thereby changing the pitching
moment. Propellers are a fairly obvious source of effects linking the two. In a practical situ-
ation, flow separation can depend critically on such things as surface finish and so provide
mechanisms for producing linking effects. For instance, a small increase in incidence can
cause one wing to stall and not the other. The result is a large rolling moment and even nomi-
nally identical aircraft can behave differently.

Accepting these limitations we write the aerodynamic forces and moments in the form

5X.=)°(uu+)’(ww+5(qq+)°((t)

oY, =)°’vv+ ;'Pp+ l;,r+ f’(t)

5z, —2u+2w+2w+2q+2(r)
oL, = Lv+L p+Lr+L(t)

oM, = Mu+M w+ M, w+Mq+M(t)
&N, =N, v+ Npp+Nrr+N(t)

v

(8.25)

We also assume that the control surfaces are symmetrical about the centreline of the aircraft
so that the forces and moments are written

5«:) X nto
Y(t) Yé(t)+ Y &m

Z(t) Z o) [ (8.25a)
L(:)._L &M+ L
M(t) M nty)

N(t)= Né(t)+N§(t)J

where &'(f), n' () and.{'(¢) are the deflections of the aileron, elevator and rudder from their
trimmed positions.

8.5 Dimensional stability equations

We can now assemble the equations for the stability. Starting from (8.20) we substitute for
the components of momentum from (8.24), the components of weight from (8.21) and the
acrodynamic termns from (8.17) and similar expressions with (8.25) substituted. We finally
subtract the equations of motion in the datum case, (8.14). The results are

m(u + qW,)=—mg,0 + 5{uu + 5(ww + )o(qq + 5((:) (8.26)

m(v + rU, — pW,)=m(g,¢ + g,¥) + lufvv + ;’pp + ;’rr + ;’(t) 8.27)
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m(w — qU,)=—mg,0 + 2uu + éww + éww + 2qq + é(t (8.28)
Ip— Ip=Lyv+ Lop+ Lr+ L) (8.29)
Lg=Muu+ M,w+ MW+ Mg+ M() (8.30)

17— I.p=N,v+ N,p+ N,r+ N@ (8.31)

In these equations p, ¢ and r are related to , 6 and ¢ by (8.23).

There are a number of observations to be made about these equations. First, we note that
(8.26), (8.28) and (8.30) are independent of (8.27), (8.29) and (8.31); this is a result of the
assumptions of small perturbations and of symmetry. The first three involving u, w and ¢
comprise motion entirely in the plane of symmetry, and are known as the ‘longitudinal stabil-
ity equations’. The second set involving v, p and r comprise motions out of the plane and are
known as the ‘lateral stability equations’. They are sets of three simultaneous linear differ-
ential equations with time as the independent variable. Whilst normally a mechanical system
with three degrees of freedom would be expected to result in three second-order equations,
some of these equations are only of first order.

These equations cannot be regarded as sufficient to deal with all possible circumstances. In
special cases additional stability derivatives, dynamic terms or terms expressing the effects of
unconventional controls may be needed. In some cases it may not be justified to assume that
changes in height are small and changes in density may have to be allowed for. This will
require a further equation to accommodate the extra freedom and corresponding stability
derivatives. Such changes can usually be made on an ad hoc basis.

8.6 Concise, normalized and nondimensional stability equations

Before starting to discuss solving these equations we look first at what simplifications can be
obtained by some very simple transformations. The simplest is to divide through by the mass
or an inertia as appropriate and define new quantities, as we did with the bifilar pendulum in
Section 7.4.1; fewer parameters are then necessary.

A step with more physical relevance is to divide each variable or parameter by a constant
quantity with the same dimensions and having a significance to the problem. When a number
of different physical quantities are involved confusion can arise unless a system of divisors is
specified in which those for mass, length, time, velocity and so on are consistent. The process
can also be described as expressing the quantities in a special system of units. Three units are
taken as basic and the remainder derived from them by the use of physical laws, for instance

force = (mass) X (acceleration)
or
moment = (force) X (arm)
We describe this process as ‘normalization’ and the quantities produced as ‘normalized’.

They can alternatively be described as nondimensionalized, but this does not really imply that
a consistent set of units based on physically significant quantities has been used. Equations
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that have been treated in this way have an important property: they take the same form in
whichever set of quantities are used and so do any derived results, in particular the solutions.
The usefulness of this can be enhanced if we choose the symbols used for each quantity in
each set of units to resemble one another as closely as possible. As an example let us take the
x-equation for the bifilar pendulum discussed in Section 7.4.5 and discuss the free motion; we
write (7.61) as

mi + Cx + kx=0 (8.32)

where
k=mgld (8.33)

We now choose quantities to use as units. The choice for mass and length is straight-
forward, choosing m for the mass and d for length. Now consider C which has the units
(force)/(velocity) or MLT 2L 'T; this simplifies to MT ™. A suitable quantity with the units
of time is then

m/C = 1, say (8.34)

We now introduce the variables x and 7 defined by

x=dxandt=r1t (8.35)
Substituting into (8.32) then gives

2
mi-d—+ (o

= + kdx =0
T dr?

)
e
|8

Substituting for 7 from (8.34) and multiplying through by m/dC? then gives

i+ %+ kx=0 (8.36)

where the mass and damping in this system are just 1's and

k=" kd=—= 28 4=228 (8.37)

The solution of the auxiliary equation corresponding to (8.36) is

by dp=—1/2 % ik — 1/4

and the normalized time to halve an initial disturbance (see Section 7.2.1 and (7.5)) and
periodic time are

2r

ty=2In2andf, = —=
Pk - 1/4
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Expressing these in ordinary time using (8.35) and (8.37) we find

ty=7(2In 2)=3é'1 In2 (8.38)
and
‘= 2t 2rm _ 4tm
- - =
Jk —1/4 CJm’g 4 J4m2g _ o (8.39)
hC? h

The solution of the auxiliary equation corresponding to (8.32) is

4ng _

C2
A A =-S sk
2m

2m

leading directly to the results (8.38) and (8.39).

This technique has the psychological advantage that we can still think of a normalized
quantity in the same way as its ordinary dimensional counterpart. Newton's third law can be
restated as

(normalized force) = (normalized mass) x (normalized acceleration)
and as we become accustomed to it we can forget the word ‘normalized’. A normalized force
or time is really no less of a force or time.

In any given situation the systems of normalized quantities are not in general unique and for
our problem we have to consider the merits of two. Suppose we are investigating the dynamic
behaviour of an aircraft of given mass subject to aerodynamic and other forces and flying at a
known speed. The relevant units are then those of mass, force and speed. On the other hand if
our main interest is the variation of the aerodynamic forces acting on a body of certain size in
an airstream of given speed, the relevant units are force, length and speed. We will call a system
based on the first ‘dynamic-normalized’ and one on the second ‘aero-normalized’. The two
systems have the same units of force and speed, namely 3 pV2S and V.. If we let m be the unit of
mass in the dynamic system and /, the unit of length in the aero system, we can then deduce the
other primary units of mass, length and time according to the systems, as shown in table 8.1.

Table 8.1 Comparison of units in aerodynamic-
normalized systems

Mass Length Time
Dynamic m uly T
Aero miu Iy WV, =1u

In this table 7 is the unit of time discussed in Chapter 4 and

m

" 4pS,

u (8.40)
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is arelative density parameter similar to those introduced in Chapters 4 and 5. We see that the
primary units in the dynamic-normalized system are u times those in the aero-normalized
system. It is convenient to use different lengths in the longitudinal and lateral stability equa-
tions and the corresponding relative density parameters are written 1, and LL,.

We have equations which can be concise, normalized or both and we want to use symbols
which are as similar as possible. This means using subscripts or superscripts and the stability
derivatives in particular can become rather complicated in appearance. To simplify matters we
will adopt two conventions.

o Concise derivatives are written in lower case.

o Normally only the first stability derivative in any equation, set of equations, matrix or
determinant will be given the superscript to indicate the normalization. Other quantities
will be written in full.

8.6.1 Concise stability equations

In this case we simply divide through by the mass or inertia. We need to define concise
derivatives and terms such as

° X ° k e [
x“=—X“,nv=-— , m =____q_’ [(t):—L(t)

q
m m 1, .

(8.41)

The definitions of all the concise derivatives include a change of sign as almost all derivatives
are negative. We also need to define other quantities such as x(f) = X(f)/m and so on for the
other derivatives, also e, = —1,./I, and e, = —1,,/I,. Our equations (8.26)~(8.31) then become

i+ g0+ xu+ xwt (x, + W)g=~x(1) (8.42)

V=g~ & vt (v, - Wp + (3 + Ur=—y@) (8.43)
W+ g,0 + zu + z,w + W + (2, — U, )g= —2() (8.44)

p+ e+ v+ lp+ir==Ir) (8.45)
g+mu+mw+mw+ m.q= —m(t) (8.46)
F+ep+ny+np+nr=—n( (8.47)

In some investigations it is necessary to work in terms of ordinary time, for instance if a real
pilot is involved such as as in a flight simulator. No further manipulation of the equations then
appears possible.

8.6.2 Dynamic-normalized equations

Since the normalizing units form a consistent set, we expect the formal appearance of
(8.42)—(8.47) to be unchanged. We will denote quantities which are dynamic-normalized
using a superscript, cap ‘~’, so that we replace u, v, w, p, g and r by i, ¥, w, p, g and 7, and
& and g, by g, and g, We replace differentiation with respect to time ¢ with that with respect

to normalized time ¢ and write
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D=d/df wheref =t/tand 7=

m
TS (8.48)

If density changes are to be allowed for then the datum density must be written as p, and used
in the divisors. The normalizing divisors for the other quantities above are given in table 8.2.'

Table 8.2 Divisors for dynamic normalization

Quantity Divisor Normalized quantity
u,v,w Vv, u,v,w

P.q.r 1/t s é, é_, r

g & pVSim 8.8,

It is preferable to normalize the stability derivatives according to the aero-system and adjust
matters later. In aerodynamics generally it has been and still is an almost vital simplification
to work in terms of nondimensional quantities for most of the time. In this system the divisor
for force is the same as in the dynamic-normalized system, i.e. §pVS, and that for moment is
LpVSi,. The derivatives are written without a superscript and the divisors for the various
kinds are given in table 8.3.

Table 8.3 Divisors for aero-normalization of stability derivatives

Force derivatives Example  Divisor Moment derivatives Example  Divisor
with respect to with respect to

Linear displacement z, TpVisily Linear displacement M, 1pVis
Linear velocity z, zlpV,S Linear velocity M, -;—pV,SIO
Linear acceleration Z, zlpSIo Linear acceleration M, -zl-pSlé
Angular displacement  Z, 3pVis Angular displacement M, FPViSl
Angular velocity z, 1pV.Sl, Angular velocity M, 2PVeSh

For example the aero-normalized derivative of sideforce due to sideslip velocity is

Y,
Y, =——
1pV.S

Now in order to form dynamic-normalized concise derivatives, such as m,, from the
corresponding aero-normalized derivatives, in this case M,,, we need to define the inertia

parameters i,, i, and i, where, for instance,

- (8.49)

Table 8.4 gives the factors for forming the various types of these derivatives from the aero-
normalized derivative.
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Table 8.4 Conversion of aero-normalized derivatives to concise dynamic-normalized derivatives

Force derivatives Example  Factor Moment derivatives Example  Factor
with respect to with respect to

Linear displacement Z, —H Linear displacement M, -~ Z/i,
Linear velocity Z, -1 Linear velocity M, —ui,
Linear acceleration Z, -1l Linear acceleration M, - l/iy
Angular displacement  Z, -1 Angular displacement M, —uli,
Angular velocity Z, -1/u Angular velocity M, - Vi,

We now write out the concise dynamic-normalized equations after some rearrangement,
starting with the longitudinal set. In these equations the reference length /; is chosen to be the
wing aerodynamic mean chord so that the relative density parameter used in the definition of
these derivatives is

m

= oSt (8.50)

[0

Then taking the pitching moment due to vertical velocity derivative as an example and using
tables 8.3 and 8.4 we find

,‘,‘,w-_-_“l._w
’Y
where
M I
* . and el
VI EpVsE Y T e

Using (8.26), (8.28), (8.30) and (8.23) we find the longitudinal set to be

(D + %,)a + x, W+ (x, + W)G + 3,0 = —X(F) (8.51)
2+ [(1+ 20D + 2, [8 + (2, — U7 + 8,6 = —2() (8.52)

mi  + (myD+ m,)% + (D + m)3 = —f(f) (8.53)
Gg—-D8=0 (8.54)

In these equations the control terms are given from (8.25a) by
X(@) =%, (@), 2()=2,0'(F) and () = m,n’'(t) (8.55)

The unit of time 7 (8.48) is the same for both longitudinal and lateral sets of equations. We
note that (8.51), (8.52) and (8.53) are virtually identical in form to (8.42), (8.44) and (8.46) of
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the ordinary concise equations and an analysis in terms of one set is rapidly rewritten in terms
of the other.

In the case of the lateral stability the reference length is chosen to be the wing span so that
the relative density parameter is

=2 8.56

As an example of the normalized derivatives we take the rolling moment derivative due to rate
of roll and using tables 8.3 and 8.4 find

I, =—L,/i,

where

°

X

L=—2 — andi =
PTIpV.SE T mb?

Using (8.27), (8.29), (8.31) and (8.23) we find the lateral set to be

D+ 3500 + (0, = WIp + (3, + U)F — 89 — &y =—5@) 8.57)
L7 +(D+L)p+ (e,D+1)F =-1(1) (8.58)

no + (e,D+n)p +(D+n)F = —A(7) (8.59)

p ~ D¢ =0 (8.60)

7 -Dy =0 (8.61)

In these equations the control terms from (8.25a) are

y(&) =538 + 5,0°(1) (8.62)
1(f) =LE({) + 1,'(D) (8.63)
a(r) =ﬁ€§’(? ) + 7. 8(1) (8.64)

We note that (8.57), (8.58) and (8.59) are virtually identical in form to (8.43), (8.45) and
(8.47) of the ordinary concise equations. However, the result of normalization is that the coef-
ficients of the various terms in the resulting equations then become much more independent
of aircraft size. Comparison between the stability characteristics of a wide range of aircraft of
different sizes and speeds can then be made more easily and blunders are more easily detected.

8.6.2.1 The motion of the centre of gravity of the aircraft?
It may be required to find the displacement of the aircraft cg from where it would have been
in the absence of the disturbance. Figure 8.5 shows the situation.

In the datum condition the aircraft velocity is Ui, + Wk, Whilst in disturbed flight it is,
from (8.16),
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path
of cg

2y

Fig. 8.5 Determination of displacement of aircraft cg due to a disturbance
V=(U, +uwi+vj+ (W, +wk (8.65)

The rate of change of the position vector from an imaginary point P coincident with the cg at
the start of the disturbance and travelling with its datum velocity to the aircraft cg in the
disturbance is then

fo=(U, + wi+vj + (W, + wk — Ui, — Wk,
We now substitute for i, j and k in terms of i, j, and k, from (8.7), linearize the result and

separate the components of the rate of change of displacement measured parallel to Ox,, Oy,
and Oz, to find

h=u+ W0 (8.66)
Yo=Uy+v-—We (8.67)
2,=UB+w (8.68)

We see that to first order x, and 2, are zero in asymmetric flight, as is ¥, in symmetric flight.
Another requirement may be to find the change in the height, perhaps to allow for the

effects of air density change. Let k; be the unit vector pointing towards the Earth’s centre (see

figure 8.4), then the rate of gain of height is the component of velocity along —kg, where

kg = —iycos ©, + k, sin ©, (8.69)

We now substitute for i, j and k in terms of i, j, and Kk, using (8.7) into V from (8.65), form
the dot product with —kg from (8.69), and then linearize to give

h=(U, + u)sin ©, +U,0cos O, — (W, + w) cos ©, + W.0sin O, (8.70)
We note that the sideslip velocity has no effect to first order.

8.6.3 Stability equations in American notation

There have been some variations in the American usage, so we will describe the notation
given by B. Etkin, reference (8.3). The major differences in the notation for dimensional
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quantities are that the amc is denoted by ¢, moments of inertia by A, B and C, and the product
of inertia I,, by E. Quantities in the datum state are given the suffix zero so that the datum
speed and climb angle are u, and 6,. The orientation angles are denoted by the capital letters
¥, © and ® and changes in them by v, 0 and ¢. Control angles in the trimmed state are
denoted by &, &, and &, for the aileron, elevator and rudder respectively and their changes
from the datum state by £, 1 and {. Capital letters are used for the dimensional stability deriv-
atives; for example M, is the counterpart of our M,. Wind axes are referred to as stability axes.

The equations are aero-normalized so that the unit of time is 1* = [/u,, where [ is the refer-
ence length. Normalized quantities are indicated by the superscript hat, ‘™. Differentiation
with respect to normalized time is denoted by D = d/f The divisors to form force and moment
coefficients are based on the instantaneous speed v, given by

vi= U2 + v + w?
where U = u, + u. Divisors to form the most important quantities are given in table 8.5.

Table 8.8 Divisors for normalization in the American notation

Dimensional quantity Divisor Nondimensional quantity
X v z zlpvf’S c. C G
L M N pvSl C, C., C.
u v w Uy u B o
p q. r 1/e* p q F
B a 1/ DB Da
m pS! Ih
A B C E pSP ia is ic ig
! [4d t

The notation for nondimensional stability and control derivatives uses the appropriate force
or moment coefficient plus an appropriate symbol added as a further suffix. For instance

aC
c, =&
(%),

where the subscript zero indicates evaluation in the datum condition. Stability derivatives are
related to the force and moment coefficients as follows, taking Z, as an example. Thus

Z Py 2o OC
=] —— = —t + z
Z (au)o C‘“”“°5(au)0 *”“‘)S(au)o

w, = 2U%j and hence (?’u‘ )O =1. Also

O )y ug\ O )y uy

Since wind axes are used, we have C,, = —C,, and hence

But 2v,




8.6 Concise, normalized and nondimensional equations 163
Z, = —puySCy + +puySC, 8.71)

For most derivatives the term corresponding to the first is zero as the aircraft is in trim in the
datum state.
The normalized equations of longitudinal stability are then

(2uD-2C,, 1an6, - C,, )i -C,, +CL8 51
=0

(2¢, -, )i +(2up-C,,D-C, ) [(2;1 +C, )D— Cy, tan6y |6 73
- Cz,,n =0

~Coyi = (CagD+C,, ) +(isD? - C,, D) (8.74)
= oy =0

In these equations the reference length [ is taken as half the wing mean chord and hence

2m c
=—— and t*=

8.75
oSz o (8.75)

For the lateral stability the equations are
(2w - c,,)8 ~C,h+(2u-G ) -C¢ =0 (8.76)
-G8+ (D -G )p-(D+CF -GE -GL=0 @™
— GyB- (ieD + C..,,)i’+(icD -G F -GE-CL=0 @)

p+ranf, —Dp=0 (879
rsec@, — Dy =0 (8.80)

In these equations the reference length is taken as the wing semispan and hence
2
y:-p—— and t*= — (8.81)

Etkin also gives equations for the motion of free controls and the effects on the main equa-
tions. Expressions for converting between these derivatives and those used in the rest of this
book are given in Sections 9.2.8 and 11.2.7.
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Student problems

8.1

8.2

83

8.4

Derive the six linearized stability equations corresponding to (8.26) to (8.31) for the
case of an aircraft initially in a steady level correctly banked turn. Are the longitudinal
and lateral motions still uncoupled?

Verify that all the nondimensional quantities defined in this chapter are, in fact,
nondimensional.

Rework the derivation of the equations for aircraft stability adding terms to account for
the angular momentum of the rotating parts of an engine. To do this rewrite (7.48) as

h=(h, +h)i + hj + hk

where h, = I is the angular momentum of the engine and it is assumed that the axis of
rotation of the engine is parallel to the x-axis. How can it be judged whether the neglect
of engine gyroscopic effects is important?

Consider the case of a completely axisymmetric missile and show that only 11 stability
derivatives are needed. Rewrite equations (8.43), (8.44), (8.46) and (8.47) assuming that
the effects of forward speed change, roll rate and gravity can be neglected; also add the
term n,v to the yawing moment equation. Add i times the vertical force equation to the
sideforce equation and i times the yawing moment equation to the pitching moment
equation, where i = =1, to show that the equations of free motion can be reduced to
two, as follows

v+ Y+ yF - UF=0
and

F+nv+nf+ni=0

T v

where v=v + iw, r=q + irand r*=¢q — ir.

Notes

1. The notation is based on that proposed by Hopkin, reference (8.2), and is consistent with that used in
the Data Items of the Engineering Sciences Data Unit.
2. This section can be omitted when first studying this chapter.



9
Longitudinal dynamic stability

9.1 Introduction

The main aim of this chapter is to discuss the stability of aircraft in longitudinal motion. After
some general remarks on stability derivatives we deal with the estimation of the longitudinal
derivatives. The longitudinal stability equations for the case of free motion are then solved
and we discuss the modes obtained.

Throughout this chapter we shall be using wind axes as defined in Section 8.2.1.

9.2 General remarks on stability derivatives'

Like all other aerodynamic coefficients, stability derivatives are functions of Reynolds and
Mach numbers, the geometry of the body and its orientation to the airflow. However, we cannot
define a derivative if it depends on time in some manner. A lifting body such as a wing moving
through a fluid leaves behind it a vortex wake. In subsonic flow these vortices affect the pressure
on all points of the body. This means that the forces on the body are theoretically a function of
all the past history of the motion and the concept of a stability derivative is not in general
tenable. The derivatives are independent of time in only two cases: first, where the motion is
quasi-steady, and second, where the disturbance has the form exp (Af), where A is a real, imag-
inary or complex parameter, defined in (9.1) below, and the motion has existed for infinite time.
The resulting derivatives are known as ‘quasi-steady’ and ‘exponential’ derivatives, respec-
tively. It must be emphasized that stability derivatives are restricted to small disturbances.

In the case of estimation of the quasi-steady derivatives it is assumed that flow conditions
at each point of the body are the same as for exactly steady conditions at linear or angular
velocities equal to the instantaneous values. If motion is sufficiently slow the shape of the
vortex wake and the distribution of vortex strength differ from the exactly steady ones by only
a negligible amount. The great majority of stability calculations are made using quasi-steady
derivatives, apparently with adequate results.

The results of theoretical investigations into exponential derivatives shows that they can be
expressed as functions of a nondimensional frequency parameter

ol
V=—
| 4
and a nondimensional damping parameter
v
o=—
v

where [ is a characteristic length and

A=x+iw ©.1)
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Since the advent of powerful digital computers it has become possible to model the flow
around an aircraft in a disturbance, including its vortex wake. This has generated new infor-
mation on the validity of stability derivatives.

Experimental determinations of stability derivatives can be made using windtunnels, on full
scale aircraft or in specialized experimental facilities such as whirling arms. There are several
ways in which windtunnels can be used. A tunnel equipped with a six-component balance can
be used to find quasi-steady values for derivatives due to the linear velocity disturbances u, v
and w. For instance if the model is mounted on the balance and rotated about the z-axis to
some yaw angle y there is a component of the tunnel wind speed along the y-axis of V sin y.
In a sideslip of velocity v on the full size aircraft the air has a relative velocity —v along the
y-axis. Plotting the windtunnel results against y and reversing the sign of the slope then gives
the derivatives.

Derivatives due to angular velocity in roll can be measured by mounting the model on a
strain-gauge balance which is itself mounted on a bearing with its axis aligned with the wind
direction. The model and balance are then rotated by a suitable motor. A simple measurement
of the damping in roll derivative L, can be made by applying a known constant rolling
moment and measuring the rate of roll. Oscillatory tests can be made by mounting the model
on a bearing aligned with any of the three axes, and using springs to restrain the model. The
model can be given a forced oscillation in which case the frequency and amplitude of oscil-
lation need to be measured as well as the force or phase lag. Alternatively experimental condi-
tions can be adjusted to produce resonance, and the results deduced from relationships
resulting from the mathematical conditions for resonance. Another alternative is to have the
model free to oscillate and then to disturb it; values of the stiffness and damping derivatives
are then deduced from the frequency and logarithmic decrement of the oscillation. In
oscillatory testing the frequency parameter v is varied by varying the tunnel speed or spring
stiffnesses. Bearings with very low friction, such as air bearings or magnetic suspension,
give the best results. Helical springs can give rise to problems due to parasitic oscillations;
torsion springs are usually better behaved. Complex ‘derivative engines’ have been built
which combine motions in more than one freedom. Instead of measuring forces an alternative
is to measure pressures using systems with good high frequency response.

As an example of the effect that frequency can have on a stability derivative, figure 9.1
shows the effect on the derivative Z,, for a wing of aspect ratio 4 at a Mach number of 0.5. In
this figure the parameter v is based on the mean chord. The curve shown has been estimated
from theory but it is a good fit to some experimental results at full scale which deduced the
derivative from the frequency response of the aircraft while flying through turbulent air. It is
evident from the graph that Z, decreases steadily with frequency.

44

~Zy

T T ¥

0 0.1 0.2 0.3 0.4 05
v =wc/V

Fig. 9.1 Variation of Z, with frequency
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The result of all the experimentation is that in general the concept of stability derivatives is
a valid one which can be relied on well away from incidences at which flow separations may
occur and in some cases can be validated at incidences at which flow separations are liable to
occur. The expressions for the derivatives which we will derive in the next few sections will

all be for the quasi-static approximation.

9.2.1 Derivatives due to change in forward velocity
The derivatives that we are concerned with in this section are

o X,, the change in forward force due to change in forward velocity;
e Z,, the change in downward force due to change in forward velocity;
e M,, the change in pitching moment due to change in forward velocity.

We consider an aircraft initially in a steady straight climb at angle ©, and speed V., which is
given a small increment u in forward velocity as shown in figure 9.2. Since we are using wind
axes the x-axis has zero incidence to the flight direction, then U, = V, and the forward velocity
in the disturbance becomes U=V, + u; see (8.15) and (8.16).

x,u

XT

horizontal

vertical

Fig. 9.2 Determination of forward velocity derivatives Zw

Writing down the forces in the disturbance gives

X, =T - D=T - +pU*sSC,
z, -L= - +pUsSC,
M, = tpUstC,

where T, Cp,, C, and C,, are functions of U, and it has been assumed that the thrust is along the
x-axis. We now differentiate partially with respect to U giving

dX, _dr aG
o _ Hus - 26%4n
U=y PG —1pUSTy

8 - - 2 aCL
‘;ZU PUSC, - $pUPSSL
aMn -— — = - 2 =c7Cm
U pUscC, — L pU*Sc 5U
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We now evaluate these in the initial condition, as required by the definition of a stability
derivative, Section 8.4.2.1, by putting U, = V,, Cp = Cp,, C, = C;. and C,, = C, = 0. This last
equality occurs because the aircraft was initially in trim. These now give

X 1 ar ac,
X m—— = - _ D )
CYevs tavisaul, 2 T ), e
Z oC
Z i U} - -— — V L
u iPVeS 2CLe e aU X (93)
M oC
M = 4 = + V== .
TovE e-—iau , 9.4)

where |, indicates evaluation in the datum condition. Note that in the absence of speed effects
the derivative M, is zero. The sources of the last terms in each of these equations are effects
such as viscosity and compressibility and are expressed by the Reynolds and Mach numbers.
Taking Mach number, the usual case, as an example we can write

d v, d d
v, =—t—{ = .
*U|, ¢ dU/c,), M‘Nl, ©-3

where c, is the speed of sound. Derivatives with respect to Mach number may be evaluated
from empirical data (70011) or from experimental or computational fluid dynamic data.

As an example we take the estimation of the contribution of the wing to the final term of
(9.3) for Z,, using empirical data. The lift curve slope, g, is given as a function of the form

%= f(AB’, Atan A, A)

where B’ = \/l — M?, Ais the taper ratio and A is the aspect ratio. Now C; = aa and, as the
incidence is constant, we find

M -(?EL =AM ail =AMea[ of ‘__8(Aﬁ)]

‘M|, oM 2(AB) M
=AM, a(i;')lc'ggﬁe
Now B _ M
M oW
hence
M 9G| _ __AMea o |

= - . 9.6
“oM|, i - m2 aAp o0
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9.2.2 Derivatives due to downward velocity
The derivatives that we are concerned with in this section are

e X,, the change in forward force due to change in downward velocity;
e Z,, the change in downward force due to change in downward velocity;
o M, the change in pitching moment due to change in downward velocity.

We again consider an aircraft initially in a steady straight climb at angle ©, and speed V, as in
figure 9.3(a). The situation after a downward velocity increment is shown in figure 9.3(b).
In the initial condition we have

X.=T-D,Z, =-L M, =0 .7

XTV,

horizontal D+ 3D

vertical vertical

(a) (b)
Fig. 9.3 Determination of vertical velocity derivatives: {a) initially, (b) after a downward velocity
increment

The effect of the downward velocity is to increase the incidence by
éa = wiV, 9.8)

while the lift and drag are increased by 6L and 8D and rotated through 8a. Then resolving
we find

X, + 0X,=(L + OL) sin 6t — (D + D) cos da + T 9.9)
Z, + 8Z,= —(L + 8L) cos 8ax — (D + 8D) sin do (5.10)

where we have again assumed that the thrust is along the x-axis and is independent of
incidence. We also write

oL =L 50, 50 =2 scand oM, =M 5
do da Ja

We now substitute for 6L and éD into (9.9) and (9.10) and linearize by writing sin ée = da,

cos dar = 1, neglecting second-order terms like %(&x)z. Then
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X.. + 0X, = Léa — D—g—DJa+T 9.11)
Z, +&——L—:—;—l;6a Déa 9.12)

After substituting for X, and Z, from (9.7), for éa from (9.8), and cancelling, (9.11) and
(9.12) become

&, (L-gg)_
also

x = KXo _ ( ) 9.13
w—%PVeS—%pVS G139
z aC
= w —Zrle _
2= Y ovs "IV e 0) 5 ©-14)

°

Moo M 1 oM _oC,
Y 4pV.SC }pVZSc a  da

(9.15)

Some interpretation of these equations is required in order to obtain usable results. The lift
and drag involved are those of the complete aircraft. From (5.17) and (5.18) the tailplane lift
coefficient is

Cl=za(a+n— €& +an+ar

and the overall lift coefficient using (5.16) is

Hence we find
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G S. Je
——‘£=£=aa+%a.(l ———) (9.16)

assuming that the elevator and tab are fixed. There is also the likelihood of the propulsion
unit(s) producing a small lift force due to incidence, something that in particular propellers
do (89047).

If the drag coefficient can be expressed in the form of the parabolic drag law Cp, = a + bCZ
then

ICp. aC
—Le —9opc , L= 9.17
da L oo ©.17)
where a and b are assumed to be constant.
The derivative Ko can be written
do
aC,, - 9C, ‘ac,x _ _JCLe H, (9.18)

where H,, is the cg margin, stick fixed, defined in Section 5.4.1.

9.2.3 Derivatives due to angular velocity in pitch
The derivatives that we are concerned with in this section are

e X, the change in forward force due to angular velocity in pitch;
° Zq, the change in downward force due to angular velocity in pitch;
e M, the change in pitching moment due to angular velocity in pitch, or ‘damping in pitch’.

Unlike the previous six derivatives we have to estimate the contributions from the various
components of the aircraft separately, adding together later. We start by estimating the
tailplane contribution, which is usually the most significant. We consider an aircraft flying
with a small rate of pitch, as shown in figure 9.4.

a
—
L

L T

qly

z
Fig. 9.4 Determination of pitching velocity derivatives

Pitching the aircraft at rate g gives a downward velocity to the tailplane of wy = gi;
approximately, where [} is the tailplane arm, which is usually a very close approximation to
the distance the tailplane aerodynamic centre is behind the cg. This downward velocity has the
same effect on forces on the tailplane as downward velocity had on forces on the whole
aircraft in the previous section. Using those results we find from (9.13) and (9.14)
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o o r 3ch) .
6Xp =Xy wr =%PVeST(C{ - *55‘)'417 =8X,

o o ocT °
6Z, =ZI"WT = _'%PVeST('b&L + CIT)]'qlT =6z,

where subscript or superscript ‘T’ indicates quantities for the tailplane. Differentiating with
respect to g and normalizing we find

X acy) aCcy,
X =__'1__=5L_T(c{ - D]:v{c{ il (9.19)

v Lpvsc s¢ da da
z st [act _
7 o %o __ Sk _ 1) _ _y (9.20)
CIevse st ( da  ° T

where it has been assumed that the tailplane lift curve slope is much larger than the drag
coefficient. The first of these derivatives is usually neglected.
The downward force 6Z; on the tailplane gives a pitching moment about the cg of

T

. . aCc
s -0+t

giving

M _8; [ac[

q
da

= I
M, = —=—— +Cl|=-V L 9.21
q {pVeSEZ S22 D) T 9 ( )

If the wing is highly swept or of low aspect ratio, or if the aircraft is tailless, then the deriv-
atives due to the wing are appreciable and have to be estimated. On a wing with high aspect
ratio and sweep the tips of the wing will have a significant downward velocity due to nose-up
pitching velocity, in a similar manner to that of a tailplane. Additional lift is generated by the
tips giving a damping moment. In the case of a wing of low aspect ratio, parts of the wing well
ahead of the cg have a significant upward velocity due to nose-up pitching velocity and parts
well behind a significant downward one. The effect is similar to camber on the wing so that
the no lift line is rotated giving a lift and a pitching moment. These effects are best estimated
using a lifting surface theory or from semi-empirical data (90010).

9.2.4 Derivatives due to vertical acceleration
The derivatives that we are concerned with in this section are

e Z,, the change in downward force due to vertical acceleration;
e M,, the change in pitching moment due to vertical acceleration.
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The derivative X, is usually neglected; the others are also known as the ‘downwash lag’ deriv-
atives. There is no simple satisfactory theory for these derivatives. It is normal to estimate
these derivatives on the assumption that the downwash at the tailplane corresponds to the
wing incidence at an instant earlier by the time taken for the aircraft to fly the distance
between the wing and the tailplane. We take the time difference to be /;/V, and hence the rele-
vant wing incidence to be

o- b da (9.22)
V. dr

where o is here the incidence at the current instant. From (5.18) the tailplane incidence is
given in general by

d=a—-ec+ 1

and hence at the current instant it is, using (9.22) and € = a.(d&/d @)

@ = |- de)de (._£)+i.d_a.9£+,h
V., dt Jda da V. dt da

From (9.8) we have on differentiating with respect to time

then the downward force on the tailplane and hence on the aircraft is
2: = —4pViSia0’ = “‘i‘PVeZSTal[a(l - 'dTi') + LA + ’77]

Differentiating partially with respect to w and normalizing we find

(9.24)

Values for the derivative M,, using a computational model which replaced the wing and its
vortex wake by a system of discrete vortices have been obtained by Hancock and Lam in
reference (9.1). They investigated two particular configurations and found that the tailplane
contribution, as given above, was 65-75 per cent of their more accurate value. In addition they
found a wing contribution of 20-30 per cent of the estimate of the tailplane contribution given
above. Overall the theory above underestimated the derivative by about 40 per cent.
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9.2.5 Derivatives due to elevator angle
The derivatives that we are concerned with in this section are

e Z,, the change in downward force due to elevator angle;
e M,, the change in pitching moment due to elevator angle.

The derivative X, is usually negligible. A change of elevator angle n’ gives a downward
force of

= —4pV.Sia,n’
and hence the derivative
z s
Z,=T—lc=-"1q (9.25)
tpVes S
and the pitching moment derivative is
M Ih” v, 9.26
N — a .
L Pch = 4 (9.26)

where it has been assumed that the moment arm about the cg of the lift produced by elevator
deflection can be also approximated by /1.

9.2.6 Derivatives relative to other axes

If derivatives are known referred to one set of axes but are required in another set that are
rotated or translated from the first, then conversion formulae must be used (86041).

9.2.7 Conversion of derivatives to concise forms

Table 9.1 summarizes the required conversions and is based on Table 8.4.

Table 9.1 Conversion of derivatives to concise forms

X-force Z-force Pitching moment
=X, Z,=-2, m,=— Ml
x' = X L= —Z m,=—puMJ
o= —X, /U, Zo=—2Z;l1y m, = —M,li,
Xo= =X /1, .= —Z /1, Mg =—MJi,
f,,: X,, z",,= -Z, m,= u,M,,/iy

9.2.8 Conversions to derivatives in American notation

The conversions between these derivatives and those expressed in the American notation have
been shown by Babister, reference (9.2), to be as follows.

The stability derivatives Cy,, Cy, C,, and C,, in the American notation are equal to their
counterparts M,, X,,, Z, and M,, in the current notation.
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The stability derivatives C, , C,, C,, C,., C,. and C,_. in the American notation are
. . gy x> T2 d .
equal to twice their counterparts X, Z,, M,, X, Z, and M,, in the current notation.
Two derivatives have more complicated relations, namely

9.27)

C, =X, - 2C,
C, =2, - 2C,

The control derivatives C,", C," and C,,," are equal to their counterparts X,, Z, and M,

In these equations C, = X/3pV?3S and C, = Z/jpV?S, where X and Z are the components of
aerodynamic force, including the thrust, along the Ox and Oz wind axes.

9.3 Solution of the longitudinal equations

The concise dynamic-normalized longitudinal equations are (8.51)—(8.54); since we are using
wind axes we put W, = W,=0and U, =V, so that U, = 1. The equations are then

(D + %,)i +x,W +x,4 + g0=-%() (9.28)
i [+ 2D+ [0+ — DG +50=-20) (929
m,i + (myD + m,)% + (D + m)§ =—m(f) (9.30)

G — D=0 (9.31)

The reader is reminded of the convention used in writing these equations that only the first
stability derivatives carries the superscript ~, and that these equations can be converted to
ordinary concise equations by change of the superscript; see Section 8.6. In these equations
the control terms are, from (8.55),

X(r)=X,n'(t), 2(t)=2z,n'(t) and m(t) = m,n'(7) 9.32)

The weight component terms g, and g, are given by (8.22) and in their normalized form g,
and g, are obtained from table 8.2. Since we are using wind axes ©, is the climb angle and
we find

- mgcos®
=l 9.33

and
g, =T8O _ ¢ tano 9:34)
Togpvis
A schematic representation of these equations is shown in figure 9.5 which indicates the
various interactions between the three freedoms. In this figure we have omitted the small deriv-
atives X,, Z,, Z, and x,. The derivative m, has been labelled ‘compressibility’ because it is



176 Longitudinal dynamic stability
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Fig. 8.8 Schematic of longitudinal stability equations
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normally zero at low Mach number; however, other derivatives may also have contributions due
to compressibility. It should be noted that there are no direct spring terms in the three freedoms.

There are a number of useful quantities we can find using these equations depending on the
values given to the right-hand sides. We can

o make them zero and hence study the free motion, i.e. the ‘homogeneous’ case, giving

information on the stability;

e give them constant values to study the response resulting from a disturbance;
e insert expressions for the elevator angle and find the response to pilot actions or study

automatic control problems;

e insert expressions to express the effects of encountering a gust or flying through a
distribution of random gusts and so examine the ride quality.

The first two topics are the subject of the rest of this chapter whilst the other two are left to

Chapters 10 and 13.

9.3.1 Solution of the equations of free motion

To find the solution of the equations for the case of free motion with the controls fixed we put
the right-hand sides of the equations to zero and assume a solution of the form

it = ke

w = kye

0 =k3e’u

(9.35)
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where k), k,, k; and A are real or complex quantities. We now substitute for §in (9.28) to (9.30)
from (9.31), and substitute the assumed solutions (9.35). Each term then contains a factor exp
(A7) which can be cancelled out, leaving the equations

(A + 2k +x,k, +Hx A + g ks =0
ah [+ z)A + ]k + [z =~ DA+ )k =0 (9.36)
m ky + (meA + m,)k, + (X + mAk, =0

Apart from the trivial solution k, = k, = k, = 0, these equations are incompatible unless their
determinant vanishes, since there are four unknowns and only three equations. Forming the
determinant and equating it to zero gives

A+ x, X, XA + &
F(A)=| ¢z, (I+z)A+2z, (z — DA+ gl=0 9.37)
m, m,A + m, A+ m,A)

Expanding out the determinant gives a quartic in A which we write
FA=AA+BA+CA*+DA+E =0 (9.38)

The coefficients A,, B, C,, D, and E, are functions of the derivatives and g, and g, as follows:

A =1+ 7, (9.39)
B =z, + (x, + m)(1 + z,)+ (1 = z)m, (9.40)
C=x,2, — x,2, + [xu(l +z,)+ zw]mq + [xu(l —z) + x2, — §2]mv~v
(9.41)
+ ({1 - zq)mw - xqmu(l + z,)
D, =[xz, - xwzu]mq + (812, — &x,)m, + [xu(l = zy) + xz, — §2]mw
_ (9.42)
- [xw(l — )t xz, + g0+ zw)]mu
El =(§lzu - §2xu)mw - (glzw - §2xw)mu (9'43)

It is common practice to divide through by the coefficient A, if Z,, has not been taken to
be zero.

The polynomial such as (9.38) derived in this way from the equations describing a system
is known as the ‘characteristic’ equation and its roots, in this case four in number, are the
‘eigenvalues’. The eigenvalues once found can be substituted in turn back into (9.34) to obtain
values for ratios of the k’s. Since the right-hand sides of (9.34) are zeros it is not possible to
find k,, k, and k; absolutely, only the ratios k,/k, and ky/k,, for instance. These are the ‘eigen-
vectors’. If one of the k’s for a given eigenvalue is given an arbitrary value then a set of values
can be found and plotted on an Argand diagram to give a ‘shape of the mode’.
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If we call the roots of (9.38) A,, A,, 4; and A, then the general solution is

i=kye™ + kpe® + k,e™ + ke
W=kyet + kpet + ke + ke (9.44)
9=k3,e)"'- + knehi + k”e)"'- + k34e;“‘i

If we are given sufficient initial information on &, w and 6 we can determine these constants.
Notice that the ratios k,;:k,:k;; will equal the ratios of the eigenvector components k,:k,:k,
determined for the eigenvalue A,. In the case of a complex eigenvalue U + i@, two of the terms
in each of (9.44) are replaced by terms of the form

ke* cosar + kae"i sinax, j=1,2and 3

9.3.2 Stability of the motion

The stability of the aircraft is determined solely by the eigenvalues as can be seen from (9.44).
We can identify three cases.

1. Ais real and positive. This represents a divergence, which doubles its initial amplitude
exponentially in a normalized time (see Section 7.2.1 and (7.5)) of

— In2 . ) . 0.6931
Iy = —/l— or,in ordinary time, f;, =

seconds (9.45)

Figure 9.6(a) illustrates the variation of the disturbance with time, which is obviously
unstable.
2. Ais real and negative. This represents a convergence, which halves its initial amplitude
exponentially in a normalized time of

ty = In 2 or,in ordinary time, f, - 06937 seconds (9.46)

(-4) =4

Figure 9.6(b) illustrates the variation of the disturbance with time, which is stable as the
aircraft returns to a steady state.

3. Ais complex. In this case we write A = it + iw. This represents an oscillation, divergent
or convergent, depending whether p > 0 or i < 0. The time to double or halve the initial
amplitude can be found from (9.45) or (9.46) respectively, replacing A by u. The
normalized period time is

2 . . . 2nt
t, == or,in ordinary time, t, = —— seconds 9.47)
P w P w

Figure 9.6(c) illustrates the motion for 1> 0 and figure 9.6(d) for p1 < 0; in this latter
case the aircraft is regarded as stable. The case it = 0, giving a steady oscillation, would
be a quite undesirable characteristic in an aircraft, unless the frequency was very low.
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Fig. 9.6 Possible forms of motion following a disturbance: (a) divergence, (b) convergence,
(c) divergent oscillation, (d) convergent oscillation

We summarize the requirements on A for an aircraft to be stable as:

e Ao be negative, if real;
e Ato have a negative real part, if complex.

There are many other parameters that could be found to characterize the damping, such as §
(see (7.32)), but the time to halve (or double) the initial amplitude has the merit that it can be
compared to the pilot’s reaction time. Another method of expressing the damping is by the
‘characteristic time’, which is defined as the time for a disturbance to fall to 1/e of its initial
value. This can be written as

t.=Ti(-A)

9.3.3 Test functions

Before we solve the characteristic equation (9.38) we ask if the stability of the aircraft can be
determined by a simple test applied directly to coefficients A, B,, C,, D, and E,. The
possibility is illustrated by considering the quadratic equation

A4+al+b=0

where a and b are real. The solution is

/,L__—aiqla2 — 4b

- 2
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Consider the various cases:

1. If a>0and b > 0 and if a* > 4b there are two negative real roots and the system is stable,
or if a’ < 4b there is a complex pair giving a stable oscillation.
2. If a<0and b> 0 and if a* > 4b, then one root is

A_+|a|+1[az - 4b 50

2

so that this combination is not allowable. If a* < 4b there is a complex pair with a positive
real part, giving an unstable oscillation.
3. If a> 0 and b < 0 then a® > 4b, both roots are real and one is

1.9 + Ja? + 4| >0

2

so that this combination is not allowable.
4. If a <0 and b < 0 then a’ > 4b; both roots are real and one is positive.
The overall result is that for a stable second-order system we require both a and b to be

positive. The general condition for stability is stated for the characteristic polynomial F(1)
of order n:

F)=p A +p, A7+ .+ pA+py=0 (9.48)

where p, > 0. A necessary and sufficient condition for stability is that the test functions below
are all positive:

T,=p,,

pn—-l pn
Pn-3 Pn-2

T, = (9.49)

Pr- Pn 0
L,=\Ps-3 Pn-2  Pu (9.50)
pnAS Pn-a Pu-3

and so on, up to T, It can also be shown that, if a system is unstable, the number of roots with
positive real parts is given by the number of sign changes in the sequence

T,.T/T_,,for2<j<n 9.51)
In the case of a quadratic the conditions become

T,=p,.1=a>0

and
T,=ppy=ab>0,50b>0

agreeing with the result obtained above.
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For a quartic the conditions become

T=p, >0 (9.52)
L,=psp, — pspr > 0 (9.53)
Ty=psP2Py =~ PaPy — PiPo=ToPy = Pipo > 0 (9.54)
T,=Tipo > 0 9.55)

From (9.52) we require p; > 0, from (9.54) T; > 0 and from (9.55) p, > 0. Choosing p, > 0 then
implies from (9.54) that T, > 0. Since p,, p,, p, > 0 then (9.53) shows that p; > 0 also. The four
conditions required to ensure the stability of a fourth-order system are then, in the notation
used in (9.38),

B,>0,D,>0,E,>0and R=B,C\D, — A\D} — BE, >0 (9.56)

In these conditions A, > 0, and if satisfied they imply that C, > 0 also. The quantity R is known
as ‘Routh’s discriminant’ and we will show that it has an important property.

Suppose that the characteristic equation (9.38) has a pair of equal and opposite roots of the

form A = +f3, where 8 may be real or imaginary. Substituting these roots into the characteristic
equation in turn gives

A +BB+Cp+DB+E=0
and
Alﬂ‘ - B|ﬂ3 + Clﬂz -DB+E=0

Adding and subtracting these successively gives

AB*+CB*+E =0 9.57)
and
BB+ DB=0
or
B +D =0 (9.58)

as B# 0 in general. From (9.58) D, = —B, 8% then substituting into R from (9.56) gives
R= —Bf(A,ﬂ" + Clﬁz +E)

hence R = 0 from (9.57). When f is real the roots represent a divergence and a convergence
with equal time constants. If it is imaginary then there is an oscillation of constant amplitude.
Considering (9.58) again, if B, and D, are of opposite signs then B is purely real, whilst if they
are of the same sign B is purely imaginary. In cases of aeronautical interest they are almost
always both positive, so that the vanishing of R indicates an oscillation with neutral stability.
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9.3.4 Iterative solution of the characteristic quartic

In Sections 7.2.2 and 7.2.3 we discussed the phugoid and short period pitching oscillations;
the latter we shall refer to as the SPPO from now on. The phugoid we found to be of long
period and weakly damped, whilst the SPPO is of short period and heavily damped. We there-
fore expect the eigenvalues of the characteristic equation to consist of a complex pair of small
modulus corresponding to the phugoid, and a complex pair of large modulus corresponding to
the SPPO. These facts lead us to an iterative method of solution of the quartic. There are of
course other types of methods of solution which can be used, but iterative methods are
preferred for their rapidity and control over accuracy. The existence of this normal pattern of
roots leads to a particular pattern for the coefficients, which is that the coefficients B, and C,
are much larger than D, and E,. We assume that the quartic can be factorized into two quadrat-
ics, so that taking A, = 1, we write

FA=A"+BA+CA+DA+E,
=(A+aA+b)(A+aA+b)=0

Then multiplying out and equating coefficients of like powers we have

B, =a, +a, (9.59)
Ci=aa,+b +b, (9.60)
D,=ab, + ayb, (9.61)
E, =bb, (9.62)

Following the argument above we assume that a, >3 a, and b, 2 a,a, + b,. Then denoting
approximate values by a prime:
from (9.59): a, = B,
from (9.60): b/ =C,
from (9.62): b} =E, /b, = E, /C, f (9.63)
D| - albz _ D| - BIEI/CI = CIDI - BlEl
b, G ok

from (9.61): a; =

Then the approximate factorization is

F(A) = (A2 + BA + c,)-()} + _——-—C'D'C_2 BE 5+ 5) (9.64)
1 1

Of course it is only valid to draw conclusions from this relation if the frequencies of the
modes are well separated, so that the modes are only loosely coupled. The larger coefficients
B, and C, appear in the first factor which therefore applies to the SPPO, and the second factor
applies to the phugoid mode. This enables us to see which coefficients have the major influ-
ence on each mode. In particular the conditions C, > 0 and E, > 0 from (9.56) refer to the
SPPO and phugoid modes respectively.

We can improve the values of the coefficients of the quadratics using the values we have as
first approximations to find second approximations, denoted by two primes:
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" o__ —
4 =B —a
b =G, —afa; - b}

by =E, /b (9.65)
»_Di-a’by
a,; = ”
by

To achieve slightly quicker convergence second approximations are used wherever possible.
The process can be repeated until the required accuracy is achieved. A spreadsheet setup for
solving longitudinal quartics is given in the appendix at the end of this chapter.

Worked example 9.1

The non-dimensional equations of disturbed longitudinal free motion of a certain aircraft are

(D + 0.085)2 — 0.088w + 0.160=0
0.32i + (1.018D + 2.42)w — 0.96D8 =0
1.144 + (0.81D + 29.7yw + (D + 3.58)D8=0

and lead to the quartic
A* + 6.8074° + 37.147A* + 3.16A + 1.06 =0

Solve the quartic and find the ratio w/8 (i.e. its eigenvector) for the mode with the shorter period.

Solution

From (9.63) we find the first approximations as follows:

a = B, =6.807

bl =C, =37.147

b; = E, /C, =1.06/37.147=0.0285

o = QD= BE _ 37147 X 3.16 — 6,807 x 1.06

=0.0798
G2 37.147*

The second approximations are then calculated from (9.65) as follows:

a =B, — a}; =6.807 — 0.0798 = 6.7272

b =C, — a’a; — b} =37.147 — 6.7272 x 0.0798 — 0.0285 = 36.588

by =E, /b =1.06/36.588 = 0.028 98

D, - aby _3.16 — 6.7272 x 0.028 98
b 36.588

=0.08106

" _
a, =

Further iterations give the results a, = 6.7259, b, = 36.57, a, = 0.080 95 and b, = 0.028 94, or

(A* + 6.7259A + 36.57)(A* + 0.080 954 + 0.028 94) = 0
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Then solving the quadratics the roots are A = —3.3629 +i5.0263 and A = —0.0405 + i0.1654.

We require the eigenvector for w/0for A= —3.3629 + i5.0263, taking only the upper sign;
taking the lower sign would result in the complex conjugate. Then we make the substitutions
(9.35) to get equations of the form (9.36), that is

(A + 0.32)k, — 0.088k, + 0.16k, =0
0.32k, + (1.0184 + 2.42)k, — 0.96k, =0

1.14k, + (0.814 + 29.7)k, + (A* + 3.58A)k, =0

We need to solve for &,/k,, so taking the last two equations, dividing through by k; and substi-
tuting for A and taking the third terms onto the right, we have

0.32k /ky + (—1.003 + i5.11T)kyk, = —3.2317 + i4.803
1.1k /k, + (26.976 + i4.071)k,/ky = 25.9936 + i15.812

We then multiply the first equation by —1.14/0.32 to give
—1.14k /ky + (3.573 — i18.224)k,/k, = 11.513 — i17.208
Adding this to the second gives
(30.549 — i14.158)k,/ky = 37.5066 — i1.396
and solving, k,/ky = 1.0282 + i0.4308.

9.3.5 Relation between the coefficient E, and the static stability

In level flight we have g, = 0 from (9.34) and if we neglect compressibility effects then
m, = 0, see (9.4) and (9.5). Then from (9.43) we can write

E, =gzm. (9.66)

From (9.33) we have g, = C;, and from table 9.1, z, = —Z, then using (9.3) we find Z, = 2C,..
MM

ly

Again from table 9.1 m,, = ~ ¥ and using (9.15) and (9.18) we find

=% (9.67)
i, Ja
Substituting these results into (9.66) gives
E = Z_C.Lzeﬂ?ﬂ-z H (9.68)

i Jo

The result is that E, &< H,, and so the stability criterion E, > 0 from (9.56) is equivalent to
the criterion H, > 0 from (5.41). From the approximate factorization (9.64) we also see that
E, > 0 is one condition for a stable phugoid, assuming C, > 0.
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When the cg margin is zero the phugoid factor becomes

A2+ ﬂ).=0
G

i.e. there is a pair of real roots, A= 0 and A = —D,/C,. This means that as E, goes from posi-
tive through zero to negative, the complex phugoid pair become a real negative pair, then one
goes through zero and becomes positive making the aircraft unstable.

If the assumption of level flight is dropped and all the characteristics of the aircraft are
allowed to depend on speed through compressibility or otherwise, then it has been shown that
a quantity K, defined as

dc,,

= - 9.69
n ac, (9.69)
isrelated to E, by
2
E] = ﬁﬂiﬂ‘.. Kn (9.70)
i do

y

where C} = C4 + Cg. The quantity K, is known as the ‘static margin’ and is a generalized
form of the cg margin. The definitions (9.69) and (5.39) should be compared, as should (9.68)
and (9.70) above. The theory is sufficiently general to enable the inclusion of the effects of
quasi-steady structural distortion.

9.3.6 Relation between the coefficient C, and the manoeuvre stability
When the magnitudes of the various terms in the expression (9.41) for C, are examined for
most aircraft it is found that the dominant terms are

G =z,mg +m, 9.71)

From table 8.4 we see that z, = —Z, and /i, = —M_/i,. Then using (9.14) and (9.21) we find

Z, = Kie and m =@aI
Ja c

where it has been assumed that m, is derived solely from the tailplane and neglecting Cp, in
comparison with gC, /do. Then substituting these and (9.67) into (9.71) we have

C = -/’—_l—‘-acl‘ [Hn + VTI_I a,]
i, da H,c

y

Substituting for H, from (5.39) gives
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c, =Bl iyt VTﬂ'-{l - 35} + b,
i, du a da e

and substituting for the second y, from (8.50) and comparing with (5.61) and (5.64) we have

'y aC,,

i, Jda

C = H_ 9.72)

where H,, is the manoeuvre margin. The condition C, > 0 implied by (9.56) is then equivalent
to the condition H_ > 0 from (5.71).

9.4 Discussion of the longitudinal modes

If, as is usually the case, the two longitudinal modes are well separated in frequency and effec-
tively uncoupled, quite accurate results can be obtained by introducing some simplifying assump-
tions into the stability equations (9.28) to (9.31). An alternative approach would be to use the
approximate factorization (9.64) and to keep only the dominant terms in the quartic coefficients.

9.4.1 The phugoid mode

In Chapter 7 we learnt that the phugoid is a long period oscillation, and it was assumed that
the SPPO has the effect of keeping the incidence constant.

Using a full solution of the stability equations and finding the eigenvectors corresponding
to this mode we can plot them, to some arbitrary scale, on an Argand diagram giving the shape
of the mode. A typical shape of the mode is shown in figure 9.7.

w = 0.045
7 =1
83.1°
u=087
95.8°

Flg. 9.7 Shape of the phugoid mode

The diagram shows the relative magnitudes and phase angles of the disturbance quantities
at any instant.” We make two remarks on the diagram: the small size of the vertical velocity
vector shows that the motion is at almost constant incidence; also the forward velocity change
vector, i, is approximately 90° in phase ahead of the pitch angle 6. The approximate treat-
ment of the phugoid in Section 7.2.3 found that the velocity increment leads the pitch angle by
exactly 90°.

We now adopt the assumptions of Section 7.2.3, namely that the incidence is constant and
that the pitching moment equation is always satisfied. We also assume level flight and neglect
some small derivatives. These assumptions amount to

w=xq=2q=g2=0
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We omit (9.30); then (9.28) and (9.29) become

D+ %)a+36=0
z,i — DO=0

As before we assume the solutions to be of exponential form and make the substitutions
(9.35), which leads to the characteristic equation

2+ xA+gz,=0 (9.73)

This shows that the damping of the phugoid mode depends on the drag at low speeds — see
(9.2) — and if the damping term is ignored it leads to the same periodic time as found in
Section 7.2.3.

Such drastic assumptions are not necessary and we can make some physically reasonable
assumptions with the aim of just reducing the stability equations to a second-order set.> The
main assumptions are that the vertical and pitching accelerations are negligible, which we
justify on the basis that motion in this mode is very slow. We also assume that we can neglect
the derivative x,. These assumptions amount to putting

Dw=Dg=%,=0 (9.74)

Making these changes to (9.28) to (9.30) gives

(D + X)d + x,w +86=0
Zd + z,Ww +(z, — DD+ ,6=0 9.75)
mi + m,Ww +m,D@ =0

where (9.31) has been used. As before we now assume the solutions to be of exponential form
and make the substitutions (9.35), leading to

A+ X, x, &
z, z, (2 — DA + g,|=0 (9.76)
m, m, myA

Muitiplying out the determinant and dividing through by the coefficient of A” obtained gives

2+ l:fu _ {xw[zumq +m(1 = z)] + gm, }:IA' + { E }=0 9.77)

z,my + m (1 — z.) z,my + m, (1 = z,)
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where E| is given by (9.43). We can make one deduction from this equation. From (9.4) and
(9.5) we see that the derivative M, is proportional to dC,/dM. Now suppose that the speed of
an aircraft is increased slightly and that the increase of Mach number M causes a nose-down
pitching moment to appear. The aircraft will respond with a nose-down inclination which will
give a forward component of the weight which will tend to increase the speed; this effect is
therefore destabilizing. The sign of M, is negative in this case and from table 9.1 we see that
m, > 0. As Z,, is positive the effect on the coefficient E|, given by (9.43), is to decrease it,
confirming the destabilizing effect.
If we now assume that m, = 0, neglect z, compared to unity and assume level flight then

. z,m _
A2+ |x, —xd—2e gl Lo (9.78)
,mg + m, ,my + m,

The denominator of the two fractions in the above was shown in Section 9.3.6 to be propor-
tional to the manoeuvre margin and m,, is proportional to the cg margin; see (9.15) and (9.18).
If damping is ignored this equation then leads to a periodic time for the phugoid that is equal
to the value found in Section 7.2.3 multiplied by the square root of the ratio of the manoeuvre
margin to the cg margin. If the cg margin is large enough to satisfy the condition z,m, +
m, > z,m,, then the first term in the square brackets in (9.78) dominates and the phugoid is
primarily damped out by the drag in this case also.

We can compare the estimates of periodic time and time to half-amplitude given by (7.24),

(9.73) and (9.78) and the exact result for a specific numerical case. The results are given in
table 9.2.

Table 8.2 Comparison of estimates of times for phugoid

7.24 9.73 9.78 Exact
f 879s 8795 109.7 s 1247 s
Iy — 206.7 s 164.6 s 232s

It can be seen that none of the approximations is particularly good although that of (9.78) is
a clear improvement for the periodic time over the other two.

9.4.2 The short period pitching oscillation

In Chapter 7 we learnt that the SPPO is a rapid motion, often an oscillation with heavy
damping. We can again plot the eigenvectors giving the shape of the mode. A typical result is
shown in figure 9.8.

Fig. 9.8 Shape of the SPPO mode
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We note the relatively small response in forward speed; in general the motion is too rapid
for much change in forward speed to take place and motion is predominantly in pitch and in
heave, i.e. vertically. This mode is rather more important than the phugoid as the latter is more
easily controlled by the pilot and the SPPO gives rise to much higher vertical accelerations
due to elevator movement or vertical gusts. The motion differs from that considered in Section
7.2.2 in that considerable vertical motion takes place as well as the pitching motion.

The observation that speed changes are small leads to a convenient approximate treatment.
By neglecting the equation for the forward freedom and its derivatives we can reduce (9.29)
and (9.30) to

- ~ ~ R (9.79)
(m,D+ m,)w + (D + mg)q =0

(D + z,)% -g= o}
where level flight has been assumed and the small derivatives Z, and Z, have been neglected,
although they could have been included. This leads in the usual way to the characteristic equation

FQ=& + (m, +z, + mDA + (z,m; + m,)=0 (9.80)

This shows that the damping derivatives m, and z,, and the derivative m, all contribute to the
damping, rather than just the tailplane damping term 7/, as suggested in the approximate
analysis of Section 7.2.2. The fact that m, is usually underestimated, see Section 9.2.4, is not
of great importance as it is usually much less than /m, + z,. We noted in Section 9.2 that Z,,
decreases with frequency; the good agreement between theory and experiment for the SPPO
may then be the fortuitous result of underestimation of M,, and the overestimation of Z, by
quasi-static theory. The periodic time is given by

= 2nt 9.81)

P 2
_ m._ + z, + m,,

This is usually dominated by the terms in the first bracket under the square root sign which
are proportional to the manoeuvre margin, see Section 9.3.7, rather than the cg margin as
suggested by the approximate analysis in Section 7.2.2. We also note that the normalized
circular frequency in pitch is

(9.82)
which will be used in Chapter 12.

9.4.3 The effects of forward speed and cg position

The effect of variation of speed on the longitudinal stability has been calculated by solving the
quartic equations for a medium range airliner in the 300-seat class at an altitude of 20 000 ft.
This aircraft normally has an automatic control system to allow the use of small values of the
cg margin; however, in this case an appropriate value has been assumed for the cg margin and
no control system is included. The results are shown plotted in figure 9.9. ‘
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Fig. 9.8 Variation of a typical aircraft characteristics with speed: (a) SPPO periodic time and time to
half-amplitude, (b) phugoid periodic time and time to half-amplitude

Figure 9.9(a) shows the effect of speed on the time to half-amplitude and periodic time for
the SPPO mode. Both speeds are seen to fall with increasing speed. Figure 9.9(b) shows the
effect of speed on the time to half-amplitude and periodic time for the phugoid mode. The
periodic time is seen to increase almost linearly with speed in line with the approximate
theories discussed, whilst the time to half-amplitude falls with speed.

To discuss the effect of cg variation we use the root locus plot which is a useful general
technique in which the roots of the characteristic equation are plotted against some relevant
parameter on an Argand diagram. In this case the parameter we use is the cg margin H, to
which the derivative m, is proportional. Figure 9.10 shows a typical result of this technique,
for the same aircraft; the speed is 194 m s™' and the height is 20 000 ft.

Since complex roots appear in conjugate pairs the diagram is symmetrical and only half
needs to be plotted. However, the SPPO and phugoid roots are so well separated that it is
necessary to plot the SPPO mode in the upper half and use the lower half for the phugoid mode
to a different scale. In the diagram the cg margin has been varied from 0.25 to —0.1, that is a
very stable value to an unstable one. Considering first the SPPO mode we see that as cg
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Fig. 9.10 Root locus plot for variation of cg margin. Upper part: SPPO mode; lower part: phugoid and
third mode (different scales)

margin is reduced, i.e. the cg is moved backwards, the real part is almost constant whilst
the imaginary part decreases steadily. This means that the damping is almost constant and the
periodic time increases. At a cg margin between 0.05 and 0.01 the curve meets the axis and
the complex pair becomes a real pair; after this, one root moves to the right and the other to
the left. For the sake of clarity values of H, less than zero are not plotted. In the lower half of
the diagram we see that the phugoid mode behaves in a similar manner with the curve meeting
the axis at a value of H, between 0.01 and zero, and the two real roots again move in opposite
directions. At a value of cg margin of exactly zero one root is zero as foreseen in Section
9.3.5; thereafter the solution always gives one positive, i.e. unstable, real root. As the cg
margin is reduced still further the left-moving real root of the phugoid pair meets the right-
moving root of the SPPO pair at a cg margin between —0.035 and —0.05. At this point another
mode, known as the ‘third mode’, appears. This is an oscillatory mode involving all three
freedoms; as the cg margin is reduced still further it rapidly becomes unstable. The method of
solution of the quartic described in Section 9.3.4 fails for this mode.

Appendix: Solution of longitudinal quartic using a spreadsheet

This is a fairly simple routine for finding the roots of the longitudinal quartic and is based on
the results of Section 9.3.4. It was developed using the Quatro®-Pro spreadsheet and has been
tested on other popular spreadsheets. It should run on any spreadsheet that has the facility to
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turn off automatic calculation and allows the use of IF statements. It is assumed that the
quartic has been divided through by the coefficient of the fourth power term, A,.

The first step is to turn off automatic calculation; this is necessary as there are ‘circular’ cell
references because this is an iterative process. We then enter some headings as follows:

into D1: Solution of the longitudinal quartic

into D2: Insert coefficients before copying formulae into block to right
into D3: Coefficients

into H3: First approximations

into M3: Final values

into Q3: SPPO roots

into U3: Phugoid roots

We leave some columns on the left for any preliminary calculations that may be needed and
proceed to label the individual columns. Assuming that the character *’' is used to centre text
in a cell, we label cells D4 to K4 as follows:

"B,”C.”D,"E, "al, b1, b2, "a2
where we have used B for B, and al for a,. Then label cells M4 to X4 with:

"al, "bl, b2, a2, DISCRIM, TYPE, ROOTI, ROOT?2, DISCRIM, TYPE,
ROOT1, ROOT2

Then in cells DS to G5 we insert the following test values: S, 7, 0.2, 0.14, In cells HS to KS we
put formulae to calculate the first approximations as follows:

+Ds5, +ES, +G5/ES, (ES*F5-D5*GS5)/ES/ES
Column L is left clear, and the following iteration formulae put into cells MS to P5:
+D5—P5, +E5—M5*P5-05, +G5/NS5, (F5-M5*05)/N5

These formulae are the equivalent of (9.65). The function key to cause a calculation to take
place (F9 in Quatro-Pro) should be pressed a few times and the final values of al, b1, b2 and
a2 should rapidly converge onto the values 4.985 675, 6.908 314, 0.020 265, 0.014 325.

The formulae to solve the quadratics are now inserted into the cells Q4 to X4 as follows:

into Q5: +M5*M5—4*N5 which calculates the discriminant for the SPPO

into R5: @IF(Q5>0,“REAL”,“COMPLEX") which indicates whether the roots are areal or
complex pair

into §5: @IF(Q5>0,(—M5+ @SQRT(Q5))/2,—M5/2) which gives the first root if there is a
real pair, or gives the real part if there is a complex pair

into T5: @IF(Q5>0,(—M5—@SQRT(Q5))/2,@SQRT(—Q5)/2) which gives the second
root if there is a real pair, or gives the imaginary part if there is a complex pair

This sequence is now repeated for the phugoid in cells U5 to X5:

into U5: +P5*P5-4*05

into V5: @IF(U5>0,“REAL”,“COMPLEX")

into W5: @IF(U5>0,(—P5+ @SQRT(U5))/2,—P5/2)

into X5: @IF(U5>0,(—P5— @SQRT(US))/2,— @SQRT(—U5)/2)
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The values in the cells Q5 to X5 should now read:
—2.7763,COMPLEX, —2.492 84,0.833 112,~0.080 86,COMPLEX,—0.007 16,0.142 176

A further check on the results is required to cover the case of quartics which have real roots;
a trial quartic should be produced by multiplying together four linear factors and using this
process to obtain the roots. The factors chosen should satisfy the condition that there are two
small roots and two large ones.

To use the setup insert the values of the coefficients B, C, D and E into the appropriate
columns, and then copy the formulae of cells H5 to K5 to the block below as far as needed.
This calculates the first approximations. Next copy cells M5 to P5 to the block below and press
F9 a few times to iterate the calculation until the values do not change. Finally copy cells Q5
to X5 to the block below to solve the quadratics. The values of the coefficients can be changed
afterwards, if required; the F9 key will need to be used a few times to correct the results.

Student problems

9.1 An aircraft fitted with straight tapered wings has the following characteristics: wing area
=25 m?, aspect ratio = 6, taper ratio = 0.5, the cg is 0.6 m aft of the leading edge of the
wing amc, the aerodynamic centre is at 0.2 , tail arm = 6 m, tailplane area = 3.7 m?,
de/dda=0.35,a=4.6,a,=3.1,a,= 1.6, C;, =0.014 + 0.052C}. Find the following
longitudinal stability derivatives neglecting engine and Mach number effects if C, =
021: X, X, 2, 24y 24 20, Zyy My M, M, M, M, (A)

9.2 Using the approximations to the SPPO and phugoid given by (9.73), (9.78) and (9.80)
find expressions for the relative damping and the natural frequency. Find the values
given the stability derivatives: x, = 0.0607, x,, = —0.355, z, = 0.778, z, = 5.465, m,, =
49.67, m,, = 1.41, m, = 5.02. The other derivatives may be taken as zero and g, = 0.53.

9.3 Using the derivatives given in the previous problem suggest approximate expressions
for the quartic coefficients B, and C, given by (9.40) and (9.41). Use these to compare
the characteristic equations for the SPPO mode given in (9.63) and (9.80).

9.4 Using the approximation for the phugoid given by (9.73) calculate the periodic time
and time to half-amplitude for a turboprop aircraft flying at low altitude at a speed of
130 m s™". The wing loading is 3.1 kN m~2 and Cp = 0.015 + 0.05CZ. (A)

9.5 Using the approximation for the phugoid given by (9.73) find the roots of the
characteristic equation and the eigenvector /8. You are given x, = 0.029,z,=0.16,
£, =0.081. (A)

9.6 The equations of disturbed longitudinal motion lead to the following characteristic
equation:

A+ 15780 + 81742 + 4164+ 0.1=0

Find the roots of this equation. Identify and describe the modes with which they are
associated. Find the times to half-amplitude and periodic times, given that 7= 5.72 s.
Find also the eigenvectors for the mode with the shorter period. You are given the
following values of the concise stability derivatives for this aircraft: x, = 0.052,
x,=—0.046,2,=0.1,2,=1.48, m,=4.5, m, =79, m;, = 12.9, m = 1.27, g, = 0.08,
X, =2,=2,=0.(A)

9.7 Rework the theory leading to the approximation for the phugoid characteristic equation
given in (9.78) for an aircraft in a climb. Show that if engine and Mach number effects
on the derivatives can be neglected the phugoid mode becomes unstable at an angle of
climb of tan"'(2C,/C,), assuming that the cg margin is large.
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Notes

1.
2.

This section may be omitted when first studying this chapter.

A phasor diagram in electrical engineering also shows relative phase angles although the magnitudes
of the quantities are constant. To represent oscillatory quantities it is often pictured as rotating at the
circular frequency. In our cases of divergent or convergent oscillatory modes, if the shape of the
mode were pictured as rotating, the end points of the vectors would trace out logarithmic spirals.

. The rest of this section can be omitted when first studying this chapter.



10
Longitudinal response

10.1 Introduction

In Section 9.3 four applications for the longitudinal stability equations were outlined; two of
them were dealt with subsequently and the rest left for this chapter. These were the response
to elevator angle and the response to a gust or a distribution of random gusts. We are partic-
ularly interested in finding the normal acceleration of both the cg and various points of the
aircraft; the latter also requires a knowledge of the pitching acceleration of the aircraft. The
ultimate purpose is to be able to design an aircraft which is safe to fly and fully capable of
achieving its missions.

10.2 Response to elevator movement

We study the elevator responses to determine how quickly manoeuvres can be performed and
what loads and hence stress levels may be imposed on the aircraft. Two methods are worthy
of consideration; the first uses the Laplace transform and the second uses numerical inte-
gration of the equations in state-space form. The corresponding frequency responses are also
of great interest.

10.2.1 Response using Laplace transform

The relevant equations are (9.28), (9.29) and (9.30). In these we substitute for g from (9.31)
and for the right-hand sides from (9.32) and neglect the small elevator derivative &, to obtain

(D + %,)i + X, W +Hx,D + )8 =0
i + [0+ 2D+ 2,5 +[z - DD+ )0 =—zn'@ (10.1)
m + (myD + m,)W + (D* + m,D)8 =—m,n'(F)

We now multiply through each of these equations by e~*! and integrate with respect to 7 from
zero to infinity, remembering that D =d/dt. The result is

(s + X,)i + x,W +Hx,s + 8)8 =0
2+ [0+ 25+ 2,J8 +[G = Ds+ 3,8 =27 (102)
mu + (mgys + m,)w + (s? + mqs)§ =—mnﬁ
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where we have written #, w, Gand 7 for the Laplace transforms of &, w, Oand n° and
assumed that their initial values were zero. These are now a set of simultaneous algebraic
equations with the solution given by Cramer’s rule as

G,(5) G,y(5) Gy(s) F(s)

(10.3)

In these equations F(s) is the determinant of the left-hand sides of (10.2). Now the left-hand
sides of these equations are the same as those of (9.36) with s replaced by A, hence F(s) is
given by (9.38). It is therefore the characteristic equation and has the same roots. The func-
tions G, (i = 1, 2, 3) are the determinants of the left-hand side with the ith column replaced by
the right-hand sides of (10.2), for instance

0 Ew XqS + gl
G=| -z, U+z,)s+z, (zg ~ Ds+ g
2
-m, m,s + m, s+ ms

q

Expanding the determinants we find

G = sz[i,,(xw = Xgmy,) — mpx (1 + Zg,)]
+ s[z,,(xwmq - xgm, = gm,)+ m,,{xw(l —z9) + xz, + & + zw)}] (10.4)
+ [—anlmw + mn(zwgl - XWEZ)]

G, = -—532,,
+ sll_zn(xu +my) = m( - Zq)]
+ s[—z,,(x“mq = Xgm,) m,,{xu(l -z X7, + §2}] (10.5)
+ [anugl - m,,(Zu§| - xu§2)]

Gy = s’[Zymy — my(1l + 2,)]
+ s[z,,(mw + myx,) — m,,{(l +z,)x, + zw}] (10.6)

+ [Zn(xumw - x,m) = mn(xuzw T Xwly )]

Then we write

6$)5 - 7 107
Fs) n=H,,(s)-n(s) (10.7)

u=

where H,,, is the ‘transfer function’ connecting the forward velocity change with elevator angle
change; there are similar expressions for w and @ Note that transfer functions can only be
defined for linear systems. Once the elevator angle has been specified as a function of time and
its transform found, the expression for i will be in the form of the ratio of two polynomials



10.2 Response to elevator movement 197
u = N(s)/ D(s)

where D(s) will usually be closely related to F(s). Using the technique of partial fractions this
expression can be written in terms of the roots of D(s) as

- - U
"'zs—A (10.8)

i=1 i

where the roots of D(s) have been written, 4,, 4,, ..., 4, ..., 4, and D(s) of degree n. The
quantities U; can be found from

_ (s = A,)N(s)

; ) (109)

5=y

The factor (s — A)) cancels the same factor in the denominator when factorized so that the
result of the expression is finite. We now make inverse use of the transform pair

,z-[e"]= G _1 5 (10.10)

to obtain the result

a=Y U (10.11)
=

and similarly for the other disturbance variables.

10.2.2 Frequency response

An alternative view of the response of an aircraft is obtained if we consider the frequency
response which can be found from the transfer function as follows. Suppose a system with
transfer function H(s) is given an input

X () =A™ (10.12)

Then the Laplace transform of the output is

H(s)
s —iw

X, = H(s)X, = A,

using (10.10). Now we suppose that the transfer function is in the form of the ratio of two
polynomials
H(s) = G(s)/F(s) (10.13)

then
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X =A G(s)

0= — i0)F()

Noting that the roots of the denominator are iw, 4, 4,, ..., 4; ..., 4,, and using (10.8) and
(10.9) we find

G(iw) , = a0 [ = 2)G(s)
X = AL aloX P — 7
o(t)= A Fliw) + ,z,:‘e [(s — i“’)F(‘)La,

If we restrict interest to stable systems, only the first term is appreciable after a long enough
time and the steady state output is

G(iw) {17 4
Xo(1)= A, —= 10.14
o) =4, F(iw)e ( )

Then from (10.12), (10.13) and (10.14) we find

Xo(2) .
———== H(iw), sa 10.15
0 (iw), say ( )
which is the frequency response. In general it is a complex quantity and can be written in
the form

H(iw)=Me™® (10.16)

Here M = |H(iw)] is the gain and ¢ = —arg{H(iw)] is the amount by which the output lags the
input. The frequency response can be represented as a vector plot with frequency as par-
ameter, or Nyquist diagram. Alternatively logarithmic plots of gain and phase angle against
frequency can be made, known as a Bode diagram. In this case, for the purpose of calculating
the response, the denominator also can be factorized and the response can then be represented
as that of a set of first and second order systems in series.

10.2.3 Response using numerical integration of state-space equations

The particular technique we choose to implement is known as the Runge—Kutta method in its
classical form: see reference (10.1). The relevant equations are (9.28) to (9.32). In order to
rewrite them in the state-space form, we must first eliminate Dw from the third of these.
Solving the second for Dw and substituting into the third we can write the equations in the
form of (7.64) as

Dii=—3,i — x,% — x,§ — 20

Dw==zi = 2w = 254 — 37’ (10.17)
Dg=—m}fu — miw — m;"z} - m,’;‘n'

D6=3
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where
Zr =
N
* o Zw
v 1+ z,
z"'=zq_1
1+ z,
o=
n
+ 7.
1+2z, » (10.18)
* m2y
m* = — t—
Y b 1+ z,
m*=m, — v
v Yoo l+4 g,
m,(z, = 1
* — —_——
mq =m,
1+ 2z,
it o — i
n " 1+ gz,

We let the initial values of the dependent variables at the beginning of a time step be i, W,
qo and 6, the length of the step be Ar. The following quantities are then calculated:

ky =—Xdg — x,Wy — xqéo = 86,

ki =23y = 2wy — 235G — 231’ (0)
kg =-miug — miw, — m¥g, ~ myn’'(0)
ke =4y

where 1'(0) is the elevator angle increment at the beginning of the step. Then from these we
calculate the quantities

ky, =—x,(gtAk,,) — x,(Wy+ALk,,) — xo(GoHAnk,) — 8,(8,+Atky,)
kyw ==23(g+ ARk, ) = 23 (Wo+Anky,) — 23 (go+Atky) — z3n'(Af)

kyq =—m}(ug+Ank,,) — mi(wotAtk,) — m;"(ﬁo+At,qu) - mpn'(Ay)
ko =got+Atk,

where At, = At/2. Then we calculate the quantities

ky, =—Xx,(Uy+Atky,) — x,(WotAnk,,) — x,(Go+Atk,,) — §1(90+At1k29)}
ky, =etc.

and then
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ky, =—x,(ytAtky,) — x,(WotAtk,,) — xq(c}0+Atk3q) - g,(90+Atk39)}
k,, =etc.

4w

The dependent variables at the end of the step are then calculated from

i, =iy + Atk + 2ky, + 2k, + ke, )6
W, =W, + At(ky, + 2k, + 2ky, + Ky, )/6
q, =etc.

In calculations of this type checks must be made on the results before they can be accepted. If
the aircraft is stable, then it is an easy matter to calculate the final steady values of the depen-
dent variables which should be achieved if the calculation is allowed to proceed for long
enough. Checks can often be made on the frequency of any oscillation. It is also most impor-
tant to test the effect of step size; this should be set at a value for which a reduction causes no
appreciable change in the results. The accuracy of the results is finally limited by the number
of figures carried in the computer used.

10.2.4 Typical response characteristics of an aircraft

Using the method outlined in the previous section calculations have been made of the
response to a step change in elevator angle of 0.04 rad (= 2.3°) for the aircraft used in the
calculations in Section 9.4.3 at the same speed and height.

Figure 10.1(a) shows the variation of the forward speed change &, the vertical speed change

w, the pitching velocity ¢ and the pitch angle @ with time. The major part of the figure is the
response in the phugoid mode. It can be seen that the pitch angle leads the forward velocity by
rather more than 90° as discussed earlier. The response in vertical velocity is rather smaller than
the other response; the aircraft is stiff in the vertical sense due to the powerful effect of wing lift
changes. The small damping in the phugoid mode can be appreciated by comparing the two
negative peaks shown in pitch angle. Also shown are the final values of the quantities;
downward movement of the elevator produces a downward inclination of the flight path (nega-
tive 6) and this increases the forward speed. The initial response is in the SPPO mode and is
shown to an enlarged scale in figure 10.1(b) where to aid clarity the sign of g has been reversed.
The initial response is strongest in pitching velocity due to the powerful
pitching moment produced by the elevator. The damping can be seen to be very heavy with
barely a complete cycle visible; the forward speed can be seen to have only a small change
during this time.

Calculations have also been made of the frequency response using the theory of Section
10.2.2 for the same conditions and are shown in figure 10.2.

Figure 10.2(a) shows the magnitude of the frequency response in pitch angle as a function
of normalized circular frequency @ = @T. A very strong peak can be seen at the frequency of
the phugoid mode due to the low damping, whilst there is no obvious peak at the frequency of
the SPPO mode due to the large damping. Figure 10.2(b) shows the corresponding variation
in the phase angle . It can be seen that there is a phase angle change of nearly 180° occurring
at the frequency of the phugoid mode, typical of that normally occurring as the applied
frequency passes through the natural frequency of a second-order system. No such change is
obvious for the SPPO, again due to the damping. The response characteristics of the other
quantities show very similar effects. The response in forward velocity magnitude is much
stronger at the frequency of the phugoid mode than the SPPO mode, whilst that of the vertical
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Fig. 10.1 Longitudinal response of a typical aircraft to a step in elevator angle: (a) response showing
mainly the phugoid mode, (b) first part of curves in detail showing response in SPPO mode

velocity is very similar for both modes. The phase angle characteristics both show the near
180° change at the frequency of the phugoid mode.

10.2.5 Normal acceleration response to elevator angle

The primary effect of the elevator is to give a pitching moment which excites the SPPO mode
initially and only later does the response in the phugoid mode become apparent. The initial
motion imposes the greater normal acceleration and so is normally of the most interest. We
can therefore analyze this using the simplified treatment of the SPPO in Section 9.4.2. Taking
equations (9.79) and adding elevator angle terms from (9.32) we find
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D+ z,w -q =—z,n'(F) (10.19)
(myD + m,)%o + (D + m)§ =—m,n'(F) (10.20)

Since we are using axes fixed in the aircraft the normal acceleration is not simply dw/dt, and
we need to find an appropriate relation. One method of calculating the acceleration is to use
(force)/(mass) and then from the third equation of (8.22) we see that the acceleration along Oz
is w — qU,. Then writing the upward acceleration as a factor n times the acceleration due to
gravity g we have

ng=—w+ gV,

where we have put U, = V,, since we are using wind axes. Using table 8.2 we can substitute
w= wV,, g= gr,and D = d/dt where 7is given by (8.48) to find

" G vis, .
n=_l{d_w_l_’!_ - q_Ve}=—ip_°(Dg, - q)
gldr 1 T mg
and hence
n=——(Bw - §) 1021)

This can be simplified using (10.19) which can be rearranged as
DW - G=—(EZ,W +.2,1)
then substituting into (10.21)

n= -éL(zww + 2,17) (10.22)
L.

From this we see that the response in normal acceleration can be found from that in vertical
velocity.! The derivative z, is often small, and if it is neglected the normal acceleration
becomes proportional to the vertical velocity or equivalently to the incidence change.

We proceed to transform (10.19) and (10.20) as before giving

(s +z,)w = g ==2,11(s)
(mys + m, )W + (s + m)g =—m,7i(s)

assuming that w, ¢ and n' were zero initially. Then using Cramer’s rule we can solve these
equations for the transformed vertical velocity in the form

— G5~ -
W= ﬁgn(s) =H,, ()7I(s) (10.23)
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where H,,, is the transfer function connecting the vertical velocity change to the elevator angle
change. In this equation

G (5)=~[2,8 + zymq + my)| (1024)

and F'(s) is the characteristic equation corresponding to (10.19) and (10.20) and is given by
(9.80), with s replacing A. The response in pitching velocity can be found in the same way, if
required. We also take the Laplace transform of (10.22) to give

= —ClL—e(sz + 2,7) (10.25)

Then substituting for w from (10.23) we find

J
C.F

n= N =H,,(s)(s) (10.26)

where J(s) = Z,G; + z,F’, and H,, is the transfer function connecting normal acceleration to
elevator angle change. Substituting for G, from (10.24) and for F' from (9.80), J(s) is given by

J($)=2,5" + (mg + my)z,s + myz, — myz, = — myz, (10.27)

if, as usual, Z,is small. The response in normal acceleration as a function of time or frequency
can be found from (10.26) using the methods already described.

10.3 Response to gusts

In this section we now drop the first of our basic assumptions in Chapter 1 and improve on our
approximate treatment of gusts in Section 4.2.3. We study the response to gusts in order to
determine the effect on passenger comfort or the suitability of the aircraft as a weapons plat-
form and the effects on the stress levels and fatigue life of the airframe. Up to this point we
have assumed that the aircraft has been flying through a stationary atmosphere; in fact the air
is almost never at rest but is in a state of continuous random fluctuation. We obtain our first
ideas of the effects of the unsteady motion of the atmosphere by considering the aircraft to fly
into a region where the air has a parallel motion in some direction, known as a discrete gust.
We later outline statistical methods to represent the apparently random motion of the air and
the resulting motion of the aircraft.

10.3.1 Response to discrete gusts

The type of gust we will concentrate our attention on and which is generally the most impor-
tant in practice is the vertical gust; horizontal gusts are as important near the ground. However,
the methods we will discuss can be applied to all other forms of gust. In its simplest form the
gust is pictured as a vertical jet of air fixed in position and having constant velocity. The gust
is taken to be very large in extent in the direction of flight compared with the length of the
aircraft, as shown in figure 10.3; this means that we can treat the aircraft as if it were a point.
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Fig. 10.3 Aircraft entering a step gust

This assumption that the gust velocity changes instantaneously is of course impossible and
the dotted line is a more reasonable variation. We also assume that the gust extends for a large
distance in the spanwise direction. A further assumption that we make is that the aerodynamic
forces and moments can change instantaneously. In fact the circulation around a wing takes an
infinite time to adjust to the gust, but is close to the final value after a time corresponding to
about 10 chord-lengths. For a wing of infinite span the variation of lift due to an upgust with
time is shown in figure 10.4 and is known as the Kiissner function.
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Fig. 10.4 Wagner and Kiissner functions

A similar effect takes place if the incidence of a wing is changed in a stepwise fashion; this
is also shown in figure 10.4 and is known as the Wagner function. It can be seen that there is
little difference between them except initially. Both functions can be approximated using
exponential functions, which enables them to be incorporated into more sophisticated analy-
ses than we shall be describing. It has been shown that quasi-static derivatives give reasonable
results for gust response but of course for accurate results it is necessary to use unsteady
derivatives particularly at higher frequencies. The effect of the lag in build-up of lift is to
reduce the maximum normal acceleration produced by a gust. The agreement with measure-
ments for the crude theory for gusts in Section 4.2.3 can be improved by applying a gust
alleviation factor to the results of (4.7).

. Returning to the problem in hand the situation is shown in figure 10.5(a), where we assume
that the gust velocity is taken to be a function of distance along the flight path.
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Fig. 10.8 Aircraft entering a graded gust: (a) velocity distribution, (b) definition of terms in derivation
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We now need to modify the stability equations to model the effect of a vertical gust. The
forces and moments produced by an upgust will all be of aerodynamic origin and will be
the same as for a downward motion of the aircraft. Hence we add the upgust velocity w,
to the aircraft vertical velocity w for the aerodynamic terms only; these are readily identified
as they are factored by a stability derivative. Making these adjustments to (9.28) to (9.31)
and assuming level flight we obtain

(D+%,)a +x,(wtwy) txd 26 =0
2d +[0+2)D+2, o+ @D+ )w,  +(z -] =% oas)
m,@ +mD+m )+ ) +(D+m)G  =0| T
G -Do =0

where w, = w/V, is the normalized upgust velocity. The use of the stability derivatives in this
way imposes the same restrictions on W, as those on w as discussed in Section 8.4.2.

Again the initial motion imposes the greater normal acceleration and so is normally of the
most interest and we therefore analyze this using the simplified treatment for the SPPO of
Section 9.4.2. Since we are now assuming constant speed, we have x = Ut and so we substi-
tute into w,(x) to find w,(r). From (10.28) we then find

(D + Z,)w - § =—z,w,(1) (10.29)
(myD + m,)W% + (D + m)g =—(myD + m, )W, (7) (10.30)

where the terms in w, are now regarded as forcing terms. The normal acceleration is again
given by (10.21) and we can solve (10.29) to find

DW ~ §G=—2,( + W,)

and hence on substituting we obtain

n=S (b + W) (1031)
C..
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We proceed to transform (10.29) and (10.30) giving

(mys + m)® + (s + m)q = —(m,D + m,)Ww,

assuming that w and g were zero initially. Then using Cramer’s rule we can solve these equa-
tions for the transformed vertical velocity in the form

Wy = H,, (5)W,(s) (1032)

where wax is the transfer function connecting the vertical velocity change to the upgust
velocity. In this equation

G (5)=—[G@ + my)s + (m, + z,m,)] (10.33)
and F'(s) is again the characteristic equation corresponding to (10.29) and (10.30) and given

by (9.80), with s replacing A. The response in pitching velocity can be found similarly. We
also take the Laplace transform of (10.31) to give

Zy
CLC

A=W + W) (10.34)

Then substituting for w from (10.32) we find

W, = H,,w. (s)w,(s) (10.35)

where K(s) =G/ + F’, and H,,,, is the transfer function connecting normal acceleration to upgust
velocity. Substituting for G, from (10.33) and for F’ from (9.80), K(s) is given by

K(s)=s(s + rﬁq) (10.36)

The response in normal acceleration as a function of time or frequency can be found from
(10.35) using the methods already described.

Worked example 10.1

An aircraft is flying at 120 m s~ when it meets a sharp-edge upgust of speed 10 m s™". Find the
equation for the normal acceleration given the following characteristics: C;, = 0.08, 7=2.3s,
z,=21,m,=48,m,=08,m =13,2,=0=z2,

Solution

The Laplace Transform of a unit step is 1/s so that w, = | /s, where | w] is the magnitude of
the step. We then have from (10.35), (10.36) and (9.80) with s replacing A
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- 2, (s + m, )s W’sl
n= Ll
Ce, st + (mg + 2z, +m)s+mz, +my| s
Cancelling out an s top and bottomn and substituting numbers gives
= s+13
n=26.25 % i
T an e 75 ®
We shall be using the transforms
| —at s+a —at - b
L bt|l= ————— Lle™ =—
[e cos ] Graf+ b and .[[e sin bt] Gt al T b

to invert (i). Completing the square in the denominator and adjusting the numerator to match
the transforms gives

n=12625 (s + 2.1) — 0453 x 1.766I A'I

(s + 2.1)° + 1.766°

and inverting,

n=2625¢">"[cos 1.766f — 0.453sin 7 |w,|
Finally substituting f =t/Tand w, = w/V, = 10/120 = 0.0833 then

n=2.18¢"%"""[cos 0.768t — 0.453 sin 0.768¢]

More realistic gust velocity profiles are often used for various purposes. Examples are the
ramp, trapezoidal and (1 — cosine) profiles as shown in figure 10.6.

A

(a) (b) (¢

W

Fig. 10.68 Various types of gust: (a) ramp gust, (b) trapezoidal gust, (¢} 1 — cosine gust

At the beginning of this section it was pointed out that the aircraft was being treated as
though it were a point; in fact we can improve on this treatment and allow for the rate of
change of gust velocity over the length of the aircraft. Considering figure 10.5(b) the increase
of upward air velocity over the length ! of the aircraft is /.dw,/dx, to first order. The increase
of relative upward air velocity over the length of the aircraft due to a pitching velocity g is
—gl. Hence the effective pitching velocity produced by a gust is g, = —dw,/dx. The aircraft
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must still be fairly short compared with the length of the gust; one-tenth of the gust length has
been suggested as the minimum. The modifications to the equations to allow for this can be
incorporated in the same way as for the constant upgust. We still have not taken into account
the very short-lived initial effects where the aircraft has only partly entered the gust.

10.3.2 Introduction to random variable theory

A random quantity can be considered to consist of the sum of a mean value and a fluctuating
part of zero mean value taken over a long time. In the context of an aircraft flying through
natural turbulence in the atmosphere, only the fluctuating part of the air velocity is of interest
as the mean value simply deflects the path of the aircraft through space.

Various results of random variable theory will be needed in the subsequent development.
We start by considering a periodic function of time, F(#), with period T. This can be repre-
sented by a Fourier series thus:

F(t)=a, + Y, a,cos nwyt + Y. b, sin nwt (10.37)

n=) n=|

where @, = 27/T is the fundamental circular frequency, and the coefficients a,, a, and b, are
given by

T
ag =—1-I F()dt (10.38)
TJ
2 (7
a, =FJ' F(t)cos nwgt - dt (10.39)
0
2 (T
2 =FI F(t)sin nwgyt - dt (10.40)
o

Using the complex variable (10.37) can be written in the alternative form
F(t) = che"'“"" (10.41)

where ¢, = ay, ¢, = (a, — ib,)/2 for n > 0 and ¢, = (a, + ib,)/2 for n < 0. Corresponding to
(10.41) we have

I
cn=—j F(tye " ™dt (10.42)
T

where the c, are complex. The magnitudes of the coefficients c, can be plotted as a series of
vertical lines at equal spacings as in figure 10.7(a) and are known as a spectrum.

Since the function is periodic we can displace the range of integration in (10.42) to other
ranges, for example to —7/2 to 7/2, without affecting the results.

A function F{(r) with discontinuities in slope will require an infinite number of coefficients c,
for an exact representation. We therefore let T — oo in a manner such that nw, - ®, @, — dw
and define

C(w)= lim <2
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(a) (b)
Fig. 10.7 Frequency spectra: (a) discrete, (b) continuous
then (10.41) and (10.42) become
= 1 N Cp inaxy = iar
F)= lim ZZ;T , [f(w)e do (10.43)

LR

and using @y, = 27T in (10.42)

c 1 T/2 » l v »
Clw)= lim - = lim|— | F(t)e "*'d¢ =—J F(e™'dt
(@) m(l,—»o W, a)o—oo[27f j_r/g Je :' 2r J_. (e (10.44)

Since the fundamental period of the function has become infinitely large the harmonics are
only separated in frequency by dw. The frequency spectrum of the harmonic components is
now continuous instead of discrete, as shown in figure 10.7(b). The relations (10.43 and (10.44)

can be regarded as a transform and its inverse (compare with the Laplace transform and its
inverse) and are known as a Fourier transform pair. They can be written symbolically as

C(w) = F{F()} and F(t) = F ' {C(w)} (10.45)
Ay
7
T
f -
Fig. 10.8 Sketch of time variation of a random

variable t
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The function F(r) can now be aperiodic or totally random as shown in figure 10.8. C(w),
however, remains continuous and analytic provided that

le(t)] dt

exists and that F(r) is of bounded variation in every finite interval in ¢; see for instance

reference (10.2).
We consider now the Fourier transform of the derivative of a function, written F'(1), that is

F{F'}= rF'(t)e ey

=[Fme )" - iw I F(r)e™'dr
using integration by parts. If F(¢) is zero at the limits, the first term vanishes and
F{F W} =i F{F@1)} (10.46)
providing # {F(1)} exists. Repeating this we find
F{F v} =Go) - F{Fn)} (10.47)

We now consider an nth order linear system described by the variable x and subject to a
periodic force F(?), the differential equation can be written

(a,D" + a,,D"™" + ... +a,)x = F(1) (10.48)
where D = d/dt. Taking the Fourier transform of both sides we have

(a,(i0)" + a,_ (@)™ + ... +ao)F {x} = F{F(1)}

using (10.47). Then solving
F{x}=H(w) - F{F(1)} (10.49)

where

1

PRV a1 (10.50)
a,(iw)" + a, (0)"" + ... +a,

H(iw)=

If we had applied the Laplace transform to (10.48), solved to find the transfer function and
then substituted i@ in place of s we would obtain the result (10.50); evidently H(iw) is the
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frequency response as defined in Section 10.2.2. If the Fourier transform of F(r) is C(iw) then
the inverse of (10.49) is

1 (7., C o i
x(t) = Py J'_-C(la))H(la))e do (10.51)

We now consider the integral of the square of F(r). Rewriting (10.43) and (10.44) with 27f
substituted for @ we have

F(1) =J C(if)e' ™ df (10.52)

and

C(if) = f F(e ™ de (10.53)

Denoting the complex conjugate of C(if) by C*(if) we have
C*(if)= J F(t)e'*dt (10.54)

and

CGif)- C*(if) =|cary (10.55)

Then the integral of the square of F(1) is

J .'Fz(t)dt = fF(:)- F(t)dt = r F(t)[J“C(zf)e”""df]dt

and on changing the order of integration

Fi(ndr= | Cif ..F(t)eiz”'dt df
[ rou=[enf [ roeea

[ Pou= [ cn-cran [ Icanter

Then using (10.56)

Since |C(if ) is an even function of f
j F*(dr = 2_[ lcary* df (10.56)
on o

The mean value of FX(f) over a time of sampling 7, written as (F*(f)), is
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712
(Frm) =-j FX(t)dt
-T2

as T tends to infinity {(F*(f)) remains finite and
T2

(Fz(t) —hm I FX(t)dt

~TI2

or from (10.56) and interchanging the operations of integration and taking the limit
(F@)= J“ lim [3|C(if)|2]df
o T-=L.T

We write this as

(FPw)= J;s( fHdf (10.57)
where
S(=lim [%|C(if)|2] (10.58)

S(f) is known as the ‘spectral density’ of the random function F(¢); corresponding to the
narrow frequency band df, S(f)df is the associated amount of (F’(t)) It is also often called the
‘power spectral density’, reflecting its origin in electronic engineering where a current equal
to F(r) dissipates a power (FX(f)) when passing through unit resistance. The abbreviation
‘PSD’ is often used for power spectral density. In practice experiments to measure real quan-
tities, in a windtunnel say, last a finite time and there may be a small error due to not being
able to take the limits in the above expressions to infinity. However, the results will generally
be within the limits of engineering accuracy.
We now need to find an expression for the spectral density of the output of a linear system
S.(f) given the spectral density S(f) of an input F(f). From (10.51) we have the output as

x(t) = j “CHHG o

where 27f has been substituted for @. Then following an analysis similar to the previous one
we have

200\ [ tiend 2 1ol iey?
(x (t))—J; }LT_[TIC(U')I |H(r)] ]df
that is, the special density of x(r) is

S.(f)=SUOHGF (10.59)
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and

oo o0 2
(x*) = J'o S (f)df = jo SCFYHCF) df (10.60)

which are the primary results needed.
We introduce one further new concept, that of the ‘auto-correlation function’ of F(f)
defined by
712

R(f)=}i_l.11%J‘ F(@)F(t + 7)dt (10.61)

-TI2

Evidently it is the average of the product of the signal and its value at a time later by the
amount 7. If we put =0 then

' i T2
R(O) = lim 7_[ Fi oyt = (F2 (1) (10.62)

-T2

It can also be shown that the auto-correlation and the spectral density form a Fourier transform
pair. As Tincreases we expect R() to decrease and fall off to zero as shown in figure 10.9 as
the velocities at well separated times will be completely uncorrelated.

A
3 1.0 equal areas
N
T
@ I
Fig. 10.9 Definition of characteristic time from 0 -
autocorrelation function T

We can define a ‘characteristic time’ 7* such that 7*.(F(t)) equals the area under the corre-
lation function as shown in figure 10.9.

10.3.3 Application of random variable theory, the ‘PSD method’

The main adaptation required to the theory of the previous section in describing atmospheric
turbulence is to adjust it to the fact that it is a variation of atmospheric velocity with distance
rather than time that is involved. In the functions and integrals of the previous section we
replace time by distance and frequency by a quantity known as ‘wave number’. Frequency has
the dimensions of (time)™' and wave number Q, defined as 27/A where 4 is the wavelength,
therefore has the dimensions of (length)~'. To emphasize this change of viewpoint we change
the symbol for spectral density to ®. We assume that the statistical properties of the turbu-
lence are constant with time, known as ‘stationarity’, and over a suitably large region of
space, i.e. homogeneous. The statistical properties of turbulence in a particular case may be
measured over a long period of time, or on a number of separate occasions over a fixed time
and the results then averaged. The latter average is known as an ‘ensemble average’. If a case
of turbulence is both stationary and homogeneous it is described as ‘ergodic’; in such a
case the ensemble average will be equal to the time average.
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Turbulence is a highly three-dimensional phenomenon so that not only can spectral
density and correlation functions be defined for the three velocity components along their
respective axes, but also cross spectra and cross correlation functions which involve two axes
in their definition.

We assume that the aircraft velocity is much larger than any component of turbulence so
that turbulence velocities are effectively constant during the time the aircraft flies through any
region of turbulence. This is referred to as ‘frozen’ turbulence and the concept is known as
Taylor’s hypothesis. We again concentrate our discussion on the variation of the vertical gust
velocity along the flight direction and the normal acceleration produced. The method of
course can be applied to any turbulence velocity component and any variable of the aircraft
motion or something derived from it, including structural parameters such as stress or bending
moment. The steps in the calculation are as follows:

1. Choose a suitable atmospheric turbulence model and hence an expression for the spectral
density.

2. Deduce the spectral density of the aircraft response from the equivalent of (10.59).

3. From the latter deduce the probability of the variable of interest having a value outside
certain predetermined limits.

A common choice for expressions to describe the atmospheric turbulence spectral densities
are the von Kdrmén expressions which fit the experimental data well. For the vertical velocity
we have

a’L[l + (8/3)(aLQ)2]

dQ) =
“» 2nft + @3]

(10.63)

In this expression L is the ‘integral scale length’, defined in a similar manner to the charac-
teristic time 7* through a correlation function, and is a measure of the average wavelength,
and frequently taken to be 750 m. Also & is the root mean square turbulence velocity and
ranges from 0.5 m s in clear air to over 4 ms™! in storms; a is a purely numerical constant
and is taken to be 1.339. Figure 10.10 shows a plot of the resulting spectral density.
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Fig. 10.10 Kéarman spectral density 104 103 102 101 100 102
variation with wave number 0

At high frequencies @ tends to zero like Q*3, a region known as the ‘inertial sub-range’,
whilst at low frequency ® = 6’L/2n, a constant. The bend in the curve separates the two and
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is known as the ‘knee’. This expression for the spectral density is only valid away from the
ground and possibly away from certain meteorological phenomena.

The input turbulence spectral density is converted into the spectral density of normal accel-
eration using the frequency response function of Section 10.2.2. As the aircraft flies through
the turbulence it is subjected to an upgust variation with time, so as in Section 10.3.1 we
convert a variation in space to one in time. A wave of length in space of A is converted to a
frequency of f= U/A, then substituting for A in terms of the wave number gives Q = 2nf/U..
As indicated in Section 10.3.1 the maximum normal acceleration is determined primarily by
the response in the SPPO mode and its frequency response is determined from (10.35). The
natural frequency of the SPPO mode is usually in the inertial sub-range and frequencies close
to it are amplified relative to the others, giving a peak in the normal acceleration frequency
response at this point. The mean square of the normal acceleration can then be calculated from
the output spectral density using (10.60) suitably adapted.

The final step is to calculate the probability of exceeding a certain value of the normal
acceleration corresponding to the maximum that the aircraft is designed to withstand.
Atmospheric turbulence is approximately a Gaussian process with zero mean and so it is
common (o assume that the normal acceleration output is also Gaussian. The probability that
the normal acceleration lies between the values n and n + dn is then

P(n) = — e ¢ 12%% (10.64)
0327[ ’

where 03 is the mean square of the normal acceleration found in the previous step. A plot of
the probability density function is sketched in figure 10.11.

p(m |

/

Fig. 10.11 Definition of n, from probability density I -
function n,

3

The probability that the normal acceleration will exceed a critical value n, is equal to the
area under the curve and to the right of n,. This is

1 - —-n? /262
P = e "dn
(n) o,\2n .[.+

or

P(n+)='}[1 ~ erf(n, 120, )] (10.65)

where erf(x) is the probability integral. We may interpret this as the fraction of the total flight
time for which n exceeds the critical value. There may be a second (negative) critical value, n_,
so that the total probability of damage to the aircraft is P(n.,) + P(n_). In fact neither turbulence
input nor the aircraft response to it is properly Gaussian and also better methods for connecting
the spectral density of the output to the probability of damage have been developed.
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10.3.4 Statistical discrete gust method

This method has the same objectives as the PSD method but aircraft responses in the time
domain are used; actually it is a set of related methods of which we shall describe one. The
method starts from the observation that turbulence, including atmospheric turbulence, in fact
contains what are known as coherent structures and is not purely random. Examples of coher-
ent structures are such things as vortices in various shapes and localized jets. Calculations
are made of the aircraft response in the variable of interest to a ‘patterns’ of gusts of the
(1 — cosine) form: see figure 10.6(c). In the simplest pattern the vertical gust velocity is
defined by two parameters, the maximum gust velocity w, and a gradient distance H, which
varies from zero to the integral scale length L. The gust velocnty variation is then

A

BA
wg(x,H,)=T‘(l — cos (ms/ H,)) for 0 € x < H,
w,(x, H))= Q;\ forH <xs<L

(10.66)

where x is the distance from the start of the gust. The gradient length and the maximum gust
velocity are related by the expression

W, (H) = UoH! (10.67)

where k is a constant usually taken to be 1/3 and U, is a constant with the dimensions of
velocity and taken to be 1 m s™'. The variation of w and the gust velocity for typical members
of the pattern is shown in figure 10.12(a).

wod n
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Wg= UoH -

/z*
/

s, H,
(a) {b)

Fig. 10.12 Statistical discrete gust method: (a) pattemn of 1 —~ cosine gusts, (b) envelope of corres-
ponding normal acceleration responses

Figure 10.12(b) sketches the corresponding normal acceleration responses; the peak of the
envelope of the peaks of the individual curves is denoted by 7. The second pattern consists of
a (1 — cosine) ramp followed after a time delay 7, by a second ramp in the opposite sense as
shown in figure 10.13.

The maximum velocity for the second ramp is related to its gradient distance H, by a rela-
tion of the form of (10.67) and has the maximum velocity change reduced by a factor p,. The
third pattern is similarly defined with a third ramp in the opposite sense to the second. The
aircraft is subjected to (1) all possible single ramps, (2) all possible combinations of two
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T

\ tH

Fig. 10.13 Second pattern of gusts H.

ramps varying H,, H, and 7;, (3) all possible combinations of three ramps, and so on. The
corresponding ¥ values are ¥, %, % etc. As the number of ramps in a pattern increases the
probability of encountering that number decreases and to account for this reduction factors p,,
P2 P etc. are calculated from

pr=1,p,= 1/0.88 Vi, fori 22 (10.68)

Then the maximum peak amplitude of response ¥ is taken to be the largest of the products p,¥
found; this is referred to as the ‘tuned case’ and the corresponding value of f is calculated
from

H =(HH,.. .H)" (10.69)

where n is the corresponding number of component ramps. The average rate N of occurrence
of peaks of normal acceleration equal to or greater than n, is then given by

(24 n
N=—exp| —— 10.70
Srewn -5 (1070)

In this equation a has been determined from experiment and varies from 0.09 for intermittent
turbulence to 0.71 for isolated gusts. The factor B is proportional to gust intensity and taken to
be 0.090, and A can be taken to be 0.3.

This method is claimed to give comparable results to that of the previous method, but only
in the inertial sub-range, which is fortunately the range of most practical interest; this is
described as an ‘overlap’ between the methods. This method involves far more effort to use
but is claimed to be more realistic; it deals with encounters with relatively isolated severe
gusts and patches of continuous turbulence of lesser intensity within the same framework.

10.3.5 Pilot opinion, handling and flying qualities

The final arbiter as to whether the stability and control characteristics of an aircraft are satis-
factory has to be the pilot, regardless of the opinions of the designer and his or her team.
Satisfactory in this context means that the pilot can control the aircraft accurately without
excessive or over-complicated control movements or large forces and that he or she can fly for
a reasonable length of time without becoming mentally or physically fatigued. Satisfactory
also means that the airworthiness regulations of the countries that the aircraft may operate in
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have been complied with, so that Certificates of Airworthiness can be obtained. The first of
these matters, referred to as ‘handling’, is dealt with by specifying various parameters charac-
terizing the stability, control and response of the aircraft. The airworthiness requirements
usually refer more directly to pilot assessments of the aircraft, known as ‘flying qualities’.

The handling quality requirements have been built up over the years from the opinions of
pilots, based on their experiences. These opinions have been compared with the charac-
teristics of the modes as found using the methods described and much effort has been put into
finding the parameters which give the best correlation with pilot opinion. Different parameters
will give the best correlation depending on the mode considered; the intended function of
aircraft also has some effect. This research has been carried out using not only normal aircraft
but also aircraft equipped with variable artificial stability systems and ground based simu-
lators. For some specialized types of aircraft specific research using these methods still needs
to be undertaken. Passenger comfort is another factor in this picture.

Pilot opinion cannot be reported in any obvious numerical way, but a number of scales of
pilot opinion have been devised. The most detailed one is the Cooper—Harper scale in which
the pilot evaluates an aircraft in any flight by working through a questionnaire. This is a
10-point scale, ranging from a rating of 1 in which the aircraft can be described as having
excellent or highly desirable qualities and the pilot does not need to compensate for any
deficiencies to obtain the desired performance. At the other end of the scale is a rating of 10
where the aircraft handling has major deficiencies and control may be lost during some
portion of the required operation.

In specifying the characteristics required during the design phase the Cooper—Harper scale
is too detailed and too subjective and the shorter scale shown below is used.

Level 1 Cooper-Harper ratings 1, 2 and 3. Flying qualities clearly adequate for the mission
flight phase.

Level 2 Cooper—Harper ratings 4 and 5. Flying qualities adequate to accomplish the mission
flight phase, but some increase in pilot workload and/or degradation in mission

effectiveness exists.
Level 3 Cooper—Harper ratings 6 to between 7 and 8. Flying qualities such that the aircraft
can be controlled safely, but pilot workload is excessive or mission effectiveness is

inadequate.

To account for the differences between aircraft, four classes of aircraft are specified largely
according to their mass as shown in table 10.1.

Table 10.1 Aircraft classes (mass in kg)

1 n i v
<570 570-30 000 >30 000 Highly manoeuvrable

The requirements may also depend on the flight phase of which three are recognized:
Category A for rapid manoeuvring expected only of military aircraft, Category B for slow
manoeuvres not requiring high precision, and Category C for slow manoeuvres requiring
accurate flight path control such as take-off and landing.

For the phugoid mode the handling qualities criteria are simple: for Level 1 a damping ratio
of more than 0.04 is required but values higher than 0.15 do not result in any further improve-
ment. A time to double-amplitude greater than 55 s can be coped with by a pilot with some
difficulty; if this mode is unstable it presents the pilot with a problem in trimming the aircraft.
The airworthiness requirements usually ask that its characteristics be satisfactory, which can
be interpreted as meaning that it should be stable and have a frequency well separated from
that of the SPPO so as to avoid coupling of the modes.
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For the SPPO mode both the natural frequency and the damping ratio are important. Curves
of constant pilot opinion are plotted against these parameters. A good combination for light
aircraft is a damping ratio of 0.6 with a natural frequency of 3 rad s'; the plots of constant pilot
opinion are closed curves centred roughly about this point. Much lower values of the relative
damping give excessive overshoot, whilst much higher ones result in a sluggish aircraft to
control. Much lower values of the natural frequency make for difficulties in trimming, whilst
much higher ones give too rapid initial response and can lead to pilot induced oscillation.

A parameter describing the controllability of the aircraft is also introduced, an example of
which is the ‘attitude lead time constant’, ¢, If the elevator is moved by a small amount and
then held constant, the rate of pitch will build up rapidly to a steady value as shown in figure
10.14(a), then the pitch angle will be increasingly linearly. As a result of the inclination of the
aircraft it will begin to climb and the climb angle will reach a steady rate of increase a little after
the pitch rate becomes constant. The lag in time between the pitch angle reaching a certain
value and the climb angle reaching the same value in the linear part of the curve is the attitude
lead time constant, as shown in figure 10.14(b). It needs to be fairly short for accurate control.

%. climb angle 7
. 8
? S
q p, n ] s
< :
9 h I3 pitch angle

S

(n) t (®) t

Flig. 10.14 Aircraft response to rectangular pulse input to elevator: (a) pitch rate response, (b) pitch
angle and incidence responses

Airworthiness requirements usually state that any short-period oscillation must be heavily
damped with the controls both fixed and free. These requirements are in addition to those for
static stability discussed in Section 5.7.

Discussion of the handling and flying qualities for the lateral motion is left to Section 11.7.

Student problems

10.1 A stable aircraft in steady level flight has its elevator moved from the initial value 7
through an arbitrary series of values to a final steady value n + 7', where 1’ is
assumed small. Assuming that the aircraft remains within the range of linear
aerodynamics, show that values of the motion variables i, w, and 6, after the motion
has again become steady are

i, =(myz, — z,m,)N' /A
w. =(z,m, = mz, N’/ A
0.. ={m,,(xwzll - Xx,2,) — Zp{x,m, — xumw)}n'/glA

where
A=z m, — z,m,
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10.2 Rework the theory of Section 10.3.1 to accommodate the improved representation of
an aircraft traversing a gust developed at the end of the section.

10.3 Find the equation for the pitching velocity for the aircraft in Worked example 10.1.

10.4 Find an expression for the normal acceleration produced by a step change in elevator
angle of 0.05 rad on an aircraft with the following characteristics: Z,, = 5.5, m, = 49.7,
m,=14,m =5m,=493,2,=0, t=9s.(A)

10.5 Find the frequency response function for the pitch due to elevator angle change for the
aircraft of the previous problem in the form of (10.16) given the following additional
derivatives: x, =0.061, x,, = —0.355,2,=0.778, z, = z,=m,=0and C;_=0.53.
Assume level flight.

10.6 Develop a program written in Basic or Fortran to calculate the response of an aircraft
to a (1 — cosine) gust adapting the method of Section 10.2.3.

Note

1. The same result can be obtained by adding the centripetal acceleration to the time derivative of
vertical velocity.
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Lateral dynamic stability and
response

11.1  Introduction

The main aim of this chapter is to solve the lateral stability equations for the case of free motion,
i.e. the homogeneous case, and then using these results to discuss the modes, their dependence
on aircraft geometry and the conditions for stability. We start by describing the estimation of the
stability derivatives and end with a short section on control and lateral response.

11.2 Lateral stability derivatives

The general remarks on derivatives in Sections 9.2 and 9.2.6 apply equally in this case. There
is a difference between these derivatives and the longitudinal ones in that they all have to be
estimated by adding together the separate contributions from the various components of the
aircraft. A similarity is that many are functions of lift coefficient or incidence. Contributions
from the wing usually have to be estimated using a lifting line or lifting surface theory or
from empirical data. Some of the aerodynamic mechanisms by which these derivatives are
produced have already been discussed in Chapters 6 and 7, but it is worth briefly discussing
each of them here in turn.

11.2.1 Derivatives due to sideslip velocity
The derivatives that we are concerned with in this section are

e Y, the change in sideforce due to sideslip velocity
e L, the change in rolling moment due to sideslip velocity
e N,, the change in yawing moment due to sideslip velocity.

Section 6.2.2 discussed most of the effects of sideslip on the components of the aircraft and
the contributions to the derivatives produced. The important derivative L,, sometimes known
as the dihedral derivative, tends to have both positive and negative contributions, making it
one of the most difficult derivatives to estimate accurately. The designer is able to use dihedral
angle to adjust the value of L, to that required. Other contributions discussed in Section 6.2.2
were those from sweepback, which is proportional to lift coefficient, and a contribution from
wing position on the fuselage. There is also a small contribution from the fin produced by the
sideforce generated.

The derivatives Y, and N, are contributed to mainly by the fin and the fuselage. In Section
6.2.2 we saw how sideslip produces an incidence on the fin giving rise to a sideforce and
hence a yawing moment. An effect, not mentioned in that section for the sake of simplicity,
arises from the trailing vortices from the wing tips. In a sideslip they assume a skewed
position as shown in figure 6.2(a). The result is that the horizontal components of the vel-
ocities induced by the vortices at the fin do not fully cancel out and a small nett sideways
velocity is left. This usually reduces the mean incidence of the fin and hence reduces its lift
and therefore the contributions to these derivatives. It was mentioned in Section 6.2.2 that the
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fuselage produces a sideforce and a destabilizing yawing moment. The changes in the distri-
bution of lift across the wing span on a sweptback wing in a sideslip cause corresponding
changes in the trailing vortex drag and hence yawing moments, giving rise to a contribution to
the derivative N,. This is proportional to the square of the lift and can become important at
high incidence.

Propellers, if present, produce a sideforce in a sideslip in the same sense as a fin and hence
also a yawing moment. Normally they are placed ahead of the aircraft cg and so produce a
negative contribution to N, and therefore are destabilizing. It should be remembered that they
also produce a yawing moment about a vertical line through the plane of the disc.

11.2.2 Derivatives due to rate of roll
The derivatives that we are concerned with in this section are

e Y, the change in sideforce due to rate of roll
L the change in rolling moment due to rate of roll
e N, the change in yawing moment due to rate of roll.

The most important derivative of this trio is L, which provides the damping in roll and was
discussed in Section 7.2.1. Incidence changes on the wmg due to the rolling motion give lift
changes producing an opposing moment; since the wing is the largest lifting surface the deriv-
ative is relatively large. Similar, but much smaller, contributions are made by the tailplane and
fin. The lift changes on the wing due to rolling which produce the damping also cause changes
in the trailing vortex drag distribution across the span, giving rise to a yawing moment. This
effect is the main source of the derivative N,. Rolling of the aircraft gives a lateral velocity to
the fin which gives rise to a sideforce, producmg the derivative ¥, and a small contribution
to N,. The derivative Y, is usually small and often ignored.

11.2.3 Derivatives due to rate of yaw
The derivatives that we are concerned with in this section are

e Y, the change in sideforce due to rate of yaw
e L, the change in rolling moment due to rate of yaw
e N,, the change in yawing moment due to rate of yaw.

Some of the effects of rate of yaw on the components of the aircraft and the derivatives
produced were discussed in Section 6.2.3. The most important derivative is N, which provides
the damping in yaw and is contributed to by the wing, fuselage and fin. The main contribution
comes from the fin sideforce caused by the fin incidence change discussed in Section 6.2.3;
this also causes contributions to the derivatives Y, and L,. Rate of yaw causes the wing tips to
have different forward speeds giving rise to a rolling moment also discussed in Section 6.2.3.
This produces changes in the distribution of drag across the wing span and hence produces a
yawing moment which adds to (—N,). The fuselage also contributes to N, due to its resistance
to sideways motion. Because propellers have a fin-like effect they contribute to Y, and N,. The
derivative Y, is usually small and often ignored.

11.2.4 Estimation of the lateral derivatives

In the absence of flight test, computer fluid dynamics or good windtunnel data as in the early
stages of the design of an aircraft, derivatives have to be estimated from semi-empirical data
such as ESDU data items. Table 11.1 lists the items relevant to each derivative for estimation
in subsonic flow. A few of the items are also relevant to supersonic flow and in other cases
there are items for supersonic flow.
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Table 11.1 Estimation of lateral derivatives using ESDU data items

Force/moment Due to sideslip Due to rolling Due to yawing

Sideforce [—1 [-] [+]
79006 W/F 81014 WP 83006 B
82010 F 85006 WD 82017 F
93007 F 83006 F 89047 P
92029 F
89047 P

Rolling moment -1l e {-]
80033 WP Aero A 06. 72021 WP
Aero A 06.01. 01.0! W&T 81017 F

03 & 09 WD 85006 WD

73006 W/F 83006 F
81032 T
82010 F
92007 F
93029 F

Yawing moment [{+11 [+] -]
79 W/B 81014 WP 71017 WP
82010 F 85006 WD 83026 P
93007 F 83006 F 82017 F
92029 F 89047 P
89047 P

Key

{—] or [+] indicates the usual sign of the derivative.
{ [—])or [{+] ] indicates that the derivative must be of this sign for static stability.

Letters indicate that the contribution is due to the:

W wing W/F wing and fuselage together or wing-fuselage interaction
WP wing planform T tailplane

WD wing dihedral F fin

B fuselage P propeller

Data items 81032, 82011, 84002 and 85010 give general information on the estimation of these derivatives.

Table 11.2 Conversions of derivatives to concise forms

Rolling moment Yawing moment

Y-force
y=-Y,
D
=Y/
ye= Y
="V

l, = —LJi, n, == LNJi,
L= —LJi, n = —N,/i,
I =~LJi n = ~NJi,
I(-_- "IJQL"/I! n‘= _/.lzN(/lz

11.2.5 Control derivatives

The derivatives, with relevant ESDU data items indicated, are

o the sideforce, rolling moment and yawing moment due to aileron, Yy, L; (88013) and

N (88029) and

o the sideforce, rolling moment and yawing moment due to rudder, Y,, L, and N, (87008).
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11.2.6 Conversion of derivatives to concise forms

Table 11.2 summarizes the required conversions and is based on table 8.4.

11.2.7 Conversions to derivatives in American notation

/

The conversions between these derivatives and those expressed in the American notation,
defined in Section 8.6.3, have been shown by Babister, reference (11.1), to be as follows.

The stability derivatives C C g and C in American notation are equal to their counter-
parts Y,, L, and N, in the current notauon

The stability derivatives C C,, > Cypo CIr and C, in American notation are equal to
twice their counterparts Y, f’,, L, and N, in the current notation.

The control derivatlves C yer C g C, e C, C,‘ and C, ¢ are equal to their counterparts Y, o Lg,

N Y L andN in the current notation.

11.3 Solution of lateral equations

The concise dynamic-normalized lateral equations are (8.57) to (8.61). For most of this chapter
we shall be using wind axes and hence we put W, = W, =0and U, = V_so that U, = 1. The
equations are then

(D + yvv tyh HAHYIF - - HY =-F@) (LD
IV +(D+1)p + (eD+1)F =-I(f) (112)

ng +(e,D+n)p +(D+n)F =—-a(f) (11.3)

p - D¢ =0 (11.4)

7 - Dy =0 (11.5)

In these equations the control terms are, from (8.62) to (8.64),

9(;) = igg'(t‘) + igg'(;)
1)=1E) + 1,.5°(r) (11.6)
ﬁ(;) = 555'(;) + ﬁgg'(;)

Frequently interest is confined to level flight; then g = 0 and we can substitute for 7 in
(11.1)~(11.3) from (11.5) reducing the number of variables to four.

The product of inertia terms e, (= I,,/1,) and e, (= I,,/1,) are usually small and can be elim-
inated between (11.2) and (11.3) without altering the effective values of the derivatives
unduly. Thus if we subtract e, times (11.2) from (11.3) and e, times (11.3) from (11.2) and
divide through by A, =1 — e,e, we find

I1* + (D + I%)p + I =1*() (1.7
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n*y +nxp + (D + n*)F
where
*=(l, — en,)/ A,
=1, ~ en,)/ A,
x=(, — en)lA,
*x*

= (nv - ellv)/Az

i
n’ =(np - ezlp)/A2
*

n%(1)=(n(r) — e,i(1))/ A,

=a*(r)

5

(11.8)

(11.9)

Our equations are now (11.1), (11.4), (11.5), (11.7) and (11.8); this form gives a slightly
clearer view of matters. Each can readily be solved for the highest derivative thus putting them
in state-space form as described in Section 7.5. A schematic representation of these equations
is shown in figure 11.1 which illustrates the various interactions between the three freedoms.

inertia
Dv

moving

damping [ sideslip
Yo v freedom

axes E
weight com —
weight ! P &= [p dt

-~
v
P

b

component 9
92 T
| Ie 1 b inertia | damping rolt
aileron > Dp lp ) freedom
angle
£ ] ]
rudder ] ><
angle ~ ||
4 | 3 l
ng = ingrtia damping yaw
n, or ;‘r'; freedom
11 y=Jrdt rl

Fig. 11.1 Schematic of lateral stability equations

In this figure we have omitted the effects of the small derivatives y, and y,. The same figure
would represent the original set of equations if we had simply neglected e, and e, as well. It
should be noted that none of the freedoms has a term proportional to the particular displace-
ment, that is a term having the function of the spring term in the archetypal mass—
damper-spring system. Roll and yaw angles are involved but only as coupling terms with the
sideslip equation. To a first approximation there is no significant coupling term from roll into
the sideslip freedom. The uses to which we can put these equations are, of course, the same as

outlined for the longitudinal equations in Section 9.2.
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11.3.1 Solution of the equations of free motion

To find the solution of the equations for the case of free motion with the controls fixed we put
the right-hand sides to zero and assume a solution of the form

v
¢=kyei (11.10)
v

where k,, k, and k; and A are real or complex. We now substitute for p and 7 in (11.1),(11.7)
and (11.8) from (11.4) and (11.5), and substitute the assumed solutions (11.10). Each term
then contains a factor exp (A4 t ) which can be cancelled out, leaving the equations

(A + 3,k + (A — 8k + [+ y)A — gk =0
) Ik, + (A2 + XAk, + I*Ak, =0 (11.11)
nkk, + n}Ak, + (&2 + nti)k, =0

We again employ the argument that, apart from the trivial solution k; = k, = k3 = 0, these
equations are incompatible unless their determinant vanishes. Forming the determinant and
equating it to zero gives

Aty yA-& (A+y)d-g
F(A) = [ A+ A A =0 (11.12)
n* npA A2 + n*A
Multiplying out the determinant gives a quintic in A which we write as
FA=2+BA+CA+D,A+EA=0 (11.13)

The coefficients B,, C,, D, and E, are functions of the derivatives and g and g, as follows:

B,=y, + 1} +nY (11.14)

Cy =y, (% + n*) + (In* — I*n%) = ¥y, — n*(1 + y,) (11.15)

D, =yv(l"','n’:‘ —In3) — (1 + ydpns — Iin}) (11.16)
+y(Itny — int) + 158 + nlg,

E, = g(I%n* — I*n%) + g,(I%n% — I'n? (11.17)

It may be noted that double product terms like (! yn} — I7n}) can be simplified on substituting
from (11.9), in this case to (/,n, — Ln,)/A,. The result is that only the first term on the right of
(11.14) is not inversely proportional to A,. The quantity A, is in fact the coefficient of A’ in the
characteristic equation of (11.1) to (11.5) as they stand.
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11.3.2 Iterative solution of the characteristic quintic

We can immediately extract the root A = 0, then like the longitudinal quartic the remaining
quartic has a fairly fixed pattern of roots and hence a normal pattern for the coefficients. The
lateral quartic normally has two real roots, one large compared to unity, and one smali; the
remaining roots form a complex pair. The result is normally that the coefficients B,, C, and D,
are rather larger than unity and increase in size in that order; by contrast the coefficient E, is
usually much the smallest of all. These facts lead to approximate expressions for the roots
which can then be improved by iteration.

11.3.2.1 The large real root

To find this root we note that if A is rather larger than unity then the inequalities
A" 2’3 A2 1> 1 hold, so keeping only the two highest order terms of the quartic we
have A* + B,A’>= 0, or

A=-B (11.18)

as a first approximation. This root is associated with a mode known as the ‘roll subsidence’,
which describes it fairly accurately in that it is a highly damped motion mainly in the roll
freedom. It is often possible to improve this value in a simple manner. We first write the
quartic in the form

A+ B, + CJA+ DJA + EJA} =0

and then approximate the last three terms on the left, which should be the smaller ones, using
the value already obtained which we write as A'. Then solving for the first term, written as A",
we find

l”=—(Bz +%+%+IE%) (1119)

which can be used to repeat the iteration process. In some cases this process does not
converge, the second or third terms in the brackets becoming comparable to the first, and it is
necessary to use some other method such as Newton’s to improve the root. The time to halve
the amplitude of an initial disturbance can then be found as in Section 9.2.2.

11.3.2.2 The small real root

In this case we note that if A is less than unity the inequalities that hold now are
133 A3 A2 A’ > A% then keeping only the two lowest-order terms of the quartic we
have D,A’' + E, =0, or

A' = —E,/D, (11.20)

as a first approximation. This root is associated with a mode known as the ‘spiral’ mode, again
a fair description in that typically the motion is a slow, almost correctly banked turning
motion. The mode may be stable or slightly unstable; the spiral motion is of increasing radius
if stable and vice versa. This root can be improved by using the first approximation to estimate
the high-order terms. Denoting the first and second approximations as A’ and A" and rewriting
the quartic as
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A+ BA?+ GA* + DA+ E =0

and solving for A” we obtain

" l 2 23 24
A" = Fz(Ez + GA + BA” + 4™ (11.21)

which can be used to continue the iteration. Section 9.2.2 can then be used to find the time to
halve or double the initial amplitude of a disturbance.

11.3.2.3 The complex pair

Having obtained two roots of the four we can divide out the corresponding factors from the
quartic, either one at a time or by multiplying the factors together and dividing by the resulting
quadratic. The resulting quadratic is solved by the usual method. An alternative is to use the
fact that the coefficient B, is equal to minus the sum of the roots and E, is equal to their product,
but this information is often better left to provide a check on the results. This pair of roots are
associated with the ‘dutch roll’ mode or lateral oscillation. For most aircraft all the freedoms -
sideslip, roll and yaw — are excited, and the magnitudes and phase differences between them are
strongly dependent on the aircraft configuration. This gives a rather complicated and variable
motion for which there are no simple generalizations. Having found the root, Section 9.2.2
enables the frequency and time to halve the initial amplitude of a disturbance to be found.
A spreadsheet setup for solving lateral quartics is given at the end of this chapter.

Worked example 11.1

Solve the lateral stability quartic A* + 9.43A° + 31A2 + 1924 + 3.18 = 0 and state whether the
aircraft is stable or not.

Solution

Using (11.18) we have the first approximation to the root corresponding to the roll mode as
A’ = —B, = —9.43. Then using the improved result (11.19) we find

V= —(82+C2 + b, +_&)=_(9_43+ 31 192, 318 )=_8

ot 3 +
A A2 As —-9.43  (=9.43)2  (—9.43)

Repetition of this process gives finally A = —8.447.
We next find the root corresponding to the spiral mode; a first approximation is from
(11.20) A’ = —E,/D, = —3.18/192 = —0.0166. Then using the improved result (11.21)

" _ _ 1 2 Ix) 4
A" = E(Ez+c2,1 + BA” + 1%)

= —75—2-(3.18 + 31 % (=0.0166)° + 31 x (~0.0166)° + (~0.0166)* )= ~0.0166

so that to this accuracy no improvement is possible.
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We then multiply together the linear factors corresponding to these roots, obtaining
(A + 8.447) (A + 0.0166) = (A* + 8.4644 + 0.1402) and divide this factor into the quartic
using long division. The other quadratic factor is thus found to be (A2 + 0.966A + 22.68).
Finally solving this gives the complex pair A = —0.485 + i4.738. Since the roots are all
negative or have negative real parts the aircraft is stable.

11.4 Discussion of the lateral modes

Taking each mode in turn we discuss their characteristics, which are the result of the inter-
action of several influences. These are the aerodynamics, the components of the weight along
the axes, the effects of inertia, and kinematic effects such as the fact that rotation of the aircraft
in yaw combined with the forward speed has the effect of generating a negative sideslip
velocity. If an aircraft is given a small rotation y around the z-axis then there is a component
of the forward speed V,y along —Oy. Thatis v= —V,worv = f= —y. As it is easier to
visualize an angle, in this case the sideslip angle B defined in Section 6.2.2, than the
normalized sideslip velocity, v, we use the former in the following discussions, although they
are approximately equal.

The moments and products of inertia about the three axes change if we rotate the axes
relative to the aircraft. In this way it is possible to find an orientation for the axes in which the
products vanish; these axes are then the ‘principal axes of inertia’ and the moments of inertia
are then at a maximum or minimum. An aircraft of span rather less than its length will have a
principal axis of inertia roughly pointing in the forward direction and about this axis the
inertia will be a minimum.

11.4.1 The zero root

A zero value for an eigenvalue implies a mode with neutral stability, so that any displacements
left after the other modes have decayed to zero never die away. Using (11.10) we find

v=k, ¢=k,, ¥v=k, (11.22)
so that all the values are constant. Then substituting into (11.1) to (11.3) gives

&¢ + gzv‘;ig} (11.23)

so that there is no sideslip, and the second equation of (8.21) shows that there is no sideways
component of the weight. Then substituting g = C, = g = C,_tan ©, gives

¢$cos©, + ysinO, =0 (11.24)

From this we deduce that if the initial climb angle is non-zero then the aircraft, if stable,
reaches a combination of roll and yaw angles such that the y-axis is horizontal. If the climb
angle is zero then the final roll angle must be zero and the yaw angle, from (11.24), is then
indeterminate. The physical reason for this behaviour is that in the final state there is no
moment tending to turn the aircraft back to the original heading. By contrast, in longitudinal
stability the components of the weight along the axes provide forces which ultimately restore
the aircraft, if stable, to the original trimmed climb angle.
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11.4.2 The spiral mode

Referring to the approximate value for the corresponding root (11.20) we see that this mode is
stable if D, and E, are both positive, as would be expected from the work of Section 9.3.3 on
test functions. In fact D, is always positive and the effective condition is

E,>0 (11.25)
then from (11.17) we have, assuming level flight,
Ey =g, ¥n% — ni%)=CLUn, — n) A,
On substituting for the concise derivatives using table 11.2 the condition becomes
(=L)(—N,) — (=N X(-L)>0

Now the derivatives L, and N, are always positive and L, and N, are always negative. We can
then rewrite the inequality as

(=L)—=N)—-NL, >0

or

> (11.26)

This result shows that the stability of the mode is solely determined by the balance of the
aerodynamic rolling moment derivatives L, and L, and the yawing moment derivatives N, and
N,, that is by purely aerodynamic effects. It would not be expected that inertia effects would
be much involved as the motion is a very slow one. The stability of the mode can be improved
by increasing (—L,), perhaps by increasing the dihedral, or by decreasing N, which means
decreasing the fin area. The latter method has two disadvantages: (—N,) is also decreased and
fin area may be fixed by other considerations such as control requirements. The mechanics of
the mode can be explained by reference to figure 11.2.!

aircraft disturbed @ positive rate of yaw

in bank T rdue to N,.Bg

LV‘BO
stabilizing

flight path curved

due to tilt of Bo L.r

lift vector destabilizing

sideslip develops as no
yawing moment produced by
bank angle (+ve Bq)

Fig. 11.2 Motion of aircraft in spiral mode

At position (1) in the figure the aircraft is shown disturbed in bank angle; the tilt of the lift
vector gives a horizontal component of force causing the flight path at (2) to be curved, in
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effect a turn. There is no yawing moment on the aircraft to keep its longitudinal axis tangential
to the flight path and it develops a sideslip angle f; as shown at position (3). This sideslip
generates a yawing moment due to the derivative N, and hence a yaw rate appears as shown at
(4). This yaw rate and the sideslip also generate rolling moments through the derivatives L,
and L, and the motion will be stable if the nett rolling moment is in the opposite sense to the
original disturbance. Since the motion is very slow we can neglect inertia effects so that the
yawing moments are approximately in balance; then N, + N,7 =0, or

_ N,
r= BO _ﬁr_ (1 1.27)
The mode will be stable if
—LB, > L7
and substituting from (3) for r we find
N
-L.B, > - -
vﬁo L;po Nr

which leads immediately to the result (11.26).

A typical shape for the mode is shown in figure 11.3. As the root is real, the eigenvectors
are also real and they can only be in phase or in antiphase. It will be noted that the sideslip is
very small and so the motion is almost correctly banked.

v = -0.003

¥ -

/0
Fig. 11.3 Typical shape of spiral mode ¢ = —0.02

11.4.3 The roll subsidence mode

Referring to the approximate value for the corresponding root (11.18) we see that this mode is
stable if B, is positive, which is consistent with the work of Section 9.3.3 on test functions.
From (11.14) we have

Bz=j7v+ll’;+n;“=yv+(lp+nr—e — el )/ A2

an

using (11.9). This expression is nearly always dominated by l:, = —LJ/i,, which combines what
are normally the largest lateral derivative and the smallest inertia. The derivative L, discussed
in Section 7.2.1, is always negative below the stall, so I, is positive and hence this mode is

always stable. A typical shape of the mode is shown in figure 11.4.

V=176  y=1

b v

$=27.3

Fig. 11.4 Typical shape of roll subsidence mode
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To discuss this mode further and also the dutch roll mode we need to consider the kine-
matics of rolling; in general an aircraft will tend to follow the path of least resistance. There
are two basic possibilities: these are rolling about the wind axes, that is the flight direction,
and rolling about the forward minimum inertia axis. With conventional configurations having
modest inertias and relatively strong aerodynamic stiffnesses, that is the weathercock and
longitudinal static stabilities discussed in Sections 6.3 and 5.3, rolling will tend to be about the
flight path. Rolling exactly around the flight path is illustrated in figure 11.5(a) and it can be
seen that the aircraft remains in trim, the incidence remaining at the trimmed value and the

sideslip angle at zero.
z
¥ p ] side view N
y
{
p %\
plan view

x
ag

(b)

Fig. 11.5 Extreme types of roll motion: (a) rolling about wind axes, (b) rolling about inertia axes

By contrast highly loaded, more slender aircraft have relatively weaker static stabilities and
tend to roll around the minimum inertia axis; rolling exactly around this axis is shown in figure
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11.5(b). The most obvious example is Concorde, as shown in figure 11.6. In this case, as the
aircraft rolls the incidence and sideslip angles interchange at every 90° of rotation; the motion
relative to wind axes is clearly oscillatory. Aircraft for which the roll inertia is much less than
the pitch and yaw inertias are said to be ‘inertially slender’ and are discussed further in Section
11.4.4.6. Analysis of the motion of such aircraft will have more physical significance if the
equations of motion are referred to axes aligned with the principal axes of inertia.

Fig. 11.8 Concorde in flight. (Courtesy British Aerospace)

Returning to the motion in the roll subsidence mode this is clearly non-oscillatory and
therefore is essentially rolling about the flight direction. In fact the motion must also contain
some yawing as yawing moments are generated by the derivative N,. The motion is illus-
trated in figure 11.7 which has been drawn assuming N, positive and neglecting the effect of
the weight.

At position (1) in the figure, the aircraft is shown rolling with a yawing moment being
generated by the derivative N,,. At position (2) the aircraft has rotated in yaw as well as roll
and the yaw angle generates negative sideslip in conjunction with the forward velocity. Then
due to the derivative L, (a negative quantity) a further rolling moment is generated in the same
sense as the direction of rolling. If the yawing velocity is small we can neglect the inertia
effect and then the balance of yawing moments gives approximately

NB+ Np=0orff=—-—p

2 |‘2

v

The rolling moment generated is then proportional to

so the effective damping is proportional to
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Eppb

initial state

Fig. 11.7 Motion in roll subsidence mode

NP
L~ L,
N

v

and this can be confirmed by suitable analysis. The sideslip generates a sideforce due to the
derivative Y, and this provides a centripetal force making the motion a barrel roll.

11.4.4 The dutch roll

The criterion for the stability of this mode is that Routh’s discriminant, R, is positive since we
found in Section 9.2.3 that this quantity determined the stability of oscillatory modes. It has
already been stated that the motion in the dutch roll is a rather complicated one but a first
impression can be obtained from a typical shape of the mode. Figure 11.8(a) shows the shape
of the mode for a conventional aircraft.

We note that sideslip and yaw angles are very nearly equal in magnitude and in antiphase,
which is a common feature of this mode and can readily be interpreted physically. If the
aircraft cg were constrained to move in a straight line, we would have 8= — y as discussed in
Section 11.3. If we now superimpose a sideways velocity yon the cg, where y is the displace-
ment from the mean flight path, we now have

B=x — wwhere y =j/V, (11.28)

The observation that the sideslip and yaw angles are nearly equal and in antiphase means that
X is small; we can find y by solving (11.28) to give y = B + y and treating this as a vector
equation as in figure 11.8(b). Three, rather than two, parameters are often used to summarize
the characteristics of this mode. These are likely to be the periodic time or the natural
frequency, a measure of the damping such as the time to halve the initial amplitude, and the
ratio of amplitude of the roll angle to that of the sideslip angle. The latter is loosely referred to
as the ‘roll/sideslip ratio’.
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y=1 X

(a) (b)
Fig. 11.8 Typical shape of dutch roll mode

For extreme configurations the motion becomes simpler and to achieve some understanding
of this mode we will examine some of these cases in the next two sections. We can then
proceed to slightly more complex cases when it is possible to consider one of the freedoms as
the main one and to treat the other freedoms as subordinate. As already noted in Section 11.2
the equations have no spring term and a key question is therefore where this effect comes from
to produce the oscillation found.

11.4.4.1 The directional oscillation
If we do not allow the aircraft freedom in sideslip then v = 8= —y, and if we further restrict
the aircraft to yawing only, the yawing equation (11.3) can be written

2 o L)
(D* + A.D - nv)w=00r[1x% - N,% + Nv]y/=0

This represents an oscillation with the damping provided by the damping in yaw derivative N,,
a negative quantity, and the spring term provided by the weathercock stability through the
derivative N,. The motion is simply an oscillation in yaw about the cg, which travels in a
straight line. We can build up a picture of the type of aircraft which will tend to behave in this
manner if we consider the dimensional rolling moment equation (8.29), omitting the time
dependent input and rewritten in the form

LB+ Lr=1p-L,p (1129)

where the cross product of inertia /,, has also been neglected. Terms on the left-hand side of
this equation are inputs to the roll freedom and those on the right tend to restrain the roll
motion. Then for a small response in roll we require
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e L, to be small, implying no sweepback and little dihedral;

o L, to be small, implying a fairly low value of C; which means low altitude or high speed;
o L, to be large, implying a large aspect ratio;

o I, to be relatively large, implying a large aspect ratio and engines mounted on the wings.

The picture of the aircraft built up is that of a large transport aircraft with an unswept wing of
high aspect ratio flying at low altitude or fairly high speed. Having solved the yaw equation
the roll equation could be used to find the roll response.

11.4.4.2 The directional oscillation with lateral freedom
The assumptions of the last section were somewhat unrealistic and we can include sideways
motion for this aircraft type with little difficulty, whilst still assuming that rolling is negligible.
Considering the sideslip motion first, we have from (8.27)

m + rV,)=¥,v (11.30)

where we have assumed level flight, used wind axes and neglected the small derivative ¥,.
Now differentiating (11.28) with respect to time gives

x.=ﬁ'_|_‘r=\"+rve

[

then substituting into (11.30) results in

xr=—p (11.31)

3 |

Now since )9,, is almost always negative, ¥ is in antiphase to the sideslip angle B and therefore
in phase with the yaw angle y. Now, we know that for the constant amplitude oscillation y =
asin ax, y, yand y are successively shifted in relative phase by 90°. For a damped oscillation
the same is true provided that the damping is small. Applying this to the case in hand we see
that ¥ o« j o —y and hence y is in phase with the sideslip 8. To determine the phase of r
relative to x, we note that y is in phase with y. Hence ¥ e« — x o y/=r, so that r is in antiphase
with y. Now normally N, is negative and N, is positive, so that y produces a yawing moment
proportional to N,y which is in the same sense as that produced by the damping in yaw, N.,.
Hence the effect of the lateral freedom is to increase the damping of the mode.

The motion that has been derived is shown in figure 11.9, in which the lateral displacements
have been exaggerated for clarity. At position (1) the aircraft is shown at the maximum
displacement from the mean flight path, hence the lateral acceleration is at a minimum. The
yaw angle y is at a minimum and the sideslip angle 8 at a maximum giving a positive yawing
moment and a negative sideforce. The yaw rate is zero. In position (2), a quarter of a cycle
later, the yaw angle is zero as is the sideslip it produces. The lateral velocity is at minimum
and the yaw rate is at its maximum so both produce yawing moments opposing the yaw rate.
Position (3) reverses the state of all the quantities in position (1). We have found that the
lateral displacement and the yaw angle are almost in phase; this implies that the oscillation can
be reduced to a simple oscillation about a point fixed in the aircraft a small distance ahead of
the cg. The exaggeration of the displacements in figure 11.9 erroneously suggests that it is
ahead of the aircraft. The existence of this centre has implications in the design of autocontrol
systems and the perception of the motion by the pilot.
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Fig. 11.9 Motion in directional oscillation with lateral freedom
We now briefly deduce the characteristics of the mode for an aircraft conforming to the

approximations made, so that (11.1) to (11.3) become

(D+3,) +7=0 (11.32)

ng +(D+n)f=0 (11.33)

The characteristic equation corresponding to these equations is

A+ A@, +y,)+ny, —n, =0 (11.34)
which leads to a time to halve the initial amplitude of
py=22in2 (11.35)
n+y,
and a periodic time of
217 (11.36)

! =
PR oy,

where we have assumed the damping to have negligible effect on the period.
For use later in Chapter 12 we also note the normalized natural (circular) frequency

@, =0,T=-n, + yn, (11.37)
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11.4.4.3 Conventional dutch roll with large damping in roll

We now allow motion in all three freedoms, regarding the basic oscillation as that in yaw and
the roll and sideslip freedoms to be driven by the coupling with yaw. This is a type of motion
that was associated in the past with this mode and so is referred to here as the conventional
dutch roll. For the roll response to be fairly small there must still be some resistance to the
motion; this can take one of two extreme forms:

e inertia in roll negligible compared to the damping in roll;
e damping in roll negligible compared to the inertia in roll.

The first of these cases will be discussed in this section and the second in the next section.
High aspect ratio aircraft and aircraft at low altitudes with no heavy masses on the wings will
tend to conform with the motion described in this section.

The equation for the rolling moments is (11.29) and with the inertia and the yaw rate terms
omitted we obtain

ivﬁ=—i,,p (11.38)

Now both of these derivatives are normally negative so that the rate of roll p is antiphase to
the sideslip B produced as a result of the rotation in yaw. The latter is equal to ~ y and hence
p is in phase with y. The sideforce equation is now dominated by the lateral component of the
weight and is approximately

mgo = my (11.39)

This gives a lateral motion so generating an extra sideslip B, say. Differentiating (11.39) we
have p o d’y/dr’ = — y, and the extra sideslip is in antiphase with p and hence in phase with
B, and the restoring moment on the aircraft is proportional to N,(—y + B.), changing the
frequency. No moments are produced in phase with the rate of yaw and the damping is
unchanged from the previous case.

The motion that has been derived is shown in figure 11.10, in which the lateral displacements
have again been exaggerated for clarity. At position (1) the aircraft is shown at the position of
maximum roll angle and lateral acceleration while the lateral displacement is at a minimum

-y =Py §mg e
mg ¢‘ , (3 B,
/

\\7—//( L By +By)

o y

N,.r

(darrr\ping) }\—/
") @ R+ By) iy
(spring term) (3)

Fig. 11.10 Motion in conventional dutch roll, large damping in roll
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consistent with (11.38). At position (2), a quarter of a cycle later, the lateral velocity reaches its
maximum in phase with the sideslip generated by the yaw rotation. This produces a yawing
moment due to the derivative N, and a negative rolling moment due to the derivative L, tending
to decrease the roll angle. The result is that the aircraft reaches the position shown at (3).

We can readily deduce the effect of the coupling derivative N, which has an important influ-
ence on this mode. Since the rate of roll is in antiphase with the sideslip B the yawing moment
due to N,p is in phase with N, Bif N, is negative, which further increases the frequency.

11.4.4.4 Conventional dutch roll with large inertia in roll

This is the second of the two extreme cases listed at the start of the last section. Highly loaded
aircraft with low aspect ratio wings flying at high altitudes will tend to conform with the
motion described in this section.

The equation for the rolling moments is (11.29) with the damping in roll and the yaw rate
terms omitted giving

LB=1p (11.40)

In this case, as L, is negative the acceleration in roll is in antiphase to the sideslip 3 produced
by rotation in yaw, and the roll angle is in phase with this sideslip. The lateral motion caused
by the component of the weight along the y-axis now lags by 90° compared with the last case
and so the effects produced also lag by this amount.

The motion that has been derived is shown in figure 11.11, and again the lateral displace-
ments have been exaggerated. Comparison with the previous figure shows that the maximum
roll angle is still shown in position (1) but that the maxima of the roll rate and yaw angle occur
a quarter cycle earlier, consistent with the deduction from (11.40). The yawing moment due
to B now opposes the damping term N,r, instead of assisting the term ~N, . This effect is
proportional to the roll angle which is proportional to LJI, from (1); from (11.39) it is also
proportional to the weight, that is to C,. The derivative L, is either roughly constant, in the
case of straight wings, or roughly proportional to C, in the case of swept wings. The result is
that the effect of B, increases like C or faster and at high incidence the mode becomes
unstable. Roll rate also lags by 90° by comparison with the last case and so the effect of N is
also detrimental to the damping if it is negative. The magnitude of N, increases with C,
reinforcing the tendency for the mode to become unstable at high incidence.

r)/ N, B, undamping
—

I:I,.r damping
-

(1 ) ° -~
(Npp if N, <0)
undamping
y
@ N—r

Ny 3)

Fig. 11.11 Motion in conventional dutch roll, poor damping in roll, modest /I,
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We can put forward an approximate analysis to cover all the cases discussed so far by
assuming level flight and by neglecting small and cross-coupling derivatives except those due
to sideslip. Using (11.1) to (11.4) we obtain

(D + 3 &o +7 =0
15 + (D2 + I,D)¢ =0 (11.41)
nv + D+ n)F =0

These equations lead in the usual way to the characteristic equation

M+ b[ﬁ, +y, + lp] + Az[y‘.n, -n, + 10, + n,)]

- - (11.42)
+ AL, = n) = g.lv] = &iln, =0
This can be factorized approximately into quadratic factors as follows:
- &l
{3-2 + }{"r +y + ﬁ] +(2 = n, + nryv)}
’ (11.43)

VR VU1 PR L D QL5 | QY
L —n L —n,

where the first factor corresponds to the dutch roll mode. Within this factor many of the terms
found in (11.34) can be seen.

11.4.4.5 The rolling oscillation

We come now to the case of aircraft for which both the inertia and the damping in roll are
small; usually these will be of the type we called inertially slender in Section 11.4.3. Such
aircraft tend to roll around the axis of minimum inertia, which will be at an angle «, to the
flight direction. As noted in Section 11.2 there is no apparent spring term in the rolling
moment equation (11.2); however, it was noted in Section 11.4.4 that using principal axes was
the natural choice in this case. We now examine rolling about these axes, as shown in figure
11.12. In the figure the components of the forward velocity U, along the axis of inertia and W,
normal to it will remain in the same vertical plane as the aircraft rolls about the axis. The
y-axis rotates with the aircraft and hence there is a component of W, along the y-axis of
amount W,_sin ¢ = V_ sin ¢ sin ¢,. The result is that there is a sideslip angle of amount

B, =sin¢sina, = ¢sina, (11.44)

and the roll sideslip ratio is

¢B=lsin (11.45)

The roll equation (11.2) on neglecting yawing and using (11.44) becomes

(D+1,D+1,sina,)=0 (11.46)
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horizontal
plane

y'

Fig. 11.12 Generation of sidestip due to roll of aircraft about inertia axis

and we now have a spring term provided by the kinematics of the motion. We can find the
characteristics of the motion in the usual manner, giving

= 25in2 (11.47)

b

and
ant

t, = ==
’ \/4IV sina, — 2

(11.48)

Since for this type of aircraft the damping in roll is small, I, [, and the second term under
the square root can be neglected. It can be seen that the period decreases with incidence.

For there to be a very small response in yaw we need the derivatives N, and N, to be small,
as well as needing the yaw inertia to be much larger than the roll inertia already mentioned. It
can be shown (86041) that the value of N, expressed in inertia axes N', is given by

N'=N,cos o + L,sin o,

where N, and L, are here the values in wind axes. Now N, will be positive and L, will be
negative so that N! will decrease with incidence; as this type of aircraft is also likely to have
a highly sweptback wing for which —L, increases with incidence the effect is accentuated.
The span of this type of aircraft will be small to produce small values of the inertia and
damping in roll; these will also tend to produce a small value of N,,.

11.4.4.6 The rolling oscillation with lateral freedom

The previous section has illustrated the principle by which an oscillation might be produced
for this type of aircraft. It was somewhat impractical as rolling the aircraft gives a component
of the weight along the y-axis, which generates a further contribution to the sideslip. To
investigate this further we first write down the stability equations referred to principal axes.
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Choosing principal axes makes the cross product of inertia terms e, and e, vanish, then as
W,=V,sin @, and U, =V, cos o, (8.57) to (8.61) become

D+ +(y, —sina)p +(y +cosaF —go— gy =3 (11.49)

1y + (D + 1,)p +1F =I(f) (11.50)
n;y + n,p + (D + n)F =a(f) (11.51)
p - D¢ = (11.52)

- Dy =0 (11.53)

~)

1t should be noted that although the same symbols have been used, ¢, ¥, p and r have
different values when expressed relative to inertia axes compared with their values relative to
wind axes. Most stability derivatives also have different values as noted in Section 9.2.6. Any
given problem can be solved using these equations or using equations referred to wind axes,
and the solutions will be identical in essence. We have simply introduced these equations as
they are more closely related to the physics of this problem.

We now neglect the yaw freedom, substitute for v = 8 from (11.44), assume level flight and
that the weight component is much larger than the sideforce due to sideslip. The equations
then reduce to

DV - (Dsino, + 2,)¢=0 (11.54)

)

T~

7 + (D, + 1,)D$=0 (11.55)
The corresponding characteristic equation is

A+ A+ M sing, + 1,§,=0 (11.56)
which factorizes approximately into

{# + (i, - ccoseca ) + 1, sin ae}.(z + C coseca,) =0  (11.57)

where the first factor represents the dutch roll mode and we have replaced g, by C,. This leads
to almost the same periodic time as in the last section, but the time to halve the initial ampli-
tude of a disturbance is

27In2

= (11.58)
I, — G coseca,

ty =

hence the aircraft becomes unstable if

Ccosecar, > I, = —L, /i, (11.59)
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The damping in roll L, is almost constant with incidence whilst C; cosec o, increases with
incidence; hence the aircraft becomes unstable at high incidences.

The additional sideslip B_ generated by the lateral motion induced by the component of
the weight will be 90° behind the roll angle, and therefore in antiphase to the rate of roll.
The rolling moment produced by this sideslip is proportional to L,5,, and hence opposes the
damping in roll L p. This explains the loss in stability found from (11.58). The motion is
shown in figure 11.13.

damping Lgp

(3\5 S’E‘rl\dfmplng
[5o = ¢ sin oy

side view

T 3 %&

plan view

Fig. 11.13 Rolling oscillation of inertially slender aircraft

11.4.4.7 Discussion of dutch roll characteristics
We have seen the various types of extreme dutch roll mode vary from oscillation in yawing
and sideslip to oscillation in rolling and sideslip. In between came the conventional dutch roll
where the oscillation was in yawing which drives the sideslip and rolling freedom. The roll
angle in this case will lag the yaw angle by up to 90° if the damping in roll dominates over the
inertia. In the opposite case of the inertia in roll dominating, the lag can approach 180°. No
aircraft can exactly match these extreme cases, only approach them. A single aircraft can in
one flight condition be close to one extreme, but approach another extreme in a different flight
condition. At low altitude and high speed the damping in roll may dominate over the inertia,
but the situation may reverse at low speed and high altitude. The use of the wings to store fuel
in and its use to mount stores can add to the effects of changes in speed and height.

An aircraft can also change from having a conventional dutch roll oscillation to behaving
as an inertially slender aircraft. We have seen that the basic spring terms in the two kinds of
dutch roll are —n, and [!sin @, and a critical incidence ¢ at which these are equal can be

defined as
—ii NI,
O =sin-1 =sin-1 :
IVI _LVIZ
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An empirical investigation made by Pinsker, reference (11.2), suggested that if o, < 2¢¢,,/3
an aircraft has a conventional type of dutch roll and if ¢, > 4, /3 it behaves as an inertially
slender configuration. Between these limits the motion is an intermediate one. If the yawing
spring is relatively large for a given aircraft then o, is large and actual incidences are likely to
lessen and a conventional dutch roll oscillation will result; conditions are reversed if the
rolling spring is the larger. This can be generalized to stating that the aircraft tends to oscillate
in the freedom with the larger spring, that is the one with the higher frequency of oscillation,
Inertially slender aircraft are likely to have wings of low aspect ratio and therefore low lift
curve slopes, have a large change of incidence over the flight envelope, and will change from
a conventional dutch roll to a nearly purely rolling one. Aircraft with wings of high aspect
ratio will have a small change of incidence over the flight envelope and are likely to remain
with a conventional dutch roll.

11.5 Effects of speed

The effect of variation of speed on the lateral stability has been calculated by solving the
quartic equations for the same aircraft and altitude as were used in Section 9.4.5. Again the
actual aircraft has a automatic control system but none has been assumed. The results are
shown in figure 11.14.

Figure 11.14(a) shows the effect of speed on the time to half-amplitude of the roll subsi-
dence mode. It can be seen that t,; decreases steadily with speed,; this is in agreement with the
approximate theory of Section 7.2.1. From (7.5) we see that ¢, is inversely proportional to the
damping in roll derivative which is itself proportional to speed.

The spiral mode for this aircraft is unstable at low speeds and becomes stable as the speed
is increased, a common situation, and it is then more convenient to plot the reciprocal of the
time to half or double the initial amplitude as shown in figure 11.14(b). Figure 11.14(c) shows
the variation of the characteristics of the dutch roll mode with speed; it can be seen that the
damping is poor at low speeds. The poor stability of this mode and the spiral mode at low
speeds, i.e. high values of Ci, is discussed further in the next section.

11.6 Stability diagrams and some design implications

We have discussed many of the effects of the most important derivatives but have not dealt
adequately with the two static stability derivatives L, and N,. These are also important
because the designer has some control over their values through the dihedral angle and fin
area. A convenient way of discussing the effect of these derivatives is by means of a stability
diagram. In this the boundaries between unstable and stable conditions are plotted on a graph
having axes for the two derivatives. We need not consider the roll subsidence which is always
stable below the stall. We are left with the spiral mode, for which the condition for stability
(Section 11.4.2) is E, > 0, and the dutch roll mode for which the condition (Section 11.4.4) is
that Routh’s discriminant is positive. Calculations have been made for the aircraft
of Section 9.4.5 assuming the role of the designer, varying the dihedral angle to vary deriv-
ative L, and varying the fin area to vary N,. Other derivatives are also affected but to a much
lesser degree.

The boundary for the dutch roll mode is also a function of the relative density parameter Lt,,
which it should be remembered increases with altitude. Both boundaries are also functions of
C,, that is, of speed. Figure 11.15(a) shows the stability diagram for a C; value of 0.15. The
spiral mode is stable below the curve marked E, = 0, and the dutch roll mode is stable to the
left of the boundaries marked R, = 0. It is evident that the stability of the dutch roll mode
deteriorates with increase of altitude; this is due to the reduction of the aerodynamic damping
terms with decrease of density.
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Figure 11.15(b) shows the stability diagram for a €, value of 0.5 where it is clearly seen that
the spiral mode boundary has moved upwards and the dutch roll boundaries have moved to the
right. Whereas, in the previous case, there was a large region in which both modes are stable,
in this case there is hardly any such region for 1, having a value greater than about 50. This
means that the designer may have to make the choice of which mode to make unstable. In
practice an aircraft is still controllable with an unstable spiral mode but is seriously unsatis-
factory with an unstable dutch roll. The designer will therefore choose the fin area and dihe-
dral angle combination to place the aircraft below the spiral mode boundary in the figure. Fin
area is also chosen to satisfy the requirements of Section 6.3.3.

11.7 Control and response

In the lateral control of aircraft probably the most important manoeuvre is rolling since
before the aircraft can turn at a high rate it must acquire an appreciable bank angle and hence
the most important control is the aileron. The rudder has important functions in producing
sideslip in such manoeuvres as take-off and landing and in counteracting the adverse yawing
moment due to aileron and the yawing moment in the case of engine failure on a multi-
engined aircraft. The initial response due to aileron angle deflection is in the roll subsidence
mode for aircraft having a conventional dutch roll mode. Since roll manoeuvres are usually
fairly rapid it is the first few seconds of the response that are important and this can take
several extreme forms. If the damping in roll is much larger than the inertia in roll the aircraft
very rapidly reaches a steady rate of roll and the aileron is effectively a ‘rate control’. This
type of aircraft is therefore that described in Section 11.4.4.3. On the other hand, if the inertia
is dominant then the time to halve the amplitude of an initial disturbance is longer than that
of the typical manoeuvre and for practical purposes the aileron controls the acceleration in
roll. This type of aircraft is therefore that described in Section 11.4.4.4; most conventional
aircraft will fall somewhere between these extremes for the dutch roll mode, so they will also
fall between the extremes for roll response.

In the case of inertially slender aircraft above the critical incidence, the time to half-
amplitude in the roll subsidence mode is likely to be longer than that for the rolling oscillation,
and the response to aileron is then determined more by the characteristics of the latter mode.
Since roll angle generates a sideslip B, and this in turn generates a rolling moment due to the
derivative L,, the aircraft can assume a steady roll attitude in which the rolling moment due to
aileron is balanced by that due to the sideslip. This is to be expected as this effect provided the
spring term for the rolling oscillation. The response to rapid aileron movement in this case
tends to be a rapid acceleration to this steady rate of roll plus a lesser response in the roll subsi-
dence mode, and the aileron behaves more nearly as a position control. As the spring effect
stiffens with increasing incidence, see (11.44), so the effectiveness of the aileron decreases,
and at some incidence the rudder may become the more effective of the two. The rudder acts
by producing some sideslip through the yaw angle mechanism discussed in Section 11.4 coun-
tering that produced by the roll.

There is evidence that a pilot expects the aileron to produce roll about the flight direction
and the rudder to produce sideslip. The inertially slender aircraft produces some difficulty for
the pilot by tending to roll about the axis of minimum inertia; the loss of aileron effectiveness
at high incidence adds to the problems. A further undesirable effect is the reduction in inci-
dence as the aircraft rolls as shown in figure 11.5(b). One solution to the problems is to couple
the rudder to the aileron circuit in order to produce more normal control characteristics. This
coupling should ideally be dependent on incidence: this can be done by a physical connection
or in the AFCS.
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11.7.1 Response to control action

In this section we will treat the response to changes of aileron and rudder angles in the same
manner as the treatment of response to changes of elevator angle in Section 10.2.1. We will
assume level flight and that we can neglect the sideforce control derivatives ¥, and y,. The
form of the equations will be the same whether aileron or rudder deflections are considered
and we can write one set of equations. The equations we require are (11.1), (11.7) and (11.8),
in these we substitute for p from (11.4) and obtain

(D+3,5% +(,D-) +d+y)=0 (11.60)
I} + (D + 1¥)D¢ + I} =—[X8(F) (11.61)
n*v + n*D¢ + (D + n*)F =—n}8(f) (11.62)

where & stands for & or £'. In these equations we have from (11.6) and (11.9)

I =0 — en)/ Ay and if =(n, — e,1,)] A, (11.63)
in the case of aileron angle, or
I = — en) Ayand it = (n, — e,/ A, (11.64)

in the case of rudder movement. In the case of the controls being moved together the results
of these equations can be added together. We now take the Laplace transform of equations
(11.60) to (11.62) with the result

C+3W s+l +(Q+y)F=0 (11.65)
BT+ (52 + I*5)f + I*F =—I}5(s) (11.66)
n*v +n¥s@ 4 (s + n?)F =—n}S(s) (11.67)

where we have written %, @, 7 and & for the Laplace transform of v, ¢, r and & and assumed
their initial values to be zero. The solution is

v __¢ _F _§
Gi(s) Gy(s) Gy(s) F(s)

(11.68)

In these equations F(s) is the characteristic equation and is given by (11.13). The polynomials
G,, G, and G; are obtained as in Section 10.2.1 and are found to be
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G, =sz[§pl§ + 1+ y,)n;‘]
+ o[yt =& - O+ yoml +{a+ o -yl a169)
+ g[-nrp + I}

G, =—s} + s[—{yv + nrhir + l‘,'n;‘]

+[{a+ yomr = ynzhip + it = a+ 0] (11.70)

G, =-sin} + szln:l};" - {)’v + 1’:‘,}"21

+ s{{rmp = ypnzhr + it - vtz (1171
+ g[ntiy - 123

The rest of the solution then follows the treatment in Section 10.2.1.

11.7.2 Typical results

Calculations have been made of the response to step changes in aileron and rudder angles for
the typical aircraft using the method of Section 10.2.3. All modes are stable at the speed
chosen of 194 ms™".

Figure 11.16 shows the responses in sideslip velocity v, roll rate p, yaw rate 7, yaw angle
w, and roll angle ¢ for a step change of aileron angle of 0.04 rad. Figure 11.16(b) shows the
initial response most clearly with the roll rate building up in about a second to a fairly steady
final value, this is the response in the roll subsidence mode. The oscillations seen are the
response in the dutch roll mode whilst the spiral mode is seen most clearly in the build-up of
yaw rate and angle in figures 11.16(c) and (d).

Figure 11.17 shows the responses in sideslip velocity v, roll rate 5, yaw rate 7, yaw angle
v, and roll angle ¢ for a step change of rudder angle of 0.08 rad. Again the oscillations are the
response in the dutch roll mode and the slow increase in the yaw rate, roll and yaw angles in
figures 11.17(c), (d) and (e) are the response in the spiral mode. It will be seen that the initial
response in roll rate in figure 11.17(b) is positive; this is due to the rolling moment produced
by the rudder, the response being more rapid in roll due to the roll inertia being rather smaller
than that in yaw. The sign of the roll rate rapidly reverses; this is due to the build-up of sideslip
which gives a powerful rolling moment in the opposite sense through the derivative L, and

leads to the build-up of roll angle seen in figure 11.17(e).

11.7.3 Response to gusts

Gust effects can also be important for the lateral characteristics of an aircraft. Apart from
vertical gusts which can have a variation of velocity across the span which would produce the
effect of rolling the aircraft, we must also consider horizontal gusts coming from the side of
the aircraft. If constant in magnitude along the length of the aircraft the effect is of an added
sideslip and if there is a gradient lengthwise the effect is similar to yawing. These effects can
be dealt with in a manner similar to that in Section 10.4. In the case of a steady side gust there
will be inputs into the roll and yaw freedoms proportional to L,v, and N,v,, which will produce
effects similar to aileron and rudder deflections. For aircraft with conventional dutch roll
modes the response will be initially in the roll subsidence mode followed by the dutch roll and
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spiral modes. For inertially slender aircraft the response may be in the rolling oscillation first,
followed by the other modes.

11.8 Lateral handling and flying requirements

This subject was discussed in general in Section 10.5.3 in relation to longitudinal motion
and we add here only some remarks specific to the lateral modes. In the case of the roll mode
satisfactory handling characteristics are obtained if the time constant is not less than 1.5 s and
the roll rate achieved with full aileron is not less than 60° s™'. The flying quality requirement
for the spiral mode is that the time to double the initial amplitude of a disturbance shall not
exceed 12 s. As may be expected, the flying quality requirements for the dutch roll mode are
more complicated than for other modes, and only a typical requirement is quoted (92006). For
rapid manoeuvring (flight phase A), level 1 flying qualities and for class II or III aircraft the
relative damping { shall be greater than 0.19, the natural frequency @, greater than 0.5 rad s™'
and the product {w, greater than 0.35.

Appendix: Solution of lateral quintic using a spreadsheet

This is a simple routine for finding the roots of the lateral quintic with the zero root divided
out and is based mostly on the work of Section 11.3.2. It was developed using the Quatro®-Pro
spreadsheet and has been tested on other popular spreadsheets. It should run on any spread-
sheet that has the facility to turn off automatic calculation and allows the use of IF statements.
We assume that the lower-order coefficients have been divided by the coefficient of A°.

The first step is to turn off automatic calculation, this is necessary as there are circular cell
references again. We then enter some headings as follows:

into D1: Solution of the lateral quartic
into H2: Roll root

into N2: Spiral root

into R2: Dutch roll roots

into D3: Coefficients

into both H3 and N3: Approximations

We leave some columns on the left for any preliminary calculations that may be necessary and
proceed to label the individual columns. Assuming that the character “ is used to centre text
in a cell, we label cells D4 to M4 as follows:

"B, "C, "D, "E, FIRST, ITER, FINAL, FLAMBDA), "F’, "F/F’
and cells N4 to V4 as
FIRST, FINAL, F(LAMBDA), a2, "b2, DISCRIM, TYPE, ROOT1, ROOT2

Then in cells D5 to G5 we insert the following test values: 5, 10, 20, 0.1.

We now start putting formulae into the cells, starting with the first approximation to the roll
root into HS, namely —D5. The next cell is used to count the number of iterations used, so we
enter +15+1 into IS. We are going to use Newton’s method to improve the first approx-
imation; unfortunately, however, simply inserting the relevant formula can result in a division
by zero, and we have to resort to a trick. Into J5 we insert the correct formula and add a term
which becomes very small after a few iterations so that the results will converge. The first two
terms evaluate to zero at the first iteration because of zeros in other cells and the third to the
first approximation. This third term is equal to the first approximation divided by 10 raised to
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the power of the square of the iteration number minus one and rapidly decreases with repeated
iterations. The formula we insert into J5 is:

I5—MS5+HS/10N (15— 1)*(I5—1))

where HS is the first approximation. Into the next cell, K5, we insert a formula to calculate the
value of the quartic with the current value of the root:

(((J5+D5)*IS+ES)*J5+F5)*J5+GS

which evaluates to 150.1 with the test data. Then in the next, L5, we calculate the value of the
derivative using

((4*J5+3*DS)*J5+ES

which should evaluate to —205. This sequence ends by calculating the correction according to
Newton's formula, by putting +K5/LS5 into M5. This cell value was used by the formula in J5.

We continue by finding the spiral root following the same procedure as for the roll root
except that we use (11.21) instead of Newton's formula. Into N5 we insert —GS5/FS, which is
the first approximation. Into O5 we insert

—(05*05*((D5+05)*0O5+ES5)+GS5)/F5
This corresponds to (11.21). Into P5 we insert
(((05+D5)*0O5+E5)*05+F5)*05+G5

which calculates the value of the quartic for the current value of the root. We need to do this
as a check since we will calculate the coefficients of the remaining quadratic using the fact that
the coefficient B, is equal to minus the sum of the roots and the coefficient E, is equal to their
product. If the process for finding the spiral root does not converge the results for the dutch
roll root will be incorrect.

The rest of the program finds the coefficients a2 and b2 of the remaining quadratic and
solves it using the same process as for the phugoid and SPPO in the appendix to Chapter 9.

Into Q5 we insert +D5+J5+0S5, finding a2

Into R5 we insert +G5/J5/05, finding b2

Into S5 we insert +Q5*QS5—4*RS, finding the discriminant

Into TS we insert @IF(S5>0,“REAL”,“COMPLEX"), indicating the type of the roots

Into US we insert @IF(S5>0,(—Q5+ @SQRT(S5))/2,—Q5/2), finding the first real root or
the real part of a complex pair

Into V5 we insert @IF(S5>0,—(Q5+ @SQRT(S5))/2,@SQRT(—S5)/2), finding the second
real root or the imaginary part of a complex pair

The function key to cause a calculation to take place (usually F9) should be pressed a few
times; the values of FLAMBDA) should become very small and the final roots rapidly
converge to the values —3.7535, —0.005 01, —0.620 74, 2.220 296.

It is important to note that if a blunder is made when inserting the formulae, or detected
after the whole procedure has been entered, the error should be corrected and the whole line
copied to the line below. This is to ensure that the expected initial values exist in the cells.
Later the corrected line can be moved into its proper place if desired. Some spreadsheets indi-
cate when the calculated contents of a cell become smaller than the smallest number which
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can be stored (an ‘underflow’); further iteration can cause this to be flagged as an error. This
particularly affects cells containing F(LAMBDA).

To use the setup insert the values of the coefficients into the appropriate columns and copy
the formulas in cells HS to VS to the block below. Press the F9 key a few times and check that
the results have converged.

Student problems

11.1

11.2

11.3

114

Consider a wing rolling about the wind direction as in figure 7.1. Assuming that the
changes in local wing incidence are small, write down an expression for the increment
in lift on a chordwise strip of the wing. Hence derive an equation for the damping in
roll derivative L,. Assuming that the local lift curve slope can be approximated by the
overall value, find a value of L, for the wing in problem (9.1).

Using the approximations to the dutch roll mode given by (11.34) and (11.43) find
expressions for the relative damping and the natural frequency. Find values for these
quantities using the data of problem (11.3).

An aircraft has the following concise lateral stability derivatives: ¥, = 0.34, [, = 248,
1,=83,1=16.2,n,= =35,n,=0.39, n,= 1.66, g, = 0.16 and all other terms in the
stability equations are zero. The values lead to the quartic

A+ 10.142° + 45792 + 431.74 + 156.6 =0

Find the roots and comment on the values. If 7= 5.7 s find the times to half-amplitude
and the periodic time. Find the eigenvectors corresponding to the dutch roll and roll
subsidence modes. (A)

In Section 11.4.3 (last paragraph) does the centre of the barrel lie in the +y direction
or not?

Redraw the figure 11.6 for a negative value of N,..

Derive equations (6.12), (6.13), (6.18) and (6.19) directly from the lateral stability
equations. Show that an aircraft which has neutral spiral stability requires the same
aileron and rudder angles to trim in a correctly banked turn as in straight and level
flight at the same speed.

Note
1. Figures 11.2,11.5,11.6, 11.8, 11.9 and 11.10 have been redrawn from reference (11.2).



12
Effects of inertial cross-coupling

12.1 Introduction

The treatment of dynamic stability that has been presented so far has been physically fairly
straightforward, if somewhat involved mathematically. It served the aeronautical world well
until the later 1940s and early 1950s when inexplicable incidents began to occur. These took
the form of sudden divergent motions in yaw or unexpectedly high rates of roll. The advent of
the jet engine had caused a rapid increase of fighter aircraft speeds resulting in sweptback
wings of smaller span than previously. The availability of rockets enabled guided weapons
and test vehicles to reach supersonic speeds at low altitude. All these were capable of much
higher rates of roll due to the much lower roll inertias than had been common in the past. We
now know that the cause of the incidents was the effect of gyroscopic terms, i.e. products
of the roll rate with the other angular velocities, that had been eliminated in the process of the
linearization of the Euler equations. The theory of the phenomena had been put forward in
1948, but no notice was taken by designers or airworthiness authorities; with the benefit of
hindsight various incidents can now be explained including possibly one with which the
author was loosely connected.

12.2 Roll-yaw and roli-pitch inertia coupling

The appearance of these two types of coupling effect in their purest forms depends on the
aircraft having particular static stability characteristics as well as the capability for high rates
of roll. In particular the aircraft requires one or other of the following:

e small longitudinal and large directional static stabilities; an example would be a slender
supersonic aircraft flying at subsonic speed;

o small directional and large longitudinal static stabilities; the example in this case is a
supersonic aircraft at supersonic speed.

The compressibility effects causing these changes are

o the rather lower fin lift curve slope supersonically compared with its subsonic value, thus
reducing the value of N,;

e the cg margin being usually larger at supersonic speed increasing the value of —M,,
unless measures are taken to move the cg rearward. Various parameters are involved in
this increase of cg margin, the most important of which is likely to be the more rearward
wing aerodynamic centre position supersonically compared with subsonically.

We will first discuss the physical cause of these phenomena and later give an analysis
which leads to stability criteria. Principal axes of inertia are the most appropriate ones to use
for these problems. Taking the case of large longitudinal and small directional static stabilities
first, we consider the slender aircraft shown in figure 12.1(a) which is rolling at a high rate,
when it receives a disturbance in angular velocity in pitch. The same situation is shown in plan
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q 0__.,,(
)

(b)

Fig. 12.1 Inertia coupling: (a) aircraft in rapid roll, (b) inertia forces after a short time

in figure 12.1(b), where we have represented the inertias by suitably sized concentrated
masses: m, for the roll inertia and m, for the pitch inertia. The yaw inertia is contributed to by
all the masses. We add together vectorially the rolling and pitching angular velocities, giving
a resultant angular velocity inclined downwards as shown. We can now see that the centrifu-
gal inertia forces' acting on the masses m, give a large yawing moment away from the flight
direction whilst the masses m, give a small moment towards it. This is resisted by the small
directional stability and the result is that the aircraft diverges in yaw if the inertial moment is
large enough. Any tendency for divergence in pitch is resisted by the much larger longitudinal
static stability. This form of inertial coupling is known as ‘roll-yaw inertial coupling’.

The aircraft can achieve the combination of roll and pitching angular velocities in various
ways, one in particular being fairly likely. The aircraft is an inertially slender one and will tend
to roll about the axis of minimum inertia as shown in figure 11.5(b). Assume that it is rolling
and has an angle of sideslip as in the second position; this would be converted into a nearly
equal incidence angle after rolling through 90°. However, due to the large longitudinal static
stability a large pitching moment appears which produces an angular velocity in pitch.

‘Roll-pitch inertial coupling’ is dynamically the same process but involving an aircraft
with large directional and small longitudinal static stabilities and starting with angular veloc-
ities in yaw and roll. As the name implies, the divergence is in pitch in this case. Vehicles with
a cruciform wing and stabilizing surfaces will have equal static stabilities in the two planes
and so will have no tendency to suffer from these problems.

12.2.1 Equations of motion

To attack this problem we need to derive the equations again, allowing for the situation that
products of the angular velocity in roll with the other disturbance quantities can no longer be
assumed small. We will use inertial axes again so avoiding the appearance of the products of
inertia. Combining (7.49) with (8.1) and (7.50) with (8.2) we find



258 Effects of inertial cross-coupling

mU ~ rV + gW)=X, + X,)
m(V = pW + rU)=¥, + ¥,
mW — qU + pV)=Z, + Z,
Lp—-, — ILyr=1,

Iyq - (lz - Ix)"P=Mn

Izi - (lx - ly)pq=Na

’ (12.1)

where use has been made of (7.42) with I, = I, = I,, = 0. These equations cannot be solved
analytically without simplifying assumptions. In this case we assume that the motion of
interest takes place in short time so that the forward speed and rate of roll do not change signif-
icantly. We assume that the aircraft, before it is disturbed, is flying at a speed V., the x-axis is
at an angle ¢ to the flight direction and rate of roll is p,; the latter becomes an important para-
meter in the equations. We alsp neglect the components of the weight, assuming their effect
cancels out due to the rapid rate of roll, and neglect squares and products of disturbance
quantities not involving the rate of roll. From (8.15) and (8.16) we have

U=U,+ u
V= v (12.2)
W=W +w
where
U=V, cosa, =V, (12.3)
and
W=V, sina, = V.o (12.4)
Then omitting the forward force and roll equations, (12.1) become
me = pV.a, — pow + rV)=Y,v + ¥,p, (12.5)
m(w — gV, + pcv)=2ww (12.6)
Ig = (I, = L)pr=M,w + M,w + Mq (12.7)
17 = (I, = 1)p.g=N,v + N,r + N, p, + N;& (12.8)

The small derivatives Y,, Y; and Z, have been neglected. We assume that the rudder and
elevator remain at their trimmed values and that the roll is the result of aileron deflection. The
aileron angle can be determined from the balance of rolling moments

o °

Lyv+Lp, +Lr+L&=0 (12.9)

v

and hence on solving
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&=—-LyviL - L,p /L — LrlL
The last equation of (12.5) then becomes on substituting for &'
Li = U, = I)pg=(N, = fLw + (N, = fL)r + (N, - fL)p (12.10)

where
f= Ngl Lg

which should ideally be a small quantity. We now convert these to concise aero-normalized
equations by multiplying the force equations (12.5) and (12.6) by the factor 1/~pV2S the
pltchmg moment equation (12.7) by ,u,/;pVZS c:y, and the yawing moment equanon (12.10)
by u,/3pV,’Shi, and substitute for concise quantities.

We also write

P.=17p, (12.11)

where, as before,

T=m/4pV,S

and also

i=(I, - Ix)lly}
(12.12)

b=, — /1,

If the aircraft were a plane lamina we would have I, =1, + I and then i, = 1 and i, < 1 but in
practice i, = 1 and i, < 1. The results of these operanons are

(D+3,)%~p W+ F=(a, = y,)P,
DV t+ D + Z,w—g=0

(myD + m,y% + (D + m)G ~ i,p,F =0 (12.13)
nv + i,p.g + (D +n’ )F ==n’ P,
where
n,=n, — fl,
ny=ny = fl, (12.14)
nl” —nl - fll‘

The corresponding state-space equations are then
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\7 _iv ﬁe 0 -1 v ae —yp
~| W =P -z, 1 01w 0
izl - o = (12.15
Dl g I=| pumy myzy —my ~m, +my) ip|g |t o [P
r -n, 0 —i, P, -n LT —n,

These equations are a fourth-order set and consequently their characteristic equation is a
quartic, the coefficients of which have p, as a parameter. The conditions for stability are given,
as before, in Section 9.3.3. Like the longitudinal set there are usually modes corresponding to
a pair of roots of large modulus and a pair of small modulus. The pair of large modulus
correspond to the SPPO and the other pair are, depending on the value of the roll rate, either

e a complex pair corresponding to a damped long period oscillation or
e areal pair, one negative and one positive, that is a divergence.

If the quartic is written
FA=A+BA+CA'+DA+E

the approximate factorization from (9.64) is

F(Ay = (A2 + BA + C)-[/lz + %A + 5)

C (12.16)

The first factor corresponds to the SPPO and the second to the mode(s) of interest in this case,
the condition for the stability for which is
E>0 (12.17)
The coefficient E is found in the usual way, and is
E= ilizﬁz + (’;'an, —qnl — Lm, + ihy,z, )i’ez

. : 2.
= (n, =y, )Xm, + z,m,) (12.18)

from which the stability can be determined.

12.2.2 Stability diagram and ‘tuning’

The results obtained so far are useful in the design office but, as so often occurs, give little feel
for how this relates to the real world. Fortunately we can put a little more meaning into this.
Firstly we note that the expression for E can be approximately factorized into

E = (ip} = i, — 2,m)ip2 + n, — y,n; (12.19)

where on multiplying out it can be seen that the missing terms involve the damping deriv-
atives y,, z,, m, and n;. We now can introduce the frequencies of the pitch and directional
oscillations into (12.19). From (9.82) we have the normalized natural frequency in pitch
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Wy = WyT =,(Z,m; + m,, (12.20)

®, =0,T=—7, + yn, (12.21)

To be exact we are now using @, and @, to have slightly different meanings than before
since the derivatives used were relative to wind axes and we are now using inertial axes; also
we have used the modified derivatives 7, and n,. With this slight change of meanings we can
now write E in the form

E=(@ip} — wp)(i,pt — w:)f‘

using (12.11). We can now express the conditions for stability in a more direct form; we
require either

or

We can now construct a stablhty dlagram as a plot of (a),/pe)2 against (@, /p.)? with stability
boundaries as the lines (w,/p.): =i, = (I, — 1)/, and (o, Ip) =i = (I, — I)/1,. The result is
shown in figure 12.2(a).

A given aircraft is represented on the plot as a point which moves along a straight line
through the origin as the roll rate varies, as shown. As roll rate increases the point moves
towards the origin. At low roll rates the aircraft is stable, then as roll rate increases the point
representing the aircraft generally passes through one or other of the unstable regions. If there
is sufficient rolling power available from the ailerons then at still higher roll rates the aircraft
becomes stable again. This stable region nearest the origin corresponds to a spin-stabilized
vehicle. Aircraft A, likely to be a subsonic aircraft with small static stability in pitch and large
directional stability, suffers roll-yaw divergence; this then is the more common form of
instability found. The reverse case, aircraft B, suffers roll-pitch divergence.

If the effect of the terms omitted in the approximate factorization is now included the
change in the boundaries is small except near the intersection. A sketch of the form of the
stability boundaries with the two damping terms included is shown in figure 12.2(b), which
shows that in fact the two stable regions in figure 12.2(a) are connected by a narrow ‘corridor’.
This opens up the possibility of designing an aircraft such that as the roll rate increases the
point on the diagram representing the aircraft moves down a line which remains continuously
in the stable region. This is known as ‘tuning’ and involves adjusting the frequencies of the
pitching and directional oscillations appropriately. The gains actually available are small,
because as the connecting corridor is approached the stability deteriorates markedly and small
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Fig. 12.2 Stability diagram: (a) general case, (b) tuned aircraft

disturbances can cause large displacements in pitch or yaw leading to unacceptably large
loads on the aircraft.

To raise the roll rate at which these inertial coupling effects become apparent we need to
increase @, and @, and decrease i, and i,. The first of these implies increasing N, and —M,,
the acrodynamic stiffnesses in pitch and yaw, and decreasing the inertias in pitch and yaw.
The inertia ratios can be reduced by decreasing the pitch and yaw inertias and increasing the
roll inertia.

12.3 Other inertial coupling problems

Two other problems traceable to inertial coupling effects are known. One, autorotational iner-
tial coupling, has occurred in practice; the other, rudder induced pitching, has apparently only
been detected as a result of calculations of the response to rudder movement of inertially
slender aircraft.
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12.3.1 Autorotation inertial coupling

Autorotation is the maintenance of rolling without the use of ailerons or other means of
producing a rolling moment. It is possible to demonstrate a form of au‘torotation.using a w.ing
mounted on a spindle aligned with the airflow in a windtunnel. Setting thg wing at or just
above its stalling incidence will cause it to autorotate when the windtunnel is run, the effect
being caused by the downgoing half-wing stalling whilst the upgoing half-wing is not stalled.
See Section 7.2.1 for a discussion on the effect of rolling on local wing incidence changes and
Section 1.3.2 for the typical shape of a lift curve. The effect in that case is due to separation of
the airflow and is related to the spin; in the case under discussion the effects are caused by the
interaction of aerodynamic and inertial coupling terms in the equations of motion.

Consider the aircraft shown at position (a) in figure 12.3 which is rolling rapidly around its
minimum inertia axis which is inclined downwards as shown.

(a) (b)

_T\Q

Fig. 12.3 Autorotational inertial coupling

(c)

The aircraft is inertially slender and so rolls around the axis and after 90° of rotation would
tend to have converted this incidence into a negative angle of sideslip. However, due to the
derivative N,, the aircraft achieves a negative rate of yaw as shown at position (b), but some
negative sideslip remains. A side view of the aircraft at this stage is shown in (c); the resultant
of the rates of roll and yaw is inclined upwards as shown. The pitch inertia is simulated by
masses as before and it can be seen that a negative inertial pitching moment is produced,
resulting in a negative rate of pitch. Rate of pitch and rate of roll combine to produce
an inertial yawing moment which increases the (negative) sideslip and so the derivative L,
produces arolling moment in the same sense as the rolling. If this is large enough to overcome
the damping in roll the rolling can be maintained without use of the ailerons. This process is
independent of any flow separations; however, if the downgoing wing tip should happen to
stall this would reduce the damping in roll and increase the roll rate still further. The motion
is a barrel roll as the incidence is increased above the trim value, increasing the lift.

Inertial autorotation can be investigated theoretically by simply assuming that a steady
rolling state exists and using (12.13), and (12.9) in its aero-normalized form. The acceleration
terms are omitted and the aileron angle taken as zero; also elevator terms should be added to
the vertical force and pitching moment equations. The five resulting equations are ordinary
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simultaneous equations linear in ¥, w, 4 and 7; any four can be solved for these variables.
Substituting into the fifth gives a quadratic equation in the square of the roll rate. Two real
solutions are found for negative and small positive incidences of the minimum inertia axis,
corresponding to two rates of autorotational rolling in either direction. Only the lower of the
two roll rates is of practical significance. The vanishing of the discriminant gives a critical
incidence above which the phenomenon does not exist and a single roll rate in either sense.
The coefficients of the quadratic are complicated functions of the derivatives and the inertia
numbers i, and i, are difficult to interpret physically. A full solution of the equations leads to
a stability diagram as sketched in figure 12.4, which shows roll rate plotted against incidence
of the minimum inertia axis.

C—tower gy
W
roll acceleration 8

. / _critical incidence

incidence of minimum
inertia axis

roll rate

no autorotation

Flig. 12.4 Stability diagram for autorotational inertial coupling

For incidences above the critical incidence and for combinations of incidence and roll rate
below the lower branch AB of the curve, autorotation cannot occur. The branch BC shows the
lower steady autorotation rate as a function of the incidence. Between these branches an aircraft
will accelerate in roll until it reaches the lower autorotation rate; the lower the incidence the
lower the roll rate from which it will accelerate. Application of aileron to counter the roll may
well recover the situation, the real problem caused by this inertia coupling is the uncertain
relationship between roll rate and aileron angle, making precise manoeuvring difficult.

12.3.2 Rudder-induced pitching

This inertial coupling effect is rather like roll-pitch inertial coupling except that the aircraft is
not initially rolling. Consider the inertially slender aircraft shown in figure 12.5.

In position (a) the rudder is shown deflected and the aircraft has started to yaw thereby
gaining a sideslip angle. At position (b) the sideslip acting through the derivative L, produces
a rolling moment causing a rapid acceleration in roll due to the small inertia and damping. As
the aircraft is inertially slender it rolls about the minimum axis of inertia converting some of
the yaw angle into incidence. A side view of the situation is shown at (c) and it can be that
there is an inertially produced pitching moment generated also tending to increase the inci-
dence. The incidence will shortly afterwards be reduced towards the trim value by the rapid
response in the SPPO mode. The result is a large, short-lived peak in the normal acceleration
leading to possible stressing problems.

Because of the low usage of the rudder this effect is less important than the others; perhaps
its importance is to show that there may yet be other types of inertial coupling to be discovered
after the introduction of some new configuration or increase in manoeuvrability.
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Fig. 12.5 Rudder induced inertial pitching

(c)

12.4 Design, development and airworthiness implications

Ideally considerations of inertial coupling should enter the design process at a very early stage
because it can be much harder to correct a design later than to get it right, or nearly so, at the
start. Most of the rules that might be laid down for the design of an aircraft run directly counter
to the whole point of considering an inertially slender aircraft. Almost certainly the aircraft is
intended to be capable of supersonic speeds, in which case for the lowest wave drag the
designer is forced to use a low aspect ratio wing of the smallest thickness/chord ratio struc-
turally possible and a fuselage of the smallest length/diameter ratio. These requirements make
it difficult for the designer to follow the requirements on inertias for increasing the roll rate at
which roll-yaw and roll-pitch inertia coupling effects appear given at the end of Section
12.2.2. Fortunately low wing aspect ratios imply long chords close to the fuselage which
provide some storage space in spite of the low thickness/chord ratios. Equipment rather than
fuel should be placed there to avoid problems at low fuel weights. Most of the disposable
masses probably have to be arranged in a long line along the fuselage, but should be as close
to the cg as possible to keep the pitch and yaw inertias as low as possible. There is also the
problem of the shift in the relative sizes of —M,, and N, between subsonic and supersonic
speeds referred to at the start of Section 12.2. One possibility is to move the cg in flight
thereby controlling the cg margin and with it —M,,; this might be done by pumping the fuel
along the fuselage from one tank to another. It is easier perhaps to avoid a downward incli-
nation of the axis of minimum inertia, thus helping to avoid autorotational problems. Care has
to be taken to specify only sufficient roll performance at each point of the flight envelope to
enable the aircraft to fulfil its intended function.

Before the first flight extensive calculations of the response to control application will have
to be made with particular emphasis on rolling. Rolling combined with other motions will
have to be investigated, in particular the rolling pull-out, and all parts of the flight envelope
have to be covered. After the first few flights, measurements of the stability derivatives
will have to be made and compared with estimates and the calculated responses repeated in
the case of disagreements. Actual responses will have to be compared with calculations and
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modifications made to the aircraft when problems appear. One of the complications of this
work is that this is a nonlinear phenomenon: the response to 50 per cent of full aileron angle is
not simply twice that due to 25 per cent as it is in linear theory, so that a series of increasing
aileron angles and say normal accelerations have to be used. Another difficulty is the sensitivity
of inertial coupling effects to small changes in derivatives, so that values including aeroelastic
effects have to be used. Only gradually will the safety of rolling manoeuvres be checked and
improved. The complete solution of the problems by the use of the AFCS is not currently
possible as the amount of control angle that can be applied is limited, usually to about 10 per
cent of the maximum, from safety considerations.

Note

1. The reader is reminded that an inertia force is a fictitious force which enables a dynamic situation to
be envisaged as a static one. Accelerated masses are given a force equal to the product of the mass
and the acceleration, and in the opposite direction to that of the acceleration. These forces are some-
times referred to as ‘d’ Alembert forces’.
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13.1 Introduction

All aircraft excepting those carrying only a very few passengers will have some form of
automatic control or stabilization to assist the pilot in flying the aircraft. The history of aircraft
autocontrol systems is actually older than that of successful powered flight; Hiram Maxim,
who attempted to fly a steam driven aircraft in 1891, equipped it with a flight control system
also driven by steam but in all other ways resembling modern designs. The Wright brothers,
recognizing that their aircraft was tiring to fly due to its inherent instability, went on to design
and develop an automatic stabilization system which was able to stabilize their aircraft.
However, the design and development of the first really successful system is credited to the
Sperrys, father and son, between 1910 and 1912. This was a two-axis system and by 1914 they
had produced a three-axis system. The development of these systems has continued unabated
ever since and is now a subject large enough to have had whole books written about it; unfor-
tunately space can only be afforded in this book for a brief introduction.

13.2 ‘Open loop’ and ‘closed loop’ systems, the feedback
principle

We start by introducing the practice of drawing a box to represent a component or a subsystem
in a system as shown in figure 13.1(a). The component is assumed to have a single input and

a single output.

input output X4 X2 X3 X4 X3

(a) (b) (©

Fig. 13.1 Box representation of components: (a) single component, (b) two components in series,
{c) equivalent box

Assuming that we are dealing with linear components the relation between the input and
output is given by the transfer function H(s) as introduced in Section 10.2.1. Now consider
two such components connected together as shown in figure 13.1(b). Let x, be the input to the
first and x, be the output; the latter is also the input to the second and x; is its output. Suppose
that the transfer functions are H,(s) and H,(s) then we have

%, = H/(5)%, and %, = H,(5)%,

From these relations we immediately obtain

X, = H,(s)H, (5)%, (13.1)
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which implies that we can replace a series of components or subsystems in a linear system by
a single box having a transfer function equal to the product of the separate transfer functions,
as shown in figure 13.1(c). Equally for linear components we can reverse the order of the
boxes. What actually ‘flows’ along the connecting lines in a real system varies from system to
system and from point to point within systems. The boxes often convert one type of quantity
to another, for example from an electrical signal to a physical movement. We can, however,
think of a physical quantity flowing along a line, even if actually it is an electrical signal which
is proportional to it. A system such as that shown in figure 13.1(b) is known as an ‘open loop’
system; an example might be an engine and the gearbox it is connected to. The position of the
throttle might be considered as the input and the rotational speed of the final drive shaft as
the output.

With many systems it is possible to measure the output, that is to convert it to a different
physical quantity with a magnitude in proportion, subtract it from a desired value of the output
and use this to adjust a control. In the previous example it is possible to measure the speed of
the output shaft, subtract it from a desired value and use the difference to control the throttle
position; this could provide the basis of a simple constant speed control. The essential point is
that the output is measured and subtracted from the input to produce an error signal; this error
is then used to adjust a control in such a manner as to tend to reduce the error as shown in
figure 13.2.

input error controlled

. | control system

output

Fig. 13.2 Schematic of simple feedback system

This is a ‘closed loop’ system. The signal fed back may be processed in some way in order
to improve the characteristics of the combined system. The error signal may also be modified
for the same purpose and may then be referred to as the ‘actuating’ signal. Two fairly similar
systems using the feedback principle can be distinguished.

The input in an ‘autocontrol’ system is intended to cause the aircraft to hold some quantity
constant or to perform some manoeuvre. It may try to keep quantities such as the height or
Mach number of the aircraft constant or to force the aircraft to turn, follow a radio beam or
land automatically. When the autopilot is engaged the pilot controls the aircraft by changing
the demanded value of any controlled motion variable.

The purpose of an ‘autostabilizer’ is to augment a stability derivative. For instance a yaw
damper augments the damping in yaw derivative, N,, so the quantity measured and fed back is
the yaw rate and the input is zero as we require zero yaw rate. The system applies the rudder
in such a sense as to oppose the yaw rate. The augmentation to the yaw derivative appears in
body rather than wind axes and if the rudder produces a rolling moment then a rolling deriv-
ative is also produced. Pitch and roll dampers can also be produced in a similar manner using
the elevator or ailerons. In sophisticated aircraft a number of both sorts of system will be
installed and the whole forms the ‘automatic flight control system’ or AFCS. Even the lightest
aircraft are likely to incorporate the feedback principle upon which these systems depend
somewhere in their main or auxiliary power systems or instruments. In a sense aircraft have
always had a sophisticated AFCS in the form of the pilot, without which an aircraft is an open
loop system.
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13.2.1 Example of a simple feedback system

As a simple and important example of a feedback system we describe the hydraulic servo-
motor. Servomotors were introduced initially because, in spite of measures taken to balance
control surfaces aerodynamically, the forces required from pilots to manoeuvre became too
large. The purpose of a servomotor is to use power from an auxiliary source to move a control
surface under the control of the pilot. A schematic diagram is shown in figure 13.3(a).

oil at high
- pressure oil out to reservoir
* ( at low pressure
'L
=
1 - L valve spool
X; =
from pilot I servo cylinder
| // ] control
surface
piston B +
(@)
*high pressure oil
. s 2% servo %o
2 vaive — cylinder

(b)

Fig. 13.3 Hydraulic servomotor: (a) physical layout, (b) equivalent circuit

It consists of a cylinder having a piston which is connected via a rod to the control surface.
Located nearby is the valve body; inside it has a cylindrical bore housing the valve spool and
connections are provided to the hydraulic system. The valve spool consists of two small
pistons which can just cover two ports leading to the bore of the main cylinder and joined
by a rod which passes out of the end of the valve body. The rods in the two cylinders are
connected by a lever; in this example the input from the pilot is connected to the centre of this
lever. The servomotor is shown in its stationary position. If the pilot moves the control rod to
the right, say, the piston in the main cylinder is initially unable to move and the motion is
transmitted to the valve spool. This causes high pressure oil to be admitted through the valve
body to the left side of the main piston. At the same time oil can flow from the right side of the
piston through the bore of the valve body to the reservoir. The piston of the servo then moves
rapidly to the right moving the control surface, the speed being roughly proportional to the
distance the valve spool is from its neutral position. This motion is fed back to the valve spool
via the lever stopping the motion when the ports are again covered; the output movement in
this case is twice the input. Virtually no force is required from the pilot.

Figure 13.3(b) sHows a functional diagram of the hydraulic servomotor in which most
of the components are represented by boxes linked by lines. The lever is represented by a
summation sign in a circle as it effectively performs this arithmetical operation. A minus
sign appears next to the signal fed back from the main cylinder, to indicate that its input is
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subtracted, and a plus sign next to that from the pilot. The nett operation performed by the
lever is the subtraction of the signal fed back from twice the pilot input. Servomotors powered
electrically are also manufactured; see reference (13.1), which also describes much of the
‘hardware’ used in AFCS’s. We have seen that the servomotor is itself a feedback system and
therefore forms an ‘inner loop’ in the main system; this is very common and most systems in
fact feature a number of inner loops; autostabilizers often form an inner loop when part of a
more complex system.

13.2.2 Advantages of AFCS’s

The provision of servomotors to move the control surfaces immediately allows more rapid
movements against larger hinge moments because of the higher power available. Servomotors
can be used simply to assist the pilot, in which case he or she still has stick forces which
provide a natural feel to the control stick. Alternatively the servo can take over the whole task
of moving the control surface and ‘artificial feel’ given to the pilot by a spring, possibly
arranged to vary in rate with the dynamic pressure. The removal of the need for a solid connec-
tion between the pilot and control surface enables the use of electrical signals to transmit the
pilot’s input, known as ‘fly by wire’, or the use of light transmitted by optical fibres. These
save weight but three or four independent channels must be used to ensure reliability.

The addition of an autocontrol system gives higher accuracy of control because of its error
sensing characteristic and relieves the pilot of the need to control the aircraft continuously,
still further reducing pilot fatigue and enhancing safety. As we have seen in Section 11.4.1
aircraft possess neutral stability in heading and a prime target for the application of autocon-
trol has to be to correct this. When the task is simple an autocontrol system can achieve better
accuracy than a pilot. A pilot tends to use more control surface deflection in manoeuvring or
correcting the effects of atmospheric disturbances and so causes more drag on average. One
result of installing an AFCS can be a reduction in fuel consumption. Autocontrol systems
have been developed that can land an aircraft thus permitting all-weather operations, with
further consequent economic benefits.

The addition of an AFCS enables the use of designs of conventional layout with negative
cg margins giving improved response or makes possible the use of a smaller tailplane or a
wider cg range. Tailless aircraft become a more reasonable option as the poor damping in
pitch can be augmented. However, there is a limit to the amount of instability allowed because
the authority of the AFCS is limited for the sake of safety. Typically the maximum control
surface deflection allowed to be produced by the AFCS is limited to 10-50 per cent of the
maximum travel.

13.3 General theory of simple systems

We come now to consider how the feedback system modifies the stability and response char-
acteristics of the aircraft. The discussion is limited to simple systems with a single input and
single output.

13.3.1 Effect of feedback

Figure 13.4(a) shows a possible autocontrol system intended to control the pitch angle of an
aircraft. Again each element is shown as a box without regard to its actual function; in partic-
ular the servomotor is shown as a single box in spite of having an internal feedback loop.
The output pitch angle 6, is fed back and is subtracted from the demanded pitch angle 6, To
improve the damping in pitch the pitch rate is sensed and fed into the servomotor with the
error in pitch angle signal. Optional compensators are shown at A and B to further process the
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Fig. 13.4 Autocontrol system to control pitch angle of an aircraft

signals. The aircraft is also subject to disturbances such as gusts which add to the response to
elevator angle deflection via the transfer function H,_.

It would be equally possible to differentiate the oufput pitch angle signal to obtain a pitch
rate signal, then factor it and add this to the output pitch angle to obtain an equivalent system
to that of figure 13.4(a). If the demanded value of pitch angle is constant, differentiating the
error signal would have the same effect. The process applied to the error signal can then be
represented by the transfer function J(s) = (k, + k,s). This box is often referred to as the
‘control’; with minor changes it could also be placed at the position D in figure 13.4(b). By
lumping together the transfer function of the servomotor, H,,, and the integration process at C
into H(s), using the result (13.1), the system of figure 13.4(a) can be replaced by that of figure
13.4(b). The gust input now becomes Heg, .W,. This system can be taken as the standard system
to which all simple feedback systems can be reduced. Considering the input and output for

each component in turn we have the relations

6, = HT + H,, W, (13.2)
£=6, - 6, (13.3)
n=Je (13.4)

Substituting (13.3) into (13.4) and then substituting into (13.2) we find
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6.1 + HJ)= HIB; + Hy, W,

The system transfer function in the absence of gust effects is then

8,  H(s)J(s)

8, 1+ H(s)J(s) (13.3)
and the response to gusts in the absence of control input is

6, __ Mo 13.6

w, 1+ H(s)J(s) (136)

instead of H,, (s) for the aircraft without the control system.

A system which uses a feedback signal proportional to the controlled quantity is said to use
‘proportional control’. If the signal going to the servomotor also contains a term proportional
to the derivative of the controlled variable then the system is said to have ‘rate control’. This
anticipates future changes in the error; an alternative view is that it creates a phase lead
correcting for lags elsewhere in the system. Two of the likely sources of lags are those due to
the servomotor and the aerodynamic lag due to the time taken for the circulation around a
wing surface to change after a change in control surface angle. If the aircraft flies through high
frequency turbulence the term may become large and it may be necessary to reduce its effect
by the use of a low pass filter. It can also be useful to include a term proportional to the integral
of the controlled quantity; this for instance will prevent the build-up of error over a long time
due to friction in components.

Now suppose the servomotor is a perfect device with unit transfer function; the elevator
transfer function is in the form of the ratio of two polynomials, as in (10.6), that is
Hg(s) = G(s)/F(s), say. The system transfer function can be written, using (13.5), as

(ks + ky)G(s)/ F(s)

T+ (ks + ky)G(s)/ F(s)

(ks + kp)GLs)

T F(s) + (ks + ky)G(s) (13.7)

8
3,

The characteristic equation for the combined system is therefore
F'(s) = F(s) + (k;s + ko)G(s) (13.8)

When s has a value equal to a root of (13.8) the system transfer function (13.7) becomes
infinite; these roots (or zeros) are said to be the ‘poles’ of (13.7). The numerator of (13.7) can
also become zero; these points are the zeros of (13.7). In a similar manner we can write the
transfer function for gust velocity in the form ng = G'(s)/F(s) leading to

8 _ G'Gs) (13.9)

W, F(s) + (s + kp)G(s)
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Worked example 13.1

A low aspect ratio aircraft has a value of I, = 4.5. Using the one degree of freedom model for
this mode, check with Section 11.7 to see if the characteristic time #, in the roll subsidence
mode meets the handling requirements. If not, design a system to augment the damping in roll
to bring the time to the required value. The normalized time unit 7 has a value of 8 s and the
characteristic time of the servomotor is 0.08 s.

Solution

This mode was discussed in detail in Section 11.4.3. To obtain the simplified response
equation for this mode we use (11.20) with the second member of (11.6) and omit the terms
in ¥, {" and 7 to obtain

(I, + Dyp=—i,& 0)

Putting the right-hand side to zero and solving as before, A = —[,. The characteristic time ¢, is
then @1, = 8/4.5 = 1.78. This value clearly violates the requirement f, > 1.5 s.

The system we propose to use is that of figure 13.2 with the aircraft modelled by the transfer
function for the roll subsidence mode combined with the transfer function for the servomotor.
The aileron will be moved in proportion to the error in roll rate, p. Any problems can,
of course, be solved in either dimensional or normalized terms, with identical results. It is,
however, conventional to solve such problems in dimensional terms, probably because such
systems are usually analyzed by control engineers with no training in aerodynamics. For the
sake of demonstration we choose to use normalized variables.

A servomotor can be modelled by a simple first-order equation of the form

D + D= f(1)

where D = d/dt and ¢, is the servomotor time constant or lag. Introducing the normalized time
unit, 7, we have

(‘_s_d_ + 1)g=f(m)

tdt /T

We now write ¢ = t/Tas before and 7, =t/Tto give
(@D + D= (D)

where D = d/df. We now take the Laplace transform as in Section 10.2.1, giving
(s + D& = f(s)

The transfer function for the servomotor is therefore

1
ts+1

\ll‘f\vl
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Taking the Laplace transform of (i) above gives
(lp + s)ﬁ: =18

The transfer function is therefore

st
"
)

Using proportional feedback we write & = ke, that is J(s) = k, then from (13.8) the charac-
teristic equation is F + GJ or

(ip + s)(fss +1) - ’;IE =1t + (Iaptgs + l)s + l; - I;l5 =0

Substituting values gives
0.01s® + (4.5%0.01 + 1)s + 45 — 50k =0
or
s? + 104.5s + 450 — 5000k =0 (ii)

We require the characteristic time to be 1.5 s so converting this to normalized time gives
t.=1.5/8 = 0.1875. Then putting s = —0.1875 and solving (ii) we have

(—0.1875)% + 104.5(—0.1875) + 450
5000

k= =0.086 088

Substituting back into (ii) and solving checks this value and gives a second root of —104.31;

this corresponds to a characteristic time of 0. 009 586 which is associated with the servo. It is
interesting to note that omitting the term in s? in (ii) makes almost no difference to the result;
however, putting the servomotor characteristic time to zero results in a value for k of only
0.0167. Finally we convert the constant k to its dimensional equivalent k by noting that the
aileron angle can be written as E=kp oras E=k p and that p = pTso that

=IZ;3=I;pTork =kt
then k = 0.689.
13.3.2 The effect of rate control

We now consider the longitudinal stability quartic characteristic equation (9.38) and now
write the polynomial G in the form

G=as’+ Ps+7vy (13.10)
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We find that the characteristic equation is now

F'(s)=s*+ (B, + k0)s* + (C, + kB + kya)s + (D, + kv + kof)s (13.11)
+ (El + koy) = 0

Since the characteristic equation is still a quartic we can factorize it into a pair of quadratics,
as in Section 9.3.4, that is

F(s)=(A+aA+ bn)(/12 +aA+by)
Multiplying this out and equating the coefficients of s* we find
a, ta,=B, + ka

Since the left-hand side of this expression is twice the sum of the damping constants of the
SPPO and phugoid modes, it follows that unless rate control is used the total damping cannot
be increased, only distributed differently between the modes. Since lags are introduced in real
systems the total damping is actually reduced. This is a demonstration of a general obser-
vation, that unless the damping of a system is already adequate, rate control is required and
proportional feedback on its own can worsen a system.

13.4 Methods of design

During the design of an aircraft it will become evident that an autocontrol system will be
required when the aircraft is found not to satisfy the handling criteria of Sections 10.5.3 and
11.7; this will also define the desirable characteristics. In the design and development of a
feedback system the difficulties arise over the choice of system and of the feedback constants
which will give the aircraft desirable characteristics over the whole flight envelope. The steps
in designing a system are then to decide which quantities to measure and whether inner loops
are required to provide autostabilizers. The last step is to find the feedback constants; like any
design process the whole process may have to be an iterative one. In the next section we
discuss some simple methods for finding the feedback constants. We have already seen in
Worked example 13.1 that it is possible simply to set up and solve an equation for them. If a
test of the stability of the system is all that is required then the test functions of Section 9.3.3
can be used.

13.4.1 Frequency response methods

Referring to figure 13.4(b), if we cut the circuit at a point such as E in the feedback loop and
treat the ends as an input and output we can determine the response. This is the ‘open loop’
response H(iw)J(iw) and is normally a complex quantity. For simple feedback systems the
open loop frequency response is a convenient quantity to use for investigating and improving
the stability.

There are at least three ways of presenting the frequency response graphically as frequency
is varied; these are the Nyquist diagram, the Bode diagram and the Nichols diagram. These are
most easily determined by using standard computer software. The Nyquist diagram is a polar
plot with the gain, |HJ|, as radius and arg(HJ) as polar angle and using frequency as parametric
variable. Figure 13.5 shows a typical plot; subject to certain conditions a system is unstable if
the plot encloses the point (—1,0).

The Bode diagram is a logarithmic plot of gain and of phase angle against frequency; a
typical plot is sketched in figure 13.6.
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Fig. 13.6 Bode diagram

The Nichols diagram is a plot of the gain in decibels against the phase angle with frequency
as parameter, a typical plot is shown in figure 13.7.

A Nichols chart is a specially printed chart on which to plot the gain and phase of the open
loop transfer function. It also has contours on it from which the gain and phase for the closed
loop system can be determined based on (13.4). The sensitivity of a system to variations in the
characteristics of its components can be seen from these plots. A system having the response
shown as the dotted line in figure 13.7 would be stable but it would only take a small error in
the components or in estimating stability derivatives to produce a system with poor stability.

The adequacy of the stability of the system is judged by the ‘gain margin’ and the ‘phase
margin’; figures 13.5, 13.6 and 13.7 illustrate their determination. A gain margin of 6 dB and
a phase margin of 60° are considered to provide adequate stability. For a system in which the
modes are well separated in frequency, each oscillatory mode can be treated as if it were a
separate second-order system. For a second-order system it can be shown that the phase
margin is related to the relative damping by the approximate relation
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¢=0.011¢for £{<0.7 (13.12)

where @ is the phase margin in degrees. This enables the additional damping required to be
determined and can be used to design an autostabilizer.

13.4.2 Use of the root locus plot

The root locus plot has already been introduced in Section 9.4.3, where the locus of the roots
of the longitudinal quartic as the cg margin varies was plotted. In this case the parameters used
are the constants in J(s). The roots of high-order polynomials are easily found using computer
packages, without which the method could be rather tedious. From (7.34) we see that if a line
drawn to a point in the left-hand half-plane from the origin makes an angle ® to the negative
axis then

{=cos® (13.13)

which is true whether we are using dimensional or normalized variables. We now consider an
example.

The aircraft is the same one considered previously but with the cg margin reduced from 0.15
to 0.01, so that it is only just statically stable. At this value of the cg margin the roots of the
SPPO mode are both real. It is intended to use pitch angle as the controlled variable and to use
both proportional and rate feedback to give the phugoid mode a relative damping ¢ of 0.7 with
no deterioration in the damping of the SPPO. A perfect servomotor is assumed. Using (13.11)
the resulting quartics were solved for a variety of cases and the results are shown in figure 13.8.

The locus of the phugoid roots is shown in figure 13.8(a). The point A represents the initial
roots, variation of k, results in the locus AB while that of k, results in AC with the phugoid
roots becoming a real pair. Also shown are lines at 45° to the negative real axis corresponding
to a relative damping of 0.7. The corresponding variation of the SPPO roots is shown in figure
13.8(b); k, decreases the damping and k, increases it. It is evident that variation of k, increases
the relative damping of the phugoid and reduces the damping of the SPPO in line with
comments in Section 13.3.2. A value of k, of about —0.03 gives a value of { close to that
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Fig. 13.8 Use of root locus: {(a) root locus plot showing effects on phugoid roots, (b) plot showing

effect on SPPO roots

required but reduces the damping of the SPPO; however, we can correct the latter using rate
feedback. A little trial and error shows that k, = —0.033 and k, = —0.03 gives the required
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value of { for the phugoid and slightly improved damping for the SPPO, marked as the point
D on the figures. Of course this solution is not unique.

13.5 Modern developments

The simply systems so far described cannot be used to improve all the flight characteristics, or
produce suitable characteristics over whole flight envelopes due to the variations of speed,
height and stability derivatives. Modern aircraft automatic control systems have therefore had
to progress well beyond the simple systems described and frequently use multiple inputs and
outputs. As a result more advanced analysis methods have been developed using state-space
formulation of the equations. Some improvement has been obtained by developing methods
to design systems which are optimal in some sense. To cope with the variations of speed and
height through the flight envelope of the aircraft the feedback constants of the AFCS are made
to vary with dynamic pressure; this is known as ‘gain scheduling’.

In the most advanced aircraft autocontrol techniques are used to provide other functions;
this is often referred to as ‘active control’. We have already mentioned the possibility of stabi-
lizing an unstable aircraft. A set of interrelated functions are those to improve the ride, alle-
viate the loads produced by flying through gusts, and alter the spanwise wing lift distribution
to give lower root bending moments in manoeuvres by deflecting suitable control surfaces.
Flutter is another possible area of application for these techniques, raising the flutter speed of
a wing or saving wing weight by designing it to a reduced flutter speed.

For a number of years automatic control systems have operated on the analogue principle,
that is voltages have represented the physical quantities being manipulated within the system.
Current and new systems are digital, that is streams of digital pulses represent the physical
quantities. This introduces new possibilities, new problems and techniques to solve them. In
such systems the control law is realized by a digital computer. This has advantages such as
making possible more complex laws and easy alteration of the laws by altering the software.
Again three or four independent channels must be used to ensure reliability of the software used.

Beyond the advances described in this necessarily short account there are flight control
systems which are designed to adapt to the current environment of the aircraft and the use of
fuzzy logic and expert systems.

Student problems

13.1 Using the approximation for the dutch roll mode given in Section 11.4.4.2 find the
proportional constant required for a yaw damper fitted to an aircraft with the following
stability derivatives to have a damping constant of 0.7. The derivatives are y, = 0.75,
n,=—61,n,= 1.7, n, = 1.7; assume that y, = 0. Also assume that the servomotor has a
negligible time constant. (A)

13.2 Using the stability criteria in Section 9.3.3 (see Section 13.4) determine if the
following characteristic equations represent stable or unstable systems and if unstable
the number of roots with positive real parts. If possible indicate if there is an unstable
oscillation. (A)

(a) A* =942+ 21+ 30

(b) A*+ 1223 + 7642 + SA + 15

(c) A*—8A%+ 1142 + 5014 + 30

@ A+ 1R+ 1RA+20-1

(e) A* + 10A° + 46A% + 4324 + 157

) A*— T4+ 34° + 61A% + 534 + 30
(® A’ — 312 — 194° + 3942 + 204 — 20



Appendix A
Aircraft moments of inertia

The aerodynamic characteristics of an aircraft can be estimated fairly accurately given suffi-
cient geometric information using the ESDU Data Sheets or other information sources. The
same is not true for the aircraft inertias for which there is very little easily available informa-
tion. This appendix presents the results of an attempt to correlate the inertias with geometric
parameters. It can be used to estimate the inertias at an early stage of a design or for the
purpose of setting student exercises. There is also some information on inertia in pitch in
reference (A.1). Data for this correlation have been taken from references (A.2), (A.3) and
(A.4) and cover a mass range from 800 to 210 000 kg. The inertias quoted in reference (A.3)
were estimated using a method given in reference (1.1) and the aircraft types are not
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Fig. A.1 Radius of gyration about the roll axis against wing span, b, in metres
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identified; the other inertias have been obtained by calculation from the known masses of the
components and the aircraft types are given. Reference (A.3) correlated the inertias obtained
by plotting the corresponding radii of gyration against an appropriate geometrical parameter;
the same process and parameters have been used here. In a few cases data were available on
an aircraft at both the maximum mass and the minimum,; this is indicated on the plots by
joining the points by a vertical line. It should be noted that these values of the radii of gyration
are unlikely to be either the maximum or the minimum that can occur.

Figure A.1 shows a plot of radius of gyration about the roll axis against wing span, b, in
metres, Fairly obviously, if the engines are located well out on the span of the aircraft we
would expect the inertia to be larger than for a comparable aircraft with engines in or near the
fuselage. For the data with known aircraft type, multi-engine propeller aircraft were classified,
as expected, to have relatively high inertia; single-engined aircraft and jet-engined aircraft
with engines close to the fuselage were classified as of low inertia. It proved possible to draw
lines of reasonable fit to the two sets of data. The data reference (A.3) were then added and can
be seen to fall close to the other data. The slopes of the lines are 0.16 for the multi-engined
propeller aircraft and 0.128 for the other types; reference (A.3) found no effect of number of
engines and a slope of 0.157.

Figure A.2 shows a plot of radius of gyration about the pitch axis against fuselage length,
Ig, in metres. Again the aircraft were classified into low and high inertia, with aircraft with
engines near a spanwise line through the cg classified, as expected, to have lower inertia. In
this case the classification did not separate the data and a single relation between the para-
meters was assumed. Linear regression gives the radius of gyration in pitch as k, = 0.1816/; —
0.214 m, with a standard deviation of the fractional error of 0.134.
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Fig. A.2 Radius of gyration about the pitch axis against fuselage length, /g, in metres
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Fig. A.3 Radius of gyration about the yaw axis against ,’I f; + b?

Figure A.3 shows a plot of radius of gyration about the yaw axis against ,/lf, + b? . Inthis
case no simple classification of the aircraft by engine arrangement was considered likely to be

useful. Linear regression was used to obtain the relation k, = 0.1613 \/l_ ,2, + b —0.124m,
with a standard deviation of the fractional error of 0.136.



Answers to problems

3.1
32
33
34
35
3.6
37
39
3.10
3.1
3.12
3.14
3.16
3.17
3.18
3.19

4.1

5.1
5.2
53
54
55
5.6

4,77
541 1b h™! approximately
1.291, 1.007, 0.832, 0.334, 0.0766

0.5085, 0.024 34, 59.8 ms™!
1.19,54.7m s}, 1310 kW; 0.687, 729 m s}, 17.93 kN
144ms™!

137ms™!

2.24

375s

8.13 km using Simpson

2971 km; 2226 km; 98.4 ms~!, 2910 km
1600 km; 126.7 m s™', 1014 km, 0.4184
5797 km

6.09h

6.1°,9.72ms™";6.3°,108.8ms™", 119ms ' 161.3ms™!, 5.3%, 1486 ms™’
9.01° 1441 ms™';826ms™ !, 10.11°,155ms™!
29.6°,69.4ms™!

220ms™!, 18.35ms™!

0.008 552, 0.02005,0.574 ms™!, 1.73°

8.6 km

9.57ms™!, 7541 ms™!

2.76 km, 8.6 km, 23.89 km, 67.4°

1320 m, 2.807

545m

63.3%, 1138 m

236 m

263 m

383 m

217m

488 m

Wing warping, all moving tips, auxiliary jets/rockets, dive brakes, reverse and deflected
engine thrust, independent air-brakes

5.98 m, 4.83 m, 7.52 m, 43.3°
50N, 0.0163 Nm, 8.57°,233 N
0.125

—1.82°,0.125

—0.074

—5.92°,845N
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5.7 0.36,0.38
59 -92°
5.11 5.73°
5.13 —-6.76°

6.1 93.4ms™
7.1 113.25,202.3m,7.94ms™’

9.1 -0.0326, 0.103, —0.42, —4915, —0455 -0.237, —1.3, 0.0, —0.4935, —1.29,
—3.685, —0.671

94 588s5,945s

9.5 -0.0145 +i0.1129, —0.0906 * i0.7056

9.6 0.507s,8.098s, 154.9 s, 1491 s, ky/ky = 1.1568 + 10.1096, k/k, is left for the student

104 n=—0.176[1 — ¢~**(cos 0.718¢ + 0.92 sin 0.7181)

11.3 —9.804, —0.376, 0.0185 x i6.517; comment: dutch roll mode is unstable, 0.4 s, 10.5 s,
213.5 s (1o double), 5.595 s. Eigenvectors: kyk, = 3.39 + i1.979, ky/k, is left for the
student; ky/k, = 0.0253, k/k, = —0.0431

13.1 —0.466
13.2 (a) one, (b) none, (c) one unstable oscillation, (d) one real, (¢) one unstable oscillation,
(f) one (oscillation) (g) two (one oscillation).
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Index

accelerate-stop manoeuvre 66
acceleration,
centripetal, in turn 58
normal, due to gust 74, 206-7
stability derivatives due to 151
active control 279
aerodynamic centre,
definition 82
effect of Mach numberon 85
effect of nacelleson 85
effect of propellerson 85
aerodynamic forces, in terms of stability
derivatives 153
aerodynamic mean chord 834, 159
location 84
aerodynamic unit 74-5, 124, 156
in American notation 163
aerodynamic twist 83
AFCS
advantages 270
authority 270
use with statically unstable aircraft 104
ailerons
functions 3
response to  248-50
rolling moment due to
sense of movement 76
yawing moment dueto 113
Airbus 9
aircraft relative density parameter see ‘relative
density parameter’
airworthiness 103—4, 218-20, 265-6
angle of attack 21
angle of climb,
jet-driven aircraft 47
propeller-driven aircraft 46
angle of incidence, definition 3
angle of no lift 5,6
angular momentum
of arigid body 132
of a system of particles 130
angular velocities, in terms of rates of change of
orientation angles 148-9
anhedral 115

112-13

Arctic minimum atmosphere 20
aspect ratio

definition 3

effect on lift curve slope 6

effect on trailing vortex drag 12
assumptions

for static stability 81

general 1-2

in level flight 22
atmosphere, pressure, density and temperature in

18-20

atmospheric turbulence 214-15, 217
attitude lead time constant 220
auto-correlation, definition 214
autorotational inertial coupling 2634
autostabilizer 268, 2734
axes for dynamic stability, definition 71-2

Babister, AW. 174,224

balanced field length 66

bank angle intumn 56-7

bifilar pendulum 135-8, 155-6
equations of motion 135-8
natural time unit 155

Bode diagram 198, 275-6

body axes, definition 71

boundary layer normal pressure drag

braking friction 65

Bryan, G.H. 145

Buckingham’s n-theorem 55,75

buffet 7

buoyancy relation 17

10-11

camber ratio

definition 3

effect on aerodynamic twist 83
canard aircraft 106-8

cap 157

ceiling 51-2

centre of pressure 82

cg margin

effect of weights 108

effect on longitudinal roots 191
experimental determination 94-5
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cg margin cont. flap type 76-9
improved expression 105-6 hinge moment slopes 77
negative 270 lift slopes 77
relation to trim curve 94, 96 pressure distribution 76
stick fixed 94, 104, 125 spoiler type 79-80
canard aircraft 108 conventional dutch roll
stick free 95, 104 with large damping in roll  239-41
cg margins, relation between 95-6 with large inertia in roll  240-1
cg, motion of in disturbance 160-1 conversion of derivatives
cg position, effect on longitudinal stability aero-normalized to concise dynamic-
190-1 normalized 159
cgrange 1034 longitudinal 174
characteristic time 179 to American notation 174-5, 225
of roll mode 253, 273 to concise forms, lateral 224
in auto-correlation 214 Cooper-Harper scale 219
chord line 3 cosine gust 208, 217
circular frequency critical incidence
in directional oscillation 238, 260 for autorotational inertial coupling 264
in pitching oscillation 189, 260-2 in dutch roll mode 244-5
climb 43-51 cruise-climb technique 33
at constant eas 51
at constant Mach number 51 d’Alembert forces 266
condition for maximum angle damping coefficient, of simple pitching
jet-driven aircraft 47 oscillation 12§
propeller-driven aircraft 46 datum flight condition 72, 150
condition for maximum rate decision speed, in take-off 66-7
jet-driven aircraft 48 density
propeller-driven aircraft 46 in atmosphere 1820
climb with acceleration 50-1 relative 19, 20, 23
closed loop systems 258, 269-70 derivatives see stability derivatives or control
coefficients derivatives
of lateral quartic 227 derotation, in landing 65
of longitudinal quartic 182 design implications 104, 120, 245-8, 265-6
compressibility dihedral angle, effect on lateral stability 245-8
effectondrag 12-3 dihedral effect 114-15
effect on phugoid stability 188 directional oscillation 236-7
concise stability equations 157 with lateral freedom 237-8
Concorde 234 directional stability 120
condition for conventional dutch roll  244-5 distance to take-off 604
condition for stability downwash 87
roll subsidence mode 232 drag
rolling oscillation with lateral freedom 243 boundary layer normal pressure 1011
roll-yaw and roll-pitch coupling 260 effect of compressibility 12-13
spiral mode 231 effect on phugoid damping 187
conditions for stability estimation 10-12
in terms of quartic coefficients 181 form 11
in terms of roots of characteristic equation induced 10-11
179 lift-dependent 11
control derivatives effect of Mach number 13
due to aileron 112-14, 224-5 normal pressure  10-12
due to elevator 174 no-lift 11
due to rudder 112-13, 224-5 effect of Mach number 13
control terms, in stability equations 153, of low drag aerofoil section 12
159-60, 225 profile 11
controls effect of thickness 12

balancing 77-9 spillage 11



drag cont.
surface friction 10
effect of Reynolds number 11
trailing vortex  10-11
effect of aspect ratio 12

tim 11

viscous lift-dependent 10-11
wave,

due to lift 10-11

due to thickness 10-11

dutch roll mode 229, 23545

critical incidence 244-§

discussion of characteristics 244-5
dynamic normalization, divisors for 158
dynamic pressure, expressions for 28
dynamic stability 73

axes and notation for 145-6

eigenvalues 177
eigenvectors 177
finding 184
elevator
functions 3
power 102
response to  195-204
sense of movement 76
trim curves 89
endurance
general equations for
specific 31
energy height
definition 44
rate of change in standardized variables 56
use in determining optimum climb 52-4
engines 14-17
functions 3
failure 66
nacelles, effect on aerodynamic centre 85
specific fuel consumption 14
effect of height and Mach number
34
thrust, effects of height and Mach number
15-16
envelope of normal acceleration responses 217
equations of motion
for arigid body 131-3
for a system of particles
linearized 151-2
referred to moving frame of reference
equivalent airspeed
definition 23
variation of drag and power with 24
equivalent shaft power 26-7, 44-5
ESDU data items
referencing 6
lateral derivatives estimation 223-4

312

15-16,

130-1

134-5

Index 289

Etkin B 161, 163
feedback 268-75
fin

area, effect on lateral stability 245-8
functions 3
sideforce on due to sideslip 114
sideforce on due to yawing 116
flaps
leading edge 9
trailing edge 8,9
flare, in take-off 61, 63—4
flying qualities 220, 253
fly-by-wire 270
formdrag 11
Fourier transform 210-11
frequency response
methods of AFCS design 275-9
to elevator movement 197-8
frequency spectra 209-10
frequency, of pitching oscillation
see also periodic time
fuselage, functions 3

125-6

gain scheduling 279

gearedtab 79

gliding 41-3

gross still air range 30

gross wing area 3

ground run, in take-off 61-3

gusts, 73—4, 204-18, 250-3
random response to  214-16
second pattern of 218

handling qualities 219, 253
hinge moment trim curves 90
horn balance 78

incidence angle, critical, in dutch roll mode
244-5
incidence angle, definition 3
incremental performance 36-8
induced drag 10-11
inertia in roll, effect on stability 237, 239, 241
inertia parameters
for inertial coupling 259, 264
for lateral and longitudinal modes 158
inertial coupling
autorotational 2634
roll-pitch  256-62, 265
roll-yaw 25662, 265
rudder induced 265-6
inertial sub-range 215
inertially slender aircraft 234, 41
initial climb, in take-off 61, 634
innerloop 270-1
integral scale length 215
interference factor 10
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kinetic energy factor 51
Kiissner function 205

landing 65, 66
braking frictionin 65
distance 65

Laplace transform

249

lapserate 17

lateral control and response  248-53

lateral quartic/quintic coefficients 227
iterative solution 228-30

139-41, 197, 203, 207, 210,

solution using a spreadsheet  253-5
lateral stability

effect of fin area 245-8

effect of inertia in roll 237, 239, 241

effect of speedon 245-6
equations, schematic 226
solution 225-30
lateral static stability 120-1
effect on rolling 233
lift coefficient
as speed variable 23
definition S
for minimum drag 25
for minimum power 26
in pullout 100
increment due to flap 8-10
maximum 5,7
lift curve slope 5,6
effect of aspect ratio 6
effect of Mach number 5
effect of sweepback angle 6
effect of thickness/chord ratio 5
whole aircraft 106, 171
lift distribution due to roll 123
lift dumper 65, 79-80
lift-dependent drag 11
effect of Mach number 13
linear momentum of a system of particles 130
load factor 57
longitudinal equations
schematic 176
solution of free motion
longitudinal quartic
coefficients 177
iterative solution 182-4
solution using a spreadsheet 191-3
longitudinal stability, effect of speed on 190
longitudinal static stability, 93-7
effect of rolling 233
low drag aerofoil section 12

175-7

Mach number
critical 12
determination of maximum 27-8

drag critical 12-13, 35
effect of drag 13
effect on lift curve slope §
manoeuvre margin
effect on phugoid periodic time 188
effect on SPPO period 189
relation to coefficient C, 185-6
stick fixed 102, 104
stick free 103, 104
manoeuvre point
stick fixed 101, 104
stick free 103, 104
maximum acceleration 28
maximum Mach number 27-8
maximum speed 27-9
Maxim, Hiram 267
minimum angle of sink, in glide 41
minimum control speed
in the air  66-7, 120
on the ground 66-7, 120
minimum drag
condition for 25
in gliding flight 41
minimum drag speed, in guide 41-2
minimum field length 66
minimum power, condition for 25
minimum sinking speed, in glide 42
moments of inertia 132
estimation 280-2
rotation of axes 230
moving frames of reference 133-4
natural frequency 129
natural time scale 74-5
neutral point
stick fixed 94, 104
stick free 95, 104
Nichols chart  276-7
no lift angle 5,6
no lift line, definition 87
no-liftdrag 11
effect of Mach number 13
normal acceleration
due to cosine gusts 217
due to elevator movement
due to step gust  206-7
inturns 57-8
probability of exceeding in random turbulence
216
simple treatment 74
spectral density due to random gusts 214-16
normalization in American notation, divisors for
162
normalized mass 75
normalized time unit 273
Nyquist diagram 198, 275-6

2014



open loop systems 267-8
ord 113,151
orientation angles 146-147
performance, incremental 21
performance equation 43-5
periodic time 178
directional oscillation 238
effect of speed on
lateral modes 246
longitudinal modes 190
phugoid mode, approximate 127
rolling oscillation 241
SPPO mode 189
phasor diagram 194
phugoid mode
approximate treatment 187-8
condition for stability 184
effect of dragon 188
handling qualities criteria 219
response in due to elevator movement 200-2
treatment using energy approach 126-8
pilot opinion 218-20
pitching moment 72
at zero lift 82
pitching moment equation 85-6
stick fixed 88
in pullout 101
stick free 91
tailplane contribution 86-7
pitching oscillation, simple treatment 126
polytropic index 19
power spectral density 213

pressure
in atmosphere  18-20
relative 19, 20

principal axes of inertia 230
products of inertia 132, 230

ratios 15, 225-6
profile drag 11

effect of thickness ratio 12
propeller thrust, effect of height 16
propeller efficiency, definition 26
propellers

effect on aerodynamic centre 85

effect on lateral derivatives 2234
proportional control 272
PSD method 214-16
pullout manoeuvre  99-100

quartic
inertial coupling 260-1
lateral 227

longitudinal 177

ramp gust 208

Index 291

random gusts, response to  214-16

random variable theory 209-14
application 214-16

range
Breguet equation for 33, 34
calculation of in stratosphere 35-6
cruise-climb technique 33
general equations for 31-2
specific air 30

range-payload curves  36-7
rate control 272

effect of 274-5
rate of climb

jet-driven aircraft 48-50

propeller driven aircraft 45-7
rate of pitch, in pullout 100
rate of roll, in pure rolling motion
reference chord 83
reference speeds in take-off 66-7
relative damping 253, 277-8
definition 129
relative density parameter
American notation 163
for lateral stability 160
for longitudinal stability 159
in pullout 101
response
to aileron movement
typical 251
to elevator movement
in normal acceleration 2014
typical 200-2
using Laplace transform
using numerical integration
to gusts, approximate treatment
lateral 250-1
longitudinal 204-8
in normal acceleration 206-7
to rudder movement 248-50
typical 252
Reynolds number, effect on surface friction drag
11
roll subsidence mode 228, 232-5
rolling, extreme types 233
rolling moment 72

1234

75,157

248-50

195-7
198-200
734

due to aileron 112-13
due to rudder 113-14
due to sideslip 114-16

rolling oscillation 241-2

with lateral freedom 242-5
roll-pitch inertial coupling 256-62, 265
roll/sideslip ratio 241
roll-yaw inertial coupling 256-62, 265
root locus plot

for variation of ¢g margin 191

use in AFCS design 277-9
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roots of quartic, interpretation 178-9
rotation in take-off 61, 63
Routh’s descrimant 181, 245-8
rudder

functions 3

response to  248-50

sense of movement 76

sideforce due to 112

yawing moment dueto 112-13
rudder, rolling moment dueto 114
rudder induced inertial coupling 265-6
Runge-Kutta method 143, 198-200

safe operating range 30
sealed nose balance 78
second order equations
simple aircraft modes described by 125-8
standard form  128-9
sense of movement of controls 76
servomotors  269-70
set back hinge 79
shape of the mode 177, 194
dutch roll mode 236
phugoid 186
roll subsidence mode 232
spiral mode 232
SPPO mode 188
sideslip
generated by lateral motion 237, 244
generated by roll  241-2
generated by yaw  235-6
inturns 57
rolling moment dueto 113-16
sideforce on findueto 114
trim angles in steady straight 119-120
yawing moment due to 113-4
sidestick 104
slope of stick force against speed 99, 104
small perturbations, effects of 150-2
specific air range 30
specific endurance 31
specific fuel consumption 31
effects of height and Mach number  15-17,
34
use in finding maximum range 34
spectral density
definition 213
of normal acceleration 216
von Karman relation 215
speed
determination of maximum 27-9
effect on braking friction 65
effect on lateral stability 245-6
effect on longitudinal stability 189-90
for minimum drag 25
for minimum power 26

increase due to a small increase in thrust
37-8
slope of stick force against
stick actions to change 97-9
speed stability 75

Sperrys

267

spillage drag 11
spiral mode 228-39, 231-2

SPPO mode

approximate treatment
handling qualities criteria 220

spreadsheets, for solving quartics 191-3, 253-5

stability derivatives
definition 151
divisors for 158
effect of frequency on
effect of propellers on
effect on stability

123, 232, 234-5, 241-3

231

182, 260, 277-9

189

166
171

231, 234-5,241-8

234-5

231, 236, 238, 241
231, 234-6, 238, 2414, 245-8, 256

99, 104

estimating effect of Mach number 168
exponential 165
general remarks 165
measurement 166
quasi-steady 165
relative to other axes
specific data on
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stability derivatives cont.
Z, 169-71
Z, 152,172-3
stability diagram
for autorotational inertial coupling 264
for lateral stability 247
for roll-yaw and roli-pitch coupling 260-2
stability equations
concise 157
concise dynamic-normalized lateral 160
concise dynamic-normalized longitudinal
159
effect of symmetry on  152-3
for roll-yaw and roll-pitch coupling 257-60
in American notation 161-3
in dimensional form 153-4
longitudinal, for gust effects 206
stack 29
stalling S
airworthiness requirements 104
speed 23
standard atmospheres 14-20
standardized performance 54-6
states of static stability 72-3
state-space description 13643
state-space equations 137-8, 260
analytic solution 138-41
frequency domain solution
step-by-step solution 142-3
static margin 185
static stability
condition for 92-3
effects in inertial coupling 256
lateral, conditions for 120-1
longitudinal 92-6
relation to coefficient E, 184
statistical discrete gust method 217-8
step gust 205
stick force
to change speed 99
perg 103
stick gearing 98
stick movement
to change speed 98

139-41

perg 101-2
stick-pusher 104
stratosphere 14, 17, 19-20

calculation of range in  35-6
surface frictiondrag 10

effects of Reynolds number 11
Sutherland’s formula 21
sweepback angle, definition 4
sweepback

effect on lift curve slope 6

on rolling moment 115

symmetry, effect on stability equations 152-3

Index 293

systems
open loop 267-8
schematic of closed loop 258, 269, 271

tab, trim 77, 87, 91
tailplane functions 3
efficiency 105
incidence 87-8
incidence change in pullout 100
lift curve slope, stick free 91,95, 103
setting angle definition 87
volume coefficient 86, 172-4
take-off decision speed 66-7
distance 604
flare 61, 634
ground run  61-3
initial climb 61, 63-4
reference speeds in  66-7
rotation in 61,63
taper ratio 3
Taylor’s hypothesis 215
temperature in atmosphere
Test functions 179-81
thickness chord ratio
definition 3
effect on lift curve slope 5
third mode 191
thrust
effect of small increase on speed 36-8
effects of height and Mach number 15-16
time constant of servomotor 273
time to double amplitude 178
time to half amplitude 178
bifilar pendulum 155-6
directional oscillation 238
effect of speed on lateral modes 246
effect of speed on longitudinal modes 190
in pure rolling motion 124
rolling oscillation 241
rolling oscillation with lateral freedom 243
time to height 52
trailing vortex drag  10-11
effect of aspect ratio 12
transfer functions 196-7, 2034, 267, 271-2
polesof 272
zerosof 272
trapezoidal gust 208

18-20

trim
condition for longitudinal 88-9
drag 11

near the ground 91-3
stick fixed 89

stick free 89-90
tabs 77, 87,91

tropopause 14, 17
troposphere 14, 17-9
true airspeed 23



294 Index

tuned aircraft 263
tuned case of cosine gusts 218
turbulence
atmospheric  214-5, 217
frozen 215
tums 56-60
at constant throttle  59-60
drag and powerin 58
normal acceleration in 57
rate of pitchin 118
rate of tum 58
rate of yaw in 118
trim angles in correctly banked 117-9

units
for specific fuel consumption 14
general 2

in aero- and dynamic-normalized systems
156

viscous lift-dependent drag  10-11
volume coefficient, tailplane 86, 1724

Wagner function 205

WAT curves 62

wave drag

due to lift 10-11

due to thickness 10-11

wave number 214

weathercock stability 120, 233

weight components, terms in stability equations
149-50

wing characteristics 5

functions 2

lift characteristics 4-6

lift curve slope 5,6

pitching moment characteristics 81-2

Wright brothers 145, 267

yawing moment 72
due to aileron 113-4
due to rate of yaw 1167
due to rudder 1134
due to sideslip 114-6

zero root of lateral quartic 230
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