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PREFACE

Classical aerodynamics is based upon two fundamental hypotheses: (a) Air
is a perfect fluid, (b) Air is an incompressible fluid. These two hypotheses
permit the universal assumption of the existence of potential flow, thus
permitting extensive mathematical treatment of the phenomena.

When the variations of pressure generated by aerodynamic phenomena are
large (which occurs when the velocity of flow increases), the hypothesis of
incompressible flow is no longer correct because the corresponding changes in
density are important, producing large changes in the flow velocity. It is
possible to include the effect of variation of density in the general phenomena,
and to extend with some modifications the theories of incompressible flow to
those of compressible flow. However, these extensions are generally approxi-
mations to the real flow if the speed of sound is not exceeded in any part of
the flow. This mathematical treatment usually changes when the local speed
of sound is reached or exceeded. In this case new and complicated phenomena
occur which completely change the physical characteristics of the flow and
require a different mathematical treatment.

The case of the flow which, initially subsonic, becomes supersonic only in
some parts, is especially difficult, while the case of the flow which originally
has a velocity greater than the speed of sound is, in some cases, mathemati-
cally simpler.

This part of aerodynamics that can be called aerodynamics of supersonic
Jlow is considered in elementary form, from the aeronautical point of view, in
this book.

ANTONIO FERRI
Langley Field, Virginia
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CHAPTER

1

GENERAL CONSIDERATIONS

General Equation of Fluid Motion. Irrotational and Rotational Flow.

Euler’s Equations. Consider a perfect compressible flow in steady motion,
absolute or relative, with respect to the orthogonal axis of reference zy:z
(Figure 1). Because the motion is steady, all characteristics of the flow, such
as velocity, pressure, density, etc., are functions only of the independent vari-
ables x, y, z. In order to delermine the fluid motion, it is necessary to deter-
mine the laws that connect these characteristics of the flow as functions of the
position (i, y, z) for known conditions of the boundaries of the flow. Assume

y
(p+ 5 dy) dxdz
pdydx
1
i 7/
| i’
1 //
I
| 4 ap
pdydz —-> : £ - (p*3, dx) dydz

[}
U ———

//

ol A
(p+22 dz) dxdy
pdxdz

Fig. 1. Equilibrium of the elementary volume.

that the characteristics of the flow change gradually (discontinuities do not
occur), so it is possible to assume finite the derivative of the entity considered,
and consider an infinitesimal parallelepiped dx dy dz. By the momentum
theorem applied to the surfaces dydz, dzdz, and dxdy there are obtained

1



2 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

p _ _ du
dx ? dt
ap dv
i i 1
5y o @
a d
p _ _dw
dz dt
or in vectorial form,
1 dV
—gradp = — = la
 grad p 3 (la)

where u, v, and w are the components of the velocity V along the axis zyz,
¢ is the time, p the pressure, and p the density, and the forces are positive if
they have the same direction as the axis. (Mass forces are not considered.)
By the hypothesis of a steady flow,*

du_aua_x iua_y du o2

— 16
di or dl  ay o oz ot (16)
because
u
at
Therefore (Euler’s equation)
1dp ou du ou
- = - —u—- - =y
p ox ox ay z
1 ;
Lp_ oo
p dy iz dy a9z
14 )
__p:_a_wu_a_uv_a_ww (1e)
p 0z oz dy 0z

Continuity Equation and Energy Equation. The equation of continuity
applied to the parallelepiped of F igure 1 for continuous motion is

o) | 0a) | alou) _ ®
ax 6y (’)Z

The equation of energy for the mass of the parallelepiped states that the work
produced by the pressure in the time di must equal the variations of kinetic

and internal energy. If U is the internal energy for unit mass, the resulting
equation is

— dx dy dz di [ﬁ— (pu) + 9 (pv) + 9 (Pw)] =
dx dy 0z

pdr dy dz (dU + VdV) (3)
* The symbol d/d indicates total derivative and d/4 indicates partial derivative.
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but from equation (2) we obtain

3 d d _ . 9p op
il ) - 2 — w) =u-—+v + w
0 PY T 5 () + = (p ar oy

a
_£<uﬂ’+va—p —}—w—p>
p ax ay Jz

9p
0z

and

d
uéB—u[—)@=UP-<B>-
or p ox dx \p

Therefore from an equation similar to (1b) (in which p/p is derived instead
of u), can be obtained

9 - IR (l_’> (4)
a—x(pu)Jr P (pv) + py (pw) *al\,
and equation (3) becomes
g@ + U) + 1dO0B )
di \p 2 di
or
14 + U+ —; V? = constant. (5a)
P

If the motion is steady, the trajectories of the particles of flow COiIlCidt? with
the stream lines, but by equation (5) the total energy of a given particle <?f
flow is constant for the entire motion; therefore the total energy of the unit
mass is constant along every stream line.

Thermodynamic Concepts. For perfect gases, the equation of state gives
p=RgpT (6)
where ¢ is the acceleration of gravity, T is the absolute temperature, and R
is the gas constant, the dimensions of which are length per degree of tempera-
ture. .
Using mechanical units for ¢, and ¢,, the constant R can be expressed in the
form
R=c¢,—c¢ (M
where ¢, and ¢, are the specific heats at constant pressure and at constant
volume respectively (work per degree per unit weight).
The first law of thermodynamics yields the energy balanee
1
szgc,,dT+pd<—> (8)

p
or

dQ = dU + pd (t) (8a)



4 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

where dQ is the quantity of heat added in work per unit mass of gas. If the
total heat I (enthalpy) is introduced (work per unit mass), that is defined by

1 o U
=, T=242. 9)
g g ge
From equation (6) the following expression can be obtained:
J=%P_ ¥ p (9a)

Rp ~v—1p
where ¢, and ¢, are assumed constant and

v= . (10)
Cy
For air, v in all numerical applications will be considered equal to 1.40.

Using equations (9), equation (5) can be written in the form

I+ ; V2 = constant (1)
or
Yy p 1.,
. —— = + = V2 = constant. 11
Sy =152 ()

Equation (11) can be applied whenever an adiabatic transformation is con-
sidered in the flow. From the equation, it is shown that for flow at rest

(V = 0) the temperature 7}, of the flow is constant, independent of the trans-
formations that the flow has undergone.

Equations for Rotational Flow. ¥rom the first of equations (1¢), by add-

. . dv dw . .
ing and subtracting Pa’i and 0% is obtained

T dr
lap 19V2
- - 4= = = - 2w, + 2w 12
podr 2 9dx wr T 2w e, (12)
and in a similar way
2
—1—6£=l‘ﬂ/——-2wwx~{-.‘211wz
pdy 2 dy
19 1012
—_6_1::2_6" — 2uw, + 20w,
where
1 [ ow 61)) 1
Wy = — | — — — = - Wy — v, 13
2<ay 9z 2<.” ) 13)
T T T P,
Y2\ar g/ 20T M
1/dv du 1
W= —{— —— ) == (0, —u)
2\ox 9y 2

s
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w,, Wy, w; are the components of a vector w that represents the rotation of
E2] KiAd 2 .
the flow ¥ and can be written in the form 1 curl V.
Equations (12) can be written in vectorial form and become*

grad <P + -;W) =V XcurlV (14)

p=f@_.
p

For the first theorem of thermodynamics, if S is the entropy (work per
degree of temperature per unit mass) and 7 is the absolute temperature
(equations 8 and 9),

where

TdS = df — 2. (15)
p

Considering a variation along a line /, from equations (14) and (15) is obtained

dS d 1 )
—T=4-AI+4+=V2)=V XcurlV, (16)
le +dl< + 2

<I + ! V“’) is the energy for a unit mass and is constant along a stream line;
2

therefore d%(l + % V2> = 0, and along the streamline

—TdS = (V X curl V) - dl amn

but the vector ¥ X curl ¥ is normal to the stream line; therefore the term
(V X curl ¥) - dl is zero, and the entropy is constant along every stream line.
If no discontinuities occur in the flow in a perfect compressible fluid, the
entropy is constant along every stream line.
Consider now equation (14) as applied along a line n normal to a stream line.

__TCZ_‘S_}_i.(IJ,-}V?):VXcurIV. (18)
dn ' dn 2

If the flow around the body is steady and the body does not move, the
flow has constant energy, because the body cannot produce or absorb work,
being fixed; therefore the flow has constant energy along every stream line.

* The symbol X indicates a vectorial product. If 4 and B are two vectors of com-
Ponents A(z;y12)) and B(zyy:22) the vectorial product 4 X B represents another vector C
of components C(zsysz5) defined by the following equations:

3 = (n1z2 — Ya21)
¥s = (12 — zo11)
73 = (Trys ~ z901)
and directed in normal dicection to the plane of the vectors 4 and B.
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If the flow is uniform to infinity, the energy is constant everywhere, ands
therefore for every stream line the energy is the same, and

4 b=
dn 2 o

7By cul v, (19)
dn

If in the flow the entropy is not constant for all stream lines and therefore
a normal gradient of entropy exists, the flow is rotational.

It will be demonstrated later that in supersonic flow some discontinuities of
flow characteristics exist that are called shock waves. When shock waves
exist in the flow, a variation of entropy across the shock is produced that
depends on the intensity of the shock. If the shock does not produce the same
variation of entropy in the entire flow, the stream lines no longer have equal
entropy, and an entropy gradient norma!l to the stream lines exists; therefore
the flow behind the shock is rotational.

Therefore

Lagrange-Thompson Theorem. Consider a closed line [ in the flow and
made up of the same particles of flow. The line I, locus of the particles con-
sidered, changes with the time. If d/ is an element of the line [ and V the
velocity of a point, the value

= SV-d (20)
1
is the circulation of the line I. Consider now the variation of circulation
with time:
dr d . dVv o d
dt _dtf”dl—fdt'dl+f"dt(dl) @D
l 1 1

but

d 1
* T = "dV2=O
detdl f2
!

!
because the integral is extended along the closed line [, and V is a single value
function; therefore

dr dv

= = | — .dl 21
dt dt (21a)
Z
and for equation (1a)
dr dp
— = |- 21b
dt J oo (215)

If the density is a function of the pressure only, the term in the integral of
the second part of equation (214) is a total differential, the integral along [ is

GENERAL CONSIDERATIONS ’ 7

zero, and the variation of circulation is zero. But at infinity I' = 0; there-
’ ’ . 3 .

fore T' remains zero in the whole field, and the movement is irrotational.

If density is a function also of other variables, the value of the integral is no

dr .
longer zero, the value — is other than zero, and the flow can become rotational

even if it is initially irrotational to infinity.

The Speed of Sound and Mach Number. When the flow velocity in the
aerodynamic phenomena analyzed is large, and it is necessary to consider air
a compressible {luid, two quantities become important:

(a) The speed of sound,
(b) The Mach number.

In .l:encra.l, the speed of sound in a fluid is the speed with which a small
distur‘bance (infinitesimal) of the physical conditions of the fluid, generated
at a point of the fluid, is transmitted to the whole flow surrounding the point.
The Mach number of the flow at any poiut is the ratio of the velocity of the
fluid, absolute or relative, at this point to the velocity of sound at the same
point. The reason the speed of sound is important when compressibility
effects are being considered can be clarified by the following considerations:
In acrodynamic phenomena, the effects of compressibility can be important
if the variations of volume caused by the variations of pressure which occur
in the flow are of the same order of magnitude as the variations of velocity
which correspond to the variations of pressure.

Now consider a stream tube of length di (Figure 2). The mass contained
in the space dl moves in the time df from position 1-2 to position 3-4. The
mass flow does not change. Thercfore, if D is the volume of the flow, and p
the density,

pD = Mass flow = Constant

or

pdD + Ddp = 0. (22)
The work done by the pressures on
the surfaces-1-2 in goitg from position
1-2 to 3-4 must be equivalent to the
change of energy of the flow, ignor-
ing mass forces; therefore if p is the
Pressure and V the velocity, from equa-
tions (5)and (8) (dQ is zero) is obtained

— dp = pVdV. (23)

From equation (22) can be obtained Fig. 2. Elementary siream tube.

]
p+—a%— de

v+dV
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dp dD
dp = par,
p d D (22a)
If it is assumed that
dp
d—_p = c? (24)
from equations (23) and (22a) it can be shown that
dD /dV V2 .
D/ v e @)

Therefore when the velocity V is of the same order of magnitude as ¢, the varia-
tion of volume dD/D is of the same order of magnitude as the variation of the
velocity dV/V. The quantity ¢ must be a velocity because the left-hand side
of equation (25) is nondimensional. It is possible to show that ¢ is equal to the
velocity of sound of the flow. )
Consider a cylindrical tube of unit section with a piston traveling at a very
low speed u (Figure 3). If the fluid is compressible, the motion does not start
s ?nstantaneously in the entire fluid mass, but it
P oo 1§ pasmblc? at fav.ery Instant to determine a sec-
v tion s which divides the region in which motion
—>a is propagated from the region in which motion
is not propagated. The position of this section
Fig. 3. Pislon moving in Changes with time. Call q the velocity of dis-
eylindrical tube. placement of the section s. The velocity a is
the velocity of sound because it is the velocity
with which small variations produced by the piston are transmitted to the
flow. If a system of coordinate axes which moves with s is taken, the relative
velocity ahead of the section s is V, = —a, and the velocity of flow contained
between the piston and s is (Va=u—a). If p, and p2 are the densities of
the two flows separated by the section s, then by the equation of continuity,

u-a

—p@a=pu—a) =m (26)
Indeed, the mass flow which crosses every section of the tube must remain
constant.

Call p» and p, the pressures corresponding to the flow before and after the
section s, and consider the equation of the variation of momentum across the
section s. Since the change of momentum of the flow which crosses the sec-
tion s must be equal to the variation of pressure in the two zones before and
after s, it is possible to write

g — = —m
but from equation (26) o ‘ &0
m
P1 (28)

GENERAL CONSIDERATIONS 9

pu+2m=m (28a)
p1
u="_10, (28b)
P2 P1
Therefore
1 1
pr—pr=m{~ — = (29)
P1 P2
and

a® p,®

P2+’£l—2=p1+’11—2=p2+ = ;1 + apy (29a)
p2 P1 P2
By hypothesis, u is small; therefore the variations of pressure and density
are small. Thus, if we let
pp=pm+dp=p (14%¢

the quantity e is small and ¢ is negligible.

d d
P2=P1+—de=P1+ —pfpx
dp dp
but by definition ¢? is equal to zﬁ; therefore
o
2, 2 2
pot LB = p g2 + 2O (30)
P2 1+e
But
1
=]l—et+eE&—€e......... =1—c¢
1+

since in the series expansion the other terms are negligible. Therefore from
equation (30),

a’p’ 2 2 2
P2+ —— = p1+ epc® + a’p1 — a’pie
P2

2,2
and for equation (29a), p. 4+ Yoo P1 + a?py; therefore ec?p, must be equal
P2

to a’pie, and
= a (31)

The velocity ¢ = V'dp/dp is therefore the velocity of sound of the flow.
Conclusion: The compressibility effect in the flow depends on the ratio of the
flow velocity to the velocity of sound. The ratio is called the Mach number and

is usually indicated by the symbol M.

Compressibility Effects in Isentropic Transformations. If an isentropic
transformation occurs in the flow,
p_ constant. : (32)
pv
Therefore the velocity of sound, because
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d,
ap _ v P
dp P
becomes o o
d / )
a= |/ _ l/ﬁ = ] gRyT. (33)
dp P

Equation (33) shows that the velocily of sound changes with change of
temperature, and decreases if temperature decreases. T herefore the com-
pressibility effects become more important for high-altitude flight, because
the temperature and the speed of sound decrease, and for the same speed of
flight, the Mach number increases. If poand p; are the pressure and density
eorresponding to zero velocity, from the cnergy equation (11a) it may be shown
that:

A S N— B+L' (34)
Yy—1p y—1p 2
or
Do_ P (1 +r—1 J"[?>~ (34a)
Po Ny 2
But from equation (32)
pPe_ P,
o0 P’

Therefore

35)

)
(R
—
bfﬁ
a1
TN
P
N——”’
oy
|
|
| S
i
DO | b~
=

and because a = V p

O

If the velocity is the same as the velocity of sound, V = q, and

y—1
<@> -1t~ (37)
P 2
The density corresponding to the speed equal to the speed of sound is
2 -1
= (- -1 38
P (1 T 7) Po ( )

and the corresponding pressure becomes

< 2 >_v
= v—1
P v+ 1 Po

If’y = 1.40, Px = 0.528170, and P = 0631;}0 (39)
From equation (35) the following expression can be obtained (Reference 1)*:

* See list of numbered Specific References in the Appendix,

GENERAL CONSIDERATIONS 11

I i
AI:]/;€%1[<%>KT-—1] | (41)

In Table 1 of the appendix some values of p/po, T/T,, and p/p, as functions of
M are given.

or

One-Dimensional Phenomena. 1If a stream tube with uniform velocity
distribution across all the sections is considered (one-dimensional theory)
for the continuily equation,

psV = constant 42)
where s is the cross section of the stream tube, or
N s
oy dV (43)
o s V
but
do _ dodp _ 1 dp (44)
P dp p «’ p
and from the energy equation
b _ _ VdV. (45)
o
Therefore ]
do_1dp _ _Vy_ W (46)
p a p a 14
and from equation (43)
ds , dVv
- =M= 1) = (47)
] 14
but
A _ AV da
M V a
and for isentropic transformations,
‘E‘:l(ip_‘ﬁ?:ld_p@_l).:ld_p(l_l). (48)
« 2\p o, 2, 2 p "
Therefore
dJ/I:,d_V_'y—l@ (49)
M Vv 2 p
or ]
A _ db <1 +r=d AP)- (490)
M V 2
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Substituting equation (49a) in equation (47) (Reference 2),
ds __M:~1 4y

= _ , (50)
s 1+72 1M2 M
or in finite form
Me+ 2\t 5
R ¥ Yo
LN B 61
8o M1 1W22+ 2
vy —1

Equations (46), (47), and (50) permit some interesting considerations:

If the velocity in the stream tube is subsonic, the term (M? — 1) in equa-
tions (47) or (50) is negative; therefore ds, dV, and dM are of opposite sign
(v > 1), while if the velocity is supersonic (M?*—1) >0, ds, dV, and dM
are of the same sign. This means that in subsonic flow, in order to increase
the velocity in a stream tube, it is necessary to decrease the section, or to have
converging stream lines, but in supersonic flow, in order to increase the ve-

locity, it is necessary to have diverging stream lines (Figure 4). It is also

—_—
PV P2:Va PV P2.Vz
\ e
V2 >V| V.‘,>V‘
P2<p; P2<ps
*—-———/
_—
PV P2.Y; PV pP2.Y;
et \
Vv VoM
P2>p, P2>p,
(@) M, > (b)M<1

Fig. 4. Variation of cross section of the slream f{ube corresponding lo var-

iation of velocity of given sign in (a) supersonic, and (b) subsonic flow.
shown (equation 46) that for (M > 1) the speed increases
the corresponding decrease in density.
in a flow in supersonic velocity,

less rapidly than
Therefore, in order to obtain expansion
it is nécessary to produce a divergence of the
stream lines, and vice versa, if an expansion is produced, the stream lines tend
to diverge (increase the section of the stream tube). For isentropic compres-
sion the phenomenon is inverse,

GENERAL CONSIDERATIONS 13

The minimum cross section of the stream tube corresponds to (M = 1)

. e

equation 50). _ _ .

( (}f is the section of stream tube in which Mach number one is reached,
Sk ;

1 Tyttt
T oM |20 =
s _ 1 L (51a)
S* 1‘] "y—+-1 J
2

In Table I of the appendix some values of s« /s as a function of Mach number
areTlsll:}OK;fll')olhesis of isentropic flow is, in general,. Vfﬂid for flow vel()(I:lLtes
below the velocity of sound except for regl.ons. within the bcm.ldary 'a)er
where the viscosity, neglected in this ana[y.s1s., is of paramoun“? unport“;nt(ie.
For supersonic flow, the isentropic hypothesis is 1'1ot egually vz'md e\fe'n 1, ' :ie
viscosity is neglected. In this case, the hypothesis of. isentropic 'ﬂ(?w 137\3 ;(i
neglecting viscous effects when expansion occurs, .but, in general, it is not ;fla 1.
if the velocity of flow decreases and the pressure increases, because new p) ys;
cal phenomena, characteristic of supersonic f.low, can occm.', Lha} are govurn(l))
by laws other than the isentropic. In this case equation (51) cannot be
applied.

Diversity of the Phenomena in Subsonic and Su'personic F‘low.ﬂ In’
the preceding considerations it is shown that small dlsturbances.m a flow
are transmitted with the velocity of sound. As a consequence (?f this law, t..he
aerodynamic phenomena in the case in which a body moves 1r.1 a flow w1¥h
velocity less than the speed of sound are different from those in the case in
which the speed is greater than the speed of sound. ' .

Consider a uniform perfect flow and assume that a continuous sr'nall (infin-
itesimal) change in pressure is produced al a point P that moves in the flow
with the velocity ¥ (Figure 5). The disturbance is transmitted to the ﬂf)w
with the velocity of sound; therefore, if the positions 1, 2, 3, and 4 oi" the point
P are considered after 1, 2, 3, and 4 seconds from the time at whmh}? was
in the position 0, it is possible to construct for the time at which the point P
is at 4, the limit of the zone influenced by the variation of pressure produced
by the point P in the four positions considered.

If the velocity of the point P is less than the velocity of S(?lln.d, th.e phenom-
enon is as shown in Figure 5a. The point is at 4. The variations in pressure
Produced by P are extended in spherical waves of radius r = a >< tlme. (a,
Speed of sound). The variation of pressure is very small, and it is possible
to assume that the speed of sound does not change in the flow. Because the
Speed of the poini P is less than the speed of sound, every wave overtakes the



14

ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

Point P and also influences a zone in front of the
Ing, the point P finds

Fig. 5 Propagali.on of an infinitesimal disturh-
ance in (a) subsonic, and (b) supersonic siream.

because of its presence has undergone some variations, The w

separated from each other and therefore the change is gradual. In T}’es e
where the velf)city of the point P is greater than the velocity 'of soun]s c’?lse
phenomen?n is different (Figure 5b). The disturbances generated b }3 i
the.p'recedmg positions 3, 2, 1, and 0 cannot overtake the point P whicyh i }n
position 4, therefore P finds in moving, a flow that does not l;now flsllln
pres.enee of the point P, and which therefore has the characteristic ) f -
m?dlstl.lrbed flow. Al the disturbances are exteuded only to the ﬂoS con.
tained in a cone with vertex at P and having an angle u that is defined l\:;r o

. a 1
Sm = — = —
K v M (52)
The angle 4 is called the Mach angle ard the cone is called the Mach cone

point P. Therefore, in mov-
a flow that knows of the presence of the point P, and
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All the disturbance waves are tangent to the line PA (Mach line), and
across the line PA a variation of flow characteristics occurs. In regions out-
side the cone of which PA is the generator, the fluid is unaffected by the motion
of the point P.

The Mach angle and the Mach cone are relative to the small disturbances
that are transmitted with sound waves, but it is clear that similar phenomena
must occur for finite variations of flow characteristics. In this case, the
phenomena are more complicated, and mathematical treatments are possible
onlyin some cases that will be discussed later, but qualitatively the phenomena
can be considered now.

Consider, for example, a plane AB wetted by a flow with relative or absolute
supersonic velocity (Figure 6a), and assume that at a point P a finite varia-
tion of pressure is produced (at C the pressure is different than along AB).
Assume that the finite variation of pressure is produced gradually, and con-
sider first the case in which the variation of pressure is negative. At P an
expansion occurs. When a variation of pressure dp is produced at P this
variation of pressure pertains to a zone of the flow that, for considerations
analogous to those used for Figure 5b, is limited by a line PL, that starts from
P and is inclined at a Mach angle. In the field CPL,, the flow has a lower
pressure than in the zone APL,. The transformation that occurs across the
line PL, for the small variation of p can be considered isentropic; therefore
(equations 48 and 46) across PL, the speed of sound decreases (y > 1), and
the velocity and the Mach number increase.

As shown previously for supersonic flow, expansion occurs with increase
of section of stream tube; therefore the direction of velocity across the line
PL, tends to turn from the direction AB with direction of rotation PD — PC.

When a second expansion dp is produced, this expansion, because it takes
place in the region CPL;, occurs at a Mach number higher than the undis-
turbed Mach number; therefore the zone pertaining to the second expansion
must be limited by a line PL; more inclined than PL;, because u, is smaller
than uy (sin = 1/M) and the velocity Vs, behind PL, is rotated with respect
to V1. For all successive expansions the same phenomenon occurs; therefore
the expansion occurs in the zone PLiL, gradually. The line PL, corresponds
to the Mach line for the Mach number in ABL;, and PL, is the corresponding
Mach line in CPL,, but considered with respect to the velocity V, in CPL,
which is in a different direction, and with respect to the local Mach number
which is higher.

Consider now a positive variation of pressure. The phenomenon in this
case is different. The first variation of pressure dp (Figure 6b) is transmitted
to a zone of flow limited by a line PL, inclined at the Mach angle with respect
to the direction AB. But in the zone CPL; the Mach number decreases and
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the velocity tends to turn in the direction fr
successive compression dp must be i
preceding.  But in this case,

the Mach number decreases
turns also in the zone LsPLy;

therefore the line PL, chan

v, Streamline

(b)

Fig. 6. Erpansion (a), and co
supersonic two-dimensional slream.

mpression (b), of a

reaches the line PLy.  If the pressure at P continues to increase, all the
limiting lines PL of the compressions Ap tend 1o attain the same position PL,
which is less inclined (e > w) than tiie Mach line with respect to V. Across
the line PL,, a finite variation of pressure occurs, and the law of compression
is not isentropic. The finite compression oceurs, in this case, not gradually,
but with a discontinuity. The surface of the discontinuity is called a shock
wave. Across the shock wave a decrease of velocity and Mach number and
increase of pressure, density, temperature, and entropy occur; it is possible
to demonstrate that {he process is not reversible.

All variations of the physic
that will be developed later.
number and the inclination of

The formation of shock is e

al quantities of the flow are governed by a law
The intensity of the shock is defined if the Mach

the shock with res ect to the velocity are known.
p Yy

» 11 general, shock can oceur also if

om PD to PL,. Therefore the
mited by a line PL, less inclined than the
and the velocity
ges position and

.
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i upersonic speed along a curved

PTOdu‘l’;fd' reC;))nS“j\e: :;011; :ﬁ:lllplf;zaftliooz 2; sStrzam tube cross section occurs;

u .
Xlaellei'orlg a small variation f’f prti:ssura D,
is generated which is t'ransmltted in t ((;
flow behind a Mach line AA;. Behm‘
the line A4, the Mach number 1.s
smaller than in front; tl.xerefore‘ if
another small variation 1n. sectl.on
occurs, the relative Mach line is ‘less in-
clined than A A, and meets the lm.e A_Al v,
at A,. Across the line A4;B; a variation
in pressure and direction occurs c?rre(i
sponding to that from A to B. At C an :
D the same is true; therefor(? the con- B |
clusion is that an envelope is .formed Fig. 7. Compression of a supers;rsi
across which the variation is ﬁm!;e and two-dimensional siream along a curne
a shock wave is generated. It is p()"s(i surface.
Sikfle - par(;i(i::j]?;i‘:fiss,et(t)lfe\;)f:compression can be consid.ered. graduafi
lt)hlts i(? nrtif?ifﬁ ?)If]' shock waves in transformations of compression in supe

e 1 i , neral case. v
SOI;K: ?}?:Y;:etc‘};(eliilgo I‘((jo{flziderat.ions, steady phenlom;]ena wl(sz:)e()::lzli:zz\i?t,h l::f
‘ i iati in the flow a :

trans;miSSion o (fii nii;?:iti: 1(1)1f ;);e:lill;rl(;;zus manner.for unst?ad);/ pll;:-
Eiﬁiﬁg ‘m(;’jrsls?(;ler a cylinder in which a piston ?oves ;;;lthA\;ill(l)glttgne ;eroe

‘ ) v 1 (Figure 8). ,
velOCi'ty VincreaSin"gtflr(\)fréll()ZceiIl‘:(;tc(l)‘; 2;131;’ E(l:lolﬁ:r;:sioi wave. is generated ;hatY
. plStO:;hH;?lze:p::d of sound a,. In front of the compression wave, the flow
moves w

Streamline

Expansion Wave

2 o,+dV\
Oz-é(v_ . Qo

dv

Compression Wave
\

—
-
Qg <] I

dv I I

—_

7

i I ) ed in
Fig. 8. Transmission of compression or Fxpanswn{wates, produc
alcgy.lin.der by the movement of a piston initially af rest.

1S "nd . d e ]nd the f]rst Compressl N wave in zone I the ﬂovv
S lStlll‘bed, an b h .O . ‘ 3 Se ()I [)IeSS][Ie.
moves Wllll Velﬂ(:]ly di’ |l(le| oes an l"' 1 ieSl]ll ncrea
111 ail
alld u g a
ove
]( the Speed Of the plSt-OIl lllCI‘easeS, Otller C-O“lpl(/k;SIOIl waves are gtﬂleI ated,
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compression waves travel faster than the first (speed a, + d V), and after some
time overtake the first. The same phenomenon oceurs for succeeding com-
pression waves generated by successive increases of the speed of the piston,
Therefore when the piston has attained the velocity V', all variation of pres-

ferent, and the variation of pressure (expansion) occurs gradually, because the
first expansion wave decreases the speed of sound in zone ITI. The subsequent
expansion waves travel more slowly than the preceding because the speed of
sound a; in II1 is less than in the undisturbed flow a,, and the flow in 1T has
a velocity dV of opposite sign than the velocity with which the disturbance
travels in the tube. No meeting of two expansion waves therefore occurs in
the tube.

(a) Subsonic

(b) Supersonic

Fig. 9. Differences of aerodynamic phenomena in (a) subsonic, and (b) supersonic flow.

From all these considerations, it appears that large differences exist between
supersonic and subsonic flow. If the body moves in a flow at subsonic speed,
some variations in the flow are produced by the presence of the body; but these
variations are important for the zone near the body and decrease with the de-
crease of distance of the point considered from the body (Figure 9a). The
variations are gradual, all transformations for perfect flow are isentropic,
and all losses (drag) are generated by viscous friction. In supersonic flow, the
phenomena are different; in the flow in front of the body no variations occur
(Figure 9b). The variations are extended to infinity (for perfect flow) if
other variations of opposite sign are not, generated in the flow. Losses (drag)
occur also for perfect flow, because the transformations are not always isen-
tropic. Consequently, a new form of drag must be considered, called shock
drag.

CHAPTER

2

THEORY OF TWO-DIMENSIONAL FLOW
POTENTIALFiLiOW — CHARACTERISTIC

SYSTEM — SMALL DISTURBANCES

q (01§14} 0 m
I’]ile]’elll;lal IE uauion l(’l I o l 10“'. CO“S]d T a p
tions tentia I €] llell enon

iti ini w are equal for all particles
ot o q‘l'lta “t-t‘zfztp f;;a;zgg tti(r)ntehz](f)ll(l); every(;traight lin.e [ferpen-
e, bl[ l1lathvis case, it is sufficient to consider the variations of
- t(') R plane.t'tif:s which oc’cur in this plane to determine the value of
the phyS}Cal quani }t / in the entire space; therefore the pheno.menon c.an be
zll I(i pl:iyzlscfl\ig l(ll?:};nysional because it depends only on two spacial coordinates
efine - . ,

pandy “isas ; t isentropic flow, therefore a flow

o tl]?tiizzeoff'lz"l‘licl; Zrztﬁ?((li:pile;g:i of time, and which is il:rotatiomll)l.
?\l'(ietlcallfltiggtell;;rsboilleses the continuity equation, and Kuler’s equation, can be

written in the following form:

Jd(pur) n d(pr) — 0 (53)
ar ay
( dJ 1 ap
W M L
dr ady pau 510
) r ar 1 ap
u(,),l_+lvj‘;_—:._7.a,
dur dy p dy
but '
W _
dp
and

d _ dpop _1dp,
:917 a ap o «* dr

Therefore, from equations (53) and (54), y
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du _w v v? uy )
AR A=)~ ‘(3}* 7= 5
and because the flow is irrolational,
curl V' = 0
or (equation 13)
iu v
oy o (56)

" heref()re UICI'C exisls a flll]Cti i f eloc e
| : tion @ (polcutlal of velocit i e
]0‘ i condith . O lty) d flned by th fol

od
u= — and ¢ = a<1>'
- ‘ dr Jy 57)
Equation (55), using equations (56) and (57), becomes
<1 _ENER L N 2w 0%
a/ dr ) av: ot =0 (58)
x a*/ 9y* a® dry >

All physical quantities of the flow are determined if’ a function ¢(zy), whi

respects the boundary conditions, is determined in the entire ﬁfjl)dxy i v(VinCh
frf)m the value of the velocity, it is possible to determine /the valu .f n' o
with t.he energy equation (1la), and the temperature and densii ; fpressure
equation of isentropic transformation and the general equation )fr s
:gas. The boundary conditions usually give the value of all ﬂovs(’) . pEI:f(?Ct
:1}1 aﬂzone of thi fluid (for example, at infinity), and give the cond(iltlilz:tgll:

1e llow must be tangenl to a body of given fo i

\'a}llc of: b/ dr, 0B/ dy in a zone of the ﬁc{ird; if ll::’tr::ilgl ;:eI:rf;)]I;elgwe e
axis al infinity, this boundary condition is expressed in the fo?m o thes

<Q€b> _y (o
ar)o T (t); w 0

and gives the condition thal the normal gradient of ¢, d¢. 9n, must b
» d¢/ dn, must be

along a line that defines the scetion of the o

body i ane consi

Because the phenomenon considered is 1w o—dimcuiiolllllal( hlehopi? IZ L?"Mfiered'

must be two-dimensional; therefore it musl be a cylind’er oty considered
hq.uatlon (58) permits some interesting considerations: .if the val

velocity is small in comparison with the velocity of . e moitle b

assume the terns u?/a?, v2/a?, wr/ @2, equal Lo zero

becomes .

sound, it is possible to
In this case, the equation
3’ 0*P
— 4+ =
A av?
\\]11(,.11 is the equation of motion for incompressible flow Lquation (58) i
partial differential equation of the s i s et second
e second order, linear in t '
tial di al e r, line erms of the second
derivative, s of the type of th once
e, aud is of the type of the Monge-Ampere equation (Reference 3)
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Three types of Monge Ampere equations exist: the elliptical, parabolic, and
hyperbolic types. The difference between these three types depends on the

value of equation (59):

u? v ut® s &

If equation (59) is greater than, equal to, or less than zero, the equation is,
respectively, of elliptical, parabolic, or hyperbolic type. Now, if the phe-
nomenon is all subsonic (V < a), equation (59) is greater than zero, and equa-
tion (58) is of elliptical type; if the phenomenon is all supersonic (V > a) and
equalion (39) is less than zero, equation (58) is of hyperbolic type. If in the
phenomenon the flow is in part supersonic and in part subsonic, the equation
is partly of the elliptical type, partly of the parabolic type, and partly of the
hyperbolic type. The difference in the type of the equation is connected with
differences in the general integral of equation (58), and therefore with sub-
stantial differences in the resultant configuration of the flow, that corresponds
to the fact that substantial physical differences exist for the phenomena in the

two fields of velocity.

The use of equation (58) is possible when in the entire flow, the equation is
of one type alone, but becomes more difficult when, in the ficld, the type of the
equation changes, as happens in the case of transonic phenomena.

Case of Flow Supersonic throughout the Entire Field — Character-
istic Lines. Il was shown in Chapter 1 that in supersonic flow the small
disturbances produced in a point of
the field influence a zone contained
in a cone that has a vertex al the
point and an angle equal to the
Mach angle. Consider now a two-

dimensional flow that wels a plane, A ,u\{ ,
and assume tlhat al the point A C 7 b c
(Figure 10) a small deviation occurs
that produces expansion. The devi-
alion is in accord with the hypothesis
that the phenomenon is isentropic, Fig. 10. Devialion of expansion in a
because the expansion occurs gradu- fwo-dimensional flow.

ally, and therefore if the flow is

isentropic in the part in frout of 4B, it remains isentropic after the deviation
in 4. Because the disturbance starts from a line perpendicular to the plane
in A, the disturbance must be transmitted to a zone contained in the dihedral
RAC”, where BAC is the Mach angle. 1f the velocity of the undisturbed flow

Y

Vi

X
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is Vi, the value of the velocity in the zone AB must change, because in the
zone BAD, as a consequence of the small deviation, the flow is expanded and
changes direction. Now consider this phencmenon in terms of the differentia]
equation (58) of potential flow. 1In the zone CAB the potential is

@1 = V1.T.
In the zone BAD the potential must be different:
b = q’g.

Along the line AB, because the movement is continuous, the functions &,
and &, must have the same value, and the first derivatives of the functions
(the velocity components), must also have the same value, As g consequence
of this consideration, two possible solutions must exist for equation (58),
solutions that are coincident for al points of the line AB, and which also have
the first derivative, that corresponds to the velocity, coincident, The Cauchy

of the second order, such as equation (58), is, in general, universally defined
if its value and the value of its first derivatives are known for all points on a
line. This does not occur only if the line is a characteristic tariety of the
equation. In thig case, because there are two solutions for equation (58), ¢,
and ,, having the same value and the same derivative along AB, it can be
concluded that the Mach lines in the flow are the characteristic lines of the
differential equation that define the potential function. Therefore it is pos-
sible 1o determine the position of the characteristic lines of the equation on
the basis of the physical meaning of these lines,

Equations of the Characteristie
Lines.* From (he preceding considera-
tions it is shown that the characteristic
lines of equation (58) are coincident
with the Mach lines; therefore, if the
flow is not at a conslant Mach number
in the entire field, the characteristic
lines are curved at all the points on the
line. Now if a point P in the flow is
considered (Figure 11) and v is the
velocity of the point, the tangent { to
the characteristjc line must be inclined
at the angle ,, (Mach angle at the poing
P) with respect to the direction of (he

n
yA 2, M '
,'
!
|
i
i
|
i
i
i

Fig. 11. The characteristic lines of the
two different families.

* For the method of characteristies for two-dimensional flow see Reference 1. fFop the
analytical treatment used see Reference 5.
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two lines I; and I, exist at P the tangents of lvx !;wfl”irazfr 6111'1)
vloelty. e with respect to V, it can be concluded tha (h rory
clined at U a“gl‘? I:x:o characteristic lines exist that are f:leﬁn.ed bif t l(i) o
b P} Oi ?lllz f‘:;)l\:éer:ts are inclined at an angle x to the direction of velocity,
dition tha

where u is defined by 1
Sin = —":

M,

lf S ar el mentar y al ¢ xr 3 Of I y
C Of ()mp()ll/ ar 0 1S |he
dl is a Ccm ( ents d all(l ay “[e l|| e l [11

v > axias,
]H]allOll Of the el(')Cll) W lt}l I‘prect to L}l xr
me e S

d £ ( - .
Y\~ tan (6 + w1 (a’l>l = tan (0 — p)
dr/l L/t

F ) 12 tan-
tions ()“ an l)e 2 2886 n € 1 ) dl“ tes 11 { are l]le n
(I][a S Ca[‘l s1an coor a 3
] (,XpI’L N d 1 P
1tS [(i the l') CI er1s 12 ] tO 1 me 12

(514 h( ha aCt 1S11C ]] a > > nes a

Q > C ] ' nes at 1] n are t h(‘- norma tl e ] 10, l t
g o] R1 0,

(60)

(Figure 11), “
cos (V) = 1— ;cos (yV) v

dy (61)
dr N 1
cos (hr) = + 7 ; cos (hy)
: @ _ 1 62)
cos (n2V) = sinu = v
but wdy  odr
cos (npV) = vVl
Therefore « udy ds )
Vo ovd Vvd
N _udy _vdr
1=%d  aad
64
ut (dz)? + (dy)* = (d)? (64)
and @)2 N <@-’>2 .
dl dl

i g 1 St ad
f re bubstll utlng the Squal (3] Of equal mon (63) m equatlon (‘ ;4) nsie
]. lleI’e O

of one, the result is

vdrdy | 0 (dr)? 65)
: dv\? w2 dy2_gﬂﬂ_+_.<>
<%>2+<£> N &(Ez) @ dl dl @ \dl
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2 s
or 1 dy\? | 2w d )
L (R FT
Assuming e v *
2
H=1-% 712 p_ _w
; K= - (67)
@ (¢
where A - ;’; i ) .
re A and A, are the solutions of quadratic equation (66) and
[ are
K 1
M= -
"‘TH T g VK - HL
K 1
== 4 1k
2 I[+H\/K~—HL. (69)

F . Coe
rom equation (69) it is evident that if in the flow (K2 HL) is | 1
— 1S less than

, . .
ero, as 1t is for the case of equations of the elliptical type

istic lines do not exist,

Equations (60), (68
, , and v .
lines. ) and (69) give the equations of the characterist'ic

Law of Variation of
: the Mach Numb.
Velocit e mber, of the Pressur
\ 1y along_ a Characteristic Line, Equation (58) be’ .afld of the
equations (67) in the form can be written using

0 )
H yoog 90 o0 "
{

ox or dy

If du and dv are th iati
e ¢ variations of i
istic line, the velocity components along a character-

Ju
du =24y 4 U, ("” gu
£ y = —_— —_
ox dy \dxr A 6y> de 2
9 )
dv=£d$+i‘dy=<ﬁv+)\_3_?! d (71)
- . x dy Jor dy .
ere X is defined by the equations (68) and (69), but
Q_I_l _ ov . .
ay = % (irrotational flow),
Therefore from equation (71) is obtained

ﬂz:@_x@‘av u dp ]

dr dr ay’é;zg—zj— o

. . ' y ‘/L' a

and substituting the second part of equation (72) in the .

(72)

first produces
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du du dv L
— == = A=+ N 73
dr dx dx + y (@)

Substituting equation (73) in (70),

H du + (2K — H)\) L + v (FN —2KN+ L) =0 (74)
dr de 3y

but \ is defined by equation (69) and is the solution of the equation

HN —2KN+ L =0
which gives
2K — HN = NH
2K — HXe = MH.

Therefore equation (74) for the first characteristic defined by

N
dx
becomes
du + Nedv = 0 (75a)
and for the second characteristic defined by
N
dr
becomes
du + Nde = 0. (75b)

Equations (73) are integrable because \, and ). are functions of u and v.
Considering polar coordinates, the values of Ay and )\ are given by equation

(60)
A o= tan (0 + p)

A2 = tan (0 — /J.)

W

and du and dv correspond to the following expressions:
du = dV cos § — Vsin 6d8
dv = dVsin § + V cos 6df
where V is the velocity having the components u and 2. Substituting the
values of du and dv given by equation (76), the value of \ given by equation
(60) and the value 1/M for the value sin g, from equation (75a) the following

dv‘/1—i=+z (7a)

—(E M?

(76)

expression is-obtained:

=

and from (75b)
(77b)

Zl=

avy/ 1
A

but from the hypothesis of isentropic flow, the velocity of sound a is
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@=yP
P dp
and

= VdV = ap (energy equation).
p

Therefore
dM  qv v -1 >
—=—(14+ Y= p
and
dM —
do = + S Va7, (79)
M[ 1+ ”’T M‘—’]

Equation (79) can be integrated

+db = dM w-1
MM (1 + ”’;\lu)

and substituting for 172 the equivalent (lﬂ S S l) M,

2 2
+dp = gy Y1 LU aM

\\__ - \.\
Ve <1 + VT—l M._,) MV

Performing the integration, the following expression is obtained :

Vvl 1
+6 = cos-! i + 1 V v+ 1 cos7 1 — 7 1L 1 + constant (80)

or changing the value of the constant of the quantity I,/‘y t1

2

y—1

1 H o/
+0 = cos! o ,/7 + i tan™ O//M? =1 , l) + constant, (81)
Y = 1

y—

Y+
Equations (80) or (81) give the i s a function of
the direction of the velocity along i From the value of the
Mach number, it is possible, ;

Nergy equation, to determine the value
of the pressure, and subsequently to determine all other flow quantities,

“quations (80) and (81) have important application in calculations for
isentropic two-dimensional supersonic flow,

The following considerations explain the use of e
Consider a uniform supersonic flow that runs parallel
12), having a Mach number M and pressure P

with the e

quations (80) or (81).
to the wall AB (Figure
Assume that in the zone BC

THEORY OF TWO-DIMENSIONAL FLOW

3 the
: is expanded at

: ressure ps smaller than p; exists.* Thf) ff]:;ined at an angle u
 uniform pTl expansion begins along the hnel? 41. because the flow in
corner B o the Tine AB. The line BD is a straight line bec

ith respect 10 L ber.

F]ltm has constant direction and Mach num
10

C

.'
F 12. |2. 4”(“ ySt ()1 )l w ? (1 system.
s § ih(’ ow aroun

g S T d a corner l”l Hl(’ ('h(ll‘(l feristic st

- Mach line the flow undergoes an infinitesimal va??ltlleorfl] 0(3:

Aeros eve'm / flow crosses the Mach line BD the pressgre o The flow
o b“ hel:a gzﬁlaloto p2, but attains a value (pz1 + ci]l)) \h};fjeal é)ng i
foes 1oL beton! i ssure is propagated in the . D.
ivitsie Varia't lolrllls:fc?)fletsi;lilr; ttohi:(panl()i, ;)nd the next expan}s)lf)n dS]; \zllllel
Therefore the ﬂo“} tY Mach line BN that must pass thro.ughBi }Lcall:lne o
oo across o 1“.‘ transmitted in the flow from the .pomt B;t 1eh1 oo
vartation o Pres%urfilsl ‘ n l;D and must be a straight lme. be.cause the "
st be fess 1“011“.0 t ]ztam , In a similar way, all variations of. presfilgm
umber 1t ?rom o COIrlnitte(i in the flow across a series of Mach lnclles o
) e tril'lsl transmits in the flow a variation ?f p.ressure 1}) e
B Lo Bl cach o7 v 1(1}3}"’correspcmd to the characteristic lines of the .1t.
pach lines BB and ariation of pressure occurs along eac%l cllar%ite?.i (1:;
iy, and 'be?ausefnool\(f)city is also zero along each of the:se lines. 1€ als e
e V“frlat“?“ s Vj\t every point P of the first Mach line BD th(ire pWith
e all sraiglt l'lm?s'l' 1e of the second family PQ inclined at .an angle Mistaht
s ChaljaCtert}S:}‘; :elocity. Because along BD the velocity has cor
the direction o

. . 6
¢ iginally in Reference 6.
ic flow around a corner was treated origmally
* Supersonic
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mtensity and direction, the characteristic |
oty and d § mes of the second famj
ol D Ofge}z’il;allito each-ot.her'. The same consideration carllybio: e‘;‘?"y
onder s of e thg e Zza;?terlstlc hne. BN of the first family. '\Therefﬁfel(?d
second oty 1o t10n of V_elomty along all characteristic Iines of t}in
it Tine oy Secor:l dt(} 0013s1der the variation along only one characte e‘
comresponds ater S con tamlly. The variation along PQT in this ;:a "
ol b o & I ia ;on. along t?le stream lines because the Veloc'ts :
o el o St,re;f v;a' ocity gvt.T 18 the same as at S, and the variatiloy
e PoT o e ;1 ulle {,Qb 18 the same as along the characterist'n
famile e aloon -01 ve ocu,.y along a characteristjc line of the se A l(;_)
ctants of mpep o with equations (80) or (81). The values of il) COI‘]
ant o 1 eon ¢ Y ;);e(81) can be calculated from the Mach numerCOMn-
o from. poie ; uaj t Zone f!BD (assuming the value of g to be measur d]
! ol q 1 0 zero in the zone ABD), and then for every le
weterisie Cois\-’; )uedof M can b.e obtained. Because the seconzi Vﬁ o
nd (51 o I;egalive; c;(zvh, )the plus sign must be assumed in equalionsc( 8&(; )
o Corresponding, l.ine p X;l a value of M i determined for g fixed vél )
W s st e i d,tl c.an be determined, because from the value u?’
siven valu o 7 v i:CTim}g]ed, and the line BV corresponding to tl;)e
P val nergy o .Ift a? (v + 6) with the r-axis (4 is negative)
anoaber M, g o) & 7 1t 18 possible to determine the value of t} .
» 1e tlow when the pressure P2 18 attained : o fhe Mac
X P Viﬁ_}_iﬁz

2 7‘]—;01 2 ‘y_[p2

and b 2
ecause PVE= ypM2  and PP

P27 oY
- M2+ 2
1 1
()% -2
P Myp g2 (82)
v =1

rom the value of i i
b e o a]:]/l(; :s;zhl .eql;?;on (80) or. (81) the corresponding value of ¢
e determine& e ine £, a.long.g which the expansion is accompl; 2
: . e BF is inclined at ap » 'mp e
TR an angle (6, 4 u,) with respect
The problem can be inverted if the iati

ok variation of direction js ;
o Vafuzhsffir}i:l angle g, the value of M; can be determinl:(]io‘zz(’l tf’. o
s of onper e I;:.ZS:ES& }}\lso, the stl:eamlines can be design’ed F :zm
e ¢ on aro a s‘larp edge, it is €asy to extend to the' o
8 a curved surface (Figure 13). Indeed forczse "
, very
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int IV on the surface, the value of gy is known, and from the value of Ml,

po . . . .
for which 6; is zero, it s possible to determine the value of the constant in
equation (81); therefore, from fy it is possible to determine My and py. Along

Fig. 13. Analysis of the flow along a curved surface
with the characleristic system (case of erpansion).

NN', the direction of velocity is constant; therefore My is constant and the

characteristic line is straight. At IV the value of pressure is determined by

the value of My from equation (82).
Equation (81) can be used also in some cases of compression, but we must

remember that this equatjon is obtained from the hypothesis of isentropic
flow without discontinuity, and therefore it is*not valid in the zone in which
shock waves occur. In a curved wall in which compression occurs (Figure 14),

e e\oe

A 7B
Fig. 14. Analysis of the flow along a curved
surface (case of compression).

the characteristic lines tend to increase the angle with respect Lo the horizontal,
because » increases (M decreases) and g increases; therefore the characteristic
lines make an envelope, and the variations across the envelope are no longer
infinitesimal, but finite. The phenomenon is no longer continuous, and equa-

tion (81) is no longer valid.
The values of @ as a function of M can be determined and tabulated in order

to avoid making long calculations.  Assume that the initial Mach number is
equal to one, and for this value the deviation is zero. The values of the devia-
tion ¢ corresponding to all other Mach numbers, and the corresponding varia-

lions of pressure can be calculated. Because the expansion begins from a
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fixed Mach number (M = 1), the deviation will be designated by angther
symbol (»). Some values of Mach number, corresponding to the variations
of directions », from A equal to one, are given in Table 2 of the appendix.
The corresponding values of Mach angle and pressure ratjo with respect to the
pressure py corresponding to (M = 1) are also given. This table can be used
very easily. Indeed, if a case is cowsidered in which the undisturbed Mach
number is M,, and the flow undergoes a deviation of expansion 6, in order to
determine the corresponding Mach number it js sufficient 1o determine the
value of ,, corresponding to M, in the table, and the corresponding value of
Py/px. Then, from the value of (v = », + 6) it is possible to determine the
value of M,, corresponding to the deviation of 6, and the value of P2/px. The
variation of pressure is given by
Pr_ Dipx
P2 P« D2

The Critical Velocity and the Limiting Velocity. Consider a tank with
air at a pressure poand density p,, and assume that the gas is expanded isen-
tropically in a nozzle. In the subsonic part, the nozzle is converging, and jn
the minimum section, the speed of sound is obtained. Using equations (34),
(38), and (39) it is possible to determine the velocity in the minimum section.
This velocity is called the critical velocily to indicate that It is the velocity of
sound in the flow for M = 1), and its value is indicated as the symbol V.
The value of V.is given by

Ve 2V Do, (83)
v+ 1 Po

The velocity in every point is given by the expression (equation 34)

y—1
Ve 27 /)1[1 — <l)> Y :’ (81)
vy — 1 P vl

The maximum velocity that it is possible to obtain for the air in the tank is
that which corresponds to discharge of the air from the tank in a place at static
pressure equal to zero., [f iy equation (84) the term p becomes zero, the
speed becomes

Ve=2rP_ v+l (85)
Y=1lp y-—1

Because in adiabatic transformations Do/ oy is constant, the value of V, is con-
stant also. Equation (84), in terms of equation (85) becomes

72 y=1

Because from equation (41)
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Do l:_l —-1=72= ! M2
p 2
then Ve n 2 _1_ o (85b)
VE - Y — 1 iMQ h '
i ity that the air can
i i ossible value of velocity
e of V;is the maximum p le ¢ e the air can
The'\:a:;d is called limiting velocity. Itis 111Lereat1ng t(? detel:rliuirieis necescslaw
a't.t.an(i;()) the maximum theoretical value of the deviation tha y
tion )

t bla]l a Vel er i i iting Ve 1 y SuppObe |lla| '}le
1 b T he 1lrnltlllé lOClt .
ODUL ] 1 fI‘OIll gl € I\IaC]l num
(;)eViali()” bc,,'lHS rom (L” 1 = 1). FOI‘ i l = 1, 14 alld 0 are zero, an 1€ value
- o f ‘1 = ‘ > d tl I

of the constant of equation (80) for vy = 1.40 is
C = — 220.455°. .
1 ive tion
If, in equation (80), for the value of M the expression given by equa
L in e ,

2 po\— _ 7 (41)
M=} — [(Z) ' 1]

v —

is substituted

then 1

+6 = cos! ‘/;ijl[@)—"q (86)

vy 1 o
+ Ly vt cos™! [1 -+ D (E) v :| — 220.455
2V, - Po

If n atlon (86) p beC()lneS Zero, the flISt teInl beCO]nes cos 0, W:hlch
’ equ ’

corresponds to /2. .
The second term becomes cos™' 1 = ;)0, ;l;irefore, -
imit = 130.455".
Viimit
l ; art of the
A perfect supersonic flow cannot turn through 360°; t}li‘efngojitg ey
sp:)ce theoretically cannot be filled by the flow. For the

Uty =130.45°

VZ - 3
Fig. 15. The maximum value of the deviation
of expansion.

e i ion as t.he
infinity: therefore u is zero, and the Mach line is in the same glrt.ac?;ial Mack,
; th €10, . . . ni
;}hm‘:.y’n of velocity; the velocity is radial (Figure 15). If the i
irectio ’
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number is other than zero, in order to obtain the B1imit, it 1s sufficient to deter-

mine the » corresponding to the value of the initial Mach number, because
Olimit = Plimiv — vy, .

It is evident that existence of a maximum value of » depends on the hypothesis

of perfect flow, but air at very low pressures cannot be considered similar to a
perfect homogeneous flow; therefore these considerations are theoretical.

Geometrical Interpretation of the Characteristic Equation. Equation
(80) can be transformed into an expression which is a function of arc sines in
place of a function of arc cosines. Indeed, for every angle o
. T
sin"!lgq = 5 cos™! o

and
cos 2a = 2 cos® o — 1.

Therefore, in place of cos— 1 , it is possible to write lcos‘1 (—2— — 1); then,
M 2 M2

changing the value of the constant, equation (80) becomes

-———’y _ 1 1‘1112 —

F 2 =l/7 T 2 + sint (3 - 1> e (88)
S T PR W

M

i

and, using equations (83) and (85b), equation
(88) becomes

F29= l/7 +1 Sin‘ll:(v - l)ﬂ- ‘)’J
—1 V.z2

+ sint [(7 + 1)% - 7] +e (89)

Equation (89) permits a graphical represen-
tation of the expansion phenomena (Refer-
ence 7). Consider a system including an axis
parallel to the coordinate system (Figure'16)
v and take along the axis, parallel to z, a seg-
ment corresponding to the component y of
the velocity at a point P, and in a perpendic-
P ular direction, a segment corresponding to
the component » of the velocity at P. For

T ———————————>Xx every point P of the physical plane, a cor- -
Fig. 16.  Physical and hodo- Tesponding vector ¥ exists in the new plane
graph plane. considered, the coordinates of which are the
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components u and » of the velocity in the direction of the axis # and y in the

plane of movement. The vector ¥ determines a point P; in the plane deter-
i nd v d the hodograph plane.

mined by z and ¢, and calle : . . .
Now, if in the hodograph plane equation (89) is plotted, a curve is obtained

that gives Lhe variation of the velocity as a function of the angle ¢ along a

i —1 and
characteristic line. Because the value of the sines must be belween —1 a

+1, it must be true that
~1<@H-1

0

V.

—v =1

V‘_

—-1< [;0(7+1)_751

and therefore V cannot be less than V., nor greater than V), ((’,ql.latl()l.l 85}).
Thercfore the curve which represents equation (89? must be contained in l 1e
space belween two circles of radius V. and V, (Figure 17). 'F rom equ)atlsz
(89), it appears that to every value of ¢ there co?responds a g;verT curv)c,.a \

the value of ¢ determines the position of the point of the curve in the circle

<

VoV
Fig. 17. Construction of the epicycloid diagram.
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V=v). Every curve that can be obtained by
be also obtained from the preceding curve with t}

8, = 6,” 4 6,
in which ¢, is a constant and where g, an
same value of V. Therefore every ¢
identical to all other curves correspon
is obtained by rotation of one of the
to (V = 0),

Equation (89) corresponds to the
dinates, and therefore the curve
in the following manner: Plot i

changing the value of ¢ can
e expression

d ¢', are valucs correspondent to the
urve for a fixed sign, of equation (89), is
ding to other values of the constants and
curves around the point 0, corresponding

equation of an epicycloid in polar coor-
which gives V as a function of 8 can be ohtained
1 the hodograph plane the circles (V' = V) and
V=v (Figure 17) and fix the value of the constant, ¢, that is, the value
of 6, for (V = Vo). Plot the circle of diameter (V, — V') tangent at (9 = 0sx)
to the circles (V = V) and (V = Vo). Roll the circle (Vi — V,) around the
circle (V = Vo). From the point P two curves are obtained corresponding
to the two possible directions of rolling of the circle. that correspond to the
two signs of equation (89), and therefore to the two families of characteristig
lines. Changing gradually the value of the 0+ (which corresponds to the chauge

of the value of ¢) two families of curves, corresponding to the two families of
characteristic lines, are obtained.

v

Fig. 18. The two Jamilies of epicycloid curves that pass through q
point of the hodograph plane.

For every point P of the hodograph plane contained in the

space of real
values of V, two epicycloids pass, one for every family,

These epicycloids

THEORY OF TWO-DIMENSIONAL FLOW

es T e e li = ' es through
are symmetrical with respect to the line (f = constant) that.pass s t 1 gf
ly'" 8). Indecd, for the characteristic line I, calculating the va uevo)
p, (Figure 18). d, : : :
tl1 (C()flstallt in terms of the valuc 84 of the point P; on the circle (V =

e

equatien (89) becomes B
—29:l/y+15in_l[(7_])702—7]—%&111[(7%* >V2

/ ¢
A e e I L (90)
+ 26 ‘/7_12 2

F haracteristic line 11, if 5’7 is the value of ¢ for the point P, of the line I1
‘or cha rist. ,

in the cirele (V = V)

75 V‘Q
/ e - N7 ]
+20—_-l/1i_}sin“l|:(7—]; —’Y}—I—sm‘[(’v—# )V"' Y

V.2
—20”—1/7‘*'13_"'_.1’. (90a)
i y—12 2
! — 0" s I
Therefore, at the point Py, 2(8 — 6) = — 2(6 — 6+"'), and the curve

| ri i ct to the line (§ = constant). .

a"i " a:? cswi‘l(n:tc(llf:valc(\:nﬂ:i:i:11:)160115 it is shown that through every p.omt P

. r(iml 11 I())f move:nent, pass two characteristic lines, I and 11, 1n(fhned a;
S a]Ll ect to the direction of the velocity. For every point P o
T ltflﬂre%pthlerc is a corresponding point P in the hodograph plane that
tl'le P 0' ‘)“"_( n of the velocity. Through every point P; of the hodograph
o U'l(?\‘(zllrcl)lif;?;;s< that give the law of variation of the velocity alf)ng ltl.lg
Lz::‘i‘e(;s‘}[))(nulding characteristic lines at P. 1In f)r(.ier to de:.ier:;ll(lsst).lxal?;lzzz :)llle
corresponding 1o a given family of chara(‘t(?_nstlcs, equatio
differential equations of (81) must be consldifrc.d.l.

From equations (75) for the first characteristic line,

du - =_<dl>
E;/I_ 2 dr/ 11

<ﬂ‘> <d_y> -1 (1)
du/1 \dx/ 11

sharacteristic line
and in a similar way for the second characteristic line,

dzv> (@) 1 (91a)
<£ 11 \dx/1

> istic
Equations (91) impose the condition that the tangcnt to the chaga:;:x:stlie
lir?; I kdy/ dz) must be perpendicular to the epicyc](n(? I (de/ dl;), anc C110id. e
tangeﬁt to the characteristic line II must be perpendicular to the epicy ;

Therefore
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therefore it is possible from this condition to determine in the diagrams’ the
correspondence between the characteristic and epicycloid. The tangent ¢,
to the characteristic 11 in the xy plane (Figure 19) must be paralle] 10 the nor-
mal n; 1o the epicycloid of the first family in the hodograph plane and the
tangent # in the plane Zy must be paralle| to n; in the plane u, v.

n

Fig. 19. Correspondence between characteristic lines in the Physical plan

e and
epicycloid curves in (he hodograph plane.

For practical use, it is better to consider g always positive, and, because the
maximum possible deviation is 130.45° it is practical 1o take
for the undisturbed flow equal to 200,

Every characteristjc can be distinguished by the value of the constant ¢
of equation (88). Tn this case, for the first characteristic, the equation is

—0=4f@) - ¢ (92)

where 2¢, is the absolute value of the constant that in equation (88) is negat

the value of g

tve,
and for the second,
+O0=+10) = e (92a)
From equations (92) and (92a),
0= 2 (93)
Sy = AT ; “. (94)

Therefore, if every epicycloid is indicated with a number ( in such a manner
that the direction of the velocity for every point is given by the difference
of the two numbers of the two epicycloids that in the hodograph plane pass
through the point, then the intensity of the velocity is a function of the sum
of the two numbers, Every pair of epicycloids, ¢, and Cs, for which the
difference of the numbers is equal to a constant must cross each other along
the radius (9 = constant), and because (V) is constant, the epicycloids of
every pair having the same value of (C, + C)) cross each other along a circle
(V = constant). F igure 20 gives a practical diagram that uses the system
of numbers explained before. In Table 2 of the appendix, the number in the
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f]‘% 1 2 ]le value of
imn rres eV e C) and th I'efore to t

t S [)OI]dS to th alu (C + ‘ B i 6. . !

1 ke VC(;h it i(:the hodograph p]ane. From l‘lgure 20 it is pOSSlble, 1n terms Oi

th eloC1ly

7

i
a7

277725
o
o~

a Vs

G
O"/"‘ o
Sz

T

cZ7
>

=\

Yars S
&2
=7

7
s
XL Tx
'I’?I’

N

N

N
X
Q)

s

=

o

7
3
27

S

27
Z
z

L2
v
'

vy

et

W

o

5
S
X

X
!
Z

| .0

V‘V

O
0&0 (>
KBRS
2308
&
K
LKL
2ol

)
i)

25

wmo.mm)
RO
S

oA
'0‘
/|

SRR | ‘ ‘v‘"fl)"
zy i

>t

S

DT

ML ma VA Sl

25

SN X XX N N YY V"
R
4

S

et
‘ ’

Fa
S
ST

RRETS

S

-l

AN MUY,
NV
W
S
SSA
X
AR WA
oSS
NS

AN

0. The epicycloid diagram and the corresponding characleristic numkers.
Fig. 20. e ep (

the value (Cy + Cs), 1o determine t.he :ralu: i)fo’;h;] Zo:;(;s;(sliing V/V: The
g i's p]?tit; (jii::r:arl:rf:ns;zlisl:d(;}(:a;etermine graphically the cha;;az;s;
ist;[;}lﬁlfsgcg()}rotwo-d;mensional phenomen.a, and: the values of the phy
Juantities of the flow if the phenomenon is c'ontl.nuous. ‘ b flow along
qu:n[:;:ce;ical example of calculations is given in Flgurek21 wzei tthe;3 -,
L i T roperties are know .

? C;lrve(: ov;:jl;elsv;?lzlzi(li{e Nl[:shﬂs:mierp:nd of the velocity ﬁire;et:it(:rl nﬁlaitnfdo,
tlllle e;(;?responding point Py in the epicyclmd dlarg;ral;rlle (;a)man ((13 eteminecs
because the value of M gives the value of (C; 4 C) ( ac an:i e
gives the value of (C, — Cz). Therefore the numbers lle e
zloids that pass through Py’ can be calculated. The valu ,
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fore the value of the radius O P,/ can also be evaluated from the value of M at

5 USing equation (85h). If an expansion ocecurs along the surface P.Q
2la), from the points of the line P; Q. Mach waves P, P, (, Q: are produced

Fig. 21. The practical use of the epicycloid diagram in order 4,
analyze the flow around a curped surface.

that are characteristic lines of the first family. Along the characteristic lines
Py Py and Q5 Q1 the velocity is constant. T herefore along every characteristic
line of the second family the same variation of velocity oceurs, Also along the
Stream line P, (), the same variation of velocity occurs as along every charac-
teristic line PQ,. Therefore, because at Oy the direction of the velocity g, is
known in the hodograph plane, the radius 00y’ of coordinate fo, can be drawn,
The normal at Py to the epicycloid of the second family must be parallel to
the characteristic line P, p,; therefore, the epicycloid of the second family
and the point Qv along 00" can be determined. The expansion along P, O, is
represented by the epicycloid P, 7, and the normals at P,/ QY to the epicy-

- (Figure
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‘- is analyzed,
ive the Mach lines PoPy and QQ.. If the case of Flgurf 212(1:211(1 fgmily
cloid give t}.lL o sponds to a characteristic line of t/ ,1(3 s herefore (s
the Mach line PPy corl‘:;é)al af P, to the epicycloid Py Qq . Tl e-r;p o
and is parallel to'thﬁsnoiven in the hodograph plane.by the epicycloid Py Qy”,
varialliO“ Ofpv 30‘;2 :reigocity decreases (a compression occurs).
and along (%

Y

=116
p/P0=_093
8 Mo F/p,=.081
M]o p/Po:.067

)alnple ()’ (lllal yS1S 1}18 ow ]()lllld a
A‘ m S Of ﬂ a
umer L(,(ll [

ig. 22. . AT
f:r%zer by use of the epicycloid diagram.

i p orner is represented in Figu're 22 The
An example of- cx}l)ansizzea;(f)‘ﬁij Eocdz)gTaph correspond'to lh.e llllf}S ;\/([) 1f%lﬂl(i
fincs m and o mIL ]le rI])L The values of p/p, are determined 11;11 terlmlon e
M, in the physma, LIT :t rr.u and of the value of p/pyat my. The OV-\O: alogn e
value of t;he. \*e.l o \ nif;)rm. In Figure 23 is shown ‘an e)'(pa?SI o
e hnesl 1? lilrtire phenomenon can be determined in t (116 s:;x Table, é
Cun{(id' Suﬁfa(;:( er(l;ulzitim (81), or by using the values calculated ir
analylicaiyy .

of the appendix.
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thickness of
ference connected with the phenomenon; for example, the
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the body, or

u- aIld u 3y etC., are Of t/lle same O[deI asu /l aI]d v /[, etC. NOW 11 ”le LeIIIlS

1 e ()IdeI y()f Hlaglllt/ude Of u /[ alld ) /L can be Ileg]ected, tlle equatl()ﬂ
Of h

of motion (equation 58)

2 V2—+-uQ—+—2uV1>6u+<a2 _ vz>ﬂ) _2(Vww + w) du -0
<_‘L‘4_— ou

Ve V2 Jox V—12 V_IQ dy ve By

2

becomes Ve ) oe_vs )
(E ) oy

]‘ i y ()f soun an l)e eXI)IeSSe(l "S]l[g llle elle]gy e(l]lal]ﬂ][ (I I(l) 1n
I]l(] ve ()C]t d C

1 sy e Vz:l 97)
@ = a? — ‘YT[(Vl + w)?+ o !
: imation accepted
or in the approx 9 al u (97a)
G Lo
V'lg V12 Vl

. . . . f
b t]tutll g quatlon ( a) mn equ tio ( ) a d gl Ct]“g tr e
oupns g2 e 92 ‘a n 96 n negie Il lellllS )
s [)eI‘l(}I‘ ()I‘del‘, e(]llatloll ( 9 ; ) beC( mnes

a?
M — 1>@ - % (98)
ox? ay?
In this approximation, equation (69) becomes |
1 99
= tan
x P S —
CVMe -
M= e = tan gy
Mg -1
because )
tan § = VT v
In this approximation ) o
0

:-I—/jl'

Therefore, from equations (75) and (76),
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dv =
71 = + df tan yu,.
The pressure coefficient is given by
Ap pVdV 2
cp = = - — = —+— M
but 201 Vo? 0 V2 B mV oV
P
e R Ay VL1
and v
v
— =1+ av .
Vl Vl

Therefore in the approximation accepted

€p = 1t 2A0tan yuy = + 246

(101)

(102)

(103)

CHAPTER

3

THEORY OF SHOCK WAVES

It was shown from the preceding considerations (Chapters 1 and 2) that
when a recompression occurs in a flow with supersonic velocity, the Mach
Jines tend to converge and to form an envelope. If the envelope occurs, the
corresponding disturbance passes from infinitesimal to finite, producing a
discontinuity in the flow which is called shock wave. The flow across the
shock wave undergoes a change of all its physical quantities, and the varia-
tions are no longer governed by isentropic law. In order to determine the
variation of the quantities across a shock wave, an adiabatic stationary
phenomenon will be considered (independent of time and without exchange
of heat between the flow and the external). The flow will be assumed to be a
perfect flow.

* Consider a super-

Shock Wave Equalions in Stationary Phenomena.
sonic flow at Mach number M, pressure pi, density p, temperature 71, and

entropy Si;  assume that al a point

A of the flow a shock wave exists v, Vo,
(Figure24). All flow quantities behind ’ \{)
the shock will change. Indicaling € \0

these quantities with subscript 2, \
consider (he intersection of the shock
with the plane that contains the ve-
locity V7 in front of the shock,and the
velocity V, behind the shock at A. Fig. 24. Velocily componenls before and
In this plane at the point A, consider behind a shock wave.

the tangent { to the curve inter-

seclion of the front of the shock (Figure 24). If e is the angle between
V, and £, and g is the angle between Vo and {, in the general case 8 will
he different from e, and therefore a deviation (6 = ¢ — 8) of flow direction will

¥ The first correct treatment of shocks was given by Hugoniot (Reference 9). Hugoniot
considered only normal shocks. The general treatment of shock waves was given by Meyer,

Th. (Reference 10). For the following analytical treatment see Reference 11.
43



44 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

exist. Projecting the velocities Viand V;in the direction n normal to the shock

and { tangent to the shock, and indicating with the subscripts n and { the cop-
responding components,

Ve = V"12 + Vt12 = My Y l—)lz
P

(104)
Ve = Vg + Vi = My k4 Ezg
P2
Vap = Visine
Vay = Visin g 2 (105
Vi= Vicose
Vie=Vicosg f

For the continuity law, the mass of flow across the surface of the shock can be
written in the following form:

Vo= paV,,. (106)

The momentum theorem applied to the direction normal to the surface and to
the direction tangent to the surface, gives

Pt Vo = p, + P2V g2 (107)

P ViV = 02 Vou V. (108)

The law of conservation of energy states that the total energy of the flow
in front of the shock and behind the shock must be the same; therefore

Yy om o, 1 Y P2, 1
— V2= —1_ 15 ~V.2 109
7_]pl—i-zl 7—lpg+22 (109)
but from equations (106) and (108) are obtained
Vi = Vi (110)
Jr_wose (L11)
'y cos
and therefore equation (109) becomes
« i) ¥ .
L T "R (112)
Y —1p Yy—1p
but
p12Vn12 = p12 V12 sin® € = pp"wlz‘ypl sin? €. (].].3)

Therefore equation (106) becomes
oM 2sinte = P22 M2 sin? g, (114)
equation (107) becomes .
DL+ v M2 sin®e) = P2 (L4 M2 sine g), (115)
and equation (112) becomes

Y/
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P2 i e> - 112( 24 Mysin? 5). (116)
p\y — 1 pe\y — 1

Tt is possible to eliminate the values of p:i/ps and pi/ p2 in the three. eqllég'()r}lls
(i]i) (115), (116), and to obtain one equation in M; sin ¢ and M2 sin 8 which,
if 17 l’sin ¢ is different from M, sin 8 {(case of flow with shock), is

— 1 _+__ 1 2
<M12 sin? e — 72_ 1) <Mz2 sinzg— 2 > = (7 > (117)

4 2y 2y

! 7_1>< L +7—1>=<7+,1>2- (118)
<M12 snre T3 ) \Glsin s 2 2

1 2
Equation (117) combined with equation (115), (transformed in terms of p,

and p?), gives the following:

or

—1 g — Y —1 119
pi <1V[12 sinze — 7 > > = po? <Mz2 sin? 8 2 > (119)
and in a similar way
Lt +7‘§=1( Lo+r=D am)
iz \M,2sin? e 2 p? \My?sin? 8 2

Combining equations (119) and (120) with equations (117) and (118) the fol-
lowing expressions are obtained:

-1
P _ 2 (Jﬂgsin?e S > (121)
o oy+1 2y _
oo 2 < 1 +7—'>. (122)
pr v+ L \M?sin%e 2
From equations (108) and (110) is obtained
po_ Vo _ VeVy _ tanB (123)
pr Vi VoVa lane
and therefore )
tan 8 2 ( 1 + Y ) (121)
tan e B Y+ 1 \M;%sin%e 2
and
tan e _ 2 < 1 n Y — 1>. (125)
tan8 v+ 1 \M2sin?3 2

Equation (125) can be transformed, because 8 = ¢ — 3, into the form:

1 _jy+1_ M2 1} tan e. (126)
tan 6 2 M?sin?e — 1

Equations (121), (122), (125), and (126) permit calculatiox.l (?f all physical
characteristics of the flow behind the shock as functions of similar character-
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istics in front of the shock if one condition of shock is known. Usually, either
the value of § (deviation of the flow) or the value of P2 is known, from which
it is possible to determine the inclination of the shock and all other variations
that occur across the shock.

Equations (121) to (126) permit some considerations. If M, is substituted
with 1/sin y in equation (121), it is found that e is larger than g, because D2
is larger than p, (necessary condition
for shock); therefore the shock wave
is always in front of the Mach line.
In terms of the scheme of Chapter 1
it can be concluded that (Figure 25)
the speed of transmission of a finite
disturbance is greater than the speed
of sound and depends on the ampli-
tude of the perturbation. If ¢ is

—_— equal to u (Mach angle), M,? sin? ¢ is

Fig. 25. The velocity of propagation equal to one, and from equati9ns

of a shock wave in comparison with (124) or (126), 5 = 0, 8 = ¢ and the
the velocity of the sound. shock is a simple Mach wave. If €
increases and 17, is constant, M, de-

creases (equation 125). For a given value of (e =€), M, corresponds to one.

If the value of ¢ continues to increase, 11, decreases and becomes less than
one, and the speed after the shock becomes subsonic. For e equal to 72
(equation 126) § becomes zero, the flow does not change direction, and the
shock is normal to the direction of the velocity. This particular case of shock
is called normal shock and is the shock that gives the maximum pressure
ratios across the shock for a given Mach number in front of the shock. In
this case, equations (121), (122), and (117) become

lﬁ' 27 ,1/[:’_7_1

T (127)
F 4! y+1 y+1
p1 2 1 v —1
o et (128)
Pon Y + 1 1‘1412 0% + 1
My = <7 + 1>2 L, v-1 129)
27 L’?‘/ 12 — ‘}: 27

Some data for normal shock are given in Table 3 of the appendix as functions
of the stream Mach number., The value of s passes from a_ value zero for
(M> = M) (no shock) to a positive value for (M, = M,), and becomes zero
again for a normal shock therefore there must be a maximum value for every
given value of M,. The values of § that correspond to (M, = 1.0), and to the
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. . N

i[nuIIl Value OI 5, can bB deLeI“llIled as a ful]CllOIl Ol M}. l OI {‘42 (/qu.a 0.
max y‘. ° ‘. N i ( ) . ( ) 1'.
one, b (’/lunlllatlng B fI 1 equaLIOIl 125 a“d fI m e(]llatIOIl 124 18 Obtallled

e 1 | 1 - 2 sin® e, — “1_):1
2 sin? €, cos? e, — | sin? e, — e v 1 M2
cos? e, (130)

M

- i ion (130

here ¢, is the value of e for which M, is equal to one. From equation (130)
where ¢, 1¢ . . .
the following expression is obtained:

- 1 7+17WZ_3_7
sin’e, = ‘yle?|: A 1

R p— 7+]M4>:| a31)
+V(7+1)<?‘TMI+ 6

For M, equal one, ¢ is n/2, and M, is equal to one. For L}"Il equal to mf.unty,
':1" ‘ isl edual to (v + 1)/2y. The value e, of e corresponding to the f?faxnn:m
‘ .‘es ) . . . -
ilalue of 6 can be obtained by differentiating equation (121). The differentia

1 _ds _ taup (tane — 1) %—2(7 — 1>

lion gives

COSQBEG tan e vy+1
ds | — a8
and because 5; = 3
then ' o B>] -
g—(?:(‘oszﬁ[‘y_i_l—(l—}—fanetan[i’)(l—ml—l6 ; )
e 0
The maximum value of § corresponds to a value of ¢, e,, given by the equatlgn
@ =0
de
or (equation 132) g O -
4 — (’y + 1) (1 + tan ¢, tan Bm) 1 — E;l’e—m .

Eliminating 8 from equation (133) with equation (124), and resolving, the

following is obtained:

sinte, = [li«l Me—1
’yM12 4

—1! vy, >] 134
+‘/(’Y +1) <1 + Y 2 M? + 6 My (134)

For (M = 1), ¢, is equal to x/2, and for M, equal to inﬁni‘Ly,ﬁ sin? ¢, is equa} tg
(v —}—*1) /2~ and coincides with ¢,; for M equal to infinity 1/tan §,, is equa




same ¢ are very small and are plotted in Fj
appendix. Because the value of é for ever

for every value of 8, two possible values
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or 1n.termed1ate values ¢, is smaller than ¢
sponding to e, and then the value of A7, 1
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‘ eviation possible.
Calculating the valye of & corre-
he resulting value of M., corre-

shock. The differences between & and e

ENNENANS
HEN
SuCVn

gure 26.  Some values of By Osy €,
Mach number M, in Table 4 of the
] I . Yy value of M, goes from th
zero for (¢ = ) to a maximum for (e = ¢,) and to zero again for ( i Vf;];;e
] e = 7/2),
of ¢ exist, one obtained in the zone
zone between ¢,, and 7/2. The first

&, M, are given as functions of the stream
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value of ¢is smaller and therefore gives a pressure ratio p,/p: smaller (equation
121) than the second value of e.

For the second value of ¢ there is a corresponding value of M, below one,
and a high pressure ratio, therefore a correspondingly “‘strong’ shock, while
the first value of the e corresponds, in general, to a supersonic flow behind the
shock. Only in a small zone near (¢ = e,) is there also a corresponding sub-
sonic flow behind the shock for the first value of € (lower pressure ratio).

Table 5 of the appendix gives some values of 8, p./p:, and M, as functions
of ¢ and M,.

Graphical Solution of Equations of Shock Waves — Shock Polar
Curves. From equation (110) it is apparent that the variation across the
shock occurs only for the component normal to the shock in the plane Vi, Vy;
therefore, if in Figure 27 a segment OA equal 1o Vi is taken, while OB is the
direction of the front of shock from 0, and BA is normal to OB, the velocity
Ve must be given by a vector OC that ends along the line BA, because V,, =
Vi. Now if up and s are the components in the direction of the z and ¥ axes,

Y
OA=V]=U]
OC=V2
B BA=V,,
Vo, OB=V,,=V,
N BC=V,,
___________ U2___.____\c\ V2 CD=V2
N N OD=U2
A\f\\ ’ va| VoV,
v, 0 AW
¢ U2 D V]‘Ug

X
Fig. 27. The variation of the velocity componenis across the shock.

respectively, of the velocity V3 behind the shock, it is possible to obtain from
this consideration an equation that connects the component us, 7 with the
velocity Vi, Indeed, from equations (107) and (106),

Pr—p1=p1 Vo (Vo — Vi) (135)
or from the similar triangles OBA and CDA of Figure 27,
pPe=p1+,m Vi (Vi — w). (136)

The conservation of energy law requires that

Y P _}_1 V= —2 2 _ constant.
.’y—lpl 2 ')’_1)00
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If we substitute for the value of Do/ po

equation (83), the COI‘I‘esponding value of Vc givqn by

b1 = p (Vc2 r+1 — V2 y—1
2y 2y

- 27
From the similar triangles CD

; A and OB
the following expression is ob A and from e

tained: quation (106) (Figure 27)

o ViVi-uw)

Sub , u, (V, — Us) — 1,2 . (138)
ubstituting equations (137)
: 37) and (138) i i
Lo 1 recnp s oo ) in (136), and resolving the equation in
1y — i
?'22 = (Vl —_ 112)2 VI
Vi p y (139)
Vl Yy +1 LT

E . € . . .
quation (139) gives a relation which connects

velocity behind (he shock with the walus the components u, and vy of

of the velocity in front of the shock.

op=¥%

_\gl OA=V)
ED=mXV1 DC=y,-Ye
V2 9 2
CE=—C+—V_U =0 e ——
vV, 8+ ’_22 CF°=DCxCE

==2 CD ~a2 — —
CB= A aan D
CE

Fig. 28. Geometrical 4 nati
: cal dete, . .
shock as funetion of the velggz?tf;l?son of the velocity behind the

inclination of the shoek e, Jront of the shock and of the
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For every value of Viand V. it is possible to determine many values of vy and us
that satisfy equation (139). In the hodograph plaue (plane u and v) equation
(139) can be represented by a curve that is the locus for given values of V; and
V. of all the points that define the values of V2 which conform to the laws of
shock (Reference 12). The curve which is the locus of the end of the vector
V., for given values of V;and V. is easily constructed, and is called a strophoid
or cartesian leaf. The construction can be obtained in the following way:

. . . . Ve
For a given condition of the flow in front of the shock, the values —,
1

_E(f

. n V. and V; are known, and (Figure 28) therefore along the u axis
/1 Y

. V2
the scgments OD, OA, ED can be taken, respectively, equal to v V1 and

1
2.
v+ 1
structed. For every point F of the larger circle, a segment DF can be drawn
which intersects the smaller circle at H. The segment AH is normal to DF
because DHA is a semicircle. If from F the normal to the axis FC is drawn,
a point B can be determined from the intersection of the segments HA and
FC. Because CFE is a semicircle, the angle DFE is a right angle, and there-
fore the segment CF is given by:
CF? = DC X CE

V.. The circles that have for diameters DA and DE must be con-

But the triangles DFC and CBA are right triangles and are similar; therefore,

CB: — Ch* X CA* _ Ct X DC
CI: CE
and from the definition of OA, OD, and £D,
OoC¢ — Ve
CB = (V, — 00)* ,V_z__).(_zl_/L
-+ Vi— OC
L1 Y + 1

Therefore OC and CB are the components of the vector Vy which conform to
the law given by equation (139). Because V; is given by the segment OB,
and V, by the segment OA, OG perpendicular 1o BA gives the value of the
tangential velocity V, equal to V,. Therefore DF, which is parallel to 0G,
gives the direction of the front of the shock, and the angle DA is equal to e.
By changing the position of the point F along the circle DFE, the values at V,
and e change, and the position of B moves along a curve which is a strophoid.
The form of the curve appears in Figure 29. The curve is symmetrical with
respect to the u-axis, which corresponds to the two signs of 5 and ¢, and there-
fore 1o the two possibilities of the inclination of the shock for the same intensity
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of velocity behind the shock. The curve intersects the u-axis at two points
the point D and the point A. The point A corresponds to (V, = V) (Figures

28 and 29), and therefore to absence of

#

t\»«t
\
c

Asymptote
Fig. 29. The strophoid (shock polar curve).

zero deviation and therefore to normal shock, for which the value of V, is a
minimum, and is given by

Viw = 1y, = v (140)
At A the curve has a double point, and the tangent to the curve at A is inclined
at the complement of the Mach angle u, corresponding to V.
accord with the fact that for the point A4, V, is equal to Vi, and the shock
coincides with a Mach wave (e coincides with w). At A the strophoid has the
same tangent as the epicycloid designed for the same velocity 04 (inclined
al u with respect to the u axis), and therefore in Ahe neighborhood of the
point A the variation in intensity of the velocity, for the same variation of
direction, is equal for gradual compression or for compression with shock.
For larger variations of direction, the epicycloid which corresponds o isen-
tropic transformation gives different values than the strophoid.
From A the carve continues with two hranches
tangent to the line

This is in

that are asymptotically

Veo2
== T ,{_ e I'l_
iy 41

shock. The point D corresponds to
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These parts of the curve that give values of Vs larger than V; are not useful.
pecause they do not correspond to the physical phenomena. )

It is possible to design the shock polar curves for s?me value of. V1 and to
obtain a graph which can be very useful for praclical -calc'ulffltlo.n of the
variation of physical quantities across the shock, because it eliminates use of
equations (121) to (126). Because, in supcrsonic [fhc:n()mena, the Mach nu.m-
ber is usually more interesting than the velocity, it is useful to plot equation
(139) in the following form by dividing all terms by a:*:

‘///,'2
u a4’
s <Ml - y‘) L : (141)
a;? ay Y_tz
a? 2 , u?
-4+ M, — —
Jll Y + ]. ay

In this case the segment OA represents My, and the segment OB (Figure 28)

LLZ QY » Ay
represents, on the same scale, M,—, where @, and a, represent the speed of

ay )
sound behind and in front of the shock, respectively. The segments GA and
21
M a2 T H r 2} —
GB represent, respectively, M, and M, ;;, from which the value of @
can be obtained. Indeed, from equation (112),
ST VA B T (142)
vy—1 vy —lag? (1ie

and therefore

@ _ v =1 [(”) _ <(_B>] M4, (113)
a.? 2 0A 0A

The ratio of the density before and behind the shock is given by equation (106)
p_ Ve _GB

P2 B Vul B Gﬁ{l
"The ratio of pressure before and behind the shock is given by equations (144)
and (143)

n e 0A 0A fGB

A diagram of the shock polars is given in the appendix, Chart 2. In the dia-

gram the segment OF is maintained constant for all Mach numbers. Now the
, v 2

Segmenl l:l’, = OR = " T

b v 41

(144)

I",:I corresponds  (equation 856) to the

condition ¥y equal to 1, and therefore to M equal to infinity.  If the value of
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V., and therefore the value

of the segment OF,
Mach number the length OA which gives the

be determined using equation (85b).
value of M., and for My =1), v,
of the appe

is assumed constant, for every
corresponding value of V, can
In this case Po/py Is constant for every
Is equal 1o V.. The diagram of Chart 2
criterion, and the value of M, obtained
ace of the value of V,. '

ndix is drawn with this
from equation (85b) is written in pl

Physical Considerations for Interpretation of the Shock Polar Curves.

With the help of shock polars, it is possible to determine all physical conditions
of the shock if the conditions in front of the shock and one

condition that
defines the shock are known.

7 When the known quantity behind the shock is
the pressure P2, it is possible, from equation (121), to determine the value of

the inclination of the front of the shock, and from the shock polar with equa-
tions (142), (143), and (144) to determine the other quantities. The value of
Pz can vary from the valye of p; to a maximum equal to py,, If P2 = p,, and
M, = My, eis equal to u, the point (] js at A, and no deviatjon occurs (Figure
30). The value of Pz for a fixed Mach number in front of the shock is maximum
if € is equal to 7/2 (equation 121); in this case the shock is a normal shock,

and the point ¢ coincides in Figure 30 with D. No deviation occurs across the
shock.

If the value of Dz is greater thay
cannot exist. The shock changes
flow, stopping only if it can find i
stationary equilibrium with the co

1 Panax, & stationary equilibrium in the flow
position with time and moves toward the
n the flow a Mach number that permits a
ndition behind the shock.

Fig. 30. The two

corresponding to q [

possible  equilibrium conditions
1ven deviation qerogs the shock.

I aerodvnamice phetom:

‘na, Lhe boundary conditjons
or what is equivalent, (};e

(the shape of a body,
form of a streamline) are giyve

more often than the
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i he value of deviation § can be deter-
value of th'e pressirilé)f;le ItI‘:u:};l}sloccall(S.e’ ;rf)m the shock polar it appears: tl}at,
i }r:ms mber in front of the shock and for every value of d.eV1at10n,‘
for eve'ry Mi'c hr(l)lék are possible (Figure 30), OF; and OE,, for which there
o kinds @ - nding velocities behind the shock, OC, and QCz, and .two
ae e COT{‘T? O roblfm apparently is indeterminate. But the indetermina-
P_I'GSSUI'GSI-) llveI()i by the following considerations: .
" Cal'l . SOﬂ at Mach number M; moving along a wall OA. parallel to

(:?1“51d‘z;iagur2“f31) In this case, the deviation of the stream is zero, but
ow . .
tiliso in this case two conditions of equi-
librium are given in Figure 30: the co.n—
dition OA that correspon(.is to undis-
turbed flow, and the cond.itlon OD that
corresponds to flow behind a normal
shock. Normal shock can be produced ,
only by an increase of the back pres- o
suré, because it correspond§ to zero
deviation. Now, if the d.irectlon of thﬁ
o iS'Changid t};y(::l)t?lt:r ;igﬁl;es,“t?le new stable condition of eqlfil?}?rilum is
?A (FI%‘;IE):; ihaltr cofresponds to the minimum variation oft}the ni?rif[lzu r(;lor;f
:1illei()ct(1m Ir’1 this case, it is the condition that }corresponijdtsot;ihe pimarn of
s s iati 1 ich corres
e et o th il Therefoe, i the conition of the o
Varla}tlon " thef pressotation was OA, the new condition is OC; if it was } ,
?" 'Flgure A b'e Or}? rﬂow a deviation & is produced (Figure 31) and' 1}0 otlle:
o 002 " l'n t (fsed it’ is the condition OC, that is stak.)le, a co.ndltlon t 1a_
Cf)ndlz(i:isljg (Z)fl' H]\l/z grez;ter than the speed of sound. fIn thlsf (;illse,s l11f0aclli s::lza;?l_
lnes jation in front of the ,
lines have the same speed and th? s?me varia o o O ok
.l unde1rgloesdt }ﬁzjzril}?edszvrrllzusz:;eac’l.ariglle shock is str.aight. If t}.le de\;)ig)-
?’re alfs' (z}f;a:::e(;rzrilncreases the point Cymoves in the dEFCtI-OH 2; Sg ;}Il?‘;f;r:)01ar
i ’ i iation possible for
Whic'}cll Cogresa?l?ln(iie?;fct)?: tgll'a):lli:ulgllagﬁvnumbef considered lfor u:((i};s;zftlzii
fow. A1 ‘ i ined because -only on
flow. At the point C; the problem fs. determlneﬂow e o O
o e'qunibrium C(;{' is'ts'l (]1:/; ) ihi)ci(;n\(};:;)ieii ?1112 condition o.f ma).(imum devi.ial-
S?mc' The con.ﬁl‘um ce f:om the two corresponding deviamons. is very ST& \.
e t'he'd] ferenosed on the flow is higher than the I.naxm.lum po(slu .e:
ST s in front of the point A (Figure 32) in \V'thh the e\-rllj,
qm S}}OCF wa::dm(l))\;ause at A a condition of equilibrium Is not possible
1ion 1s imposed,

Fig. 31. Altached shock.
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(detached shock). TIn this case, the shock in D is a shock produced, by back
pressure, because at D no deviation occurs; therefore at D the shock becomes
a normal shock. Behind the shock the flow is subsonic; therefore the stream-
lines can turn without limitation and it is possible to obtain a flow that wets
the surface DAC. Because the flow is subsonic, the streamlines are no longer

Fig. 32. Delached shock.

parallel but have different curvature. The pressure is also no longer constant
and since the back pressure is not constant (the perturbation in subsonic flow
Is propagated with an intensity which decreases with distance), the shock is
curved (e is not constant). At some distance from D along the shock (point E
of Figure 32) the speed behind the shock becomes again supersonic. Along
the shock from D to E all the conditions from the normal shock (point D) to

Figure 30 considered before. In order to determine the condition across the
shock, it is necessary to determine the conditions of the flow in the field DE’A,
but this flow is subsonic flow and depends on the initia] conditions that corre-
spond to the variation across the shock. The problem therefore is complhi-
cated because it is necessary to determine the subsonic flow that is physically

possible with the body BAC and with a shock from Mach number M;, the
shape of which is not known.

The Nature of the Transformation That the Flow Undergoes across
the Shock. In order to determine the type of transformation that occurs in

P x=la (146)

Peooe v+
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dT dp
y — —gR %t
dAS = g ¢, 7 )
or R P2 (o1 v (150)
R P2 oY o I e 2 <,>
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] i 122), and are
in which p./p: and p;/p: are given by equations l(121)f gwndSifl Ei: and ar
i in el Therefore if the value of M, ,
constant if M, sin e is constant. : ' .
the variation of entropy AS across the shock is constant. Becau

p
log. 22 + 7 log, 2
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If in place of p,/ prand p,/p, equations (121) and (122) are used, the value of
AS increases if the value of ¢ increases, and is zero for ¢ = (Mach wave),

entropy increases if the intensity of the shock or the variation of pressure
across the shock increases, From equation (150) and equations (121) and
(122), it also appears that if the flow is isentropic in front of the shock and M,
sin e is constant, the variation AS across the shock ig constant, and the flow
behind the shock is also isentropic. If M, is constant in front of the shock, the
condition of M, sin ¢ corresponds to the condition of straight shock. If the
shock is not straight but curved and changes from point to point, or more
generally if M, sin ¢ is not constant, the value of AS is different from point to
point of the shock, and therefore the flow behind the shock is no longer isen-
tropic, and from the consideration of Chapter 1 the flow is rotational.* The
rotation is dependent on the variation of AS from point to point, a variation
that depends on the intensity and on the curvature of the shock. If, therefore,
the shock is strong and is curved, it is no longer correct to consider the flow
behind the shock a potential flow. When the shock is detached and the flow
behind the shock is subsonic, the shock is curved and therefore the subsonic
flow behind the shock is always rotational.

energy is not carried away or injected into the flow from the outside, the first
term

Y _po_ Ve
7-1,00 2

of the energy equation remains constant, Therefore if behind the shock the
flow undergoes an isentropic transformation from the velocity that it has
behind the shock to zero velocity, two new values of pressure and density
Do’ and py’ are obtained that must conform to the relation

-7 D

X Po_

Y—1p 7—1/00,
or

V= constant, and Ty = constant, (151)

Now assumne that the flow behind the shock undergoes isentropic expansion
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is given by the energy equation (equation 85a)
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i ion ¢t tained:
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' py'. Equation (150) can therefore be written with
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equation (151) in the following form:
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gR po (oo Yy | IR o, <&> - 1)
AS = £ log. | == (& v —1 P

y—1 Po \po
Thercfore y—1 (y —1DAS (156)
<BLJ> —° ; -
!
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Using equation (156), equation (154) becomes

ASGy 1)
1 Ve — Vy? — 1 sinz,u[e w - ]:|
- v —1

S =1 sineu [eg%-%— 1]- 157)
v —1
AS(y—1)
Developing in series the terme v
1Ve- V2 _ 1 sin2yl:A—S + 1<§>“ . ] (158)
2 V2 oy -1 ve.f 2 \ve.g

: i ind the shock the
Equation (158) shows that when the flow again attains ‘behl(r;in velocity Vi
Ao that it has in front of the shock, the C()I;resrl)onk, gnd tho differ-
pressure py . flow has in front of the shock, a
is less than the velocity that the flow has ) . enlropy across
. 1955})“(13 een the two velocities increases if the variation of P
ence betw
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the shock increases. Therefore, for the 5
e}n ergy of the mass unit of the flow is ;e:siaki:}bli:?ll?;i Of}the Pfessu.re, the kinetic
shock (Reference 13). e shock than in front of the
Now conside , .
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l <V12 _ V1'2> — ]—’YRII AS = T,AS (159)
2 Y — 1 YC»

because
c . .
R = ¢, — ¢,, and v = - (mechanical units).

Cy
Therefore the loss of kinetic energy per unit mass across the shock is propor-
tional to the absolute temperature in front of the shock and to the variation
of entropy. Substituting for the enlropy its expression as a function of the

Lve— v = f TS = f g = Sy — Ty (160)
2 J1 1 g

where ¢, has the dimension of work per unit weight per degree. The variation
of kinetic energy is equal to the heat necessary to heat the unit mass of flow
at a constant pressure p, from the temperature (absolute) T, in front of the
shock to the temperature T’ behind the shock. The losses are therefore
transformed into heat, and at the same pressure the flow behind the shock has

heat,

a higher temperature and therefore a lower density.

The Effect of the Viscosity and of the Conductivity in the Shock
Wave Formation. In the preceding considerations in which the hypothesis
of perfect flow was accepted, a discontinuity in the flow was found, which
has been called a shock wave, across which an increase of pressure and temper-

alure occurs. The variations occur when the flow crosses the surface that

constitutes the front of the shock, which (with the hypothesis accepted) has
zero thickness. The existence of two zones of flow near each other with a
finite difference of temperature scems o be a mathematical fiction very far
from the reality of the phenomena. It is necessary, therefore, 1o invesligate
the effect of viscosity and conduclivily in the extension of the zone in which
the compression occurs and to determine Lhe true thickness of the shock wave.

The calculations of motion with viscosity and conductivity are complex
because Lhey require a relation between conductivity coefficient and viscosity
coefficient, and therefore the kinetic theory of gases must be used. The
results, even if not absolutely exact, show that the thickness of the shock is of
the order of a few mean frec paths of the molecules of the gas and therefore
because the variations occur in a very small thickness, the shock can be
considered a physical discontinuity (References 14 and 15).

Consider for simplicity of treatment a normal shock. In this case, if the
motion occurs along the z-axis for the conlinuity equation,

p e Ay 161)
dr dr
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The momentum equation in the presence of viscosity can be written, with
good approximation in the form:

! 2

m =
dr dr 3 dr?

where m is the viscosity coefficient, while the energy equation in preserice of
viscosity and conduction becomes

(162)

I7al

uqc~—-—-<p~_ﬂ’m‘i§>‘1’_‘ @1
: p. " dr 3

dr/ dr d?
where A is the conductivity coefficient in mechanical units. If the following
relation for A and m is accepted

(163)

1
Thickness of A= § mep (164)
the Shock
it is possible to obtain a solution of the three
equations and to calculate the thickness of the
shock waves. For atmospheric conditions and for
the following pressure ratios, =, across the shock,
V. the following thicknesses of the shock are found
(see Figure 34):

SllongIM Thickness of the r= 9 5 10 100 1000

d= 447 117 66 16.5 5.2 X 107 ¢m
The calculations are not exact because equations (162), (163), and (164) are
approximate. More exact calculations give greater thicknesses but of the san»
order, and of the order of the length of the mean free path of the gas molecule
(about 4 mean free paths for pressure ratio 5, and 3 for pressure ratio 10).
For weaker shocks the thickness increases, but is of the same order. There-
fore shock can be considered, with very good approximation, as a physical
discontinuity and the laws of shock obtained with the hypothesis of perfect,
flow are practically correct. :
The phenomena of shock can be different for very low density, where the
hypothesis of homogeneous flow is no longer correct. In this case the study
of the phenomena must be made with the kinetic theory of gases.

CHAPTER

4

THEORY OF TWO-DIMENSIONAL FLOW —
1 A K
INTERACTION AND REFLECTION OF SHOC

WAVES AND EXPANSION WAVES

ibilily of Interaction or Reflection of Shock W'-aves and Ex;;]anél;);
o I:l ansion waves and shock waves n .a p?rfe(.:t oW
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N Streamlll 111 4 However, in aerodynamic phenomena, if e.xpanswnls
A 'par/‘a e*c.ur in the same flow, it is possible tha? expansion w avgi
a”d ""’mpreSS‘f"?“ " 'Vcrosv therefore it is necessary to consider what happens
N th"\)(:k “a\'% maf) shock’ waves and expansion waves occurs. In so({ng
. }“Eerac“o“ . ible that expansion waves or shock wave.s are exten. e
wa 'lt'(;s a‘lslo(g()tssla 2()110 of flow with different velocity or without velocity,
Lo a ngid wall,

Fig. 35. Example of inlerference between shock wave and
ig. 35.

erpansion waves.

. . 1
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later return to the same direction as before the deviation. In this case expan-
sion and compression oceur and the waves must interfere. Tndeed, if a
deviation of compression oceurs and a shock is generated at a point A (Figure
35), the Mach number behind the shock, M., is smaller than the Mach number
in front, M., and if the flow behind the shock is supersonic, the corresponding
Mach angle g, is larger than the angle of the shock with respect to the velocity
behind the shock, g; indeed, if in equation (125) sin u, is substituted for M,
sin 8 is smaller than sin us, because if shock oceurs, ¢ must be larger than 'R
therefore, if a successive expansion is produced at B expansion waves cross

Fig. 36. Erample of inlerference between erpansion
waves and a shock wavpe.

the shock wave. If expansion waves precede a shock wave, the inclination .
of the last expansion wave is smaller than the inclination e of the shock wave
(Figure 36); therefore the shock wave crosses the expansion waves and

mterferes with it. [f two shock waves
occur subsequently in the same flow
(Figure 37), the second has an angle
e, larger than the Mach angle corre-
sponding to M,; therefore for the same
considerations developed for the ex-
pansion waves generated after shock
waves, the second wave meets the first
and interferes,

An interaction between a rigid wall
Fig. 37. Erample of inlel:ferencé between 20 expansion or compression waves
shock waves. can occur, for example, when a super-

sonic flow into a channel is considered
(Figure 38). At A, the shock produced at Ay meets a rigid wall, and at B,
expansion waves generated at By meet a rigid wall. The velocity behind the
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erpansion waves and a rigid wall.
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T 00

Pi>p,

Fig. 40. Ezample of inlerference between, erpansion
waves with boundary constiluted by flow having
different speed (zero speed).

A particular case of this interaction which is very importan{ for acrodynamit
phenomena is when compression waves or shock waves meet a body in which
a boundary layer is generated. If, for example, in a channe

1 with supersonic
flow a shock wave is generated at O (Figure 41), the shock

at A and B meets
a wall, but along the wall

a boundary
A — layer exists in which the velocity is
different and partly subsonic: there-
M1 o fore the

equilibrium of the point 4 or
B must be determined by considering
the shock boundary-layer inte
B (which has a different ve

Fig. 41. Erample of interference between, MO by
shock waves with boundary layer.

raction
locity) and
considering only the interaction
between shock waves and wall. This
occurs because the laws of transforma-

tion of the flow in the boundary layer are different from the flow outside the

boundary layer,

Interactions or reflections for two-dime

with the theory of characteristics for pC
shock waves, but it is necessary to reme
shock and expansion is considere
behind the shock usually becomes rotational; the

the shock is large, for the flow behind the shock the theory for rotational flow
must, be used (Chapter 5). 1n order to analyze the interaction between adja-
cent flows at different velocity, if one part of the flow is subsonic, as happens
when supersonic flow in presence of boundary layer is considered, it is n rcessary
Lo consider both supersonic and subsonic theories, and if for subsonic
viscosity is important, as when the subsonic flow is
layer, the problem becomes very difficult and a qu

nsional phenomena can be considered

stential flow and with the theory of
mber that when interaction betwe

en
d, the shock becomes curved, and the flc
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i . Interaction of expansion waves c:fm
teraction o Ex?allezlzfr'l 01?:)/2;:: families (inclined at an ang.le of 0;;1.)0212?
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rotated with respect lo the velocity

i 0
9, and the sign of A . 11 must be larger
at I at a(;l EnﬂfeAfaCt that an expansion occurs; therefore 6 at
is defined by

inati ow in III the same consideration can
an detem;)mtizggm(ﬁstzzgviation of opposite si_gn ’f{'om.ag;I th%;
be applied. Tl.le “:avetlted by —A# with respect to the? d.1rec_tlog .mth.e The
. direcu'on o asin II: therefore the wave by is incline m‘ e
e Fhe (s Ab/ 2), where u is the Mach angle corresp v
b L T (“ﬂ— in I\"‘Y can be determined either.from I1I or o
o (- Mo > dTh?atin\T is given by the wave a. .'fm(% i8 .equaAleto \;\theli
o 7etvlie wave by is crossed and the var.latlo.n 1(s1 : m.lined "
goine from to'n changes direction, the dire(:‘tlon is de el tined o
et CrO'Ssmlgy aQA rapid system for determining the Mach
explained previously.

b,

Fie. 42. Analysis of inferference belween
1Z. . z ! ne
E.I’Eﬂll.ﬁ‘i(ﬂl waves of opposile families.
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and the direction of the waves is that which uses
Table 2 of the appendix, which corre
constanls in the epicycloid diagram,

the analytical or graphical methods
Mach number there is a corre
if a direction of reference whi
acteristic system is fixed, and it is
represents a degree of deviation, the direction and the ve
determinable. Assuming the Mach number at T i 1.775,
sponding in the table is 980 (Figure 43).

sponding number i column 1,

The number must be divided ip two
m

590
388

4

Fig. 43. 4 nalysis

parts and the difference of the
gives the value of the direction. If at
reference, the difference must be 200:
390. At II an expansion of 1°
therefore the sum of the two nu
0r because the wave

two parts must be equal to the number that

I the velocity is paralle] to the axis of

occurs because g characteristic line Is crossed;
mbers in [ must be 979, but 6y, is larger than
az is an expansion; therefore t}
and the numbers become 590 ang 389; at I11 the

go from zone T ¢
family is crossed; but the wave q; is

therefore the upper number decregges because the variation of direction indi-
cates that the difference of the two numbers must decrease to 199 With this
system, it is easy to assign the values of the two numbers

The sum of the two values gives the Mach numbe
dix (columns 1 and 3) and th

an expansion of opposite sign to asz;

in the relative spaces,
r using Table 2 of the appen-
e difference gives the direction in degrees with

the values of column 1lin
spond to the sum of the values of the
This can also be determined by either
explained iy Chapter 2. For every
For example,
ch corresponds 10 the number 200 of the char-
assumed 1hat every characteristic line
locity are rapidly
the number corre-
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1 irecti °. 'The inclina-
the undisturbed velocity which has a direction of 20:) e
respec t;) | haracteristic is also casy to determine, becausc'l 1 | buw by e
tion of “l/ . Mach angle in Table 2, column 5, correspondmgf L(}) o numbe
| 1 ‘ / s of the tw ,
value o 1 equal to the average of Lthe sum of the number.s oL e o zones,
. he : \ l
p C(()ihgnl? th characleristic line considered; for anmple;,-;ns ine betweon
s The AL sponding to the number 979.5 mus
he Mach angle corresponding . : st be tasen.
Lo ll'm ¢ is given by the average of the difference of th;} v o umnbers
NS LI nm 7 Y - o o . o
Tl Qe nes ;ivided by the characteristic conslduf’(,d. A
e i line wi sspect to the axis of reference is (6 —
v racteristic line with respect t xis 0 ) Bl
of the chal? ily, and (6 + w) for the first. For example, th:— e b
sccond family, | bl the e b |
1IJhe 3 11 must be inclined wilh respect to the r(,felrenct ax 3
0 L / ’ — 1° 1 33°5¢, .
and the line between I and 1V at . zt —}{i“ew o be obtained rapidly
i e Leristic S C s pid]
onstruction of the charac . ; e
e 1(40“S icycloid diagram. 1f the direction and the 11\1‘(,.1(1;15? { velodly b
ing epICy: . . ‘ ' th 4
are tk]e pn Nthe corresponding point I’ in the epicycloi iy
1 are known, 55

determined.

1g. 44‘. All(llySLS (0) LIZIPI)PI ence between e 7 on waves of opposiie ’a”ll es by us f
f C ween erpanst e f

]1. ) . ) ’ 9 l [ e 0

l/l@ P,ﬂ)l’('y( [()I,d diagram.

; ids ‘hi ive the law of
Through the point I’ (Figure 44) two eplcycloldsl.pass XEIZ}; dglE 5 1 1L a
" ity direction of the lines /B
rariati f the velocity and the . Tus of Af 10 the hodo.
;Ji:?it\lr?nd;’ialion of A9 occurs; therefore, placing tl)et\IaIl/ll; (21 otermined along
) / i "is de ined, and the poin 1 :
o the line 011’ is dctermme. R ) r and along the
Tlr o 'plaliz’id 590. Indeed, the velocity at 11 must be greater at
he epicye . )
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epicycloid 380, for the Ag considered, the velocity decreases. AR must be
normal to the line I’ 11’ at the point of polar coordinate A6/2. In HI the
deviation is of opposite sign; therefore the point ITI” and the line EB can be
determined in a similar way by plotting A6 in the opposite direction. From
I to TV the variation corresponds to the epicycloid T[T/ TV ', and BC is normal
to 11’ 1V’ BD corresponds to the normal to II’ IV’. [f the numbers system
is used in I, two numbers must be written which correspond to the numbers of
epicycloids 1 and 2, and therefore the two numbers immediately define the
point I Tn IIT the number of epicycloid 1 decreases by Ad; therefore epicy-
cloid 1’ is determined by the new number. In T, the number of epicycloid 2
decreases by Af; therefore epicycloid 2” is determined. The construction in
this way becomes mechanical.  Along every line ABC the number of epicy-
cloid 2 remains constant, and along every line EBD the number of epicycloid T
remains constant. Every two numbers determine a point on the epicycloid
diagram, and the characteristic line is given by the normal to the part of the
epicycloid that conmects the two points in the epicycloid diagram corre-

sponding to the numbers of the zones that are divided by the characteristic
line considered.

Interaction between Shock and Expansion Waves. Consider, for
example, a body which moves in supersonic flow (Figure 45), and examine the

Fig. 45.  Analysis of inderference between a shock wape and
expansion waves of the same family.

flow at a point in which the shock that oceurs in front is intersected by expan-

sion waves. The shock is produced at A, behind the shock at B an expansion
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5, and the Mach line that starts from B crosses the shock wave at D. In
o » ABD the flow is uniform and the velocity is parallel to AB. A'L B the
Hle Zt(z:ns and an expansion § occurs. The Mach number M; i; }iietermme.d b.y

o : istics i f M, and 6. The expansion is
the theory of characteristics in .terms of vah{es of M, ! . expansion '
: ine EB, inclined at us, (sin u3 = 1/M;) with respec .
Z?rll(f)tlibolsdo? lffl)rrllagl i(lellocity BC. For every value of M.’ b.eLv»:een M, an(; 7\\2’13 }t
i o )‘sible to determine the corresponding characteristic line BH. If M’ is
o p((l)bthe corresponding y is known, and the expansion ¢’ necessary to go from
ﬁ;: t(,) _‘“W " js also known, either from equation (80), from Tablz .2 Pfdt.i):cizilzi)]er(;
dix, or from the epicycloid diagram; therefore th'e corres.pon. nzig .1th ;.es o
vel:)city " with respect to AB is know(;l, and the line HB inclined wi p
1e angle (u' — 0" can be drawn. . . v
“ l/xlllira(lite;]lo de%erll(:;lle what happens when .a.generlcal eXpayIlS]OI}—[ W athBtIi
sels the shock wave, the equilibrium condition o.f the ﬂo.vs at . ITlll "
glfte\ nined. This can be obtained from the following considerations: At
(;;i;fllre 46)'the equations of the shock give, for a given M;, a value of pressure

Fig. 46. Delermination of (he reflected waves.

pe behind the shock as a function of the value of the devia‘Fion of L‘he ‘;eli(:;tz
across the shock (equations 121 through 126). l.n ordcf‘ to have qu? i o
of the flow at H, it is necessary that along HV, if HV is the s‘trear.n mef hat
starts from I1, in the zone EHV and in the zone BHV, the ()llrfctll(.)n (; o
velocity be the same and the pressure be the same. Becau?: }’j lie Sl:ezhan X
an expansion wave the deviation across the shock at HE rnui D(;{
DH; therefore the shock HE must be weaker tha.n the shoc DH. .
If § is the deviation across the shock DH, A6 is the expe‘msu;; :\}(];rocsiZVia-
expansion waves BH, and no reflection of the wave BH oceurs at H, tle via-
tion of V at H must be (6§ — A,8); therefore the d.e?’la.tl()ll .ac.r‘oss 1e ok
HE must also be (6 — A6). However, Lo have equilibrium it is necessary
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consider the pressure along H| .
g HV. If the . . .
and in EHV is p,, pressure in DHB is po, in HBL is p,,
Ps=Pe=Apy pi=py— Apy

X];el;a) /lxpcli 1s L;I.e variation of pressure connected with a variation of direction
10, considered 1n terms of the isentropj & ‘hi i ’

tion of pressure connected with thf :a}jl‘c‘ jf;:igf ’(:}h;i[f: Ap2 A
calculated by the law of shock along HE. Ap, is, in gen IIl‘wcil;'lo'n o
A.pz, and therefore a reflected wave of small inlcl;si[ngle r?n, ‘tlﬂer'ent P
'dlffer.ence between Ap, and Aps is very small and in generai ca?b eeeton
m this case, the value of deviation across HE is known because 'Le 'I'l B
(6 — Af); therefore the direction of HE can be det,erminedk (t:r] ; ‘eq“al_ .
(126)'. Becalfse HE'is a shock weaker than BH, in EHV thc; $ e(c)(rln'?quauon
than in BH/ l/., and the entropy is less; therefore a vortex line Is)tart ‘lhfg.reater
and the flow in the zone of interaction of shock waves and e ion wane f'[,
e the expansion waves is
. If t‘h]e{zeﬂected wave {JL is considered, and A.6 is the variation of directi

ilj:rt(l)lsis L, 'tl;je prcvs§uch111 VHL and the direction in VI, can be detern‘ﬁnﬁcli1
] S way: I'or every value of As9, the direction of velocity and t} 3

in the zone VHL can be determined from the conditions in BHI, wi ie press{'lre
(%.31) (fr from the corresponding Table 2. From the i)ressu l\;lt l equél‘lon
'd]I‘e.Ctl()[l of the velocity in KHV (6 —AY — Ay'6) can be d Lre a-Ollg H 'the
nating e from equations (121) and (126). cetermined by clim-

_—

| J /““ﬁi‘ﬂ—l

tan(é—m&—ag’o‘)_ pi'_l— w\p,(m&
” ]

vsl/lcr‘c ps" s the pressure in LHV corresponding to a given value of A8, Wl
32 6 dls equal to A9 which corresponds to the value of p,’ in equatiQO. (1615en
N 0 . Ve AR . . "
Al,; 'l’I‘eLLIOIl in VIIE is equal to the dircction in VI IL, and the correspond; ’
ﬁ in Lhe' Az9 for which equilibrium exists; then the deviation acfo lilg
s. ock HE is known and the inclination of HE can be determined f P
e ermined from equa-
The practical calculati :
ic ulation of the zone BDE and of t} "
) pra caleul ¢ ol the shock EF can be mad
ﬁZi ieSJgnlllg. thc. lines BD and BE (Figure 45) and some line BH in which 2
expanston 1s supposed to concentrate. T}
, > Therefore the flow is assum
. . . . . ) ed
ll?e at ; Dconstant velocity and dircetion in the zone contained between the ¢ o
l}rlesBH a;d BH, and a finite expansion is assumed (o he concentrated on t‘]VO
in Y i s inc ,
i e N t:t Lo(; thi} actual gradual expansion, an expansion of finite iucremente
S substituted. In practical caleulation. e
1ons the reflected waves HI,
N -« . arJ

neglected, or considered only in few points of the zone DE ¢ sually
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{nteraction of Shock Waves. Two kinds of interaction between shock
waves can occur: interaction of two shocks produced by deviations of dif-
ferent sign, and interaction of two shocks produced by deviations of the same
sign. The first kind of interaction occurs, for example, when the shocks are
produced by the opposite walls of a channel (Figure 47). The shock AB is

c 's,
Fig. 47. Analys.is of the inferference between shock waves
of opposite families.

produced by a deviation & of opposite sign to the deviation 3, that produces
the shock AC. The interaction of the other kind occurs when two shocks of
the same sign subsequently are produced, for example, by a surface of the
type shown in Figure 48. The shock at C has different inclination from the
shock at B and, as shown on page 64, meets the first. The flow conditions at
IT and TIT for the first kind of interaction can be determined from the values
of 6, and & as functions of the flow conditions in I, while the flow conditions
in zone IV can be determined by considering the condition of equilibrium at
the point A (Figure 47). The direction in IT is different from the direction of
T1T by the angle (8, + 8,). The deviation of the stream lines across the shock
AD from T to TV must be related to the deviation across the shock AE from
T1I to IV in such a manner that the direction of the velocity AV in IV must
coincide after the two deviations. Also the pressure along AV in the zone
DAYV and the zone EAV must be the same; therefore from the two conditions
the transformation along AD and AE can be determined.

If 6, is the deviation in 1V with respect to the direction in I, while —é, is
in I, and 44, is in 111, a deviation (6; + &) must occur across the shock AD
and a deviation (8, — &) must occur across AE. From equations (121)
through (126) or from equivalent equation (165) for every deviation of com-
pression, the corresponding value of pressure in IV can be determined from
IT and ITI. Therefore if py; is the pressure corresponding to a value of &
calculated from the conditions in II, and psyp the value of p; calculated for
the same value of §; from the condition in ITI, equilibrium exists when psr
18 equal to pyyp. For every value of 6; it is possible to plot a diagram of psi;
and py;; as a function of 8, and when psyy is equal to psr, the equilibrium



7/I ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

conditions at A are determined. From the corresponding values of (5, — )
and (8; + ¢;), the inclination of AE and AD can be determined from equation

121 or equation 126.

In some cases, the line BE or CD may be an expansion line; in this case the
deviation (6, — 3;) or (8 + 81) is negative and therefore represents an expan-
sion, and the value of Psy OF psypp must be caleulated with the expansion

equation (81) or in terms of Table 2.

If the intensity of the shocks is very different, the variation of entropy in
the zone EAV can be different from the variation in VAD, and different
velocity and density may correspond to the condition of equal pressure in
the two zones. In this case, along the line AV a discontinuity occurs which
produces a vortex of infinite intensity.

In order to determine the effect of interaction of two shocks corresponding
to deviations of the same sign, the equilibrium of the flow along the streamline
which starts from 4 must be considered (Figure 48). Across the streamline

Streamline

v

E
0
——
G]VB 6, C z
Fig. 48. Analysis of inferference between shock waves of the
same family.

AV mno discontinuity of pressure must occur. Now, if behind the shock 4D
the direction of the stream is assumed the same as the direction in III when
the deviation across AD is equal to (8; + &), it is found that the pressure in
IV is different from that in I11, because in III the compression is obtained
across two shocks and in IV only across one shock, with larger losses, because
the compression across AD is further from isentropic compression than is thg
compression across BA and CA. If the compression occurs with infinite num-
ber of shocks of infinitesimal entity, the compression is isentropic. In grder
to obtain along AV the same pressure and the same direction, it is necessary
to change slightly the direction and the pressure of the flow in I11; therefore

THEORY OF TWO-DIMENSIONAL FLOW .

a reflected wave AE must start from the point A. Deterr.nmatlonr:f ht};e
reflected wave can be made by using the same sy.stem used 1n‘ pamggvbepne _
The reflected wave AE is usually very sr'nall zjmd in many Caf;sjcif; e tfe
iected, and the shock AD can be determined in terrf1s Qf th}(i uf"w i e
flow in I'V, assumed equal to the direction of the flow in I, t erefore 3 min
across AD a deviation (8, 4 &). Along the stream line AV a discontinuity
velocity occurs which produces vorticity at A. .  the formation of
A case that can be included in this paragraph is that o tlef .,)f ation o
a shock wave from an envelope of some compression waves of in.lﬁl frso 2
intensity. Across the compression waves t.he.transformatlon is dlszln éct}:;m;
pbut when the envelope occurs, a finite \'arlat.lon of pl:essufe an 1;“SSi0n
occurs; therefore the law of shock must be considered. lior e\ ery Cf)ﬂlp ; son
wave that meets the shock wave the system of calculation is the same as
the case of interference of expansion waves and shock waves. } 7 e
For the case of shock generated by an envelope of compression w ?ves e
following consideration is interesting. Assume that a C}lI‘VCd sur ;‘i)cr(:n an
produces a gradual compression (Figure 19); the compression waves

Streamline

B
A

49. Shock wave produced by an envelope of
ipression wanres.

envelope, and therefore form a shock wave, and the deVili;Ll(l)I: Lha'L t(:::(l:lu(r;
gradually along AB occurs at K across a sh().ck wave. Al Lu,.vatrla on of
prcssurckis obtained with the law of shock, w;hlle along AB the VaIl‘laLf()n OCCkl)]I'T
iscntropically; therefore the direction at E ax.ld B cann(.)t be the same, .uﬁ
some reflected waves must start from the points at Wthh' the comp;;essmt
waves altain the shock wave. The type of reflected waves Cal'l ge Idl i‘enk
and change with the Mach number.  Although l.he velocity be.hm t 1}8 s‘ oc

is always less than behind an isentropic ('ompres;sum cm'r'(*spoudmg tot 1edbar.ne
de-viali;m of the stream, the isentropic compression (.331{ give for the same e\]na-
tion of the stream, for some Mach numbers, a variaticn of pressure less than
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the variation that ¢ i i
an be obtained with shock w i
th , . \ ' K waves. The difference:
nwot p(;ess.ures can be determined in this way: The variation of pre e
N - . N . . 3 o . . SS ’
Otcc e \‘ltl.l t'hc ?ar‘latlon of direction of velocity can be oblaineg i ltl}re cas
‘ (;-SGTI;;PIC variation and in the case of shock by a power scric,s . ]e'lﬁase
ndic - ; : ’ T AW
ated in Chapter 7; for the 1sentropic variation the equation he;s the]f be
> B orm
Ap1
—— = + o0 2 3
pll/lz 10 + cof? + cst? + ... (166)
where si indicates i
v .the sign (+)_ indicates a compression and the sign (=) indicat
Il . . . . - ‘
: pansion. If the variation of direction f occurs across a shock ) es'an
or Ap can be obtained that has the form T A cauation

Ap,
P1 Vl2

herefore the di m

‘ e rence .

. ore difference of the two pressures corresponding to t} i
lon 3 sioen o g to the same devia-

=teal+ et + (¢, — Dyp . (T67)

P g g (168)

rl 1 O 4 y
I € ( e”l(?le[lt r 1 1S glven I) 1
D 1S a fllll(:l 101 Oj I he ’\rl a 711 I'IUInbe al d
p i 5 Y t] (]

YL

D=?4\'[i;3'y<1,12_6—2y2 Nt — 1
(M2 — 1)3-5 4 ! 5 — 3y B S — 37]. (169)
Now for Mach numb
ers between 1.24 and 2.51 (for aj . \

fore in this field An. i >4 (for air) D is negative; there-
areator t:ls hid} A]Z lbl larger than Ap,, and the pressure behind the sh lir?

eI than behind the isentropic compressi » shock is
this fie ’ N ¢ pression of the same deviatj )
" ﬁd ode\IaCh numbers, along BC, the pressure is less than at E Ll]O“ f "
he reflect ‘aves ) . ALy L
ol ecled waves are compression w aves, while for Mach numbor ere ore
of this field the reflected waves are expansion waves mbers outside

Reflection of Expansion Waves and Sh V'
Refle : V : Shock Waves on a Riej V
: a(:;j{i{aiod t}})l(zd\)‘ | ;{;a(tkj;l:)\f(is_\\'ltil stlpersonic velocity near a wall in ag l(ﬁr(\:L?(l)L
waves starl that can rfﬁaucjlL tjl?()wjllr(n;]t ;:(;130(1)[’[ 'ShOCk Sy the oy ausion
, the : ; it eresting 1o stud s interacti
i);:)zs:il(lmt}isa\\\:svesl?nii t'he lwall. S.upp.ose that B4 and B//)ll ’url:'plrlt]éizlftc:lv\(tz
o t.r o 1 IS' the Vel()C{ty in ‘front of the expansion waves, the
ity behind th pansion w.tslves is I/Q', inclined with respect to Vi, Alone
ettt cv ow cannol have different direction from AA’; therefore at (t)?g\
v dir(:"cti(()):\l iﬁi:ll :ujlld(jrg[(’% a l,ransf(n:mati(m which changes the velocity fr(;xf
e gt 1 . has,  2’ l/o the direction 4.4, The transformation m tv
cd 1 the zone A4 and therefore must pe transmitted by wa\IIJ:s
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inclined at the Mach angle with respect to the wall in direction opposite to
the dircction of the waves BA and BiA’” (waves of different family from the
incoming waves). Since the deviation across the reflected waves must be of
opposite sign from the deviation across the incoming waves, the reflected

'
A A
// \‘(// \\\
7 27N ~
B Vv AN AN
V, s, - N > .
B Sl e Ny . Streamline
P
// e Bl V S s
s s 2 N ~ '
e ~ ~ C
//// AN
e C

Fig. 50. Analysis of the reflection of erpansion waves from
a rigid wall.

waves must also be expansion waves; therefore expansion waves are reflected
by a rigid plane wall as expansion waves of the same intensity of deviation
and of opposite family. In order to avoid reflection of the waves from the
wall in a channel, it is necessary to turn the wall in the same direction as the
streamline which passes through the point A, when crossing the incoming ex-
pansion waves. In this case, the flow wets the wall and no reflection occurs.
The reflection of expansion waves can be considered with the same system
as the interaction of expansion waves. The direction of the wali can also be

A 203 A
593 o NG o 591
390 792 X IS 3
7390 TENN (389 T ®
Il BN S
e 390 N ~
B /// \\\ ~
Bl/, AN

Fig. 51. Analysis of the reflection of erpansion waves
from a flat rigid wall by use of the characleristic numbers.

expressed by the same system. For example, if the wall is inclined at 3° to
the reference direction, at the wall the difference of the Lwo characteristic
numbers must be 203 (Figure 51); therefore the number in ACA’ is easily
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determined from the number in BB’AC. 1n order to avoid reflection of the
expansion waves, if the expansion wave BA’ (Figure 52) represents 1° of
deviation with respect to the direc-

A tion of AA’, it is enough to turn the
A" wall in the zone A4’A” at —1°. Tn

this case the direction of A’A” cor-
responds to the number 202, which
is the direction of the velocity in
the zone BB’A’A”. In order to avoid
reflection of the expansion waves

Fig. 52.  Analysis of the reflection of er- B'A”, it is necessary (o turn the
pansion waves from a curved wall by use of wall at 474" at
the characteristic numbers.

A 208 A oy

Bl

—2° with respect
to the direction of AA’ to obtain
the direction 201.

An analogous phenomenon occurs when a shock wave meets a plane rigid
wall (Figure 53). At A a shock wave is generated, and in the zone ABC the

flow has the direction AC. However, N
at B the flow cannot change direction; B
therefore at B another shock wave is 5

. . . M, I
generated having the same deviation 5, M,
but in opposite direction. Since the Streamline
value of § is known, the value of Myis c
determinable, from which the value of A

M; and the direction of BC are deter- Fig. 53. Analysis of the reflection :)f a
minable in terms of the deviation 5. shock wave from a rigid wall.
If the deviation 6 is large the value of & :
may be larger than the maximum deviation possible for M,. 1In this case the
reflection BC is no longer possible and the phenomenon must change. At the
wall no deviation must occur; therefore
if the reflection is not possible, the
—— 2 only shock possible at the wall is a
normal shock for which the deviation
is zero. In this case the phenomenon
appears as in Figure 54. The flow be-
hind the shock A'B is subsonic; there-
fore it is possible to have equilibrium
along A’C and BB’, because the stream
lines in the zone A’BB’ are not pgu‘—
Fig. 54. Interference befween q rigid wall allel. At A’ the flow is not para!lel.‘to
and a shock wave, when reflection at the the wall BB;; therefore the deviation
wall is not possible. across A’C is less than across A'A.

A C
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Reflection of Expansion Waves and Shock Waves in a Fluid Zone wit'h

¥ o Velocity. Consider a flow which has a pressure p, and a supersonic
Dlﬁe'rentV eand which overflows from a tube into a chamber at constant
veloo 1’(Fi ure 55); the external air has no velocity. If the preassure D2
Priiz:rfhzjl D1 gthe ﬂov\; tends to expand, because along the streamlines AC
is les )

Pa C P2 P2

7 ‘ 222 ,2 ://2///%%A
Y

P

O A

Fig. 53. Reflection of expansion waves from a boundary const ituled by air al rest.
3 1 aves
and A'C’ the pressure must be equal to p.. From AIand} Al. etxf[')anslo;l :S ves
ene i 1 j S our z
hi ' the middle of the jet. In the je .
are generated which cross in et ones can
be cinsidered: zone I in which the pressure p; exists, zones IT and HIII]:I]\; i
after expansions from p; the pressure p, exists, and zone I\.dbet:w. een - 69.
h / i IV in terms of the considerations of p .
When the flow goes in the zone 8 of | ons of page 99
i sion; therefore in IV the pressure is
it undergoes another expansion; . s o than In
i : r of the jet, the pressure canno
II1. However in the boundary o ] e oo
i raves must be reflected by the
from p,; therefore the expansion w refle - boundary
Si g se at every point C the pressu
layer as compression waves, becaus pressure must be
L i 2 t D is less than ps. Therefore p
equal to ps;, while the pressure a ‘ 7 .
\\i\*es are reflected as compression waves, and the compression w ;ves r:lu
1 ‘ ion wave: 1us
produce the same variation of pressure as the expansion waves and can

be determined with these criteria.

Fig. 56. Reflection of a shock wave from a boundary con-
stituted by air at rest.

If py is larger than p; (Figure 56), a shock wave starts. from A which .lnclr{?ats;is
the }frzessure from p, to p»; in Il and 111 the pressure 1s equal to ps; in e
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pressure increases because the two shock waves cross in the middle of the jet.
Since at C, and in zone V, the pressure must be equal to P2, expansion waveg
must be generated which decrease the pressure to the value ps. Therefore
shock waves are reflected as expansion waves of the same variation of pressure
at the boundary.

The problem becomes more complicated when the pressure ps is a function
of the pressure prand the conditions in the boundary are not known., This
case, which is very important for acrodynamic phenomena, oceurs when
expansion or shock waves interfere with the boundary layer, because the

pressure in the boundary layer is a function of the pressure outside the bound-

ary layer as well as of the velocity and viscosity in the boundary layer.,
The phenomenon in this case is very complicated and has not y®t been
solved analytically, but it can be examined qualitatively. The boundary
layer is a zone of flow of variable and lower velocity, and near the surface the
flow is subsonic; therefore in part of the boundary layer, subsonic flow must
be considered in which the variation of pressure must permit an equilibrium
with the external flow. If an expansion wave meets the boundary la)‘*er, and
since a diminution of pressure occurs across the expansion wave, at the
boundary layer an expansion must also occur. The equilibrium in the bound-
ary layer is connected wit) the equilibrium outside, but the phenomenon in
presence of boundary layer cannot be very different from the phenomenon of
reflection at a solid wall, because the boundary layer can change the direction
of the stream very slightly at the point at which the expansion wave meets
the boundary layer. Since an expansion occurs, there cannot be separation,
and the variation of thickness of the boundary layer cannot be so large as to
have the possibility of changing the shape of the streamlines. Because at the
point of meeting of the expansion waves and the boundary layer the direction
of the streamlines must be about equal to the direction of the wall and cannot

undergo a large variation, the effect of the presence of the boundary layer on

the zone of the expansion can change the phenomenon only a very small

amount quantitatively, and the differences can be evaluated considering the

thickness of the boundary layer at the wall. It is, on the contrary, very

important in the case of shock waves. When a shock wave occurs in the flow

and the flow wets a surface with a developed boundary layer, the presence of
the boundary layer changes the aerodynamic phenomenon. In order to under-

librium with the flow with constant supersonic velocity in front of the shock.
IfEA (Figure 57) is the surface of the wall and BC is the streamline that divides
the supersonic flow from the subsonic flow, for equilibrium in the zona BCEA,
1t is necessary that along BC the pressure in the supersonic and in the subsonic
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art be the same. If at CF a shock wave occurs,
fn the supersonic flow, across the shock wave,
a discontinuity of the pressurc occurs, and at
F, behind the shock a greater pressure than at

F exists. 1f the shock is extended near the —

e A
boundary layer at C, in order to have equilib- E
rium also in the boundary layer there must be (a)
the same change in pressure. However, in sub- F/F,

sonic flow, discontinuity of pressure is not
Al - . _
possible, and the higher pressure of C; is Lran;s
i i v In the

mitted upstream in the subsonic flow B

zone CBEA. For equilibrium in the zone CB, 57
. b c
also in the supersonic part, the pressure must : "

increase, and in order to have equilibrium o)
it is necessary that the variation of pressure '
ih tl{e supersonic zone near the boundary layer Fig. 57. I,IS,ad;on between.
’ 1 ayer.
be gradual, which is possible only in the sub- shock and boundary lay
sonic part. Therefore from the boundary layer T
many compression waves start (Figure 57b) that forman en\lre op N
AN, N a -
iati : oss the shock waves is large, a
When the variation of pressure acr : e e
sure gradient occurs in the boundary layer; if the boundary lay etrl is rended,
separation can occur in the zone of the shock and Lherefo}rc 16:;;0j ome
non changes notably from the case without boundary layer. The plres ]a o
. . il .
boundary layer changes the pressure in the zone AE (Figure 57 )c)1 R at B
boundary layer exists, a gradual compression along A E occurs, antl a e wel
. ’ inui 3 na the v
i tinuity. In the actual phenome
the pressure cannot have discon ' pona e v ation
ity i i f the boundary layer is gradual : .
of the velocity in the thickness o ! S
occur abruptly as it was assumed, but the necessity for gradual comp]rell "
l i 1 ual sho
near the wall and the possibility of separation remain, apd the actu
is similar to the scheme considered. . -
The possibility of large variations of the thickness of the boundar.y li\ﬁr: and
thé possibility of separation make the phenomenon of shocé& f}sfavei n ngters
. ‘ ifferent ar
i lyze, because many different par
ence of boundary layer difficult to ana : ) "
must be considered as to the typeof motion in the boundary layer (larlll{l}lzazir 0; tu
‘ / 1 5 nd of suc-
bulent), the thickness and corresponding Reynolds number, and trl]1~(:lel o sue
, -
cessive Lransformations that the boundary layer must undt?rgo. casss nome
non of reflection of shock waves on boundary layer C.an bfelr, 1rt} s(;)l:sea Shoc,k e
lecti igid w 7 he shock wave is reflecte ,
toreflection from arigid wall where t ; o8 ok wave,
ilei sflecti be similar to reflection from const
whilein some other cases the reflection can . constant-
pressure boundary where the shock wave is reflected as an exp;:s.lo:s
’ . . . ;o Hons,
All the intermediate cases are possible in particular boundary conditi



CHAPTER

S5

THEORY OF TWO-DIMENSIONAL FLOW —
CHARACTERISTIC THEORY

FOR ROTATIONAI FLOW

When the flow behind a curved shock wave is considered, the flow is no
longer a potential flow because the variation of entropy which exists from one
streamline to the other produces vorticity in the flow. U sually the presence
of vorticity does not change the phenomena very much quantitatively, and
therefore usually the potential flow theory can still be used as a good approxi-
mation. However, when the variation of entropy is important it can be taken
into account in the analysis because it is possible to determine a differential
equation that gives the law of the transformation of the flow in this case. The
equation of motion for rotational flow in the supersonic part permits determi-
nation of characteristic lines similar to those obtained for potential flow, and by
application of the characteristic theory it is possible to proceed to determina-
tion of the flow at particular points or in the entire field, with a step-by-step
calculation. “The calculation is more complicated than in the case of potential
flow, and therefore is often used only locally in the zone in which the variation
of entropy is very large.

The Special Stream Function for Rotational Flow and the Differential
Equation for Rotational Flow. (Reference 16.) From the equations of
rotational flow (Chapter 1) it was shown that along every streamline, if no

shock occurs, the transformation is isentropic (equation 17), and the entropy
is constant.

¥V Xcurl V).V =0, (17)
Equation (18) can be written using equation (33) in the form
+ grad S = M vRg {18)
o
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b ~1 i ant in i oW rojecting equation (18)
> 2) is constant in the entire V. )
ecause (I + 5 V2) fl P

along the z-axis and along the y-axis®,

as e —uy) gR

- = Y
+ dx a?
tﬁ = + u(’*'l — Il,,) gR‘Y
dy a?
and because o5 &
drdy  dydr
then
| o fute ] @[], -
o a’ dy a?

The equation of continuity (2) for the two-dimensional stationary case is

3 (pu) i apr) _ 0.

dx ay
The continuity equation can be transformed to the form
ou + g (E dp + Eﬁ’.’) =0, (171)
dr ay pdxr  pdy

2 -
Mulliplying equation (171) by a» —1 and using equation (48) along the stream

line equation (171) becomes

p 2
9 (ua'vzfl> 49 <m7—7) = 0. (172)
ar ay .

In order to use nondimensional coefficients, it is poss'ible to divide cquatu')ns
(170) and (172) by the square of the limiting v.elocn,y defined bgl.faqﬁatlc‘)ln
(85). If, as unit velocity, the limiting velocity l/.l is assumed, and W is the vel-
ocity in the new units (W = V/V)), by (equation 85b),

V2 _ 2 a*
e =N T
or _ .
Vi—Vie —2 a=(1— W) (VD). (173)
vy—1

If v’ and o' are the components of the velocity W along x and y, substituting
3 - . 7 ¢ o \ ) I\ g
equalion (173) in (170) and in (172), because V; is constant, gives
i irst v second
i seripts w, v, xr. ry, and yy define the first and the secon
* The symbols with the subscripts o, v. o, ry, anc A, L R !
(lrri\l'fill';\’:l“:\';?l)\ respect to the o and y axis. of the quantities represented by the symbols

without snbseripts.
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ol , o, — u’y:, ] [ v, — u’y]
P i) SR VSN B 174
61‘[ [T i i (174)
9
dy

1 1 .
f—[u’ (1 - H"f’)‘rj:’ + [t 1- wz’)v_ﬂ] =0 (174a)
xX
and from (174) and (174a)

’

w Mmoo W, T (175)
dr (1 - ”:2);: dy (1 — ”1‘2)~:

Equation (175) shows that the term in brackets

is constant along the stream-
lines. Since (v,

— u’,) represents the rotation in the flow, the rotati0117along
v
every streamline must be proportional to (I — w2 -1,
streamline an isentropic transformation occurs, the press
to this factor [equation (85a)]. The rotation along the streamlines in two-

dimensional flow is therefore proportional to the value of the pressure,
Assuming a new function ¥ defined by the expressions

Because along the
ure is proportional

1 1

Yy=u' (L= Wo—1, oy = (I — B2r— (176)

equation (174a) is automatically satisfied. From (176),
2
W21 — Wr—1 = g2, 4 ¥ = (grad ¢)? a7

i Y
—=-="C. (178
v Yy )

The values of u’ and ' oblained from (176) and (178) can be substituted in
equation (175), and an equation of the third order in y is obtained. But from

(176) it is possible 1o obtain immediately the first integral of the equation,
because by definition it is

ll’tﬁ[ + '\/‘//y = 0, (|79)
Therefore equation (175) is salistied only when -
o, =, ,
e < ). (180)
= Ny

From equation (19) using mechanical units

for the entropy, if n is the normal
direction Lo the streamline and

a2 < IRT
Ve
then
W, — ) B

1 ds
B CH (181)
n'’ gy R dn S
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From cquation (179) it is found that grad ¢ is at a right angle to the stream-
Jines; therefore equation (177) gives

oW (182)
— 2y —1 =21
wQa-— w3 i
or remembering equation (173)
v, — uy _f(lp):'y—ll(é_g- (183)
R 2vg Rdy
1 — WHr—1
Differentiating the expressions of . and ¥, from (176) produces
— 2u’'W ,,:l _ 181)
‘ - 'y — W =y (
a1 — Wi~ 1[u v G 1) =Wy " "
or N
— W@ — Wt 185
(1 — weiu, = B = W, + ¥u (185)
and from the second part of (176) N
WAY v _ oy —1 )
a— W’z)v_é—l g UWA =W (186)

a’?

From (185) and (186)

1

Wa—ny

a’

0 WO (0 — 1) = Yer e WW, — o'W,). (187)

From equation (177) is obtained also

2 2 e ) ,
g o 7= - = Jgrad W
W — w2 ‘(1 Y11 —we) B Y. grad ¥ + ¥, grad ¢, (188)

or

-

wa - H"l)%—l(l — ”—) grad W = — v'grad ¢, + u'grad ¢,. (189)
a’?
Thercfore the last term of equation (187) becomes
(1= Y @y — W) = 0 e — 200 Yy o+ 0 (190)
’ =11 — = ) (W, —v'W,) = vz v
W — Wy < u”) ¥
and then (187) becomes
1
(L= W2)r=1 (', — u'y) /2
1 1- u—,z Kbxz - 2U«_IU,¢W + (1 - %)‘l/w]- (191)
- w2 a a” a
1 ——

a’?

Substituting in equation (183) gives
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u’? 2u'y’ vy
<1 - _,;> \er — P ‘/’zy + <1 - '7E> "/’yy
a a a-“

L e
=(1- W2)7—1<a—,2— 1>f(z//)- (192)

In the coefficients of (192) the expressions u'*/a’”, v2/a’”, W’2/a"* are non-
dimensional; therefore equation (192) can be written in the form

u? 2ur »2
(1 - —?> Vor = Sy + <1 ~ %) »
a . a a-

_ [1 _ G)]i (j— - 1)f(¢)- (193)

Equation (193) is similar to equation (58) and differs only in the last term.

The Characteristic System for Rotational Flow. For equation (193)
the considerations made in Chapter 2 can be repeated. Equation (193) is a
Monge-Ampere equation and in supersonic flow it is a hyperbolic equation
(see Reference 3); and some lines which are characteristic varieties of the equa-
tion exist (Reference 17).

Using the symbols H, L, K, as for the case of potential flow and defined by
equation (67), and the symbol G defined by

i} 172\7 -!: 1 172
G- — (1 - T) (— - 1)./ W * (194)
oy a*

H, L, K, G are functions only of ¥, ¢, and y,. Proceeding in a similar form

as for potential flow, the following equations for the two characteristic families
can be obtained

d
d-i =N\;  Hyw + Hrdy + G = 0 - (195)
d ,

Ji =N Hywd Iy, + G = 0 (196)

where the quantities A\, and ), are defined by equation (69). Using the same

transformations that are used for potential flow, equations (195) and (196)
become

f{% ~ tan (u -+ 6) (197)

G
Yz + tan (0 - /-‘) Yoy + ?] =0 (197&)
ZJV = tan (6 — u) (198)
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G
Yer + tan (0 + p) Yoy + 7= 0. (198a)

The first terms of equations (197) and (198) f:lre the same as for poLer}tlal flct);v,
and the characteristic line can be obtained in the same fqm.l. .Ho‘v\ ??;’ 1(2
 that gives the variation of velocity along the characteristic .lme is differen

ii;;ausc it contains another term G/ H which does not appear in the‘equajuon
for potential flow and which contains the variation f’f entropy. hql}al,l(.)ns
197a) and (198a) can be transformed into more practical .for'm. Substltu.tmg
e(;quations (185) and (186) in (197a) and (198q) (and a similar one obtained
from (176) by differentiating ., with respect to ¥),

/ G
vt Y ey W — =0 200
a” H(l — War—1

If ¢ is the angle between the velocity and the r-axis, the term W, is given
by the expression
W, = u s + v v, = u';cos b+ v, sin 6. (201)
Two W

ur .
‘ he term — (¥ — )\u can be “Ilttell mn tlle f rm
a 2 ( )

v _ sinf —hcosf 202
‘—1‘ (@' — zu') = ;ﬁ (sin @ — N cos §) = sin? u (202)

Substituting (201) and (202) in (200), and expressing u’, and ¢/, in the form
dW

uz=

cos § — Wisin 6 @ l

dx _ dr 203)
. db
v, = W sinf + Wcosf — S
: dr dr
the following expression results:
@:(sinﬁ—)\cosﬂ) -—ngﬁ(xsine—{-coso)
dx tan? u dz
H@1 — Wir-1

Dividing by W and substituting the corresponding values for A, and \g, equa-
tion (204) becomes

"3 tan? p B i
d._w F df tan u+ —G_/ dx — — o (200)
v W (sin® — Aeos ) (1 — WHr—1

The third term of equation (205) can be expressed as a function of dS/dn in
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terms of equations (194), (181), (182), and (

183), and the following equation
can be obtained for the two characteristics:

% = tan (6 4 ) : (206)
%?—,/—dﬁtanp'f'%%j% = (206a;
g = tan (u —9) ' (207)
%T] + df tan y — (ﬁ%%% = (207q)’

Equations (206) and (207) are very similar to equation
solution has not been found; therefore in order to de
the flow, a step-by-step calculation js necessary. This step-by-step calcula-
tion, similar to the calculations for axial symmetrical flow (Chapter 13), is
long, but permits taking into account the effect of variation of entropy.
The step-by-step calculation can be developed in this way: Assume that the
conditions at two points Py and P; near each other are known (Figure 58).
rst characteristic line

inclined at (u + 6) with respect to the z-axis, and from Py the tangent to the

second characteristic line. If the points P, and P, are near each other it is

possible to substitute for the characteristic line its

6, . tangents, and then a point P; can be dete‘rmined

P, 0-u,  F  along the two characteristic lines. The values of g
and W (which can be obtained from the correspond-

P, ing value of M) for the point P; can be determined

from equations (206) and (207). For practical use,
P, Ot : x equations (206) and (207) can be transformed into
0, an expression containing only the value of the vari-

Fig. 58.  Construction of ation of § and W with respect to the value that exists
the characteristic net. in Py as functions of the quantities in Py and p,. It

the subscript 1 indicates the quantities at the point
Py, and the subscript 2 indicates the quantities at the point P,

equations
(206) and (207) can be written in the following form:

;%1 = tan (6, + ) (208)

é‘:‘}:l — A6 tan 4, + ﬁ?m) (i—f)l ’YA??(.; =0 &208(1)

(%lj = tan (6, — u,) (209)

s (75) but an analytical |
termine the quantities ip |
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W it (3 35y
ﬁ? + A% tan cos (; — ue) \An/. yRg

i ti i -
itesimals of second and higher order are neglected. But if the Va.I' a
where i tesimal cond and But if th
jo fue]ii]rlopy between P; and P is small and occurs gradl‘lally, the griadlent
t]f o (:; py can be considered constant between the two points. In this case
of en TO

dS S;; — S1 CcOoS (01 + ;,11)

dn 13— 11 sinm

5 = 5 —— - (210)
- sin uy (r3 — @) SIn 2
(rs = cos (u + 61)  cos (6 — ue)
Assuming i )
no s cos (u1 + 61)
. sin Mo — f
23 — 11 = {o C——OS (02 —_ #2)
14+ 8 =4
o -
equations (206) and (207) can be transformed into the following:

/] W,
(lan e + g—} tan ,u1> dé, =1 — Wl — (6 — 6) tan pp
2

2
w, .
fd sin? yy + Wl e sin? y

S — S 2 (211)
+ gvR e+ fd
. — Sy esin® u " (212)
awy _ S Siesintu
_ﬁ-f—l-l = tan mdf vyRg e+ fd
S-S 1 (213)

Sy = 81+ evRy "Ry e+ fd

i 214
6; = 6, + df (radians). (214)

i rties
it i ible to determine the flow prope
i tions (211) to (214) it is p0§s ' roperties
;\ o e oint ;33 obtained from the intersection of two charlelcterlstlcerties
ever ‘ . . .
o(ttrdifferznf families from two points, P, and Py, in which the flow prop
| - i nother
dr(;g& nOl\;r e variation of flow quantities occurs between P; and Pdg, ; other
aimagtion can be obtained by designing the lines P1P13) an y Pg 3a -
X . . . 1 ,
apf:;ge inclinations of the characteristic lines at P an;;i ﬁ:, 21a; 4 zained
i 1 i t e valu
fficients, assuming at P; :
sing an average value for the coe Sumix > optained
Em;{ljle first approximation. A better approximation can also be ob
v
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dS/dn by determining the streamline that passes through P; and therefore the
corresponding value of entropy. Usually this approximation is not necessary,

Equations (211) to (214) permit determination of the flow properties and the
form of the shock waves when rotation is important. For example, if ABCDQ
(Figure 59) is the body considered and at 4 a shock wave 40 occurs, the flow
behind OA is rotational because 04 is not straight. In order to determine the

Fig. 59. Practical application of the characteristic system
for rotational flow.

flow behind the shock A0 and the shape of the shock, taking into account the
variation of entropy, calculations can be conducted in the following'manner.
At A ashock wave is produced with inclination AE determined by the inclina-
tion & with respect to the undisturbed velocity of the tangent to the body at
A (equation 126). The Mach number M, at A behind the shock can be

determined by using equation (125) and the variation of entro

Py AS across
the shock by using equation (150). The entropy along every streamline is

constant; therefore along the body (points ABCDQ) the entropy is constant
and equal to the entropy at A. 1f B is a point near A and at B the tangent to
the body is inclined at Af, with respect to the tangent at A (0y = 6 + A6, with
respect to the undisturbed velocity), because an isentropic compression occurs
along AB, the Mach number and the Mach angle at B can be determined using
either equation (81) or the values of Table 2, remembering that Afyis a devia-
tion of compression and therefore M is smaller than M. AtB the characteris-
tic line BE, inclined at the Mach angle with respect to the tangent to the body
at B, is drawn, and the point £ on the tangent to the shock at 4 can be de-
termined. At K the equations of the shock must be satisfied, and al'ong BE
equation (208) must be satisfied; therefore the value of W and 6 at £ can be
calculated. For practical calculations it is useful to

determine for the given
Mach number M, in front of the shock, the value of

M; and the corresponding
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tion 85b), the value of 8, and the value of AS for different. va#ei 1of &
W (eaue i (121), (125), (126), and (150), or the corresponding Table 5.
uSing'equatw}nS' 1 e; of € and 8 must increase from the values they have'.at
B et ?;/Vl’l AS, and ¢ can be plotted as functions of the correspon(.hng
o 'T}'le Valuessso the ’shoék 6. The diagrams that give W and AS as funcu‘ons
e ot a((;f(';“ entiated and two other diagrams that give dW/ds and dAS/ (?6
ofs ear 'be 1 feg an be obtained. Now, if at B the direction of the 'stream is
as funetiols Cand at E the direction is (6z = 8 + Af9g), equation (208)
(0 = 00 ¥ ?‘ . d as follows: If A8g is zero, the deviation across the shoclf
C?T;_):‘ l:;?:\]:n() ;?(; is equal to 85; therefore the corresponding values of W, AS,
at Eis

ai and <dAS> » Ie-
dW/ds, and dAS/ds, which can be called W, ASgp, | - s /oy ds /g

. . ‘ ¢

tively, can be obtained from the diagrams. If A,y is not zero, the value o
ectively, b . . :
iﬁe velocity and the entropy at £ can be expressed in this form

dw
117E — 11703 + < da >GB AoE

dAaS
ASg = AS,; + <W>GB Abr

here only the value of Az is unknown; therefore equation (208) cgn be
whe 5

transformed to the form

Wop = Wa | (aﬂi) A% _ tan usaf

Ws do Jez Wpg
-y dAS :|
2 y a g 0. (215)
SL;Y*— ;;B I:Abw ASs + < ds >BA ’

In equation (215), all quantities are known except the vahfe (g A&E, ‘Szifcil;t(;:i
be determined. When the value of Ay }.mlsdbeel:1 d;tirtr}r]l;leql;anﬁties fation
' ;) can be determined, and a it
2;‘)1(:1:131wfi2:1)f1;h2tcgii’g:;?ns. If it is necessary, the v.alu.e of 'GE 111f itihsetii(i:;c:
approximation can be calculated by ass1;]mi(rillg f(;l.‘ the fn:lcllgnsa}tltcl)(c)iz Zt | eamd E
AE and BE the average value betwe.en t e direction o e
and the direction of the characteristic lines at £ and B, ax} using in | face of
it s between the corresponding cuantities a

:1}]:1 %uﬁilrlllt;zisatei‘:)f(;lllg)z.welijfril E the tangent can be drawn to the‘ s;cond
c}llarécteristic line Efl, and from C (determined .m. thle. san(lje} [“ axr:}j\; ! in;sl
determined), the tangent to the first chara.ctenstlc i;led ,t er.mined i
equations (211), (212), (213), and (2.14) the point H cz.m Ieﬂee Oalculat.ions o
H the points I and Q can be determined. For the ;?omt 2091) I
the same as the calculation for H, and for Q equations ( a



92 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

be used. Indeed, at Q the direction of the flow is given by the shape of the:
body, and therefore 6, is known and the value of AS is known (AS p— AS e%
Tl_lerefore in equation (209q), (A6 = 65 — 6)), and (dAS = AS —QA—? ) ;r)
known, .dn c:an be calculated, and with equation (209a) AW can bei, detcrkrr‘iinede'
Proceeding in the same way, the entire flow and the shock can be determined'

CHAPTER

0

MEASUREMENT OF THE PHYSICAL

QUANTITIES OF A SUPERSONIC FLOW

Measurement of the Physical Quantities of the Flow in Aerodynamic
Phenomena. When movements of a gas are analyzed, the physical proper-
ties of the gas which are most important for the knowledge of aerodynamic
phenomena produced by the movements, are static pressure, density, tem-
perature, and vectorial velocity of the flow. From these properties it is pos-
sible to learn all other characteristics of the flow such as the mass flow, energy
of the flow, the law of transformation along the streamlines and the like,
without making other measurements in the particular flow analyzed, but using
the general knowledge available for the gas considered in the flow. Therefore,
in acrodynamic phenomena it is important to study the possibility of deter-
mining these properties at given points of the flow or in the entire flow. While
measurement of the value of static pressure and of vectorial velocity is possible
in steady phenomena by use of suitable instruments, direct determination of
the density is more complicated and is possible only in some particular cases,
but no practical instrument or system is yet known for direct measurement of
temperature in points of a flow at high speed.

If the values of pressure and density are known at every point, the tempera-
ture can be obtained by using the equation of the state of the gas; while if the
law of transformation that occurs along the streamlines is known, it is possible
to obtain density and temperature along all the streamlines by determining
only the pressure along the streamlines and measuring temperature or density
ounly at a single point, as for example, a point at which the velocity is zero,
and calculating from the value of pressure the corresponding values of tem-
perature and density in terms of the law of transformation. In many aerody-
namic problems the law of transformation along the streamlines is known;
therefore measurement of pressure is the only measurement necessary if the
initial conditions are known. If the law of transformation is not known, the
density must also be determined. The measurement of derisity can be obtained
in some cases with optical systems.
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Determination of the Value of the Static Pressure and of the Mach
Number with Pressure Measurements. Determination of the value of the
static pressure at a point P of the flow at supersonic speed, if the direction of
the velocity is known, can be effected in different ways. A sharp wedge with
an orifice in one side very near the edge can be used (Figure 60). The orifice
must be perpendicular to the surface of the wedge, which must be placed paral-
lel to streamlines of the flow. If the wedge is sharp enough, an attached shock
occurs at the opposite side of the orifice, but the flow is not disturbed by the

presence of the instrument along the sur-

I face that has the orifice; therefore by
p g connecting the orifice to a mafometer the
M value of the static pressure at P can be

(a) determined. For this determination it is
necessary to know the direction of the
velocity because if the surface of the in-
strument in which the orifice is located is

v not parallel to the streamlines, expansion

—P ~or compression occurs in the flow and the

(b) value of the pressure at P changes. It is

Fig. 60. Instrument Jor the measure- also necessary that the instrument have

ment of static pressure. a thin and sharp leading edge to avoid a

detached shock occurring in front.’(Figure

60b) which would change the value of the pressure at P. The wedge can

have very small transversal dimensions (Figure 60a), and the pressure orifice

can be very near the leading edge of the wedge. The orifice must be in front
of the two Mach waves from the ends of the leading edge.

The instrument does not, disturb a large extent of flow in front of the point
of measurement; therefore it is useful when the measurement oceurs in prox-
imity to shock waves (as will be discussed later), but is very sensitive to varia-
tions of angle of attack. For this reason the direction of the stream velocity
at the point of the measurement, must be known with precision. In order to
avoid errors due to small angles of attack, often two symmetrical instruments

values of pressure, the instrument has an angle of attack that can be evaluated
as shown in the next paragraph and the value of the static pressure can be
found.

In place of the wedge determination of the static pressure can be made by
using a cylindrical tube with a conical tip of small included angle (Figure 61).
The pressure orifices of the instrument must he placed in the cylindrical part
of the instrument in correspondence Lo two perpendicular diameters of the
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Cro i —100)
cti Y he cone is small (Of the order of 8
ection. If the total angk of t X

rdSSﬂSl(/e pOSitiOIl of the orifices is far (6410 dlameters) from the end of the

an

— ] = &

Fig. 61. Insirument for the measuremenl of stalic pressure.

he, the value of the pressure on the cylinder practically Cf)n:esponds to :he
RO he static pressure of the undisturbed stream. This instrument has
value 0f~t 1\6 i‘;ivit to small angles of attack, and therefore it is not necessary
o IO\Y . éxact)iy the direction of the stream, but the distance between the
o kno? ;[er)ime and the position of the orifices is large, and in this zone the flow
e 'O - Cst be uniform; therefore tubes of very small diameter must l.)e us.ed.
Velocn?l Hl]i?la“ti()n of the Mach number at a point of the flow, when the direction
f D}PthE\\ is known, can be made from measurement of t'wo pressures. Tile
e t suitable for the determination are the static pressure and the
presszzzsi:l: Stota]-head tube. The ratio of the two pressures permits calcula-
fii:?sof the Mach number. Indeed, ir} front
of a total-head tube a normal shock is pro-

F 62a); therefore the static 0777777722272
duced (Figure 62a); 1 ‘
pressure pz, and the Mach number M, be-

7

My |p

W )
> P.

hind the shock can be determined with the

equations for normal shock (equations 127 (a)

arid 129) or Table 3, columns 2 and 3; the

flow behind the shock is subsonic and the

compression from the Mach number M., ’?0 & -

zero velocity occurs isentropically. The ratio

of the total pressure Py read by the total- 5)

head tube, to the pressure P,., can be c.al— . S

culated as a function of M., with e}(lluatlon Fig. 62. Tolal he 3
. mbining equation (41) wit equa- ‘ . .

E?()Iis ($§7) and g(129), the following expression can be:L °Obt2}n:}(lt 1‘7\"/[}:2}}: f::j

the value of the pressure in a total-head tube as a function

ber and of the static pressure in. the strear;..';1 Y
pr _ 1| (y+Dr-1 M1

n. 1

Pr 2| g Me — 2y + )7 4
The value of pr/p; can be obtained from the rati? of the values of column
of Table 3 and column 2 of Table 1 of the appendix.

m=ﬂ/@.
P1 Pol D1

(216)
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The value of the pressure in a total-head tube does not change sensibly for
small angularity of the total-head tube with respect to the direction of the
velocity, and therefore it can also be used if the direction of the stream is not,
known exactly. In this case for the determination of another pressure, the
cylindrical static pressure tube previously described can be used. If a shorter
instrument is necessary, in place of the cylindrical pressure tube, another
instrument that has also low sensitivity to angle of attack can be used. The
instrument is a cone of small included angle which has four orifices for pressure
measurements in a normal section of the cone near its apex (Figure 62b). The
orifices are placed at the ends of two diameters of the cross section perpendic-
ular to each other and are connected to a manometer in such £-manner that
the average pressure of the four orifices can be read. If the cone has its axis
parallel to the stream, the pressure is the same for all four orifices, and this
value depends on the value of the angle of cone and on the static pressure and
the Mach number of the stream. If the axis of the cone is at a small angle
with respect to the direction of the velocity, the pressures at the four orifices
are different, but the differences are small and the average value is practically
the same, other conditions being the same, as the value of the pressure when the
cone has its axis parallel to the stream (Chapter 12). Therefore the average
value of the pressure is independent, for small values of inclination, of the
inclination of the axis of the cone with respect to the stream, and depends
only on the angle of the cone, which is known, and on the values of the Mach
number and of the static pressure of the stream. The ratio of the average
pressure to the static pressure can be determined analytically for a given angle
of cone as a function of Mach number by equations given in Chapters 11 and
12, and therefore the values of the ratio of the p; to the average pressure of
the cone as a function of the Mach number can be obtained.

Determination of the Direction of Velocity with Pressure Measure-
ments. For determination of the direction of the flow, a wedge with two
pressure orifices at opposite sides of the wedge can be used. If the plane of the
stream is known, at the point in which the direction must be determined, only
one wedge is necessary, while if the direction of the streamline must be deter-
mined with respect to two planes perpendicular to each other, two mutually
perpendicular wedges must be used. In the first case, the wedge AOB (Figure
63) must be placed with the edge OO’ perpendicular to the plane of the stream;
if the direction of the velocity is VO, the velocity is inclined at 6, with respect
to the surface OB and.at s, with respect to the surface OA whére the value
66 = 84 + 65) is known. If the instrument can be rotated around the axis
0, the direction of the flow is given by the axis OC of the wedge when p, is
equal to p; if the instrument cannot rotate, the direction of the velocity can
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determined in terms of the ratio of the pressures p, and pjp if 'the Mach
b bor i front is known. For the deviations 4, and é, the equatlor}s of the
e frtohe expansion if 8,4 or 85 are negative, can be used (equations 126
Sh(()ldij‘Zf)r (:md therefore for every Mach number in front of the wedge and for
an )

OI
Fig. 63. Instrumenl for the measurement of the
Sflow direction.

a given value of 8, the values of the angles. 84 and. ép can be defﬁzrz;nfi(:s,
however, the use of equations (126) and (121) is complicated bec.auscihat - agtes
¢4 and e of the shock must be determined; therefox:e z}n equatlgn. at relates
the pressure ratio p4/p: or pg/p; directly to the .dev1at1f)n 84 olr li 1s. o use
ful. This relation can be obtained in form of series as will .be S 10v; n 1f \ (;) N
7, and in the case that the deviation 64 produces a shock, it has the form (5,

in radians)

PAZ D 5y + 064>+ (s — D)ot .. (217)
e ion it I he form
while in the case that the deviation 6, produces expansion it has the fo
PAT PV ba 204 — esda® . (217a)
piyMy?

The terms ¢, ¢s, 3, and D are functions .of the Mach r}umbcr;: fr(;ltg )()f ;[1113
wedge, and therefore are known and are given by equations b(2: ), (lhe ;mg]e
(169). Usually the values of the angles 34 or 6 are .small, e.cal}srest‘a e
of the wedge is small, and the direction of the stream is known }n }1 p:;lSion
mation; therefore only the first term or the first two terms.o the exp o
in series are necessary. In this case, assuming é4 or 6 p negative correspo g
to an expansion, the following equation can be obtained:

pa 1+ cryMi%64 + coy M %642 (218)
s L+ oYM (6 — 6a) + ey My (5 — 64)?

2 known.
where the terms My%c, and M ’c; are '
Because the expansion in series is not valid for detached shock, the angle
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6 of the wedge must be small and the direction of axis 00’ must be about the
same as that of the stream,

The span of the wedge can be very small; the only necessary precaution is
that the orifices must be located outside the zone disturbed by the end of the
wedge, a zone that is defined by the lines inclined at Mach angle from the end
of the wedge (F igure 63).

When the plane of the stream at the point considered is not known, another
wedge in a plane perpendicular to the first wedge must be used. In this case
the value of M, of equation (218) changes with the inclination of the stream A
with respect to the plane normal to the wedge (Figure 64), and therefore
determination of the direction requires succes-
sive approximations. When the inclination of
the velocity in the two planes using the value
of the stream Mach number is determined in
first approximation from equation (218), a

Fig. 64. Determination of

the flow -direction in the gen. ) . .
em/zase_ g second approximation can be obtained by deter-

mining the actual value of the Mach number in
a direction normal to the wedge M, in terms of the inclination A measured
with the other wedge (Figure 61). With the new value a second approxi-
mation for the value of A can be obtained.

pressure orifices in a cross section, The cone and a total-head tube permit
determination of the Mach number and direction of the stream, but the sensi-
tivity of the instrument for determination of direction is much less than the
sensitivity of the two wedges, because the variation of pressure with the varia-
tion of direction for a body of revolution is less than for a two-dimensional
body.

These instruments described are useful in zones of streams in which gradual
variation of physical characteristics occurs because in this case, the finite
dimensions of the instruments are not practically important, but they are not
useful for determining the physical properties near the zone of discontinuity
corresponding to shock waves. When shock waves are present in the flow, the
instrument can interfere notably with them, and therefore the determinations
can be erroneous. The errors are usually very large if the instruments of

the instrument no deviation can occur, and the instrument records a value of
pressure different from the value of the local pressure in the flow in absence
of the instrument. If, for example, the static pressure must pe determined
in front of or behind a shock wave, determination is very difficult with pres-
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L if s i front of
bes even if the velocity direction is known. Inde.ed, l.f $18 this 0 the
sure (0 k (Figure 65a), a variation of pressure and direction oceu Lo e
the shoe s 5. If the static tube that must determine the pressure in fro
flow across s.

S

V.
v, 2
A1
E
S~ D
C
Fronf/:f the Shock

(b)

. .. s,
Pressure measurement in the proximity of shock wave

Fig. 65.

the shock crosses the shock, it gives a w:rong mdlcatllon bef(;a:;szfntl };c;lilﬁ:);?}(lie
ary layer the discontinuity does not exist, and at the surk‘ of the tube the
3 es in a different way than across the shock; there '
presszriiclloal?eg‘;n front of and behind the shock the pressure on thehtutbebls
Z)':ltgr]e::t from the pressure in the flow in alV)sence (.)f the tljf;bale();;ftst (eF i;u :é
instead of having a pressure diagram A??(JD, a diagram oxists (Figure
5 der to avoid interference, it is necessary to use a sta .
'()aa). e ide of the shock, as in Figure 65b (the support AC must produce
N Ont(‘zzralgl;c? eslsllock that must not interfere with the pressure measurement).
an at

VI rement ()' l e]lllbelalllle. Ire T ure m
easu D Cl measu elllf)nt Of tempelal

t;h S I I W al }llgh Sp()ed 18 ll[lpOSSlble W 1t}l t}le uSual tllel momet] 1C § y StemS
be((;alls Of the pI'eSellce Of t}le boulldaI la er. If a thel‘momet T 1 pl ( ed
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in .the flow, on the surface of the thermome
which changes notably the temperature on
with respect to the temperature of the strea

registers a value much larger than the temperature of the flow. (For a mor
. e

complete discussion of th
o e phenomenon, see, for example, References 18 and

ter a boundary layer is formed
the surface of the thermometer
m, and therefore the thermometer

Ani . .

N n 1(}ea can be obtained of the large difference between the temperature at
e sur ?ce of the thermometer and the temperature of the flow )

on the viscosity and conductivity of the flow, b ,

se}rvatlon of fenerg'y to the phenomenon. For simplicity, assume that the
g.len?‘men(;‘n }115 adiabatic and two-dimensional, and that the stream is in the

rection of the axis (x-axis) of the therm i

: ometer. If w is the viscosit

g . : , coef-

ﬁ(nerit., A t?e conductivity coefficient, and 7' the temperature of the ﬂ0)\7v the
e 3 - !
quation of conservation of energy in presence of viscosity and conductivity

has the form
d <u2 ] oT
ol —+I>=—<A~ m ut
. dit\2 dy \ ay + 2 Jy (219)
where y is the direction normal to the direction of the stream. But

I=c0C,7T
and for an ideal gas it can be assumed that

. depending
Yy applying the equation of con-

mC,
A
Therefore equation (219) becomes

d<u2 ) a[A a8 2
Pl +1)=—| == X
dt \2 6y[Cp6y<I+a§>]' (219a)

.If the coefficient ¢ is equal to one, equation (219)
integral, that is given by

= ¢ = constant.

admits a particular value of

2
I+ % =
+ ) constant. (220)

Outside of the boundary layer, equation (220)

tion of energy in the absence of viscosity,
cause

is valid, because it is the equa-
and on the wall it is also valid be-

—Agrad T = —Agrad]= A ot _ u
e, 2C, dy “
whﬁr? T, is the tangential force dependent on the viscosity.
wall 1s zero; therefore if ¢ is equal to on i ’
e, the solut :
the boundary layer, but ton (220

and u on the
is also valid in

)

] + = J() = CPTU. (221)
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On the surface u is zero; therefore the surface of the thermometer or of any
body placed in the flow, if no heat exchange exists, has, for ¢ = 1, the tempera-
ture T of the gas in the tank.

If the value of ¢ is different from one, the consideration is no longer exact.
If o is less than one, the temperature on the surface of the plate is less than Ty,
and the temperature is greater for ¢ greater than one. The value of ¢ for air
is 0.74 in a laminar boundary layer, and therefore the temperature on the body
is less than the temperature in the tank. But the difference is not very large.
If the boundary layer is turbulent, the quantity o assumes the value of one, and
therefore at the surface a perfect compensation occurs for the thermal content
I, and the temperature is equal to 7. ,

Practically, measurements of temperature are very doubtful, because the
temperature on the thermometer is much different from the temperature in
the flow, therefore transmission of heat and radiation on the thermometer can
exist that change the value of the reading. Theoretically, for determination
of the temperature in the flow, the temperature of a flat plate can be used if
the boundary layer is turbulent. In this case the pressure at the point con-
sidered gives the value of p;, the value of M, gives the ratio pi/po, and from
p/po it is possible to determine T, because the thermometer gives the value of
T,. For the determination of T it is more practical to use a thermometer
which determines the value of the temperature inside the total-head tube.
Tn a total-head tube the temperature is T, because the velocity is zero; there-
fore a thermometer placed inside a total-head tube must give the value of
T, (Figure 66). The measurement of the temperature To with a total-head
tube is also difficult, because the temperature of the air in the tube is in part a
function of the temperature of the tube which can
transmit heat and therefore can change the value of Thermometer
Ty. Radiation from zones at different temperatures
can also interfere with the precision of the measure-
ments. The errors can be reduced if a flow at low
velocity goes across the tube, because in this case the Fig. 66. Instrument for

tube tends to assume the stagnation temperature of  the measurement of the
the air (Figure 66). In order to determine exactly slagnation temperature.
the temperature at a point, a thermometer must be

used with zero relative velocity with respect to the point, but this system is
usually very difficult because the thermometer must move with the flow at

the same speed.

Measurement of Density. Determination of the value of density in the
flow field can be made by using special optical instruments. By means of
optical instruments it is possible in the general case to obtain a qualitative



102

ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

indication of the variation of the density in the flow, while for two-
phenomena or for axial symmetrical phenomena a quantitative evaluation of
the density is also possible. In the optical instruments the property used ig
that the index of refraction of a gas depends almost entirely on the density of
the gas. The absolute index of refraction of a gas is the ratio between the speed
of light in vacaum and the speed of light in the gas considered, and with good
approximation it can be expressed in the form of the law of Arago Biot Lorenz:

dimensiona]

T — 1

= constant. (222)
P

Because the veloeity of light changes when the density of the gas changes
(7 change), if the light crosses two zones of gas of different density, p and p,,
after a given time the light has crossed zones of gases qf different depth. The
difference in depth can be calculated by using equation (222). If ly and [ are
the depth of the two zones and 7o and 7 the corresponding indices of refraction

T — 1 _m—1
14 Po
or
T—m= R ) (223)
Po
and
h—1=({"=™ _ ;p=pm—1 (224)
o Po o

The difference I —1lis very small in absolute value and therefore cannot be
measured directly in order to determine the value of the density; but it is of
the order of the wavelength of light and therefore can be determined with
special instruments that can compare the differences of trajectories with the
wavelength of light.

In order to have an idea of the differences (l — 1) that can be expected for
variations of the density of the order of
phenomena, it is sufficient to remember th
and temperature the value of (mo — 1) is

those that occur in aerodynamic
at for air at atmospheric pressure

Ty — 1

]

290 X 10-% for red light of 8000 Angstroms

T — 1 =297 X 10~ for violet light of 1000 Angstroms

I

Therefore the difference of trajectory of the light (I, — 1) is (equation 224)

b= 1= 1272 5 997 5 10-5 fop violet light
Po

b= 1=12=2" %290 % 10~ for red light
Po
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" Fig. 67. Inlerferomelric phenomena in a wedge of air.

' i . The
face; one part is reflected at B and one (PBC) is reﬂectedHat g e
Sufrl a(ze;l ray CDE crosses the glass again and enters a collector at 1 . ((;iVidEd
A . S
f:(j) ecal‘iother ray PD emitted by the same point P. The ray {:hD a sl(l)elctor s
. ters the co .
i flected at D, that en
i arts. Consider the part re that e oo at 11
lrl‘nhtewl(;]f)gth of the trajectories of the ray PFD is different from‘ theoszggagain
the trajectory PCD; therefore if the rays EH and GI are superimp
¢ )
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by a c?llector the rays interfere with each other
paths is equivalent to .

phase;

If the difference of the two
ngths, the two rays are in

, the waves are in opposition, and when the

the light of the two rays disappears. o are o osed

similar pairs of rays; therofons whoee 'f}llle same phenomenon occurs for all
€ rays are superim
posed, a corre-

sponding black zone occurs, If o ;
. o 1s the angle of the w. .
t . . ) e wedge, th
tween the zone in which the difference of paths prod ge, the dlstan'ce be-
interference is (Figure 68) produces the same kind of

E -_

- =3 (225)
where A is the wavelength of the light. Indeed, if
] 1

optical travel for the rays 1 and 2 produced by e e dillerece .

the same path P, 3 and 4 are

Fig. 68. Determin,
Serence lines.

alion of the distance between infer-

:}x;vo oth.ers rays that produce the same interference, and [, 1

he optical travel between the rays 3 and 4 (DEF , o o
kind of interference, the condition ([, — J, = ,
because ¢ is small, the result is .

. e difference of
In order to have the same
A) must be satisfied. Therefore

DE — Ap _ ¢
or A8 o
b— 1 _ ¢
but ’ "
Therefore b=k
fodb 4
A 20

The distance of the interfere

nce zone is a functj
Ifa systom ot -, unction of the angle of the wedge.

considered, for every ray for which the difference
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of travel [ is equal to an odd number of half wavelengths, the interference
phenomenon occurs; therefore if the two glasses are flat and the density of the
air in the wedge is constant, the interferences occur along straight lines parallel
to the edge of the wedge at a constant distance of ¢ (equation 225); and if the
light is collected in a screen, a system of bright and dark parallel straight lines
appears. The principle of interferometers therefore consists in dividing the
rays of a parallel light along two optical paths of different length, using a
semitransparent glass and superimposing the two parts again on a screen.
When the paths differ by an odd number of half wavelengths, the two parts of
the ray cancel each other, and therefore a dark zone appears on the screen.
For aerodynamic use it is necessary, in order to measure the density, to be
able to place the zone of flow with different density in the path of one of the
rays; therefore the wedge must be made by a different scheme. A scheme
used by Mach (Reference 20) and useful for

aerodynamic problems is shown in Figure 69. S

At the four corners of a rectangle are placed two

flat mirrors S; and S, and two flat semitrans-
parent glasses of constant thickness P, and P,. =
Mirrors and glass are perfectly parallel and in-
clined at about 45° with respect to the sides of A
the rectangles. At the point S, a point source of P G

light is placed in the focus of a lens. Every one BN M
of the rays R emitted by S reaches the glass
P, and is divided into two parts: a part which
crosses the glass and has the trajectory ABCD1,
and the other part which is reflected at A and N D
has the trajectory AEFD1. Part of the light is z

also reflected at B and has the trajectory ABGM- 1o
LK2, or because a second reflection occurs at G, Q N
has a trajectory along ABGHIK2. At D another gig. 69. Scheme of the Mach
reflection can occur and a part of the light has inferferometer.

the trajectory AEFDLK2. All rays are in phase

at 1 or 2 because the surfaces are all parallel and all rays at 2 have crossed
the glass twice, while the rays at 1 have crossed the glass once.

Now if a glass or a mirror changes position slightly and turns with respect to
the original position around an axis perpendicular to the design, a wedge is
generated, and the lengths of the trajectories of the rays that meet at 1 or 2
change, and an interference occurs. When the rays indicated by 1 have a
difference of path equal to 1 or 3 or 5 half lengths of the wavelength of the
light, the rays eliminate each other, and if all the rays are received on a screen,
a black zone occurs corresponding to the place in which the difference of paths

R
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is an odd number of half wavelengths, and a white zone in the place in which
the difference is equal to an even number of half wavelengths. Also the rays
at 2 interfere with each other, but the light of 2 is much less than the light of 1
and the interference of the rays at 2 is of the second order and can
by using a thick glass which increases the distance between 1
optical screen. The optical interference of the rays at 1 produces at the screen
ON a zone with light and a zone without light; the zones are at a constant
distance ¢ which depends on the angle of wedge. These zones are parallel if
the glasses are of constant thickness and all surfaces are plane; therefore
there appears on the screen a series of straight black lines separatgd by zones

be eliminated
and 2 on the

()

|
|

9 |
© i

Fig. 70. Schematic reproduction. of the interfer-
ence phenomena when a constant variation of den-

sity is produced in a zone of flow of constant
thickness.

of light. The lines are at equal distances and parallel to the axis of rotation
of the glass or mirror (Figure 70a). Now, if along the line BC a flow space
bel of thickness [ is placed with different density p (Figure 70b), the difference
of path of the rays BC and EF changes, and therefore the position of the inter-
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ce line changes, corresponding to the zone in which the ray BC crossZs thte
1 / ’ : :
o at different density. If po is the density outside the space bic.l and p is

ﬂlowdeusity in beeil, the variation of the position of the line of interference is
the > xCxly
given by 1) »— 6
l P — Po . — 0 g . (22 )
el MU T,

I'}t refore because A £ ™o, po and [ are know n, from the displacemenl of the
" ]C L) b b b b . X R .
interference line it is possible to determine the dCIISl‘y in the space bxcxl

m

P _n_ A (227)

o Ellm— 1)
If the density at byeil is constant, the lines are displaced by a c\c;?s}aillt.value
‘ nce pi shown in Figure 70c. With this sys-
i ference pictures appear as shown in .
it i ity i y 1stant density, such
it i i he density in a flow at a cor ,
sm it is possible to determine t : onsta .
o 1uniff))rm jet or a stream in a supersonic tunnel. It is evident that 1ff the
. a id :
I'i(:t is a closed jet, the wall must be made of glass of COl’lStaI.]t index of re :}::cr
1i§n and perfectly isotropic, therefore not strained. In this case, two othe
glasses of the same type must be placed along the ray EF of Figure 69 to com-
pensate the absorption of the two glasses along BC.

. I . . . .
De‘ et mination O_f Denslty fo' rlUO'Dlmenlenal and Axlal Sy mr'net] ic
] . o . . ‘
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Mi=1.6
g

D' E' F G'

M2=2.0
P2

~
\\Fz
N

(b) A, B,

U]

Fig. 71. (a).Schemalic reproduction of inlerference phenomena produced

by an ecpansion around a corner and (b ] inati
O , and (b) graphical determination, of lhe.

along the axis x obtained from Figure 71a.
section of an interference line
subsequent intersections of the
determined.

. Call A, the position of the inter-
in the undisturbed zone, and B, C; .. _the

lines in the zone in which the density must be

Along axis #, plot the distances between the same lines for 1he
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case of undisturbed flow. Because if disturbances are not produced in the
flow the density is constant, the distance between the interference lines along
1, is constant, and is equal to & At A the density does not change because
of the presence of disturbances in the flow; therefore the point A is on the
normal to x; at A;. The point F; is displaced by n with respect to F. 1f [ is
the thickness of the flow or the length of the two-dimensional phenomenon in
direction normal to the design, A is the length of the light wave (monochro-
matic), and m is the index of refraction at the density p;, then from equation
(226),

p=fl Ly (228)

p1 A

™ —

. 1. . . .
The expression [ £is a distance, and is constant; therefore the following

4
construction can be drawn: along the axis x; a distance A4, corresponding to

{ n- ¢ can be plotted, and the point A, can be connected with A; the lines

BB,, CCs, DD, parallel to A A, must be drawn from the points BCDE . . . of the
re axis; straight lines normal to x, axis at the points By, Ci, Dy, E; also must be
drawn, and then the points B, C;, Ds, E; are determined by the intersection of
corresponding lines parallel 1o the line A4, and normal to the x, axis. The
points Ds, E5 . . . give the values of the density at D, E,, F, elc.; indeed, if
the distance between the z; and z. axes is equal to py, it is possible to write

— FyF.
7’I=p_1 ! 3F0F2

P1
but

1

FoFs = Ay = 17" &
A

Therefore the diagram B;G; gives the density distribution along the x-axis.

By changing the position of the z-axis, the density at every point of the flow

can be determined.

From the density distribution it is possible to determine the pressure or
temperature distribution if the law of transformation is known; therefore in
many experiments it is possible to obtain the pressure distribution by means
of optical systems. With interferometric measurements the entire phenome-
non considered can be determined from one test without the necessity of plac-
ing instruments in the flow; therefore the system is very useful in many
practical problems, because it permits a very rapid measurement of the quan-
tities in the entire flow without interference of instruments.

For axial symmetric phenomena the interferometric system still can be
used, because the density is constant along every circle that has its center



110

ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

along the axis and is in a plane normal to the axis.

interferometric picture, obtained with rays normal to the axis of the body,
and in the picture a plane QQ (Figure 72a) perpendicular to the axis of the

body. Consider now some circular zones corresponding to the position of

the interference lines along the line QQ (Figure 72b). Assume that the density

(b)

Fig. 72, System of defermination of the flow density for a body of revolution.

in the zones I, TI, 111 » elc., Is constant and equal to P2, ps, ps, ete. The density
is known outside of zones of disturbances produced by the body (p1); therefore
the density in I can be determined from the deviation in Figure 72a of the
interference line corresponding to 1 and determined as for the two-dimensional
case. Indeed, the value of [ of equation (228) is given by CD, and therefore
can be determined by the design in Figure 72b. Therefore the value of p’
can be calculated from the value of the corresponding deviation 5. The inter-
ference line 2 undergoes a deviation 72 which in the zones EF, and HG depends
on p’, and in the zone FG depends on p”. But p’ is known from the preceding
determination; the lengths EF and HG can be determined from the design;
therefore the deviation in EF and HG can be determined. By the difference
from g, the deviation corresponding to the path G can be calculated, and with
equation (228) the value of p” can be determined. Proceeding with the same

In this case the analysis
of the results can be made, for example, in the following way: Consider an
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tem, all values of the density along QQ can be determined. The value of
e fl I;sity is more accurate if the number of circles increases, and th.erefore
:fl‘q :heenumber of interference lines increases. From the vaflue of: d('msmy f:lf:ll-
lated by average values in the zone between the twc.) circles it is possible
" deduce a corresponding diagram of density with continuous variation, and
IZ determine more exact values with a s.econd appr.oximation‘ o .
Assuming the law of the transformation known. in the flow, it is posm}
to determine the pressure distribution in t.he. entire ﬁeld.. T 'h(} syste;m 1as
been used to determine the pressure distribution al(.mg projectiles (I;le e.reilce
21). By shooting the projectiles in front of an interferometer, the .mt.er;
ferometric picture was determined. From.the shape ?f the shock, the ;rar;a 101_
of pressure across the shock was determined. B.ehmd the shock, t 1e dra;ni-
formation is isentropic; therefore from the.dens.lty the pre.ssure \?als ete
mined without use of pressure tubes, which in this case was IIH'I)OSS}b e. .
The direction of the interference lines with respect to -the direction o tl:la
stream can be changed, changing the regulation of the‘lflterferometer,l an.
must be chosen case by case in order to increase t-hc? precision of .the resu t.s in
the zone of the flow analyzed. Other schemes for ‘mte.rfer.ometrlc determlvna-
tions can be also considered and used, but the application is of the same type.

Determination of Density Variation with Metho.ds. Using Deviatifolr'l }(:f
the Rays. The interferometric system uses the varlat.l(-)n ‘of phases o bllgtt
to-determine the value of the density in the ﬂow,- but it is a.lso. possi .el 0
examine the density distribution in the flow by u'smg the deviation of lig 21;;,
produced by the variation of the index of refraction (References 20, 2%, ; ,
24). If the indices of refraction in two zones of flow are = and m, res;;ﬂectlwle1 yt,
and ¢ is the angle that the ray forms Wit!l the .normal n to the S}II‘ a(;e ttad
separates the two zones at different densities (Figure 73), the ray is refracte

at an angle ¢ given by the law

Py [T/¥
sin¢: siny = m: m. (229) ;
When the density p; is not constant o -
but changes, the value of = changes,

and it is possible to write the value )

of m in the form ray

mo=m— (@) Al (230)
o Fig. 73. Devialion of the rays produced by
in which dl is the trajectory of the g pressure gradient.
ray. If the difference between' ¢ . .
and ¢ is small and equal to , it is possible to write

siny = sin ¢ — 7CO8 ¢ » (231)
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and equation (229) becomes
rcosd>=sin¢a~7rgl- ,(232)
i

But if the gradient of the index of refraction G, along the normal n, is used

G=297_9radl _or 1

=—— (233)
on ol on al cos ¢
then
G .
T = = sin ¢4l (234)
s

\J
The rotation of the ray is proportional to the length of the traject.o}y and to
the gradient of the index of refractionm.

The curvature of the ray at every point of the trajectory is given by

1 T G sin ¢
- === 7 235
r 9l T (235)
or using the value of the density (from equation 223)
Qg - Po 1_9_71' _ Po G
on m — 1dn m — 1
then
L _psingm — 1
r on =« Po
or
1 dp si -1
S Opsmé(m—1) (236)
r o on po+p(m—1)

The rotation of the rays is proportional to the gradient of the density and to
the length of the trajectory.

From equations (235) and (236) it appears that the deviation of the ray is
very small also for large variations of density. '

From equations (235) and (236) it is possible to determine, from the law of
deviation of the rays, the law of variation of the index of refraction, and there-
fore the law of variation of the density of air for two-dimensional phenomena
and for phenomena with axial symmetry. But at present there is no practical
method that permits us to measure experimentally the variation of direction
of the rays as affected by a local gradient of density. Different systems are
used to attempt to determine, with sufficient precision, the value of deviation,
such as the system of using a screen with lines at uniform distance, or dsing
the astigmatism of a lens; but practically the deviation of the rays is used at
present in representative methods rather than for determination of the value

of the density. The representative systems most often used are the shadow
system and the schlieren system.,
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Shadow System. The shadow system ulilizes a point source of lig}}llt which
illuminates a body and then is collected on a transparent scrf.aen'. The S.cfr(zin
is of uniform illumination if the rays do not' undergc.) any deviation, but dl : (_3
rays pass through a zone with different optical density, they unde.rgo a e\.na;
tion which changes the intensity of the light on the screen from point to point.
For example (Figure 74), if a system of rays crosses a zone [ of densni.y }f,
different from the outside density, the rays are deflef:ted, and‘ at. AB the 1g. t
increases, and at DC it decreases. It is evident th:alt if the variation of density
is extended throughout the entire field a direction
normal o the rays, all rays are deviated by the same
amount, and the sereen has uniform illumination.
Because the deviations of the rays are proportignal to

the first derivative of the variation of the density, ———p |
and the variation of illumination is proportional to :
the derivative of the deviation, the result is that in ke

the shadow system the variation of the light is pro-
portional Lo the second derivative of the density in Fig. 4. Shadow effect
the same direction. Therefore when an abrupt vari- progyccatd by a densily
ation of density occurs in the flow, as happens in the gradient.

res raves, the shadow system per-
presence of shock waves, ' . o
mits determination of the position of the zone in which the variation occurs,
with high sensitivity.

Schlieren System. The schlieren system has the following.scheme.: A p(;l-nt
source of light P is placed at the focus of a lens or of a I'nlI‘I'OI" (Figure ?),
which produces parallel light. The light crosses the zone in which the V{.:ll‘la-
tion of density will be produced, and is collected on a second lens or mirror

ife Ed
Point Form Source (a) Knife Edge

Test Chamberp
Source\ - (\
Mirror with
Knife Edge

(b)

Fig. 75. Scheme of schlieren apparatus (a) using lenses, (b) using mirrors.
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which converges all rays to a focus. When a variation of density is produced
in the flow, a deviation of rays occurs, and therefore some rays are no longer
concentrated at the focal point. Now if a knife edge is interposed in the beam
of light in such a way as to intercept some of the deviated rays that do not pass

Fig. 76. Shadow Dholograph for a body of revolution at M = 2.45,

through the focal point, a change in the pattern of illumination occurs in the
sensitive collecting apparatus. Dark areas appear where deviated rays have
been intercepted by the knife edge, and bright areas appear where such rays
have not been intercepted. |

If the source is not a point, but has finite dimensions, an image of the source
is produced at the focal point; this image also can be partially obscured by
the knife edge. In this way the total intensity of light in the sensitive appara-
tus and the intensity of the uniform illumination on the screen can be reduced
gradually without reducing the intensity of those rays that have been deviated
as a result of the variation in density but which have not been intercepted by
the knife edge. The result is an increase in the contrast on the screen, and
therefore an increase in the sensitivity of the system.
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Because the rays that are eliminated from tl}e screen pat'tern‘a;‘ee Otjlgch
that are deviated in the area occupied b.y the knife edge, tl‘lfa 1130&;1(18 .
crease in illumination on the correspOI}dlng area 0? the sereen _epa v upon
the variation in direction of the rays in the area in questloni in 2 drectiod
perpendicular to the knife edge. In.the schlu.aren systemft 1: dvrivative o
intensity of illumination of the screen is pI‘OpOI‘thT.lal to ther}lr\sk .(;e rath
the retardation of the light in a direction perpendicular Lo the kni ge.

] lution al
ig. 77. Schlieren pholograph for a body of revo
g}g= 2.45, horizonlal knife edge below the focus point.

Because the deviations are of opposite' sign, if the variatio‘l.l ?f dm.ls?y is of
opposite sign, expansions and compressions gefnerate 9.pp?blttb ‘\tf?\rézru();: C(;_
light. The schlieren system is usually used.ln super;mgc 1es ls r mé
mination of the shape of shocks and to examine the physical sc 1end.ﬁ1 the
phenomena. The system can use mirrors or lenses and can have very differ
Pr;lfltllg?gl::; 1;168 a shadow, and in Figures 77, 78,. and 79 :S‘C]flli.erellll del,eizr:ll:::_
tions of the same phenomenon are shown. As it appea.lf r(;nln 1(«; tll)lﬂ.“,f(,;é
optical methods show the scheme of tl.ne 'phf-m_{rm-‘r‘mn‘w:.\ well, an
are particularly useful for acrodynamic investigations,



Fig. 79. Schlieren
pholograph  for q
body of revolution
al M = 245, rer-
lical knife edge from
the left side.
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Fig. 78. Schlieren
pholograph  for a
body of revolution
al M = 245, ver-
tical knife edge from
the right side.

CHAPTER

{

SUPERSONIC PROFILES

Determination of the Properties of Supersonic Profiles Using the
Characteristic Theory and the Theory of Shock Waves.

General Shape of Supersonic Profiles. 1t was shown in Chapter 3 that at
supersonic velocity when shock waves are generated a drag occurs, shock
drag, which depends on the losses across the shock, and that exists also for
perfect flow. The shock drag, if the extent of the shock and of the other con-
ditions does not change, increases if the variation of entropy across the shock

increases, as occurs when the inclination e of the
shock increases, and is a maximum when the
shock is normal shock. This consideration indi-
cates that in order to reduce the shock drag of
supersonic profiles, strong shocks must be avoided,
and therefore the profiles must have sharp noses.

Indeed, if a profile has a round nose (Figure 80),
the deviation of the streamline at the point A is
of the order of 90°. Therefore, no matter how
high the Mach number, the deviation is greater
than the maximum possible across a shock; thus
no equilibrium is possible with shock in A. The
disturbances move upstream and a strong shock
occurs at B. In the zone AB the flow is subsonic,
and therefore can wet the body. But in this case,
the shock is very strong (at B it is a normal
shock) and the variation of entropy is large. For
this reason, this type of profile is not suitable for
supersonic flow, and therefore it is logical to
suppose that a supersonic profile must be one
with a sharp leading edge and an attached shock.
In this case, behind the shock which oceurs on the
leading edge the flow is still supersonic and it is pos-
sible to use the theories considered in Chapter 2.

£

Fig. 80. Delached shock in
Sroud of @ wing leading edye.

117
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It is evident that a sharp leading edge is more convenient only if the shock
is an attached shock, and the differences between sharp and round leading
edges decrease when the radius of the round leading edge decreases. TIf the
shock is a detached shock, because the deviation required at the leading edge
is larger than the maximum allowable deviation, the flow behind the shock in
the zone of the leading edge is subsonic; therefore if the stagnation point is
not at the leading edge (for example, due to a small angle of attack), a vortex
is produced at the leading edge which generates a local separation (F igure 80b)
and a subsequent shock (shock a of Figure 80b). The drag in this case is large
and can be reduced by using a finite radius of curvature at the leading edge.

In the following paragraphs the phenomena will be considered first by

assuming the flow a perfect flow; therefore the pressure drag, the lift, and

moment of profiles of different shape will be determined by assuming that no
friction drag or separation exists. Later, the effect of viscosity will be con-
sidered and a qualitative discussion of the effect of viscosity on the drag,
lift, and moment coefficient of the profiles will be made. When the pressure
distribution along the profile is known from the perfect flow theory, the fric-
tion drag can be evaluated by using the boundary layer theory. However,
it is very difficult to evaluate the effect of the separation. The friction drag
and the separation at the trailing edge are functions of the Reynolds number
and of the pressure distribution along the profile, and their effect can change
somewhat the conclusions obtained by analyzing only the pressure forces in a
perfect flow, especially the conclusions connected with the determination of
the shape of minimum drag; therefore the conclusions based on the pressure
drag only, in some cases must be considered as indicative. By analyzing the
pressure distribution, it is possible to make an estimate of the relative inten-
sities of the variations due to bouridary layer and separation between profiles
of different shapes; therefore determination of the pressure drag in perfect
flow is an important element for the choice of the most convenient profile
shape.

For supersonic flow, because the flow is divided at the leading edge into two
parts which do not interfere with each other, the study of the profilé ¢an be
separated into two zones, the upper zone corresponding to the upper surface
and the lower zone corresponding to the lower surface. Because the direction
of the stream along the profile is known, the pressure distribution can be
obtained for any type of profile, using the shock theory and the characteristic
theory.

Flat Plate at Supersonic Speed. The simplest profile (o consider is a flat
plate of zero thickness and of infinite depth, placed with the leading edge
perpendicular to the flow, [f the angle of incidence o of the plate with respect
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i faces

the undisturbed velocity is small, a supersonic flow oceurs on kl);)thlf p

t(; the plate (a less than or equal to the deviation for whlc.h J\/ﬁ = .panSion

o 0 i 1t A an ex
i Figure 81), at the poir

i cross section of the flat plate ( . , !

. thes for the upper surface, and a compression occurs for the lower Eurf?cee

r ’ . - Or
%leél expansion and compression are due to the deviation of «, and there

Expansion Waves

— 44°50' Shock Wave
e-4z1>5N i
E

M=2023 A

Fig. 81. The flow around a flat plate.

be calculated. In zone 3 the speed is higher and the pressurle) IS(;OZVGI' t.hag
in 1 . e determine
i i d the values of M; and ps can
the undisturbed stream, an :
ll']thelr from equations (81) and (41) or from the corresponding Table 2d .of tltle
" 1dix, as functions of «. If » is the value in the table correspon.mi;l Lo
a‘gl)pef\/l c’orresponds to v + a. The variation of pressure can be obtame. in
‘th: ;ar;e way. On the upper surface at B, the flow undergoesga cczimsf)res\;c.)&
) ., . ] .
ition i ds on the conditions in zones 3 and 5. i
The condition in zone 4 depen '
’ ;ed approximation it is possible to assume that at B, the flow again attalr;s
0 s
fhe dirgction of the undisturbed stream, and theref.'ore the compreslilonlcoz -
éponds to a deviation «. The pressure along ACB is constant for all value
4 d . . , . /
M}jil (Zn the surface ADB, a compression occurs; M, is less tha.n J/[}ll, and1 P2
, : it i ible to determine the value
i the shock polar it is possible
is greater than p;,. From e to determine (he value
inclinati k, and the values of M, and p,;
f ¢, the inclination of the shock, . : !
Leand can also be obtained analytically from equations (121) .to (12?“(;
froZm Ta]l):le 5 of the appendix. On the surface ADB the pressure is constant.
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At B an expansion oceurs, and the condition at 5

can be determined with
good approximation by assuming that the direction C

of the velocity at 5 is the
same as that of the undisturbed stream. On
the profile two shocks occur; therefore a drag
must be found. The drag can be easily deter-
mined from the pressure distribution. Indeed,
the pressure distribution is as appears in
Figure 82. An expansion occurs on the upper
surface and a compression occurs on the lower
surface. The diagram of (p1 — p) is ryetangu-
lar; therefore the lift, if F is the resultant of
the pressure, is (I, = F cos ), and the drag is
(D = Fsin @). The center of pressure is at 50
per cent of the chord, and its position, is con-
stant and independent of M, and a, if & is less

than the deviation for which M, = 1, because
changing « changes only the value of the pressure but not its distribution.

In Figure 83, the value of (¢ ¢ 1s plotted as a function of (0 o for different values
of M; (2, 3, 5) for a flat plate. Because the value C./Cp is a function

Pi-Ps3

P1-P2

Fig. 82. The pressure distribu-
lion along a flat plale.

.05 10 a5 20

Fig. 83. Lift coefficient versus drag coefficient for a Sat plate at
different stream Mach number,

only of the angle of altack and
all points for all Mach numbers m
from the origin of the axis C;, .

From the diagram it is evident that the

(CL/Cp = cot ), for the same incidence
ust be in the same straight line which starts

value of C is very small in com-
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ison with values of €, possible at subsonic velocities for the same angle

parisor .

tack. |
o ]att is interesting to examine more accurately the general ph.enorilen(;n:i
Across the shock wave an increase of entropy occurs. If t]lr(lle sh((i)ck 155); il;r iea

‘ i i r 7 ergo th -

infinity wi tensity, the mass flow that would un e var
to infinity with the same in . v b uld uncbrio the varia-

i rould be infinite; thereforc the drag v finil
tion o e e i i s that a shock of finite in-
has a finite value. This means th
However, the drag s neans that & sfock of flite -
i imi finite length. This is shown g
ensity must be limited to a : . v i
}'(:itc ydista\nce the shock interferes with the expansion w av?\s}“ hlclll1 start frf)ml
oo ses in i ity. When all expansior
> d decreases in intensity.
other edge of the profile, an:  inte .
- es are eliminated, the flow has the same direction as the undisturbed flow,
wave ) :

d therefore no shock exists. . ) , —
an]n order to determine the equilibrium at 4 and 5 more exactly, the f.'ol
lowing considerations can be made. The flow at 4 has undergone an ex;;lanslon

‘Y ) . 3 _
Of\ di ees from M, and then a compression with shock from the M a.c nu.m}
z . M gr(larger than‘s\ll). At 5 the flow has undergone a comprgssmn W tllt h

ock : i VI, to M;. Because the
] ‘ then an expansion from M, M,
shock from M, to M,, and .
bll ck from M; occurs for a different Mach number than on the 1((1)“ er Zurfa:es,
the ‘ i ' he speeds at 4 an
different, and therefore the sp
the losses across the shocks are ta el eeds at Land 5
i int B, a discontinuity of velocity occu
are different. At the point B, . ! 1 2 direction
relocity; fore the streamline that starts from p
normal to the velocity; there i that starts from [ represents

i infini icity. Practically, the viscosity in the flow
a line of infinite vorticity. ) sty in ¢ T !
infinite vorticity at B impossible and produces a vorticose wake w hl(}:h sltarts
from B. Because the transformations on the upper surface an(% on the ?welz
surf: ce. are different for the same deviations across the expansion and. shoc
Sltera nd B, the pressures at 4 and.5 are different; therefore the streamline BE'

‘ a ’ . . N . )
) st have, in general, a different direction than the undisturbed velocn‘ﬁr
mu ’ ] i .

If ¢ is the difference in direction, the value of ¢ can be dcterrr(;n;ed befauselt e

i 5 the values

t 4 and 5 can be calculated from

essures and the Mach numbers a : \ 7
p; 3 and 2 for ¢ equal to zero; from the difference of pressure bt.em een 4 and
(5) it is possible by the law of isentropic transformation to determine the val(l)le

i i h e
of ¢ i)ndeed if Ap is the difference in pressure between 4 and 5 for (04 )d

(6p/. 89)4 is the elemental variation of pressure for the Mach numbsr att ,SaE
(3p/90)s is the elemental variation in pressure for the Mach number at 5, by

ap <6_P> = A
"<529>4+U a)s P

i d
i 3] f ¢. 'The value of ¢ is very small, an
7 the sign of Ap fixes the sign o . .
:vlheri'ore thegisentropic law can be considered for expansion a}nd compression.
l;‘rer example, if a flat plate at 10 degrees of incidence (Figure 84) is coz—
o , |
sidered, and at M = 2.0683, the values of M; and M, are 2.4625 and 1.704,

the isentropic law
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respectively, ps is 0.5434p,, and P2 is 1.7252p,.
B of 10 degrees, M; is 2.056 and My is 2.053, p;

.

SUPERSONIC FLOWS

For a variation of direction at

18 1.002p,, and p, is 1.0058p,,

Fig. 84. Determination of the downwash behind a Sfat plate.

To determine the sign of ¢ which corresponds to a variation of Ap = (1.0058
— 1.0020)p,, it is enough to consider that the velocity at 4 must increase and
the pressure decrease; therefore ¢ is positive and BE rotates from 4 to 5. The
value of ¢ can be determined by considering that, in the field M = 2.05, the
pressure for 1 degree of isentropic transformation changes with respect to the
original pressure by the ratio 1.057 (from Table 2); therefore

9p = 0.057/deg
pad

or
<A_P> ~ 0.057 X 1.0038p,
Ab/ 4
and
(éﬂ) = 0.057 X 1.0020
A6/ ' ' b
Therefore

Ap = 0.0580 + 0.0570 = 0.1150 = —0.0038p,
_ 0.0038
0.115

o corresponds to a deviation of 1.98’ positive (downwash).

Supersonic Profile of Any Shape. In a similar way it is possible to deter-
mine the pressure distribution along a profile of any shape if the hypbthesis
that the flow is always supersonic is satisfied (attached shock in front). Con-
sider, for example, the profile shown in F igure 85. If the Mach number in
front, M, is known at A in terms of the value of 4, and 6;, the form of the
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hock and of the expansion, and the values of M and p at 2 and 4 can be detef'-
. f:];ld In the zone AB AD no deviation occurs; therefore the pressure is
mined. \

E
Fig. 85. The flow around a diamond-shaped profile.

constant. At B and D an expansion oceurs. The values of tl}le) (%e}rlatlort}s ?\Zf
expansion 6, 65 are known from the geometry of the. proﬁle,l the va ue.s Icl) ;h ;
and M, are also known; therefore from the equation of 't he exli)antslio , the
Mach numbers and the pressures at 3 and 5 can be. Eietermmed. . n 7e Z0 -
BC and DC the pressures are constant. The conditions at 6 an }1'11 cantl
determined by the same system used for the flat pl%fte. .Also, int usdc.atse,b 1:;
direction at 6 or 7 is almost exactly the same as the direction of thhe u}r)l (115 mi el
velocity. The pressure at ABC is indepcnd’ent of the form of the .ot }37 a)f(‘;rri
ADC because at A the flow can be divided into two separate pa}rts ,t h, tez:arts
the phenomenon can be examined independently. The expansm;n p a sarts
from B and D crosses the shock waves at G and E, a.nd therefore the (;w n
zone that is inside the Mach wedge from E all.d G is no l9nger pot}fn 1ad ows,
because at G and H the shocks change direction. In thl-S case, t)l e wet g(z']l
far from the profile; therefore along the profile the flow is entirely potentia

v ations are exact.
ﬂorf ?lrllt(ai I:il(fﬁis 1;}1:2 a curved surface, it is possi?le ‘?0 d(?terminc the pll:esiu?
distribution in the same way, but the determination is x.nor;: comp 1ca; 26;
Consider a profile as in Figure 86 formed b).f a Plane and a c1rcu} ar z;rc Stl;r aﬂat,
at A on the lower part a shock occurs which is the same as that for 1ef *
plate, and the phenomenon along ADC is also the same. On the upper surfa

at A a shock occurs that corresponds to the deviation at the point A, and is
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the law of shock. Proceeding from A to a point B, near A
the flow changes direction and a gradual expansion occurs. Therefore, for

oz

Mep
Gp
My ——>

(b)

Fig. 86. Delermination of the flow around a circular are plane profile.

every point from A to B an expansion wave starts and the velocity of the flow
increases. The expansion waves meet the shock and change its direction;
thus the shock bends, and the curvature begins at point 4. The flow behind’
the shock is rotational. An exact determination of the shock shape and of
the pressure distribution must be made in terms of the considerations of
Chapter 5. Usually the deviation that produces the shock is small and the
variation of AS across the shock is small; in this case it is evident that the
variation of the value of the entropy along the shock wave is of small impor-
tance for the phenomenon, and therefore it is not necessary to use the char-
arterist.ic system for rotational flow because it is possible to assume, with good
:approxunation, that the flow is potential flow. In equation (211), (S, — §))
1s very small. With the approximation of potential flow, determinaﬁon of the
pressure distribution is easy. Indeed, from the shape of the profile for every
point P of the profile, the value of the angle 0y that the tangent at P to the
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profile makes with the tangent at A to the profile is known. If the profile is
a circular arc, 6p is given by the angle corresponding to the arc AP. Since the
Mach number behind the shock at A is known, it is possible to determine the
value of v4 from Table 2 of the appendix, corresponding to the Mach number
at A, and from this value to deter-

mine the pressure ratio p/p* and the =2
Mach number at every point P cor-
responding to the value vp equal to -3

(4 + 6p). Because the value of p4/p* /
is given by the table for the value 0
v4, the ratio pp/p4 can be determined /

for every point of the profile, and
therefore the value pp/p: can also be 3

determined. In order to design Lhe - /
shock wave shape using the same
approximation of potential flow, it is
possible to design the characteristic
line for every point P. Where the

characteristic line meets the shock 4 //

Pressure Coefficient
w o

wave, Figure 86b, the shock wave

must have an Inclination e which 5

corresponds to a deviation across the M=2.50
shock for which the flow behind the %=-10 a=0°
shock has the same direction as at P. 6

Therefore 8p is known, and the value ,

of e is determinable by using the
shock polar curve. Determination of gy 87, The pressure distribution along the
the characteristic lines and of the chord of a circular are profile.

Mach number along the profile ABC

can also be accomplished graphically by using the epicycloid diagram shown
in Chart 1 of the appendix. The pressure distribution for a profile of this
type is as in Figure 87.

Analytical Determination of the Lift and Drag Coeflicients of the
Profiles. 1If the deviation of the stream produced by the profile is smali,
il is possible with good approximation to assume that all the terms are neg-
ligible that have the same order of magnitude as the cube of the angle of the
deviation of the stream produced by the profile. Tn this case it is possible to
obtain in analytical form the pressure distribution along the profile and there-
fore to oblain analylical expressions for the acrodynamic coefficients (Refer-
ences 25 and 26).
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In Chapters 2 and 3 it was found that for small deviations the equation of
the shock wave and the equation of isentropic compression are coincident,
and therefore for small disturbances the epicycloid that regulates the compres-
sion must be tangent to the corresponding polar curve. For (6 = 0) the two
curves have the same value and the same tangent. kKxpanding equation ( 139)
of the shock wave polar curve into a power series of (u; — V;) (Reference 25),

Ty = (ll2 — Vl) + as ((12 — V1)2 + PN (237)
where if 4, is the Mach angle of undisturbed stream, the coef‘ﬁci/ean ai, ay are
given by '

a = — cot yy (238)
v+ 1 1

o=-rrl_ 1. (239)
4V1 cos u sin®

Adding and subtracting V; tan 4, to equation (237), because 7 is Lhe absolute

value of the deviation across the shock which is assumed small, and tan
is equal to ry/u,,

(s — V) (1 — tan ) + a, (us — V1) = Vitang = 0 (210)
or

=V = —tan u tan n—tan? m[‘H—] — = l] tan 93 ... (241)
Vi 1 cos? u sin? g

Expanding the epicycloid equation inlo a power series, the first two terms of
the series are analogous to the Lerms of equation (2411).

-V 1 1
SR +tan u, tan p—tan? p1[7+ —

1

— 1] tan’y (242)
4 cos? y; sin?

or because 5 is small

- V. .
—\_le Vl ! = i (,‘177 —_— (/’2772 PR (243)
where
1
€ = 21da
VM2 =] (#Ha)
_ -
o= L,[Ml’g _ ']' 241h)
Me —1LaMe - 1)

Equation (243) is valid for expansion and for compression, because the isen-
tropic law agrees with the shock law for the first two terms of the series. The
plus or minus sign depends on the type of deviation; the first torm is positive

for expansion and negative for compression. The value of the pressure
coefficient can be obtained from equation (136),

pr=p V=

: (245
P ‘ 712 { 1 ))
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Therefore from equation (243)

LTl -~ A SR (246)
P1 V2
where the minus sign corresponds to an expansion and ‘the p;11s6 sign toaﬁ (;o?;;
pression.  With the approximation a.\ccept.ed, equation (24 )t }115 : i for
isentropic variation and for compres?()n with shock, because he \:is s
differ only in the third term of the series. If ‘?he term that .contams 7 ,
sidered, for isentropic transformation we obtain the expression

Ap

= if1ﬂ+02112i(’3173— . ) (247)
p1 Vi

and for compression across the shock

APy e+ oo+ (e — D) (248)
P1 Vi
The term D isvthe first term of the series that considers the increase of entropy
across the shock, which is not considered in the approximation accepted.

The coefficient ¢; has the value

! | * Ty —5) MO+ 10(y + 1) M# — 12M24- 8],
= = [(y+ DM+ 2y 4Ty —5)
"R (219)

D is the expression given in Chapter 4, e.quation (169). The c}(;eiﬁvcmnti ;Z
¢s, and ¢; are all positive, while D is negative for Mach numbers ; elw eetn f !
and 2.54, in which field the increase of pressure across the.z shock' is g.r‘ea er o
the same deviation than the increase in pressure obtained with isentropic
COII?’?:? Zf;zziion (246) the first term is the only one considered (zmafll dlSt(l)lSIi)(;
ances theory), the value of (p» — p1)/pVi* becomes equal 2anh.(; 'opll) e
sign for expansion and compression, while the second t?fm CoP W 1(21 L is at (v)vtze
positive, changes the absolute value ]of ([}2 — p1)/pVi? corresponding

t ions for the same value of 7. .
twfntt)iillsefll'oizlﬁ:t):afrrlfi(;e the aerodynamic force, if the undisturbed velocity
is in the direction of the z-axis, for every element of. the profile ds of the upper
surface of components dr and dy can be written (Figure 83).

dL . _ _ (= py 4 (250)
S1204% Vi
b _ _ (= p) (251)

n V2 Vi
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where L is .the !ift and D is the drag. Considering the profile with respect to
the chord, if « is the incidence of the profile,

B ' n= a4y (252)
where ' is the inclination of the tangent to the element of the profile ds with
Vi ' -)
(04 LIs t f X
A ~dS,.
t T X
Y
Y

Fig. 88. Definition of the coordinates XY and of the
devialion 7' .

respect to the chord. If Y and X are the coordinat i
) hec es of the profile with r
to the chord, the value of 4’ is b epect

r o 4y
T T Ay (253)

where the Y axis must be directed as in Figure 88, if the convention is accepted
that t'he angles are positive in the direction of . With this conventic:lll) in
equation (247), the minus sign must be chosen for points on the uppt;r surf:ace
and the plus sign for points on the lower surface.  In this case for th

surface, the elemental lift and drag are l o e

dLy

Vi (em” + el — 1" — esa® — 2c00m’) dir (254a)
dDy , .
Ve (e + e — e — 02 — 2e50m”) (a + ') dir (254b)
because
dy )
de 1T + «
and

T T
LU :f d],lr,' DU =f dD('.
L L ’

But the term dX differs from the term dr by terms of the order of magnitude
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of 1% l:dX cos a =dr=dX(1 — % + .. .):| and in equations (254) the

term dz is multiplied by the term of the order of »; therefore it is possible
with the approximation accepted to replace dx by dX. Then

, , dYy
fﬂd-l’=fnd1\/= ﬁdX.

The integral J* 'dX is extended along the upper or the lower surface of the
profile from the leading edge L to the trailing edge T'; therefore
r
¥ dX =0
dX

L

and using for the upper surface the symbols
T T

1 dY'\, 1 <a’Y>3 .
D, = - —— FdX; D;= = dX 255
: ¢ <dX> ’ ¢/ dX (235)

where ¢ is the chord of the profile, the lift and drag for the upper surface
are given by the following expressions, in which the subscripts U indicate the
values for the upper surface:

Lo _ (la — e — elh) (256)
cm V12
‘D—U— = (e10® — 30 — 30Dy + ¢1Ds — :Dy). (257)
cp1 V2

In an analogous way it is possible to obtain the following expressions for the
lower surface, where the subscripts L indicate the values corresponding to the
lower surface:

LL o (C10{ + CQO{2 + 621412) (258)
CP1V1“
DL = (Cla2 + L'za3 + 3(,'20(1’2 + (/'1F2 + CzF3) (259)
cp1 ‘712
where
T T
| dY>2 1 (d Y>3
F, =~ — ] dX Fy= - — ] dX 260)
e <dX Coe) \dx (

for the lower surface.

The terms containing »* in equations (257) and (259) are exact also if in the
approximation accepted only the terms which contain »* are considered for
the pressure coefficient. The drag and lift coefficients of the profile are

- Cp = e + 26 (Fy — Dy) (261)

Cp = dera® + 6ca (Fy — Do) + 2¢1 (Fo + Dy) + 26 (F5s— Ds).  (262)
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The coefficients ¢; and ¢, are independent of angle of attack and shape of
the profile (equations 244) and are functions only of the Mach number of the
undisturbed stream. The functions Fy and D, are geometrical functions,
which depend only on the shape of the profile.

From equation (261), it is shown that in supersonic flow the lift coefficient
is a linear function of the angle of incidence, as happens in subsonic flow,
However, in subsonic incompressible flow the lift-curve slope is of the order
of 2x, while in supersonic flow it is given by

e = 263
« T UM (263)

which is much lower and is decreasing as the Mach number increases. For

example, for M = 1.5, dC, /da is equal 10 3.58; for M = 2,1t is 2.3; and for .

M =4,itis 1.03. Itis important to remember that equations (261) and (262)
are valid if the flow is supersonic at every point, and therefore are not valid
in the field (M — 1), where for small deviations the flow becomes subsonic
at some point, if shock occurs.
From equation (261), it is possible to determine the angle of zero lift o,
@ = — 2%(& —Dy) (264)
The term ¢, is positive and decreases if M increases (equation 244); ¢ is
also positive; therefore the sign of ay depends on the sign of (Fy — D). The
values of F, and D, depend on the curvature of the upper and lower surfaces
equations (260) and (255). If the lower surface is more curved than {he
upper surface, D, is smaller than ¥, and a 1s negative. The value of a
becomes. positive if the upper surface is more curved than the lower surface.
This consideration indicates that for (a = 0) the profile with positive
camber (in which the upper surface is more curved than the lower surface),
has negative lift, which is exactly the opposite of what occurs in subsonic flow.
The angle of zero lift, in supersonic flow, has opposite sign to that in subsonic
flow. For a given profile shape, the angle of zero lift changes with the change
of the Mach number and the change is given by /e,

@_ L [o+nme 1
a VMzE—1 [4(11/112 -1 (265)

which increases as the Mach number increases (¢, approaches zero if M goes
to infinity, and ¢, becomes equal to (y + 1)/4if M goes to infinity), Therefore, -
in supersonic flow, the angle of zero lift for a given profile increases as the
flight Mach number increases. The angle of zero lift for supersonic flow has a
much smaller absolute value than for subsonic flow, and is of the order of the
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rage curvature multiplied by the relative thickness, while in subsonic
average

ature.
- it is of the order of the average eury .
f]O}"qualions (261) and (262), neglecting the terms of higher order, can be

written in the following forms:

. CD: gﬁ—{——gg— (FQ_D2> CL+CD0 (266)
401 261

Crpo = 26, (Fo + D) + 2¢ (F3 — Dy).

i T Increases.
The drag coefficient for zero lift decreases as the Mach number inc

(267)

Applications of the Equations for Determination of Lift and Drag
p

Coeflicients to Profiles of Particular Shape.

Flat Plate. For the flat plate, the terms F and D are zero; therei":)gf w;il;
{he approximation of paragraph 2, equations (261), (262), (266), and (267) g

. 1o _
(= der = Tn
Ce Pa VM —1 ceo [ (269)
== ‘L = C = —_— =
e 1 s
(,7[)1‘ = = 0.

The value of Cp, for given values of €, and M, is the minimum possible for a

profile.

Circular-Arc Profile. Consider a profile which has a circular-al:c lcyhil};
/ per i is sy trical wi
e faces. In this case, the profile is symme
der for upper and lower sur metrical with
is pe i the chord through the center a
espect to an axis perpendicular to rougl ©
::; ;l) Y/d X for points at equal distances from this axis are equ?l anl(li 3f ()ppofs:i(t:sz
. . .

i " d F; are zero. This is true for all the pro
sien.  Therefore the terms D3 and Fj . . Pr

:?at have an axis of symmetry perpendicular to the chord line. If #; 1ls tvhe
‘;llickness of the upper surface of the profile, and ¢ the tth%(llCSS of the ower
surface for a circular-arc profile, the expressions D. and Fj, in the approxima-

tion used, become

T
: 1 /4\
o=t () e =5(%)
A (269)
T
1/46,\2
Fo=1 d—Y>2 X = “<J>
¢ dX/, 3\ ¢
L

i ) : 267),
Substituting equations (269) in equations (261), (262), (264), (266), and (267)
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Cpy = g[h]: -+ {Lz]\lﬁ
SLe edvye

o= — [@izﬁ_sz_w
3VM1—] 1My~ 1) : e

c? c?

o (270)

t =)
—_— @ —
Vg -1 ®

Ve

(v — Y 9
4D 1. (JL - CY{)CL + (JD()

The thicknesses of the profiles are given by the expression (Figure 88)

o bt

4 c 4

Therefore the value of Cpg for a given value of /¢ be

et
[ [4

or when the profile is symmetrical. For sy
values of F; and D, are identical, and e

comes a minimum when

m:netrical cxrcular -arc profiles, the
equation (270) becomes

<l>2'
16 \c

“«Dg = PR e
SVAMe2 -]
ap = O
, . (271)
4 =

B el 4 4

VMzE =

cy = GV M-
1 ”

If the profile has a flat lower surface and a circular

{1 is zero, ty is equal to {, and equation (270) beco

Cpy = 32 1

arc on the upper surface,
mes

3 czx/w1 1
- G+D M e
‘;\/M1 —1L4M2 -1 e
' N@12)
Cp=— 2 (,_
Vi g @ '
_CeVME—
C]) = _Tl - aoCL + CD[]
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From equations (270), (271), and (272) it appears that the drag for zero lift
is proportional to the square of the relative thickness; therefore it is necessary
that, in supersonic flow, the maximum thickness of the wing be very small.
For (M = 2) and a relative thickness equal to 0.10, the minimum drag
coefficient for a circular arc is equal to 0.0308; it becomes 0.0534 for (M =
1.41). These values of drag coefficients include only pressure drag and do
not. consider the losses due to friction.

Prafile of Minimum Pressure Drag for a Given Thickness. Diamond-
Shaped Profile and Profile Made by Circular Arcs of Different Radii.

In order to determine the profile of minimum pressure drag, it is necessary to
find the profile corresponding to the minimum value of equation (267). In
equation (267), Cp, is given by the sum of two terms. Since the first term,
2¢, (Fy 4+ D»), is much larger than the second, for determining the minimum
drag initially only the first term is considered. If the thickness is fixed, Cp,
is given by two terms which are functions of ¢;/¢ and {;/c. Fixing t,/c and
t./c, the maximum values of Y for the curves that give the profiles of the upper
and lower surfaces are known from the values of the maximum thickness.
But if Y = f(X) is the expression of the curve that gives the surface, while
L is the leading edge, M is the point of maximum thickness, and T is the trail-
ing edge, the expression F; can be written in the following form (Figure 89):

T M T
F, 1 <dy>2 dx < L (d))’ dxX + 3 (g{f)Q dX
o ¢ . dX ¢ s d. c " dX

The expression that gives Fs can be trans-
formed assuming as axis of reference the
axis LM for the first integral, and the x,
axis MT for the second integral. If
and 7. are the angles between the line LM

and the X-axis, and between the line
MT and the X-axis respectively, and Xj, Y
Y., X, and Y: are the new coordinates of ' Y
the curve, the expression becomes

nhﬂwu+ﬂﬂm

dXx
M
_1 <le X+ m“’dX1+ de dX2+ na“’dXz (273)
¢ dX,

L

L £, Lr—r

e
M X

1

Fig. 89. Definition of the reference
ares X1 and Xa.
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because
M
dYI Xm = O
dX;
L
and
dY dY,
— dX = (— >dX
X ax, T m)dh

with the approximation accepted before.

- Because the values of »,-and 72 are determined by the position of the point M
and therefore are fixed when M is fixed, equation (273) shows that, for every
position of the point M, or for every position of the maximum thickness of the

~

profile, the value F, and therefore of Cp, are minimum when

M T

dY?? . (dn)z )
o ) dX ) dX, =0
o N

or when the profile is formed by two straight lines LM and MT. Thus, for a
given relative thickness and for a given position of the maximum thickness,
with the approximation accepted, the profile of minimum drag is a profile
obtained from four straight lines which connect the trailing edge and the
leading edge with the point of the extremity of the maximum thickness. This
profile is usually called a diamond-shaped profile.

The result does not change if the second term is considered in the expression
(267), because in an analogous way it is possible to demonstrate that the second
term is also minimum if the profile is diamond-shaped. i

For the diamond-shaped profile, the position of the maximum thickness
(point M) and the values of {r/cand t;/c can change; therefore it is necessary
to determine the position that reduces the value of Cp, to the absolute mini-
mum for the given thickness. The position of the thickness divides the chord
in two parts, [, and l,, where [, is the part from the leading edge to the position
of the maximum thickness; therefore for a diamond profile from equation
(273) and similar equations for F, the following expressions are obtained:

S Y

F, = 1 m + 2 n2” (274)
c 2
oy b, -

F3 = -7 — - 72" (275)
¢ ¢

but in the approximation accepted
tL tL

771=~=772=*~.

ll C_ll
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Therefore (equation 267)
2t
CDOF = % C1 [7}1 + 172] + ——CL Co [7]12 — 7,22]
¢

20,1 | 1 ]
o =0 Be} 4+ . 1
ol ! ] [—1 - }- (276)
+ 202 C_[h +C — ll' l1 c — 11
An expression similar to equation (276) can be obtained for the upper part of
the wing; therefore the total drag is given by

Dy = CDOF + Cn(.L,- 277)
If the value of [ is equal for the upper and lower surface
t 157
Ll b
¢ c c
Therefore the value of Cp, for a given value of [; is minimum when
bl !
e + c 2

or when the profile is symmetrical, as can be shown by differentiating equa-
tion (277). In order to obtain an absolute minimum the value of I corre-
sponding to a minimum must be found. Substituting for [/, and I the values

h=20+e
b=§ﬂ—@
the value of Cp, becomes
¢, =ty 1 20l e ]. 277)
T el —e ce (1 —e%)?

Assuming e small and not considering the terms in e higher than the second
order terms, expression (277) can be transformed into

iy = AL e 20l ] @)
CDO = p I:l + e o
The minimum value of Cp, is obtained when dCy,/de is zero or
_ ol
C1C

The position of maximum thickness for the value of minimum drag is

lu:5<1+f@> (278)
2

C1C
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and the value of the drag coefficient for zero angle of attack is

~ 401[2[ C22 t?:,

Cpypiy = — |1 =221, 2

DUH)ln CZ c]2 62 ( 79)

For 10 per cent thick profile and M = 2, Cp, is 0.0226, in comparison with
the value of 0.0308 obtained for a circular arc. From equation (278) it appears
that the value l;/c is larger than 15; therefore the maximum thickness is
always nearer to the trailing edge than to the leading edge. Fot;‘M = 2 and
10 per cent relative thickness, /¢ is 0.56.

| A In an analogous way, it is possible to demonstrate
1

L 2 ; that for a c'ir.cular-arc profile of a given maximum thick-

Y éB 7" ness, the minimum drag coeflicient decreases if the pro-

n o\ N file is a symmetrical profile with its maximum thickness
tav beyond the 50 per cent chord.

Ny Consider a profile formed by arcs of circles of different
" radii, (Figure 90), but with the centers along a line per-

3 pendicular to the chord. For the upper surface LAT, it
\ is possible to calculate the values of D, and D, which are
Fig. 90. Circular arc 10U zero because the axis AB is not an a\is of sym-
profile with the mazi- metry. Indeed, if r, is the radius, o) the angle of the
;Zgrzoiﬁlfﬁ?ﬁ g‘;}h"g arc LA, r; and o, the corresponding values of the arc AT,
cent of the chor d'. P and I, and ls the corresponding portions of the chord, then

with the approximation accepted before

7 .
] dY 2 riod ryoq? 4 t ? 1 1
D, = _ <‘7>dX=11+:_1—__L_<¥ _>
: c[ dX 3c 3c 3 ¢\, + L/ -
. .
bt (WY n o ooty
¢/ dX dc dc ¢ \i2 [2

For equation (267), the drag of the upper part of the profiles is minin';num when
the value of (¢:Dy — ¢:D;) is minimum or when

I

|

ey 1o < 1 1) 24, <] 1>

-+ )+ =)

3 4 [1 lz c 112 122 ¢ (280)
is minimum. The minimum of expression (280) corresponds to a value of
li/c given by °

[1 1 < 302 tU>
- =—{14 2
c 2 a ¢ (281)

but for a given thickness, the optimum occurs when — ty = t.; therefore
the maximum thickness of the profile must be at a distance from the leading
edge given by
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h_ l(] + %9!) (282)
c 2 2¢0¢
The corresponding drag coefficient is
"6 [e, 9 t202‘~’:|
b= —0a|—-1—-"—/—1 (283)
Coy 3 ' [62 4 ¢ei%c?

Equation. (282) is similar to equation (278) for a diamond-shaped profile, and
indicates that the position of maximum thickness must move to the rear as
the value of the percentage thickness increases and as the Mach number
increases (the value of ¢»/c; increases). For M, = 2 and {/¢ = 0.1, li/c is
equal to 0.59, and Cjp,, is equal to 0.0297.

Profile Formed by Two Trapezoids. Consider a profile formed by two
trapezoids of heights {; and {, and longer base ¢

(Figure 91). The aerodynamic coefficients of this kind £y, | ;fzu &'
of profile can be obtained from equations (261) and QNS SN
(262) where the expressions Fy, Do, F3, and D, can be ‘ Lh,l—
directly determined. If [, is the front part of the chord Ly iy 1 Ly
AB, by, is the central part BC, and ;- is the back part Fig. 91. Trapezoidal
CD, of the upper surface, and if l;, b, and l;, are the profite.

corresponding parts of the lower surface, the expres-
sions Fs, Dy, Fs, and D; can be calculated as for the diamond profile.

2
(L 1)
4 [lL [31,
2
b= (14 )
c llU Z3U
WL 1) (L )
c llL 13L 111, l3L
m(l 1 ) (1 l).
D= (2 - ) (~+
’ 4 11U [3(; Ilu l3U

If the profile is symmetrical, — {; is equal to {., equal to /2, then lig,= 1y,
by = by, by = by, and the drag coefficient becomes

L L

(284)

F;

3

Lo _at(l _1> [1 E@(l _ ,1” (285)
(JDO h [ <l1 + 13 + 201 [1 13
For given values of ¢, k, and , the drag coefficient becomes a minimum when
(equation 278)
h —1-<1 yoe L ) (286)
L+ 2 ali+ 1
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and becomes

Cp, = ﬂ[ .t ] (287)
c(h + 1) (L + l3)%,?

All the considerations developed before show that the drag coefficient increases
practically with the square of the relative thickness; therefore in order to
have low drag, the supersonic wing must have very small values of relative
thickness. 1In the design of a wing, the thickness of the profile is chosen in
terms of structural considerations. When the relative thiq’kness decreases,
the structural problem becomes difficult and it is very probable that because
small thickness must be used, the wing in supersonic flight will be of homoge-
neous material or very near to this type. In this case, the parameter that
becomes more important as a term of comparison is the momgent of inertia of
the profile with respect to t
ness is no longer directly connected with structural necessity; therefore it is
interesting to compare drag coefficients of profiles for equal moments of inertia,

For a symmetrical trapezoid profile, the moment of inertia with respect to the
chord is given by the expression

I = % [le — 304 + 1], (288)

Therefore equation (287) defining €, in terms of moment of inertia becomnes

o _ _ 16c [ 61 ]%
e+ 1) de — 3(l + 1)

U S S | B
l ei¥(l + 13)2 e — 3L+ 13)', f ( 9)

Equation (289) permits determination of the value of (li 4 &5) which gives the
minimum value of Cp, for a given moment of inertia of profile and for a given
chord.

In equation (289), the second term of the subtraction in the expression on
the right side is much smaller than the first term for thin proﬁies;
for the consideration of minimum drag it is a good approximation o
the first term only. In this case, Cp,

therefore
consider
is minimum when the expression

el + 1) [4e = 3(h + 1) ]

is maximum, which occurs when

11+l3=i_1c,andl‘_>= %c.
5 5
In this case, equation (287) becomes
2 5 2, 2
Cpy = 2 (1 _ % LCz) (290)
¢ 16 %2

he chord, while the parameter of maximum thick- .
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and the corresponding moment of inertia is

-1l (291)
30 ¢

For a 10 per cent thick diamond-shaped profile, the trapez;)i.dla;l pr((;ﬁfle 0]1"/[ the

; inerti ini drag is 8.5 per cent thick, and for M =
> moment of inertia and minimum g : M

'Sanlll( endrag of a diamond-shaped profile is 0.0228, while for tlfe tra.\pcz.md}?l

" fllle it is 0.0205. For a circular-arc profile, the moment of inertia, if the

pl'() . .

percentage thickness is small, can be determined by the expression

_ o Wer (292)
T 1051 + (t/e)?

I T a Circulal‘-arc proﬁle Of 10 per cent thickness, the Correspondm;g. trape-
y p i i 3 > tag N1ICKNess
Z dal I'Oﬁle Of th(, same momen ‘ (I. ‘ € e . : e t k e\
I(l)]| 0 502 and fOI' ‘/I = 2 the drag COQfﬁClCIltS are 00308 fOI' (1rcular-a.rc proflle
0] o N )i 3
a 0 ;(” r tra B?()‘(]al pfOﬁlQ. )
e l\d 0 . IO pez 1 ) o )
I‘l()nl a“ the preceding COnSideI‘athllS, it 18 pOSSlble to (.}Oncl‘ude that, m
v 1 € e ini dl ag coe 1clent 18 dependen
S 1 ; thlll pI'Oﬁl S, th minimum ” l. (1 (l t
fllpCI'SOﬂlC ﬂO\ N f()l' k ! l o } ll
e C ] € by a law which is near qu 3 ¢ proiie
on th percentagc thickness Is early ad'ral t P .f ;
0' illg maximum percentage thiCklleSS Of minmum drag 1S a Symmetrlca
gty . = Y e .
pI'Oﬁle which has the maximum thickness hey()nd 50 per cent (Tf th C]lOI‘ld
, A iteri 1SO11. 1
I ile 1 dependent on the criteria of compar If the
]l() shape Of the pI’Ofll 18 ) ‘ )
1 €S8 e Shape 18 Lh 1ar 1
| 1s 1 fOI' constant thCkll SS, th opmmum > | 6.(1 1( ). (l
COYIIpaI'lSO]] 18 rnade : - g vh]Ch
shape l)|[| .1 t Oon al.SH .S ad fOI' constant moment o , W
S p H 1 ]]C compr 1SO11 1S 11 ¢ ! : t 1 1er a.
.Sh earer Lo the practical problem, the Optlmum Shape 18 11O lO[lger the dlamon(i
] ‘l Il) e bu iati fthickn SS iI] the central
» whi / I'y Small Varlatl()n O
file but a p]'OillL which has a ve L : e he ce
i)one Of Ule Ch()I'd \iSCOSitV Challges the physmal phenomena, aIld t}hereforl&i
’ re € . i i WVB i i vVery us ful caus 1€ Sma
¢ ‘tlgatl()ns are not Ty use N he e the
mo aCCurat t}l(,()retlca] m S ) i ’ 1 ' ) in ‘i N 'l :
ifference €S| C gc € easdy eliminated or change sign when
differences of pressure d_I‘:';lb can b t (1. ) d i
(o] Yy y c Se l‘aliOl'l at the ll'allll]g g ar .
lh bOUIlda[' 13 er and LhL sepal ' 'e‘d ‘e tie N l(b):ller‘f;lle
i’ i i € }l Cl]alloes lf l‘ll("j p[‘( Ssure dlbll‘lbu 3O a é
Ille t[‘l(?tl()l] drag Of a p]'()fl e =] . . X o
§ faCL Challg S alld th I'/f()rc iS a fUI]Cll()[] ()f th() bhdp Ot Lh pr()fllb.
SUl > s, ere e e

Profile of Maximum L[D. From equations (266) and (267) it is possible
l(: ((’)btain for-the value of L/D the following expression

LGy e py 4 o, (293)
L/D o 2 Cr

.
i a mini alue for a value of Cr given by
Equation (269) has a minimum valuc a v

¢, = 2ol (294)
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and the corresponding minimum value of D/L is

<9> = 2 (B - D)+ |/ (295)
L/min  2¢ )

If the value of maximum thickness is fixed, it is possible to repeat the consid-
erations made for the profile of minimum drag and to demonstrate that the
profile of maximum /D, for a given maximum relative thickness, is a diamond
profile. Because the profile must have a lift coefficient other Qan zero the
profile is not symmetrical, and the thickness of the upper part is greater than
the thickness of the lower part. For the optimum condition, the maximum
thickness is at the same percentage chord as for the profile of minimum drag
(equation 278), and the thickness is divided between the upper and lower
parts by the following law:

R <1 + gg?j) (296)
c

¢ €1 ¢

’_L—_’< _t;z_l>>0
(4 2c e B

The profiles therefore are -nonsymmetrical, with the upper parts thicker than
the lower parts. From equation (296) it appears that the asymmetry of the
profile increases with increase of the Mach number (because ¢2/¢1 increases)
and with increase of thickness, but for small thickness the asymmetry is very
small. For M = 2 and maximum thickness of 10 per cent, ly/eis5.6 andt,/cis
4.4 per cent; ¢, for M increasing to infinity becomes equal toy + 1/4, and ¢
becomes zero; therefore for very high Mach numbers the profile tends to be-
come triangular, and ¢, approaches zero, but it, is necessary to remember that
the considerations are not quantitatively correct because for very high Mach
numbers the hypothesis that the terms containing »? are negligible on the
pressure distribution is no longer correct. ‘

The maximum L/D for a diamond profile which conforms to the relation
shown in equation (296) is given by the expression

(D). =21 Cr() (207)
L min ¢ 2} c

From equation (297) it is evident that for a thin profile, L/D decreases nearly
proportionally to the increase of the maximum relative thickness and L/D
increases as the Mach number increases, but the increase is very small,

Fer M = 2 and for a 10-per cent-thick profile, the maximum L/D without
friction is 5.1, and occurs for C; of 0.1. The value of € for maximum effi-
ciency is very small and decreases slowly as the Mach number increases
(equation 294).

or

141

SUPERSONIC PROFILES

o1 . d of
lvtical Determination of the Pitching-Moment Coefﬁmex;]t an ﬁ;;
AnaFy cus of the Profile. If dsis an element of the upper pal:t of the pro t ,
t}he Zment produced by the pressure distribution along ds with reference to
the m ]
the leading edge of the profile is |
My _ P =P xgX = — (e — e?) XdX (298)
pVi: Ve -
i e
From the considerations in paragraph 3 (Figure 88) the an.gle n car;) be I}':etsaoi;; o
into two parts {equation 252) and the following expression can be obt :
m ) .

(299)

pVi?
Where X and Y are the coordinates of the profile referred t-o a sys.terr(li of axes
in which the X-axis is the chord (Figure 88). From (299) is obtaine

_ dﬁf(} _ (('101 + 0177’ — e — 2026“1’ — 6‘27]’2) XdX

! 2
— MU = Cia Lf + 1 / <i§> XdX — Cza?‘ C;
Vi 2 .- d )
" 2
9y xax YV Xax.  (300)
- 2(‘2& < > AdX — Ca <d\/> Xi (
L ’ L
The expression can be changed because
l T
T v N
<"_Y> XdX —[YXT — | vdx = — s (300a)
- < r'e —_— L
: L

Whel‘(} C 8y 18 t:lle area ()f lhe llp[)bl palt Ot ﬂl(& pIOﬁle alld S 1S t]l(b I]()]ldllnell-

S101 A TOpOl ll()Ilal t ”10 area; S l)’ t-]le C()]lve“tl()“ eple(] fOl lhe
g f n S p p[) C / t C n T g

Si1gn O It ()S“ 1ve 1‘ lhe u CT Slllfa € 18 1)91()“ ]Ie ll()ld ll e a“(] 1€, ative

in the other case. Calling the expression
7

L <Q/>) XdX = U for the upper surface (301)
c? dX
and .
L <Q/>2 XdX = L for the lower surface
c? dX

the following equations are obtained:
2

—_ C

_ i ~ 2 l T2
——MU = i« C; ((,'1 2626()028(] Cocd —2 CoUC
nVi? 2

(302)

and s

9 62
— M. = . (e1 + 2¢)c®s 1, + oo é + colc?
p Ve 2
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where ¢%, is the area of the lower surface of the profile, positive if the lower

surface is below the chord line and negative if above the chord line; therefore
the moment coefficient, is

M

- CM = — = 2016( -— 261(31‘ + .S‘U)
—p Vye?

2 — Ao (s1, — sp) + 26 (L — U). (304)
The area of the section of the profileis (s, — s.). Tt is useful td give the value
of €\, as a function of (. using equation (261)

v 1 2¢ B
o = Eliiz (81 — s) — ]](‘L — (D= Fy

C1

+ 26 G2+ 50) + 20 (U = 1) (305)

or
Cy = BC; + Cy, (306)
where
B = 1—’:20—2 (s — sp) — 1] (307)
2L
and
Car, = 2¢1 (s1 + s0) + 26 (U — L) — e (Dy — ) . (308)

Considering a point F which is at a position /¢ from the leading edge equal
to —B, the moment with respecl to the point £ is

Corp=Cy — BC, = Cyv; = constant.

Therefore the point F is the point for which the moment is constant, and there-
fore F is the focus of the profile and ‘17, 1s the moment with respect to the focus,
It is interesting to compare the distance —B of the focus of the profile with
the equivalent distance for a subsonic profile. For subsonic velocity, the value
of B is about equal to L{ of the chord; for supersonic velocity, B is about 1g
of the chord because in expression (307) the term 2¢s/e1 (s, — sp) 1s of the order
of magnitude of Zer éand is small in comparison to one. The center of pressure
a e
moves in the direction of the leading edge if the area of the profile increases,
or if the Mach number increases, For a symmetrical circular-arc. profile of
10 per cent maximum thickness, the area of the profile is

02 (SL - S(;) = g <1>C2
3 \e

andfor M = 2, —B = 0.416; for M = 4, —B = (.342. From equation (308)
it appears that the value of Cyr, depends very much on the thickness of the
profile, and for the same shape and curvature of the mean line, when the maxi-

0.066¢2
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n pe € € i O i © ecomes zero fOI‘ Zero

mum p I'centag thiCkIl SS 111Creases, CJ ‘ mcereases and bec I i

nu 1 )

th' kness independent Of the curvature Of the mean line. l‘ oras Illlllellanl
1C ) y

profile, Cy, is zero.

! i i of
Experimental Results of Supersonic Profiles. In the considerations
ixpe

the preceding section, the hypothesis was assumed that the ﬂ()\tv Lsni)itjlr:::(‘; ;
| he effect of the presence of the boundary layer was not ¢ d
L tnce of the boundary layer changes the phenomena somewhat an
?lﬁ ‘If)(l;le*zechanges the value of the results .quantitf{tively. -
S ffect, of the boundary layer is particularly important for the zone ne '
th;ntlja(i}lizg edge, because in this zone, the presence of s;lock \(:fra?fesr sflill(: (;f

layer can cause separation lo occu'r. Indeed, for every lp o
l?O%mdar'yl«; s compression occurs at the trailing edge, on one or bo} 1 surfaces
ill]lt%zg:fren;;) Tlf)e boundary layer formed along the surface ACB does not

see .

A B

Fig. 92. Scheme of the separation phenomenon
al the trailing edge.

h fficient kinetic energy to undergo the variation of p.ressure whlciz
s the shock wave and cannot undergo a recompression with sh(?c
e, beonue tlhe flow in the boundary layer is at lower velocit)'f than outside
\Iavf)’ b:it:‘ifelayer and is partly subsonic; therefore, a separation can (')CClg.
"Ll‘ll?e ;()):essure pe is transmitted in the bf)un(.lary laye]r allleag (;f t:;Z 5?3122 m:
and at the boundary layer the compression 1s g?adua . In g al con-

i ins and in the zone DE, also outside of the boundary layer,
pres'sw'n befg min ression occurs. For equilibrium the pressure must be equal
d: thl?:(t)?vs sic(;)es I;f the streamline DE; therefore the devﬁitign pgoduc;e;iyi):r
; with the increase in pressure in the boun: ary layer.
ilfhrilcli{ls\if:ljeci(s)zgfr(:zg in the zone DEB, which changes the pressure distribu-



144 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

tion 1n the zone DBE. The thickness of the wake is greatly dependent on th
condition of the boundary layer (laminar or turbulent boundary layer) an((;
therefore on the Reynolds number and on the variation of pressure across th
.shock. The separation in the zone DE avoids expansion in this zone whic;:
1s considered in the theoretical investigation, and the pressure at DE i; large
than the pressure foreseen by the theory. As a consequence, the lift is li .
than the lift calculated theoretically, and the pressure drag is sr;1aller Ex SS
mental tests confirm the preceding considerations. ' e

8

]

Experiment
----- Theory

0 ===~ =885
0 = 1=125
O LN +=1167
|

Lift Coefficient
o

1
2 25 3 35 4

05 .
Orag Coefficient

15

Fig. 93. Lift coefficient versus dra, ! ]
s . g coefficient
of different thicknesses (from Reference g;)l.m Jor three plane circular-arc profiles

In. order to give an idea of the importance of the boundary layer in aerod
namfc ph.enomena for two-dimensional profiles, some experimental res ly-
obtained in wind tunnels at Gottingen (Germany) and at Guidonia (Ietsul 5
are shown in the figures beginning with Figure 93 (References 27 and 38y)
The re.sults are obtained from small scale models. For comparis h) ,
theoretical results obtained from the pressure calculations are I:jllso Orll;\t ;
Tl.le results shown in Figures 93 to 97 were obtained at Géttingen in anS .OEV“'
mittent tunnel having a 2.36- by 2.87-inch test section operating at 11\1/} o
number of 1.47 (Reference 27). st @ Moch
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In Figure 93 the drag and lift coefficients for plane circular-are profiles of
different thickness are shown. As it appears from the curve, the lift-
coefficient-curve slope is less than the theoretical, and the angle of zero lift is
negative but is less than the theoretical. The drag coefficient is of the same
order as the theoretical value, and the differences increase with increase of the
angle of attack. Because the theoretical values do not consider the friction

L2

6 .
108~
?;a

Experiment
------ Theory

0 =—= 1=081
— o Z=—— 1-0885-

O == +=.160

—

Lift Coefficient

R \\_50 \_49 —6°
TS
%

V4

=
\\\ _]QO ~
~,

-6 5]
\\\:\]0"
|
-8 .
0 .05 1 15 2 25

Drag Coefficient

Fig. 94. Lifl coefficient versus drag coefficient for a
plane circular-arc profile, a symmetrical circular-arc
profile, and a wedge (from Reference 27).

drag ‘which exists in the experimental data, the experimental pressure drag
must be less than the theoretical pressure drag.

If a symmetrical circular-arc profile is compared with a plane circular-arc
profile of about the same thickness, comparison shows that the symmetrical
arc profile has a much lower minimum drag coefficient (Figure 94). In Figure
95 some experimental results for profiles used at subsonic speeds are shown.
(The profiles are the Gottingen profiles M 622, 623, 624.) As is natural, the
blunt noses of the profiles produce a large rise of drag at supersonic speeds.
If the same profile is tested with the trailing edge in place of the leading edge,
the drag decreases notably (Figure 96), because an attached shock is produced
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Fig. 95. Lift coefficient versus drag coefficient for three subsonic

profiles al M = 1.47 (from Reference 27).
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F ig.' 96. Lift coefficient versus drag coefficient for three profiles
obtained from the profiles of Figure 95 reversing the flight direction

(from Reference 27).
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al the leading edge, and for the same thickness, the drag is less than for plane
circular-arc profiles. 1n Figure 97 the results of the tests for a circular cylinder

6 i

4 M=1.47 P P
; // {j/
JDC>"}%=.M—

(AN
. NN
' ~N

-6

Lift Coefficient
o

0 -.05 1 13 2 .25 3
Drag Coefficient

Fig. 97. Lifl coefficient versus dray coefficient for a cylinder with
a fairing before and behind the cylinder (from Reference 27).

7° 7°
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[
C

S16 8 8 neE
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.08 4 //\ C./Cy

-16 -8 0 8 16 24
a®

Fig. 98. Lifl, dray, and pilching-momenl ('oqﬂi.rienl for a
plane cirealar-are profile at M = 2.13 (from Reference 28).
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lriangular profile at M < 2.13 (from Referenﬁ? gig)” fora
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with a fairing in front and behind the cylinder are given. While the fairing
pehind the cylinder is very efficient for subsonic speed, it is no longer efficient
in supersonic speed, where it is necessary to have a fairing in front of the
cylinder.

Figure 98 and following show some of the results oblained at Guidonia
(Reference 28). The tests were made in a continuous tunnel 16 by 20 inches
at a Reynolds number of about 5 X 10° and at a Mach number of 2.13. Inthe
figures, the theoretical values are also shown. As appears from Figures 98, 99,

t
< ——==10

| Co
M=213 /
R =500,000
A8 | ———-Theoretical
Experimental

040 /
32
S .24 1.2 /

/[

A5

) o £
% 7 ~C./Co
o
0 0 0
-4 -4 <
-8 -4 0 4
C"‘LE,
- 16 -8 0 8 16 24 32
°

Fie. 101. Lift, dray, and ptching-momenl coefficiend for a sym-
£ . Yy ! ! 4 A
melrical circular-are profile al M = 213 (from Reference 28).

100, and 101 the lifl-coeflicient-curve slope is lower than the theorelical, and
the drag coefficient is of the same order of magnitude as the theoretical.

The pressure distributions and the schlieren photographs for the symmetri-
cal arc and plane circular-arc shapes provide an explanation of the differences
belween theory and experiments.  Some pressure distributions are shown in
Figures 102 and 103, For comparison, the theoretical values are also plotted.
The theoretical values are determined by the potential-tlow theory.
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s appears from Figures 102 . . . .
agree vers well i 1h 1;(?rurus 102 and 103, the measured pressure distributiong trailing edge is less than the static pressure of the undisturbed flow, and
a large disorepancy i I‘fOnt gart of the profiles with the theoretical values but {heoretically a shock wave must occur at the trailing edge; the experimental
l ) 3. oy * ey 3
Yy 1s tound near the trailing edge. The pressure near the data show that the value of the pressure near the trailing edge is larger than

t_
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r M=213
fol R=640,000
. e Fig. 103. Pressure distribution along a symmet-
T T rical circular-arc profile at M = 2.13 (from
a=+14 Reference 28).
M=2.13
R=710,000

the theoretical value, and that the recompression begins gradually in a zone
Fig. ](’)n%. Pressure distribution along a cirealar in front of the trailing edge, after which the pressure remains about constant.
aré p w — 919/ . : - . . .

“profife al M= 2.13 (from Reference 28). The differences between theoretical and experimental values due to the separa-
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tion at the trailing edge increase when the theoretical value of the pressure at
the trailing edge decreases, or when the theoretical intensity of the shock at
the trailing edge increases. Schlicren and shadow photographs for a circular-
arc profile appear in Figures 104 and 105.

In order to individuate the shape of the Mach waves, small disturbances are
produced along the surface of the profile. Figure 106 shows the :tl/)eoretical
shape of the shock and of the Mach waves for the same profile. The figures

show that in the front part of the profile a shock occurs followed by an expan-

o A RO B
Fig. 104. Schlieren photograph of a symmetrical circular-are profile.

-

sion, as was foreseen by the theory, but at the trailing edge corresponding to
the shock, a separation is produced: that is the reason for the divergence of
the pressure distribution in the zone near the trailing edge. The separation is
generated by the presence of the boundary layer. The wake that is produced
by the profile has a direction nearly parallel to the stream velocity, as was
foreseen by the theory. The separation at the trailing edge decreases the
expansion in this zone, and therefore decreases the value of the normal com-
ponent and the value of the tangent component of the aerodynamic force.
Therefore the lift and the pressure drag are less, for the experimental results,

Fig. 105. Shadow phqlo—
graph of a symmelrical
circular-are profile al 4°
angle of a'lack.

M=2,05

Fig. 106. Theorelical shape
of shock waves and expan-
sion waves for the phenome-
non considered in Figure 105.
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than the value obtained from theoretical considerations.
from the theoretical moment coeflicients.

The Supersonic Biplane.
results for supersonic profiles have shown that, different from tha
profiles, the drag of supersonic profiles increases
the maximum thickness of the profiles (about with
The best profile from the. vie
the flat plate.
tural exigency to reduce the maximum thickness of the wings
mum. Therefore a special scheme of a biplane using wings
which is theoretically equivalent to a flat plate from the
pressure drag, is of great interest. The special biplane, which has theoretically
the same pressure drag as a flat plate at the same incidence, is a biplane which
uses, opportunely, the interaction between the two wings and is based upon
an observation of Busemann. Thus this configuration is usually cadled the
Busemann biplane (Reference 25). The Busemann biplane is one example of

the use of the interference between different bodies in order to reduce the shock
drag.

viewpoint of the

The basic idea of the Busemann biplane is the following. Consider two
profiles which have flat surfaces and sharp noses.

The two profiles are placed
near each othe

r, with the flat surfaces external and parallel (see Figure107). The

flow that wets the biplane can be divided into two parts: the flow that wets

V,

Fig.107. Aerodynamic design of a supersonic biplane.

the external surfaces BC and AD, and the flow that goes into the channel BA,

HI, CD. Because the noses of the profiles A and B are sharp,
non along AD is the same as for the upper surface of a flat plate
and of the same incidence with respect to the undisturbed velocity. Along
BC the flow is the same as along the lower surface of a flat plate. Therefore
for the external part of the flow, the biplane is equivalent, as to pres
lift, and moment, to a flat plate of the same incidence.,

the phenome-
of same length

sure drag,
Consider now the

Because the pressure
distribution changes, the experimental moment coefficients are also different,

The theoretical analysis and the experimental
t for subsonic
materially with imcrease of
the square of the thickness).
wpoint of minimum drag or of optimum L/D is
For practical acrodynamic problems, it is impossible for struc-
below a mini-
of finite thickness;
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internal flow. Along the profiles BE and AF a compllession is gene;‘latedr.rhThe
wpression can be gradual if the shapes BE and AF vary grad}la y. ere-
COmpfrom the parts BE and AF of the two profiles, compression \'vaves are
f::erated that tend to form an envelope. Each farfrlily of comprflssmn :;a;r}(le:
Zcﬂrosses the other family generated by the opposite ?roﬁle ﬁm.t .Itlee > the
opposite profile. 1If the distance between the pr.oﬁles is smaf, i flb p(')n e
that the compression waves may reach the opP031te profile be or?. orrrg i "
envelope. It is possible, also, to avoid refﬂectlon of the comprilsslotnt:v vOint
the wall by giving the profile an appropriate shape. If the wa L a dl.e aion
al which the compression wave touches the profile B, l?as the s’fimeT l111'e ton
as the flow, the compression wave will disappear (S('%.) Figure 107). . ere "
the flow is compressed isentropically acros.s two families of ?01.np1iessmn \ivslzet(;
which disappear when meeting the opposn.e. profiles. B}lt 1t‘1s also 305513 e L0
expand the flow isentropically with two families of expaxlsl?n \\. av.es iil oaSe i,
again the conditions that the flow had bef(.)re compression; 1fr]1 rnls c ,t i
the tube A B C D, an isentropic transformation o.ccurs, and thf% 9\& e:'ivtes t,l )
tube with the same velocity and direction that it had w.hen it w egt ;n of, 1€
tube. Thus the aerodynamic action of the intern.al flow is zero, aln (; ere o(fz
the biplane is equivalent to a flat plate. A practical schen}e for Itr e dejiflthe
a Busemann biplane appears in Figure 197. Along the pf)mtsB 2 lzam he
velocity undergoes a continuous deviation of compression \\jth\l genera ,
two families of compression waves a and b. The compress.lon Waves Cross ee:;
other and change direction. When the first comgressmn wave rr:le;:)tsr ‘lg
opposite profile at ¥y, the direction of the profile at 1 must turn, and le‘yv(:v !
the point F; must have the direction of the stfe:?m after the COHIpI;;%%Sl.OIt. :
from A4. Because the compression wave AF) is generated by a} evia 1.0n 0] l
opposite sign to the deviation generated by I?E', Ehe wall1 at I, fu;;l;s 111‘1) f;e
opposite direction from before, and at tlyle point Fi, the s 1ape o , P ofie
has a change in the sign of curvature. When the last compressml)lf“ av'e nrder
the opposite profile at 7, the flow has a larger pressure, and there ore 111'0
to obtlain the conditions that it had before crossing the compression w .ewfe a
and b, the flow must undergo an expansion. If —mn, 1.s the max%mum 3ev3a?on
of compression generated by the profile AHD, and »is the Inax1f11111n ;\qa\loli
generated by the profile BIC, at I and H the Pljoﬁles and L.he strearrl:l ang.ta.]‘
inclination (y — 71). In order to obtain COlldlt'IOIIS of undisturbed (l)w, 1 llb
necessary to expand the flow with an expansion of (n + m) (equ? to the
compression) and turn the flow at an afngle (—n+m). If, }fro;n t e ?pgl)lir
profile, a gradual expansion of n; degrees is generated, and, on t 1@ owfer pro it,(;
an expansion of —n degrees is generated, 'thc two expansions are o Opl:ioi e
sign; therefore the direction of the vglocny c}.la.nges by (—.n +bm$’ arll N
flow after the two expansions attains the conditions of undisturbed velocity.
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From H to D along the upper profile the flow undergoes a deviation of expan;
sion equal to ;. At L, the first expansion wave generated by the lower profile
meets the upper profile, and in order to avoid reflection, the profile must changg
curvature and must have a point of inflection at L. When all expansion waveg
are eliminated, the shape of the profile has the same direction as at A, ami
therefore it is possible to obtain a closed profile. Assuming for simplicity
that all expansions and compressions are transmitted across or\Qy one characs
teristic line, it is easy to design the scheme of a biplane for different angles of
attack or Mach numbers. Some schemes are shown in Figure 108.

It is interesting to observe that if the compression occurs with a shock, ag
happens if the leading edge of the profile has a finite valye for the edge, it is
possible to design a Busemann biplane in which the transformation in the
internal flow is no longer isentropic, but the differences from isentropic trans-.
formation are very small, and therefore have a pressure drag very nearly that
of a flat plate. This Lype of biplane presents a more practical possibility be-
cause it does not need edges of zero angle. A design of such a biplane appears
in Figure 109 (Reference 29),

The Busemann biplane is very interesting from the theoretical viewpoint;
however iis application is difficult for the following reasons: The theoretical
design can be made for one angle of attack and for one Mach number only;

Fig. 108 (a). Schemes of supersonic biplanes af zero angle of atlack (from
Reference 29).

Fig. 108(b). Schemes of supersonic biplanes al an angle of attack (from
Reference 29).

M=1.83 M=2.25 M=1.
- P=1574p, | P-0837p, R.=1.265p,
- Y

= S
N e
e M=2T11
N
M=213 2 TR P ]0]5ps|
i S

Z X
P.=1 495p S =
s y# R

r =3 Nl

o \\ N NN
M=198 “_ootgey M1825  “M=202
R=1265p, Co R=1.575p,  R=1192p,

Fig. 109. A practical design of supersonie biplune (from
Referenice 29).
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therefore when the speed changes or the incidence changes the scheme is not
‘completely efficient because efficiency decreases as the difference from design
conditions increases. Friction drag increases notably because the wetted
surfaces are about twice those of a usual profile; therefore a part of the gain
in pressure drag is absorbed by the increased friction drag.

The Busemann biplane can be practical in particular coniitions when flight
conditions do not change much, because in this case it is possible to obtain an
L/D larger than for the usual profile with the same strength. |

5

—
0
—

Fig. 110. The design and aerodynamic analysis of the bi-
plane used in the lests (from Reference 30).

Some experimental results of a biplane Lested at Guidonia (Italy) are shown
in Figures 111 to 113 (Reference 30). The biplane tested was designed for
zero angle of attack (symmetrical biplane with two similar wings) (Figure
110). The biplane was tested for different angles of attack and for different
gap distances I between the two wings, in order to have some data of practical
efficiency for conditions of flight other than for the design conditions. The
test Mach number was 2.03.

During the tests some complications were found, due to the fact that
another equilibrium condition is possible with a strong shock in front and
subsonic flow in the channel (a condition that will be discussed in the chapter
on supersonic diffusors). However, when supersonic flow is obtained in the
channel the results of tests show that the scheme of the phenomena agrees
with the theoretical scheme. Some divergence was found near the trailing
edge of the wing depending on the boundary layer that produces separation
as on wings.

The results of force measurements appear in Figure 111. In Figures 112
and 113 are shown the values of ¢ p and 0 as functions of the distance between
the wings for different angles of attack. The surf: aces of reference are the sur-
faces of the two wings. The theoretical values of the coeflicients are also
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shown for comparison. For a distance between the two wings equal th 1.85,
:he two wings do not interfere, and the drag coefficient of a wing becomes

.24 I I
Experiment /CL
-~——Theory / /
.16 8 v
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08 ~lo 4 ’/l
’
; i . C
-k; S ——"-Co
s 0 0
o y
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-08 /’/
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—24
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) ) the biplane
ig. 111. Lift and drag coefficient of
zfl%iqure 110 at Mach number 2.03 (from Refer-

ence 30).
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Fig. 112. Drag coefficient versus @
tujfen, the external surfaces of the wings for the
biplane of Figure 110 (from Reference 30).

0.0216. The minimum drag of the biplane for the design fzor.lditi.on .(I =1)
i:() 01.64 for the same surface of reference. Therefore, the diminution in drag
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tF};ig. t113. lLiftf coefficient versus distance between
¢ external surfaces of the wings for the bipla
Figure 110 (from Reference 30). plane of

is important, and dC; /da is larger for the bipl i
nd d plane than for the wing alone.,
value of L/D is higher for the biplane than for the o tares

. wing alo
gain would be obtained " o e o e

if the biplane were designed for an angle of attack.

CHAPTER

3

TWO-DIMENSIONAL EFFUSORS

Effusors and Diffusors. In the practical application of supersonic aerody-
namics two different kinds of phenomena connected with the flow into tubes
must be considered: the phenomena that occur when the flow is decelerated
from high speed 1o low speed, and the phenomena connected with the opposite
transformation when the flow is accelerated from low speed to supersonic
speed. The apparatus used to decelerate the flow from high speed to low speed
is usually called a diffusor, while the apparatus used to accelerate the flow from
low speed to high speed-is usually called an effusor. A supersonic effusor can
be divided into two parts: the first part is the subsonic part in which the flow
increases in speed from low values to the speed of sound, and the second part
in which the flow is accelerated from the speed of sound te supersonic speed.
The first part is made up of a converging tube, because in subsonic speed the
increase in velocity is greater than the corresponding decrease of density;
the second part is made up of a diverging tube because, for supersonic speed,
the increase in velocity .is less than the corresponding decrease of density
(Chapter 1, equation 5la). At the minimum section (throat) the speed
attains values of the order of the speed of sound. If the velocity is uniform
across the entire section, the velocity at the throat is exactly equal to the
speed of sound.

The study of effusors and diffusors is particularly important for design of
supersonic tunnels, and for design of supersonic jets for jet-propelled airplanes.
For analysis, effusors and diffusors can be divided into two types, the two-
dimensional effusor or diffusor and the three-dimensional effusor or diffusor.
A two-dimensional effusor or diffusor is a tube formed by two parallel walls
and two walls made by a cylindrical surface of curved shape with all the gen-
eratrices perpendicular to the parallel walls. In this case, if the boundary
layer is not considered at the parallel walls, all flow quantities are constant
along every line perpendicular to the parallel walls; and therefore it is enough
to study the transformation of the flow in a plane, so that the two-dimensional
theory can be used. o '

The physical schemes of the phenomena for three-dimensional effusors and
161
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diffusors are similar to those analyzed in the two-dimensional case, but
quantitative analysis is much more complicated and is possible only in particu-

lar cases. Some of those will be considered when flow with axial s

ymmetry is
analyzed.

In analysis of supersonic effusors two problems are usually encountered:

(a) The problem of the design of such a supersonic effusor that for given
flow quantities at the beginning of the effusor, and a given pressure
on the end of the tube. there is a given velocity distribution at the

end of the tube. Usually a uniform velocity is requested at the end
of the tube.

(b) The problem of determining the flow quantities at the end of the

effusor for a given shape of the effusor and for a given value of the
pressure at the beginning and at the end of the effusor.

The first problem for the two-dimensional case is important for design of
supersonic tunnels. In tunnels, generally, the direction and intensity of the
velocity of the subsonic part of the effusor is kno
design the supersonic part in such a way
velocity distribution at the end of the
section. Because the flow is supe

wn, and it is necessary to
as to obtain uniform pressure and
effusor which corresponds to the test
rsonic, small variations of velocity and pres-
sure in the test section occur with formation of expansion or shock waves which
extend across the whole section and com plicate analysis of the phenomena and
the optical investigation. Such an effusor can be designed without formation
of shock waves, and in this case, for a given pressure ratio at the ends of the
effusor, the momentum of the flow at the end is maximum; an effusor with

isentropic transformation and uniform velocity at the end is called a perfect
effusor.

Theoretical Design of the Supersonic Part of a Two-Dimensional
Effusor. For design of a perfect effusor, the velocity and pressure distribu-
tion along a cross section at the beginning of the effusor in a zone in which the
flow is supersonic at all points, and the final pressure or the final Mach number
must be known.

Sometimes determination of the velocity distribution in the section at the
beginning of the tube is not known; and the hypothesis is assumed that, at
the minimum section of the tube, the velocity is uniform and equal to sonic
velocity. This hypothesis is approximate enough if the subsonic part has a
very gradual variation of cross section near the minimum but if, in the sub-
sonic part, a rapid variation of cross section occurs near the minimum, the
actual distribution of velocity is very different from the distribution assumed
in the design of the effusor, and therefore the results obtained experimentally
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. . -
| be very different from those determined analytically. In general, (gelteto
I - . - .

ca'nation of the velocity distribution in one cross section 1s very useiu

mi
tain satisfactory results. o . N

ObFor the design of the effusor, the characteristic theory is used. The co

i SOr i ivalent
dition of a uniform velocity distribution at the end of the effusor is e((lqlz)lv&cxom
to the condition that the end section of the effusor must not ‘be crosse ynSio,n

T Ission or expansion waves; therefore, because in the efluscill' %;111 expa on
o S h a shape that all the expansi
it is t the effusor have such a shap .
oceurs, it is necessary tha . hat all the expanston
iminated before the end section. W
waves produced be elimina . was shown 1t the
i / ts a wall an
scedi ters that, if an expansion wave mee | and
B iation of direction that the
i i dergoes the same variatio
the point of meeting un . dixection that he
ity : the wave, the expansion wave 18 ,
velocity undergoes across . ) bt
disappears. Therefore in order to obtain a perfect effusor this c.oncept C:S e
11;0(1 and the following scheme can be adopted: Some expz(iinsmntv:}z:v -
ener i v he flow, and meet the -
¢ : 11, the expansion waves cross t , PO
generated on the wall, ' o, and meet {he obpo
i y eli ted; when all the expansio :
site wall; there they are eliminated; ; xpansion weves e e
71 1 d parallel. For practical design
nated, the flow is uniform an . . : e e
ansi v f infinitesimal intensity, some lin
number of expansion waves o : : ne that repre
ini i t be substituted with an average 1
sents a finite expansion mus ; pelination cor
i age Mach number that the line represents. !
responding to the average ! ! s The sub
itution i v assuming that the expansion occurs
stitution is equivalent to assuming ‘ ns N borine systom
i 1 tinuous expansion. Using the nu g
steps instead of being a con : - © numbering system
it is i ced in the following way: Assu
of Chapter 2, it is possible to procee. . ; . e
beginning of the diffusor the velocity is uniform and equal todsollgn(;h\;e K/[Ca gh
'1113 consider a symmetrical effusor (Figure 114). At A an

201 202
A{GY
600 [\soXD 3%
400 / /598

\
\/m 5990
X C Y e D e X
xTRC 3997, 398

!N/ \

/ 400 /\E 399

roN \

/ \ 598

/599 )l\E N
\

I
BTF f
199 198

Fig. 114. Construction of the characteristic net in
order lo design a supersonic effusor.

number is one, and the direction is the undisturbed direction. leho;nl}:ie-s
system of numbering used in Chapter 2, at A and B. thelje ar.e t:}vo co:lr;ztirbed
i;\n numbers, the sum of which is 1000, and if the direction r}sl t efuil sured
di:ection, the difference of the two numbers must be 200. 1erefore,
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numbers are 600 and 400. Along the xz-axis, because the effusor is s i
cal, the velocity must be in the direction of xx; therefore along the yml?lem-
number must have a constant value of difference equal te 20g() iffi}ans "
.betweefl rx and zA, is considered positive and the angle betw'eeri x a anle
is c:o.ns1dered negative, when the direction of the velocity is inclix adn "
positive angle with respect to zz, the difference of the numbers must I;)e 1 .
than 200, and must be smaller in the other case. [f a deviation of ex;a:ig:;

iS e 1 i
pI‘Odll( /d m A aI]d B, expaIlS|0n waves are genel‘ated fl‘()m A and B and :
’ ’

substitu‘linjg for the continuous expansion a line that corresponds, for ex. 1
t(Z a deviation of 1°, it is possible to design the line AC. After thf: ex anZ'mp ef"
1. , the Mach number corresponds to the numbers 600 and 399 :I‘heI; fi ot
line .AC corresponds to the number 999.5. F rom Table 2 of tl'le a eedo're'”{e
possible to determine the Mach number and the Mach an, ole ¢ e lxdlf; "
t0.999.5.  The direction of the wave AC s (—yu + 0.5° B{;hin(;) :;esfl)?n 40
the l\.'Iach number corresponds to the number 999 an(.i the dilre('t'e m? he
velocity corresponds 1o 201; therefore behind A( éhe flow is deﬁln‘:a(()in}?y :}I::
Eumber 600,/399, V The line I?C can be designed with the same interiml but
be;:r?luse ;(:r.oss AC an expansion occurs in the negative direction, the numbe;
: :i;x.n Ths :615"9891;16010. At C the two expa.nsion waves meet each other at the
. prave ! repres?nts an expansion of 1° in the negative direction;
ore the flow across CD must expand and turn at 1° in the negative

direction, and both the difference and the sum of the two numbers must

dec?ea.se b.y I; therefore the numbers become 599 and 399, Across CE th
delatlon is 1° positive; therefore the sum must decrease by 1 (expansi ‘;_
1°), and the difference must increase by 1;: the numbers are 599p n20§90
In orde%r to design’ CD it is necessary to consider that CD represents th;l A "
expansion wave between the Mach numbers corresponding 1o 999" a(\i’e;ag(?
.ther.efore the Mach wave corresponds to 998.5. The Mach wave et b
— inclined .at a Mach angle corresponding to the number 599.5 /399 W'LthmUSt "
to the direction of the velocity corresponding to 200.5. ff 01 is th; d'resp'eCt
:)lf the vel(;city] (14° positive for CD) and g is the Mach angle, all the “:arli(;z(;rfl'
1€ same family as CD that are incline i i
must be iqclined at (0 4+ u) with respec(: :(f ac—: MFv‘i)l;hCrEesgfeCt\r;?uzhef Vek’mty
s'ame., but it is negative (the family of the waves inclined at — ) andotl "f (lis e
::IOT- mt.front.i; +0; therefore for the waves of the same f:m,ilv as 1EE"‘;C‘;
cunation with respect to xx is (9 — is 15° iy |
and F another expansion of 1° occurs,#t)h((f\::(;;‘l ?nﬁsfts rftatzeff:r‘lrg);:} G
sponding numbel.‘ must be 202 for GH and 198 for FJ . GD is the e;ea(fs?e-
:;r;;v;;;);‘ssi}cs)n(r;dlilg tobthe 11u1.r1bf:r 600,/398.5; its inclination with resI;)ect (t):)l
e o ) ecat_lie 1t 1s of the family for which u 1s negative (4 in
1S positive, 0 = 1.5°). [fat D an expansion wave of opposite direc-
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tion is crossed, at DH the sum and the difference of the numbers decrease by
1; therefore it is the upper number which decreases by 1 unit.

The procedure therefore is very easy: when moving in the direction of the
stream, if an expansion line is crossed which is generated by the lower wall,
the upper number decreases by 1 unit, and when an expansion line is crossed
that is generated by the upper wall, the lower number decreases by 1 unit
(the unit corresponds to the value of deviation in degrees which the expansion
line represents; in our example, Lthe unit is 1).

For design of the expansion line that divides the two zones, the Mach angle
and the direction of the stream must be determined. The Mach angle is given
by the average of the sums of the two numbers corresponding to each zone,
while the direction is given by the average of the differences of the two num-
bers of each zone minus the value of the direction corresponding to the
undisturbed flow (200 in the numbering system accepted). The inclination
with respect to xx-axis corresponds to an angle equal to (8 + u) for the
expansion line generated by the lower surface and to (0 — ) for the lines
generated by the upper surface. For design of the effusor the final Mach
number or the final pressure is given, therefore, in terms of the final value;

the value of the angle of expansion must be fixed. The value of the maximum
angle of expansion can be determined, using the following criteria. The final
Mach number is known, because, if the value of the static pressure at the ends
of the effusor is given, the Mach number can be determined from the pressure
ratio for isentropic transformation. For the final Mach number, a value of
the angle » of expansion from M equal to one is given (Table 2 of the appendix).
Therefore, the expansion necessary to obtain the given Mach number corre-
sponds to ». Because the deviation of expansion occurs on the two walls, the
expansion at one wall plus the expansion at the other wall must correspond to
Therefore, if the effusor is symmetrical, each wall must rotate at »/2°,
When the expansion line has crossed all the opposite expansion lines in the
tube, it meets the opposite wall. Behind the expansion line the direction of
the flow is known; in order to avoid reflection of the expansion line at the
wall, it is necessary to give to the wall the same direction as the velocity
behind the expansion line; therefore it is necessary to curve the wall at the
point of meeting at an angle equal to the angle which the expansion wave
represents. The expansion wave is generated by a deviation of expansion
produced at the opposite wall, and therefore of opposite sign from the ex-
pansion which is produced at the wall considered; therefore in order to elim-
inate the reflection of an expansion line when the waves meet the opposite
wall, the wall must decrease curvature with respect to the zz-axis. When all
the opposite expansion waves are eliminated, if the effusor is symmetrical the
wall is parallel to the xz-axis, In order to check the design, it is desirable to

V.
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compare the end sections ratio of the effusor

(51) or the corresponding Table 1 in the appendix.

From the preceding considerations it is evident that the first part of the

gths and that the second
opposite wall, is calculated from
ble to concentrate all the expansion
; in this case, the effusor presents at

supersonic diffusor can be designed with different len
part, in which the expansion waves meet the
the geometry of the first part. It is possi
v/2 at the two points 4 and B (Figure 115)
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Fig. 115. Effusor of minimum length.

a corner A and B, and the length of the
kind of effusor is not very
because of the presence of
important effect in it than iy
gradual expansion.

If the length of the effusor is fixed, the e
termining the velocity
shape of the walls,

effusor is the minimum possible. This
practical because of the precision necessary and
the boundary layer, which probably has a more
1 the longer effusors in which the flow undergoes a

ffusor can be designed by prede-
distribution along the axis and deriving from this the

The system of calculation is the same (Figure 116). From
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Fig. 116. Effusor of given length.

the part of the wall corresponding to the minimum
corresponding to the first step of ex
point on the wall corresponding

section O the characteristic
pansion must be designed, and from the
to the end section 0, the characteristic of the

with the value given by equation
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i i st step of expansion must be designed.

OPPOS““_\ famllytflzr;i?S (:;((31 lgf‘ugzlfi}:fezb; Si:il()l M, fr[:)m the intersection of the
e e OX}stic lines. Fixing the law of variation of velocity between these
o Ch?raCt?? is ossib.le to determine the shape of wall. Indeed, wher.l the
o I')omts,/ll 1; GpM is known, from A and B the point C can be determ.med,
e a(t7 the point D: from C, B, G, the points E, F, and H can be obt.amed,
e ;l . afit.h the; same system the shape of the wall can b'e designed.
e prof’ o n'lfin the velocity distribution along the axis ABM, it is necessary
" per.b t(ifnrnthaf the expansion along the axis must ba gradu.al and mPS‘i b;
L]?ol;zn;;%ueal than. or at the maximum equal to, that for the effusor considere
! ’ . .
e 11?’ ‘Zﬁéca;;‘fp;e;fr]gc? Eflilelstor can be designed wi‘LhouL symm?try

ril}n an %t:: (t)i the direction of the flow at the begim‘ling of the tube. ‘ t[' Ee |
. l't 1 'resp' he same, and the value of the total expansion of the flow must be
312231;; tirllethe sa;ne manner. In Figure 117, for example, a perfect effusor

e

v

Fig. 117. Effusor having a straight wall.

i ivalent
is desiened with a straight wall and a curved wall: Tl}e effusor 1? eqtl}uv:a(:n '
lts ; gha‘lf of a symmetrical diffusor, and therefore is twice as long for the

0 one-
ion as a symmetrical effusor. . S e
Secltfl(;l}lle veloc);ty at the beginning is not uniform and the dlStI‘lblltll(()n of e
locity is known (direction of velocity and intensity of vzlo;nty are n(())\ixl nat
i i Indeed, for every p
i does not change. ,
g), the system of design ' for |
a}lll pl())mitnling section the two numbers which define the vd(.)(n'ty a\ria1 -k}rll()“::s
) (ji fef every point it is possible to design the two char%%cterlstlc}s W 1ct . I:l "
?}Ill 0h the point. After choosing for simplicity the points 0? t.le sec .11)(16 o
ljizl;lgthe Mach number corresponds to an exact numlzlerhN, llt 13612)?3;116 ol
i i istic line the shap
i ‘haracteristic lines an
i the same criteria all the ¢ . | ' . "
dl(flgn b);18) In supersonic tunnels in which effusors for dlife}rlent k1)\;[0nic
( 1glll)re mus.t be designed, it is practical to maintain the shape of the su
numbers )
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{4/\\;%: 5::/,'528919;919? 193/ 200 gi;t identical (or s.imilar) for every
A — t}l usor .and.to obtain experimentally
ot ———————  the distribution of the velocity (inten-
R —w .s1ty and direction) in a cross section
Wss’;\‘ﬂ:k&\” _ in the zone of the throat. The section
TR NN \‘\\ - chosen for the determination of the

velocity distribution, if the determi-

Fig. 18, Eaample of devian of an natlcy)n is  obtained from pressure
f:{:;?r when a nomtuniform welociy dis I‘ne&-xsurements, must be in the super-
Rpfe’_::ge l;).g“‘m in'a section (from bf)ll'lC part of the effusor in a zone in
) \\} hich the speed is large enough so

e \ . thal the instruments used wij
;2?;;:5 St:,:;te:},?:u;r:)f lllic velocity u.pstre.am producing detached slxoci&ls;n(;:'
optical Mac}. 1) jlse) . the velocity ‘('hstribution can be obtained in the
1 number equal to one. With the velocity distribution deter-
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Indeed, for every Mach number con-
es that must be produced by the walls
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are determined. The sum of the numbers corresponding to the flow after
the waves have crossed the axis must be equal to the number corresponding
in Table 2 of the appendix to the Mach number considered. Therefore the
shape of the effusor can be determined by extending to the opposite wall every
wave with the same direction that it has when it crosses the two waves
determined before, and curving the wall in the point of intersection with the
waves as the direction of the flow. Figure 119h gives an example of the

construction.

Analysis of Supersonic Two-Dimensional Jets. Tn the study of super-
sonic flow it is interesting to examine the phenomena for a jet which overflows
into the free air.

Consider a tank with air at high pressure and a nozzle which allows the
compressed air Lo overflow into the free air, and assume at first that the nozzle
is a subsonic nozzle with converging walls and decreasing sections from the be-
ginning to the end. If pgis the pressure in the tank (Figure 120a) and p, is
atmospheric pressure, when p, is larger than p, the air flows from the tank

Pa Pa
—s, Fe l\:/

Po —P1 Tp

(@) (b)

Fig. 120. Two-dimensional jels from converging and
diverging noz:les.

into the air. If po/p. is less than the critical ratio, po/px (equation 39), the
pressure p; corresponds to the pressure p,; and when the pressure p, increases,
the speed at the section s; increases. When the pressure p, becomes equal to
1.886 p., the speed at s, corresponds to the speed of sound, and the pressure
al p; corresponds to p.. A one-dimensional transformation without losses is
assumed in the effusor. If the pressure p, overtakes the value which at s
corresponds to the speed of sound and the external pressure is equal to pq,
the flow at s; does not increase speed because in order to obtain supersonic
velocity it is necessary to increase the section of the nozzle with respect to
the section in which the speed of sound is obtained; therefore at s; the speed
of sound still exists. If no losses occur, in order 1o obtain the speed of sound,
the value of py/p: must be equal to 1.886. Since p, is larger than 1.886 pa,
the pressure p; must be greater than the pressure p,; therefore the flow
coming from the nozzle undergoes an expansion from the pressure p; to the
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pressure p,, an expansion which occurs outside of the nozzle. If to the con-
verging effusor a diverging part is added (Figure 120b), the expansion can be
obtained in the nozzle, and if the pressure p, is high enough with respect t
P, supersonic flow exists in the diverging part. ‘
If at the end of the effusor (section s) the flow is supersonic, the flow
phenomena in the tube are independent of the value of Da, and the pressure p,
at s is a function only of the geometry of the effusor and of the pressure in
the tank py. If the velocity is assumed constant at the sections st and s,
the pressure ratio p,/p; is equal to 1.886, and the Mach number at s, is given
by equation (51a), while the pressure p, is given by equation (41). Therefore
there exists only one value of Do for which the static pressure at the end of
the effusor is equal to atmospheric pressure. For values of po different from
this, the pressure p, is different from p,; and therefore expansion or compres-

sion must occur in the flow outside of the effusor, or the flow at s, can no
longer be supersonic.

Jet in Which the End Static Pressure Is Higher than the External
Pressure. If the external pressure is less than the static pressure at the end
of the effusor an expansion outside of the tube occurs (Figure 121). The

Fig. 121. Jet from a nozzle having at the discharge static
pressure higher than the external pressure.

expansion begins at the points A and B and is transmitted in the flow by a
family of expansion waves which start at A and B. If the speed in the section
S; is uniform (the effusor is a perfect effusor), the Mach waves are plane and
meet each other in the center. If the velocity is not constant and some other
waves cross the section S,, an interaction by the expansion waves generated at
A and B and the waves existing at the section S, occurs, which can be deter-
mined. From the values of M; and p; it is possible to determine the Mach
number corresponding to p,. From the value of the expansion it is also pos-
sible to determine the value of the deviation ¢ of the streamline that passes
through A and B (the expansion is isentropic).

All the expansion waves cross the jet; but when the two families have
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crossed the jet the expansion in the jet (zone DEF) is larger than at B because
the flow has undergone the two families of expansion waves .that are generated
at B and at A, each of which corresponds to the expansion from pe 10 p,.
Therefore, the flow in the zone FDE is overexpanded with 1espect to t‘he
external air.  When the first expansion wave meets the external flow (point
(: of Figure 121) it is reflected as a compression wave, because at C the. pres-
sure must be equal 1o p,, and behind the expansion wave the pres.sure is less
than p.. When a deviation of compression occurs at G, the.streamhne changes
shape. The same phenomenon occurs for all other expansion waves, and two
families of compression waves are generated. For the same reason the com-
pression waves are reflected as expansion waves and these expansion waves
are reflected again as compression waves; therefore the waves extend Lheor(.jt-
ically to infinity. Naturally, in the practical case, at the boundary of the 'Jet
a strong turbulence is generated because along the boundary of the Jet,‘
theoretically, an infinite gradient of velocity exists, and t]1eref.0re‘ a zone of
mixing flow is produced by the viscosity. The zone increase‘s ‘wuh }1lcrease .of
the extent of the surface of contact; therefore after a ilm%c distance, in
practical cases, the expansion waves or compression waves disappear. The

Streamline
Horizontal Axis

Compression (b)

Fig. 122. Discharge from an effusor having the end cross seclion inclined with respect
lo the direction of the stream.

waves can be determined analylically with the characteristic theory, and the
determination is also easy if the effusor is not a perfect effusor or if the effusor
does not have the end section perpendicntar to the end of the jet. In this
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case (IT igure 122a) the expansion occurs in a different way for the two parts
of the jet, and a deviation of the direction of the jet, and consequently of the
thrust of the jet, occurs, a deviation that changes when th

e difference bet
p2 and p, changes. e

Jet in Which the Static Pressure at the End of the Nozzle Is 1

.ess tha
the External Pressure. .

. When the external pressure p is greater than the
static pressure corresponding to expansion in the entire effusor for a given
value of the pressure in the tank (supersonic flow at the end of the diﬂ'ugsor)

the phenomenon is more complicated because the boundary layer on the wal],
of the effusor has an important part in the phenomenon, and therefore a
theoretical quantitative analysis is more difficult. Consider at first a perfect
flow (no boundary layer) and, for simplicity, a perfect effusor. Also assume
that the pressure at the end of the effusor is equal to the external pressure

In this case at ihe points A and B of Figure 123 no variatior eure

1 of pressure
occurs; therefore no deviation occurs

and the flow does not change physical
characteristics. [If the pressure pg, and
therefore the pressure P2, decrease, a
compression must occur in the flow, at
A and B a compression which is trans-
mitted in the flow with a shock wave
(Figure 123). The intensity of the shock
is determined by the Mach number in
front of the shock M, and by the varia-
tion of pressure from P2 10 pu; therefore

with equations (121) and (125) the i
.y - s (1 e in-
clination of the shock and the deviation across the shock can be determined

The streamline AD is inclined at an angle & with respect to the velocity at
AB, and the shock wave AC at an angle e. The shock waves "911era£e(vi al
A and B cross each other at C,and at D and E meet the buunda:yj of the jet
Ihe waves CD and CE can be determined by considering Lhe eqlllilibrlilm;, m
€ (Chapter 4). In the zones BCE and ACD the flow has the same
P butl in the zone CDE the pressure is higher ’
another compression across CD and CE.
Because at DCE the pressure is greater Lhan atmospherie, expansion oceurs
at D and E. The expansion is transmitted by a famil  xpe fon waves.
‘ y a family of expansion waves
and from DE the phenomenon is equal to the phenomenon from BA of Fj ur’
121 for. the case in which the external pressure is less than p,. “If, in the t(firs(:
approximation, all transformations are supposed isentropic 1]19, numberi
system can be used and the entire determination becomes Pa;ier o
If the difference between pa and p., - intensity o

\
W

N

Fig.. 123. Supersonic jet from a noz:le
having at the discharge static pressure
lower than the erternal pressure.

pressure as
because the flow undergoes

wereases, the intensity of the shocks
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AC and BC increases and the Mach number in the zones ACD and BCE
decreases. But the shocks CD and CE are shocks which correspond to the
same deviation that occurs across BC and AC. The phenomenon considered
is symmetrical with respect to the z-axis, and at DCE the direction of the ve-
locity is constant and parallel to the axis of the jet; therefore when the Mach
number at ACD decreases, a value can be obtained for which the maximum
deviation is correspondingly less than the deviation which must occur across
(D, CE. When this Mach number is attained, the shock CD is impossible
and the scheme of the phenomenon must change. When the reflection of the
shock at the point € cannot occur in the central part of the jet, a compression
with one shock alone must occur there, and because at the axis (point C) no
deviation can occur as the jet is symmetrical, there a normal shock must
exist (Figure 124). At the point A the flow must undergo a shock fixed by
the pressure p,., therefore the shock at A is an inclined shock. At ADF the
flow is supersonic because the pressure p, is decreased by a small quantity
with respect to the case in which reflection was possible at C; and therefore
the shocks AD and BE must be weak shocks. For
cquilibrium, a point D must be found in which a s«
reflected shock, DF or EG, is possible for the Mach
number which exists at ADF. The reflection is pos-
sible only if the direction of the streamlines DI or
EH is not parallel to the axis but inclined at an angle
with respect to the rz-axis, because if the stream- —==7]
lines are parallel to the zz-axis at D and E, the Fig. 124. Scheme of the
same conditions as those at € would occur, and shock waves patlern al the
therefore reflection would not be possible. If the discharge of a supersonic
. .. . Jet for the case in which re-
streamlines DI and EH are inclined with respect to Tection of the shock waves
the zz-axis, the deviation across the reflected waves gf the aris cannot exist.
EG and DF, at D and E, is less than the deviation
across BE and AD. Therefore the shocks are physically possible for the
Mach number existing in BEG and ADF. Because at D and E a deviation
of the streamline must occur, the strong shock of the central part must
produce at D and E a deviation, and therefore there must be an inclined
shock at D and E, and the shock DCE must be curved. The flow in IDEH
is subsonic flow at a lower speed than in the zone FDI and HEG. The posi-
tion of the point D or E depends on the equilibrium along the streamline
DI or EH, and therefore on ‘the Mach number in BEG and ADF and the
deviations across the shocks AD and BE, quantities that depend on the
value of the pressure p, with respect to p,. If the value of p, decreases with
respect Lo p, the distance between D and E increases, because the deviation
across AD and BE increases while the Mach number at ADF or in BEG

M, p, =1 Subsonic
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decreases; and therefore the inclination of the streamlines DI and EH with
respecl to the z-axis must be larger.

If the pressure p, continues to decrease, a value is attained for which the

points D and E are coincident with A and B, and the reflected waves disappear.
For this value of p, a strong shock occurs across the entire end section, that,
when thie pressure p, decreases, tends to become a normal shock.

If the value of the pressure p, in the tank decreases with respect to the value
for which a normal shock occurs at AB, an equilibrium with expansion in the
whole effusor (also with the hypothesis of no separation from the wall) is no
Jonger possible, and the strong shock must move inside the effusor. Tn this
case, if no separation oceurs, the position of the shock is defined by the ratio
Po/po and by the geometry of the nose. Indeed, for a given Do, for every
position of the shock the values of M, and ps (Figure 125) are known at every
point in front of the shock because they are functions of the geometry of the
effusor. Therefore, it is possible to determine the
values of M, and p, behind the shock ; no deviation
is possible across the shock at the wall because
Py /5\4 | M perfect flow is assumed, and therefore the shock

41 Ps must be normal to the wall. From ps and M, and
from the position of the shock, the values of p; and
t ! M; can be determined as functions of the geometry
;)mo the nozzle, assuming no - o the effusor. Because the flow is subsonic after

oundary layer at the walls, . .
and shock inside the nozzle the shock, M; is smaller than M,. The position of
the shock for which p;, at B and 4, is equal to p,

gives the position of equilibrium.

When p, decreases the shock moves upstream in the flow and decreases in
intensity because the Mach number in front decreases, and the diffusion be-
comes more important. When the shock attains the throat of the effusor the
intensily of the shock is zero, the supersonic part has disappeared, and the
whole nozzle is subsonic.

The preceding considerations are developed with the hypothesis that no
boundary layer exists on the walls of the effusor and that separation of the
flow cannot occur on the walls. Practically, the boundary layer exists, and
when the pressure p, is greater than the pressure p,, the boundary layer plays
an important part in the flow equilibrium in the effusor. Indeed, when D2
is greater than p,, the boundary layer is formed in an expanding flow and no
separation can be generated; so the boundary layer has only the effect of
slightly changing the geometry of the effusor with no change in the physical
scheme of the phenomenon. But when P2 18 less than p,, the boundary layer,
if it exists, modifies the formation of shock waves that are generated at 4 and
B because the boundary layer produces a separation (see Chapter 4) of the

Fa

Fig. 125. Scheme of the flow
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stream from the wall, a separation which be-
comes more important when the diﬁ‘erer.lce
between p, and p. increases. The separation
changes the practical geometry of the effusor,
and consequently changes the scheme of the
phenomenon very much, and the phenomena
in the boundary layer fix the position of the
shock in the effusor. Because the boundary
Jayer depends on the variation of the pressure
along the walls of the effusor, the position of
the shock depends on the shape of the effusor;
and the position changes if the length or the
Jaw of variation of cross section of the effusor
changes. In order to understand the ir.npor- B

tance of the boundary layer it is interesting to Fig. 126. The flow patfern info
consider the limiting case opposed to the case ¢ nozzle assuming that the boundary
considered above. In the preceding con- layer cannol undergo any com-
siderations, an effusor was considered in which Pr¢*'o"

separation of the stream from the wall cannot . .
occur; now an effusor will be considered

€= Separated Region 1N which separation is. s-upposed to occur
every time the conditions necessary to
have separation exist, and therefore every
time a positive pressure gradient exists in
the flow. If the possibility of separation
is so large that no recompression can
occur in the flow without separation, the
equilibrium conditions of the flow are
easily determined; indeed, (Figure 126) for every Yalue of pg, points A and B
can be found in the effusor in which the pressure is equal to the value of the
external pressure p.. At these points the flow separates from the walls, and a
free jet occurs with constant pressure p, at the boundary. If the pressure po
increases, the points A and B move in the direction of the stream,. but no shock
occurs at the jet. When the points A and B reach t}}e end. of the jet the eﬁ'usoq
corresponds to the effusor without separation, in whlc.h 1.)2'1s equal to p,. Actu}?
practical effusors are somewhere between the two llmmn.g cases because the
boundary layer can, in part, undergo a gradual compression without separa-
tion, but tends to separate if the pressure increase is of a large value. B.ec?use
the phenomena are stabilized only in the boundary layer, the equlhg.rfl;m
condition depends on the geometry of the effusor. Generally, for sma'll 1h.er};
ences of pressure between p, and p, the phenomena are near the case in whic

A/

< <

Fig. 127. Acfual scheme of the shock
paltern inlo the nozzle in presence of
boundary layer.



Fig. 129. Schlieren
photograph of the dis-
charge of the flow
from a nozzle de-
signed for an end
Mach number of
1.92: ratio of the
lank pressure lo the
exlernal pressure,
4.18.
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Fig. 128. Schlieren
pholograph of the dis-
charge of the flow
from nozzle designed
for an end Mach
number of 1.92; ralio
of the tank pressure
lo the erternal pres-
sure, 5.08.

Fig. 130. Schlieren
photograph  of  the
discharge of lhe flow
from a nozzle de-
signed for an end
Mach number of
1.92; ratio of the
lank pressure lo the

exlernal pressure,
3.84.
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Fig. 131. Schlieren photograph of the discharge of the flow from a
nozzle designed for an end Mach number of 1.92; ratio of the tank
pressure lo the external pressure, 3.67.

\

Fig. 132. Schlieren photograph of the discharge of the flow from a
nozzle designed for an end Mach number of 1.92; ratio of the tank
pressure lo the external pressure, 3.54.

separation does not occur; inclined shock waves occur at the end of the jet.
But if the difference in pressure increases, the separation from the wall be-
comes larger, and a shock with the conformation shown schematically in
Figure 127 occurs, which moves into the effusor in the direction opposite to

the stream when the value of p, decreases.
Figures 128 to 132 show some schlieren photographs of the flow in a two-
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dimensional open jet with different pressure ratios po/p.. The jet is designed
for M = 1.92, and the static pressure at the end of the nozzle is equal to the
external pressure when p,/p, = 6.91.

In.lpulse of Jets at Supersonic Velocity. Consider a supersonic jet with a
uniform velocity at the end of the effusor. If P2 Sy, and p, are the pressure
the section of the jet, and the density at the end of the effusor, respectively’
and V, is the corresponding velocity, the flow that overflows from the jet is,

m = pg VzSz

If the pressure p, is equal to the external pressure p,, no variation occurs
at the end of the jet, and therefore the impulse of the jet is given by

i = p2V2282 = p2M2282‘)/. (309)

If the pressure p; is different from the external pressure p,, the flow undergoes
a transformation at the end of the jet. If S,, V., and p, are the cross section of
the jet, the axial velocity, and the density of the flow, respectively, when the
pressure p, is attained in the flow, the following relation can be written:

p2VoS2 = paVaS.  (Continuity equaﬁon) (310)
(P2 — Pa) 82 + VS = p Vi3S, (Momentum theorem) (311)
Substituting equation (310) in equation (311)

P2 — po = pVo (V, — V). (312)

Knowing the values of ps, p., and V, from equation (312), the value of V, can
be de.termined. Equation (312) shows that the velocity V, is less than the
velocity corresponding to p, for isentropic transformation, and as a conse-
quence, the impulse is less when transformation occurs outside the jet than

w.hen the end pressure of the jet is equal to atmospheric pressure. The
differences increase with increase of the difference (p2 — pa).

CHAPTER

9

SUPERSONIC DIFFUSORS

Perfect Diffusors. The design of supersonic turbojets and ramjets and of
supersonic tunnels is directly connected with the possibility of decelerating
the flow from supersonic to subsonic speed. Indeed, an air stream at low
velocity is required in front of the compressor of a turbojet or of the burner
of a ramjet, while in a supersonic tunnel the air must be decelerated from the
high speed it has in the test chamber to the low speed required in the return
or at the exit.

Deceleration of flow from high speed to low speed occurs usually with losses
(part of the kinetic energy is transformed into heat instead of into potential
energy) which depend on formation of shock waves and on friction. While
it is possible theoretically 1o avoid shock losses, shock losses must exist in
practical diffusors for stability reasons. These losses tend to increase with
increase of Mach number, therefore it is very difficult to design high efficiency
diffusors at high Mach numbers.

In the phenomena of diffusors the shape of the diffusor is very important,
but a general analysis of the possibility of approaching the perfect diffusor
(diffusor without shock losses) can be made independently of the shape of the
diffusor. Therefore the following considerations can be applied to any kind
of diffusor even though the analysis is developed by considering a two-dimen-
sional diffusor.

A perfect diffusor can be defined as a diffusor in which no shock losses occur;
therefore a diffusor in which isentropic transformalion occurs outside the
boundary layer. 1t is easy to show that a perfect diffusor is theoretically
possible. For example, if a supersonic perfect effusor with gradual expansion
is considered (Figure 133) and if it is assumed that the direction of the stream
is reversed, an ideal diffusor will be obtained. Indeed, the flow that has the
speed M, undergoes a compression of small entity at A and B, which is trans-
mitted in the flow by two compression waves. The two waves end at C and
D, and have the same inclination as the expansion waves that are generated
at Cand D and end at 4 and B in the corresponding effusor. At £ and F

74
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two other compression waves are produced which interfere with the preceding
compression waves generated at A and B. Since for the same Mach number
and direction of velocity the compression waves and expansion waves are
coincident (coincident to the Mach waves because the compression or expan-

E A

Fig. 133. Scheme of a perfect diffusor.

sion is infinitesimal or gradual), the scheme of the diffusor is equivalent to
the scheme of the effusor; therefore at the throat a constant velocity is ob-
tained for the flow, and the corresponding Mach number is 1. If a subsonic
diffusor is connected with a supersonic diffusor, a very efficient compression
must be obtained, and the efficiency must be of the same order as that for
subsonic diffusors, because the only difference is the friction in the supersonic
part. A difference between a perfect diffusor and a perfect effusor exists in
the boundary layer because in the effusor the boundary layer undergoes an
expansion, while in the diffusor the boundary layer undergoes a compression,
and therefore tends to separate; but independently of the phenomena in the
boundary layer a perfect diffusor cannot be realized practically for the fol-
lowing reasons: The aerodynamic scheme of the theoretical diffusor is found
to be physicaily possible if supersonic flow is assumed to be established in the
diffusor. When the possibility of the establishment of this supersonic flow is
considered, it is found that, when the undisturbed stream in front of the diffu-
sor atlains the Mach number M* (corresponding to the theoretical scheme),
from lower values, the establishment is nol possible.  Another condition of
cquilibrium, with shock in the flow, is the only one possible (the diffusor does
not “start”). Supersonic flow into the diffusor can be established only if the
value M,* is attained by decreasing the speed from a much higher value of
Mach number in front of the diffusor, or if the geomelry of the diffusor is
changed. Moreover, if supersonic flow can be established in the diffusor, this
condition of equilibrium is not stable and tends to be transformed by disturb-
ances in the flow to the other condition of equilibrium, with subsonic flow
into the diffusor and with shock losses. Because disturbances usually exist
in the flow, produced by the diverging part of the diffusor or by the l)(n.mdary
layer, a perfeet diffusor canuot be realized practically,
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The Two Different Equilibrium Conditions for a Diffusor (References
31 and 32). Consider a diffusor formed, for simplicity of discussion, by a
reverse of a perfect effusor for final Mach number M,* (Figure 134). S; is
the final section and S* is the minimum section of the effusor and therefore
the inlet section and the minimum section of the diffusor; if the velocity is
constant in the sections S; and S*, the ratio S;/S* is a function of M.*, and
is given by equation (51a) of Chapter 1. The phenomena in the diffusor will
be examined in terms of the assumption that the speed of the undisturbed
stream corresponding to Mach number M, is attained by increasing the speed
from the value zero to the value corresponding to M, which is the general
case for airplanes and for tunnels. Later the phenomena will be examined in
terms of the condition that the speed corresponding to M, is attained by
decreasing the speed from a value higher than M to the velocity corresponding
to M,. The two different conditions of attaining the Mach number M,
correspond to two possible different equilibrium conditions for the diffusor.

For simplicity of treatment, the velocity will be considered uniform in all
cross sections of the diffusor. If the velocity of the undisturbed stream in-
creases from the value zero to a subsonic value in the diffusor, the velocity
of the flow increases, and the maximum speed is attained at S*. The mass
flow which goes into the diffusor is given by the expression

m = SV = MV ypops (313)

where S; is the inlet section and Vs the correspondmg velocity; and for the
continuity equation is obtained

SeMaV ypaps = S*M*NV yp*p*. (311)

If the undisturbed velocity increases or the pressure at the end of the subsonic
part of the diffusor (section S:) decreases, the speed at the minimum section
increases and the mass flow thatl goes into the diffusor increases, as the other
physical properties of the undisturbed flow do not change. If friction is not
considered, the transformation that occurs in the diffusor is isentropic, and
p*/p2, p*/p2, and M*/M, are functions of S*/S,. At low velocity M* is less
than one, and in this case M, corresponding to the section S can be less than,
equal to, or greater than the Mach number of the undisturbed stream M,,
depending on the pressure at the end of the diffusor. If the value of M,
increases, the value of M* must also increase, because S;/S* does not change.
The maximum value possible for M* is one, because the diffusor is a converging
subsonic diffusor (see considerations in Chapter 1); therefore M, has a maxi-
mum value which is fixed by the value of S*/S; in terms of M* equal to one.
When M, has attained this value, the reduction of the pressure at the end of
the diffusor (S;) cannot change the mass flow that goes into the diffusor, and
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the value of M, remains constant. If the value of M, increases and M, is higher
than the maximum value possible for M,, a recompression must ocecur in
front of the diffusor. The undisturbed flow is still subsonic, and the trans-
formation is still an isentropic transformation.

If the speed of the undisturbed flow increases, the recompression in front
of the diffusor increases (Figure 134), and when M, is equal to one, if the fric-
tion losses are not considered, the section S; of the stream tube is equal to S*,

If the speed becomes supersonic and M; is less than M;*, the compression
in the flow cannot be isentropic, but must occur also outside of the diffusor
and with shock. Indeed, if it is assumed that no shock occurs outside of the

: diffusor, the stream lines must continue
parallel until the beginning of the dif-

M, [—”'-_N

s, 0 S, s, fusor, and therefore the mass flow that
P~ 7P — goes into the diffusor must equal
m* MISZ\/E);/. But the diffusor is de-
gz signed for the Mach number M,*, which
p* is greater than M, and for M,* at the

.
Fig. 134. Scheme of converging diverging throat, M* is equal to 0.ne. Fo'r Ml less
diffusor in subsonic flow. than M;* the contraction ratio is too

large for isentropic transformation. In-
deed the maximum contraction ratio possible increases with the increase
of the stream Mach number, and is given by equation (51a); therefore S* is
too small and no isentropic transformation is possible. If between S, and S*
the transformation is other than isentropic, the mass flow that passes across
S*, as will be shown later, is still less than the corresponding mass for isentropic
transformation. Therefore, the mass cannot go into the diffusor, and some
compression must occur outside in order to reduce the value of M at S,.

The compression that must occur in front of the diffusor can be obtained
in some particular design by producing in front of the diffusor a deviation of
the stream, and therefore obtaining the compression for deviation; but in the
general case, the compression in front of the diffusor is produced only by an
increase of back pressure, which moves upstream from the intake of the diffu-
sor, and therefore is a compression which produces a strong shock. In the
middle of the diffusor, because only an increase of pressure must occur and
the direction of the stream cannot change, the compression must occur with
a normal shock (Figure 135). The flow behind the strong shock is subsonic;
therefore behind the shock the preceding considerations for M, less than one
can be applied. The cross section S, of the stream tube at the undisturbed
velocity that goes into the diffusor is less than S, (Figure 135); therefore
the shock is extended also at the flow outside the stream tube and therefore
is a curved shock, the shape of which depends on the Mach number M 1, which
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fixes the form of the stream line AB. The ex-
ternal flow also undergoes a variation of-en-
tropy; therefore an external shock drag exists.
The internal flow undergoes a strong shock _l—"_

which is very near the normal shock for which s, S,
the variation of entropy is large, and therefore

the efficiency of the diffusor is low, because a Al R
large part of the kinetic energy is transformed

into heat.

When the Mach number increases, the shock Fig. 135. Conperging diverging

at the point A approaches the intake of the diffusor in supersonic flow, be-
diffusor because the velocity behind the shock jow the starting conditions.
decreases (equation 129) and the length of the - .
stream line AB decreases. The velocity in the front part of the (.11ffusor is
subsonic, but it is independent of the pressure at the end of the diffusor, as
* is equal to one. .
101;7%}?211]‘{% M(zlich number M,* is attained in the undistux.'bed stream, the
scheme that gives isentropic compression is theoretically possible for the shape
of the diffusor considered; therefore at first sight it seems pOSSlbl(? that th.e
phenomena must change and supersonic flow must occur in the diffusor, (ff
the pressure at the end of the diffusor is not too high). But an exact ar}aly51s
shows that the theoretical scheme is not yet possible because the-dlﬁ"usor
cannot start, and the flow into the diffusor does not have the practical pos-
sibility of changing from a subsonic to a supersonic flow. Inde:d, consider
the diffusor at a Mach number M; less than, but very near M,*. A strong

M > s SUfersonic Subsonic
MrcMy Subsonic M s,
(o) ()
--------- M= ! meTTETTT -_\/
S
: i My ? Subsonic
M; Supersonic Subsonic _M_a_/—\

(%) (d)

Fig. 136. Four different conditions of the flow in the diffusor existing during
the starting process.
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shock occurs in front, and the flow in the diffusor is subsonic (Figure 136a).
In order to obtain a supersonic flow in all the converging parts of the diffusor
(Figure 136b), when M; becomes equal to M,*, a condition of transition must
oceur, in which the flow in the converging part must be in part subsonic and
in part supersonic. Therefore there must be a surface of separation, which
from the considerations of Chapter 3 must be a shock wave that travels in
the direction of the flow from the original position towards the throat of the
diffusor (Figure 136¢). Because the velocity in front of the shock decreases
in the direction of the motion, the intensity of the shock also decreases and
must disappear at the throat. Consider the condition for which the shock is
at the inlet of the diffusor (Figure 136d). If this condition exists, the mass

flow that must go into the diffusor is M,*S, V pipy, because in front of the
inlet the flow is undisturbed flow. The throat S* is proportioned in such a

way as to permit the mass Ml*Sz\/’yplpl to pass at M* equal to one, and for
isentropic compression. Now if shock occurs in the flow, in order that the

mass M, *S, Vv pipr Yp1pr may pass across the throat, the minimum section must be

larger than S*; therefore the mass MI*SQ\/ ¥p1py cannot pass at S*. The flow
into the diffusor cannot become supersonic for the Mach number M*, but
only for a Mach number higher than M,*. The fact that the maximum value
of the mass flow which crosses the throat S* for given initial flow conditions
M, ps, p: occurs when the flow undergoes an isentropic transformation between
M: and M* can be shown in this way.

The maximum mass flow which can cross S* occurs when the velocity is
uniform and is equal to the speed of sound in the entire section S*. If the ve-
locity is less than or greater than the speed of sound, the section of the strearﬁ
tube is larger, as well as the unit mass (equation 51a). If the transformation
is not isentropic an increase of entropy must occur between S, and S*. There-
fore for transformation other than isentropic it is necessary that (equa-

tion 150)
* b4
e (ﬂ> > 1
P2 a*

where p,* and p,* are the flow quantities at the section S* for transformation
other than 1sentroplc while for isentropic transformation the densny e* and
the pressure p* at the throat are given by

P <£2>’= L
D2 \p*

ps* > p*

e " (oM

Therefore

(315)

SUPERSONIC DIFFUSORS 185

The law of conservation of energy between S, and S* gives (equation 11)

Y P2_+_ M2P2____ _x p* + >x<21_):I<
y—1lp 2 pr ¥ — 1p* o*
S _Bf_{__l_vM*in’f (316)
y—1p* 2 " pt*
and because M* = M,* =1

il: = ’;—: or T =T* (317)
Therefore from equation (315)
ps* < p*. _ (318)
The mass across the section S* for isentropic transformation is given by
m = p* S*\/;g—I—?F" (319a)
and for the different transformation by
m, = ps* S*V ygRT,*. (319b)

Therefore, from equations (318) and 319b), m. < m. The difference between
m, and m and therefore the ratio between the minimum section S*;, that per-
mits the mass m of equation 319a to pass at the density p,*, and S*, can be ex-
pressed as a function of the losses across the shock. Indeed, from equations

(319)
P* S*v g'YRT* = pa* Sa* \ g'yRTl*

or from equation (317)

S,* p*
S* st
But from equation (316)
Po _ Pos
Po Pos

where py, and py, are stagnation pressure and density corresponding to the
condition behind the shock. Because

M* = Mp =1

pst _ pos _ Pos
p

* Po Do

Therefore
%
St _ o, (320)

Ag* Pos

From equation (320) it appears that the contraction ratio S,*/S, necessary in
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a stream tube in order to pass from a Mach number M, in a section S, to every
Mach number M*, when the transformation is not isentropic, is given by

S* _ S p
S S Pos

where S*/S is the contraction ratio necessary for the same variation of Mach
number and isentropic transformation, and po/py, is the ratio of the stagnation
pressures at the section S and S,*. The ratio py/p,, is other than one because
variation of entropy occurs in the transformation between the two sections.

In order to determine the Mach number M,, at which supersonic flow can
begin to exist in the converging part of the diffusor, the following considera-
tions can be made. When the shock travels along the diffusor, the Mach num-
ber in front of the shock decreases; therefore the losses across the shock
decrease, the transformation becomes more nearly isentropic, and the value

of S;* at the throat, required to permit the mass flow 1M182\/'yp1p1 to pass,
decreases. Therefore if the shock can become attached at the entrance of the
diffusor, continue to travel into the diffusor, and pass in the diverging part of
the diffusor. The value of the Mach number of the undisturbed stream M’
for which the diffusor can start is given by the condition of equilibrium for
which the normal shock can be attached at the entrance of the diffusor.
In the entire consideration a gradual change of velocity is assumed, and there-
fore the equations for steady phenomena are used. If this condition is possible,
the diffusor becomes supersonic at the converging part. The normal shock
can be attached at the diffusor (Figure 136d) when a Mach number M, is

obtained behind the normal shock, corresponding to the mass flow Mgsg\/’ypgps
which can pass across S* at M* = 1. But S./S* is known, and the trans-
formation from M; to M* is known, because it is practically isentropic; there-
fore from the value of S,/S* the value of M; can be determined (M* is equal to
one and M; is less than one), using equation (51a) or Table 1, column 5. From
the value of M;, using equation (129) for normal shock, or Table 3, column 2,
the value of My’ can be obtained. The differences between M;* and M, are
very large and increase with the increase of M. In Figure 137 are plotted
the theoretical contraction ratio S*/S; as a function of the Mach number
M;* and the contraction ratio which for the same value of the undisturbed
Mach number allows the diffusor to start. For comparison, some experimental
data obtained for two- and three-dimensional (circular-section) diffusors of
small dimension are plotted, data which agree very well with the theoretical
consideration (Reference 31). The relation between the two curves is given
by equation (320a), where p,/p;, corresponds to the variation of Po across a
normal shock at the stream Mach number M; and is given by Table 3, column
4, or by equation (216).

(320a)
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Fig. 137. Isentropic coniraction ratio and conlracl ton ratio requi.red by the
starling conditions of a converging diverging diffusor as a funclion of the
Mach number (from Reference 31).

When supersonic flow is obtained in the diffusor, it is possible to r'eduf:e
the value of the Mach number of the undisturbed ve.locity and .to maintain -
supersonic flow in the front part, if the back pressure is not too high, becauie
the diffusor has started. Decreasing the value of M, decreases the value oi: M ",
which for M’ is greater than one. The minimum Mach numb.er M, v.vhlch it
is theoretically possible to obtain with supersonic flow in the diffusor is equal
to My*; for My* the speed of sound is attained in the throat. -If t.he valufa of
M, decreases below the value of M* the value of the contraction is too high,
and therefore the flow becomes subsonic in the diffusor,. and a.normal 'shock
appears in front. It is evident that for M:* the supersonic flow in the dlﬁ:u.SOI‘
is not stable, because every small (infinitesimal) variation of the flow COI]lel(?Il
at the end of the diffusor or in front of the inlet produces a normal sh(?ck in
front of the diffusor, which is stable, and which remains also when the infini-
tesimal variation disappears. : . ‘ .

The preceding considerations permit the conclusion that for a supersonic
diffusor two flow conditions are possible, the condition in which a §tr0ng
shock oceurs in front of the diffusor and the converging part of the diffusor
is subsonic, and the condition in which the flow in the converging part is super-
sonic. The first condition occurs always for Mach numbers less than th'e Mac.h
number M.*, defined as the Mach number, which, in order to obtam.somc
velocity at the throat with isentropic compression, requires a. contraction of
the stream tube as existing in the converging part of the diffusor. If th.e
stream Mach number is attained by increasing the speed of the flow, this
condition occurs also for a Mach number larger than M;* and less than M),
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where M," is the Mach number for which an attached shock can exist at the
inlet of the diffusor on the basis of the continuity equation. For Mach number
of the free stream greater than' M, and for values between M;* and My
when the speed is attained by decelerating the flow from values higher thar;
the value corresponding to M,’, supersonic flow can exist in the converging
part. Between M,* and M.’ the supersonic flow is only partially stable and
has zero stability at M,*. .

The preceding considerations are developed by assuming gradual variation
of the value of M:; therefore using the laws for steady phenomena; if the

variation of velocity in front of the diffusor is very rapid, the phenomena can
be somewhat different.

The Equilibrium Condition in a Supersonic Diffusor as a Function
of the Condition at the End of the Diffusor. In the preceding paragraph
the equilibrium conditions of a diffusor were considered as functions only of
the geometry of the diffusor. They depend also on the conditions existing
at the end of the diffusor; therefore in this paragraph the converging and the
diverging parts of the diffusor will be considered together, and the different
equilibrium conditions will be considered in terms of existing conditions at
the end of the diffusor. Consider a diffusor (Figure 138) in which the initial

—

M] Mz M* M4

Pi| P2 E* P4

P
e

Fig. 138. Equilibrium condilion in a supersonic diffusor
as a function of the end conditions.

conditions are M, and p; and the final pressure at the end section S, is Ps, and
assume that the value of the external pressure p; can be changed. Assume
that the flow in the front part is supersonic. The section S* is large, as is
necessary to “‘start” the diffusor at a Mach number less than or equal to M,.
If ps is very small and is less than or equal to the pressure for which the flow
can be supersonic at S;, between S* and S, the flow continues to expand, and
at Sy attains maximum velocity, which depends only on the geometry of the
diffusor.

If the final pressure p; increases, phenomena identical to that considered for
the effusors occur in the diffusor because in the zone S*S, the subsonic diffusor
corresponds to a supersonic effusor. Shocks occur at the ends of the section
Ss, which become stronger when the back pressure increases. For higher
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pressure the shock becomes a normal shock at the center, with the configura-
tion of Figure 127, and travels against the flow direction; pxy becomes equal to
ps- Because the Mach number at which the shock occurs decreases when the
shock moves upstream, when the pressure p; increases, the new equilibrium
conditions correspond to a change of the position of the shock in the direction
of the throat. When the shock occurs at the throat the Mach number at
which this occurs is the minimum which it is possible to obtain in the diffusor;
therefore the value of p; is the maximum possible. 1f the pressure p; still
increases, an equilibrium is no longer possible. The shock moves in the di-
verging part, and the Mach number at which the shock occurs increases;
therefore the final pressure decreases, because the losses are larger. The total
pressure p,’ behind the shock decreases (equation 156), while the velocity at
S, increases, as can be shown with considerations similar to those of page 185.
In this case the flow cannot overflow at the pressure p; and the shock
travels in front of the diffusor.

The position of the shock in front of the diffusor depends on the law that
relates the pressure p; at the end of the diffusor to the mass flow. In super-
sonic tunnels the supersonic stream is produced by an effusor that is connected
with the diffusor; therefore the shock travels into the effusor and a new
equilibrium condition can be attained without change of mass flow, because
the losses across the shock decrease when the shock moves upstream into the
effusor (the Mach number in front-of the shock decreases).

In ramjets and turbojets the pressure p; is a function of the mass flow at
the section S;; therefore when the shock goes outside the diffusor, the pressure
ps decreases because the mass flow into the diffusor decreases, and it is the rela-
tion between mass flow and pressure that fixes the position of the shock.

It is important to observe that the considerations of the preceding para-
graph show that the diffusor starts only if an equilibrium condition can exist
with normal shock at the section S.. Now for this condition the pressure ps’
must be less than ps,.. corresponding to the condition of normal shock at the
throat; therefore the values of back pressure between p;’ and psu. can be
obtained only by increasing the value of p;’ after the diffusor has started. As
a consequence, when the shock goes outside the diffusor from the throat, the
pressure recovery and the mass flow that goes inside the diffusor decrease
suddenly. ,

For a given value of the Mach number M, of the undisturbed stream, the
contraction ratio S*/S, can be decreased if the diffusor can be started at values
of M, greater than the value considered. Decreasing S* the Mach number
in front of the shock into the diffusor decreases, and therefore the losses de-
crease. A diffusor started at higher Mach number and with higher contraction
ratio must be, all other conditions béing equal, more efficient than a diffusor
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starting at the Mach number considered; therefore ps,.. must be higher:.
However, the diffusor is not stable with the shock very near the throat,

because if a small disturbance pushes the shock outside, the diffusor does not
start again.

Efficiency of a Supersonic Diffusor. The efficiency of a supersonic diffusor
depends on the losses in the shocks that occur in the supersonic part and on
the losses in the boundary layer. The losses in the supersonic part depend on
the form of the compression that occurs, when the speed of the flow changes
from the value M, to a subsonic velocity. These losses are very large when
the compression occurs with a strong shock, while they become zero if the
compression occurs with compression waves, for which the transformation is
isentropic. In order to increase the efficiency of the supersonic part, it is
necessary to adopt a scheme of compression that reduces to the minimum the
intensity of the shocks. If a diffusor must start at a given Mach number M,,
the maximum contraction ratio possible is lower than the theoretical, for
which M* is one; therefore a strong shock must always occur in the divergent
part, which produces large losses. The losses are minimum when the shock is
at the throat and increase if the value of the Mach number at the throat in-
creases with respect to the value one; therefore the losses increase and the
pressure recovery decreases with the increase of the Mach number M, since
the corresponding value of M* becomes larger, because of the starting condi-
tions. The compression from M, to M* can be very efficient because it occurs
practically with small oblique shocks or with compression waves that give a
transformation very nearly isentropic. However, in some cases the flow is
carried at the intake of the diffusor in a channel; therefore a thick boundary
layer can exist at the walls. In this case the compression from M to M,* can-
not be very efficient, because the boundary layer tends to separate during com-
pression and the separation changes the shape of the stream tube and notably
increases the losses. ‘

If no boundary layer is present at the beginning of the diffusor, the shock
losses, especially at low Mach number, are given chiefly by the strong shock
at the throat. The efficiency of the subsonic part depends practically on the
boundary layer. The boundary layer increases in thickness along the wall
and, corresponding to the shock in the divergent part near the throat, tends
to separate, as is considered in Chapter 4. The separation tends to produce a
large wake at the walls; therefore in order to reduce the losses it is necessary
to reduce the angle of divergence of the subsonic part of the diffusor, especially
near the throat, to a very small value.

The efficiency 7 of a diffusor can be defined by the ratio of the kinetic energy
vecovered after the diffusion to the kinetic energy of the flow at the entrance
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of the diffusor. If the flow at the entrance of the di‘ffusor has the condit%orfs
M,, and p, and at the end of the diffusor the conditions are p4,' and M,, it is
possible to determine the efficiency of the diffusor ixi the following way: The
kinetic energy of the flow at the entrance of the diffusor can be. expressed as a
function of the tank pressure py, which for an isent.ropic expansion to the pres/-
sure p; gives the Mach number My, and as a function o.f the tank pressure py/,
which for an isentropic expansion to the pressure Pa gives t:he Mach m{mper
M,. po corresponds to the total head because M, is subsonic. The variation

of kinetic energy for unit mass is
1 (Ve — W = 1 V2l — )
2 2

where Vy' is the velocity obtained by isentropic transformation from the

pressure p’ to p;, but

- 9 —1
V(Y (Y
Ve Po V2 YU

or (equation 154)

1ve —vi?_ 2 1 [(Ey%‘ B 1} g (321)
2 Vi v — 1 M¢? Pp/

—1
-2 1 &”T—l] (322)
! ’Y—1M12 po'

but from equation (156) L y
<ﬂ>7—= eCv . (323)

po’
Therefore it is evident that the efficiency of the supersonic. diffusor decreases
with increase of the variation of entropy. For a diffus.or with fixed geometry,
which must start at the Mach number M,, it is possible to assqme that the
losses in the supersonic part occur only at the throat, corresp.ondmg: to stro?g
shock, and that the other part of the compression is prac.tlcally .1sentroplc.
Thus it is possible to calculate the efficiency of the supersonic part. in te.rms 01_"
the law of normal shock (Reference 32). The values obtained in this way
do not consider friction losses. In Figure 139 the value of p’/po as calculated
by using the preceding hypothesis is given for.different \.falues of Mach numbe,r
in front of the diffusor for different values of the starting Macl{ number M, f
It is evident that the maximum py’/p, for every Mach number in front f)f the
diffusor corresponds to the diffusor that has M; = M’; therefore an optlmx‘lm
value of py’/po exists for every value of M, which C(.)I'I‘eSPOI}dS to the §tart1n.g
conditions. In Figure 140 the value of the theoretical .optlmum efficiency is
plotted as a function of M. For comparison, thff efficiency that can be ob-
tained, assuming that the compression occurs with a normal shock at the

and




9
19~ ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

Mach numper in front of the diffusor (divergent diffusor without the conver-
gent part) is also plotted.
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Diffusors with Variable Geometry and Diffusors with External Com-
pression. The considerations of paragraphs 2 and 4 show that one of the
conditions that does not permit a supersonic diffusor to have high efficiency
is the ‘“‘starting” requirement. This condition limits the maximum contrac-
tion ratio of the stream tube which enters the diffusor, and therefore imposes
the condition that in the diffusor the compression must occur in large part
with a strong shock and with losses. While, for stability reasons, it is not
possible to eliminate completely the losses produced by the strong shock in
the diffusor, it is evident they can be reduced practically if the “starting”
limitations are in some way eliminated or reduced.

A system which can be used to eliminate the starting limitations is that of
using diffusors with variable geometry. The working scheme of a variable
geometry diffusor is the following: When the diffusor is started and the con-
verging part of the diffusor is sﬁpersonic, the geometry in the diffusor is
changed and the area of the minimum section is decreased gradually. Because
the corresponding Mach number at the throat decreases, the losses from
strong shock are reduced and the efficiency must increase. In this way,
without the necessity of attaining higher Mach numbers for starting the dif-
fusor, a higher contraction ratio can be used, and therefore higher efficiency
can be expected. An example of a variable-geometry diffusor is shown in
Figure 141. The design shows the diffusor in starting position; the section B is

Fig. 141. Scheme of variable geomelry diffusor.

the minimum section. When the diffusor hasstarted and the strong shock S has
passed B, the central body can be moved upstream (dotted position of the figure).
The section A’ has less area than the section B, and therefore the shock S’ occurs
for a Mach number which is less than the Mach number corresponding to S,
and the losses produced by the shock are lower.

Another system for reducing the limitations of the starting conditions can
be obtained in some applications by designing the diffusor with criteria
different, from the design criteria examined before. In the diffusor examined
before, when the compression occurs outside the diffusor, it occurs with a
strong shock, because this compression is produced by fixing only the value
of the back pressure, and practically no deviation is accepted across the shock
(Figure 142a). Because the shock is very nearly a normal shock, the losses
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across the shock are very large and are the maxi-
mum possible. If formation of a normal shock is

\I/ avoided, even when the compression is outside

_/J\ as in Figure 1425, the losses across the shock are

reduced, and therefore the contraction ratio can
be larger and the starting limitations reduced
(a) (equation 320a). A large gain in the pressure
recovery can be obtained if the diffusor is so de-
signed as to produce in every condition a part of
the compression outside. If a part of the com-
< pression is produced gradually outside by devia-
tion of the stream in front of the diffusor, the
(b) diffusor is practically equivalent to a diffusor
designed for a lower Mach number. Now the
Fig. 142. Scheme of diffusor diagrams of Figure 137 and Figure 139 show that

that eliminates the formation . e .
of the normal shock in front the starting limitations are very important for
of the diffusor for every high Mach number, but do not reduce sensibly
stream condition. the efficiency for Mach numbers near one; there-
fore reduction of the Mach number in front of

the diffusor permits a notable increase in efficiency.

In Figure 143 a scheme of a diffusor having a part of the compression out-
side is shown. The Mach number of the undisturbed flow is equal to 2.00,
but along the surface OB a deviation is produced, and in front of the intake of
the diffusor the Mach number is 1.4; therefore the inlet BCE must be designed
for M = 1.4. Because the maximum pressure recovery o'/ po for a diffusor
with a contraction ratio corresponding to M = 1.4 is of the order of 99 per
cent (Figure 139) while for a diffusor with a contraction ratio correspond-
ing to conditions for M = 2.0 is of the order of 83 per cent, the diffusor con-
sidered permits a large gain in pressure recovery.

In the diffusor with external compression the contraction ratio can approach
practically the theoretical contraction ratio because the external compression
can be extended very near the Mach number 1.0 and there no limitations for
starting conditions exist. Because the compression occurs in front of the dif-
fusor, also the flow outside the diffusor undergoes a compression that occurs
across a shock wave (shock equals AF in Figure 143). The shock wave, that
is eliminated by expansion waves produced along CE, produces a drag (because
it produces an increase in entropy), which will increase if the external com-
pression increases. The drag depends on the intensity and extent of the
shock wave AF. In order to reduce the drag to a minimum for a given value
of external compression, and therefore for a given strength of the shock at A4,
it is necessary to reduce to a minimum the extent of the shock AF. , and to
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decrease as fast as possible the intensity of the shock AF with a strong expan-
sion along CE. Therefore the distance CC, must be the shortest possible. In
practical cases a compromise between increase in efficiency and increase in

Fig. 143. Scheme of diffusor having external compression.

drag must be found. It is interesting to observe that for a given (%iﬁ'usor with
external compression the variation of pressure recovery as a function of M.ach
number is more gradual than for a diffusor with only internal compression.
Indeed by increasing the flight Mach number the stream tube that eflters the
diffusor increases; therefore the contraction ratio of the diffusor increases
when the Mach number increases. s,

Figure 144 shows the mechanism of /

the increase of the mass flow. In

the diffusor considered, for simplic- "7

ity of discussion, the external com-

pression is produced by a finite D; p,

deviation. If the diffusor is a two-

dimensional diffusor, the stream line

that passes through B and that . . o
dfivs i siman e st be B, U, Mk e
parallel to OC. Because when the diffusor with external compression when the
Mach number increases, the shock  sfream Mach numbers changes.

in front becomes more inclined and

moves from S; to S, the height of the stream tube D increases; therfafore
the corresponding contraction ratio D/D* increases. For three-dimensional
diffusors the phenomena are analogous.




CHAPTER

10

GENERAL CONSIDERATIONS FOR

THREE-DIMENSIONAL PHENOMEN A

Existence of Potential Flow in Three-Dimensional Phenomena. As
was shown in Chapter 1, the possibility of the existence of potential flow is
associated with the possibility of the existence of a continuous isentropic flow
in the entire flow field. If a discontinuity occurs in the flow, the discontinuit

Produces a variation of entropy in the flow, and the variation must be constan)tf
in order to obtain again isentropic flow, with different entropy, behind the
discontinuity. Because the variation of entropy across a shock for a given

Mach number in front of the shock is a function only of the inclination of the

shock, the condition of irrotationality for two-dimensional phenomena with

shock must correspond to a plane shock. When three-dimensional flow is
considered, other forms of shock fronts are compatible with the condition of
potential flow behind the shock. Indeed, if the flow in front of a shock is
uniform, in order to obtain the same variation of entropy the intersection of
the shock front with the planes which contain the vectorial velocity before
and behind the shock must have the same inclination with respect to the undis-

¢ Front of Shock

Fig. 145. Axial symmelrical conical shock.

turbed velocity at all points on the shock front. This condition is satisfied
f()‘r example, if the front of the shock is a cone of revolution (Figure 145)
with its axis parallel to the direction of undisturbed velocity, or by many

other shock forms as, for example, a shock derived by the combination of a
196
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conical shock and a plane shock. Because the shock cannot extend with the
same intensity to infinity (this condition corresponds to a body of infinite
drag), in all aerodynamic phenomena a zone of rotational flow exists. Some-
times the zone in which the flow is rotational is outside the zone, which must
be analyzed in order to obtain the required information, and therefore the
potential flow theory must be used. However, it is necessary to remember
that the flow analyzed in aerodynamic problems is, generally rotational, and
the hypothesis of the existence of potential flow is not exact. This hypothesis
can be accepted as a good approximation in many three-dimensional problems,
as the variation of entropy across the shock is generally small, because the
bodies analyzed usually have small shock drag (equivalent to a small variation
of entropy). When the shock has a large change of intensity in the field con-
sidered the accuracy of the hypothesis decreases. If that occurs, it becomes
necessary to use the analytical expressions for rotational flow. Tn this case the
analytical solution of the problems, which is more complicated, has been found
only for a few particular cases.

The Equations of Potential Flow. In three-dimensional flow problems
three different types of coordinate systems are usually used: the Cartesian
coordinate, the polar coordinate, and the cylindrical coordinate systems. The
choice of the coordinate system usually depends on the facility of expressing
analytically the boundary conditions. The Cartesian coordinate system is
usually used in general three-dimensional phenomena, while the polar coordi-
nate system and the cylindrical coordinate system are particularly useful for
conical phenomena or for phenomena with some symmetry, such as for bodies
of revolution. The expressions of the potential flow motion are different for
the three types of coordinate systems. The differential equation of potential
flow in Cartesian coordinates can be obtained in the same way as for two-
dimensional flow, from the continuity equation (equation 2), from Euler’s
equation (equation 1c), and from the hypothesis that the rotation components
in the flow (equation 13) are zero. Using the same transformation as in Chap-
ter 2 (equations 53 and 54), the following equation is obtained:

2 )2 12
9‘1(1 - 5>+—a'1<1 —i>+ ‘-9—"3<1 - l) -y 2w
dz a oy a 9z @ dy @
ou uw ov vw

-2 = =2— =0 (324)
0z @ 9z a?

or if ¢ is the potential function expressed by

_ 0, _ 9 . _ % (325)

u= = T—sw=

oz’ dy 9z
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then i s

2 U% 2 -/ v2 2, i 2 y 2
f’_¢<1 _g> +_h§_?<1 _z_>+ 6_¢><1 _g> _ 2w &
ox? a? T oyt a® 022 a? a® dxdy

2uw % 2vw 0%

- = —— =0 (326)
a* dxdz a® dydz
and :
2. p 9
du :ﬂ’é{g-+ ﬁ dy + ﬂ dz
dx* dydx drdz
¢ % , .. 0%
dv = ———dr+ —-dy+ — dz
b l droy + ) v+ dyadz (327)
a2¢ ok 62¢ (')Qd)
do = "2 gt 22y 4 22 gy,
R ya: T oz

If the polar coordinate system is used and r,n, and ¢ are the symbols of the
independent variables which define the position of every point P (Figure 146),

Vi vy

R(r,.7,0) — <W Vi v

(4

A X\w
(2 Pz(l'z"ﬂz'@z)

M 72

& N=0-Axis

)
oP,Py—Meridian Plane ¢,=Const.

Fig.'146. Polar coordinales.

the velocity at the point P can be resolved into a component parallel to r,
v,, a component in the meridian plane ¢ =
constant, perpendicular to r, v, and a com-
ponent w perpendicular to the plane ¢ =
constant. In this case, if p is the density of
the flow, the continuity equation in polar
coordinates can be obtained by considering
that the mass flow in the elementary vol-

) ume A, B,C, D, E, F, G, H, (Figure 147)
ﬁggg i:;‘f;’i‘i;’"ﬂ" must be independent’ of time. Evaluating
ABHE = rdrdy the differences of mass flow which overflows
from the opposite surfaces of the elemen-
tary volume in a unit time, the sum of the

Fig. 147. Elemeniary volume in
polar coordinates.

THREE-DIMENSIONAL PHENOMENA 199

differences must be equal to zero, and therefore the continuity equation be-

comes , ;
. Ii) N w0 .
2 (oresingy) + 2 orw) + 2 (orsinmy) = 0 (328)
ar do . a7
or ;
. . 19 . v, Jw 19
2 sin g, + r sin 5o, ~%p + rsing o, + — +w- —fj
p or :ar do p 0¢
. dp 1 . av
+ vicosn + vy siny L sin 7 e _ . (329)
anp an
The conservation of energy equation gives
A + 1 (v, + v2 4+ w?) = constant (330)
y—1p 2
from which, differentiating with respect to ¢, 9, and r, and substituting a?
for dp/dp,
, . v 3
Lo L, 00, o0, 00)
p d¢ a? do do do
1 1 o, v w
“%:*‘—.<"r_+”t~t+w—> (331)
p Oy a? oy dn dn
1@ = — 1_<vr av' .+_ vy ai‘l + w a_z_v>.
por a? ar ar ar

If a velocity potential exists, the components #,, v, and w are defined by

0 o P o _ 0%

" ar 9o Y'orde’ am  oron
b B Fo o ¥ 1y

rdy de rénde dr  rordy r? dg (332)
w = 1 3¢, dw _ 1 ¢ 1 9

rsing d¢  or rsiny drde  r’sing do
ow _ 1 9% __cosn d¢ )
I rsin g dnde rsin?yg de

Substituting equations (331) and (332) in equation (329), the following differ-
ential equation is obtained:

2 h v 2 . a‘r 'r2
(l—ﬂ)ﬂ)-—{—sinn(l—L—'>ﬁt+rsmn : (1——L—>
. at/ de a%/ on .oor\: a’

20w dv, S | X P R . v ow

- ——— — 2rsing —— — 2rsinp — —

a’® d¢ . a? or a? ar

) o p2 2 w?
+ sin g0, <2 - “#) =+ cos 7o, <1 + —2> =0 (333)

a a
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or . '
2 2 2 2
(l—g)é—dj—{—sinzn(l— >a¢+r2s1n2n a—?<1—-1—)1>
az/ d¢* 39 or? a
) 2 2 2
—2“wsinn Fo —2rsin2nvijta¢ —2v’wrsinn ¥o
a? dnde a® ondr a? drde
2 2
+ rsin’y 9 (2 + w) + cos 5 sin 5 — (1 +—> = 0. (333a)
or a? a7
The equation is equivalent to equa-
£ tion (326), but in polar coordinates.
/ O=H If ecylindrical coordinates are as-
¢=0 y sumed, the independent variables are
<1 P 41 z, y, and ¢ (Figure 148), and the po-
y y w tential function is
1% ¢=¢(1'9y5¢)-
‘ The components of the velocity are
- u, v, in every meridian plane, and w,
x in a direction perpendicular to the
Fig. 148. Cylindrical coordinales. meridian plane, and are defined by
the following expressions:
i/ d d
oz oy yop

The differential equation of the potential flow can be obtained from equations
(1c) and (2) and assumes the following form in cylindrical coordinates:

¥4 2 W2 2 2
(1__>6¢+(1_L)i?+<1_ li)iﬂ _ 2w ¥
9x? a?/ dy? a?/ y* dg? a? dxdy

& 1 & i
_ 2wl 6 2uwl & 2(1 + 2) —0. (33)
@ ydpdr @ ydpdy y @

In practical applications it is necessary to find a solution of either equation
(326), (333), or (335) which represents a flow that satisfies the boundary con-
ditions. Generally the solution is very difficult to determine; therefore some
simplifying hypotheses are usually accepted which permit elimination of some
of the terms of equations (326), (333), or (335), thus permitting their solution.
The simplifying hypotheses are usually based on the assumption that the
variations of some of the components of the velocity due to the flow phenom-
enon are small in comparison with the speed of sound a. The simplified
equation permits simpler determination of an analytical solution of flow
problem, thus permitting in many cases, the determination of the flow for
boundary conditions interesting to aeronautical problems.
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The Equation of Potential Flow in the Approximate Form. In the
differential equation of potential flow all coefficients of the second derivative
of the potential function are functions of the ratio of the velocity components
to the speed of sound. Generally the aerodynamic problem which must be
investigated is connected with the flow that wets a body of good aerodynamic
shape. Therefore the deviation of the streamline from the direction of the
undisturbed flow is small, and the variations of the velocity components with
respect to the undisturbed velocity components are small. In order to obtain
simpler equations of motion, the variations of the velocity components due
to the presence of the body will be considered so small and gradual that the
second and higher powers of the disturbance velocity components us, vs, ws,
and their derivatives may be considered negligible (see Chapter 2, last para-
graph) compared to the first and zero power terms. In this case equations (326),
(333) and (335) can be transformed. To accomplish the transformation it is
useful to divide the velocity components into two parts, the components of
of the undisturbed stream, u, v1, and w, that are known, and the components
of the disturbance velocity u,, v, and w, which must be determined. If the
velocity of the undisturbed stream is in the direction of the r-axis, it is possible
lo write:
w =V = 0; w =0

or
¢1 = V11’.
Therefore
u=Vi+w="V+ ki l
or
s (336)
V=+v2=——diz; w=+wg:% S
oy 0z

In the approximation accepted the values of the order of up?/a?, v:*/a?, and
wy?/a* are neglected, and equation (326) becomes much more simple because
many terms disappear. As was shown in Chapter 2, the terms (u.Vi/a?)
(0%/dx?) and the like can also be considered of the order of magnitude of
usl/a?, and therefore equation (326) becomes

Vﬁ) e . by | %
1— 1) T8 T T0_ 337
( dx? + ay? + 922 (337)

If a is the value of the speed of sound at the point P considered, using the
energy equation (equation 5), it is possible to write with the approximation
accepted (equation 97):

@ =a’— (y — 1) (V). (338) -

Therefore V,/a becomes in equation (337) equivalent to the Mach number of
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the undisturbed stream, M;. The potential flow. equation for a phenomenéin
in which the disturbances can:beconsidered small becomes

3¢ Po | P
1 — M — = 0. 339
( Vgt ot 339

If ¢, is the potential function that gives the dlsturbance velocity ¢ = ¢, + ¢>2,
therefore
R TR

ot oh =0 (339a)
y .

The function ¢ in equation (?;39) represents a velocity potential. However

with the apprd_ximation accepted of small disturbances, equation (339) is
also valid if ¢ denotes an acceleration potential, one of the velocity components
u, v, w, or a property of the state of the fluid, such as pressure or enthalpy.
This can be shown if equation (339) is differentiated with respect to time,
with respect to the z, y, z coordinates, or by using simple transformatloqs
if the ‘state of the fluids is considered. Equation (339) cannot be used in the
range of M, = 1, because in this range the first term of the equation becomes
small and of the same order of magnitude as the terms neglected.
The cylindrical coordinate system is usually used when the body considered
has axial symmetry. In this case the z-axis is taken coincident with the axis
of the body, and the meridian plane ¢ = 0 is assumed coincident with the
plane that contains the undisturbed velocity. Therefore

u + U
=0+ 0 (340)

W= w; + wy

< &

where uy = Vicosa, 1 = Visina cos ¢, and w; = —V, sina sin ¢ (a being
the inclination between the z-axis and the direction of velocity). In general,
the hypothesis of small disturbances can be accepted only when the angle of
attack « of the body is small; therefore in this consideration sin « can be
considered as very small and cos a can be considered as equal to one; therefore
©* and w? can be considered small in. comparison to a?. In this case equation
(335) can be simplified and becomes

2 2 2
(1_M12)‘;_i+@+lﬂ’+la_¢=0_ (341)

ay* | ¥Poe*  ydy

Equations (339) and (341), which are all approximate expressions of the
flow, are not exactly equivalent, because the values of the terms neglected
are not the same, therefore they do not give exactly the same degree of approx-
imation if applied to the same phenomenon, :
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Preliminary Considerations on the Solution of the Differential Equa-
tions of Motion in Approximate Form. Equations of Sinks, Sources,
and Doublets. In the aerodynamics of incompressible flow in order to repre-
sent analytically the flow field around moving bodies, schemes derived from
electrodynamics are used. In this way, by applying the analytical treatment
developed for some electric phenomena to the corresponding aerodynamic
phenomena, solutions of given aerodynamic problems are 'found. Now the
same schemes, called in aerodynamics sources, sinks, and doublefs, can also be
used in compressible flow with some modification of the analytical expressions,
when the hypothesis of small disturbances is accepted. Indeed the flow field
produced by sources, sinks, or doublets conforms to the differential equations
of the flow in the approximate form (References 33 and 34). If superimposi-
tions and distributions of sources, sinks and doublets are considered, the flow
field produced still corresponds to a solution of the flow motion equations in
the approximate form because the coefficients of the differential equation (339)
are constant. Therefore the problem of finding a solution when the hypothesis
of small disturbances is accepted corresponds to the problem of finding a dis-
tribution of sources, sinks, or doublets which can generate a flow which will
satisfy the boundary conditions that define the problem. The demonstration
that the sources, sinks, or doublets conform to the differential equation of
motion in the approximate form can be obtained in the following way.
Considering equation (339) it is possible to write the equation in this form:
a? ¢ + & Fe = 0.

6¢>
2 _ ) L2
@ 1> ay? 022

(342)

Considering fixed spatial coordinates in place of coordinates moving with the
body because the phenomenon analyzed is steady,

r = I + V1t.
Therefore )
dt
and .
9 _ 9¢ Vi
at ox

and equation (342) becomes
ot ¢ dx? + ay? + a2l
Equation (342) has, among others, solutions of the form :
6 =hiz—a) +f G+ a) (343)

where f) ,and.,fg; are arbitrary functions of the givenra'r_gument. Equation (343)

(342a)
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represents expanding plane wave fronts which proceed with the velocity of
sound (Reference 35).

If the expansion which proceeds with spherical symmetry from a point is
considered (source or sink), and

=Vx2—|—y2+22

from equation (333a) it is possible to obtain (because », = dr/9¢ and the
derivation with respect to ¢ and 5 is zero with existing spherical symmetry)

§?=2F@ 2%]
at? ¢ ar? + ror (344)
and therefore
1
¢ = ——rf(at—r) (345)

as can be verified by differentiation. If an expansion from a point which pro-

ceeds with circular symmetry in a plane is considered and
=V 4+ y?

from equation (341), putting V, = dz/dt

¥ _ [ i 1 6¢]
ol? “ ox? + ay? + y dy (346)

and the function ¢ is still given by equation (345), as can be verified by differ-
entiation; therefore equation (346) represents the motion of a two-dimensional
circular wave diverging from a point in the axis y = 0.

The function f is again an arbitrary function of the argument ¢ = (af — r).
If f(#) is constant, equation (345) gives the usual source potential. If f(z) is
zero for all negative values of £ and other than zero for ¢ > 0, the potential ¢
represents the potential of a disturbance that starts at the time zero at the
origin (r equal to zero) and is at

r=al

at the time {; therefore it represents an expansion which moves with the ve-
locity of sound. The radial velocity changes with r and becomes infinity at the
origin.

9

_d 1
o 2 ®+ = SO (347)

Because the hypothesis of small variations of velocity is assumed, the solution
cannot be used near the origin, but only in those regions in which, for the
given intensity of the source, the velocity is small.

For aerodynamic apphoahous it is interesting to study a source system in
motion with constant velocn,y Consider a row of sources placed on the
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z-axis which begin to flow at different times and move at constant speed.
The rule will be accepted that, if the position of the sources is x, and the time
at which every source begins is {, the relation must exist that
_ o w = conslant. (348)
at
For this condition, if the first source is at (x = 0) and begins at time ({ = 0),
a source af. the position x, begins to flow at the time &, given by

L A (348a)
1251

In this case the potential at any point z, y, z, at the lime { for all sources at
the position z; is given by

t
¢ = — Sfla(t — ) — r]dh (319)
. r
where
r=Vi{r—n)t+ v+ (350)
Placing
E = (l(l - 1]) - r, and I = — 111[1 (351)

from equations (350) and (351) an expression in {; can be obtained:

02 (@ — w4+ 26 [a (¢ — af) — wmx] + (& — af)?
- @+y+2)=0 (352
that gives on differentiation
a(f—al) — e+ (@ — w? b

Using in equation (352a) the solution of the quadratic equation (352) that
gives the value of  and arranging the terms conveniently, equation (349)

B b f(§) dt (353)
A l/ar—}—ult—lil£> ( ul)(2+z2)

If the coordinate system is assumed to be moving with the sources system,
the new coordinate x is given by x + wii, and if the variable £ = w¢/a is
used instead of £, the equation (354) becomes

. [ &) de’
N

(1 - —> (n* + 212).

becomes

(354)
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The potential ¢ satisfies the equation of motion. Therefore, in order to
determine the solution of a given problem it is necessary to find a source
distribution f(#) which produces a flow that satisfies the boundary conditions.
If the sources placed along the z-axis are two-dimensional sources defined by
equation (346), equation (351) has the form

f@ds
/ ‘/(:r—g)z <1 _ ﬂ) " ' (354a)

The value of the integral of equation (354) can be imaginary, because
u’/@? is larger than one; therefore the rule must be held that it is possible to
integrate only over the real values of the integrand, and zero is substituted
for the imaginary values. The value of the upper limit & of the integral
represents the end of the source phenomenon given by the expression f(£);
but it is necessary to remember that the sources which correspond to values
of £ for which the expression under the root is negative must not be considered.
Physically, the exclusion means that the source can influence the flow only
in the Mach cone that starts from the source.

The zone of the fore cone must also be excluded from the integration, since
no waves of the source system get into it.
Therefore it is necessary to consider only
values corresponding to positive values of
(x — &). If a point P (Figure 149) in the
Mach cone is considered, it is found that
in supersonic flow (differing from subsonic
flow) the point P is reached by waves
produced from the two sides, A and B;
therefore in equation (354) a factor of 2
must be added, that can be considered in-
corporated in the expression f(£).

When lifting surfaces are considered, it
is usually necessary to pass from the use
of sources to the use of doublets. The
doublet is composed of a sink and a source
of the same intensity and of opposite sign,

Subsonic placed at a distance h from each other. If
Fig. 149. Supersonic and subsonic the distance h decreases and tends to be-
source. come zero, and the intensity Q of the

source increases in a manner such that the
product Qh does not change, the limit of Qh as h becomes zero represents a
doublet. The use of doublets permits determination of expressions for lifting

THREE-DIMENSIONAL PHENOMENA 207

surfaces as in the subsonic case. The energy equation with the hypothesis of
small disturbances gives

d—p = Vlll.
p
14

Performing an integration by parts and introducing equations of the type
of equation (331), in the approximation accepted

— p= prlu. (355)

If a wing is considered moving in a uniform stream and u, is the velocity
component along a line parallel to the z-axis on the upper part of the wing,
and u, is the corresponding component on the lower part (different from u,
because the surface is a lifting surface), there exists a potential difference
behind the wing having the value

= f “(te = wy) d (355a)

where x; 22 is the wing chord, because only along the chord can p, be different
from p,, and therefore u, is different from u;. Equation (355a) using equation
(355) becomes

VAL = f (pu — o) da. (356)

Equation (356) gives the value of the lift for a unit length in the y direction;
therefore integration along the y-axis furnishes the Kutta Joukowsky law,
which is also valid for supersonic flow with the approximation accepted. Now
it is possible to show that, with the hypothesis of small disturbances, an accel-
eration potential must exist in the flow, and it is also possible to show that,
corresponding to the difference of pressure across the lifting surface there is
an equally large difference in the acceleration potential. Now because a
doublet distribution represents a difference of potential, it is possible to repre-
sent the difference in pressure across the lifting surface with a corresponding
doublet distribution.

Consider Euler’s equation (1) or (la). The equation is composed of two
equal terms, the first is given by a gradient (grad P); therefore the second
term must also be a gradient, so it is possible to write

y
& rad o (357)
a — B

Therefore a potential function ¢ must exist which represents an acceleration
potential. Projecting equation (357) along the z-axis (see equation 1b) gives
do _ _1lop _ du

d d
= a—u(Vl'i—llz)‘f'—l‘ll’z‘i‘—uwz
or p ox dt ox ay 0z
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or with the hypothesis of small.disturbances

B _ y, ou
ox Jx
or
e = Vi (358)

Therefore, from equation (355)

Pt — Pu = (¢u — 1) p1. (359)
Now, the difference of the potential ¢ across the lifting surface can be repre-
sented by the potential of a doublet distribution along the surface. Indeed,
assume that a source distribution of intensity Q exists in the lower part and
asink distribution of the same intensity (and opposite sign) exists in the upper
part of the lifting surface; if the distance between the two distributions
h becomes smaller and approaches zero, while Q increases in such a way that
Qh remains constant, the difference of potential across the surface is
eu — o1 = Qh. (360)
The potential of the doublet distribution can be computed in this way: Con-
sider a lifting surface placed in the plane z = 0, having a source distribution
in the plane z = —h/2 and a sink distribution in the plane z = +h/2. The
potential resulting from both distributions can be thought of as arising from
the removal of a source distribution from z = h/2 and placing it at z = —h/2.
Because h is small,
—n %
0z
where ¢ is the potential of the source distribution. From equation (358) it
is found that the velocity potential corresponding to a doublet distribution is
given by

(361)

0 _ =
. bu— Q1= ¢ (36la)
or
[T o /
ép = V. odr = k / Py dir. (362)

Equation (362) permits determination of the flow field represented by the
doublet distribution.

Projecting equation (357) along the y- and z-axis (equations 1 and 1b),

d¢. _dv _ Vi v
dy dt dx
d¢o _dw ow

= 1 —

d: dl az.
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Since v and w are zero for the undisturbed stream, the components » and w

at the point x are
1 do
V= T — d
V] [ ay x

1 X
3
- % dr

w =
Vl 0z

The velocity components » and w do not disappear at infinity behind the lifting
surface. A free vortex system exists behind the lifting surface, the energy of
which is related to the induced drag, while the flow field is defined by the
potential difference T.



CHAPTER

AERODYNAMIC PHENOMENA FOR BODY OF
REVOLUTION, ANALYZED BY USING THE

THEORY OF SMALL DISTURBANCES

The Method of Small Disturbances for a Body of Revolution. To
study the problem of aerodynamic phenomena around a body of revolution,
the cylindrical coordinate system is considered the most suitable. The z-axis
is assumed coincident with the axis of the body, and the y-axis normal to the
z-axis in the meridian plane in the direction of the radius of every circular
cross section of the body. The meridian plane is defined by the angle ¢
between the meridian plane which contains the direction of the undisturbed
velocity and the meridian plane considered (Figure 150). The angle of attack
o of the body is the angle between the direction of the undisturbed velocity
and the axis z of the body, in the meridian plane ¢ = 0.

W, /‘ .
v; Plane ¢=Const. \« Cylinder y=Const.
@7 M B )
Y Y L
L
e o
857 X \/

1

Fig. 150. Body of revolution referred to cylindrical coordinates.

At every point the velocity V can be divided into three components: along
the z- and y-axis, and normal to the meridian plane. The components can be
defined in the following form:

210
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0
u=u1—|-u2=u1+(liz=Vlcosa—|-—ib‘2
z

x
v=vl—l—v2=vl+a—¢2=Vlsinacomp—I-g@ (363)
ay dy
w=w + w=— Visinesin o + — 9¢2
yde

where uy, 11, and w; are components of the undisturbed velocity corresponding
to the potential ¢; of the undisturbed stream, and ¢» is the potential function
which defines the variation of the flow generated by the presence of the body.
This potential function always exists, because the hypothesis of small dis-
turbances is accepted. Because with the hypothesis accepted o must be small,
the differential equation (341) of the flow motion becomes, using the defini-
tions of equations (363):

0¢2+§ﬁ+18_¢2 }Q@

1— M
( g Yoty dy

=0 (364)
where, following the considerations of Chapter 10, in equation (341a), the
terms 7y and w; are also considered small (of the same order of magnitude of the
disturbance velocity components). The solution of equation (364) is of the
form (References 36 and 37)

2 = ¢’ + ¢ (365)
where ¢’ 1s a function only of z and y and is defined by the equation (Refer-
ence 33%)

9’ 0%y’ 1 ¢y’
¢2 + o + L O¢pp’
ay* y 9y

which is the equation that defines the flow for the case of the body with axis

in the direction of the velocity. In analogy with the phenomena in subsonic
flow ¢;” is given by

1 - M3 =0 (366)

¢ (1,Y, ¢) = F (xy) cos ¢ (367)
where
Flay) = %7 (368)
dy
It can be shown that the function ¢," is a solution of equation (364) in the

following way: Substituting the value of ¢.” given by equation (367) in equa-
tion (364), equation (364) becomes

2
(1_M12)ﬂ+fa_p_lp+1§£:0_ (369)

ay* y? y dy
* The treatment of bodies of revolution with the small disturbances theory, which was
extended in Reference 36 and in Reference 37 to bOdles of revolutlon with angle of attack,
was given here for the first time.
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Differentiating equation (366) with respect to v,

0% [0y’ 9?2 [ 9¢.’ 1 !
a— My <_?1) s <.¢_2> Ll (%) _L<‘?.‘éz) —0. (370)
az? \ dy ay? \ ady y ay \ dy ¥\ 9y
Assuming
ek
dy
equation (369) is coincident with equation (370); therefore equation (367) is
a solution of equation (364).

The potential function that defines the phenomenon can therefore be ex-
pressed in the form

=F

¢ = ¢1+ ¢
or
=o'+ & +¢" + &
=zVicosa+ ¢’ + yVisinacos ¢ + 6:2 oS o. (371)
Y

The potential function (¢," 4 ¢2") defines the phenomenon for the case of
axial symmetry or zero angle of attack. To determine the effect of the angle
of attack it is necessary to determine only the variation of the phenomenon
dependent on the presence of cross flow due to the angle of attack which is
represented by the function (¢;’ + ¢1"). The part ¢, is assumed independent
of the angle of attack, and u, is assumed equal to V, (because « is small). The
determination of the flow around a body of revolution can be considered there-
fore divided in two parts. The first part consists in determination of the value
of the potential function ¢," which, with ¢,’, represents the phenomenon for
the body in axis with the undisturbed flow. The second part consists in deter-
niination of ¢,” which, with ¢,", gives the variation of the-phenomenon with
respect to the preceding case when the body changes angle of attack.

The possibility of superimposing the effect of the axial flow on the effect of
the cross flow, which is derived from the hypothesis of small disturbances,
notably simplifies the problem and permits rapid determination of the aerody-
namic properties of a body al small angles of atlack. In equation (364) it is
assumed that the angle of attack is very small so that u, can be considered
equal to ¥ and constant, and v and w; very small. Really u; changes with
the cosine, and v, and w; with the sine of the angle of attack; therefore the
solutions are correct only in a first approximation or for very small angles of
attack.

Slender Body with Axial Symmetrical Flow. If the body has its axis
parallel Lo the flow, in order to deternine the phenomenon a potential function
¢’ which satisfies equation (366) and the boundary condition must be deter-
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mined. As is shown in Chapter 10, the potential function ¢’ can be obtained
as the potential given by a source distribution (equation 354a) (References 33
and 38). /

Because in equation (366) u; is greater than a, equation (366) (identical to
equation 346) represents the motion of a circular two-dimensional wave
diverging from a center placed in the position y = 0. The steady flow around
a body of revolution can be interpreted as a two-dimensional circular wave
molion with a source at the origin variable with time (equation 354a). In the
coordinate system moving with the body this representation corresponds to a
variable distribution of sources along the z-axis. The position of the sources
and the law of variation of the strength of the sources along the z-axis depend
on the shape of the body. The problem is reduced to determination of the
source distribution as a function of the shape of the body.

The solution of equation (366) is given by the expression (equation 354a)

£ d 572)

¢ =
L Ve By

where the term B is given by the expression
B=VvM?—-1 (373)

and the function f(£) is an unknown function of the parameter £. The integral
is taken over the entire interval in which the function in the integral is defined.
For supersonic flow (M > 1) the function in the integral becomes imaginary

when
(x — §)2 — B%y* < 0,0or when ¢ > z — By.

Therefore the limits of the integral are £ = 0 and ¢ = ¢ — By.
Substituting for the value £ the expression

£§=1x— Bycoshz (374)
equation (372) becomes
0
g = f(x — Bycoshz)dz (375)

COSh—ll%/
Y My
As discussed in Chapter 10, the i

limit of differentiation has a physical
meaning. Indeed, if the body begins iy

at the point A(z = 0) and a point P A B U x
is considered (Figure 151), the flow at

P undergoes variations that are gen- gy, 151, Body of revolution in avis with
erated only by disturbances produced  the undisturbed siream.
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in the fore Mach cone which starts at P. These disturbances must be repre-
sented by sources placed along the zone AB. In front of A the flow is
undisturbed flow, and behind B the sources cannot influence the point P,
The sources therefore must be distributed along a segment that goes from
£ equal to zero to £ equal to AB, where AB is equal to

xp = xp — ypcoluy where colu = \/M12 —1=B.

Cone with Axis Parallel to the Undisturbed Velocity (Reference 33). If
the function f(x — By cosh z) of equation (375) is assumed proportional to
x — By cosh z, equation (375) becomes

0

o' = K (x — By cosh z) dz. (376)

X
—1—
cosh B

Equation (376) permits direct integration
¢ = K, I:—w cosh“lg; +Va — B2y2:| (377)
Y

where K is the constant of integration having the dimensions of a velocity.
In this case the disturbance velocity components become

0

d 7
% = K, dz (377a)
COSh_II—%/
and
0
d 7
%,2' = K — Bcosh z dz. (377b)
cosh~t =
By'

Therefore the velocity components are

06 _ 0¢2 +V,=V, — Ky cosh™t X (378)
ox dx By

u =

p= 2200 g/ g,
dy 9y By
Equation (378) shows thatl the components of the velocity are constant for
constant value of x/v, and therefore are constant along every straight line
that passes through the point # =-0, y = 0. The potential ¢, given by equa-
tion (376) corresponds to a conical phenomenon. Equation (378) can be used
to determine the pressure distribution around a ecireular cone with axis parallel
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to the flow. If 5 is the angle at the vortex of the cone (angle between the
z-axis and a generatrix) the value of z/y along the cone is given by

Y- tan 7.

X

But v/u at the cone must be equal to tan o or

-
KIB‘/BZ”2 -1
Y

tan n, = " (379)
V1 — Kicosh™t —
By
and
K, = V1 tan g — (380)
V cot? 5o — B? + tan 7 cosh™! Bno

In order to obtain real values for K, in equation (380), the value of cot 7o
must be larger than B, or the value of no must be smaller than the Mach angle
u, the cotangent of which is equal to B.

From equations (378) and (380) it is possible to determine the pressure
distribution and therefore the drag coefficient for cones at every Mach num-

ber.
Indeed, with the approximation accepted (equation 355)

R 2—“;? (381)
1
A Ve !
For every value of 7o and M, the value of K/V; can be determined (equation
380)
' K, _ tan ng
7 cotmy (382)
V cot? 5y — B? + tan 7 cosh™ B
_cotm _ I:l cot no ‘/(cot ,,0>2 ~ 1])
(cosh 5 0ge B + B
and us/ Vi, 12/ V4, are given by
w_ _ K cosh‘l—co—tﬂ—o = — 10,, (383)
Vi Vi B 2
n_Kp ‘/C__Ot2 mo_ g, (384)
Vi W B

The system gives a good approximation if the angle of the cone is not very
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large and for Mach numbers not too near one. In Figure 152 some values of
the pressure coefficient (p — p1)/14p V32 obtained with this theory are plotted

1 ’ ]
1
8 t T :
l Mo
7 \
\ \
6 \ No——|
. \ K 07
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\
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\
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~[N~ ‘\
i, sa |
[~ |~ \
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\\\ \_ 20°
2
1 \~\‘n...
e e ]00
0

1.0 2.0 3.0 4.0 50 6.0
M

Results Obtained Without the Hypothesis
of Small Disturbances

=-=== Results Obtained With the Hypothesis
of Small Disturbances

Fig. 152. Pressure coefficient versus Mach number for
cones of different angle.

as functions of the Mach number. For comparison, the same values obtained
theoretically without the hypothesis of small disturbances are also shown.

The Flow around a Slender, Sharp-Nose Body of Revolution with
Axis Parallel to the Direction of the Undisturbed Velocity. Consider a
slender, sharp-nose body of revolution of given shape (Figure 153). For every

point P, of the body the values of y, and z, are known, and therefore the valu
of £, given by

can be calculated. At the point P, the additional velocities us and v, are
produced by the source distribution placed along the segment AB, corre-
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sponding to £,. If f(£) is the function that defines the source distribution, it
is possible to write, using equations (375) and (374)
*0

Uy = J' (x — By cosh z) dz (386)
cosh ~ lg—zy :
0
v = —f" (@ — By cosh z) B cosh z dz (387)
cosh—1 =
By

where f'(£) is the function which represents the derivative of f(£) with respect
to &

If a curve made up of straight segments tangent to the curve is substituted
for the curve that represents f(£) as a function of ¢, (Figure 153), along every

Y
t)
£

[}

y=F(x)

A B xB; B fi'l fi Xi &n Xn
Fig. 153. The delermination of source distribution for a body of revolution.

segment of the curve f(£), the value of f'(¢) is constant, and the curve which
represents the function f'(£) as a function of £ is a step-shaped line as repre-
sented in Figure 153. In this case a summation can be substituted for the
integrals of equations (386) and (387) and the velocity at the points P, Py,
P, can be determined. If the straight line AC is substituted for the curve of
f(&) as a function of ¢ between A and B, (Figure 153), f/(£) is constant in this
interval; therefore the velocity components at the point P, of coordinate
= £ + By: are given by (equation 378)

_ I
Uy = — Ay cosh™' =L
Byl

Vg1 = AIB‘/ G2 -1
By

where A, is a constant. The hypothesis of f'(£) constant corresponds to sub-
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stitution for the body A P; of a cone which passes through P;. But at P; the
velocity must be tangent to the body, and, because the cone that passes Py
is substituted for the body in the approximation accepted, the boundary
condition is given by

dy _n___w |

de o Vi+uw

Since », and u; are functions only of x, and y,, which are known, the value of A,
can be determined in the same way- as for the cone equation (382).

For a point P, of coordinates (., y,) the corresponding values of u; and v,
Uzn, and 2, can be obtained in the following way: For every zone of £; — £,_,
between two points B; ; and B; (Figure 153), in which the value of f(¢) is
assumed constant and equal to A, the velocity components Aus, and Avy,,
induced at a point P,(x., y.) by the sources placed between B;_; and B; of
intensity f(¢), are given by the expressions

cosh‘lr"T;g-'
Aug, = + / f' (@ — By cosh z) dz

Tn—Eia

Yn

osh~t
coshm1 22 —Er
Yn T — £ —
= A; Codz = A, <c0sh—1 =2 — cosh™! u)
cosh=1 T = &i1 E i1 By" By n

and

A;
Avy, = — — (\/(fbn - 51)2 - B2yn2 - \/(:En - Ei—l)z - B?y”2>~

The total 1nduced velocity components are therefore given by the following
summations:

Uy = E IAi <cosh"l x"B;nEi cosh™! Byf"‘)
(In l/(xn Et 1>2
() =)

i=1
Equations (388) are obtained by considering the effect of every zone in which
J() is constant. Now for the point P, at z; and y; the summation has only
two terms, and therefore only two constants must be determined, A, and As,.
The constant A1 is known from the consideration of P;, and therefore when

the boundary condition
) dy> e
— =\ = — 389
Vl + [27) (dx Py V1 ( )

(388)
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is imposed at P, using equations (388), equation (389) represents an equation
in which only the term A, is unknown and can be determined. For P; three
constants are necessary, A,, A,, and A;. The constants A, and A, are already
determined; therefore, from the condition that the velocity must be in the
direction P;P; at P; (equation 389), the value of A; can be determined.
Proceeding in a similar way the values of all constants can be determined,
and therefore it is possible to determine the value of the velocity along the
entire body. From equation (381) the corresponding pressure distribution
can be determined. For example, if the body shown in Figure 154 is consid-

T
go 51 X, stz X2 ga %3 & X4 fs X5 x

Fig. 154. Shape of the body analyzed in the
numerical example.

ered, and the flight Mach number is equal to 2, the pressure distribution
along the body at zero angle of attack can be performed in the following way.
Six points along the body are chosen: the points 0,1,2,3,4,5. For every point
the following geometneal quantities are determined: x,, v,, (dy/dz).,, and &,,
where £, for every point is given by equation (385), and B = VM1 lis

equal to /3. Because the shape considered for the zone 0—1 is a cone of 10°
half angle, the value of the constant A,/V; from equation (382) is equal to

(o]
Ao tnlo 1o = 003079
Vi Veot210° —- 3 + tan 10° cosh—1 £
3
and
N o
A e 0t 100 05T,
Vi Vi \/3

The pressure coefficient between 0 and 1 is equal to ¢, = 0.114. In order to de-
termine the pressure in the point 2, the value of A,/ Vymust be calculated, using
equation (388). Because 2, = 2, y» = 0.3347, £ = 1.4203, and £ = 0.6946,

3 — . 2
N T | (I R T —
Vi V'3 X 0.33471 3 X 0.334712

1

Ay~ 2 — 1.4203 )2 / < 2 — 0.6916 >2
=V ) -1 - | ) -1l
Ty, v 3V<\/3 X 0.33471 b V'3 X 0.33471
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Uns 2 — 0.6946 2
- = 0.03079 (cosh'1 —— — h-! —=————
Vi V3% 033471 0 V3 x 0.33471>
LA <COS} 214203 o 2 06946
17 T = —~c¢cosh! —F——7"""7"—
Vi V'3 (0.33471) V3 (0.33471))

In equation (389) (dy/dx): = v2/V: where (3y/dx), = 0.158; therefore the
value of A./V; can be determined; A,/V; = 0.02354. In a similar way, the
values of A;/Vi, Ay/Vi, and A;/V: can be determined and the values of
0.01681, 0.01069, and 0.00517 are obtained. From the value of A, the value
of us/V, and therefore of the pressure coefficients can be determined.

cp, = 0.097; ¢y = 0.080; ¢y, = 0.063; ¢y, = 0.047.
For a body of revolution of small diameter a direct expression that gives a
first approximation can be determined for the value of the source distribution

(Reference 38). Differentiating equation (372) with respect to y, equation
(387) is obtained; substituting equation (374) in equation (387) gives

w1 [TV ree-pa
o, Vie -9t — By (390)

.

Now near the axis of the body (the source distribution is at the axis y=0)

lim a¢2/ 1 ’ I f ($) f (0) 9
y O _ —_ . d -_-—
g ay y [ f (E) 13 y 7 (3 1)

The term f(0) is zero if the body~has a sharp nose at the point x = 0. When the
value of the radius y of the body is small it is possible to assume

a ’
)y = (), = (i) - @) (302)
ay y=0 Yy
but if S is the section of the body, it is possible to write
dS dy
29,
dr ™y dx (393)
The boundary conditions give
@’ _ 3] _ b
d$ V1 + Ue Vl (394)
and therefore with the same order of approximation,
f@) _ dy
yVi  dx (395)
or (equation 393)
V1 dS
xXr) = — —
[ (@) o dr (396)
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In the approximation accepted, the source distribution is proportional to the
variation of the cross section of the body and therefore can be determined
directly from the boundary conditions. The pressure coeflicient at every
point P can be determined by using equation (381)

zp — Byp
- _ = 397
e Vi Vl[ V(ar — )2 — By (397

which becomes

1 zp — Byp 28 dE
_ _41 - = . (398)
(cp)p ﬂ_[ dg \/(zp —£)? — Byp?

If the shape of the body is defined by an analytical expression, the derivative
d2S/dg? can be obtained in analytical form as a function of £, and therefore
the value of the pressure coefficient can be obtained in analytical form eval-
uating the integral of equation (398).

The Flow around an Open Nose Body of Revolution with Axis Parallel
to the Direction of the Undisturbed Flow (Reference 39). The theory
of small disturbances can be applied to a body of revolution with an open
nose if the flow that goes into the open nose is supersonic. If S is the sec-
tion at the nose of the body (Figure 155a), at .S the flow can be divided into
two parts, the internal flow, or the flow that goes into the nose, and the ex-
ternal flow, which-wets the external surface of the kcdy.

If the internal shape of the body or the transformations that the internal
flow undergoes are such that there is a supersonic flow at the section .S, the
internal flow cannot interfere with the external flow, because all variations

s Streamline
M>1 P
. 1 6 .
M=M>1 R Subsonic
o |p
~M=Mp>1
I

S

(a) (b)

Fig. 155. Open nose body of revolution, with (a) supersonic, and (b) subsonic flow
al the enfrance.

in the flow can begin at the section .S when the two masses of flow are separated.
If the internal flow is subsonic, an external transformation must occur with a
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strong shock in front of the body (Figure 155b). The external flow that wets
the body then has physical characteristics dependent on the internal flow
transformations, and the phenomena cannot be separated.

If the internal flow is supersonic, it can be represented by a cylinder of the
same diameter as the nose, and the body can be considered schematically as a
cylinder wetted by the undisturbed flow that changes section at S (Figure
155a). To solve the problem it is therefore necessary Lo determine the poten-
tial function of the supplementary flow velocity, produced by the disturbances
that are produced at S. Because the variations of velocity begin at the point
P, the source distribution must be such that it does not produce any variation
in front of P, but must produce a variation at P and behind the point P.
The source distribution must therefore begin at the point O determined by
the relation (Figure 155),

OP, = RB

where R is the radius of the open nose.

The function f(¢) must be determined by the condition that f(&) is zero in
front of the point 0, and f(¢) = O after 0, where O can be considered as the
origin of the coordinates.

For determining the value of f'(¢) at every point of the axis the same pro-
cedure determined for a sharp body can be used, based on the principle of
satisfying the boundary conditions. Tt is evident that at the point P the flow
undergoes a finite variation of direction which is much stronger than the varia-
tion which occurs at a sharp nose, because at the point P the phenomenon is
two-dimensional.

Application of the Equations of Small Disturbances for Flow around
a Body of Revolution in Yaw. In paragraph 1 of this chapter it is shown
that if the hypothesis of small disturbances is acceptable for the phenomenon
considered, the variations of the velocity produced by a body of revolution
in yaw can be obtained by adding to the variations produced by the body
with axis parallel to the flow some incremental variations that can be obtained
from the potential function (¢; +” ¢,”) given by

9y’

¢+ ¢ = yVisinacos o + oy G5 (399)
Y

The term Vi sin « is the component of the undisturbed velocity normal to
the axis of the body, which is assumed coincident with the z-axis, and ¢,
is the potential function that gives the variation of the velocity produced by
the body when it is on axis with the flow (References 36 and 37).

Using for the function ¢»’ the expression of equation (375), the potential
(¢1” 4+ ¢2”) becomes
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O
&” + ¢” =yVisinacosg —cose B m (z — Bycoshz) coshzdz (400)
T
cosh—1—

By

where m(z — By cosh z) is a function that must be determined in terms of the
boundary condition.

Cone in Yaw. For the cone with axis parallel to the flow the function ¢.’

is given by equation (376)
0

¢’ =K (x — By cosh 2) dz (401)

x
-1
cosh Ty

where K is a constant. It is therefore possible to write

Q0
¢s” = cos (pa¢2’ = — Ky Bcos ¢ / (@ — Bycoshz)coshzdz  (402)

9y Jo =h»13iy

where the constant K, must be determined in such a way as to satisfy the
boundary conditions, but

$2
B2y2

0
(x — Bycosh z) coshzdz = %yB cosh-t £ — w‘/

= 1 (402q
By 2 (402a)

cosh —1 Biy
and therefore-

. By oz zl/ a?
¢" =¢"+ ¢;” = yVisin a cos o— Ky Beos <p[? cosh IEy — 5‘/&;2 - 1]- (403)

The value d¢,”/dx and d¢,” /dy can be determined using equation (403)

9" l/ 2
— =K,;B — —1 404)
ox 228 By? (
and
" _ ., _ B i &L E]/ 1]. 405)
3y =n Kchos<p[2 cos By +2y By (
Considering the total phenomenon the components of the velocity are
given by
6 7 a ”
i 1
o (406)
a 4 ”
dy 9y
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and therefore

u=u — K;cosh! r + K, B cos ¢ l/i2 -1
By B2y2

v=v1+KlB‘/L2_1_KB <§ o &
Byt 2 B cos ¢ 5 cosh By (407)

T a2
== —1).
+ 2yt By >

The values of u and v are constant for constant values of z/y, and therefore
are- constant along every straight line that passes through the origin of the
coordinates; the functions (¢s’ 4+ ¢»”) represent a conical field.

If no is the angle of the cone, constant for every value of ¢ (circular cone),
the value of the constants K, and K, can be determined. The constant K,
corresponds to the axial-flow phenomenon and is given by equation (380).
The constant K, must also be determined by imposing the condition that at
the surface of the cone the velocity must be tangent to the cone; therefore
the velocity must be inclined at 7, or

Y

v
- = tan 7,.
u No. (408)

Vi -
v /2 - KIB BEyQ

u + ll’z x
w — K, cosh—t =

Because the term

it is evident from equation (408) that the following relation must be valid:

— K,B COS¢<§ cosh—1 = +£ = 1>
2 By 2y ¥V By?

- = tan 5. (408a)
x
KZB COS ¢ ‘/BTyZ -1

From equation (408a) the value of K,
can be determined as a function of n,

g 5 — and of v, which is a function of the angle
7o of attack «, v, = V; sin « cos ¢ (Figure
156). K, is independent of the value

Fig. 156. Cone with angle of attack.  of cos ¢.
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Ky = . Visin a (109)
_,cotyp , B cot? g -
osh™! B +—2 cot o l/ T T 14+V1iz B2 tan? g,
or
K, _ sin « .
V- 2 [
rB cosh™! cot m -I- - |/ cot’ m -1 +\/1 — B?tan 5o
2 B
Using the symbol { = cot 770, the result is
% - = @ : (409a)
' —2~<cosh—1§‘—}—§'\/g‘2—1+§Bq\/§~—l)

The 1ift coefficient of the cone is

4 w
— d deo.
S/yx/ucom;a;a
0 0

Therefore
CL= 2 cotm no/ K.B L’ cotm?® _ 1 cos® ¢ dop
7TV1 o 2
or
dCr 2 ¢V -1
da

cosh™ 15“—!—5‘\/5“1— 1+ 732\/;“

Some values of dc,/da for different Mach numbers and values of #, are shown
in Figure 157. For comparison data obtained without the assumption of the
small disturbances theory are also shown (see Chapter 12). The results of
the two determinations agree fairly well only for low Mach numbers and for
very small angles of the cones. The values obtained for n, = 0 coincide with
the values given by equation (426).

Lift and Moment for Bodies of Revolution in Yaw (very slender bodies
of revolution). As was shown before, the flow around a body of revolution in
yaw is given by the potential function

¢ +¢” = ¢ + ¢ + 6" + ¢

where ¢,’ and ¢.” are defined by equation (371).
In the linearized theory that is used to obtain equation (371) the angle of
attack of the body is assumed small, and therefore it is possible to consider the
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Fig. 157.  Lift coefficient curve slope versus Mach number
for cones with different cone angles.

drag equivalent to the force in the direction of the axis of the body, and the
lift equivalent to the normal component. From equation (381), neglecting
all terms of higher order, the pressure variation can be expressed in the form

Ap = — wp V1. (410)

Now with this approximation the drag becomes independent of the velocities
corresponding to the potential function ¢”, while the lift is independent of the
velocity components corresponding to the potential ¢’. The drag of the body
with small angle of attack then becomes the same as for zero angle of attack,
while the lift can be determined as a function only of the potential ¢”.

Indeed, if the force component in the direction of the z-axis is considered
equivalent to the drag, and if for the origin of the cylindrical coordinate ¢
the meridian plane which contains the undisturbed velocity is considered,
it appears from equation (404) that the variation of pressure derived from
9¢”/dz is equal and of opposite sign along the meridian planes corresponding
to ¢ and (7 — ¢). The resultant of the pressure variations dependent on ¢”
in the direction of the z-axis is therefore zero.

When the lift is considered, it can be written in the form

L= 2f”d¢f—Apycos¢da:= 2p1V1fd¢fllzycos¢dx (411)
(1] 0 0 )]
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where u, represents the variation of the x component of velocity along the
surface of the body. The lift is not influenced by the part of u represented by
d¢s’/ 3z, because this part is independent of ¢ (equation 386), and the integra-
tion of cos ¢ d ¢ from 0 to = in the equation (411) gives zero as the resultant
value.

The value of the lift can therefore be written in the form

L = 2p1V1/ / 6(;1; vy cos ¢ do dx (411a)
0 0

and the moment about the vertex can be calculated from the equation

M = 2p,V, / / a@g xy cos ¢ do dz. (412)
X
. 0

To obtain the values of L and M it is necessary to determine a function ¢,
that satisfies the boundary conditions.

A simple general solution of the problem has not yet been found; therefore
to obtain numerical results, a step-by-step procedure must be used. Some
analytical expressions can be obtained if additional simplifying hypotheses
are introduced.

With the approximation accepted before, the flow around a body of revolu-
tion in yaw can be represented by four potential functions ¢.’, ¢/, ¢>1”., .and
¢.". Because the potential function ¢," + ¢-" satisfies the boundajr).r condltl?ns
and produces a stream that is tangent to the body, the potential functlo'n
(¢1” + ¢2”) must also produce a flow that must satisfy the boundary condi-
tions. The boundary conditions would be expressed exactly in the following

form:

(dl’> A (413)
de/ ¢, dpe”

@
However since the value of d¢,”/dx is very small (small angle of attack), and
since the inclination of the body meridian section (dy/dzx), with respect to the
z-axis is also small (hypothesis of small disturbances), the boundary condi-
tions can be expressed in the approximate form

6_¢1>_+£9ﬂ :7‘1_,_6‘75“’ =
a9y dy dy

From differentiation of equation (400)

0. (413q)

0

qu—l/' _ a¢1” + a¢2//

= + cos ¢ B? m'(x— By cosh z) cosh? zdz. (414)
ay ay ay cosh‘ll—f«
Y
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Therefore if r is the radius of a section of the body, the boundary conditions
are given by

0
Visina = — 9" 1 = — BE/ m'(x — Br cosh z) cosh? zdz. (415)
dy cos ¢

osh™1 é
As in the preceding analysis, it is convenient to use the function ¢ = 2 — By

cosh z as an independent variable for equation (415). In this case equation
(415) becomes

Ve - 92— B

re

z— Br .
Visina = - / m @) @ - Ot (416)

In the first approximation, it is possible to assume r to be small and approach-
ing zero, in which case equation (416) becomes

z— Br .
Visina = L f m' (&) (x — £)dk. 417)
r<Jo
Equation (417) can be integrated by parts, and it produces
r — Br
Visina = %[—J‘ m(0) + Brm(x — Br) + f m(E)dE:I (418)
r 0

but m(0) is zero, because the body begins at the point x = 0. Therefore for
x = 0 the flow is still undisturbed flow, and if r is small and Br is negligible,
it follows that :

Visina = 1 f m@)de or = m(x)= 2V1ré1 sin a. (419)
rt Jo dx
If S is a section of the body S = =2 it is then possible to write
a—— =m(zx) (420)
™

Equation (420) permits determination of the value of d¢”/dz, which appears
in equation (411e). From equation (401),

dx

x
2
osh By

(1]
9" _ _ B cos (p/ m’ (x — By cosh z) cosh z dz (421)

or substituting the value of £ for z — By cosh z

'z — By
ox ByV (z —§)! — By
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With the hypothesis of r approaching zero

x

ﬂ] _ Cos e , _ cos o
l:(m ) A m’ (z) dx = - m(x) (423)
0
and from equation (420)
["i] = VicosedS (424)
dx Jr mr dx

Substituting equation (424) in equations (411) and (411a),
L=pV2S a (425)
where S, is the base section of the body, or
Co=2a (426)

where «a is the angle of attack of the body.
Using equation (424) in equation (412) the moment becomes

M = prlZS,,,,la (427)

where the volume of the body is expressed as S,/ (S, is the mean section of
the body and [ the length of the body).
The moment arm from the vertex is

a=M _ <§L") L (428)
L \s

Equations (426) and (428) show that a body of revolution inclined at small
angles with respect to the direction of flight has, in the first approximation,
a lift that is proportional to the angle of attack and has a center of pressure
position which is independent of Mach number and of the value of lift. The
results are identical to those found in subsonic incompressible flow.

Lift and Moment for Bodies of Revolution in Yaw. In order to deter-
mine values of C, and C, equations (426) and (427) can be applied only for
very slender bodies of revolution for which dS/dx is a continuous function.
For different cases it is possible to determine the phenomenon using the value
of d¢,”/dy given by equation (415) if a step-by-step calculation is introduced
(Reference 37).

Proceeding in a similar way as for the analysis of the body of revolution on
the axis with the undisturbed flow, assume that the distribution of the function
m(§) along the ¢ axis is represented by a given curve as shown in Figure 158.
At every point Py, P, and P, of the body a corresponding value of £ can be
determined. Therefore, the corresponding point A, in the curve can be deter-
mined from the expression & = &, — By,. The curve that represents the
function m between any two points A,-, and A, is not a straight line, but if
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'

the points 4., and A, are very near each other an equivalent straight line
can be substituted with good approximation for the curve m(¢). With this
substitution the derivative between the points A,_; and A, becomes a constant.

mty
An—]
% s
! ! ~m()
A, ! ; E
]
| | ! !
| | ' !
I } ! I
1 t !
I 1 ! !
1 1 : :
A, ! | | I
[} | ) |
: E : P : Pn—l ! Pn
l I | 3 1 /
i | P2 ! ! ( /
I | P | / I
Pl » L/
: /1 1// ! : / : :// : !
\/ .Yl j/ 1Y /o Y3 y V/ x
0 51 X 52 X2 E
Fig. 158. Doublet distribution for arial symmelrical body with angle of
allack.

If the substitution is made between all the points A considered, and if in place
of the actual curve for the function m, a curve made up of straight segments
is used, the calculation of the function m(¢) can be accomplished with the same
system used for the body on the axis with the flow. In the zone between the
origin O and the first point Ay, the curve that gives m as a function of ¢
can be expressed in the form
ma, = b £

where b, is a constant. Therefore the integral in equation (415) which imposes
the boundary conditions can be solved and from the value of ;, the value of

b, can be calculated.
*0

Visina = — B cosh? zdz (429)
()OSh_l;‘Til
or
2 2
Visina = _ B I:cosh“l + = l/wl - 1:’- (429a)
2 By, By, ¥V By?

In equation (429) the incidence of the body « and the coordinates of the point
Ai(z1, 1) are known; therefore the value of b, can be determined. Equation
(429a) which gives the constant b, for a cone, is different from equation (409)
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because the boundary conditions are considered in the approximate form of
equation (413a).

For the point P, an analogous expression can be written if the function m
between A; and As is expressed in the form

maa, = by (& — &).
Equation (415) for the point P; becomes

=g
. cosh™1 By
Visina = — B, cosh? zdz

bt 22

cosh lByz
0
— B, cosh? zdz (430)
L n=h
cosh™! B

Indeed, the first integral must extend from £ = 0 to & = (@ — By,), while
the second integral must extend from & to £&. Therefore, z must go from

— By, coshz =0
to
— Byscoshz = &

in the first integral, and from

— Byscosh z = §&
to
— By:coshz = & = 2 — By,
in the second.
By performing the integration the following expression can be obtained

from equation (430):

B? Ty — El _ Ly — El
1% = — = b( h—1 == —>" — cosh™! - wogh—! —=
1 8in « 2 { 1 | cosh Bys cos By2> bs <cosh Bys >
R e () P BT
By2 By2 Byg B2y22
r — & (s — &1)2 \( )
— by <—By2 >V S Y (431)

where the only unknown value is the value of b.. The value of the constant
b, for every point P, can be determined in a similar way. The general equa-

< sosh—t r — &ict S _ cosh™! f"———Ef>
By, By,
1=1

o[ Byf N l/<r ) - xl;y_,, : ‘/m— b ws)

tion is

Visina =
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where the values of the constants b,, b,_,, are determined from the considera-
tions of the preceding points. The values of the constants by, b,, b, are propor-
tional to the value Vi sin «, and therefore when the angle of attack « changes,
the values of b, change with the sine of the angle o (equation 429) while the
values of b;/b do not change. Therefore calculation of the constant b,/b,
must be made for every Mach number that appears in B. However the results
of the calculation can be used for every angle of attack for which the theory
can be applied.

The lift coefficient can be calculated with equation (411a) in which a sum-
mation of terms that contain the constants b, b, and b, can be substituted
for the value of the integral that contains d¢”/dz. Indeed, for every point
P,, the value of d¢.”/dz given by equation (421) can be determined by con-
sidering zone by zone every zone in which m’ is constant. Therefore the value
of d¢,”/dx is equivalent to a summation of the type

d¢ ” (1'n Ez— (xn - &)2 .
(%)e ;+BC°“°Zb L

where 2, and y, are the coordinates of the point P,, and b, and £, are known.
The function d¢,”/dz in equation (433) can be represented as a function of z
by a step-by-step diagram, and its value can be considered constant between
every two points P,_;, P,. The value of the function y = f(x) that defines
the surface of the body between the two points can be expressed, in the
approximation accepted, in the form

Y= Y1) + Yo 7 et (x — ). (434)

Tn = Tn-

The integral that appears in the equation of the lift for the zone of the body
between the points P, ; and P, then becomes

" ag” " Iy d¢”
dr = 992 = 2 + -
/ P yax / o yd.r 2 ( ox > ( Yn yn—l) ("cn xn_l) (435)
Tn—1 z

n—1

where equation (433) must be substituted for d¢.”/dz at the point P,. To
obtain higher precision, it is possible to consider, in equation (435) and in the
subsequent equations (436) and (437), the value (8¢s”/ 0Z)nt(n—1)72, calculated
at a point intermediate between P, and P,_, in place of the value (9¢.”/9x) .
at P.. However, if the steps considered are small, the difference is not im-
portant (Reference 39).
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Using equations (411a) and (433)

B cos? ¢
L= 2PII/I / d(P Z (yn + yn—l) (zn — zn'—l) E b

n=1

D/(w_—f_—l) I FAC T 1) 1] (436)
By, By, 2
or

n=N n .

v Bb, 2 : Z :bi l/(In—fi—l)z

AL = ym2V1 (yn + yn—l) (l'n - -Tn—l) _1[ _B@T —1
n=1 i=1

(l'n _ Ei)2 _ :l
————Bgynz 1] (437)

where the point Py is the last point of the body, and y,, is the radius of the
surface of reference and usually is the maximum radius of the body. The lift
coefficient given from equation (437) contains the constants b,/b, which are
obtained from the boundary conditions given by equation (432).

Equation (432) shows that the constants b; are proportional to sin . Equa-
tion (432) can be transformed by using constants h, defined by the equation

(438)

The constants h; are 1ndependent of the angle of attack of the body, therefore
equatlon (432) that determines the values of the constants becomes

1= Z hs [(cosh“1 Tn = il coght _z"B;"£i>
Tn — §i l/(-l‘n - Si——l)2 1Tk ‘/(Tn - fi)2 _ 1>] 4

and the Lift coefficient becomes

+ ¥o) (@ = Zaca) Z hi [V( By?‘) '
_ V@ﬁ] (440)

The lift coefficient is proportional to the angle of attack and changes when the

Mach number changes {because B changes). If the value of (3¢,”/ OZ)nt (n—1)3,2
is taken for the value of d¢,”/dx in equation (435), equation (440) becomes

2a
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.
i1=n

R D METRICOD WA (C B
R MC TS R (=R

(440a)

For the determination of the moment given by equation (412) the expression

e arydz

must be calculated. Substituting the value given by equation (434) for y,
the expression becomes

In 6¢2”> <a¢2”> Tn
—— xydr =
/ (). mte = (7). | v

= ﬁ% [3yn_1 (#n + Tar)

I

64)2//
+ (yn - yn—l) <2In + xn—l) or . (44-1)
Substituting equation (441) in equation (412),

n=N

Cm = 2Bl (‘T" ;x"~1) [3ynv—l (xn—l + $h)
Y'm Z
n=1

¥ (n = yo) (220 + zﬂ_o]

n

.Vl
=1

— . —_ )2

[ (€%t 15V PGt 3 1:| (442)
BZyn2 B2 112

where [ is the length of the reference for the moment coefficient which usually

corresponds to the length of the body. Substituting the constants h; for the

constants b;, (equation 438), the moment coefficient becomes
an=N
2a

By2 l

m

Zn _3 Tn- [3yn—-l (xn + xn—l)

+ (Yo — Yor) @an+ m)] A\:h []/ (&, = t) i’*m 1

N PAC Vi 1]. (443)
B2yn2
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If, to be more exact, the average value between the point n and the point n—1
is assumed for the value of 9¢”/9dz in equation (441), the moment coefficient

becomes
n=N

2a
CTn -
Byl

n —6 Int [3.')’"—1 (xn + xn—l)

n=1

b (= o) @t m)J {Z h [V (‘” = f“l) _1
Ve - +Z] V() - V(== -]

(443a)

If the body is an open nose body of revolution, the calculation of the lift and
moment coefficients does not change, because the expressions in the integra-
tion in equations (411a) and (412) do not change. Only the limits of integra-
tion change and must extend from BRy to infinity, or if the body is of length [,
to the end of the body that has for its abscissa the point (BRy + ). Ryis
the radius of the nose (Reference 39).

Because the moments are taken with respect to the origin of the axis, that
is, in front of the body of BRy, it is necessary to transfer the moment to deter-
mine the moment coefficient with respect to any point on the body.

It is apparent that the approximation of the small-disturbance theory to
determine lift and moment of bodies of revolution in yaw is smaller than the
approximation of the same theory to determine drag for bodies without angle
of attack. This is so because, for the same shape of body, the disturbances
increase with the angle of attack, and because for practical calculations it is
necessary to make some other simplifying hypotheses which reduce the preci-
sion of the results. The theory can be applied with good approximation if the
angle of attack of the body is small and if the body is a thin body of good
aerodynamic shape.




CHAPTER

12

PHENOMENA FOR CONICAL BODIES —

HODOGRAPH SYSTEM

The General Equations of Conical Field. In Chapter 11, by assuming
the disturbances produced by the bodies to be small, solutions for conical bod-
ies of revolution with and without angle of attack were found. The results are
approximate and do not take into account all losses across the shock waves
which are generated at the vertex of the cone, and do not give the position of
the shock. It is possible, in some cases, to obtain a solution for the supersonic
flow around a conical body without a limiting hypothesis for the disturbances
by using the general equations of potential flow. As is shown in Chapter 10,
the hypothesis of potential flow is exact for a conical body of revolution with
axis parallel to the flow.

If the body is an infinite conical body and the flow is a perfect flow, the flow
must have the same physical properties along every straight line that passes
through the vertex of the cone. Indeed,
if two sections of the cone, S; and S,
parallel to each other, are considered
(Figure 159), because there is no scale
effect in a perfect flow, the flow field
must be geometrically similar and kine-
matically equal in the two correspond-
ing sections; therefore the speed at every
two points P, and P,, which are in the
same straight line which passes through
O and which also are in the two planes =,
and m which contain S; and S, must be
the same and must have the same direc-
tion.  The consideration is valid also for
a cone of finite length if the flow is all
supersonic, because in perfect supersonic flow disturbances produced down-
stream cannot interfere with the phenomena apstream. When, behind the

Fig. 159. Conical flow.
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shock or at the cone, the velocity is subsonic, the consideration can no Jonger
be applied to a finite cone, because every variation introduced in the flow at the
end of the cone can propagate upstream; therefore the phenomenon is a
iunction of the position of the section S considered with respect to the end of
the conical body. In this case, a conical phenomenon does not correspond to
a finite conical body. '

. If, for the study of the conical field, the polar coordinate system is used,
and r is the radius, 4 the angle between the radius vector and the axis of the
cone in the meridian plane, and ¢ the angular coordinate of the meridian plane
with respect to a plane which contains the direction of the velocity and the
axis of the cone (Figure 160), the existence of a conical flow corresponds to

=0
Plr.m.¢y) ¢

Fig. 160. Velocity components in conical coordinates.

the condition that the velocity eomponents are independent of the value of
the radius r. 1f ¢ is the flow potential, the potential function for a conical
field must have the form

¢ =rF (1, ¢) (444)
The components of the velocity along the radius r, (2,), normal to the radius r

in the meridian plane ¢ = constant, (v,), and normal to the meridian plane
(w), (Figure 160) are

w=22_F =200 00 L P
or ran oy’ rsmqndp  sinny de
In the equation of potential flow in polar coordinates (equation 333), because
F is not a function of r, the terms
du, G, dw
ar ’ or ’ :9;

are equal to zero; therefore equation (333) becomes

2 217 v 217 2 2
sin2n<1—v—')al —2—-w“sinn ok +<1— ﬂ)ﬂ'

a’/ on? a? Inde a?/ dp?
' 2 ) 2 n 2
+sin2nF<2 - w—+—‘> +1sinznﬂ(1 n 1%) 0 (M6)
a* 2 an a’
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or
. 2\ ov 2uwv,; v w?\ ow
sm77<1 - i>—‘ _ S oy +<1 _wyou
a®/ an a> d¢ a?/ d¢
. w? 4+ v . w?
-+ sin g 2, <2 - —?) + cosn v, (1 + ;9) = 0. (446a)
a 2

Equation (446) shows that the phenomenon is dependent only on two position
variables, » and ¢, and therefore conical phenomena, from the analytical
point of view, are analogous to two-dimensional phenomena. The velocity

\
S
N Pi{u,v)
__-g ‘ln :\ds
N AW
o' 3 v v
~N¢
vt
M,

Hodograph Plane

Y Plane ¢¢=Const.

Mo x(Axis of Cone)

O NVertex of Cone

Physical Plane
Fig. 161. Hodograph diagram for conical flow.

at a point P can be divided into two components, the velocity v, in the merid-
ian plane which contains P;, (plane of the axis of the cone and of the point Py),
and a component w normal to the plane. The component v, in the meridian
plane is the resultant of the components v, and ».. For every meridian plane
¢ = constant, along every line n = constant, the velocity v, is constant in
intensity and direction, because the phenomenon is conical; therefore for every
value of 7 in the meridian plane there is a corresponding value of v,, and in the
hodograph plane it is possible to design, for every plane ¢ = constant, the
diagram which gives the distribution of the velocity », as a function of n. The
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diagram can be obtained in the following manner (Figure 161). If, in a plane,
two axes u and v are considered parallel to the z- and y-axes of the physical
plane, and a vector equal to v, is plotted for every value of 5 in the plane uv
(hodograph plane), it is possible to obtain, in the plane uv, a diagram S which
is the locus of the points P;, which defines the velocity v, in direction and inten-
sity. Therefore for every value of  there is a corresponding point Py’ in the
hodograph plane which defines the component v, in the meridian planealong the
radius of coordinate n. Designing, from the point Py, the line P,’ M, parallel
to the radius OP,, and from O’ the normal to P,’M, because O’ Py’ corresponds
to v,, Pi’"M; corresponds to the component v,, and 0'M; to the component v..,
If u and v are the components of v, along the two coordinate axes,

u=vc08n — 28Ny (447)

=

v=10,sing+ v,c087 (448)
but for the condition of a conical field from equation (445),

v, IF
= = =y, 449
an o Uy (449)

‘!E = —(v,-l— %gl)sinn

l 450
dv_ (13 + %‘> cos o
dy i dan 7 .

If S is the diagram locus of the points Py in the hodograph plane, from
equation (450) it appears that

&) -4 ()

d_S =9, + égt
dn dan

Therefore

or

(451)

Equations (450) and (451) show that the element dS is normal to the direction
n = constant; indeed, if w is the angle between the normal to the curve S
and the u-axis (Figure 161), then

du = — dSsin w
dv = + dS cos w.

Therefore from equation (450) and (451) it appears that  is equal to 3, and
Py’ M, inclined at » with the u axis, is normal to dS. This consideration per-
mits, in some conditions, determination of the diagram S in the meridian
plane ¢ = constant by a step-by-step construction, and simplifies the problem,
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which is reduced to determination of the value of the quantity dv,/dn for every
point P. Indeed, from equation (451) is obtained

ds = <v, 4 a—”‘) dn. (452)
o

Therefore the radius of curvature of the diagram S as a function of 4 is equal to
(v, + 9v,/d7), and because it must be normal to S, the radius must be in the
direction of v,., Now take along the line PiM; that represents v,, a radius
P,A,, equal to (v, + dv,/dy) (Figure 162); if the value of (v, 4 dv./dy) is
considered constant for a small variation of 5 (equal to Ay), from Py a point

y ' v B
/
V A" I:/
T Ny ,//f’:/
P Vi
3 g
P2 P]I , /// /
P] Vf] //// ’/’
Vo &/
Vi, B
7 Vr, Vr3
a \772\ 3
o hi?y o IVAN LAY v
x
no M ,
! Vf M2 M3
2 Vi,

Fig. 162. Construction of the hodograph diagram for conical flow.

Py’ can be obtained, which gives the velocity v, for a value of n corresponfiing
Lo (n + An) (equation (452). Now if the value of the velocity », for a given
value of 7 is known, the point P, can be designed; and if the value of dv./d9
is known, the value of R = Py'A, can be calculated, and the point Py’ cor.re—
sponding to a variation of n can be determined graphically. When the point
Py’ is known, the values of v.p, (MyPy') and v,p, (M:0’) are known; there-
fore if the value (dv,/97m)p, can be calculated, the new radius Py'B, inclined
at (y + An) with respect to the axis, can be determined from equation-(452).
The new point Py’ along the circle of radius P.'B at 5 corresponding to
(3 + 2A7n) can be determined. The point P;’ defines the velocity v, along
the radius inclined at (n + 2A%) in the meridian plane ¢ = constant. Thus,
proceeding step by step, the entire flow can be determined. Therefore the
calculation of the flow field for a conical phenomenon can be reduced to deter-
mination of the value of dv,/dn at every point of the meridian plane.

Now equation (446a) gives the value of (v, 4+ dv,/dn) as a function of the
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other quantities and it is possible to transform equation (446a) into an equa-
tion which contains the radius of the hodograph R in place of

vy + @t *
don

“quation (446a) after the substitution becomes

% 2 v d :
( _u)R= , l«_u_“_cof.m.,<1+&)
a’ sing a? Jd¢ a?

2 ,
— <1 — ti> (rr +-L @f) (453)
L sin g Jde

Equation (453) shows that the radius of the hodograph diagram is a func-
tion of the velocity components and of the derivatives of the velocity compo-
nents with respect to the variable . Therefore the flow field of every conical
phenomenon can be determined, with the approximations of potential flow,
with a step-by-step calculation, if the velocity components are known along a
closed line around the cross section of the body in the zone of the perturbations
produced by the body. If, for example, the cross section of a conical shock
wave and the stream Mach number are known, the velocity components
behind the shock can be determined from the shape of the shock, because
across the shock only the component 2, normal to the front of the shock
changes (equation 110), and therefore ¢, does not change. From the distribu-
tion of the velocity components along the cross section of the shock, the local
derivatives dw/d¢ and dv,/d¢ can be determined. Using equation (453),
the radius of the hodograph diagram in every meridian plane can be evaluated,
from which the velocity distribution along another surface near the surface
of the shock, but closer to the body, can be obtained. In this way, the entire
flow field between the shock and the body can be obtained step by step. In a
similar way, if the velocity distribution around the body is known, the flow
field around the body can be obtained.

Because the radius R used in the Y
hodograph plane has the dimension
of a velocity, as appears from equa- ) N G
tion (453), the scale of R in the Lo R . > S
hodograph diagram is determined, dv? ;-_—_—_—_—_—_—_—_—_—_—_—_——__—_—-'t—_" “ds
and is equal to the scale of u and » or +© 1 R
of v,. The sign of R is determined W S ? ”
from equation (450); at the point P, o il -

the radius R can be plotted along the N
straight line P,C; in the direction C:

P:Cyoor in the direction PiC, (Figure Fig. 163. The orientation of the radius of
163). Because OP; is positive and curvature in the hodograph diagram.
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v,, represented by NP;, is positive in the convention accepted, if R is posi-
tive, it must be in the same direction as v,; therefore the center of the circle
must be C;. If R is negative, it must be in the opposite direction and the
center must be C;. The new point in the first case is Py” and in the second case
is P;/. The equations (450) agree with the convention because, if R is positive
and Ay positive, do must be positive and du negative, as happens for dv; and
dus; while if R is negative, du, must be positive and dv; must be negative,
as happens in the case C1Py/. A different numerical integration can be sub-
stituted for the step-by-step integration considered before, by assuming, for
the variation of Ay considered, the values v,,-9v,/ 37, and dw/dn constant; but
the hypothesis of (v, + dv,/3n) constant, in the step Ag, gives, in general,

much greater accuracy than the hypothesis of v, 8v,/9n and dw/dn con-

stant, because (v, + 8v,/dn) is, in general, larger than v, and its variation
is much smaller.

For some cases of conical flow, use of rectangular coordinates may be more
convenient. In this case, the gen-
eral equation of potential flow in
rectangular coordinates given by
equation (326) must be substituted
Rersnyravard  for equation (446). The condition
of the conical field can be ex-
pressed in this form (Figure 164).
X dx x If the origin of the coordinates is
3 coincident with the vertex of the
cone, when the point P considered
moves along a straight line which
passes through the ‘origin, the var-
Fig. 164. Conical flow in Carlesian coordinates. iations of the velocity components

must be zero. The variations of

the velocity components are du, dv, and dw. If P moves along a straight
line which passes through O,

dzx

z y z

4

Y /] Py

4

dy dz

=

Therefore, the terms du, dv, and dw given by
du= % dr + du dy + W 1t = et + by + b2.dz
oz dy 0z
can be written in the form
Rdu = ¢t + duyy + ooz =

kd’lz' = ¢yzm + ¢1ﬂly + ¢ZIZZ =
kd“) = ¢zz$ + ¢zyy + d’nz

S o o

l (454)
|
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From equations (454) three of the six second derivatives of ¢ can be eliminated,
and for the solution of a general conical field problem, only three second deriva-
tives of ¢ must be determined as in equation (446a). Equation (454) can be
written in the form '

¢zz=¢zx= _d)xz?_d’yzz
Z ¥4

bue = boy = — by - — by Y (454a)

¢zz=¢u£ +2¢ryf_y+¢yyz:

Cone of Revolution with Axis Parallel to the Flow. When the phenome-
non is conical with axial symmetry, all variations of the physical quantities
disappear in the direction normal to every meridian plane; therefore in equa-
tions (446) and (453) all derivatives with respect to ¢ disappear. For axial
symmetric phenomenon equation (446) becomes

. v\ o s v oF
sin g 1——) ]«(2__‘> \ - -
< &) o + s + cos g 4 0 (455)

and equation (453) (Reference 40) becomes

R= — v,cotnf!-zv, .
g (456)

Equation (456) can be transformed in terms containing the velocity compo-
nents relative to the limiting velocity V.

R _ (v/ Vi) cot g + v,/ V,
Vi 1 — (02/V) (Vi/a®)

but V* = »2 + »2, and V*/a? is given as a function of V/V; from equation
(85b) in Chapter 2,

Ve g 2 @
vz y—=1V?
Therefore
1)_;2 _ vﬁ/ Vl2 2
@ 1 -VVeEy—1
and
R A /,’1/7 Cl)t + Ur v"’I'r
Vo= R — : (457)
¥ ! 2 P2 / Vz'

1~

v L=/ ViE = 02/ Vi
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Equation (457) permits determination of the radius of the hodograph dia:
gram for every value of  as a function of v,/V; and v,/V; corresponding to the
n considered. Because from the value of R(n) the values of #,/V; and v,/V,
for a value of (n + An) can be determined, equation (457) permits deter-
mination of the complete flow field of the conical phenomenon. If, in the
hodograph plane, the velocities relative to the limiting velocities are plotted,
the radius R must also be plotted in the same scale; therefore equation (457)
gives the value which must be used in the construction.

The practical procedure can be as follows: the value of v./V; and v,/V,
for a given value of » must be fixed with criteria that will be discussed later.
From the values of z./V; and v,/ V, fixed for the value of 5 considered, a corre-
sponding point Py in the hodograph plane can be determined. In Figure 165,
O, N/, inclined at 5 with respect to the u-axis, is equal to v,/V;; and Ny'PY,
normal to O, VY, is equal to v,/V,. With equation (457) the value of (R/ Vi,
can be determined. Along the line Py’ [V, parallel to O, N\’ at P/, a segment
equal to (R/V)), must be taken, and the point C, determined [P, 'C, =
(R/V1y),]. The direction in which the segimnent equal to (R/ V1), must be taken

v G,
G,
(VVn RN
(V/\Q)n+A17 < , G
(/) 5 AN R N, nean
n - - ) ‘3
o = B A\ n+2an
] L)
(Vﬁ/Yg)ﬂ ? XV’(\ A
N, \AD'(\
(V,/\Q/)nﬂn N \a¢

Fig. 165. Construclion of the hodograph diagram
Sfor cone of revolution in axis with the free stream.

is determined by the convention discussed before, and must be as in Figure
165 if R/V, is negative. From the point C, a circle PP, can be drawn
and a poinl Py'(y + An) can be obtained along the radius C, Py’ IV inclined at
(n + A7) with respect to the u-axis. The segment (/' Py’ gives the value of
(V/V1),+ ap and the segments N, Py’ and N,0; give the corresponding v,/V,
and v,/V; components. With equation (457) the value of (R/ V1), 4+, can
be determined. Because the radius must be in the direction of (v,/ VD, b o
taken along the line NoPy(y, a segment equal to (R/V), , ,,, the new center of
the curvature of the hodograph diagram at P.’, C,, can be détermined. Draw-
ing a circle PPy with center Cy, the point (Py), , . along the radius C, Py’
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inclined with respect to the u-axis at (5 + 2Ax), can be determined. Proceed-
ing in a similar way, all values of v,/V; and v,/V, for every value of 5, cor-
responding to the values of »,/V; and v,/V, for the value of 4 fixed at the
beginning, can be determined. In the practical applications the system of
calculation can be either numerical and graphic or only numerical by means
of the following equations,

()4 ay = (v2), cos Ag + (R — ), sin A,
@)y 430 = (@), sin &g — (R — v,), cos Ay + (R),

In order to choose the value of y from which to start the construction and
to fix the corresponding values of v,/V; and v,/V,, it is convenient to remember
that, at the surface of the cone, the velocity must be in a radial direction and z,
must be zero; therefore if for the initial value of 5 the angle of the cone », is
chosen, in order to know the initial conditions, it is enough to fix the corre-
sponding value of v,/V}; then the entire flow field can be determined. To deter-
mine the phenomenon it is necessary only to determine the free-stream Mach
number corresponding to the value of v./V, fixed at the surface of the cone.

The determination of the free-stream velocity corresponding to the value
of v,/V, fixed at the surface of the cone can be accomplished, considering the
cquilibrium across the shock wave which is produced by the cone.

If the phenomenon is conical, the shock wave must start from the vertex
of the cone, and the intersection of the front of the shock with the meridian
plane must be a straight line. Indeed,if P, ~ -
is a point on the shock wave, along the M,
straight line OP; (Figure 166), the velocity
must be constant; and because across
the shock at P; the velocity V,/V,

P
becomes V/V,, for every point of the o %\
line OP; the velocity Vi/V, must un- N/
dergo the same transformation. Along :

the line OP; the equations of shock Fig. 166. Determination of the
must be applied. Let ns be the polar co- posilion of the conical shock for
ordinale of the shock and let »,/V; and arial symmelrical phenomena.

1/ Vi be the corresponding velocily components for e = 5g, obtained from
the equations of shock (Figure 166). From equations (105) and (110) of
Chapter 3

v/ V
)\l‘/\ll

— =1 cosng (458)

and from equation (124)

Ve 2i,<u N € 7_1‘> (159)
Vi/Visingg v 4 1 \M?sin?gg 2
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because the value of V; does not change across the shock (equation 151).
Butl M, is given in terms of Vi/V,; by equation (85b); therefore it is possible
to wrile _

ot ‘_’_lsi,,ns__iz_.[<_vﬁ AT 2 SR I 1}
Vi 1/'1 vy + 1 Vi? / 2 sin? ns 2

or because

Ty fl
- = cos 1y

Vi Vi

[N v — ] , <Vl>‘l i .
- = = col ng e — 1. 460
Vi v+ 1V, " [N ] ( ) )

Equation (460) gives, for every value of 55, a relation between v, and v,
but the construction of the hodograph diagram also gives a relation between
v, and 7, for every value of n; therefore from the two different relations the
condition of equilibrium for which shock and conical flow can exist can be
determined; from this, the angle of the shock and the free-stream Mach num-
ber can be obtained. A practical way of obtaining the value of ng consists in
determination of the value of v,//V; from equation (460) for some values of 5,
using for v,/V, the value v,/V, given by the hodograph diagram for the corre-
sponding value of n considered. When the value of v///V is equal to the value
of v,/V, obtained from the hodograph diagram for the corresponding », shock
and conical flow can exist, and the corresponding value of » gives the actual
position of the shock; therefore, plotting »//V; and »,/V, as functions of g,
the value of ns can be determined from the intersection of the two curves.
From the value of 5s and of the corresponding v,/V; from equation (458),
the value of V1/V, can be determined, and from equation (85b) the free-stream
Mach number can be determined. For different treatments of the same

phenomenon see references 41 and 42.

Instead of fixing the value of v,/V; at the cone and determining from this
the corresponding Mach number of the undisturbed stream, it is possible
by knowing the Mach number of the undisturbed stream to start the calcula-
tion by fixing the value of the angle of shock 7s, and from this to determine
the flow field and the angle of the cone that gives, at the Mach number con-
sidered, the chosen angle of shock. In order to obtain a physical solution,
the angle of the shock must be larger than the Mach angle.

The calculation in this case starts with determination of the value of v,/V;
and v,/V; behind the shock, from the value of My and 55 chosen, with equa-
tions (458) and (459). From the values of »,/V; and v,/ V, for the value of 5s
chosen, the entire hodograph diagram can be constructed, and the angle of
the cone can be found. The value of 5 of the cone, which corresponds to the
value g5 of the front of the shock chosen, for the Mach number considered,
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is determined from the condition that for %, the value of »,/V; must be zero;
therefore the radius (R)7n, must be on the straight.line that passes through 0,.

From the value of v,/V; at the cone, the pressure can be determined as a
function of the pressure of the undisturbed stream. Indeed, from equation
(121) the value of the pressure behind the shock can be determined; while
with equation (85a) the pressure on the body, as a function of the pressure
behind the shock, can be calculated from the value of V/V, behind the shock
and at the body.

Considerations on the Results of the Cone Calculations. A practical
example of calculation of a cone is given in Figure 167. The angle of cone
considered is 30°, and the value of »,/V, at the cone is fixed equal to 0.42.
From the calculations, an angle of shock of 54°12" is found and a corresponding
Mach number, M = 1.708, is obtained for the free stream. In Figure 167a
the shape of the stream lines obtained from the preceding calculations is
shown. As it appears from the figure and as it is possible to deduce from equa-
tion (457) (R is negative), when the value of 5 increases, the inclination of
the velocity with respect to the axis of the body decreases; therefore the devia-
tion across the shock is less than the angle of the cone, and the stream lines
are curved in the zone between the shock and the cone. The velocity moving
from the shock decreases and the pressure increases; the velocity at the cone
is less than behind the shock, and-the-pressure is greater. The compression
behind the shock is isentropic, and therefore without losses. The shock losses
are connected only with the variation of pressure across the shock. Conical
compression is therefore in part isentropic, and therefore is more efficient than
two-dimensional compression (gives less increase of entropy for the same in-
crease in pressure).

The angle of deviation across the shock is less than the angle of cone; and
for a given Mach number, when the deviation across the shock is the maximum
possible, the angle of the cone is larger than the angle of the corresponding
wedge. Therefore for a given Mach number the maximum angle of cone for
which the shock is still attached is larger than the corresponding angle in the
two-dimensional case. In Figure 168 the maximum angles for cone and wedge,
for which it is still possible to have an attached shock, are plotted as functions
of the Mach angle. When the angle of the shock corresponds to the value
that gives maximum deviation across the shock for the Mach number con-
sidered, the flow behind the shock is all subsonic. For an angle of shock less
than the value of maximum deviation, the flow behind the shock can be in
part supersonic and in part subsonic. If calculations are made, assuming a
value of the angle of shock larger than the value corresponding to maximum
deviation, an angle of cone must be found smaller than the value corresponding
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to maximum deviation; because if the deviation permissible across the shock

decreases, the corresponding angle to cone must' also decrease. Therefore for

v/V,
M=1.708
Ry=.294
Ry=341
Ro=42
(WVp)o=42 Ry=270
(W/V))=4214 Ry=261
426 Rs=.271
432 Rg=315
< < 461
Z— 449
' 33:20;’]5' 440 /
_ . o 0‘\ [y L3 LY U vl
b0 =58 8 %)
~(\'1. '(\’b/ ;/ 14 /;')
A o Qo
(a)
X TG
) ,Brf -
0
M,;=1.708

30°

(b)

Fig. 167. Ezample of graphical calculation of the flow around a cone of 30° angle at
stream Mach number 1.708. (a) Construction of the hodograph diagram. (b) Con-
struction of the stream lines.

every Mach number and for every angle of cone, two possible conditions of
equilibrium exist as for the two-dimensional case, one with a weak shock and
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another with a strong shock. The velocity at the cone is notably different
for the two cases.
For the same reasons discussed for the wedge, if the shock is produced only

60°

50° =1 max.

]
- | / Cone

_— 0 max.
30°
/ Wedge
20° / //
]00 /
0° .
1 2 3 4

Mach Number

Fig. 168. Marimum angle of cone and of the wedge that per-
milts an allached shock versus Mach number.-

=
e
mp ==
§5 /% 1 il &
PUECE ¢

M=y/a

Fig. 169. Velocily at the surface of the cone versus Mach number for
cones of different cone angles. (The velocily is given as ratio to the limiting
velocily.)
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by a deviation of the stream produced by a body, the shock that is actually
found is weak, and the flow behind the shock is supersonic, but if the shock is
generated also by an increase of the back pressure, the shock can be strong.
In this case, the flow behind the shock is subsonic, but in order to obtain a
phenomenon represented by the calculations, it is necessary that the phe-
nomenon be conical. Practically, this does not happen, because the necessary
deviation of the body from the conical shape in the back part (the cone must
have a finite length) interferes with the phenomenon in front because the flow
is subsonic; and therefore the phenomenon in the front part is no longer conical.

1.6
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Fig. 170. Pressure coefficient at the surface of the cone versus Mach
number for cones of different cone angles (from Reference 93).

Usually, when the flow behind the shock is subsonic, the shock obtained is no
longer exactly a straight shock, showing that the phenomenon is not conical.

The system of calculation is not direct because it does not permit, for a
given cone and for a given Mach number, determination of the phenomenon;
but it is necessary to fix the velocity on the cone and to determine the corre-
sponding Mach number or angle of shock. Therefore, for practical use it is
very helpful to have indications from systematic calculations for different
angles of cone and for different Mach numbers. Some results of cone calcula-
tions are shown in Figure 169 and following. In Figure 169 the value of v,/ V;
al the cone surface, as a function of the Mach number is plotted for constant
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value of the angle of the cone. In Figure 170, the coefficient of pressure
(p2— p1)/3pV? at the cone, and in Figure 171 the angles of shock for different
angles of cone are plotted as functions of the stream Mach numbers. As it
appears from the curves, for every Mach number and for a given cone, two
solutions exist. The curves are extended only in a small part of the strong
shock zone. In order to obtain data for the entire flow field between the shock
and the surface of the cone, a special diagram can be made using the diagram
of the shock and the diagram of the velocity in the hodograph plane (Reference
43). For every Mach number of the free stream in the hodograph plane, a

90
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\50
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Fig. 171. Angle of the shock versus Mach number for cones of
differeni cone angles (from Reference 43).

shock polar curve exists which gives the value of the velocity behind the shock
as a function of the deviation across the shock. In the hodograph plane,
from the direction and intensity of velocity behind the shock, the value of the
angle of the corresponding cone can be obtained with the construction ex-
plained before, and the hodograph diagram that gives the velocity as a func-
tion of n can be determined. If O'B is the velocity behind the shock for the
Mach number considered (Figure 172), and the undisturbed velocity is in
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the direction of the u-axis (u), the angle & between O’B and u-axis is the
deviation across the shock. From the value of O’'B and ne the entire hodo-
graph diagram AB can be determined; and when a line that contains a radius

v
[ A
—::3=0.98
0 M=1.504
20 \ N
B w0
A~
AU [ [#\c
o N =20°+0,, 7. = 50° YU v

Fig. 172. Construction and use of the apple curve diagram.

passing through the point 0’ is obtained, the value of », is determined. If the
point B moves along the shock polar curve, the point A, which gives the value
of the velocity at the surface of the cone, describes another curve that, from

Fig. 173. Examples of practical apple curve diagrams. (a) My = 1.640, (b) M, = 2.196.
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its form, is called an apple curve. The two curves, together with a hodograph
diagram and with some values of the losses across the shock, permit deter-
mination of the flow field between the cones and shock.

A diagram of this type is shown in Figure 172. The use of the curve is the
following: given the angle of the cone #, the points A and B are determined.
The normal to BC gives the value of 5. For every point [V, between A and B
along the hodograph, the segment ON gives the intensity and direction (6)
of the velocity, while the corresponding value of 7 is determined, remembering
that the normal to the diagram AB at the point N must be inclined at gy
with the u-axis. To simplify the determination of the value of », some en-
velope curves of points having constant values of (y — 6) are also drawn.
The values of losses of total pressure across the shock py'/po are also indicated.
Figures 173 a, b, ¢, d, show some of the actual diagrams constructed for dif-
ferent Mach numbers. '

\'4

(d)
Fig. 173 (continued). Kzamples of praclical apple curve diagrams. (c) M, = 2.728,
() M, = 3.305 (from Reference 43).
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Experimental results obtained from projectile tests or from tunnel tests
agree with the theoretical data. Figure 174 shows a comparison between
experimental and theoretical values of the angle of shock. The determina-
tion was made with firing tests by Taylor and Maccoll (Reference 42). Shadow
and schlieren photographs are shown in Figures 175 and 176.

100 T

—— Calculated Values
o Measured Values
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P 60 \
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8 17p="30°
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1.0 20 3.0 40 50
M,

Fig. 174. Comparison belween calculated and
ecperimental values of the angle of the shock for
coneswithdifferent coneangle (from Reference 41).

Cone of Revolution with Angle of Attack. The hodograph system can
also be used for determining the flow around a cone with angle of attack, for
small angles of attack (References 44 and 45). In this case the shock is no
longer a cone of revolution with the axis parallel to the undisturbed velocity,
and therefore the flow behind the shock is rotational, but for small angles of
the cone, the equations for potential flow give a good approximation, because
the differences of variation of entrepy between different zones of flow are
small. The flow field behind the shock, with the hypothesis of potential
flow, is given by equation (446a). At the surface of the cone, the flow must
be tangent to the cone; therefore the component v, must be zero, while the
component w must be zero at the meridian plane ¢ = 0 and ¢ = 180°; the
plane contains the undisturbed velocity and therefore is a plane of symmetry
of the phenomenon. The maximum value of w at the surface of the cone
oceurs in the zone of ¢ ~90° and depends on the angle of attack, but for small

Fig. 175. Shadow
pholograph  of  the
flow around a cone
of 30° angle at M =
2.13.

‘Fig. 176. Schlieren

pholograph  of  the

flow around a cone

of 20° angle al M o
2.13.
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values of the angle of attack its maximum value is also small, and the ratic
w?/a? can be considered negligible with respect to one. With this hypothesis,
the flow field near the surface of the cone is given by the equation

2 2
sintn OF 4 Vainog 08 L O 4 o Gnenr = 0. (161)
an? 2 dn 0%
Equation (461) is a differential equation of the second order of the elliptic
type and permits an analytical solution. A sclution of the equation is of the

type (Reference 46)
F = Ao + A1 COS ¢ + Bl sin @ + [P (162)
wheré Ay, A1, and B, are functions of » alone. For ¢ = 0, dF/3¢ = 0, because

w = (1/sin ) (8F/d¢) = 0; therefore all terms which contain the sines of ¢ or
of ne must be zero, and the equation becomes

F=Ay+ Ajcosp+ - -- (463)

and because along the surface of the cone 5 is constant, the functions A,,
A, and the like have constant values along the cone.

Axis of the
Conical Shock

\‘L\G
[ s

A Axis of the Cone

(b)

Fig. 177. The equilibrium condilion al the shock for a circular
cone with angle of allack.
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Equation (463) in order to be a physical solution of the problem must give
a flow field in agreement with the flow behind a conical shock; therefore
equation {463) must be analyzed in relation to the condition of existence of
the shock.

Now consider a circular conical shock of axis OB, and consider a plane
normal to the axis OB (Figure 177). If OA is the axis of the cone that produces
the shock and OV is the direction of the undisturbed velocity, inclined at «
with the axis of the cone, it is possible to demonstrate that such a conical
shock, in the approximation accepted, produces behind the shock a flow in
agreement with equation (463).

If OP is a generatrix of the conical shock, resolve the velocity vector into
components along OP (component v,), along PB (component v,), and in
normal direction to the plane OPB (component wy); using the symbols of
Figure 177, it is found that '

v, = Vicos B cos ¢ + VisinBsin e cosy l
o, = Vicos Bsing — Visin B cos o cos ¢ (464)
w, = — Visin Bsiny S

Across the shock the components »,, and w; do not change, while the compo-
nent v, changes in intensity and becomes v,,. Transforming the coordinate
system and referring the velocity behind the shock to the polar coordinate
system in axis with the axis OA of the cone, the result is

1‘72 = 7"7‘1
We = W, COS T — Ty 8in 7 = —sin f Visiny cos 7 — v, sin 7 (464a)

where 7 is the angle between lines CP and BP, in perpendicular direction to
orP.

Because the hypothesis is accepted that w. is small and that w,?/V,? can be
neglected, cquation (164a) indicates that the angles = and # must be also con-
sidered small and the terms containing 7 and 3* can be neglected.

For ¢ = n/2 the value of w, is maximum, and for this condition (Figure 177b)

tani = tan rsin ¢ and tan 6 = tan r cos o

Therefore, the angles i and 6 are small and of the same order as . But

(see Figure 177)

o,
tan o’ = tan ¢ cos i; P/A = sinosin (0" +0) 45 = icotosing’ (464b)

sin <p/

Therefore, neglecting terms of the order of 72 the result is

siny = sin o <1 + /) cosn = coso — isinocosp (464¢)

tan ¢
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Because 1 is constant, the first of equations (464) becomes
v, = v, = Vifi () + afe (n) cos ¢.

In the approximation accepted, the flow field defined by the first two terms
of equation (463) can exist, and the corresponding shock is a circular conical
shock out of axis with the conical body and with the undisturbed velocity.

Using equation (463), the flow conditions around the cone can be deter-
mined; indeed, the terms w?/a? and w (dw/dn) are zero in the meridian plane
¢ = 0, ¢ = m, and are negligible in every other plane ¢ = constant, therefore
equation (446) becomes

: c o\ 52 2 )2
sin2n<1—iﬁ>ﬁf+ "F+sin?nF<2—L‘o>+sinncosn‘zf=0. (163)
@ ]

a’/ on® dp?
If the function F has the form (equation 463)
F=F0+F1COS§0 (466)
?F . .
the term is given by
do?
oK - . s
— = —Ficose=—F+F, (466a)
02

and in the meridian plane ¢ = 0 and ¢ = =
F,_o=Fo+ Fi; Fooo=F—F (466b)

o 42
(‘9 f ) -~ Fy <ﬂ> -+ R (466¢)
PYEY J— dpt)

The first term Fy of equation (466) can be obtained directly; indeed, if in
equation (466), Fi is zero, equation (465) becomes equal to equation (455);
therefore F, is the potential function that gives the flow around the cone for
zero angle of attack, and can be determined as explained before. When the
value of F; = v, is known as function of » in the meridian plane, from the calcu-
lation of the cone without angle of attack, equation (465) can be written in the

form

‘2 2 hi — Al Y

(1_’1)(@1_}_};’):—1v"-|-~[’_——lio—9—E cot (467)

a*/ \dn? sin g an

or
2 T
<1 - Ll)R = — 1+ F, Fo — v;cot g
: a? sin® g

Now suppose that the value of Fy = v,, and F; are known, for » = 7, the left
side of equation (467) using equation (466a) can be evaluated; therefore, the
radius of the hodograph diagram, d2F/dn* + F, in every plane ¢ = constant
(for example, ¢ = 0) can be obtained. If a, v, and v, are values relative to
the limiting velocity, a? is (equation 85b)
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a=" ; ! d—=v2—2

The values of 0F/on and F for n = %, + An can be obtained as for the
case of @ = 0 with one construction in a plane ¢ = constant. Because
Fo(, +ay and (8Fo/dm)(, 14, are known from the calculation of the cone with
the axis parallel to the flow, the radius of the hodograph diagrams for
n = m0 + Ay can be also determined; and therefore, step-by-step all the values
of v, and v, as function of » can be evaluated; for example, in the plane ¢ = 0
is F =Fy,+F, and 0F/an = 9Fy/dn + 0F,/0y, and in the plane ¢ = 7 is
F =F,— F,and 0F/dn = 0F,/dn — oF./oy.

Another analytical expression can be preferred for the numerical calcula-
tions; equation 467, in the approximation accepted, can be transformed in
the form

” ’ _ v ’
Fl //(1 . &_) + Fl/ ('()t-ﬂ + <2F;) + Y - 1 F‘U"“) (FO + FO cot 7])

a? @y @y 1— Fy*
. @
9 _ ’
+F1 2_F0 _ .1 +7 1F0+F0‘00t‘771;0F0/2 =0 (468)
a? sin? g agt 1— Fo?
@

where Fo, ao, and Fy are the quantities obtained at the same 5 for the cone in
axis with the flow, and F' = (9F/dy), F” = 3%/ .

To determine the position of the shock and therefore the value of the Mach
number of the undisturbed stream and the angle of attack corresponding to
the chosen values of F and Fy, it is necessary to consider the equilibrium at the
shock in the plane ¢ = 0 and ¢ = #. For every value of 5 in the meridian
plane ¢ = 0 and ¢ = = corresponding values of v, and v, have been found
from the hodograph construction. The equilibrium at the shock imposes the
condition that along the shock the following relation must exist (equation 460):

—p, =1 ! v, cot € <i — 1> (460a)
v+ 1 v’

where ¢ is the angle of the shock with respect to the direction of the undis-
turbed stream. For every value of y the value of ¢ can be determined with
equation (460a), and therefore the value of « given by

a =19 —¢€ =10

a=¢e—n; o=
can be determined. Because

‘/"

1
— = 1,C08 ¢

Vi
the corresponding value of the stream velocity also can be determined. There-
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fore, for every value of 7 in the plane ¢ = 0 and ¢ = =, a value of « and a
value of V; are obtained.

When V,/V, and « calculated at ¢ = 0 are equal to Vi/V, and « calculated
at ¢ = m, the values of V1/V, and « corresponding to the values of F, and F,
are determined. The determination can be accomplished by plotting in a
diagram the value of « as a function of the corresponding value of V1/V, (for
the same value of ) for ¢ = 0° and ¢ = =; two curves are obtained, and the
intersection gives the value of a and V,/V, corresponding to the constants F,
and F\. From the corresponding values of 5 the angle of the shock in the plane
¢ = 0°and ¢ = 180° can be determined. However, this determination in the
practical calculations is not necessary, because the value of F, must be equal to
the value of v,0/V; at the cone for zero angle of attack. Now when angle of at-
tack is considered, the value of Fy must be chosen equal to ¢,/ V, for the same
cone at zero angle of attack for the M considered, which fixes the value of M,,
while the term F, can be considered as the term which fixes the angle of attack.
In this case V,/V, is known, therefore the value of « can be obtained directly
from the analysis of the shock equilibrium only in one of the two planes
e=0,0=m

The angle o of the shock produced by the cone at small angles of attack,
in the approximation accepted, is equal to the angle 5, of the shock produced
by the same cone at zero angle of attack, for the same stream Mach number.
Indeed, from equations (464) and (466), and from Figure 177, at the surface
of the shock the result is

1, = Vicose + BV,sin ¢ cos ¢
= Fy (o + icos ¢) + Fi (¢ + icos o) cos ¢ (468a)
and because ¢ and F, are small of the order of w
v, = Fy (o) + 1 Fy' (0) cos ¢ + Fy (¢) cos ¢
or
Fe (o) = Vicoseo (468b)
and ViBsino = ( Fy (¢) + F; (o) (468¢)
Fy (o) corresponds to the radial component of the velocity at the coordinate o
for zero angle of attack; therefore from equation (458) it must be
0 = N
The ratio 8/« is given by equation (468¢)
B _ Fy (o) + Fi(o)/a
a  Visino + Fy (o)
But F; (¢)/a is independent from « (see equation (468); therefore, in the
approximation accepted 3/« is constant for a given cone and a given stream
Mach number, while ¥/« is a function of the coordinate  and is also constant
at the surface of the cone and independent from the angle of attack.

CHAPTER

15

CHARACTERISTIC SYSTEM FOR

THREE-DIMENSIONAL PHENOMENA

The Characteristic System for Axial Symmetrical Phenomena
(Potential Flow Theory).

The Equations of the Characteristic System. The differential equation
of potential flow in cylindrical coordinates has been given in Chapter 10,
equation (335). When the phenomenon has axial symmetry (the body con-
sidered is a body of revolution with its axis parallel to the undisturbed flow),
the phenomenon remains the same in every meridian plane. Therefore it is
possible to consider the variation of the flow properties in only one plane,
because no variations occur in a direction normal to any meridian plane.
If x is the axis of symmetry and y is the axis normal to z in the meridian plane,
and u and v are the components of the velocity along x and y, the equation of
potential flow is

< —52>ﬂ +<1 - ﬁ)"@ S B vy, (469)

a’/ dxt at/ ay? at 0xdy y

Equation (469) for potential flow of axial symmetrical phenomena is of the
same type as equation (58) considered in Chapter 2 for two-dimensional
phenomena, and differs only by the last term v/y.

For equation (469) it is possible to repeat all Lhe considerations made for
equation (58). Equation (469) can be of hyperbolic, parabolic, or elliptic
type. The type is determined by the value of the expression

B 12 2
<1 - 52) <1 - f) L (470)
a? a? u4 a2

If equation (470) is less than zero, equation (469) is of the hyperbolic type,
and some characteristic surfaces can be determined in the flow. If the phe-
nomenon has axial symmetry, the surfaces are surfaces of revolution. In
every meridian plane two families of characteristic lines can be determined
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from the intersection of the characteristic surfaces with the plane considered
(References 47 and 48).

The characteristic lines can be determined in the same way as for two-
dimensional phenomena (Chapter 2, paragraph 3). Using the parameters
defined by the following expressions:

H=1-%
(l2
L=1-"
s
(471)
uv
K=
N="
Y
the inclination of the characteristic lines is given by (equation 69)
A = <d—y> S S B TS
de/t H H
d, K 1 /57— (172)
N = <J> =2 + 2 VK2~ HL
dr/u. H H

or if u is the Mach angle and 6 is the inclination of the velocity direction with
respect to the axis of symmetry x,

N = <dy> tan (0 4+ p) l
dx/1

(473)
(% —
Mo a (dx)u tan (6 — ) S

Along every characteristic line a variation of the flow properties occurs which
can be determined in a way similar to that in Chapter 2.

The variation of the velocity components along the characteristic line can
be written in the form (equation 71)

du=<a—u—i—)\a—u>dx

Il

It

Jx oy

3 d (474)
w=<i+xl%m S

ox dy

Remembering that du/dy = dv/ 8z (potential flow) and transforming equation
(474) in a similar way as for equation (74), the following expressions can be
obtained:

2
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dy _ l
dr

N first family (475)
du + Ndv + T{dx= 0 S

dy _ l
dx

N second family (476)
du—}-)\ldv—l-ﬁdx:() S

Equations (475) and (476) define the variation of velocity along every char-
acteristic line. While an analytical solution of the two equations is not known,
the differential equations (475) and (476) permit the step-by-step calculation
of the variation of the flow properties along every characteristic line and there-
fore permit numerical determination of the flow phenomenon. Equations
(475) and (476) can be transformed into equations which permit easier numeri-
cal computation. The equations can be written in the following form
(Reference 13) '

477
L — tan (1 +: ) 1 o
dx .
J J first family
u . de v
— F+tan (@ —u) —+-— =0
dx de — Hy S (477a)
478
dy = tan (0 — w) l (478)
dx .
d J second family
Lhtan 0+ 8 S+ =0
dx dr Hy (478a)
Using equation (76) and remembering that
2 vya2
H=1-"c1 - M cogo=1_ 8
a sin? p
the following equations can be obtained from (477a) and (178a):
dv o |:sin 9 — tan (0 F u) cos 0]
V cos @ + tan (f + u) sin @
+d_x['smt951n-u J[ 1 _ . ]=O (479)
vy Lsin? y — cos? 84 Lcos @ + tan (8 F u) sin @

where the minus sign is for equation (477a) and the plus sign is for equation
(478a), but

sinf — tan (6 ¥ p)cos® _ sinfcos (§ + u) — sin (§ + u) cosd
cosf +tan (0 F u)sin@ cosfcos (@ F u)+sin(§ + p)sing

= F tanu
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while

l: sin 4 sin? :' ': 1 :I __sin@sin® ucos (8 F u)
sin? u — cos? 01 Lcos § + tan (8 F ) sin § (sin® u — cos? ) cos u

_ sin u tan u sin §
cos (6 + w)
Therefore, placing
$in wsin f tan u

[ = + Rl 480
cos (u + 0) (180)
and
m = Sin w sin @ tan u (481)
cos (0 — w)
equalions (477) and (178) become
482
g:than'l(,u—f-ﬁ) (182)
dr .
IV J first family
— ~d0tan,u—,ll=0
V ¥y (482a)
. 4€3
(& = tan (6 — u) ? (1£3)
dr ' .
Jv J second family
—/—i—d@lanu—m—I:O
V Y (483a)

Equations (482) and (183) are similar lo equations (77«) and (770) because
sin? u _ o
I —sing VM- 1

tan u = —

and differ ouly by the term ldr/y or mdr/v.
Equations (482) and (483) can be used for practical numerical applications
by substituting finite differences for the differential termsd? and dV. If the flow
quantities are known in two points A and B
(Figure 178), the values of 6 and u are known
in points A and B. Therefore the tangent to
the characteristic line of the first family at A,
inclined at an angle (us + 6.4) (equation 482),
and the tangent to the characteristic line of
the second family at B, inclined at an angle
(85 — up) (equation 483), can be drawn. The
two tangents meet at a point C; if the distance
% between A and B is small, the tangents
Fig. 178. Conslruction of the 0 be substituted in place of the character-
characteristic rul. istic lines. If infinitesimal terms of order
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higher than d9 and dV are neglected, the quantities y, 6, I, m, and y in equa-
tions (482) and (483) can be considered constant and equal to the values at
A and B, respectively. Therefore, applying equations (482a) and (483a), the
values of AV and A9 along AC and BC can be determined, and V and ¢ at C
can be obtained. When the values of 8¢, V¢, and uc have been determined
in the first approximation, a second approximation that considers also second
order terms can be obtained by using the average of the values at A and C,
or at B and C, for the inclination of the characteristic lines and for all values
of the quantities that appear in the coefficients of equations (482) and (483).
Equations (482) and (483) can be transformed into expressions which are
more practical for numerical applications. For practical use it is better to use
a nondimensional coefficient, dividing V by the limiting velocity V;,
w="
l

Equations (482) and (483) can be transformed into equations with only one
unknown quantity.

Indeed
dVa=Ve—V,
AVe=Ve=Ve=Ve=Vat Vi=Vi=+dVat Vi—Vs (489
d8s = 0c — 04

dﬁg = 0A - 9]3 + dgA

Therefore, combining equations (482a) and (483a), the first approximation is

/
(tan s + 22 tan ) dos = 1 — V4 (9, — 6,) tan g
W Wg
+ (20 — x5) T - L (T — z4) Wa (485)
YB  Ya Ws

W _ fan pa don + A (2o — 20) (486)

Wy Ya
6c = 04 + df4 (radians) (487)
We'= Wi+ dWa (488)
sin? e = ’Y;1<L — 1) (from equation 85b) (439)

2 \W¢?

Equations (485) to (489) permit a numerical step-by-step determination of
the flow around every body of revolution for supersonic flow. For different
systems of numerical applications, see References 49 and 50.

Consider now the case in which a discontinuity of curvature of the profile
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of the body must be analyzed (Figure 179). Because a variation of direction
occurs at A, the velocity along AC must be different than the velocity along
AB. The effect of variation of the velocity direction at A is transmitted in a
zone of flow which is behind a characteristic line of the first family “a” which
starts from A; therefore, the flow in zone I of Figure 179 is not influenced by
the variation of direction that occurs in A, the disturbance affects zone II,

and. in zone IIl the disturbance is com-
y pletely transmitted. The line “a” can
be designed in terms of the values V/V,
and 8 of zone 1. Consider now another
characteristic line of the first family “b”
near the characteristic “a”’, and con-
sider from a point N of “a” a charac-
teristic line of the second family; this
characteristic line crosses the charac-
teristic line “b” at a point N, To
determine the variation of velocity
along the line NN, equation (483a)
must be used in which the last term is
dz. Consider the variation of abscissas
along the characteristic line. Now if N
moves along “a” in the direction of the point A, N’ moves along “b”, and
the difference between xy and zy, decreases and becomes zero when [Vis at A;
therefore the third term of equation (4832) in dx/y becomes smaller when
N moves toward A, and at A disappears. In A in order to pass from
the characteristic line ‘“‘@” to the characteristic line “b” equation (483a)

o]

3~ X

Fig. 179. The characteristic system for
the flow around a corner in a body of
revolution.

becomes

%}/ + détan p = 0. (490)
Equation (490) is equal to equation (77b) for two-dimensional flow; therefore
the expansion around the corner at A is regulated by the same law as the two-
dimensional case. The same considerations can be applied for deviation with
shock. These results permit determination of the flow in zone II in the fol-
lowing way: the variation of direction 6 that occurs at A is divided into smaller
steps Af. For every small deviation A6 considered the velocity V and direction
of velocity 8 at A are known (equation 80 or equivalent table); therefore the
tangent to the characteristic line ““b”" at A can be drawn. Now from the char-
acteristic line “a” the characteristic line “b” corresponding to the first step
A8 can be calculated because from a point N of “a”’, and from A a point IV,
along “b” can be obtained. From /NV; and a point L of “a” a point L, can be
determined, and therefore the entire line “b” can be determined. ¥From line
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“p” the line “¢” corresponding to the next step of expansion A6 can be deter-
mined, and in similar way all other characteristic lines can be computed.

Application of the System of Characteristics to Determination of the
Flow Properties along a Pointed Body of Revolution. Bodies of revolu-
tion that can be analyzed with the characteristic system can be divided into
three groups: sharp nose bodies, bodies that have an open nose, and bodies
that represent a supersonic duct, such as nozzles for circular supersonic tunnels.

When a sharp nose body of revolu-
tion is analyzed, the calculations can
be conducted in the following way
(Figure 180). At the nose of the
body the phenomenon is conical be-
cause the nose in any case can be
considered a cone of very small height
ON, and therefore the calculation
can be started by determining the
conical flow field at the nose. From
the cone calculations the character-
istic line AyF, corresponding to the
conical phenomenon can be deter-
rained by using equation (482). In-
deed, for every value of 4 (35,), the
value of up and 85 are known, and
therefore the inclination of the char-

Fig. 180. Practical method of calculation
of the flow around a sharp nose body of
revolution.

acteristic line between two points By

and A, can be drawn, using the average value of the inclination with respect
to the z-axis given by
00 1 040 + Bry + Bay
2

Proceeding in a similar way the line A.F, can be drawn. From the point By
the Langent to the characteristic line of the second family can be also drawn
(equation 483). The tangent meets the body at B;. At B, the direction of
the stream 65 is known because it is given by the boundary conditions;
therefore, using equation (483a), the velocity W, can be determined, using
the corresponding values at B, for the coefficients of equation (483a). If the
variations between B, and B; are large, a second approximation can be cal-
culated. From B, the tangent to the characteristic line of the first family
can be drawn, and from a point C; on the line A/, the tangent to the char-
acteristic line of the second family can be drawn. Using equation (485) the
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point C; can be determined. In a similar way, all the points By, Ci, D1, Ey, Fy
can be determined. _

For the point G, the calculation is slightly different. G, is determined from
the point Fi. Because Gy is a point on the shock, the equation of shock must
be used, in place of equation (483a). For calculating the shock front from
the point F; the following considerations must be made: when the expansion
lines that are generated from the body meet the shock, the shock decreases
in intensity and changes direction. The variation of entropy across the shock
changes, and therefore the flow becomes rolational. Assuming the effect of
the rotation negligible, the equation of potential flow and the equation of shock
can be used for determination of the shape of the shock. Because the Mach
number in front of the shock is known, it is possible Lo construct a diagram
that gives the direction of the shock e, the Mach number M,, and therefore
the velocity W (relative to V1) behind the shock, as functions of the deviation
across the shock. Because the devialion across the shock decreases, it is
sufficient to construct this diagram for values of § less than across OF,. From
this determination it is possible to calculate the point Go. If Wy and 6p,
are, respectively, the velocity and the direction of the velocity at F, the value
of the velocity Wy, that corresponds to a deviation across the shock at G
equal to 6, can be determined. For the deviation 6 = 65, and for the law of
this shock the gradient dW, /dé can be determined. The value is given by
the tangent at the point § = 6, to the curve that represents W as a function
of 8. If a variation of direction df cccurs from F; to G, along the characteristic
line FiG,, the direction of the velocily at G, must be 8, + dd; therefore the
deviation across the shock at Gy must be 6 = 6, + df, and the corresponding
velocity must be ‘

dw>
Weo, = Wop, — do -
@ o + < dé or,

The variation of velocity from F; to Gy becomes

dW = Wey — We = Wop, + <ﬂv ) 9 — W,
ds /op,

Therefore, equation (482a) becomes
Wy <dW> db Neg — Xy
— — 1+ — — tan up, df — —— " [ =0, (191
1% 1 ds O, W F1 " Y . ( )
All other terms of equation (491) are known, and therefore the value of df

can be determined. If df is determined, the value of § can be determined
from the expression

5= df + 0, (192)

and therefore the value of e corresponding to G, can be found, and the line Go H,
can be designed.

THREE-DIMENSIONAL PHENOMENA 269

If C; is the first known point of the line B,CiG, the tangent to the character-
istic line of the first family can be designed, from C,. Therefore the point C,
can be determined on the body. At C, the direction of the velocity is known;
therefore in equation (483a) the term df is known, and from equation (483a)
the value of dW can be determined, and the tangent to the characteristic line
C2D, can be designed. The point D, is found from the points C; and D,. Pro-
ceeding in a similar way, the entire flow around the body can be determined.
If the length of some steps becomes too large, intermediate points (G,) can be
considered, assuming linear variation of the flow properties between G, and G..

In Figure 181 an example of the calculation of the velocity of the flow at a
few points around a body of revolution is shown. The calculation has been

Y
B
47
37. 48
3063 38
i 0
8 17, % 31 g
32 40
7t 6022|724 25
16 1819 26 33
6t 2 20 27
n 13/14 2
5F 4 7 8 /9 15
10
2
4+ ]
3 N5

3l 1
2 N
] 7]5:300 TIS
0 A

1 2 3 4 5 6 7 8 9 1011121314 1516
Fig. 181. A numerical example of calculation of the flow around a
sharp nose body of revolution at M = 3.07.

performed for a Mach number equal to 3.07. The first part of the body is a
cone of 30°; therefore the calculation starts with determination of the conical
flow. From the calculation of the conical flow field the angle of the shock is

ne = 39° 25’

and for the points 1, 2, 4, 7, 11, and 16 the following properties are obtained:

Point 7° [/ w u x y
1 30° 30° 0.6400 32° 28/ 6.000 3.462
2 32° 28° 0.6414 32° 20/ 6.220 3.880
4 34° 26° 15 0.6438 32° ¢ 6.509 4.380
7 36° 24° 40/ 0.6477 31° 44/ 6.876 4.982
11 38° 23° 0.6516 31° 22/ 7.390 5.753
16 39° 25’ 21° 49’ 0.6560 30° 58/ 7.902 6.473

From the values of 8 and  the first characteristic line inclined at an angle of
(4 + 6) can be determined, and the positions of points 1, 2, 4, 7, 11, and 16
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can be obtained from the position of the point 1, and therefore the values of 2
and y of the last two columns are obtained. The angle of the conical shock is
39° 25"; therefore for M = 3.07 and for values of inclinations e decreasing from
the value of 39° 25’, the variations across the shock of the flow properties have
been determined. For every value of € a value of M, and a value of § are ob-
tained (equations 126 and 125). From M., equation (85b), the value of W
is computed, and W and e as functions of § have been plotted, and the value of
dW /a6 has been determined and plotted as a function of 6. From the point
2 the tangent to the characteristic line of the second family has been drawn
inclined at an angle of —4° 20’ with respect to the z-axis, and point 3 on the
body has been obtained. At 3 the direction 8; of the body is 28° 20’; the posi-
tion is x; = 6.700, y; = 3.843; therefore, using equation (483a), the velocity
W at point 3 has been determined:

LLE T

= (28° 207 — 28°) tan 32° 20’
0.6414 180

sin 28° sin 32° 20" tan 32° 20"  6.700 — 6.220
cos (28° — 32°20") 3.880

W, is shown to be equal to 0.6517, which corresponds to a value of u equal to
31° 21,

Designing the tangent to the characteristic line of the second family from
4 inclined at an angle of (26° 15" — 32° 6’) with respect to the z-axis and from
3 the tangent to the first characteristic line inclined of (28° 20’ + 31°21’), point
5 is obtained, the coordinates of which are z; = 6.979 and y, = 4.333. In
order to determine W, and 6;, equation (486) must be used; therefore

0.6517
tan 32° 6/ tan 31° 21') (6; — 28° 20’
(tan + eme P ) ( )

1= UO5LT agea0r — 26°157) ™ tan 32° 6/
0.6138 180

n 6.979 — 6.509 sin 26° 15’ sin 32° 6’ tan 32° 6’
1.380 cos (26° 15 — 32°6)

- 6979 — 6.700 _ 0.6517 _ sin 28° 20 tan 31° 21" sin 31° 21"
3.843 0.6438 cos (31° 217 4 28°20")

Therefore 6; is obtained.

Using in a similar way equations (486) to (489), us and W; are obtained.
If greater accuracy is required, the points 3 and 5 can be recalculated using
the average values between 2 and 3 for the coefficients, in order to obtain a
second approximation at 3, and the average values of 3 and 5 or of 4 and 5 in
order to obtain a second approximation for the point 5.
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In asimilar way all other points to point 17 have been determined. Between
16 and 17, point 16a has been extrapolated by assuming linear variation along
the characteristic line, and point 22 at the shock has been determined. Point
16a has the following properties: x5, = 8.100, yi5, = 6.442, Wy, = 0.6586,
Or6a = 21° 46, u1sa = 30° 43’. The position obtained for point 22 on the shock
is 22 = 8.500; y:» = 6.962. For determination of the flow properties at point
22, equation (491) has been used. From the calculations of the shock law, it
is shown that for a deviation across the shock equal to ;¢ (21° 46'), the ve-
locity W behind the shock is W, = 0.6553, and dW/ds is equal to.—0.585
if 5 is in radians; therefore the following expression has been written:

1= 0.6553  0.585
0.6586  0.6586
_sin 30° 43" tan 30° 43’ sin 21° 46’ 8.500 — 8.100 _
cos (30° 43’ + 21° 46") 6.442
6 is equal to 20° 58’, and Wy = 0.6636; e» = 38° 25'.

In similar way, all the other points have been determined. In order Lo
determine the pressure on the body, the ratio p/p, for the value of W at
the point considered must be determined; the value of ps/p,’ for the point 16
on the shock can be obtained from the value of Wy; equation (85b), and the
ratio p;s/p: is given by the law of shock; therefore

df — tan 30° 43’ do

P o_ PP s
D1 Po/ D D1

Application of the Characteristic System to a Slender Open-Nose
Body of Revolution or to a Circular Effusor.
Determination of the Shape of a Perfect
Effusor. The system of characteristics can be
applied in a similar way to an open-nose body of
revolution (Figure 182). At the point A the flow
undergoes a finite variation of direction which
is a variation of compression; therefore at A -
a shock wave is formed. Because at A the phe-
nomenon can be considered as two-dimensional,
the flow at A can be determined, and the tangent
Lo the shock front AB can be designed. Assuming
that at D the flow has the same properties as at , ~
A, with equation (491) the flow properties at B \

can be determined, and from B the flow at Fig. 182. System of calcula-
G can be determined with equation (483a), (ion of the flow around an open
because df from B to C is known. When the nose body of revolution.
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velocity at B is determined a second approximation can be obtained; assuming
a continuous variation of the flow properties from A to B, the properties at D
can be determined from an intermediate point E between A and B, and from D
it is possible to recalculate B. The successive calculations are identical to the
calculation for pointed nose of revolution. For accurate calculations some
points I, O, ete., must be inserted between the points D, C, and L obtained as
intersections of the characteristic lines with the body. In Figures 183 and 184
a practical calculation is shown. .

In Figure 183 the characteristic net is shown for M; = 1.525. At 1 the shock
is determined with the two-dimensional law. Point 3 is determined from 2,
in which the flow is considered equal to 1. Interpolating a point between 1

Fig. 183. Example of the practical characterisiic nel for an open nose body of
revolution at M = 1.525 (from Reference 51).

and 3, points 4, 5 and 6 are determined. In Figure 184 the shape of the shock
wave and the shape of the streamlines are shown. For comparison, also the
shape of the shock obtained experimentally is shown (Reference 51).

With the characteristic system the flow into a circular supersonic effusor
can also be determined if the flow properties at a section of the effusor are
known. The problem is the following (Figure 185): The flow in section S;
is known; therefore for every point P of section S; the intensity and direction
of the velocity and the velocity of sound are known; the shape of the effusor
between sections S; and S: is fixed, and the flow at S; must be determined.
The system of calculation is not very different from the system used for a
pointed nose of revolution. If the flow is supersonic at section S;, the char-
acteristic lines can be designed for every point P of section S; and the velocity

A~
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at the points Q, obtained by the intersection of two characteristic lines, can
be determined. Because there the direction of the velocity is known, the points

o Experimental

M,=1.525 %163 M=1.481

4

M=1.453 M=1.475
143 M=1.473
K \

Fig. 184. Shape of the shock wave and of the streamlines for an open
nose body of revolution at M = 1.525. For comparison, the shape
of the shock obtained from experiments is shown (from Reference 51).

at the walls can also be determined. Therefore the system permits deter-
mination of the entire flow field. Some complications occur for the points on
the axis. In equations (482a) and (483a) the last term ldx/y or mdx/ 'y becomes

M
D
C
A
Ya Ye
S, W x X
S, B

Fig. 185. System of calculation of the Fig. 186. The flow conditions al the
supersonic flow into a circular fube. axis of the channel.

indeterminate (0/0) at the axis, because y and 6 become zero. However, the

indetermination in the numerical calculations can be eliminated if some points

near the axis are considered. Indeed, if B is a point on the r-axis (Figure 186),

the value of W at B must be determined from the value of the flow at A,

while point C must be determined from D and B. At A equation (483a) exists:
dW l Adl‘

— 4+t dg — —— =0
Wa + tan w4 a (483a)
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and because y, is other than zero, the equation is determinate. At the axis
6 must be zero; therefore along AB the variation of direction must be A9 =
64. If the variation of velocity in intensity and direction are assumed constant
along AB, because A and B are near each other,

W= W4+ ﬁ/ Az (493)
dx
o = 6+ % az— 0 (494)
dr

The value of df/dx can be determined from equation (494) because Az is
known, and therefore the value of dW/dx in equation (483a) can be deter-
mined. Therefore the usual procedure can be used for the point B.

For the point C the same equation (482) applied at B must be used, but
because the equation is indeterminate at B, the equation must be applied at
C where 6- and V¢ are not known. But

rc
0o = A§ = o dr
B
Therefore, assuming df/dr and dV/dx constant along BC, at C equation

(482a) becomes
1 dWw de sinf¢ tan ue sin we 1
— 7 tancu — — —
W;; + AW dz dx COs (,UC + 0(;) Yo

But sin 8¢ = 6¢ because 6¢ is very small, and as a first approximation

=0. (495)

Wy~ We and Mo =2 ug.
Therefore equation (495) can be written in the form
1 Af ta_r} MB sin B A_I

— AW — tan up Af —
" W COS up Yo

= 0. (496

Equation (496) with equation (483a) along DC permits determination of the
values of AW and A9. Knowing the value of AW, a second approximation
can be obtained using the value of (Wp + AW) and the corresponding Af and
6 in equation (496). Near the axis the variation of direction for small varia-
tion of velocity is large; therefore the calculations require small steps.

The system of characteristics also permits determination of the shape of a
perfect effusor or of an effusor that has uniform velocity at section S (Figure
187). If the velocity at S, is the velocity of sound, a small expansion A can
be considered at P,, and therefore the characteristics lines at P, after the
expansion can be designed, because the first characteristic line is straight if
the velocity at S; is uniform.
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At P, a finite variation of direction can be introduced (the effusor in this
case is the shortest possible) (Figure 187a), or a wall with gradual curvature
can be assumed (line P, P, of Figure 187b). If a finite variation of direction 8
occurs at Py, the expansion § must be analyzed considering a finite number of

Fig. 187. System of calculation of the shape of a per-
fecl effusor.

small increments Af. At P, the expansion occurs with the two-dimensional
law; therefore for every increment A4, the velocity and the Mach angle can
be determined at P, as in the two-dimensional case (Chapter 2). Therefore
the tangent from P, to the characteristic line corresponding to each increment
Af can be drawn. The flow properties at P; are known: if uniform flow and
M = 1 are assumed to exist in the minimum section, the velocity along the
characteristic line PyPQ corresponding to an infinitesimal expansion at P, of
A9 is determined, because the velocity along PoPiQ is constant. From the
points P, and Py, the point P, can be determined and the properties of flow
al P; can be calculated. In a similar way all other points of the other charac-
leristic lines can be obtained. Fvery characteristic line that starts at P,
crosses the axis al a point Q in which the flow properties can be determined.
When a point Q, is attained at the axis at which the Mach number is equal to
the required design Mach number, the expansion from P, is stopped. Then
from P, the wall shape which gives uniform flow at the end of the effusor must
be determined. :

If the expansion occurs gradually along a given wall P,P, (Figure 187b),
the calculations can be made in similar manner. From the point P, the char-
acteristic of Lhe second family that meets the wall can be drawn, and al the
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wall the intensity of the velocity can be determined, because the direction
is known. When the required design Mach number is attained at the point
Q.. on the axis, the wall no longer has an arbitrary shape. From the point P,
on the wall that is on the characteristic line of the first family that passes at
Q. the correct shape which gives uniform flow must be determined. If R is
the end of the curved wall of the effusor, the shape P,R must be determined
in such a way that it gives a velocity at R and along QR equal to the velocity
at 0, and parallel to the axis. If the velocity along RQ, is 'uniform, the char-
acteristic line which starts from Q, must be straight. Therefore from the point
Q. the line RQ, can be immediately determined. For every point S of this
line the characteristic of the other family can be designed, and therefore from
the points 7" of the characteristic line P.Q, and from the points S of the line
RQ,, the flow in the zone P,RQ, can be determined. If the flow properties
in the zone P,RQ, are determined, the stream line that passes through P, can
be designed. This stream line fixes the shape of the effusor. The point R is
also determined in terms of the mass flow that goes into the effusor, because
the mass flow at S, is known, and the density at RQ, can be determined by
using isentropic expansion. Other stream tubes between P,Q, P,, and RQ,
can be designed and the ratio of the end sections of the stream tubes can be
used in order to have an idea of the precision of the calculations.

The Characteristic System for Axial Symmetrical Phenomena
(Rotational Flow Theory). When a curved shock of some intensity exists in
the flow, the flow behind the shock must be considered rotational because the
variation of entropy is not constant along the shock. In this case, in place of
the characteristic system for potential flow, the characteristic system for rota-
tional flow must be considered. While consideration of the presence of rotation
in two-dimensional phenomena requires a much longer system of calculations
than for potential flow, and therefore the higher precision is expensive, in the
three-dimensional case the system of calculation for rotational flow is not much
longer than for potential flow because the procedure is a step-by-step proce-
dure for both cases.

The determination of the differential equation for rotational flow can be
obtained in a manner similar to that for two-dimensional phenomena. A
special stream function ¢ can be considered defined by the equation (Reference
16),

1
— . 2y y—1
Yy =yu(l W2~ 1 (497)
Yo = —yo (L — W2)r—1

where u and » are the components along the z and v axis of the velocity W in
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the meridian plane of the body of revolution, and W is the velocity at the point
considered measured with respect to the limiting velocity

Vv
=— 498
v, (498)
The speed of sound is also measured with respect to V;
a
= = 499
T (199)

Therefore, u, v, W, and ¢ are nondimensional numbers. The use of Vi as a unit
of measurement is not necessary but the calculations are notably simplified,
because V; is constant. Proceeding in a manner similar to that for two-
dimensional phenomena (Chapter 5), the following expression can be obtained
from the continuity equation:

9 lu (e, — uy):l i[v (v,— uy)] -0 50
ax[ 1 — W2 +6y 1—-W2 ' (500)
a 1 a 1 |
——[yu (1 - W2>~./—l] +——[yv (]. - I’Vz)“r—l] = (. (501)
ox Ay

From these two equations the following equation can be obtained

il B ~ Ty, (502)
Iyl — Wy Wy - wyiS

Equation (500) .is automatically satisfied by equation (497) but equations
(501) or (502) are satisfied only when

U — Uy )
— T W) (503)
y (1 - ‘V2)7—1
Since (I — W2)5=1 along the stream lines is proportional Lo the local pres-

sure, it can be concluded that for three-dimensional symmetrical phenomena
he vortex strength, along each stream line and between two discontinuities,
s proportional Lo the pressure moment yp relative to the axis of symmetry.

Equatien (503) is a function only of the stream function y; therefore,
roceeding in a manner similar to that of Chapter 5, the following differential
‘quation can be obtained: :

2 2 o Y
<1 - %)‘pzz - %) '/’xy + (1 - %)‘puu - ﬁ
c c c y

1/
—vea = () e =0 e
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Equation (504) is similar to equation (469), and calling

1-%_p
(:2
1-% -1
02
-Y_K (505,
c2

yAV/0e
e ) = N
y ¢
the following expression is obtained (Reference 51):
Hyee + 2Ky, + Ly, + N = 0 (506)

which is an equation similar to the equation for potential flow and differs
only in the term /N. Because the inclination of the characteristics lines A and
Az is independent of the term NV, the values of A, and A; are identical for poten-
tial flow and for rotational flow:

() _ : dy
A[ = <d7>1 = tan (0 + ,U), XQ = <JT>II = tan (0 - [l,) (507)

From equation (506) the following equation can be obtained as for potential
flow:

N
£z + t‘ 0 - xy — =
¥ an (0 — py., + 7=

bor - tan (0 4 )y + = 0. (508)
The term /V contains the expression f (¢) defined by equation (503) but
bt ) = g - WS (W) gy
When n is the normal to the stream lines, and !
“l]__*:) XV _ gviR grad 8§ = (I'YLH Z;: (510)
because tlie entropy is constant along every stream line,
rp =221 1 (511)

29y Rdn vy _ ey

Substituting equation (511) in equation (508) and performing the differentia-
tion of equation (497), equation (508) becomes

dW dr dr dS sin?

ot pdg — SR 4 o2 T SR g e famil (R

m y dn gyF s (a1 8) first family  (512)
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i3
v + tan u df — dz m — @ d—S——Sln—”— = 0 second family (513)
w ¥ dn gyR cos (8 — u)

Equation (512) is similar to equations (482a) and (483a), and differs only in
the term which contains the entropy, and can be used in the same manner.
In practical applications, the same nu-
merical system proposed for the potential Y
flow can be used: if the flow is known in two
points A and B, near each other (Figure
188), the tangents to the two characteristics
at A and B can be designed, and assuming
the characteristics coincident with the tan-
gent, the point C can be determined in the
first approximation. Along AC equation (512)
must be applied and along BC equation (513)
must be applied. The terms containing dS/dn
in equations (512) and (513) are not known FYig- 188.  Defermination of a
. . point of the flow with the char-
and must be determined for the calculations. gup/stic system for rotational
If S is known at A and B, assuming a linear flow.
variation of entropy between A and B in a
normal direction to the stream lines, it is possible to write

i St G
n Sin 4 sin up
To — ry) —— 22 —xrp) ————————
(xc — x4) cos (s + 0.) + (xe B) c0s (0 — 5p)

Equations (512) and (513) can be combined with equation (514) and equations
(516) to (519) can be obtained when the following parameters are introduced:

Jf = (xc — x5) sin ug cos (ua + 04)

. (515)
e = (xc — x4) sin pg cos (0 — ug)
(tan pp + &tan pa) dos =1 — Wa _ (64 — 65) tan up + (x¢ — ach)ﬂg
WB WB YB
fsin? up + e msinz,uA
WA lA SB e SA B
— (2c —x4) —— + (516)
Weya gvR f+e
dWa (e — 2a)la  Sp — Saesin?py .
= tan uy ds + — (517)
Wi fa Ya YRg f+e
fc = 64 + dbs (518)
We= W4+ dW, (519)
in? =7_1(~L—1> 520
SN pe 2 We (520)
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e

Se =S4+ (Sp — S4) 7 (521)

e

Equations (516) to (521) are similar to equations (486) to (490), and equations

(516) and(517) differ from equations (486) and (487) by the last term which
contains the entropy. '

B _ For numerical calculations a system anal-

ogous to the system for potential flow can

be used, which permits a step-by-step calcu-

C lation for determining the flow field. For a

A general point, equations (516) and (517) must

Fig. 189. Delerminalion of a point be used, w%nle for a point on t'he .body the
of the body. value of df is known as the direction is known;

therefore equations (512) or (513) must be
used. If a point C on the body is analyzed (Figure 189), the entropy at C
is the same as-at A, because AC is a stream line. Therefore the value of dS/dn
for equation (512) along BC is given by the equation
dS  (Sp — S4) cos (65 — ug)
dn ~ (r¢ — xp) sin up
For a point on the shock an equation similar to equation (491) must be used.
The expression dAS/ds which represents the variation of AS across the shock as
a function of the variation of the deviation
across the shock must be determined. The
expression dAS/ds can be determined di-
rectly, because for a given M for every
value of & the value of variation of pressure
and density across the shock, and therefore
the variation of entropy AS, can be deter-
mined. If B is the point that must be calcu-
lated and AB is the shock (Figure 190),
assuming that the flow at B has the same
direction as at C (6, = 0¢), the variation of
entropy AS,, and the velocity W, behind the shock corresponding to a
deviation across the shock ¢ can be determined. Because the direction at B
is different, the value of W at B is different from W, ¢ and the variation of
entropy is different from AS, o» but if the slopes of the curves W as functions
of 8, and of AS as a function of § are known, it is possible to write

ASB = ASGC + <d_A§> AB
d& o¢

X

Fig. 190. Delermination of a
poind of the shock.

dw
= — 0 522
W VOC + <d5 >90A (522)
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then the equation of the variation of 6 along BC becomes

Woo = We | <d_11/) 89 _ tan pe ap — T2 %) g,
WC d6 9CWC yC
4 Sin’pe I:ASe — AS¢ + <@§) AB] =0. (523)
gvR ¢ ds /Joc

With equation (523) the flow at the point B can be determined, because when A8
is known, the deviation 8 across the shock is determined and Wy is determined.

Body of Revolution

Ms1.6

(@) p

Subsonic Flow
——714°8'
M=1
M=1.139
Reflected
M=1.304 Shock
=1.349
M=1.6 il M=1.117
M=1.108

M:] .37 7
M=1.079
M=1.399
M=1.069

(b) ;

Fig. 191. Ezample of (a) a practical characteristic n'et, a.nd (b) results of
the calculations for the internal flow on a circular conical inlet at M = 1.6
(from Reference 51).
In Figure 191 a practical determination of the flow along an inter'nal cone
is shown (from Reference 51). As is shown in Figure 191, the shock increases
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in intensity moving towards the axis and becomes a normal shock at, the axis.
This phenomenon does not depend on the particular boundary conditions
chosen, but is general for supersonic flow in circular channels. If a shock is
produced at the wall of the channel, the shock increases in intensity moving
from the wall toward the axis, becoming a strong shock near the axis (the flow
behind the shock is subsonic), and a normal shock at the axis. The zone in
which a strong shock exists increases with the increase of the intensity of the
shock and it is zero only for infinitesimat compression waves. The tendency
for the disturbances from the walls to converge in the zone of the axis is

1.0 T
TM:].é - /
sl—p X—D,_ -~Subsonic Flow
[ /
[}
6 Body of Revolution
o)
3 /

4 /
.2 JJ//
0

0 5 10 15
Angle of Internal Cone, 6, Deg.

Fig. 192. Diameler of the central zone of the shock, thal gives
subsonic flow behind the shock, as a function of the angle of the
inlernal cone for M = 1.6 (from Reference 51).

important for circular supersonic wind tunnels. In F igure 192 the extension
of the strong shock as a function of the angle of the internal cone is given for
a free-stream Mach number equal to 1.6.

Characteristic System for Three-Dimensional Phenomena without -

Axial Symmetry.

The General Equations of the Characteristics Jor Three-Dimensional
Phenomena. The differential equation of potential flow in cylindrical
coordinates is given by equation

u?\ 8%¢ 12\ 920 w\1 &%¢ 2w 8%
1—-—=)— l—-—-1}—= l1—-= ) =— =7
< a2) dx? + < a2) J9y? T < a“’)y2 d¢? a® 9xdy
2uwl 9% 20wl 9% v w?
7P Wl o9 1+
a* yopdx  a® ydpdy + y< * 02)

where u, v, and w are the respective velocity components along the z-axis

= (524)
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(coincident with the axis of the body), along the y-axis (normal to z in the
meridian plane) and in a direction normal to the meridian plane, respectively,
and ¢ is the angular coordinate of the meridian plane. Equation (524) is an
equation with second order partial derivatives of the hyperbolic type because
V is larger than a. Therefore characteristic surfaces exist which are the
singular surfaces of the Cauchy theorem. (See Chapter 2, Reference 3.)

If the equation of the singular surfaces is

y = flz, ¥ ' (525)
equation (525) must be satisfied by the relation
(luf;r’2 - al?f:r’ + a» + awfx’f.p/ - a23f¢/ + a33f(p/2 =0 (526)

where
2 V2
an = —59; 022=1—1—‘); a44=1+1%;
a? a? a
— Al —2" 1 -
an = —2, ay = 02 (527)
a @y :
— a2
A3 = 2011101; Qs = (1 - io)%
a vy a/ vy
or
: o2 2ur 1 2uw f,’
1/2 1 @ - 1/2 = z’ —_ L S Je a:,
f + + 2 2 f + a2 f a? a? y‘Z f
’ 2 2
2w f! W[ 0 (528)
a? y a2 Y2
but
u . . ,
= ; ; and ——¢ (529)
2 ] 9
VHW%Q—%+m+Q v+ e e
¥ ¥ ¥

are the direction cosines of the normal n to the surface (equation 525) at
a generical point, while u/V, v/V, and w/V are the direction cosines of the
velocity; therefore dividing equation (528) by the factor

fo”
@
2

L+ £ 4 Lo
Y

2
and multiplying by the factor % produces

a?
cos? (V, n) = vz
or
V,n) = 2. 530
cos (V, n) v (530)
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Therefore it can be concluded that the characteristic surfaces defined by equa-
tion (525) are the envelope surfaces of the Mach cones, with vertices at the
points from which the disturbance in the flow begins to propagate. The
surfaces divide the region of undisturbed flow from the region of flow in which
the disturbance is propagated. For every line contained in a plane normal to
the z-axis, two families of characteristics surfaces pass, the normals of which
are symmetrically inclined with respect to the direction of the velocity.

For numerical application of the characteristic system in three-dimensional
flow, the interscctions of the characteristic surfaces with the meridian planes
and with the parallel planes can be considered, and then the variation of the
velocity properties along the intersection lines can be determined (Reference
44). With the equalions of the intersection lines, it is possible to proceed with
a step-by-step process and to determine the flow properties in the entire field
if the initial conditions are known. The initial conditions can be determined,
for example, if the front part of the body considered is a pointed body of
revolution or an open-nose body not necessarily of revolution. For this case,
the shock at the lip follows the two-dimensional law, and therefore the sys-
tem used for a body of revolution with axis parallel to the flow can be ap-
plied. When the initial conditions at a characteristic surface are known, in
order to determine the flow field, the law of variation of the flow properties
along the intersection of the characteristics surfaces with parallel and merid-
ian plane must be determined.

If 4, is the intersection of a characteristic surface of a given family with a
meridian plane, the variations du, dr, and d(yw) along the line ¢, will be con-
sidered. If do, is an element of the curve which has the components dr and
dy along the z-axis and the y-axis, respectively,

du = (pu + puf.’) dc l
dv = (pu + paf.’) dx (531)
d(yw) = (p;s + paf.) de f
where
9% dy
ik = and f,) = < 532
P ox; dxy and /. dr (532)

and z;or z;is one of the three independent variables (subscript 1),y (subscript
2), and z (subscript 3). For analogy with the characteristic system for a body
of revolution with axis parallel to the flow, call the expression f,’

, dy)
z = k = -
f ' <d.T ¢ = const.

dy)
4 = k = ———
f‘p <d(p z = const,

!

and
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Then
P = @ — D2l Pz = M — AiPes; l
dr dz
d J (533)
pu = 3—5 - M (—Jé + M2pos. S

Substituting equations (533) in equation (524), the equation becomes

d
an <Z—Z - N gﬁ + )\12])22) + <d—; - )\1P22> + @apa

+ ais l:d Eiyw) - )\1p23:l + agPog + 5 @ + U33P3s = 0. (534)
xr

Adding and subtracting equal terms to equation (526), the equation becomes
P22 (ayh?® — ap\ + 022) — Qi3PasA1 + Qa3Pes + A33P33 =
— \iQs3 (kpgg + pzs) + ax (pzzk + Pza) + as; (Pss - kzpzz)- (535)

Now consider a parallel plane, x = constant, and call , the intersection of the
same characteristic surface with a parallel plane 2 = constant.

Then

dr dv dv dy
2 — 2 de)?; — = do/d — =
(dr)? = (dy)* + (ydy) & = do ¢/dr, dydr
Therefore
1)p22+p23:y‘/1+ k:_d_l 2
y dr,
o (536)
o k[ d (yw) dv
o [ ) [
P = s Tl dr,
Placing
A=Yy (537)
Y
and

/ 2 Y ' \ .
By =y I/'l -+ kl [% (25 — Nty — Rezg) + agy 'd*(({yu):l (538)

y:Ldn 71
and substituting equation (535) in equation (534), the following expression is
obtained:

an _dil' + (am — ull)\l) _C.ZE ._I_. am.,d(ﬂ + A + Bl = 0. (539)
dx dz dx

Equation (528) with the new symbols becomes
(111}\2 - (llzx + Uy + 013)\k -_ (123k —‘I‘ ([33k"’ =) (540)

and is an equation of the second order in X or k. Equation (540) has two
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solutions, A\; and X;, which are the inclinations of the intersections with a
meridian plane of the two characteristic surfaces of different families that pass
through every point. For every point the following conditions exist :

O (@) _-
dr » = const. d@ z = const.

_ first family
d :
an au + (kais + Noay) ﬂ—m + ay; d (yw) +A4+B =0
dr dr dx (542)
@ @)
dx ¢ = const. d‘P z = const, .
du o d (yw) second family
a11—+(kala+>\1(1u)—? + as J0) +A4A+B =0
dr dx dr (544)

where B, corresponds to B; for ¢, (A; must be substituted in place of A, in equa-
tion 538).

Using the condition of irrotationality or proceeding in a similar way as in
the preceding consideration, an expression can be obtained for the variation
of the velocity along the intersection of the characteristic surface with the
parallel plane z = constant. The expression is
de d (yw)

"M LA r =, (545)

du
—_— 23 — k 33
3 do + (a3 Uss) do do

. .| dv
G = ‘/1 + A ,:—1— (= kais + a2 — Nan) + ay ﬂl] . (546)
doy d

o1

For the surface r,, the term C; changes in a manner analogous to the term B,

Equations (541) to (546) are general for three-dimensional problems and

can be used whenever the initial conditions of the flow along a characteristic

surface are known. To explain the practical system for using equations (541)
to (546), the following application is considered.

Application of the Characteristic System for Three-Dimensional
Phenomena. A body of revolution in yaw with a pointed nose is consid-
ered, and a shape made up of truncated cones is substituted for the shape of
the body. In order to determine the flow around such a body, the expansions
around the corner made by the truncated cones, and the flow along the trun-
cated cones must be determined. It is assumed that the flow around the first
part of the body, that in the example considered, is a cone of revolution in
yaw, is known. If OA is the first part of the body (Figure 193) and a varia-
tion of direction occurs at A, the deviation produces a disturbance in the flow
which is transmitted in a zone of flow hehind a characteristic surface which
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starts from the circle AA’ of the body. The propagation occurs with a series
of Mach cones having vertices along the circle A4/, and, when the entire dis-

Fig. 193. Characleristic system for body of revolution
with angle of attack, expansion around the corner.

turbance is propagated, the velocity at A A’ has a new direction tangent to the
body ABA'B’. The characteristic surface behind which the disturbance is
transmitted can be determined. Every meridian plane ¢ = constant inter-
sects the characteristic surface along a characteristic line that passes through
the point A (Figure 193) of the body and is defined by the equation

Y=ya+ N (z — z4). (547)

The slope of the curve that corresponds to the coefficient \; can be determined
from equation (540). Because the body considered is a body of revolution,
at the section AA’, f'(¢) = 0 (the characteristic surface for z = x4 passes
through AA’ for which y = constant). Therefore equation (540) becomes

au)\2 it axg)\ + Ao = 0. (548)

Therefore )\, at AA” is known in every meridian plane.

If the body is not one of revolution, the line AA’ is a known intersection of
the characteristic surface, and therefore the value of k can be calculated and
the value of \, can be obtained from equation (540). When part of the line
AA’is not in the same plane x = constant, the intersection of characteristic
surface and the body can still be determined because the characteristic sur-
face is made up of Mach cones. Their intersections with the body give
a line that permits determination of the value of k. '

Assuming @ — x4 = x — 4 small, in equation (547) \; can be considered
constant in every meridian plane between z; and x4, and therefore the value of
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¥y for every value of ¢ for the plane 2 = z; can be calculated with equation
(547), and the intersection of the characteristic surface with the parallel plane
T = x, can be determined. If NM is the intersection of the characteristic
surface with the plane x = z,, the value of y at M and NV is known from equa-
tion (547). Therefore the value

<Z—Z)xl -k (549)

can be calculated, and the new value of M(p) along NM can be determined
with equation (540) because the flow in front of the characteristic surface is
known. The tangents NL and MI to the characteristic surface at NV and M
can be designed. So, proceeding step by step, the complete characteristic
surface of the first family can be determined.

Consider now a second characteristic surface Oy along which a disturbance
produced by a variation of direction A at A is transmitted. T he equation of
O1 near A can be written in the form ‘

Y =ya+ Mi(x — z4).
But at A

kA = (fgo/)A = O

because the characteristic surfaces 011 and O; meet along AA’. In the meridian
plane ¢ = 0, which is the plane of symmetry for the flow phenomenon (the
plane that contains the undisturbed velocity)

w=70
therefore, \ is known in terms of the components u and » (equation 540), and

2 . o2
uv + a\/v a

>\1,2=u2_a2_ r— = tan (6 + u)
tang = (550)
u
sin m= il
; V.

If du and dv are the increments in the plane ¢ = 0, du and dv at A are also
known, because the value of § at A along Oy is given, and du and dy are given
by the two-dimensional law, from considerations similar to those given in
page 266 equation (490). Consider now a point N along the characteristic
surface Or in the plane ¢ = 0. At N the values of M and )\, are known;
therefore in the plane ¢ = 0, the tangent to the second characteristic surface
corresponding to A, can be drawn. Because the tangent to the surface Oq; at
A in the plane ¢ = 0 is known, the point V', which is the intersection of the
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two tangents, can be determined. At N-the component w is also zero and
using the symbols '
Au = uy’_ 34 — un

Av = oyl 4 — Uy

(551)
du = — un'_s4 + un
dv = — on'5a + vn
from equation (542) is obtained
du + Nodv + At B (ev —aw) +Au+NAv =0  ° (552)
an
du + \dv + A+ By (xne — x14) = 0 (553)

Qan

where du and dv are the variations of velocity along the line AN’. The
terms A;, A, Bz, and au in equation (552) are the values at the point N, while
the terms \i, A, By, the @y in equation (553) are the values at the point A on
O11. The values of the coefficients A and B, at the point A of O;;are the same as
at the point A of O because dw/dy does not. change from O,I to O11. Therefore
the term d(yw)/dr does not change. In this way it is possible with equations
(552) and (553) to determine the flow at the point /N’ in the meridian plane
o =0.

It is necessary now to determine the flow properties in the other meridian
planes along the characteristic surface Oy;. The characteristic surface Oy
corresponds to a small deviation of the stream along A4’ which is constant in
all the meridian planes. Therefore the value of dv/du at A’ is known and is
equal to the value at A. At A’, kis known (for a body of revolution k is zero)
and w has the same value if A’ is considered on the surface O or on the surface
O11, because w is tangent o the characteristic surfaces. Thus passing from 0
10 O1r the component w cannot undergo-any discontinuous variation. There-
fore, the quantities d(wy)/de, d(yw)/dr along AA’ have the same known va]ug
in all the characteristic surfaces Oy, O1y, 0,, that exists at Oy. Using equation
(545), in which k is known (in this case is equal to zero), the value of dv and
du at A’ can be determined, because dv/du is known and all the coefficients
that appear in equation (542) are known and correspond to the flow properties
at A’ in Oy in the meridian plane considered. »

If the flow at the point A’ of the surface Oy is determined, the value of the
tangent to the intersection of Or; with the meridian plane can be determined,
using equation (548), or in the general case, using equation (540) and a point
M in the plane, ¢ = zy- = constant can be determined. The point M can be
found on O; and along the characteristic line of the other family from M’ in
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the meridian plane, and by determining the variation of the flow along A’,
M', MM’, and N'M’, the flow in M’ can be calculated.

Yo =ya + Np) (@x — za) (554)
" where, in this case
an M (p) — ap X (@) + ap =0

and a1, @i, and ay are the coefficients corresponding to the point A’ of O11.
Along A’M’ equation (542) must be applied where dx = 2y — 24/, du = uy —
g, dv = vy — V4, d(wy) = (wy)u — (wy)a, and the coefficients of the ex-
pression are calculated at the point A’.

Along MM’ equation (544) must be used where du, dv, d(yw), and dz are
the differences between corresponding values in M’ and M, while k is given
by the equation

k) =MD =2 =0, (555)
Ay

Along M’'N’ equation (545) must be used in a similar manner. From the three
equations, the values of uy, vy, and ws can be determined and another point
L’ along A’ N’ can be determined, as the value of dv/dr, and d(yw)/dr between
M, and N, are now known. Proceeding in a similar way, the entire expansion
around the corner AA’ can be determined.

In order to determine the flow properties along the straight part of the body
AB, the following considerations can be made (Figure 194). If, from a point
N of the last characteristic line that starts from A4, the characteristic line of

A B3¢

X

Fig. 194. ' The determination of the flow along
the cone of the body with constant inclination.

the opposite family VB is designed in the meridian plane, a point B is deter-
mined on the body for which the following relations can be written: If d is
the distance along the body between A and B and ¢ is the inclination of the
body on the axis, then from the definition of w, v, and u

d(yw)¢=const = 9 ?{:v) dr 4 dElW) dy'

Ad
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Therefore
ysws = yawa + d (yw)

d (yw) = (%l cos ¢ + gﬁ sin §'> dl. (556)
©

The quantities du/d¢ and dv/d¢ must be calculated at the point A of the same
meridian plane as B and therefore are known from the preceding calculations.
Thus, the value yzwz can be determined.

In the meridian plane ¢ = 0, w is zero; the boundary conditions give the
relation

L (557)
duB
and from equation (544)
dug + Ndos + 2B 0wy = 0, (558)
an

Therefore up and vp can be determined, and the tangent at B to the character-
istic line ¢y can be designed. ’

From B the flow at a point B’ in the meridian plane ¢ can be determined for
the same distance di, because two equations can be written that give the varia-
tion of velocity components along BB, (equation 557) and along N,B; (equa-
tion 544), which with equation (556) permits the determination of the flow at
B:. Proceeding in the same way, the entire flow around the body of revolution
can be determined.



CHAPTER

14

PRESSURE DRAG OF SUPERSONIC WINGS

Introductory Considerations. In Chapter 7 the aerodynamic character-
istics of supersonic profiles as functions of their geometry were considered;
therefore the aerodynamic characteristics of the rectangular wing of infinite
span have been determined. In general, for wings of finite span and of various
plan form, the aerodynamic phenomena are different and more complicated
than those of the two-dimensional profiles, and it is not possible, at present,
to make theoretical analysis with the same approximation obtained for two-
dimensional profiles. When wings of finite span are considered, the hypothesis
that the theory of small disturbances can be applied is usually accepted, and
it is also assumed that the wing is very thin. With these two hypotheses the
drag at the zero-lift condition, and the lift-curve slope of wings for different
plan forms have been determined. In the following paragraphs, some consid-
erations on the relation between the plan form of the wings and their aerody-
namic characteristics will be developed, and the pressure drag for wings of
different shape will be determined.

Wing Plan Form Which Eliminates Tip Effect. In the aerodynamics of
subsonic flow, it is shown that when a wing of infinite span is considered, and
the flow is assumed perfect, the drag obtained is zero; however, for a wing of
finite span in a pérfect flow a drag exists. This drag, which is called induced
drag, is a consequence of the lift of the wing, and depends on the aspect ratio
and plan form of the wing. The induced drag is the only drag that can be
found in a perfect flow. In aerodynamics of supersonic flow, a drag is found
even if perfect flow and wings of infinite aspect ratio are considered. This
drag is dependent on the shape of the profile and on the Lift (equation 266).
When a wing of finite span is considered, a different value of the drag is gener-
ally found; however, with special configuration of the wing tips, it is possible
to obtain a wing of finite span with the same drag characteristics as the
infinite-span wing (Reference 25). - ,

Consider, for example, a flat plate of infinite length (Figure 195), and on
the wing two points, A and B, along the leading edge. If the flow on every
292
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point of the span is supersonic and some small transformations are produced
along the leading edge in the zones CA and BD, those disturbances are trans-
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Fig. 195. Flal plate of finile aspect ratio without tip effect.

mitted in the flow in a zone defined by the envelope of Mach cones, with vertex
along CA and BD at the points at which the disturbances are produced. The
zones of the wing influenced by the disturbances are the zones CAEH and
DBFG, where the lines AE and BF are the intersections of the Mach cones
from A and B with the wing. Consequently in the zone AEFB no variation of
flow characteristics occurs for the disturbances produced along BD and CA.
If the disturbances are produced at points of the wing in the zones BFDG and
CAHE, for example along MN, the disturbances are still inside the zone
defined by the envelope of Mach cones with vertices along CA or BD (Figure
195), and cannot affect the flow in the zone AEBF. Therefore if the part of
the wing outside the zone AEBF is eliminated and the wing AEBF is consid-
ered, that wing must have the same flow characteristics as the wing of infinite
span, and consequently the same pressure distribution. The lines AE and BF
change with angle of attack of the flat plate but are all outside a line AE’ or
BF' inclined at the Mach angle with respect to the chord; therefore on the
flat plate AE'BF’ the pressure distribution found in Chapter 7 (page 118 or 131)
exists.

The pressure for the trapezoidal flat plate is constant on the entire upper
surface and on the entire lower surface; therefore the focus of the profile for
the trapezoidal wing moves from the 50 per cent station of the chord in the
direction of the leading edge, because the center of pressure of the triangular
zones AA'E" and BB'F is at 14 of the chord from the leading edge. Its position
can be easily determined as a function of the angle of the line AE’.

The possibility of cutting the plate along the lines AE’ and BF’ is dependent
on the aspect ratio considered. When the aspect ratio decreases, the distance
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E’F’ decreases and becomes zero for a given value of the aspect ratio. This
value is the minimum for which the criterion considered can be applied. 1t is
evident that the value of the minimum aspect ratio is a function of the angle
AE’'A’, and therefore of the local Mach number considered.

If a wing with thickness is considered, the differences in the phenomena
are small because the wing thickness is usually small. The differences can be
evaluated because the pressure in the zones AA'E and BB'F can be determined
with the two-dimensional theory. :

The phenomenon discussed before depends on the general property that,
in supersonic flow, small disturbances cannot be transmitted outside the Mach
cone. Consequently the physical properties of the flow at every point depend
only on the disturbances produced in the fore Mach cone from the point, and
alterations produced in the phenomenon, in every zone outside the fore cone
from a point, do not change the physical properties in the point considered.

Infinite Sweptback Wings. In all the preceding analysis, the wing of in-
finite span and the wing with trapezoidal plan form considered have the leading
edge and the trailing edge perpendicular to the direction of the stream; there-
fore in the zone of the wing, the stream lines are plane and are contained in
the plane perpendicular to the leading edge. Now the two-dimensional theory
can be applied also to the flow around an infinite wing with constant cross
section, when the leading edge is inclined with respect to the direction per-
pendicular to the undisturbed velocity. In this case, the streamlines are no
longer plane, but the phenomenon must be the same in every plane perpen-
dicular to the leading edge; therefore the component of the velocity in the
direction of the leading edge w must be constant
in the entire flow and independent of the shape
of the wing. If X is the angle of sweepback (Fig-
ure 196), the component w is given by
w = V;sin X. (559)
The phenomena for the sweptback wing of infinite
span in a perfect flow can be assumed to be ob-
tained by moving the wing in the direction of the
) . leading edge with the velocity w, in a flow moving
E;cgk‘ wlgg lesﬁ "lf,iﬁ;:ze;u;;ﬁ ln in a directior'l perpendicular to the leading edge
the Mach wave. with a velocity Vi cos X. Because the compo-
nent w does not produce any variation of pres-
sure, the phenomena must correspond to those for a straight wing at a veloc-
ity Vi cos X. However, the component w must be considered when viscous
forces are analyzed in the boundary layer.
The possibility of resolving the undisturbed velocity into two components,
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normal and parallel, respectively, to the leading edge, shows that the angle
of sweepback of an infinite wing is equivalent to reduction of the value of the
undisturbed velocity from the aerodynamic point of view, and, since the
temperature of the flow is not affected by such resolution, the effective Mach
number that must be considered is reduced by adoption of an angle of sweep-
back. The resolution of the velocity into two components permits determina-
tion of the pressure forces for the infinite sweptback wing, from the lift and
drag coefficients corresponding to the section of the wing in the plane perpen-
dicular to the leading edge. The Mach number that must be considered in
the determination of the coefficients of the forces is (M, = M, cos X), where
M, is the Mach number of the undisturbed flow. The angle of attack of the
wing must also be measured in the plane perpendicular to the leading edge.
The pressure drag determined in this way has the direction of V; cos X; there-
fore to obtain the component of the force in the direction V, which gives the
pressure drag for the wing, the drag determined before must be reduced in
proportion to the cosine of the angle of sweepback.

If C;, and Cp, are, respectively, the lift and drag coefficients corresponding
to the angle of attack of the wing measured in the plane perpendicular to the
leading edge for the Mach number (M, = M, cos X), the lift is given by

- é C1o 08 Vi cos® X. (560)
The profile drag in the V; direction is given by

D, = % Gy ps Vi2 cos® X. (561)

If C ;. and Cj, are the coefficients of the sweptback wing determined in the usual
way, and C; is the corresponding friction drag coefficient,

Crycos’ X = Cy
and
Cpycos® X + C; = Cp. (562)

The phenomena for sweptback wings can be divided into two groups: the
phenomena for wings with low angle of sweepback, for which (M, = M, cos X)
is larger than one, and the phenomena for wings with large angle of sweepback,
for which (M, = M, cos X) is less than one.

For the first group of wings, the coefficients €, and Cp, must be determined
in terms of supersonic aerodynamic theory, while for the second group the
normal component is subsonic, and therefore the flow phenomena must be
considered, using subsonic theory.

For the first group, applying the small-disturbances theory (the variation
of pressure is proportional to the deviation, and the term that contains
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is not considered), it is possible to obtain (by equation 243), the following
(Reference 25):

4 1
CD=:[2+_F D] 5
’ VMg cos* X — 1 * 2(2+ ) (63)
CL0= 4

a. 564
VMgZcos?X — 1 (564

From equations (564) and (562) the fineness ratio of the wing can be deter-
mined:

D _ Cpycos* X 4+ C;  Cpycos X C,

L Cprycost X - C Lo + Cyr,cos? X
or using expressions (563) and (564)

D 1 \/M1200s2X—1 1,
[Tm- Cf+§(}‘2+D2) CoS X:]“'—QCOS X. (565)

L @

Assuming C; constant, the angle of attack « that gives the minimum value of
D/L of equation (7) is given by '

gt = I/Cf VM2 cost X — 1

4 cos® X

n ; (Fy + Dy) (566)

and the corresponding minimum value of D/L is

D M Mg
(Z)m - V 20, VMg — 14 2 o5 (Fa + Dy). (567)

M2

For the infinite straight wing with the same approximation, the value of
(D/L) i, 1s given by
<l—L)> = ‘/2(:, VMY — 1+ 2 (F, + D). (568)
For average values of friction drag coefficient, a small diminution of (D/L) yin
is obtained by using a wing with an angle of sweepback. When the Mach
number is very high, in which case the importance of the terms dependent on
the form of the profile decreases, the value of (D/L),in 18 1o longer decreased
by the angle of sweepback.
The second group of wings corresponds to an angle of sweepback for which
(Mo = M, cos X) is less than one (Reference 52). Since
Vo

v
— = cos X; Kl=sin,u; — <1
Vo a a

the second group corresponds to the condition
cos X > sin p. (569)
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For this condition the leading edge of the wing is inclined with respect to the
direction of the velocity more than the Mach wave (Figure 197). In this case,
the flow phenomena on the wing are of the subsonic type and must be con-
sidered with subsonic or transonic theory. The drag of the wing is given by

Fig. 197. Infinite sweptback wing more in-
clined than the Mach wave.

subsonic law, and shock losses can occur only if M, is very near to one. If
M, is near one, the shock does not occur near the leading edge but along the
profile, as happens for profiles in the supersonic zone of the transonic region.
If M, is small, no shock losses can be verified, although V; is supersonic.

It is natural that the absence of shocks is derived from the hypothesis of
infinite wings, because when a wing of finite span is considered, the shock
losses appear immediately in every case. Indeed, at the tips of the wing,
the component V; sin X takes part in the aerodynamic phenomena, and the
pressure distribution at the tips depends on both the two components; then
the supersonic quality of the flow appears again, and, three-dimensional phe-
nomena must be considered.

Determination of the Source Distribution for Symmetrical Wings of
Finite Aspect Ratio at Zero Angle of Incidence. The determination of
the pressure distribution and of the pressure drag for three-dimensional thin
symmetrical wings can be obtained by using the theory of small disturbances.
Consider a stream with supersonic speed V; and a wing of symmetrical cross
section placed in the stream at zero angle of attack. The presence of the wing
produces a variation of the stream velocity; therefore in the zone of the wing
three components, us, v, and we, of the variation of the velocity with respect
to the undisturbed velocity, can be considered.

Let ¢, be the potential function of the additive flow that has the velocity
components us, v, and w, along the x-, y-, and z-axes; and assume that the un-
disturbed flow is in the z direction. The accepted approximation of the small-
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disturbances theory defines the potential function ¢, by the following equation
(equation 339):

1 — M2 9 + Pén + G 0. (570)
ax? ay? az2?

The potential function ¢, must give a flow that in order to satisfy the boundary

conditions, must be tangent to the wing. Assume that the plane of the wing

is placed on the plane zy and that the thickness of the wing is measured along

the z-axis (Figure 198); then consider a cross section of the wing in the plane

7
Vi z e

Y

Fig. 198. The boundary conditions for a three-
dimensional wing.

zz and a general point P of the contour of the wing in this cross section. The
stream must be tangent to the wing at P; therefore the components of the
speed in the xz plane must give a resultant tangent to the cross section at P.
Using the subscript P to indicate that the quantity is considered at the point
P, the boundary condition can be expressed in the form

Wop dz>
— =] = 571
V14 wp <d.1' P v ( )

where Ap is the slope of the cross section at P. With the approximation
accepted, the term usp can be neglected; therefore (Figure 198)

Wep dZ)
22— Z2) = ap. ) 571
V1 (dl' P d ( a)

Since the thickness of the wing is small, (the small-disturbance theory is ac-
cepted in the analysis) the value of the velocity w.p at P can be assumed, with
good approximation, practically equal to the value w.p, of the velocity calcu-
culated at the point P, of the same coordinates  and y but in the plane z = 0
(the approximation can be accepted because zp is small); therefore in equation
(571) the value of w,p, calculated for the coordinates xp, y» and 0, which can
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be determined more easily than the value of wsp at P(xpypzp), will be used.
In order to determine the potential function ¢, that satisfies the given bound-
ary conditions, a source distribution in the plane z = 0 will be considered for
the upper surface and another of opposite sign for the lower surface (Refer-
ences 53 and 54).
If £ and 5 are the coordinates of a source of intensity C in the plane z = 0,
the potential of the source is given by equation (354):
b = - ¢ (572)
Vg - Bly—n + 7]

where
B=VM?—1.
Therefore the potential of a source distribution of area dédy and coordinates &
and p, in the plane (z = 0), is given by
— C dgd,
dpy = sdn .
Ve -2~ B[y~ + 7
The source distribution of intensity 4+C and area dndg, that exists at the
position £, 7 of the plane z = 0, induces at a point P of coordinates z, y, and
z, a velocity, the component of which along the z-axis is given by
CHB? zdtdn _
(=02 = B [y — 2 + 2] ]

(573)

(574

d
wp = a—z [d¢’2] = —

If the point P is outside the area in which the source distribution is placed,
when 7 is equal to zero wp is equal to zero; therefore the source distribution
C dtdn at (&, 5, 0) does not induce any vertical component of the velocity
at every point P of the plane z = 0 outside of the area dtdy.

If the point P is in the zone of the plane in which the source distribution
C dtdy is placed, when z goes to zero, the denominator of equation (574) tends
to approach zero, because (x— £ and (y — 5) have infinitesimal values;
therefore the limit of equation (574) for z approaching zero can no longer be
evaluated directly from equation (574). In this case, the value can be deter-
mined in the following way: consider a point P, slightly above the plane
z = 0, in the zone of the source distribution [Figure 199]. The zone of the
source distribution, that can induce a velocity at a point P of coordinates
(x, v, z) in supersonic flow, is the zone contained in the fore cone that has its
vertex at P, its axis parallel to the velocity, and its semiangle equa! to u. If
the point P has the projection Py in the plane (z = 0) (P, is inside the ele-
ment dédn considered), the part of the clement didy that can influence P is
the part contained in BiABoA, where BiAoByA; is the inlersection of the
plane (z = 0) with the fore cone from P, Because the cone is a circular cone
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with its axis parallel to V3, the intersection is a parabola the coordinates »/, &
of which are defined by equation (575):

By —n)+2] = @- ¢ (575)
z
i
Vv, ¢ Xp X
A g e f’nl el
X BLL P.7Ye
an Y, d
, A\ P n
B dé, O'u )
d¢

Fig. 199. The induction due to sources placed
in the fore cone from the point considered.

The potential at P of the source distribution contained in B;A,B,A, is given by

¥Bo Ay ' dﬂ/
¢= - C/ dg/ Vi - - B [(y — 9+ 2] (76)
YBi14e

where the limits of integration of the double integral of equation (576) are
given by the values ¢ and 5’ defined by equation (575). However
_ dn’ -1y By~ "_>_
Vi =) = By — )+ 2] "= g -
Since (y — »') is negative along B,A, and positive along B1A,, using the limits
of integration defined by equation (575), = is found to be the value of the first
definite integral of equation (576). Since

xa, = xp — Bzp

then
¢ [-Bp C
¢2=“E Wd$/=—L[$P—BZ-‘-Z'A1]
2
or
'7;?? — 0y ~ 7l] (577)
[
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If the value of z approaches zero, the value of w does not change therefore
the induced velocity at P, is equal to

Wop, = wC. (578)

The value given by equation (578) is the total vertical velocity. Indeed as
has been shown before, the source distribution on zones far from P does not
produce induced velocity w at the point P,.

Since the value of wp is fixed by the boundary colditions (equation 571a),
equation (578) gives the value of the intensity of the source distribution which
satisfies the boundary conditions.

The pressure distribution on the wing is given by equation (355), which
can be written (not considering the terms of higher order) as

CP=B;P1=_@=_2£“ (579)

1 I’fl VI
—p1 Ve
2

where the potential function is given by equation (573) and the value of the
constant C is given by the boundary conditions (equations 578 and 571a).
The horizontal component of the perturbation ¢.. at any point is affected by
all source elements in the field and therefore must be determined by integra-
tion over the entire fore cone from that point.

Determination of the Components along the x-Axis of the Distur-
bance Velocity Induced by Source Distributions of Constant Intensity
and Different Plan Form. In the preceding paragraph, it was shown that
the intensity of the source distribution that produces a flow which satisfies
given boundary conditions is proportional at every point to the slope of the
cross section in the plane (y = constant). From the source distribution, the
x component of the velocity must be determined in order to determine the
pressure distribution (equation 579). The 2 component of the induced velocity
at a point can be determined as the sum of all velocities induced by all source
distributions that exist in the flow. Indeed with the approximation of the
small-disturbances theory, the coefficients of equation (570) are constant;
therefore superimposition of different potential distributions is possible.
Consequently determination of the pressure distribution for a given wing can
be made in the following way: Every wing can be assumed to be constituted
by an envelope of a finite or infinite number of planes tangent to the wing.
For every flat surface of the wing the value of dz/dx is constant; therefore the
corresponding intensities of the sources are constant and known. For every
plane surface of every plan form the corresponding induced velocity in the
direction of the z-axis can be determined in the entire flow; therefore from
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the sum of all velocity induced from all source distributions at a given
point, the pressure at the point can be determined (equation 579) (Refer-
ence 53).

If the profile of the wing in the plane (y = constant) is obtained with straight
lines, as are the diamond-shaped profile and the trapezoidal profile, the num-
ber of planes that constitute the envelope of the wing is finite. Then the value
of ¢ is given by the summation of a finite and small number of terms, and
it is possible to obtain an analytical expression for the pressure distribution
and for the total drag of the wing. If the profile has a continuous curvature,
the value of ¢z, is given by an integral, that in some cases can be evaluated
directly, or can generally be evaluated by substituting for the continuous
line of the profile a polygon with a finite number of straight segments.

Determination of the pressure distribution on a wing is therefore reduced
to the problem of determining the x component of the velocity, ¢.,, for a given
plan form of a source distribution of constant intensity. In this paragraph

indications for determining this compo-

y nent ¢q. will be given.

The induced velocity ¢., produced by
a given plan form of source distribution,
in general, can be determined with su-
perimposition of source distributions of
simple form of a given intensity, as will
be shown later; therefore these simple
forms will be considered first.

infinite rectangular surface of inclination
dz/dx = N (Figure 200) can be repre-
sented by a rectangular source distribu-
tion of the intensity (equation 578)

1

1
I

I

|

i Infinite Rectangular Plan Form. An
|

|

|

!

|

|

|

Fig. 200. Source disiribution for 7€ = w, = \V;

infinite two-dimensional flat plate.  rpy,, component of the velocity along the

z-axis can be determined by the two-
dimensional theory and is given by equation (101) (see page 42).
* . W

u® = = — Vicos X

tan u*.
cos X cos X

Therefore
G2 = Uy = — NVy tan u* cos X

where u* is the Mach angle corresponding to the velocity component, normal
Lo the leading edge of the wing, and
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1
lan p* = —————.
N I

1f
— k
VM -1 = B; tan X = k; n= B (580)
tan &* becomes
« V14 R
tan pu* = —————
vV B2 —_ k2
and
_ 1
cos X = m .
Therefore the value of ¢s, can be written in the form
- )\Vl —w
g = —— "L — —C . (581)
Y VBE_k BVi-nw
The pressure coefficient Cp becomes
| P i« S S (562)
l 1 7¢] B\/l —n?
2P

where X is the slope in the plane (y = constant), and not the slope of the pro-
file in the plane perpendicular to the leading edge.

Infinite Triangular Plan Form. k, > B. Any triangular surface can be
obtained from the sum or differences of triangular surfaces having a side of

o o
© y y Y
X3 X2 X X

(a) (b) (c)

Fig. 201. Triangular flat plates of different form.

the triangle in the direction of the z-axis (Figure 201a). If the inclinations
of the two sides of the triangle OA and OC are of opposite sign (Figure 201b),
the source distribution can be considered as the sum of two source distribu-
tions of the type considered before (Figure 201a) of the same intensity, and,
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in general, with different values of the angle X. If the inclination of the two
sides is of the same sign (Figure 201c), the source distribution can be con-
sidered as corresponding to the difference of two source distributions COB

' and AOB, of the same intensity and

o] y ©O z sign. Therefore from the analysis of
N X, ' a source distribution of the type of

D, i~ Figure 201a, the value of ¢,, for the
li‘} I ;X\\ source distribution as in Figure 201b
HE ,&1; F o O=n and 20l¢ can be determined. For
EX G N\ ot the analysis of the plan form as in
L P M Figure 201a, two cases must be con-
B ¢ *B sidered: the case in which the angle

X is larger than (r/2 — ;) (Figure
Fig. 202. The induction in a point of the

L O the 202), or using the definitions of
{Zfl ]ziillte;illzsz lo a triangular source distribu- equation (580) in which

k1>B; n>1

(where k, = tan X, B = cot wm and n = -k,/B), and the case in which X, is less
than (z/2 — ), or k, < B.

Assume at first k&, > B; the plane OBC can be represented as a source dis-
tribution in the plane z = 0 extended in the zone OCB and of intensity

0 =w = \Vy. (583)

Consider a point P on the zone OCB (Figure 202). If PH and PF are the
Mach lines that pass through P, the only part of the source distribution that
can induce a'velocity at the point P is that in the zone OHPF. Therefore the
potential function ¢, at P can be written in the form (equation 576)

yp tp—Byp—1n

w

¢ = — - / dn/ S (& n)dt
0 ki
Y tp+ Blyp — )
+ / dn / J (& n)dg (584)
up /gm
1

| Vier = = B (yr — 9 — Bz
and zp in the approximation accepted is assumed equal to zero. Indeed, in

the zone HPIO for every value of n = 1 the integral with respect to £ must be
extended from D to E where

where

J& ) =

¢p = kiy
and

5E=-73P‘B(yp—77)
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(B = cot p; and HP is inclined at u, with the z-axis), while in the zone TPF
for every (n = 7o) the integral with respect to £ must be extended from M to
G, where

by = kl"]
and

(e = ap — B (n — yp),or 6 = 2p + B (yp — 7).

The integrals with respect to  must be extended from 5 = 0 to 5 = y; for the
first part, and from 4y = yp to n = yr for the second part. Since ¥ is on the line
defined by :

xr = kly
and on the line PF defined by (¢ — zp) = B (y» — n),

ze+ By, (585)
_ k+ B

The expression in the integral (equation 584) becomes infinite for ¢ = zp —
B(yp — n) and zp = 0. By performing the integration and determining the
principal values, the following expression can be obtained;

Yp

¢2‘ __w cosh—1 _rp — ki dn (586)

™ Blyr— 1|
0 .

where |yr — 7| indicates the absolute value of (y» — 7). The 2 component of
ihe additive velocity at P becomes
Up

P ] i (587)

S o ) Vi — ko2 = By — )
0

and performing the integration, since in the case considered, k, > B,

kixp ~ Byp .

w .
0y = — — —————— cosh™! (588)
B T i Ve =5 B = k) ,
If the symbols n; = ki/B and
s = Ror (589)
Ip
are introduced )
. w m° —o
9y = — ————————— cosh™! ————— (590)
& mBN/p2 — 1 md— o)
where
m>1>c¢

[cosh™t a = log, (a +Va? — 1)].

Equation (590) shows that ¢, is a function only of the ratio of the coordinates
of the point P, considered, and not of the absolute value of the coordinates,
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¢, is constant if the value y/2 or the value of ¢ remains constant, thus it is
constant along every straight line that starts from 0. The phenomenon con-
sidered is conical.

The source distribution considered before produces also an induced velocity
outside the surface, that can be determined (Figure 203). If the point P

O _y
N X
// G \\
A M\
//’ \XF\\
| N N
// t // N N
7 | y H N
s Ty NG
4 \\#1}\\
D 1::7/ v\j o=y
P, B BN
’ C\g=1 D
x

Fig. 203. The induction in points oufside of
the flai plate due to a iriangular source dis-
tribution (n; > 1).

considered is placed between the Mach wave (¢ = n,) from O and the inclined
side of the triangle in the plane z = 0, (¢ = 1), P = P; (zp, ¥p), the potential
function for P is given by (see equation 584)

w Yy rp— Blyp—n)
¢ = — / dn / f (& mde (591)
0 ki

where
_ @ = Byr,
kh — B
Therefore
1’/H 1
bre = — = dn (592)
"/, \/(W — k)2 — B (yp — )2
or
w 1 i kl.’tp —_ B2Vp
¢z = — — —=—=—— cosh™t —=—— " 592a
’ TVEe — B B (kiyp — xp) (3920)
or
w 1 n12 — 0
¢y = — — —=—— cosh™? ——"_ 592b
™BvVpez — 1 n e — 1) (5920)
where
n>o> 1.

If the point considered is between the Mach wave from 0, OD’, and the side
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of the triangle parallel to the z-axis (P = P;), the upper limit in the integral
in equation (591) is [xr + B(yr — %)7, but the induced velocity ¢, is still
given by equation (592), and the value of yp is:

yr = xp + Bﬂ
k1 + B
Therefore
oy = — w1 cosh1 L — 7 (593)
™B/ne2 — 1 m(—ac+1)
where

m>1 e <0< .
Assuming ¢ positive and assuming for k; the absolute value, equation (593)
becomes

w 1 n’+o

o = — — ———— cosh™! ————

wB/pe2 — 1 mic+1)
Outside the Mach waves D’O or DO no influence can exist in the flow from the
source distribution BOC; therefore ¢, is equal to zero. Equations (590),
(592b), and (593) give the value of ¢y, in the plane z = 0, but will be used also
for determining:the pressure at points P(z % 0) of the profile because in the
hypothesis of small disturbances the hypothesis of thin wings is includqd;
and the same approximation accepted for the z component of the induced
velocity is accepted for the x component. From equations (579), (590),
(592b), and (593a) the pressure distribution can be determined.

. (593a)

Infinite Triangular Plan Form. k; < B. If the angle X; is less than
(r/2 — u), or if k, is less than B (Figure 204), three possible positions for
the points P can be considered. If the point P is in front of the Mach wave
0D, that starts from O (P equal to P,), the effect at P; of the limitation
of the surface OBC along the line OB is zero because the fore cone from P, does
not intersect the line OB. The flow can be considered as two-dimensional, and
¢z, 18 given by equation (581)
_ wo__. _ ¢
B\/] — /112’ " B’ m<o<t (390
If the point P considered is between the Mach wave OD (¢ = n;) and the side
OB of the triangle OBC (¢ = 0) (P = P), then the induced velocity at the
point P, can be considered as produced by two source distributions: the source
distribution P, HOL that produces a velocity distribution at P, given by equa-
tion (594), and the source distribution HOI of the same intensity and of oppo-
sile sign as the source distribution considered before. The source distribution
HOT[ produces an induced velocity at. P; given by

¢2,L‘ =
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0
o = — (— w) dn (595
;i ; 5
m \/(xp — km)? — B2 (q — yp)? )
vy
where
Ip — B
Yo = ﬁ&) and k; < B.
L —
H
\\
\\\ O
X \/l\ X, Y
1
AT
s | NN
4 ] x N
i | RN NN L
// I ’ \\ \\\I(PI /
/7 { 7 F \\ T\ 7 =1
/// 1// \\L/%\ C
/D/, Py P, \{:n]
=0 D
B
X

Flg 204. The induction due lo a lriangular source
distribution (ny < 1).

Performing the integration in equation (595), because k; < B, ¢., becomes

bos’ = S cogl LT (596)
. WB\/I —nd ny (1 - 0’)
Therefore the induced velocity at P, is given by
w 1 o —
Gor = [1 — — cos™! ‘__1_*] 597
CBVI—al 2 - 597)

where
l<o<m<l1

lf the poitit P’ considered is between the Mach wave OD’ and the side OB
(Figure 204), (P = Py), the induction at P;, is given by the source distribu-
tion OFG, and the x component of the induced velocity is given by:
. .
¢2x = - /L_U dn
™| Vi(ze — k) — B (yr — n)?

774

SR —— o (598)
L AV m (1 - g) >
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If yps is assumed positive and (o > 0), and for &, the absolute value is con-

sidered,
a + n12

w
Pop = — cos™
? WB\/i_——nl_? n (14 o)

where |ni < 1, || > o > 0.

(598a)

Superimposition of Triangular Source
Distributions. Triangular Surface Sym-
metrical with Respect to the x-Axis.
From the determination of ¢, for a tri-
angular source distribution with one edge
in the direction of the undisturbed stream,
the value of ¢s, for any kind of triangular
source distribution can be determined. If
the triangular distribution is symmetrical
with respect to the z-axis and k > B (Fig-

Fig. 205. Superimposilion of
: . . two triangular source distribu-
ure 205) the induced velocity at a point P (ions, ny > land n, = n,.

inside the surfaces is given by

wh n12 — O _ n12 + 2
oz =— ——————I:cosh—1 ———— + cosh™ ————:I (599)
’ B\v/n2 — 1 m{l—a) (14 o)
Indeed, for the source distributions BCO and B'CO equations (590) and (593a),

respectively, must be used. Transforming cosh—! a into log (a + \/ a?—1) and
performing the operation in parenthesis, _equation (599) becomes

o = — L cosh—t |/t = @ (599a)
7 -
BV ne —1 1 — g2

where n; > 1 > o, and k, > B.

If the point P is outside the source distribution BOB’ but inside the
Mach waves starling from O, equations (592b) and (593a) must be used for
determining the induced velocity.

n®+o¢

w n?—o
, = ——————=| cosh™ ———— -+ cosh™ ————] 600
¢ 7BV g — 1[ me+1) n (o — 1) (600)

and performing the operation in parentheses
2w et — 1
Poy ==~ = cosh~?! ‘/_L,.,.Af 600a
BN npe — 1 o — 1 ( )
where 1< ¢ < ny.
If the distribution is symmetrical, X; = Xo, and k& is less than B (Figure 206)
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) and the ¢, for a point P; for which
o is less than one but greater than n,
/ N (point P; placed between the edge of
/ 4{ \ the wing OB and the Mach wave 0A
from 0) is still given by equation
/ B, _ “\P\g (594), because the other side of the
" wing does not interfere with the flow

outside the Mach wave from 0. If ¢

is less than n; (point P, inside the

Fig. 206. Superimposition of two (ri- Mach wave OA), ¢, is given by equa-
angular source distributions, i <1 and  jone (597) and (598a)
n; = Ny

_ w o — n? o+ n
b2 = *——hl}r—cosl——l—-_}_cosﬂ ____1]
BNVl — py? m(l—o) n (1 + o)

or using the transformations

cos‘l a t cos!B = cos7! [af F \/(1 —a) (1 —p)7

and sin~!' @ = z cos_1 (1 — 2a%

- , w—-—*~———7§ tan X= k,
{ Y e e——— !
™BV1 — g 6

\ e m=g
T — 2sin™! n‘—_U]
/[—\Vl_‘ijm -
.8
where 0 < o < n < 1. 32 I
Using equations (599) and (601),-

the & component of the induced ve- 28 /}
locity for a triangular symmetrical 24 5 - H]
surface can be determined; therefore 2 4 /
with equations (571a) and (579) the o 20 R 7 LA 7
value of the expression CpB/Acanbe & 16 L+ 1.3
determined as a function of ¢ and n,. I e e o S 97
In Flgu.re 207 the vs.ilue of CpB/\ as 12 ___;; gﬁ‘{:’. 3
a function of ¢ for different values of G (2,
niis given. For n, less than one, the 8 1.9
part of the wing between (¢ = 1) ' o4
and (¢ = ny) has a constant pressure
coefficient (the phenomenon is two- 00 2 4 6 8 10
dimensional).  For (n, = 1) and o ky

X

(X = n/2 — u) the pressure coef-

ficient. becomes infinite at (0 =1) Fig. 207. Pressure distribution in an isosce-

. . les triangular flal plate for different values
(leading edge of the wing). T is ( from pr}lrpu,t‘f ,G.?):f fferent vatues of
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evident that in this field the small-disturbances theory can no longer be applied.
For n; less than one, the diagram of Cp as a function of ¢ presents a slope
discontinuity for (¢ = n;). The discontinuity depends on the assumption that
u is constant in the entire flow, and therefore that the expansion does not
occur gradually across infinitesimal conical waves, but across only one wave
with discontinuity, and there is no physical counterpart. If the integration
of the pressure is made over the surface between (¢ = 0) and (¢ = 1), the value
of the integral is constant and independent of n;, when n,; is less than one.
Therefore the drag in this field is inde-

pendent of the value of the angle X of X\ IR X Y
the surface. e \\\\
Unsymmetrical Triangular Surface. g,2,, ol P, 01
If the triangular surface considered is

unsymmetrical, and X, and X, are of

opposite sign (Figure 208), ¢2, in the

entire flow can be obtained in a similar _. . .. .
: . A Fig. 208. Superimposition of two tri-

way as for the symmetrical wing. If X, angular source distributions, n, > 1,

and X, are greater than (/2 — p) and n.>1, and ny # n..

the point P is inside the surface (¢ < 1),

¢9, can be determined from equations (590) and (593).

2
w n o
Poy = — —I: —— cosh™? —

B ’\/__1 Ill(l"‘o'l)
b o 2] (o

\/n22— 1 ns (o2 4+ 1)
k1 kz

where = —; ng= —; ky = tan X;; k = tan X, > 0;
B B

=B R S i >10<a <l
z x

If o, is expressed as a function of oy,

gy = k2 oy = e a1
k1 ni
¢2. becomes
w 1 n? — o1
G = — —[7 cosh™ ——
=B '\/nl2 —1 (3} (1 — 0'])
+ nom
+ cosh—1 & :| 603
\/n22 -1 nzor + My (605)
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When 1 < 6; < ny, the value of ¢, is given by

w 1 n? — o
P2 = — — [—% cosh—t L "9t
=B ’\/n12 — 1 ny (0'1 — 1)
1 _, ang + 01]
+ ———— cosht —/—= "~ " |. 604
\/1122 -1 ny, + neoy (604)
Whenn < 1, n, < 1if P = Py, or (Figure 209) 1 > o; > n;
w
borp = — ———— . 605
\/1 - n{" ( )
If1>0>mand P = P,
w
Py = — ————— . (605a
B\/l - Tl22 ( )
f0o<o <n,and P =P,
. w [ i 1 _ gy — n12
oy = — — - cos™!
7B V1-—n? V1-—n? (1 — o)
I ZL"”‘] 606
\/f— ny? Nyoy + 1y (606)

When n; > 1 and n, < 1 (Figure 210) four different zones must be considered
for the point P. '

! 2=l 7 AN
0’::_]59/0'/2:"2 & PIOH
~Oy=n, B
0,,2=0
Fig. 209. Superimposition of ¢
two triangular source distribu- Fig. 210. Superimposition of two iri-
lions, n; <1, na <1, and angular source distributions, n, > 1 and
ny 5 no. n, < 1.

If1 <oi <mand P = Py, ¢, is given f)y the equation

w 1 n®—g
o, = — — [—‘— cosh-1 22— 91
7B L n?—1 m (o — 1)

cos -1 o1 + nomy

1
T ] 607
V1 — ny? nyoy + ny (607)
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If0 < o1 <1< nyand P = P, ¢, is given by the expression

2
¢2I = — _I—U_ [—— Cosh—l _u]
™BLvVng2 -1 m (1 — a)
+ cos—t LT n2n1:|_ (608)
V1 —nt neor + my

If the other side of the wing is considered OB’C, and for the point P a positive
value of ¢ is considered, where P = P; and np > a3 > 0,

w I: T 1 1 01— ulp
b2 = — — — — —— Cos
TBLV1 — py V1 — 1y? ny — ngoy
1 _ n; -+ oy :I
+ —=——==cosh™t ——— . (609)
VingZ —1 m (o1 + 1)
Whileif 1 > o3 > mpor P = Py, 0
e = rBV1 — ny?

P
When the inclinations of the two edges of the trian- i
gular surface are of the same sign, the source distri-
bution can be considered as a difference of two M
source distributions similar to the distribution con- Fig. 211. Superimposi-
sidered in the second and third paragraphs; therefore (ion of two triangular
the following expression for ¢,, can be obtained source disiributions of op-
(Figure 211). If posile sign.

k
ng > my > 1, gy = 84
x
and n>a>1 or P = P,
w 1 n12 - 01
oy = — —I:— cosh—t ————
* TLVnge — 1 n (o — 1)

1 mny; — o 1:|
— cosh™! . (611)
v n22 — 1 TNegy — Ny

Ifn,>1>0> @orP='P2,
. Ny
_ Yk
o] = "—
L

and
n12 -— 01
cosh™!

w 1
¢ = T l:\/ nz—1 n (1 — o)
— ! cosh—1 2 — ol:l- (612)

n?—1 Npoy —
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When the points P; and Py are considered, (P, has ¢ < 0; therefore the abso-
lute value of ¢ is considered for the point P;) ¢, at P; and P, becomes

w n? — o
cosh™

1
e~ [ 2
*Ps T n12 — 1 ny (1 - 0'1)

1 mny — Ul:l
———— cosh™? —— | 613
vV 7122 -1 n; — Neo ( )

cosh™ nt+ o

1
(Poz)ps = — EI:
TLlvVin?2—1 m (or+ 1)

2
S cosh™! »n—l————tjijl (613a)

\/n22 -1 ooy + M
lfn1 < 1 < ngandnl < o < 1,
w
¢2I e ——— (614)
BV1 — ng?
ITn<l< nzalnd'il < 0 < ny,
ny
¢ _ 'LU‘[ 7!‘ 1 cos! o — 77,12
2z — T - b
BrlvV1—n2 V1 — ny? n (1 — o)
1 npny — 01]
— ———cosh™ —— |- (615)
. V n? — 1 Ngor — Ny
Ifn1 < 1 <ngand QI > o0 > 0,
2]
b = — ib*[ T — ! cos1 —TL— e
* Br L1 — ng2 V1 - n,? n (L — o)
— ——— cosh! @;‘71]. (615a)
Vit —1 T — Naoy

If the point is on the negative side of the y-axis where P = P,, assuming ¢,
positive, ¢,, becomes

by = — 2 (cos~1 otnt cosh—1 M2 T o1 01>~ (615b)

Br n (1 4+ a1) n + ooy

It is interesting to observe that the value of ¢,, in this approximation is a
function only of the slope of the surface in the plane (y = constant), and is
independent of the slope of the surface in the plane (x = constant); therefore
the same induced velocity and the same pressure distribution are obtained if,
for example, a flat surface OAB and a double wedge OA’CB’ with the same
plan form and cross section slope (dz/dx = \) are considered (Figure 212).

Plan Form of Any Shape. With proper composition of triangular and two-

dimensional flat surfaces, every plan form can be considered. For example,
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if a surface ABC is analyzed (Figure 213a), the surface can be represented
with two source distributions: the triangular source distribution CDB of in-

o

z

y=const.

A

A=B—A=B=C
Double Wedge g—z=iconsf.

Fig. 212. The equivalence belween triangular
flat plale and double wedge surface.

tensity corresponding to the slope of the surface ABC, and a source distribu-
tion BAD of same intensity and opposite sign.

If the surface ABCDE is considered (Figure 213b), it can be represented by
the composition of a source distribution AFE and by source distributions of
opposite sign BFG, CGH, DHE. In the
zone ABI, if BI is a Mach wave from B,
no induction produced by the source dis-
tributions of negative sign exists. In the
zone BICL, the distribution BFG of oppo-
site sign than the distribution A EF must
also be considered. In the zone LCDM the
distribution AFE and the distributions
BFG and CGH must be considered, while
for points in the zone DME the distribu-
tion DEH must also be considered. Every
other plan form can be considered in a
similar manner.

Vi

Discussion of the Necessity for Anal-
ysis of the Hypothesis of Zero Lift.
On page 297 the hypothesis was accepted
that the wings considered must have a
symmetrical profile and zero angle of
attack. The results of the preceding (b)

paragraph permit discuss.ion of the m?" Fig. 213. Superimposilion of several
cessity for that hypothesis, and analysis source distributions of simple shape.
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of the possibility of applying the preceding system of calculations to some
cases of wings with lift.
In the preceding analysis it was found that the flow field around a wing
corresponds to the flow given by a source distribution of intensity propor-
_ tional to the w component of the induced velocity in
the plane z = 0. In order to determine the pressure dis-
tribution on the wing, it is important to know the w
component and therefore the source distribution con-
tained in the plane z = 0 and in the fore cone of every
x ] point of the wing. It is not important to know the
b : distribution of the w component behind the wing be-
| : cause a source distribution in this zone cannot induce
B@C any velocity in the wing. Now if the wing has such a
Fig. 214, Triangular .plan'form that it can pr.oduce a vz?riation of 'ﬂow Yeloc-
diamond-shaped profile 1ty 1N some zones outside the wing, contained in the
wing. fore Mach cone from any point of the wing, it is neces-
sary to impose the hypothesis that the wing is symmetri-
cal and has zero angle of attack. Indeed in this case, only for this condition,
the w component in the plane (z = 0) is zero outside the wing. The hypothesis
is no longer necessary if the wing does not induce any velocity in the flow
contained in the fore Mach cone from every point of the wing, and outside
the zone of the wing. If that happens, lif ting surfaces can also be considered
- with this system. In order to clarify this concept, consider a triangular wing
(Figure 214). If the wing has a value of X larger than (/2 — ), an induced
velocity exists in the zone ACE. If the wing has a symmetrical profile and
zero angle of attack, the value of ) is equal for the upper and lower surfaces;
therefore the source distributions on the wing for the upper and lower surfaces
have the same intensity. The value of ¢,, and the corresponding value of the
pressure induced by the distributions that represent the upper and lower sur-
faces are equal at AEC, and no discontinuity occurs across the plane (z = 0);
therefore no vertical component exists in this zone. If the wing is not symmet-
rical or has an angle of attack, the values of A of the upper and lower surfaces
are no longer equal; therefore the corresponding source distributions that
represent the wing are different. In the zone ACE different values of oz,
and consequently different values of the corresponding pressures are found
when the upper side or lower sides of the plane z = 0 are considered. Across
the plane z = 0, a discontinuity of pressure is found at ACE. This discon-
tinuity of pressure can exist if a solid plate exists at ACE, but cannot exist if
there is no plate at ACE, in which case a w component must exist in this zone.
This w component corresponds to a source distribution in the zone ACE,
which cannot be determined directly from the shape of the body, and therefore
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in this case the system cannot be used. If the flow in front of th(? wing is not
influenced by the wing, the discontinuity of pressure no longef' ex1st.s, and the
system can also be used for phenomena which are not symmetrical with respect
ane (z = 0). ,

* Itf}',lefcl))l} exar(nple, E)l triangular wing as in Figure 214 is consi‘dered, but X <
7/2 — u, variations in the flow begin along the edges of the vags AB afld AC,
and therefore the upper part of the phenomenon. cannot mterfe'rfe with the
lower part of the phenomenon in the zone of the wing. f}t the trailing edge (?f
the wing, BC, a discontinuity of pressure can be f(.)und .1f t.he phenomenon is
not symmetrical, and therefore a w component will EX.lSt in the actual phe-
nomenon. However the corresponding source distribution cannot change t}.le
flow condition on the wing, because any source can change th'e flow only .1n
the Mach cone with its apex in the source. The system O'f using source dis-
tributions on the wing gives the actual pressure distribution with the same
order of accuracy as the simplifying hypothesis accepted. .

The possibility of analysis of nonsymmetrical phenomena .Wlth the sy.stem
of sources and sinks distribution discussed before can be ft{iSlly defined if the
concepts of supersonic leading edge and supersonic trailing edge are used

4). :
(sziz?;];elis)a leading edge that can be called su.pers.orfic if the tangent to
every point of the leading edge in the plane of the wing is in front of tl?e Mach
wave (k; < B), because in this case the component n01"mal to the leading edge
is supersonic. A leading edge can be called subsonic when the tangent to
every point of the leading edge is behind the Mach wave (k. > B).

In the same way, a trailing edge can be defined as supersonic when the tan-
gent to the trailing edge is in front of the Mach wave.
For example, for the wing shown in Figure 215, the part
of the leading edge AB is supersonic, while the part l?C
is subsonic. The part of the trailing edge DC is subsounic,
while the part DE is supersonic. _

Using the preceding definitions, it is possible to con-
clude that nonsymmetrical phenomena can be analyzed
with the method of sources and sink distributions only
if the leading edge and trailing edge of the win‘g.s are all
supersonic, whereas if the leading edge or the trailing edge

Fig. 215. Super-
. . sonic and subsonic
are in part or completely subsonic, only symmetrical ;... ¢ and trailing

phenomena can be analyzed. edyes.

Superimposition of Source Distributions of Different Type and Its
Application to Practical Problems. The pressure distribution on wings of
different shape can be determined with the superimposition of the source
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distributions
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sribut considered in the preceding paragraph. Some examples of the
practical use of the method will be given in this paragraph to explain the use

a]ld I() (]e]ll()]ls‘]ale some llll;e]estlng aS[)eCtS Of t’]le p]lGIIOIlleIla fOI t}llee"

;;f)ﬁle lI)m:,ig I;istribution along a Chord of a Symmetrical Sweptback
ing. Inthe first paragraph of this cha infini
i pter the infinite sweptback wing w
N 13 . a
((:on;ldercd, and it was shown that if the angle of sweepback is largergthas
d7r/ - ;u)i)wlflere g 1; the Mach angle of the undisturbed stream. no pressure
rag can be found for the wing, with the h i ,

. , ypothesis of perfect flow. In
pract;cal cases a pressure drag will exist at the tips of the wing; therefore if
f’i swep?back wing symmetrical with respect to the planes (z = 0) and (y = 0)
1Is i(;:}Sldere(.l, a drag for 'the different profiles of the wing will be obtained

n this a'pphca.tlon the wing will be considered as two half wings, equal an(i
iymmet'l(‘ilcaldwnh respect to the plane (y = 0). The profile of tl;e wing will
e considered as the section of the wing wi
: g with the plane (y = constant)
‘ , and
Xlﬂllf;e Fsszlmed tof b(le of a constant shape, either a diamond-shaped profile as
st part of the paragraph, or a circular i
sraph, -arc profile, as in the second
part of the paragraph.  To simplify the problem, the leading and the trailing

A > A -
“““““““ A it 4
[
1 [
[
Yoi | |Ya
! ;‘\:'YDQ
i | IYs
B D
P
[
i
N N
[
!
[
[
D Dli~sz==x ::
/ L
/l o
S, D,I N
O C,
X

Fig. 216. Diamond-shaped sweptback wing.

dees wi . . .
(:, ;:r;ss vul.l bervcousl.dered straight lines. The wing will be considered extended
o the point C of Figure 216 (C'is at infinity if the chord of the wing is constant);

if l‘h(", Wi“g haS a Lip f()I‘ exar e ) e e (o I}l&‘ e l(‘ M ) e
- N v anpl a]( ]]g th . lill g (4 g { 1 C ]
e s. " > oo il 420, L f ct ¢ f th [-]p >an
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If the wing has a diamond-shaped profile (Figure 216), the wing ABDC
can be represented as three source distributions of constant intensity and
triangular plan form. The first source distribution has the plan form AEC

and intensity
wep = Wy = )\1V1 (616)

where ; is the slope of the segment AB. The second source distribution has
the plan form BCE and intensity

Ty = Wo = ()\2 —_ )\I)Vl (6160')

where )\; is the slope of the segment BD. The third source distribution has
the plan form DEC and intensity of source

w3 = W3 = — )\2V1 (616b)

The induced velocity ¢s. at every point of the plane z = 0 is given by equations
(599), (600), or (601) as a function of the position, or of the value of the angle
of sweepback of the triangular source distribution. The pressure at every
point can be immediately calculated with equation (579), in which the ¢z,
is the sum of the three induced velocities produced by the three source distri-
butions considered.

For example, if the inclinations X, of the leading edge AC, X, of the line of
the maximum thickness BC, and X; of the trailing edge DC, are larger than
(x/2 — ), four different possible positions yi, ¥z, ¥s, and y, must be considered
for the profile. If y = y, four different zones must be considered along the
profile. In the zone FG the inclination is M, and the induction is produced
only by the source distribution AEC, since the zone is in front of the Mach
line BB, from B. The induction in this zone can be determined with equation
(599a) in which w; is given by equation (616). In the zone GH, the inclina-
tion still is A; but the induced velocity ¢z, is produced by the source distribu-
tion AEC, (¢2.'), and by the source distribution BEC of intensity ¢; (equation
616a) (¢22”). @2’ is calculated with equation (599a), and ¢..” is calculated
with equation (600a), where a new value of ¢ must be determined by assuming
the point B for the origin of coordinates. In the zone HI the induced velocity
is still produced by the source distributions ACE and BEC, but the inclination
of the surface is \s, and the induction produced by BCE must be calculated
with equation (599a). In the zone IL the induction is also produced by the
source distribution DCE of intensity ¢; (equation 616b), that can be calculated
with equation (600a) (the value of ¢ in this case must be evaluated from the
point D), and must be added to the induction determined as in HI. If the
profile MNO is considered (y = i), because the profile is behind the line DD,
at every point of the profile the induction produced by all three of the source
distributions exists, and therefore ¢2, = ¢o.’ + ¢2.” + ¢2.”". For intermediate
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positions y, and y;, the induction is given in some parts by the sum of two
inductions ¢,," 4 ¢,”, and in some parts by the sum of three.

If X1, X, or X; are less than (7/2 — ), in place of equation (599a), equation
(601) must be used in the analysis. When the pressure coefficient is deter-
mined in every point of the profile, the drag coefficient of the profile and the
profile drag distribution as functions of ¥ can be obtained.

For the case considered the drag coefficient can be obtained analytically,
while for other cases it can be obtained either analytically or graphically
(Reference 55).

If the front part of the chord of the profile corresponding to ABC is assumed
equal to (1 — r)e, and the part corresponding to BDC is equal to re, where ¢
is the chord of the profile, the force corresponding t6 the zone FH of the pro-
file at (y = y:) can be expressed in the followi ing way:

Cp, = 2 ﬂﬁdﬂr—{—z H_M dr )
1 Ve 1 Ve . (617)
P 291 1°C ¢ 2p1 1C
where '
Ap; - 2¢2." Apr 242"
%Pl Ve® Vi %pl V.2 Vi

The coefficient 2 in equation (617) depends on the fact that the upper and
lower surfaces are considered at the same time. But ¢2.’ 1s given by equation

(599a)

o = — w1 cosh™ ‘/n__# - (618)
7'|'B \/n12 bl ]_ 1 — g 12
where

k kyy
m=c k= tan X, o= >
B o

or if ¢ is the coordinate of the profile with respect to the leading edge F,

_ k1y|
o =
) ko + &
w = — MV
and
M=o
2(1 —r)

where 7 is the percentage thickness of the profile. ¢,.” is given by equation
(600a)

2LU2 1 n22 -1 )
$o.” = —==—— cosh™! ‘/“ 618a)
2 BvVng — 1 o’ — 1 ( '
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where
_ k2y1
ChyitE— (L —ne
and ¢, is the root chord of the wing. (o must be calculated with respect to the
point B.)

ng = %, k2 = tan Xs; Wy = ()\2 - )\1)V1
and
N — A= — ——
S 2r (1 —r)
but ' A
dr = —_—M doy; do= — 21 doy (619)
(1'12 g9

and in the first integral of equation (617) for Xr
o = L.
For Xy,
kyy )
1 — r)eo + koy

In the second integral of equation (617) corresponding to Xu, o2 = 1, and for

Xe, 02 = ny; therefore equation (617) becomes
ku
A = e + kap

OH =

2 T2k1y1

n12 —_ 0’12 d0'1

Cp1 = y cosh™1
o A=rmaBeVn?—1Ja=1 1 — o2
2T2k2y = : — 1 do'2 (620)
r (1 — r)2aBcV ngd — gt — 1 | — 1o

o=

1n a similar way the drag Cp. in the part HI and in the part [ l.,, given by the
three source distributions, can be evaluated, because HL is inclined at A, and

r
— . Therefore
2r b

7T atkan
27%kiys - ne — o doy
Cp: = — cosh s T

a—-rr BeVing? — 1 _ kw l—0? a1
T W= neo+kay

_ k|

7= ks + oo
27%koyr / cosh— ‘/nz2 — g9’ ’d;l’Q _ 272ksy1

)\2=—

1 —nraBeVnt —1 ), 1 1 —o0202 paBeVngd—1
o n32 -1 da’g
~1 — (620a)
X cosh ‘/032 1o

s=1
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/(,OSh—l l/m — 012 dol - _ 1 + gy lOg \/nl —1 +Vn1 —(71
11— 01 1 g1 VO'I + 1
+ ]Oge (]. - 0'1) + I()ge 2[”1 — 0 +\/(n1 — 0'12) (n1 — 1)]
) = ]\0’1 (6201))
while
COSh_l l/nzz —_ 1 &2 - _ (D) + ]. \/HQ —_ ]. +\/n2 - 0’2
P A—— = —_— e 72
o — 1 g2 09 \/m. +1

: 1 — (2]
+ Tag log (o2 — 1) + log 2 [n? — oy + V‘(n?,2 — a2?) (ng? — 1)]

= Qo (620¢)
and

Nay for (o = 1) is (Ngy = log, 2), while Qo; for (o, = n2) is (Qn2 = log, 2n,).

Therefore for a profile between (¥ = 0) and (y = yy) the total drag coefficient
of the profile referred to the chord ¢, is given by

2yr* n
N — — — g2
weor? (1 — r)? ;\/ﬁ< r=r (L =) Ny = rlog 2)

e R
+ ,:(1 — rNs + r log 2n, — log 2:’

Cl_):—

\/n22—-]

n
+ \/,%1 (I = r)*log n3$ (621)
‘3 i

where IV; is given by equatio_r‘l (6200) for

ky
OH = (622)
| k4 (1 — r) “
N, is given by equation (6205) for
k
op = — (623)
ky &
Yy
Ny is given by equation (6206) for
ks
oLy = . (624)
ks + 0
Y
Equation (621) can be applied for
(1 = r)e [ a - r)co:l
O<y< —=22 = 7"
Yy b — B Y1 b — B (625)
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or if )
Irco (1 — T')Co
<
kg - B k] - B
for
re, _ e :l (626a)
0<y< h_ B’ l:ym kb — B
Fory =0
27 1 /gt — 627)
Cp = log <n2 + Vny 1>. (
P wB(l—r)r\/n22_1
For .
A — re rey (628)
— <y <
kl - B Y k2 - B
ey | R Ve — 1

N UZ] ) .
1 —r)N;+ rQ: — log 2:| —I-__o (1 — r)log n3$ (629)
\/n? —1 |: \/n3- -1

where Q, is given by equation (620¢) for

ks

OFy = __—c

k1 - (1 - ") 2

.}/

If a )

rcg — I (630)

y< ——m—

k2 - B Y kl - B

the drag coefficient is given by

m

Cp=l2y— Ner—r(1—r)N, — r210g2:|
weor? (1 — r)? \/n,l2 -1

+ # [Ns A=r) —log2+ r10g2n2}
vV n{-’ - 1
s i — Mlog (631)
———= =0y —r (1 —r)log2n;, — (1 —1r) ]0,,2}%
+ \/n32 - ] [( 02
where Q; is given by equation (620c) for
ks
ol = ‘
k2 bl & bl
y
(] -_ I')C() i Co

i o U =ne
For the condition b~ B Y k— B
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reg € c
or e <y <—, = 632
-8B "7 h_3 (y’” kl—B) (632)
2,
Cp = 27y [Nlr —r(l —=r) Ny —rtlog 2]#
meor? (1 — r)? Vn:—1

+

ny |
Vit — 1 [A3 (I=r + rQ, - 10g2]

_{_%[(l =10 —r(1—r)log2n; — (1 — r)log 2:'; - (633)

c
ky — B (634)

2.
CD — 27 Y
wCor? (1 — r)Q

Ify >

g[NH’ —-r(1 - r)N, — 2 108.2]\/%711
ng:- —

+ T
Vg —1 [(1 = 1) Ny + Qr — log 2:,
UE]
+ ﬁ[ﬂ —N =11 =00~ (1 - r2log 2]} (635)
where Q; is given by equation (620c) for
ks

R
Y
In a similar way, analogous expressions can be obtained for (ks < B) or
(ks < B) or (ky, ky, ks < B).

In Figure 217 the drag-coefficient distribution along the span for a swept-
back wing of constant chord is shown. The profile is a symmetrical profile
with (1 — r) = r and the angle of sweepback is 60°. The calculations have
been made for M = 1.40, M = 1.80, and for M = 1.90. For all three Mach
numbers k; = k, = k; > B. The values of Cp,/72, where r is the percentage
thickness, are plotted as ordinates, and the values of ¥/c are plotted as ab-
scissas in the diagram. As shown in the diagram, the drag decreases notice-
ably and tends to approach zero for large values of ¥/c. The variation of the
drag coefficient along the span becomes lower if the value of B becomes larger,
and the Mach wave from the vertex approaches the leading edge of the wing.
For comparison, the values of Cp/7* for a two-dimensional wing of the same-
cross section are also shown.

In a similar way, analogous calculations for different types of profiles can
be developed. In order to give an example of the system of calculation for
wings with profiles of gradual curvature, the following simple case will also
be examined. A sweptback wing symmetrical with respect to the plane

G'F3=
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(y = 0), with constant chord and symmetrical circular-arc profile is considere(?,

a}I’ld the’ variation of the profile pressure drag distribution z;l.ong Eihe slf)ailn 1;
i i idered (Figure 218) has the leading edge behin

determined. The wing considere : .

the Mach cone from the vertex. The flow around the wing considered can be

44
40
————— M=1.4 (Two Dimensional)
3.6
32
2 ';7‘3Y""'M=1.8 (Two Dimensional)
|
24 s X M=19

3 20 \
“ \ \(M=1 .9 (60° Swept back)
NN
' \
M=1.8 (60° S\{«epf back)

\
\A/M=1 .4 (60° Swept back)\

\ \

T\ A

el

3 4 5 6

y/c

) diamond-shaped
ig. 217. Profile drag along the span of a e

Eulzfpliack wingfof constant chord for different Mach numbers.

represented by a potential function given by superirflposm(?:il ofddllffer(.ant

istributi iti ce distribution is considered, having
source distributions. Initially a souI: . : . ne
triangular plan form, constant and finite intensity C, propc')rtlon?:ll tofthe in
clination \; of the profile at the leading edge. Then an infinite serlgs f) soul.'fe
distributions is superimposed, having the same plan form and intensity
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~ (d\/dx) dzx, in which d)\/dz is the variation of the direction of the tangent to
the profile at any point C of abscissa «, along the profile. Every distribution
of the series has the vertex along the chord AB at the corresponding point C.

A A z

Xt~ ———— -3

Fig. 218. Circular-arc profile sweptback wing.

Finally another source distribution is superimposed, having triangular plan
form and intensity proportional to —\,;, and starting at B. The distribution
turns the flow in the direction of the plane (z = 0) behind the wing. If the

c/2
A C v |
- At/ .
A B
w
Wo
R

Fig. 219. Geomelrical paramelers of a circular-arc profile.

profile AB is thin, the intensity of the triangular source distribution that starts
at every point of A can be determined in the following way. If R is the radius
of the circular-arc profile (Figure 219) and 2w, is the angle at the center corre-
sponding to the profile,

¢
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C  Rsinwy: L=R— Rcosw
2 2

or because wo is small (thin profile)

{ 2 )
-§=ng; §=Rq§; r=R((w —w; N=w
)\:w=wo——3; X=£<1—§>;
R ¢ \2 ¢
(.'i_.)\:_itz—z_—h; )\!zz—é_—_-zfr_
dx ct ¢ ¢

For every point P along a profile at a distance y; from the center, at a position
£ along the chord, the coordinates are (Figure 218)

=&+ k1y1
Y=

Therefore the induction at P given by the source distribution of constant
intensity proportional to \; is given by (equation 599a)
2)\1‘,1 2

oy = ——2 L coshl /T T o 636)
TBanz—l 1_‘0'12 (

2

where
= ———k]yl H n = ﬁl
£+ k1y1 B.

The induction at P given by the source distribution of constant intensity pro-
portional to d\/dz starting at a point C, of coordinates (z., 0), is given by

d(ﬁgx” _ — 4NV cosh—1 ‘/nl‘é — 92

[}

dx ctBVng — 1 1 — o
when
o = ks 1
E + klyl — e
or by -
d¢2x” = — 4‘Xl 1/1 (;OSh_l l/n}Q - 1
dx CQ7I'B \/n12 -1 0'22 -1
when
gy = —_—klyl > 1.
£+ klyl — X
But
dr, = ks do.

0'22
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Therefore

o2=1
s, = —_—Zhmnib 4>\1k1:¥1 Vi cosh—1 l/nl — ‘72210_'2
cor B3 \/nlz -1 ~ I — 092 92
h—1 ’3‘2;_1_ d;‘z .
+ cosh V022 1o (636a)

og=1

The limit of integration o, = n, depends on the fact that the source distribu-
tion at C cannot interfere with the flow at the point P if g, is larger than n,
where (s2 = ny) corresponds to the condition that (P coincides with the Mach
wave from C. If the point P is in such a position that the source distribution
proportional to — ), existing at B can interfere with P, or if

- klyl
£+ k1y1 — €

aB <nm

the value of ¢,,” becomes

. o2=1
¢’2:” — _ Alklklylvl / C()Sh 1 n]z - 022 d0'2

s
CQTI;‘\/ TLIZ —1

_ ]. - 022 022
+ cosh™1 ‘/n‘ = 1 do (637)
a2 — 1 o9

o2=1

and the induction ¢.,’” must also be considered :

. 2\ -1
o = — =M cosh—! ‘/L_ . 638
n'B\/Tl12 =1 op’ — 1 o

The integral that appears in equation (636a) can be evaluated, and the fol-

lowing expression can be obtained for the pressure coefficient at a point P

of the profile:

8 2 _ 2
Cp = ﬁ l:cosh"‘ VH - ziil Ny — Ny) + A:l (639)
1 - - 1 0
where
op = kiy gy = kiy:
$+k1y1—00’ £+ ki
and if o5 > ny,
, Ny =log2n;; A=0. (640)
Ifop < ny,
2 __ 2 ’\/ 2 __ —
N2= _ UB+llOge\/n1 0’3 + n ]. _ aB llOge(a'g-—l)
gB ’\/O-B + 1 20’3

+ log, 2 [nl? — o + \@12 - 1) (ng2 — ‘732)] - (641)
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A = cosh! ‘/”12 -1 (642)
ot —1
while )
]Vl - _ 1 + (421 lOge\/nIZ -— ]. —{—an? —_ 0’12 + 1 — 01 IOge (1 _ 0_1)

o1 V01+1 o1

+ log 2 |:n12 — o1 + \/(n12 -1 (n? — 012):| (643)

for every condition.

c M,=1.40
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Fig. 220. Pressure distribution along the chord of a 60° sweptback
wing at M = 1.60 for different span stations ( from Refe_rence 55).
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Fig. 221. Profile drag distribution along the span of a 6 .
wiig with a symmetrical circular arc profile 10 per cent thick ( from
Reference 55). .

Some values of Cp/7 have been calculated for (M = 1.4:) for.a wing with 60°
sweepback, and the results are shown in Figure 220; while Figure 221 shows
the profile drag distribution along the span for the wing considered.



330 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS

If the wing has a tip of different form as, for example, in Figure 222, the
calculations can be developed in two steps. In the first step the induction on
ABDE is determined by assuming the existence of a source distribution corre-
sponding to the wing ACB. In the
second step the effect of a source distri-
bution of opposite sign than the source
representing the wing in the area DEC
is evaluated. The source DEC can
change the phenomenon onlyin the zone
DE'E. (DE’is a Mach wave from D.)

A

Drag of a Diamond-Shaped Profile
Triangular Wing with Zero Lift.
Equations (599q), (600a) and (601) will
be used in this paragraph for determi-
Fig. 222, Analysis of the lip effect. ~ nation of the profile drag for a trian-
gular plan form wing. To simplify the

problem the profile of the wing will be assumed diamond-shaped and sym-
metrical with respect to the chord. The wing that will be analyzed is shown

—_ tan 'k,

F1g 223, Geometrical paramelers of a diamond-shaped profile
Iriangular wing.

in Figure 223, and in the first part of these considerations the drag for the
wing moving with the sides OB and OC as leading edges will be considered,
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and later the drag for the wing mO\;ing with the side BC as leading edge will
be calculated (Reference 53).

For the determination of the potential function that satisfies the boundary
conditions, it is convenient to consider two source distributions of constant
strength. In the zone OBAC the strength of the source distribution is

T = 71')\1"1

where \, is the slope of the profile in the parts 0AB and OAC, and in the zone
ABC, the strength of the source distribution must be

7l'w2, = 71')\2V1.

However, for simplicity of calculation it is convenient to consider the source
distribution w; extended to the entire zone OBC, and therefore to consider in
the zone ABC the source distribution

Wy = T ()\2 — )\1)V].

In the analysis the following geometrical parameters will be used (Figure
223):
ki, tangent of the angle between the y-axis and the leading edge
ks, tangent of the angle between the y-axis and the line AB of the maximum
thickness of the profiles
1—r, position of the maximum thickness along the chord in percentage of
the chord
For the wing three possibilities must be considered:
1. The Mach wave from O is less inclined with respect to the z-axis than the
lines OB and AB
2. The Mach wave from O is more inclined with respect to the z-axis than
the leading edge OB but less than the line BC
3. The Mach wave from O is more inclined than either of the lines OB and
AB.
Because the tangent of the angle between the Mach wave and the y-axis is
given by

B=VM: -1
the three conditions correspond to

1. B>k >k

2. bh>B>k

3. h>k>D

or, using the parameters n, and n, defined by

ny = % and Ny = E’ (6444)
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1. 1>n>n z
2. m>1>n (645)
3. m>n>1 g

H1 > ni > ny, the wing drag can be calculated by determining three dif-
ferent contributions to the value of the induced velocity ¢,,: the drag
dependent on the induction produced by the source distribution proportional
to w, over s4 (area of the zone OAB), the induction produced by the source
distribution proportional to w, over s, (area of zone ABC), and the induction
produced by the source distribution proportional 1o w; over s5. The source
distribution proportional to w: does not induce velocity in the zone OAB

Fig. 224. Triungular wing with supersonic leading edye.

because AB is more inclined than the Mach wave from 4,1 > n;. For1l > n
> ny the drag of the zone of the wing OAB (Figure 224) can be determined with
equation (601); therefore the first part of the drag coefficient is given by

= sur’ l/ "liiﬂ ds} (646)

— gy*

_!)11 _ 1)\1
lplyz B\/l — ns
2

ds—i—

where s, is the area OBB,, and s, is the area OAB,. If a point B” along AB
is considered, the area of the zone OAB” is given by

(1 — re ,
o Y=l = e

Soapr =

where sy is the total area of the wing; therefore

(647)
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Using equation (647), equation (646) can be written in the form

L B G () (648)
]é‘PIV128T .
where . "|
(1 - r)? T l/rﬁ — ¢? do 649)
Gy n,r) = \/1 —n? 2 s 1— 02J (1 — or)? (
0

The second part of the drag, depending on the induction of the source
distribution, proportional to w; over the area sp in which the slope is Xy, is
given by

D 8)“)‘2{6 (n3, 0) — G (ny, 1) (650)

where the expression G(ny, 0) represents the value of the integral (649) extended
to the total area sy that corresponds in equation (649) to the condition r = 0.

The third part of the drag can be obtained in a similar way, and since the
intensity of the source is proportional to (\; — A1) and acts over the zone of
the profile inclined at s, it is given by

Do _ 80— Mg, ), (651)
Br St

(-
épﬂ’ Vs

The value of Gi(n, r) can be obtained by determining the real part of the in-
tegral (649) with an integration by parts, and is

1 _
Gy (n,r) = 5 +: - _r n2cos—1n—l—\T_ anZ[ + sin 1(rn)]$ (652)

and G; (n, 0) is given by
G1 (n, 0) = 7£

Substituting the thickness of the profile for the slopes A and ), of the profile,
and using the following relations

N
Y 21—
t 1
Ng = — —~ (653)
? 2:p
U A
? ' 2¢er (1 —r)
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or using the percentage thickness +

T

T21-n

A

N—N= — —
2r(1 —r)

the drag coefficient for the case considered becomes

CD = 2T2 ] (‘OS_In—}— 1 ™ P
T AV e AV e E IR | S

where

nm<l and 0<r<l1.
The value of Cp, for the value of n equal to zero, becomes

72

=B(1—r)r

Cp

(655)

which corresponds to the drag coefficient for a straight wing in the approxi-

I ]
i i

r
NN

&
} -
(=)
g
o
PN

332; N \ : A/
y NT—
S5

o
i)
F-N
o

8 1.0
1-r

Flg 225. Drag cogﬁ’icient of a diamond-shaped profile {riangular
wing with supersonic leading edges, as function of the marimum
thickness position, for different values of sweepback ( from Reference 53).

In Figure 225 the values of CpB/4+2 as functions of (1 —r) for different values
of n are shown. The minimum drag coefficient is obtained for a straight wing
(n = 0) and the maximum thickness at 50 per cent of the chord. The last
result is dependent on the assumption of the small-disturbances theory, and
as shown in Chapter 7, is no longer exact if a more accurate analysis is made.
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If n. > 1 > ny (Figure 226) the drag can be determined in the same way
using for the front part equation (599a).

2
Du 8N (o ) (656)
1 Vi®s T A
2P1 1797
where :
1
- p)2 2 __ 2
Gy (ng, 1) = (l/f’) 1 - cosh™! ‘/m T do. (657)
Ving-1J, 1 — or)? * - q*

The second part of the drag dependent on the source distribution w;/ in the
zone ABD, is given by
Du _ 8\

1 B
2’91 Visr i

[Gg (nl, 0) - Gz (nl, 7')]. (658)

The third part of the drag dependent
on the source distribution in the
zone ABD is equal to the value cal-
culated for the first case given by
equation (651)

Fig. 226. Triangular wing with subsonic
Dy 8 (— M) s G 0 leading edge and supersonic line of mazxi-
- Br ’S_ 1 (112, 0).- mum thickness.

| R i
EPJ s (659)

The integral of equation (657) can be evaluated by using integration by parts,
and for rny < 1 the real value is

1—r| log.n rcosh—1n
G, (n,r) = +
i 1+r|:\/n2—1 Vinz—1

FIJN B tan‘1< V1 >] (660)

V1 - e n+'\/¥-—1—m
The condition rn; < 1 is equivalent to the condition rk; < B, but
. k2
= .
Therefore rny < 1 corresponds to k; < B, which is true for the case considered.
For r = 0, equation (660) becomes

Go(n, 0) = —28T 4 it L. (661)
\/ nz—1 n
The total drag coefficient can be obtained from equations (656), (658), and
(659) for (n; > 1) and (nur < 1) is
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2 al
CD=2L M’L)_*__l% E_M__Sin—ll - (662)
Bl r(l—r2  r1—r)\2 Vg =1 m

In the third case where n, > ny > 1 (Figure 227), to the three parts consid-

ered before in the determination of the
drag, there must be added a fourth part,
which is the drag dependent on the com-
ponent ¢, induced in the zone AEB by
the source distribution (w, — wy)/of the
zone ADB. The first three parts are sim-
ilar to those considered for the case where
71 > 1> ny, but the value of the integral
(657) is different because k, > B, and
therefore rn; > 1. The integral (657)
for (rny > 1) has the value

Fig. 227. Triangular wing with sub-
sonic leading edge and subsonic line of
maximum thickness.

— ~1
Gy (n,r) = ugw + rcosh=!n

L+rvine—1 V-1
Ve —
+ o log. 1+ ALl L. (663)
r'n* — 1 n(l—r)—{—\/nz—l~\/r‘<’n2—1§

The three parts of the drag become

D N2,
8 ) (664)
1 Vs B
2/31 1797

D 8 '
—— = 216G, (ny, 0) — Gy (g, r] (665)
1 ) B
—P1 V1 Sr
2

[ oY 2 T

2 B OGN (666)
1 7rB Sr

~P1 Vlst
2

The drag contribution due to the induction of the source distribution
(w; — wy)/7 in the zone AEB can be written

D _ 8\ (e = \) s F (ng, r) (667)
1 Ve B S ’
§p1 187

where, using equation (600a), F(ny, r) is

- (1 —r) 1 '/n 21
ﬁ(”’Za f') = h—1 e — 1 do.
Vg —1 | e O Ty e (668)
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Evaluating the integral of equation (668) gives

1—-r log. n.
F(le, ") = 1+r 3\//——”'22 1
+ log, | "2 =T Vot = %) (nt = 1) }i (669)
Vg —r? ne (1 —r)
or remembering that n, = rn,,
_1=r log nur
F(TLQ, I') - 1 + - /——nl2r2 1

1 1 log, g — 1 +\/(r2n12 - 1) (ng? — I)Jé ) (670)
Vn{"——l nl(l_r)
From equations (664), (665), (666), (667), and (670) the drag coefficient for
(ny > 1), (mr > 1) can be evaluated and is given by

272 VG (ny, 1) F(no, r)
Cp = — 2 — )2
=B r(l — I‘) (1 f')
1 loge mr__ _logem + sin™! 1 sin—t l:ls - (671)
r(l —r) \/nl?r2 —1 \/m? -1 rmy m

'Equations (662) and (671) give the values of the drag coefficients for t.he case
of (ny > 1) (leading edge more inclined than the Mach wave) for dlfferenE
positions of the maximum thickness. In Figure 228 some val.ues of C .DB/ 47
are shown as a function of the percentage position of .th.e max1m1.1m thickness
along the chord (1 — r) for different values of n. A§ it is sh.own in the figure,
the drag coefficient is higher than for a two—dlmenm.onal wing (n = 0-), when
the maximum thickness is in the back part of the wing where(l — r) 1§ large,
and decreases notably only if the maximum thickness of the profile is very
near the leading edge where (1 — r) is small. ' . o '

Tt is necessary to remember that the only drag .COHSTdeI'ed in Fhls discussion
is the pressure drag, while the drag due to the viscosity, tha.t is a large part
of the total drag, is not considered. The drag due to the V}s0051ty depends
also upon the position of the maximum thickness, because.lt depend.s.upon
the pressure distribution along the wing; therefore the optlmqm position of
the maximum thickness can be obtained only if both components .o.f the drag
are considered. On the other hand, the value found for the position of .the
thickness corresponding to minimum pressure drag is dependent (')n the sim-
plifications accepted, and therefore somewhat different conclusions would
be obtained if a more accurate theory were used. ‘

If the direction of movement of the wing is reversed, the drag' co.efﬁc.lent
can still be evaluated by using a superimposition of so'urce dlStI‘ll.)utIOnS
(Figure 229). If the inclination of AD is Xi, andthat of AB is X,, by using the
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same definition used before, the coefficients k; and k, can be determined and
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the coefficients n, and n, can be obtained.

OF SUPERSONIC FLOWS
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Fig. 228. Drag coefficient as a

tan 'k
\
\

function of the position of the mazimum

thickness for a diamond-shaped profile triangular wi ] ]
leading edge ( from Reference 53). qlar toing wilh sybsonic

If ns > Land ny > 1, the drag coefficient of the win

two source distributions:

wy/7 where

w = MV

and a source distribution A BCD of intensity w./r where

Wy = ()\2 - )\1) Vl.

efficient g can be represented by
a source distribution of plan form A BC and intensity
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The effect of the first source distribution w:/# can be evaluated by consid-
ering the two zones of the wing of different inclination, the zone ADC and the
zone ADCB. In ADC the source
distribution w/xinduces a velocity
component ¢, that in the zone ALC
can be obtained from two-dimen-
In the zone

sional considerations.
AF’L, the velocity component ¢, is
thesum of the two-dimensional value,
as in ALI, and of the value ¢’ de-
pendent on the tip effect at A, which
can be determined as produced by a
source distribution —wl/ 7w in the
zone A’AB. The velocity compo-
nent ¢s, in F'LFD can be obtained as
the sum of the two-dimensional value and of the values ¢s." and ¢,” produced
by the tip effect at A and C, which can be determined by assuming a source
distribution at A’AB and BCC’ of intensity —wn/w. Because the induction
of the source BCC’ at DLF’ is equal to the induction of the source A’AB at
LDF, the drag corresponding to the pressure on ADC will be determined by
evaluating the drag D, corresponding to the ¢z, over ADC computed with
the two-dimensional theory, and the drag D,; corresponding to ¢»,” over ADF
and F’DC (which are identical).

HID =rcand BD = (1 — r)c

Fig. 229. Diamond-shaped profile triangu-
lar wing with inverted direction of motion.

Du o (673)
1 Vi rB
2Pl 'St
and if
02=@/ and 01=@
x x
because the area ADF can be expressed in the form
ds = 2o _don (674)
ne (14 ay)?
and the expression of ¢,,” is given by equation (607) Dy, is given by
1 .., n? Bwr? Vit —1 (62 — 1)z
§p1Vr.S"r n2/m b '
~ O (675)

ay dU’
+ cos! ,Tz S 2
2 |/ ne Y
(l +-- U'-2>
) 115
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or, integrating,
D13

1
5171 Vi2sr

_4n 7 o m—m 1 log nmny, — 1 +Vna? — 1)( ng2—1)
e Bur? 2(m + n) Ving? — 1 ‘ ng—ng

+ 1 cos™! 1_ _m 1 log. my |- (675a)
2 nmoop 4 Vgt — 1

The drag D2 due to induction of the source distribution ABC of intensity
w1/ over ADBC can be determined by computing the drag due to the induc-
tion over a surface ABC of inclination \;, and subtracting the value of the drag
due to the induction over a surface ADC of inclination ), that can be obtained
directly from equations (673) and (675a). The drag due to the induction
over ABC can be obtained by using the criteria developed on page 315, in
order to evaluate the tip effect. Proceeding in a similar way as for equation
(675), the following expression is obtained:

l D12 - _ L; +l D13 1 r
> r —-r
501"1267 ' P Viisr
272 1 1
| co8s7! — — ————log.n
Tk Q—r =1 Ml (676)

The source distribution ADCB of intensity u,/x can be analyzed as being com-
posed of two source distributions AGB and CG,B, identical and symimetrical,
of intensity w,/7 and of a source distribution DG,GB of intensity —wy/m.
"Then the drag due to the induction of a source distribution A DCB can be eval-
uated by calculating the drag D,; due to the induction of a source distribution
AGB of intensily ws/, over the surface ADF of inclination A1, the drag Ds;
over the surface DFGH of inclination A, and the drag Ds, over the surface
AGB of inclination X\;. The drags Dy and D, due to the induction of the source
distribution BGDG, of intensity —ws/m over the surface G,DGB of inclination
Az, and over the surface G,DQ of inclination )\, respectively (where AH and
DQ are Mach waves) must also be determined. The effect of the source dis-
tribution AGB in NGB, due to the tip GB, is equal to and of opposite sign from
the similar effect due to the source distribution DG,GB on the same surface,
and therefore ils evaluation is not necessary.

‘Using for ¢», the expression of equations (599) to (615), the values of the drag
coeflicients can be evaluated. The value of Dy, can be found by using for ¢,, the
expression given by equation (611) and for the elemental area the expressiot
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m d0'1
ds =2 ™M g 201 .
s [12] 7(1+01)2

Therefore the following expression can be obtained for Dy

D21 272 nNihe — My 1

- 1 log, m1
] i (L= rmBnans 4+ m| Vn2 — 1
iﬁlvlst
+ W—]_——_ loge mne — 1 —{—\/(m? - ].) (n22 - ]-) L. (677
\/n22 -1 Nne — My

The value of Dy; can be found as the difference of the drag due to the induction
over the surface AGH of inclination )., and the drag due to the induction over
the surface ADF of inclination X\ that is proportional to the value obtained
in equation (677). For the induction over AGH equation (611) must be used,
while the elemental surface is given by the expression
doy )
(n1 + nso 1)2

For the drag Dy the following expression can be obtained:

eVt — 14+ mvVne — 1

dS = 271,271,181' (678)

D23 _ 472 ng — My 1 lOge
1p Vese T A —r)*aBn + ng\/ng? -1 Ving? — ng?
—p V1
2
+ r - D21 (679)
L=r —p Vi’sr
2

The value of the drag D can be evaluated by using equation (612) for ¢s.,
and using for the elemental surface the expression given in equation (678).
Thus the following expression is obtained:

022

%meST
] 272 ny — nll: 1 log8<r,,2n1n2 +1 =V —1) (n? — U)
aBr (1 — P2+ na| Vg — 1 o 1 1

L < 1 1 >1oge e — 14+ Vind — 1) (nd — 1)}- (680)

vV n? —771 \/ng‘2 -1 ng —m

The value of Ds; can be calculated by using for ¢, the value given by equation
(609), while the elemental area is given by the expression

n 4+ ne ) _da,

ds = sp —

m <] Lo "_9)"
13
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where sz is the area of the surface G1.DGB; therefore

_ 2
ds = gsp M2 = )My

(681
D33 becomes ny ( + ony)? )
Dy, - 272 (ni — nyymy 1 | .
%Pl VIZST (1 —_ I‘)2I‘7I'B (nl +n2)n2 m Oge< |
i 2V — 1 + M n log, (nl‘f‘\/}n?‘—l)
netm4+Vnr—1—-Var—1) Vnp—1 WV — 1 - (682)

The value of Dy, can be calculated in a similar way.

The elemental surf:
can be expressed in the form e

1n do
ds =- = gp — =71 — m)?
2ny ! (ny + Naoy)? (n2 nl)

and the value of Dy, is given by the expression

Dy, o 272 (ny — non; ~ loge n

;mVFST (L —=rreB (ne + none | v/ —

ny + ne

1 I
+ ngnl—{—l-\/nz—l\/ 22—1
V=1 log, ( ! n - (683)

The total drag D is given by

D = Du + Dl‘.’ + D13 + D21 -+ Dzz + D23 + D33 + 1)34. (684)

Il.l a similar way, if n; < 1 and n, > 1 the drag is given by a summation of
different terms

D=D )
where i1+ D+ Doy + Dy + Dy (684a)
Dy _ =Dy
1 ., 1 . Br
§P1 Visr 5;01 Visp Br
Dy = Lg cos™! - S ,
Brdl—n)x w P log.n,
Dy, __ 27" myp—m 1 1 - L—niny = log, n,
; -~ | - — Tl 108Ny
5/31 Vilsp ril=n mi+ny Br \/]f—nlz Th—ny \/n22—1 (685)
Dy (mp—m)? 272 +r 1

%MWST (notnome xBr(1~r)? | 1= pv/pe—1 log.(ns—V/niz 1)

1 eost iy
1 — r\/] — m?
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Ifn<n<l1
D = Dy + Dy (686)
where
D22 _ 2n2 — M T2
}mVlZST ns +n Br(1 — r)2\/] - ny?
2
D33 —
1
§P1V128T
—_ 2 2 —1 -1
(ne — m) 27 r_cos'n, 1 cos™'n | (687)
(4 nnar 1 — 4Bl 1 — V1 — n? 11— rvV1 — m?

When the calculations are performed for different values of r/(1 — r) and of the
parameters n, and n,, an interesting result obtained is that the drag coefficient
for this type of wing is coincident, in the approximation accepted, with the
drag coefficient of the same wing but moving in the opposite direction, as is
considered in the first part of the paragraph, if the Mach number and the
geometrical parameters are the same, (1 — r)/r constant and (n: = ny),
(nz = ny') where the index refers to the wing moving in the opposite direction.
The coincidence of the drag coefficient for zero lift when the direction of the
movement is reversed is not peculiar to the type of wing considered, but
occurs generally for all types of wing if the phenomenon is analyzed by as-
suming that all the approximations accepted are correct. The drag distri-
bution and pressure distribution on the wings are different when the direction
of the movement is reversed (Reference 54).

Drag of Wing Having Diamond-shaped Plan Form and Diamond-
shaped Profile for Zero Lift. The wing considered in this paragraph will
be a diamond plan form wing with symmetrical diamond-shaped profile. The
position of the maximum thickness for every section in the plane (y = con-
stant) will be assumed to be placed along a straight line BB’ perpendicular
to the chord of the profile (Figure 230). No difficulties will be found if the
wing in Figure 230a is examined, but the equations are slightly more in-
volved. The wing considered can be defined geometrically by the root sec-
tion the geometric parameters of which are the percentage thickness

=7

& e

and the inclinations of the sides of the diamond-shaped profile A;, and ),
which are defined by the parameters (1 — r) and r (theratior/(1 — r) = A
will also be considered as a parameter in the analysis),
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M=o = 688
' 21 —-r) ? 2r (688)

To define the plan form, the two angles X; and X, must be fixed. The Mach

(a)

Fig. 230. Wing having diamond-shaped plan
form and diamond-shaped profile.

angle u gives the value of the speed. Using the tangents of the angles X, and
X,, the following parameters will be used:

ky = tan X;; ky = tan Xo; B = \/Ml2 - 1;
ok ke
1 B s 2 B 3y
ng = My r = fl]A. (689)
l1—r

The flow around the wing can be represented by the potential due to two
different source distributions: a source distribution of intensity

Cl_i{lz)‘i‘il

= (690)
™ ™
and plan form ABDB,, and a source distribution of intensity
G =" = Qe =MV (690a)

7F ™

and plan form BB,D.
In order to determine the pressure on the wing and from that the drag
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coefficient, the 2 component of the induced velocity produced by the source
distribution must be found. The first source distribution can be analyzed by
considering two source distributions, the source of intensity w;/c extended at
the surface AEDE’, where ED and E’D are inclined at u with respect to the
z-axis, and the source distribution BED or B'E'D’ of intensity —w:/c. The
first source distribution produces an induced velocity ¢,,” that can be deter-
mined with equations (599a) or (601). The second source distribution BED pro-
duces an induced velocity ¢.,” in the zone BDF, that exists only if n, > 1, and
can be determined by using the considerations stated on page 311. The second
source distribution BB’D can also be considered as the resultant of two source
distributions. The source NDN’ of intensity (A2 — \)V1/m, produces in BB’D
an induced velocity component ¢, that can be calculated as for two-dimen-
sional phenomena. The source distributions NBD and N'B'D (ND and N'D
inclined at p with respect to z) of intensity — (\s — A1) V1/7 produce over BFD
and B'F'D an induced velocity ¢,.”, that can be determined by using the con-
siderations stated on page 311.

For determination of drag, different cases must be considered for the values
of ni and no. If ny > 1 and n, > 1 the drag can be considered composed of
five terms. The first term depends on the induction of the source distribu-
tion AEDE' over the surface BAB’ of the inclination A;. This term, Dy, is
identical to a corresponding term calculated for the triangular wing; using
equation (656) and (661),

Du _ _ 27 log.m_ | gt 1. (691)
1 Br (1 —r)| V2 -1 ny
§p1V128T

The part of the drag, Dis, dependent on the induction of the source distribution
AEDE’ over BB:D inclined at \; can be determined as the difference of the drag
over ABB'D and the drag over BB’A, and can be expressed in the form

: 2 _ g2
Dy _ 8hah cosh™ |/ ! a‘ ds
BrV 1—-4
8

1 2 _
§p11712 n; 1
2
4 2807 [_IM 4 it }

Brr | Vn2 — 1 n;

The elemental area for the zone ABDB is given by

ds = S 4o |
1—r( + Ao)?

Therefore, performing the integration, the following expression is obtained for
D12:
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De 220 +42| 1 1 '
_De 27 . 24 - Iy
L. " Br A4 At e
L s G

A cosh iy 1
—_— —— log,
1=AVnZ—1 (1 -A)Vng -1 % l:l

+ 2\’/7’522 —1
A+Dm+Vae—1-Vnz—1|( (692)
The source BED of intensity —w:/= induces a velocity component ¢, in the

zone BDF given by equation (604); tl i
giveh e (604); therefore the corresponding drag Dy, is

D — " :

1 B = B ])‘2 4/‘81' —]— cosh1! u

s ™ Vit — 1 ny (1 — o)
1

1 1 Naly + G‘le da’2
5 1

nyoe + ng | (1 )2
by 103 + 1y | (1 + o3)
x

where ¢y =

Performing the integration, the following expression is obtained:

Dy _ 272 n 4+ ne log n, 1 g+ 1
1 " Brl—r)mm— )N - logz|
“o1Vitsp n — Ny n?—1 \/n12 -1 ny + ny

(nns 4+ 1)\2
+VG;:;>—ﬂ$ (69%)

Thef source distribution NN'D of intensity w,/7 induces a velocity component

¢2, 0 the zone BB,D that can be calculated with the two-dimensional tI;leor ;

therefore the corresponding drag D, can easily be evaluated. v
Do, _ 72

a—nrB

(694)

1
épl Vitsp

The source distribution NBD of intensity —w,/, induces a velocity compo

7 . -
nent ¢," in the zone BDF given by equation (607) (in which n, is zero), and
therefore the corresponding drag D.; can be evaluated in the following ’way-

Dy 16rsy (M — M)A e 1
1 = Br 272 <\/—— cosh—1 _u
—2—pr12 n?? — 1 (I — o2)ny
1

+ cos™! i'3>—__d‘72
ny/ (1 + ay)?
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and performing the integration, the following expression is obtained:

Doy 272 ! 1 .
s T | eosl = — ———=log. 2 | 695
r(l — r)Br[ ny \/n22 -1 ¢ {\ (%)

1
éPl Vitsr

In a similar way the following expressions can be obtained for the different
possible combinations of the values of n; and ns. If ny > land np = 1, Du
and Dy, are given by equations (691) and (694); Dy; and Dy; are zero; and Dy,

is given by
D, _ 27 a -+ A)?[ 1 sin-! 1 2A log. ni

= - _ 2 -
1p1V12sT Br A 1+4 no 11— AVp2—1

A cosh™ ny 1 n?—1
Jr1—,4\/n,12—1 1—A< l+n1>:| (696)

Ifn, > landn, <1, Du and Ds, do not change; Dy; and Dys are zero; and Dy,
is given by

Dy 2e(4Ap| 1 o1 24 logm
P 2 L L — =8 T T
1+A ny 1—A2\/n12_]_

1 B A
—P1V128T B
2
A coshim 11 g nm+ 1 G, 1 (697)
1 — AV —1 1-AV1-n2 CRNL
Ifn1=1andn2>1
Dy ___ 7 Dp _7_ 1 (698)
.1_P1V123T (1 B r)B 1P1V123T Br (1 B l')
2 2
D12 . 27 1 - r7|- — r
%pIVIQST ri - B ? ot

(r—1) _
h=A | (699
(2r—1)\/2r—lcos ] ©

Dy is given by equation (695), and Di; is obtained from

2
Dy ___ %= Lo gng |1 -2 (700
1 Ve BxVnt—11—r n, — 1

2p1 187
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Ifny = 1 and ny < 1, Dy; and Dy, are zero; and Dy, and Dy, are given by equa-
tion (698). Dy, is obtained from

Dy 272 7‘_l—r_ r 1 —r costn
Brr (1 — r) 2 2r—=1 1 —2vV1— 2|

1 (701)
§P1 Vilsp

If n, <1 and n, < 1, the total drag D can de evaluated because Dy; and D,

are zero; therefore '

D 272 r cos™! 1r—1 cos!n,
Br(1—r) 2r — 1oV — 2 72 — 1V — pp

1

Zo: Vi2¢
p1 ViZsy
2 B

If ny <1andn, > 1, Dy, and Ds, are given by equation (698); D,; is given by
equation (695). Dy, and D,; are obtained from

Ly, Br@—n 2r =17 V1 —
2
2r-1 1 o TT
w2r — 1\/;1;2_—7 0ge (N2 — Vng* — 1) |- (703)
Dy 272 1 ni+ ne
- = —_— log, ny »
20, Visp BrVing —11—rn —n,
5

- ——=———= COS

\/l — n;? 4+ n,

- .
\/fl.g 1 1 nine + 1> (704)

When n, < 1 and n, = 1, Dy, and Ds, are given by equation (698); D,; and
De; are zero; and Dy, is given by

Dy 272 1 —r r cos™! n,y 1 r—-1 05)
- - \ - S T T * 7
%prﬁ’sT B —-rr| 2 2r —1aV1—n2 w2r—1

If ny = 1 and ny, = 1, the total drag becomes

4.2
% = L(Q - ﬁ) (706)
1 , B 3
5}71 Vl S7

In Figure 231 some results obtained from this analysis for different values
of n;and (1 — r) are shown. In the diagram the value of C pB/472 is plotted
as a function of the parameter (1 — r) that gives the position of the maximum
thickness for different values of n,. With the approximation of this theory,
the minimum drag for a two-dimensional wing occurs when r = (1 — r) and
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is Cp, = 47*/B. For the conditions for which CpB/ 472' is less: than oine, the drag
of the wing is less than the minimum drag of a two—dlmensmflal wing, of 'sam.e
thickness. The results also show that if the direction of motion of the wing is
reversed, the drag coefficient does not change for the same Mach number.
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Fig. 231. Drag coefficient as a funclion of the position of the marimum thick-
ness for a diamond plan form wing, having a diamond-shaped profile.

Indeed, reversing ng, mi, (1 — r), and r, the same CpB/47* is.()bti%ined. It can
be shown that the wave drag is dependent, in the appr()xnnatlon. ac?ept?d,
only on the source distribution representing l,lu? ﬂmy. Thf‘, sorurce distribution
is inverted, but not changed, when the flow direction is inverted.



CHAPTER

15

LIFT AND INDUCED DRAG OF

SUPERSONIC WINGS

General Considerations. In Chapter 7 the lift of a two-dimensional wi
}}as been determined as a function of the shape of profile; in this ch i e
lift o.f a supersonic three-dimensional wing as a function of ’the lan f ?p ef'l e
consldef‘ed. In all following considerations the hypothesis will f))e ma(zlmtllm e
small-disturbances theory can be applied, and the wing will be consi(fﬂ lst e
flat plate of zero thickness. With the approximation of the linearizedVI:Lehef)le'ya
the effects of the thickness and of th(;
camber of the wing profiles can be con-
si.d.ered separately, by using the possi-
C\J bility of superimposition of different
(a) flow fields. Indeed, in the linearized
" by theor.y each linear combination of the
2 fun‘ctlons b1, ¢2 ... that separately
satisfies the equation of motion in the
(b) approximate form (equation 339) also

s o .
w o8 gives a solution of the equation of
—— S

motion (339). Therefore the flow pheno-

© mena for a wing of given thickness and

camber of the profile, and a given plan

v | form and angle of incidence, can be

\a_jl considered as superimposition of the

flow phenomena for three different

(d) wings having the same plan form but

Fig. 232. Effect of the thickness and di‘ﬁ’erent shapes.  For example, the

of_lhe camber in the lift of a supersonic ~ WINE @ of Figure 232, at the angle

wing. of incidence «, can be considered
as the combination ¢ i

of the same plan form: the wing b, having zero angl:)l(l)}a:t(t),:cl:)lettlh;‘e:yn‘z:iis

rical profile, but having the same thi 3 distributi
ricy g * thickness distribution along the chord and
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the span; the wing ¢, of zero thickness and zero angle of attack, but having
the same camber distribution; and the wing d, of zero thickness and zero
camber, having the same angle of attack. Superimposition of the flow fields
of the wings b, ¢, and d, gives the flow field for the wing a. Since the wing b
has zero lift, the effect of the thickness of the wing on the lift is zero by the
approximation of the linearized theory. The wing ¢ gives a lift that is con-
stant, because if the angle of incidence of the wing a changes, the lift of the
wing ¢ does not change; therefore the wing ¢, or the camber, affects only the
angle of zero lift, without changing the lift curve slope. The lift curve slope
depends only on the wing d, and therefore on the plan form of the wing.

The mechanism of lift for supersonic wings changes when the component of
the undisturbed velocity normal to the leading or trailing edge passes from
supersonic to subsonic values; therefore a preliminary general discussion of
the physics of the phenomena will be useful (Reference 54).

Consider a two-dimensional flat plate moving in a perfect flow with subsonic
velocity: the equation of motion admits a solution that gives a flow without
circulation and therefore without lift. When the pressure and velocity dis-
tribution along the profile corresponding to this flow field are determined,
an infinite velocity is found along lead-
ing edge and trailing edge of the profile. ?f(i
The presence of viscosity in the actual Y
phenomenon produces a separation of
the flow at the trailing edge, with
consecuent formation of a vortex, the
starting vortex, that produces a circu- X
lation around the wing. The intensity -< +5
of the circulation around the wing is (a)
stated by the Kutta-Joukowski theo- ~—/—\__—
rem, which imposes the condition that (b)
the flow must be smooth at the trailing
edge. Therefore for subsonic speed the
physical solution of the equation of
the flow motion is the solution with
smooth flow at the trailing edge, and
therefore the solution that satisfies the
Kutta-Joukowski condition. Fig. 233. The leading edge vortex and

When the circulation around the flat the suction force in a flat plale in subsonic
. o flow.
plate is considered, it is found that the
flow around the leading edge still has infinite velocity (Figure 233a); therefore
separation of the flow must be expected also at the leading edge. The separa-
tion that depends on the zero radius of the leading edge produces a vortex

(c)
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region that, for conditions below stalling, is restricted only to the zone of the
leading edge (Figure 233b). If the thickness of the flat plate near the leading
edge is increased, and a nose with a small but finite radius of curvature is
considered, the infinite velocity at the leading edge decreases to a large but
finite value, and the separation region disappears. Because of the large
velocity, the pressure at the leading edge is very low, and thercfore a suction
force (S) exists at the leading edge (Figure 233¢). The suction force eliminates
the drag of the wing because it changes the direction of the resulting force
from the direction normal to the chord of the wing, as must be the case if only
the force P, given by the pressure normal to the plate, is considered, to the
direction normal to the undisturbed stream (F).

Therefore in subsonic flow, a round leading edge must be used in order to
avoid the vortex dissipation. In this case, a suction force exists and the drag
due to lift becomes zero as is expected as a consequence of the hypothesis of
potential flow.

When the two-dimensional flat plate is considered moving in a perfect
flow, but with supersonic velocity, a finite difference of pressure is found
between upper and lower surfaces (Chapter 7, page 118), and therefore no
suction force can be expected at the leading edge. 1n this case the resultant

of the pressures is perpendicular to the

D¢ chord of the plate, and has a compo-

- nent in the direction of movement

that constitutes a drag (Figure 234).

P The existence of the drag component

agreeswith the existenceof an increase

in entropy across the shock waves
T produced by the flat plate.

Similar considerations can be made
if three-dimensional lifting surfaces
are considered: if the component of
Fig. 234. The pressure distribution in ¢ the undisturbed velocity normal to the
Sat plale in supersonic flow. leading edge is greater than the speed

of sound (if the leading edge is super-
sonic), the phenomena at the leading edge are locally equivalent to those for
a two-dimensional flat plate at the Mach number corresponding to the normal
component of the velocity. Therefore no suction forces must be expected,
because a finite density of lift is found at the leading edge. In the actual wing
a sharp leading edge must be used in order to reduce the shock losses. (Similar
considerations can be made as in Chapter 7, page 117.)

If the component of the velocity normal to the leading edge is subsonic
(the leading edge is subsonic), the phenomena locally are analogous to the

v—" [ @&
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phenomena corresponding to a subsonic flat pla.\te. Therefore .if the 1ea(i}ng
edge has an appropriate radius in order to avmc? local separatlorll, a.s1(1ic 1(13
force is developed, that decreases the drag due to lift. In this case less induce
e expected. '
dr?ﬁ ItIlllltlaS::aﬁegorF; of subsonic leading edges there. can also be CPHS{der{?dhttllle
case in which the normal component of tl}e un.dlsturbe.d velocl.ty 1; s 1g0m)ef
higher than the speed of sound; because in this case, if the wing \(;as ? e
thickness or an angle of attack, a detached shock must. be faxpecftc olrl e
basis of two-dimensional considerations. In the appro.x1mat1.0n odsmab tl-n
turbances this leading edge is considered as a supersc.)mc leading edge, 1uﬂ i
the actual phenomena, because of the presence of thickness, the normal flow
he leading edge is subsonic.
Corll;pi);::n;iat];sis of thegﬂm{‘ phenomena at the trfjli]ing edge,. an analogous
distinction must be considered: if the trailing edg?re is supersonic (the corx:ipo;
nent of the velocity normal to the trailing edge is gr.e.ater than th; s}peef ;)e
sound), a finite density of lift will be found at the trailing edge, an 1t 1ere ((1) e:
a possible physical flow condition will always be. fou.nd. If the t;al ing (zi i ’
is subsonic (the normal component of th(? velocity 1s.l.ess than t ebspfs o
sound), a solution with infinite density of lift at tbe traxlmg. edge (iail' e fuuw.
This solution is not physical. In order to obtain a }).hyS}pal so. ution k()) e
‘problem, the Kutta-Joukowski condition Tnust b? satified. This c}fi\nt e.lt.)1
tained by imposing the condition that the lif : ienfsny (ll)e zero along the trailing
> fore a different solution must be found. '
edi‘; éi(:\;i:eirio, page 207, it was show.n that, when the small.-(clhstlérban(i:j?
theory approximation is accepted, a liflm.g surfac.e can be consi eret gq};l :
alent to an acceleration potential distribution, which can be.repres;an 3 gi X
doublet distribution. From the consideration.of thej poten‘flal (.)f t 1eT [(l)u e
distribution it is found that an induced velo(nty. exists at mﬁmty: | us an
ir.duced drag must exist, which is connected with the doublet d¥strfbut}on.
This drag, produced by the vortex sheet that follows the doublet distri ’It‘lhvlon:
can be called induced vortex drag and must be.added to the wave dra;il. ) ered
fore the drag duc to lift can be divided into induced vortex drag and induce
Mo i ili 11 sonic, the flow of
When the leading edge and the trailing edge are all super: , whe flow of
the upper surface cannot interfere with the ﬂo?v of the lower 5111' al?Ft mf the
zone in front of the wing or in the zone of the wing. Thex.'efo.re, t e lift o e
wing can be calculated by using, in place of .a d?ublet distribution, fIifo)ut *
and sink distribution as in the drag determination (Chap-ter 14). 1;1;;
ference exists between the upper flow and .the lower flow .1{1 thedzone ost kl)i
wing, the equilibrium at the subsonic leading edge or trailing edge mu
considered and doublet distributions must be used.
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Superso.ni(f Lifting Line and Elementary Lifting Surface. Consider a

source distribution of constant intensity C along the y axis from y = — o to

y = . The corresponding potential can be obtained from equation 354 and is
d

¢ = —C f y .

Vie— 9~ By -0 + 2

(707)

When B = VM2 — 1, £ and 7 are the source coordinates and £ in this case is
zero. The expression 707 is to be integrated between limits when the expres-
sion under the root becomes zero.

Substituting for brevity reasons

xr? ) )
E?—z=m~>l, y—mn=n 708)
equation (707) becomes
c” dn C n
(bQ:—— “:__I[S'I-lﬁ -
b n \/”12 — n? B " m_jn ((09)
where in this case n, = —m and ny = +m. Therefore, ¢ = —#C/B. Thus

the potential jumps from zero to the value —7C/B on the surface of the wedge
defined by z = +ax/B. Consider now a source distribution of constant densitv
C/Cy extended from x =0tox =Cyand fromy = —w to y = + » (tW(;—
dimensional flat plate). The corresponding potential is given by

bo = — é— dg - dn
’ Vi =8 = B [(y = n)* + 2]

The expression is to be integrated between limits where the expression under
the root becomes zero; therefore

_7C

¢ 3
¢ B

for points whose fore Mach wedge contains the entire source distribution from
x = 0 to & = ¢y, while the potential is
7C

d) = —
T T CB

(x ¥ Bz)

for points whose fore Mach cone contains only a part of the source distribution
(m must .be larger than one). From the potential of the source distribution an
acceleration potential ¢ can be derived by means of equation 361 which repre-
sents a two-dimensional lifting surface.

_ 9%

¢ =nh =fr_ﬂh
0z Co
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for points contained between the two wedges,
z= Bz and =z — C;= Bz,

while it is zero for points ontside of this zone.
From equation (358) it results that:

up = =+ Igﬁ, Cp=?2—1r(f—h—
(/0 ‘] C(} V12
and 0, = G R
Cy V2
Therefore
- 2xCh
Vi
and from equation (362)
I 1 ad)Q )
= == dx 710
o» 27 ( a9z ( )

/0

The vertical component of the disturbance velocity w» can be obtained from
the consideration that because the pressure variation occurs in normal direc-
tion to the Mach wedges from the leading and trailing edges of the surface, the
variation of velocity must occur in the same direction; therefore, the following
relation must exist between the two components of the disturbance velocity

u, and ws.

wy, = —uwpcotp = + ——

This equation is equivalent to equation 578 where h is assumed equal to V1/B.
The angle of attack of the surface is .

represented by Y
_w _mChB, Y

a=2t=
Vl CO -‘/]2

Therefore,

—> X

Aa
C;, =— = 4a tan
I B &3 K

and Cp = 4a? tan p +1

. Fig. 235. The horseshoe vorlex in
These values of €, and Cp correspond to Suiemonic flow.

the values that can be obtained with the
same approximation from equation 103, or 268.

Consider now a lifting line of length equal to 2, placed along the y-axis in
the z = 0 plane, fromy = —1ltoy = 1 (Figure 235); and suppose that the
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intensity of the line is constant. If T is the circulation of the line (constant)
the potential function of the lifting line can be obtained from equation (710)
(see Reference 56).

¢p = — — dr (710a)

where ¢ is the potential of a line source corresponding in position to the lifting
line of unitary strength. ¢q is given by equation (354) which in this case has
the form of equation (707) or (709), where n, = y — 1 and n, = v+ 1. From
equation (709) is obtained

doq 7n, m .
-B— = — L (T11)
dz m*Vim?® — n?  mVm®— ng?
But
znydi _ B nozdg

m*Vm? — ny? N 2| Vet B (22 — ng) — Bigny?
~2 2 . 2
== E tan—1= Q-2 (y l)
2 2 (y — 1)2VQ
where ¢ = 2 — B%* = B'm? Q= 22 — B:[(y — 1)? + 22]

(712)

The value @ = 0 defines the surface of the Mach cone that starts from the ends
of the lifting line (y = +1,2 = 0,z = 0). Outside this Mach cone the value
of the expression given by the integral of equation (712) is imaginary; there-
fore outside the Mach cone from the ends of the lifting line, the value of the
integral must be considered equal to zero. In this case in equation (707)
integration must be extended from 0 to z because the zone between — « and 0
is outside the Mach cone. For x = 0 the integral is equal to 7/2. In the ve-
locity considerations 7/2 can be neglected and the potential of the lifting line,
after trigonometric transformations, can be expressed in the form

¢p = To tan~! r(y——_l) + similar term for the cone at (y == —1) (713)
2w Ve

This potential is other than zero only within the two Mach cones arising at
the ends of the lifting line, while it is zero in the other remaining space.

For a complete circuit about each of the cone axes (y = +1) and (z = 0)
the arc tangent increases to 2r; therefore at the axis of the cone a vortex of
circulation Ty exists. The circulation I'y extended between —1 and +1 in
the direction of the y-axis, continues in the direction of the z-axis producing
two free vortices, and together they produce a horseshoe vortex similar to the
subsonic vortex.
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The velocity components corresponding to the potential are given by

U VIR VI 2k V-

714)
ox 2r (22 — B2)VQ (

dp _ _ To xz
dy o [2 4+ (y — D2V
d¢p _ Iy z(y—1) (@ — B?

W= — = = - (714bh)
0z r[2e 4+ (y — DuVa

(714a)

=

All three velocity components become infinite at the surface of the cone. On
the cone axis, u is equal to zero; v and w become infinite as r becomes zero
(r radius from the axis). -

In addition to the two Mach cones that arise from the ends, the lifting line
generates two plane waves, which enclose a wedge space, and produce the
induced wave drag. .

In supersonic flow, analysis of the flow phenomena for a finite wing cannot
be made by substituting for the wing a lifting line of variable circulation along
the span, as has been done in the subsonic case, because singularities a't ?he
lifting line position exist which notably complicate the problem of determining
the drag depending on the vortex sheet. The difficulty depends on the fact
that the lifting line is the locus of the vertices of all the Mach cones that are
extended downstream and therefore must be a line with singularities.

In order to overcome the difficulty it is necessary to pass from the concept
of a lifting line to the concept of a lifting surface, which requires a more com-
plicated analysis. A lifting surface can be obtained from a doublet surface
distribution, the potential of which can be derived from the potential of a
source surface distribution.

If, in the plane of the wing (z = 0), a source distribution D(¢, ) is consid-
ered, the corresponding potential is given by (equation 351)

oo = D (&, ) didy (715)
Vi — £~ B (y —n)?— B%2?

and a corresponding doublet potential is given by

op =k D (&, n)dtdy ‘
R N A e e

(716)

But the z component of the velocity corresponding to the source potential of
equation (707) is

w = ‘9;’@ (717)
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and (as shown in Chapter 14, equation 577), in the plane z = 0, it is propor-
tional to the intensity of the local source distribution, or

W,—o (2, y) = 7D (& n). (718)
Therefore for ¢ = rand g =y
Sp,—o (X, ¥) = knD.

Then in the plane of the wing (z = 0) the velocity component u is given by

"o = <§@> gy D @) _ D (&) (719)
oxr /z=0 ox ¢
and the pressure is given by
A_p S ﬁ k ﬂ) . (720)
~l—pV? Vo o
2

Behind a lifting surface of finite span an induced velocity exists, +which can
be determined with equations similar to equations (714, 714a, and 714b).
Indeed, consider a lifting surface of chord d¢ and span equal to 2, and of con-
stant intensity of circulation v, placed as the lifting line of Figure 235. The
lifting surface is equivalent to an infinite number of infinitesimal lifting lines
of circulation v span equal to 2, placed along the chord d¢. Along the axis
of the Mach cone with the apex at the ends of every lifting line a free vortex
exists of intensity v. Because the axes of all Mach cones from the tips of the
lifting lines are coincident, along these axes (parallel to the r-axis at y = +1)
a vortex of circulation yd¢ exists. The two vortices produce an induced ve-
locity behind the lifting surface in the zone inside the Mach cones from the
tips, that can be determined with equations (714).

Any lifting surface with variable lift distribution along the span and the
chord of the wing can be considered as a superimposition of several elementary
lifting surfaces. Every lifting surface has constant intensity of circulation,
but the value of the intensity of circulation, the span of the surface, and the
position along the chord change from one to another. In this case the free
vortices can be determined directly from the lift distribution and, from the
distribution of the vortices, the velocity induced at any point behind the wing
can be determined with equations (714), (714a), and (714b).

The circulation and the starting point of the free vortices produced by the
lifting surface can be directly determined from the pressure distribution.
Indeed, the circulation of the free vortex, starting from any point of the wing,
is given by the variation of circulation along the span, and can be determined
with equation 356, and is

P Vi Yoy = (OP/0Y) (.

In the zone near the axis of the free vortex the velocity components given by
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equation (714) behave exactly as in the zone near a vortex filament in incom-
pressible flow; therefore the induced velocity in zones far behind the wing
(exactly at ¢ = =) can be determined with the equation of Biot-Savart for

incompressible vortex.

Triangular Wing. '
First Approximation for a Very Slender Wing. .With the hypothesis of
perfect flow, the flow motion around a flat plate of triangular plan form must
be of conical type, and therefore the potential function ¢ that defines the flow
can be expressed in the form (Chapter 12, page 237)

6 (x,y,2) = zF <§ , 5) (721)

x

Indeed the velocity components obtained from the potential function must be
functions only of the ratio of two spatial coordinates. The velocity compo-

nents in this case are

o . vy oF 2 oF
OO
x x
o oF
ay 792)
()
T
o6 oF
9z a(g)
T
If the auxiliary coordinates
=7 d =z
n=c an 3 ;

are introduced, from equation (722) are obtained

3% 1(262F+2£ FF 2@)
— =7 — n—— + &
at z\| o atdn ot
F¢ _1OF (723)
ay: z o
#o _LoF
922k 9g

Using equations (723) the equation of motion in the approximate form (equa-
tion 339) becomes (Reference 57)

hl I F
e 2] i [1 - B 2] — 2B - = 0 724)
67[ L= B [+ 5 : onot
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where
YT
B =V M12 - 1.

If the body is very slender the terms » and £ at the surface of the wing are
very small and for small Mach numbers the square terms B%;* and B¢ can be
neglected; therefore equation (724) becomes

-
oF _FF _ (725)
' 9E

which is the Laplace equation for two-dimensional incompressible flow.
Consider now a lifting triangular surface in the plane (z = 0) and at an angle
of attack o, with plan form symmetrical with respect to the plane zz (Figure
236a). Equation (725) suggests that the expression for the potential function
that defines the flow around such a wing must be similar to the expression

z

a/
VA -C +C

y v
(a) (b)

Fig. 236. The lifl in a very slender lriangular wing and its similarity loa flal plate in
subsonic flow.

that gives the potential function for a flat plate in incompressible flow. For
the flat plate considered (Figure 236b), a symmetrical solution must be ob-
tained; therefore if the vertical velocity component is Vo, the potential func-
tion has the form (Reference 58)

¢ =+ Vo' Vi — g2,
If for the triangular flat plate the vertical component is Vi the function F
can be expressed in the form '

F=4 ViaVe — o (726)

where +¢ is the value of n at the plate edges.
From equations (726) and (722) is obtained

. OF 2
w=F—y— = V1a<—5—.)- (727)
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The difference in pressure between upper and lower surfaces is (equation 381)

2

Ap =4u - da c?

V’l \/62_,72'

728
i (728)
2P 1

Because the elemental area of the wing is ds = 22dy/2, and the total area
x%c, the lift coefficient of the wing is (Reference 59)

CL = 2mca. (729)
22
Or, introducing the aspect ratio A of the wing (A -k f)
cx
CL= %‘"- (729a)

Equation (729«) is valid only for wings of very small aspect ratio.

Triangular Wing with Supersonic Leading Edge. In order to determine
the lift of a triangular flat plate when

w
the leading edge is outside the Mach |
cone, the system of source and sink | Vi
distribution developed in Chapter 14 IV
can be used (the trailing edge is also E
supersonic). | z —>y
The pressure distribution on the wing X
is given by the expression /
/
c, = — 2% (130) |
V1 [
o
where ¢,, is given by equation (601), N

Chapter 14, and is x
w Fig. 237. The lift of a triangular flat

P2 = = BV — 2 (731) plate with supersonic leading edge.
outside the Mach cone, and
2 — 42
fro= — —2 (1 Zgin- ‘/”’ " (731a)
BA/1 — p2 T 1 -4
inside the Mach cone, where (Figure 237)
k ky

w=Vie; n=—; k=tanX; o==. BV -1
B z

Therefore the pressure difference between two corresponding points on the

upper and lower surface is

AC, = e (732)

- BV1 — n2
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outside the Mach cone, and

AC, = 4_“<1 — 2 it I/’{ - "2) (732q)

BV1 — n2 T — o*

inside the Mach cone.

(Figure 207 of Chapter 14 shows the pressure distribution along the wing for
different values of n; \ in this case is equal to +o.)

The lift coefficient of the wing can be obtained by performing the following
integration:

4o 2 n? — ¢?
Ch= ————(1 - = ‘—1|/ d>~ 733
" \/l—n2< 7r/ s 1 — g2 7 (733)
0

Integrating by parts results in

+n —
. n? — ¢? T e
—1 —_— .
/) sin ‘/1 — do 5 (1 V1 - nz) (734)

Therefore the lift coefficient becomes (Reference 53)

Q, = _ o
VM1 (735)
The value of C, given by equation (735) is identical to the value obtained
for a two-dimensional wing with no sweepback, when the same approximation
is considered, and is independent of the value of the angle of sweepback.
The total induced drag is proportional to the angle of attack because no
suction forces exist, and therefore has the form

VMeE -1
4

Because the phenomenon is conical and therefore the pressure is constant
for ¢ = constant, the center of pressure is at the 2/3 of the root chord from the
apex.

An analogous system can be used for every wing with supersonic trailing
edges and leading edges.

CDi = CLQ =

C2 (735a)

Triangular Wing with Subsonic Leading Edges. Determination of the
Lift. Thelift of a triangular flat plate with the leading edge inside the Mach
cone has been determined by using the theory of small disturbances, with
several different mathematical treatments (References 57, 60, and 61). A
treatment that uses methods familar to aerodynamic theory is that which de-
termines the lift of the wing by using a doublet distribution (Reference 61).

If a source distribution is considered in the plane z = 0, the potential
function of the source distribution is (equation 573, Chapter 14)
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o = D (& n)dtdn : (736)
Vie -8 — By — 0 — B2

By differentiation of equation (736) a doublet distribution can be obtained.
The flow that satisfies the boundary conditions around a triangular wing
must be a conical flow; therefore in expression (736) the variable h defined by

h="1 ‘ (737)
£

can be used in place of the independent variable . The source distribution
D(%, n) considered will have the form

D& n) = £f (b). (737a)
Therefore equation (736) becomes

+e & E2d§
= h)dh . s
oq /_C f() [ \/u—g)Q‘B?(y—hE)?—Bﬂz‘l

The limits of the first integral of equation (738) are the origin of the coor-
dinates, which coincides with the vertex of the wing, and the value & of &,
of the last source that can affect the flow at the point P(z, y, z). The value
of & is given by the value of ¢ that makes the radical of the integrand zero.
The limits —¢ and +¢ of the second integral are the values of h corresponding
to the leading edges of the wing. The wing is in the plane (z = 0), and the
plane (y = 0) is a plane of symmetry.
The potential of the doublet is given by

te & ,
¢ = f (h)dh i ; gt . (739)
_ 0z o v (=& = B*(y — h§)* — B2

[

The first integral of equation (739) can be evaluated and the derivation can
be performed.
For reasons of brevily, assume

Zzw;’_Bz(yz_}_zz) — 12[1_32<£ _+_ :_l>:|
. xZ 172
m= 2(82yh — m) = 2urf<B2 Ly - 1)
x
n=1— B (740)

<Bi’ ¥ h — 1)
—m x

i‘ _—

)]



364 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS
Then
; . Edt 3mV1 3m? — 4in om
. — = — ctnh™!
L Vagdmi+l A 8n2V'n 2Vin
because
Vgt 4+ mE+ 1= 0.
Therefore
& N ' i
—a“ %E-—L = IV‘ = +ZB2 [-L + ctnh‘lg‘] (741)
0 | Vg mg + 1 T gy
or
+¢
éo= | Ff (. 742)

Because ¢, given by equation (742) can be expressed in the form (equations

740 and 741)
+c
ép = & F <5 e E>f <E> d <£> (T43)
. rox g/ \n/ \n

c

it represents a conical phenomenon. In order to obtain for every conical
boundary condition the corresponding intensity of the source distribution,
the function f(h) must be determined.

At the surface of the wing, for y/z between —¢ and +¢ the velocity compo-
nent in the z direction, w, must be

Weeg= Via = <é¢—D> (744)
0z /2=0

where « is the angle of attack and Vi is the undisturbed velocity. From
cquation (742) is obtained

o
w,_y = / <g>z_uf (hydh

<

or using equations (741) and (740),

- B Y Anh-! hydh.  (745)
wz=o—m2 1—_;_—2—}-(,111 ¢ z=uf() L. (745

4

Because the phenomenon is conical

dw_y, (746)

0

-
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Using equations (745) and (740) is obtained
2
o S ) ]/1 _ B <y>
ow _ x
/ (h _ Q/_>3
—c .
+ec

3 X)
X,
_ Vl__ R <z>2/_ (%’7 —0. (74T
xT

Equation (747) is of the same form as the integral equation obtained when
the incompressible flow normal to a two-dimensional flat plate is constructed
by use of a doublet distribution. The solution obtained in the incompressible
flow case can therefore suggest an expression for the function f(h), that will
satisfy the boundary conditions (Reference 58).

dh

[ R

——=>N

_.L__.__;..y

Vo

X

Fig. 238. The lifl of a triangular flat plate with
subsonic leading edge.

In subsonic two-dimensional incompressible flow, the potential of a doublet
placed in the plane (z = 0) along the y-axis is given by (Figure 238)
-2
The corresponding induced velocity in the z direction, w, in the plane (z = 0)
is given by

%p (748)

_1r .
(y — )

If g(n) is the doublet distribution along the y-axis from —c¢ to +c that
satisfies the boundary condition, it follows that

Wimgy = (749)
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" glndn
(y — n)?

bl

Womo = (750)

Along the surface of the plate the vertical velocity component must be con-

stant; therefore
+c

_low _ 9 (dn_ (751)
2 9y ) (y — )

Equation (751) is of the same type as equation (747); therefore it suggests
for the doublet distribution f(h) an expression of the same type as the doublet
distribution g(y). The distribution g(3) must give a symmetrical solution
with respect to the z-axis because a symmetrical solution must be expected
for the triangular wing, and therefore is the symmetrical distribution without
circulation that must be considered.

Now the doublet distribution for the flat plate is equivalent to the difference
of potential between the upper and lower surfaces of the flat plate which, for

incompressible flow without circulation, is given by the following expression:
A¢ = 2Via Ve — y2. (752)
Therefore for the function f(h) an expression of the form

Jh) = IVt — 2 (753)
must be considered.

Equation (753) is a physical solution of the problem, as can be verified by
substituting equation (753) in equation (745).

The value of the constant I must be obtained from equation (745). The
integration of equation (745) is involved, but can be accomplished by using
integrations by parts.

In order to obtain the value of the intensity I the value of w from equation
(745) must be calculated. The calculation can be made for the lines (z = 0)
and (y = 0).

Performing the integration gives

w=rlE (V1 = B¢ = Via (754)

where E V1 — B¢ is the complete elliptic integral of the second kind, with
the parameter

kE=sina=V1— B¢ (755)

The value of the elliptic integral is available in tables as a function of the
parameter k (see Reference 62).

Equation (754) permits determination of the intensity of the doublet dis-
tribution as a function of the angle of incidence of the wing.
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In order to determine the lift of the wing, the velocity component u must

be determined; indeed
28p _ + du (756)
1p Ve Vi
2 1v1

The u component of the induced velocity can be determined by using equation
(719). The source distribution is given by equation (737a)

— aVie — b
= B = I\/2—h2=—£K1——~—- 757)
PO e e Vi ) (

Therefore

1y Ve —rENV1-eB)
2

2Ap dac® (758)

By integration of (24p dh)/4pV? from —c¢ to +c¢ the value of the lift coef-
ficient is obtained as

1 +e2Ap 2w
€, = - LL gy = ST 759
Y. Ly EV(Q — B) (759)
-c 92

Equation (759) shows that the lift curve slope is a function only of the parame-
ters B and c.
1.6
14

1.2 ——

V10
g

w 6

o N

0 g 2 3 A4 5 .6 7 .8 9 1.0
Cot X/tan

Fig. 239. The value of the function E versus cot X/tan u.

The value of the elliptical integral E is shown in Figure 239 as a function of
the value Be. The value Be corresponds to (cot X/tan u) where (/2 — X)
is the semi-angle at the apex of the triangular wing, and u is the Mach angle.

In equation (759) if B¢ approaches zero, E(V1 — B?) approaches unity,

and the lift curve slope becomes
Gy = 2mc
{44
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which corresponds to the value of equation (729). If Bc is equal to one
(X=7/2 — p), Eis equal to 7/2, ¢ is equal to 1/(\/11412 — 1), and C; becomes
da
C=me o1
which is the value for the two-dimensional case or for supersonic leading edge
as was shown on page 362.
The ratio of the lift of the triangular wing C;, to the lift of the two-dimen-
sional wing C1_ (equation 760) is
Cr, _ 7Be
Ce, 2EV1 — B '
1.6
.9 /

Y

(760)

(761)

First Approximation

8 \// /

7 £
1
6 ! /

7
/
/

R
C,
(¥, ]

0 2 A4 .6 8 1.0 1.2 1.4
Cot X/tan u

Fig. 240. The ratio of the lift coefficien! of the triangular wing lo
the lift coefficient of the {wo-dimensional wing as a function of
cot X/tan u (from Reference 61).

The ratio is a function only of Bec = (cot X/tan u). The value of C;,/C,.,
as a function of (cot X/tan u) is shown in Figure 240.
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In Figure 241 the lift curve slope for two wings as a function of the stream
Mach number is shown. When Bc is equal to one, the lift curve slope is equal
to the two-dimensional value.

7 - ; ]
\ l |
\ !
N \ !
6 { i
|
\ — Result for Two Dimensional Wing
s \ Ll |
!
g N \ ' lzr,_xz45° ‘
o 4 {
s 7\ X
T I~ |
£ | Fx=300 1 T |
= 9 { \
|
o T
P |
! E ;
: ]

1.6 1.8 20 22 24 26 28
M

Fig. 241. Lift-curre slope as a function of Mach number for two swepl-
back wings X = 60° and X = 45° ( from Reference 61).

1 1.2 1.

From the pressure distribution obtained for the triangular wing the lift for
every type of wing with supersonic trailing edge, derived from the triangular
wing with subsonic or supersonic leading edges, can be obtained. For example,
lift or wings such as those shown in Figure 242 can be determined.

Triangular Wing with Subsonic Leading Edge. Determination of the
Induced Drag. As was discussed on page 351, when the leading edge of the
wing is subsonic, and is sharp, a vortex separation occurs in the zone of the
leading edge. The separation can be eliminated by using a round leading
edge. In this way a suction force exists at the leading edge that deviates the
resultant of the pressure from the direction normal {0 the chord, and reduces
the drag due to lift. The existence of suction forces in the triangular wing
with subsonic leading edge increases somewhat the value of the optimum
L/D of the wing. The maximum value of the suction force that can be ex-
pected is obtained when the suction force is extended to the entire leading
edge. The value of this maximum can be calculated.
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Without suction force
D;= La (762)
while if F is the suction force at the leading edge,
D;=La —F. (763)

The suction forces can be calculated as in the subsonic case. In the subsonic
case at the leading edge of a flat plate a discontinuity of velocity component

/// \\\ ’J;\f// \\\5:&"
//A'u\“/:“'\\\ ,//j.t\"/,tf\\\

/7 N v
oG u \\\ ///},u\

Fig. 242. Examples of plan forms thal can be
analyzed by the theory of triangular wing.

in the direction of the chord of the plate occurs. The discontinuity produces
a vortex. If the circulation of the vortex at the leading edge is called T and
the flow is compressible flow, the value of T can be expressed in the form
(Reference 58)

2G

T =
SRV TRV oy

when d is the distance in the direction normal to the leading edge, G is a con-

stant, and V1 — M;? is the compressibility factor (M, is the Mach number

corresponding to the component of the velocity normal to the leading edge.)
The suction force produced by the vortex T, is given by

o2

“Vioa (765

o~
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The velocity at the leading edge of the plate is given by

. G

u = . (766)

=0 N1 — MeVd

For the triangular wing the equation of the flat plate can be used, because
locally the phenomenon is the same as two-dimen-
sional. The component of the velocity along the
wing in the direction normal to the leading edge
is (Figure 243)
ue — v

V14

because ¢ = cot X, but from equation (757),

U=ucosX —rsin X = (767)

w=r o 1T qen)
ox l//c2 . .X 2 V;
x v
v
y Y
oD “"; Fig. 243. Determinalion of
_ _ T - ig. 243.
e _é); - [T a0\ (768a) the suction force.
e
Ve-C
Therefore B
— Ir ‘/C—’
clrV1 2 2

where r = x\/l——{:; is the distance of a point on the leading edge from the
apex.
The suction force for an element dr of the leading edge in the direction
normal to the leading edge from equations (765) and (766) is
‘1& — pmerlin? \/] — E],;’ i

r 5 (769)

If the root chord of the wing is indicated by C,, the value of I, can be ob-
tained by integrating equation (769) from r equal to zero to r equal to

Co\/l + ¢2; therefore

3120 2, 2 —_ ”»TZ
o= p’fq,l,,f“;ﬁl,,'{f,lf,,) }/1_,/‘,/’; . (770)
The component F in the flight direction is given by
R 4_ m‘.f” 4' 2 l\/’iT]n) -
Fo=2F cos X = PTY \/l + .(J,L,i,i,l_,ﬁ . (771

-
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Substituting in equation (771) the value of [ given by equation (754), and
for V1 — M.? the corresponding expression

— V1 = B2
Vﬁ—-Mﬁ=~;%4j§- (772)
C

The induced coefficient becomes

o La — F _ r'l:zE <\/1—_ Bzcz> _ \/1_3202:| (773)

aves ™
where A is the aspect ratio of the wing and the term C;*/mA V1- B repre-
sents the suction forces. When Be = 1 or when the leading edge becomes
sonic, the suction forces disappear and the induced drag becomes [E(0) = «/2]
Gt
A
. 4
but A =4cot X =4tanpy = —um—-
VM -1
Therefore equation (774) is equivalent to equation (735a).
1f Bc approaches zero, because E(1) is equal to one, the induced drag becomes
V.2
CD iBe—0 = S;_j;l
which is the value found for very slender wings and is the value obtained
for incompressible flow.

(JD' =

(774)

(775)

Rectangular Wing. The aerodynamic phenomena for a wing with rectangu-
lar plan form are different from the phenomena for a two-dimensional wing
only in the zone of the tips contained within the Mach cones, having their
apexes at the ends of the leading edge (see Chapter 14, page 293). In this zone
the cffect of the tips changes the flow from two-dimensional, and the variation
is such that, at the tips, conical flow exists. (Indeed, for the tips of a rectan-
gular wing the same considerations made in Chapter 12, page 236, can be ap-
plied.)

Determination of the flow field at the tips of the wing is possible with the
approximation of the small-disturbances theory, and various different mathe-
matical treatments have been developed (References 56 and 57). Here the
treatment that uses the scheme of doublet distribution will be given (Refer-
ence 56).

In the second paragraph of this chapler it was shown thal in supersonic
flow, doublet distributions can be substituted for lifting surfaces. In a ree-
tangular wing (Figure 241) the 1ift must go 1o zero al the lip of the wing (lines
AB and A B), while it must have a constant value in the zone between the
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two end Mach cones (zone ACCiA;). In the zones ABC and AiBiCy, the
phenomenon must be conical; therefore the lift distribution can be considered
as obtained by superimposition of an infinite number of constant and infini-
tesimal lift distributions of trape-

zoidal plan form (ADA.D:) with 1\/]
different values of the angle X. The

angle X that defines the plan form of
the trapezoidal infinitesimal wing |\ /
must have values between w/2 and ; ;
(x/2 — w), where u is the Mach angle. . ,
In this way, in the zone between the N /
two Mach cones (zone ACCiA,), a \ /
constant lift distribution is obtained, A /

while within the Mach cones the Lift 2 b c G b B,
remains constant along every straight Fig. 244. The reclangular flal plale.
line from the apexes A and A, of the

cones, and therefore the phenomenon is conical.

The problem of determining the lift distribution of the rectangular wing is
transformed into the problem of determining the intensity of the lift distri-
bution of the trapezoidal wings as a function of the angle X, in order to satisfy
the boundary conditions. The boundary conditions are satisfied if the result-
ant of the induced velocities produced by the infinitesimal lift distribution is
such that the flow is tangent to the wing.

Now the induced velocity produced by a trapezoidal wing with constant
lift distribution can be determined.

Trapesoidal Lift Distribution of Constant Intensity. 1f a trapezoidal
wing, of angle X and lift intensity v, constant on the cntire surface is analyzed
(Figure 245), the velocity induced by every strip, dg, of the surface can be
calculated by using equation (7146). If the strip considered is placed along
the axis (£ = 0) from —1 to +1, the vertical component of the induced velocity
(downwash) produced by the lifting element v, d¢ in the plane (z = 0), is
given by

HE@Vﬁ'B”y_W (776)

dw = —
2 (1 —y)

while for an element of surface extended from —n to +» at the distance £ from
the leading edge, the downwash is given by

V-8 - B~

dw = — V" dt -

27 (r =& (n—y)

777)
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The downwash is zero outside of the Mach cone with apex at the ends of the
element.
The velocity induced by the entire distribution at a point P(z, y, 0) is

E=t*
I 7 Vi -9 =By —n (778)
w T e-Da-v
v,
” ; y ¥
AN
/P
lx,f

Fig. 245. The induction due to a trapezoidal circu-
lation distribution of constani inlenstly.

The upper limit £* corresponds to the value of ¢ of the last strip 4A4’, of surface
that can affect the point P(z, v, 0) (Figure 245). Now the coovdinates ¢*, n*,
of the point A are given by the following expression:

«
=y 1
=tanpy = + — 779
P u B (779)
or
17—y
wB=x1 (779a)
r— &
and
I
! *ﬂ = cot X. (780)
¢

The plus-or-minus sign in equation (779) corresponds to the two possible
positions of the point P with respect to the point A, the position Py, and the
position Ps.

Equation (778) can be transformed by introducing the following parameters:

r=B %1-{ (781)
d T ‘:
> 1 - Y -
h=D8B ——-* (781a)
z
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1—79

0 = =BcotX=BT (781b)

)

because 7 is the ordinate of the end points of the lifting elements. In this case
the lower limit of the integral, & = 0, corresponds to n = 1, and

n=Bl—y=h
X

while the upper limit, ¢ = £, corresponds to r = +1 (equation 779). But

dn =Yy
+ B d
— & (ﬂc—é)215

dr =+ B
x

or because

B <1 ; 7’) = 0 = Bcot X = constant

dr = + d (r — 0).
Therefore equation (778) becomes
r=11
RO -
w=— 1 V- dr (782)
T - T T— 0O
For equation (782) three cases must be con-
sidered (Figure 246). The first case is when X
the point P is on the lifting surface (P
= Pl)9 12
h>o /A
and in the upper limit the plus sign must be 7 : N
considered. . I 76
The second case is when P = P, Rixy) Mo 2 \p,
0<h<®© Case 1 Case 2 Case 3
or Fig. 246. The three possible
0 < 11—y < 1—1n positions of the point P in which
x £ the induction must be defer-
mined.

The point P is outside the lifting surface but
is in the rectangular wing. In this case the integration in equation (782)
must be extended from r = h to r = —1 or from

B1=Y_pl=Y.y
x — & xr

B(”———“y>= - L
A

to
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In this case a position must be considered in which = = 0. For r = 0 the
integral of equation (782) has a singularity and the value of w must be deter-
mined by using the expression

T=e T=—1
w=_ﬂ31iml:/ ,L:ﬁ_dT__}_ vi-- de] (782a)

21 0 T r— 0 T T —

=h r=—t
The third case is when the point is outside the rectangular wing, h < 0 (P =
P3). The upper limit in this case is minus, and r is always negative.

The integral
1
/ V ]. - T2 dT
i —

o = F(h0) (783)

T T

can be calculated by elementary methods.

If it is assumed that
V1—-72=r—-1 (784)
and

=1+\/1—h2

v h

(784a)
F(h, 6) becomes

r=y
F(h, 0) = / (L = r2)%dr (785)

rd+r)2r—60+rm]

but
(1 — r2)? _ 2 1
r(1+r2)[2r—6(1+r2)]_ 1+r2 Or
+\/1—92< 1 > (786)

0 r—re r—n

where

P = ——F— (787)

Therefore when h > 6 for the function F(h, 0), the following expression is
obtained:

F(h,0) = ’21 — 2tan~ly — k’—gib

V1 — e 1+V1—-640 —1+V1 - e

+ log = (788)
0 ) 1—y0+V1—e

When the point P considered is outside the trapezoidal lifting surface, but in

the rectangular wing, if the expression

m=1+v1—e2

e

LIFT OF SUPERSONIC WINGS 377

is introduced, the first integral of equation (782a) becomes
+e
— 22
\/__—__1 v dr _ + 2tan~'m — 2 tan'y + logm _logy
N T T—0 o o

h ————
+\/1—eﬂlogm6~1—\/1~eﬂe¢—1+\/1—92
0 mo—14+V1i—etey—1-V1-e

and the second integral becomes

-1
A\ —_ 2
__1_"_4 dr _ _ —I+2tan‘1m— log m
B T T— 0 2 (S}
Vi—g, mo+1—-+1_g
+ log _—
0 mo+1+V1-—e

When e — 0, m — o ; therefore the function F(h, ©) has the form

F(h, 0) = %w — 2tanty — L‘{g_!/

+v1—9210g1+\/1—e‘le¢—1+w1—92
o o oy — 1 —V1—e

Lift Distribution for a Rectangular Wing. For a rectangular wing, in the
central zone contained between the two Mach the cones with their apex at the
ends of the leading edge, a constant induced velocity exists, due to the plane
waves at the leading edge.

With the approximation of the small-disturbances theory, the value of the
vertical component of the induced velocity is given by
Wwaves = — 0‘0‘/v = - 1 To .
2 tan u

(788a)

(789)

Indeed, the difference in pressure between upper and lower surfaces is given
by (equation 355)

pu—pi=A48p = pVily (790)
and from equation (103) is obtained
Du — 1 = 2p1 Vilag tan u. (790a)

Equation (789) gives the value of the intensity of circulation (constant) that
exists in the central part of the wing.

At the ends of the wing the circulation must be zero, and in the zone of Mach
cones at the tips the intensity of circulation can be expressed in the form

T(h) = T'of (h) (791)

because the phenomenon is conical.
In the zone of the tips a vortex distribution in the direction of the x-axis
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exists which produces an induced vertical velocity w,; therefore the boundary
conditions at the tips can be written in the form

Wy

oy = o (h) — v, (792)
where
1 1)
h) = ——" . 793
a () 2 Vitan u (193)

The variation of circulation intensity from the zone h to the zone (h + dh)

is given by
dr(h) = Tof'(l)dh. - (794)

Therefore it is possible 1o assume that the circulation distribution of the wing
is obtained by superimposition of an infinite number of trapezoidal circulation
distributions. The intensity of the distribution is such that, for a value of ©
equal to the h considered in (794), it must be

[ (0) =Tof (h) = Tyf' (0) (795)

The velocity induced at every point P(z, y, 0) inside the Mach cone by the
circulation distribution of intensity as in equation (795) is given by (equations
782 and 783)

I,f’ (0)do

dw (h) = BF (h, ©) 796)

Therefore the induced velocity along every line (4 = constant) is given by

27 tan u

0=1
wh) = — - To / F (ho) f(0)do. (797)
5]

=0
Substituting in equation (792) equations (789), (791), and (797), the bound-
ary conditions can be expressed in the form

8=1

fh) + ! / ' (©)F(@®, hydo = 1. (798)
N 0=0

The function F(h, ©) is given by equation (782) and presents a singularity

for h = O (an infinity occurs in the value within integral for the condition

h = 0). Therefore equation (798) must be determined by using the expression

O=h—e¢
fh)+ Lyt { / f' (0)F(h, ©)do

T e>0
o=1
—I—/ " (@)f(h, 9)d6:| = 1. (799)
O=hte

=0
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Differentiation with respect to h gives

O="h
, 1 v . OF (h, , _
i+ l:f/ (WFu(h, By + / 70 289 do —  @oF b
8=0

0=1
. OF (h©)
0 —-——do |=
+ / S v ] 0.  (800)
O=h

In equation (800) the term Fi(h, k) is the principal value of equation (788) for
© equal Lo h, and the term Fy(h, h) is the principal value of expression (788a)
for 6 equal to h; therefore the expression

L [Fl (b — Fy (h, ﬂ
i

can be obtained from the value of the limit of the difference of expressions
(788) and (788a) for © — h. The limit gives for the expression the value of —;
therefore equation (800) becomes

=1
/ 1o ON 4o, (801)
dh
0=0
After differentiation within the integral, equation (801) becomes
/1 1 =1 .
Vi-# / L®) 4o - (802)
h h--06
0=0
or
0=1 , e) .
/ O 4o = 0. (803)
h—o
0=0
For equation (803) the following solution can be found:
£0) = ¥ cost (1 = 20). (804)
T

Lift, Drag, and Moment of the Rectangular Wing. The lift of the rec-
tangular wing can be considered as composed of the lift of the central zone,
between the two end Mach cones, and of the lift of the surface contained in-
side the Mach cones. If A is the aspect ratio, and S the surface of the wing,
the first part of the lift is given by

L = pVilS (1 - “‘Z “)- (805)
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The lift of the second part is given by

0=1 6=1
L2 = prlgtan,u/F(e)de = tan,uplvlgl’o/ f(O)de.
o 6=0

=0

Because
1
1
0)do = =
/0 1(6) 5
the total lift is
1t
L = pViTeS <1 -3 ""2 “) (806)
and
C. = 4ap tan _liang
L 0 M 5 1 (807)

Because the lift coefficient of the infinite wing C., is, with the approximation
accepted,
CLoo = 4&(; tan M

the lift coefficient of the rectangular wing can be expressed in the form

_ 1 tan u
€ =Cro l:l ~3a J (808)

The drag of the wing also can be divided in two parts: the drag of the central
zone of the wing and the drag of the tips.

The drag of the central zone can be determined with the two-dimensional
theory and is

S tan u
D, = L = 2~ Ty? tan M(l - 1 ) (809)

The wave drag of the tips is given by (equation 793)

1
r
D, =2 r ds
’ p1/0 2 tan u (810)

because I'/(2 tan u) is the induced downwash velocity. The elemental tri-
angular surface can be expressed in the form

_ S
dS = tan oA do (811)

and
' = T'of(6) (812)
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Therefore the wave drag of the tips is’

D, = j”; I / l[f(e)T do 813)

At the tips of the wing a free vortex distribution exists that also produces
an induced drag, D;. This part of the drag can be expressed in the form

1
D, = 2p f I'w,dS. (814)
0
But
T
wn = LI Sl (815)
2 tan u
Therefore the total drag is given by
S 1 tan
D=D,+ D+ D; =21y [1—-—“] 816
1+ D+ Dy g 10 tan g 27 (816)
and
Cp = dogttan | 1 — Llme | Co (817)
2 A v ( 1 tan y)
4 tan u - -
2 A

If the lift coefficient is constant, the drag increases when the aspect ratio of
the wing decreases.

Using the value of the drag, Cp_, of an infinite wing for the same hft coef-
ficient, equation (817) can be written in the form

Cp=Cpy ——— - (818)

1If the axis of reference is at the leading edge, the moment of the wing is

m = 2pV2eSe I:l - lw] tan u (819)
2 A
where ¢ is the chord of the wing; therefore
Cn = — dag tan u I:l _1tan “:| C A—2/3tanp (820)
2 3 A 24 — tan

Equations (808), (817), and (820) are valid until the aspect ratio of the wing
bhecomes so small that the Mach cones at the tips overlap on the surface of

the wing.
When a zone of the wing exisls lhal is inside both Mach cones from the ends
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of the leading edge, equations (808), (817), and (820) are no longer valid, but
the flow field and the pressure distribution can still be determined with the
same system. Indeed, past the tip of the wing a flow field has been found
that satisfies the boundary conditions, and the boundary conditions and law
of motion are still satisfied if the two flow fields of the tips are superimposed,
because the approximate form of the motion is used.

The pressure coefficient in the zone in which the two Mach cones overlap

is given by
21 (h)
C, = 821
» T (821)
but from equations (792) and (793)
1 T(h) Wy, W
————— =all) =y~ — —F 822
2 Vitan u alh) = ay Vi Vi (822)

where w;, is the vertical velocity component induced by one of the tips and
wy, 1s the vertical velocity component induced by the other tip. (The values
of hy and hy are the values of h for the point examined, considered respectively
in each of the two ends of the wings.) The value of w, is given by equation
(815)

wy = LT [1 ~ L osi (1 — 29)] (823)
2 tan u T
Therefore
. tan u = _ ’
C, = dag cos' (1 — 206,) + cost (1 — 20,) — = |. (824)
T

Again 6, and 0, are the values of 6 for a
given point of the wing when the two oppo-
site ends of the wings arc considered.

When the aspect ratio of the wing has
such a value that the Mach cones reach
the ends of the trailing edge (A = tanp)
(Figure 247), for every point P of the trail-
ing edge (line DE) the following relation
exists between 0, and 6,:

A B

l—m [ 11—
O+ 6= — 24—
P planpg | ftanp D W P M E
Therefore Fig. 247. The winyg plan form that

has zero pressure difference at the
cost (1 — 26y =7 — cos™' (1 — 26,) Irailing edge. .

(825)
and (Reference 57)
C,=0. (826)
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Figure 248 shows the lift distribution on the surface of the wing for A = tan p.
If the aspect ratio of the wing is less than tan y, the zone of the wing behind the

2bV/M-1

Fig. 248. The lines of constant pressure in a rectangular
wing with zero pressure difference at the trailing edge.

line DE, placed at a distance from the leading edge of tan u times the span of
the wing, has negative lift.
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(2) SYMBOLS OFTEN USED

Latin symbols

A aspect ratio of the wing
a speed of sound

B VMg?—1lorcotyu

¢ . chord of a profile

Cp drag coefficient

C;, lift coefficient

¢n pitching-moment coefficient

c, pressure coefficient

¢, specific heat at constant pressure (energy per degree for unit weight in mechanical

units)
specific heat at constant volume (energy per degree for unit weight in mechanical

units)

drag

acceleration of gravity

total heat (mechanical units, energy per unit mass)
lift

Mach number

viscosity coefficient or mass flow

S
<

.. . C +C, .
characteristic number corresponding to _1:!)-_1 equation (94)

pressure

heat (energy per unit mass, mechanical units)

gas constant (length per degree)

radius in polar or spherical coordinates

entropy (energy per degree per unit mass, mechanical units)
absolute temperature

time (Chapter 1) or thickness of the profile

velocity component in the z direction

velocity component in the y direction

critical stream velocity (velocity of sound at M = 1, equation 83)
limiting velocity (maximum possible velocity, equation 85)

= Ssez“ﬂm‘l O zgghNQg

%/ ratio of the local velocity to the limiting velocity
1
w velocity component in the z-axis direction

xyz Cartesian coordinates

Greek symbols
angle of attack

[24

B  angle between the shock and the velocity behind the shock

¥ Gy = 1.40 in the numerical applications

§ = (e — B), deviation of the velocity direction across the shock

angle between the front of the shock and the velocity in front of the shock
¢ Cartesian coordinates (£7¢)
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polar or spherical coordinate (rpe) or Cartesian coordinate ({5%)
inclination of the vector velocity with the z-axis in the xy-plane
inclination of the characteristic lines, or tangent to the wing profile
Mach angle

angle of expansion from (M = 1) to the stream Mach number
Cartesian coordinate (£y¢)

density

potential function

polar (rpe) or cylindrical coordinate (zye)

angle of sweepback (measured between the edge of the wing and the normal to the
direction of the velocity)

Subscripts

0
1
n
t
T

tank conditions for undisturbed stream (V = 0)
conditions of the undisturbed stream

normal component

tangent component

total



(3) TABLES USEFUL IN THE ANALYSIS OF
SUPERSONIC FLOW

All the tables are determined assuming vy = 1.40.

TABLE I: Iscntropic transformations.

The table gives as a function of the Mach number M (column 1) the following quanti-
ties (part of the numerical values are taken from reference 63):

Column 2

Column 3

Column 4

Column 5

Column 6

Column 7

Column 8

390

The ratio of the stream static pressure p to the stagnation pressure p, —
the ratio is determined using equation (11).

The ratio of the stream temperature T to the stagnation temperature
To — the ratio is determined using equation (319).

The ratio of the stream density p to the stagnation density po — the ratio
is determined with equation 6.

The ratio of the cross section of the stream tube when the Mach number is
equal to one (A4.,) to the cross section of the same stream tube when the
Mach number has the value given by column 1 — the ratio is determined
with equation (51a).

The ratio of the local velocity to the limiting velocity (maximum possible
velocity obtained expanding the air to zero pressure) — the ratio is de-
termined with equation (85b).

The value of the Mach angle u (determined with equation 52).

The value of the deviation of expansion » necessary to obtain the given
stream Mach number from M = 1. The value is determined with equation
(81).

TABLE 1

P T 14 A 14
M Po To Pu A Vl
.00 0000 1.0000 1.0000 00000 00000
01 9999 1.0000 1.0000 01728 00447
02 9997 9999 .9998 03155 00894
.03 9994 9998 9996 05180 01342
04 .9989 9997 9992 06905 01789
.05 19983 .9995 .9988 08625 02236
.06 9975 9993 9982 1035 02683
.07 .9966 .9990 9976 1206 03130
.08 9955 9987 .9968 1377 03577
09 19944 9984 19960 1548 01024
.10 19930 .9980 9950 1718 04471
A1 9916 9976 19910 1887 01916
12 .9900 9971 9928 .2056 05361
A3 .9883 .9966 9916 2224 05805
14 9864 9961 .9903 2391 06249
15 9844 19955 .9888 2557 06693
.16 9823 9919 9873 2723 07137
A7 .9800 9943 9857 .2887 07581
18 9717 9936 9810 3051 08024
19 9751 .9928 9822 3213 08466
.20 9725 9921 9803 3374 08908
21 9697 9913 9783 3534 09349
22 .9669 .9904 9762 .3693 09790
.23 9638 .9895 9710 .3851 1023
24 9607 9886 9718 1007 1067
.25 9575 9877 9694 4162 d111
.26 9541 9867 9670 4315 1155
27 9506 .9856 9645 1168 1199
.28 9170 9816 9619 1618 1242
.29 9433 9835 9592 1767 1286
.30 19395 .9823 9564 4914 1330
31 9355 9811 9335 5059 1373
32 9315 .9799 .9506 5203 1417
.33 9274 .9787 9476 5345 1460
34 29231 9774 9445 5186 1503
.35 9188 9761 9113 5624 1546
.36 9143 9747 9380 5761 1590
37 .9098 9733 9347 .5896 1632
.38 .9052 9719 9313 6029 1675
.39 9004 9705 9278 6159 1718
40 .8956 .9690 9243 .6288 1761
Al .8907 9675 9207 6415 1804
A2 .8857 9659 9170 .6541 1846
43 .8807 9643 9132 6664 1888
44 .8755 9627 9094 .6784 1931
A5 .8703 9611 9055 6903 1973
A6 .8650 19594 9016 .7019 2015
AT .8596 9577 .8976 7134 2057
48 .8541 9560 .8935 7246 .2099
A9 8518 9542 .8894 7356 2141
.50 8430 9524 .8852 7464 2182
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TABLE 1 (Continued)
p T P A |4
M Do To Po A Vi
.50 8430 9524 .8852 7464 2182
.ol 8374 9506 8809 .7569 2224
.52 8317 9487 8766 L7672 .2265
53 8259 9168 8723 773 .2306
54 8201 .9449 .8679 7872 .2348
.55 8142 19430 .8631 .7969 .2389
.56 .8082 9110 8589 .8063 .2429
.57 .8022 .9390 8544 8155 2470
.58 7962 9370 .8198 8244 2511
.59 .7901 9349 .8451 .8331 .2551
.60 7810 .9328 .8405 .8416 2592
.61 7778 9307 8357 .8499 2632
.62 7716 9286 .8310 .8579 2672
.63 7654 19265 8262 8657 2712
.64 7591 9243 .8213 8733 2752
.65 .7528 L9221 .8161 8806 2791
.66 7465 9199 8115 .8877 2831
.67 7101 9176 .8066 .8945 .2870
.68 7338 9153 .8016 9011 2910
.69 7274 9130 7966 9076 .2949
.70 7209 9107 7916 9138 .2988
q1 7145 9084 7865 9197 3026
72 7080 9061 7814 19255 .3065
a3 7016 9037 7763 19309 3103
74 6951 9013 712 19362 3142
75 .6886 .8989 7660 9413 .3180
.76 6821 .8964 .7609 9461 3218
77 6756 .8910 1557 9507 .3256
.78 6691 .8915 7505 19551 .3294
.79 6625 .8890 7452 19592 3331
.80 .6560 .8865 7400 9632 3369
81 6195 8810 7347 9669 .3106
.82 6130 .8815 7295 9704 .3443
.83 6365 .8789 7242 9737 .3480
81 6300 8763 7189 9769 3517
.85 6235 8737 7136 9797 3553
.86 6170 8711 7083 19821 .3590
.87 6106 8685 7030 .9849 .3626
.88 6041 .8659 6977 9872 .3662
.89 5977 .8632 .6924 9893 .3698
.90 5913 .8606 6870 L9912 3734
91 .5849 .8579 6817 9929 3769
92 5785 .8552 6764 9944, .3805
.93 5721 .8525 6711 .9958 .3840
94 .5658 .8498 6658 .9969 .3875
.95 .5595 8171 .6604 9979 .3910
.96 .5532 .8444 6551 .9987 .3945
97 5469 8416 6498 9992 .3980
.98 .5407 .8389 6445 9997 4014
.99 5345 . .8361 .6392 .9999 4048
1.00 .5283 8333 6339 1.0000 4083

TABLE 1 (Continued)
M P I i Ao v
Po To po A v # v
1.00 5283 .8333 .6339 1.0000 .4083 90.00 0
1.01 5221 .8306 6287 .9999 Al16 $1.93 045
1.02 .5160 .8278 6231 .9997 4150 78.64 126
1.03 .5099 .8250 6181 .9993 4184 76.14 .230
1.04 .5039 .8222 6129 .9987 4217 74.06 .351
1.05 .4979 .8193 6077 .9980 4250 72.25 488
1.06 4919 .8165 6024 9971 4284 70.63 .637
1.07 4860 .8137 5972 9961 4317 69.16 797
1.08 4801 .8108 .5920 .9949 4349 67.81 .968
1.09 ATA2 .8080 .5869 .9936 4382 66.55 1.15
1.10 4684 .8052 .5817 .9921 A414 65.38 1.34
1.11 4626 .8023 .5766 9906 4116 61.28 1.53
1.12 4568 7994 5714 9888 4178 63.23 1.74
1.13 4511 .7966 .5663 .9870 4510 62.25 1.95
1.14 A455 .7937 5612 .9850 4542 61.31 2.16
1.15 4399 .7908 5562 .9829 A574 60.41 2.38
1.16 A343 7879 5511 .9806 4605 59.55 2.61
1.17 4287 1851 .5461 .9783 4636 58.73 2.84
1.18 4232 7822 5411 9758 4667 57.93 3.07
1.19 4178 .7793 .5361 9732 1698 57.18 3.32
1.20 Al124 1764 5311 .9705 4729 56.44 3.56
1.21 4070 7735 5262 9676 4759 55.74 3.81
1.22 4017 7706 5213 9647 4790 55.05 4.07
1.23 3965 677 5164 9617 1820 54.39 4.32
1.24 3912 7648 5115 9586 4850 53.75 4.57
1.25 .3861 7619 5067 9553 4880 53.13 4.83
1.26 .3809 7590 .5019 19520 4910 52.53 5.09
1.27 .3759 7561 4971 9486 1939 51.94 5.36
1.28 .3708 7532 4923 9451 4968 51.36 5.63
1.29 .3659 7503 4876 9415 4997 50.82 5.90
1.30 .3609 474 .4829 9378 .5026 50.28 6.16
1.31 .3560 7445 A782 .9342 5055 49.76 6.44
1.32 .3512 7416 A736 9302 5084 49.25 6.72
1.33 .3464 7387 4690 9263 5112 48.75 7.00
1.34 3417 .7358 4644 9223 5140 48.27 7.28
1.35 .3369 7329 4598 0183 5168 47.79 7.56
1.36 .3323 7300 4553 9111 5196 47.33 7.84
1.37 .3277 7271 4508 .9099 5224 46.88 8.13
1.38 3232 7242 4463 .9057 5252 46.44 8.41
1.39 .3187 7213 4418 9013 5279 46.01 8.70
1.40 .3142 7184 4374 .8969 5307 45.58 8.99
1.41 .3098 7155 4330 .8926 5334 45.17 9.28
1.42 3055 7126 4287 .8880 .5361 44.77 9.57
1.43 .3012 7097 4244 .8834 .5388 44.37 9.86
1.44 .2969 7069 4201 .8788 5414 43.98 10.15
145 2927 7040 4158 8742 5441 43.60 10.44
1.46 .2886 7011 4116 .8695 5467 43.23 10.73
1.47 .2845 .6982 4074 8647 5493 42.86 11.03
1.48 .2804 6954 4032 .8599 5519 42.51 11.32
1.49 2764 6925 .3991 .8551 5545 42.16 11.61
1.50 2724 .6897 .3950 .8502 5571 41.81 11.91
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TABLE 1 (Continued)
P T P 1451- V
M P T. pu A v, “ g
1.50 2724 .6897 .3950 .8502 5571 41.81 11.91
1.51 .2685 .6868 3909 .8453 5596 11.47 12.20
1.52 2646 .6810 3869 .8404 5622 41.14 12.51
1.53 .2608 6811 3829 8354 5647 10.81 12.80
1.54 2570 6783 3789 8304 5672 40.49 13.09
1.55 .2533 6754 3750 .8254 5697 40.18 13.39
1.56 .2496 6726 3711 .8203 5722 39.87 13.68
1.57 .2459 .6698 3672 .8152 5716 39.56 13.97
1.58 2423 6670 .3633 .8102 5771 39.27 14.27
1.59 .2388 6642 .3595 .8050 5795 38.97 11.57
1.60 .2353 L6611 3557 .7999 5819 38.68 14.86
1.61 2318 6586 .3520 7947 5813 38.40 15.16
1.62 2281 .6558 3183 .7895 5867 38.12 15.46
1.63 2250 6530 3116 .7813 5891 37.81 15.75
1.64 2217 6502 .3409 7791 5914 37.57 16.04
1.65 2181 6475 .3373 7739 .5938 37.31 16.33
1.66 2152 L6447 3337 .7686 5961 37.01 16.63
1.67 2120 6119 3302 7633 .5984 36.78 16.93
1.68 .2088 .6392 3267 7581 6007 36.53 17.23
1.69 2057 6361 .3232 7529 6030 36.28 17.52
1.70 2026 6337 3197 7476 6052 36.03 17.81
1.71 .1996 6310 3163 7423 6075 35.79 18.10
1.72 .1966 .6283 3129 7371 6097 35.55 18.40
1.73 1936 6256 .3095 7318 6119 35.31 18.69
1.74 1907 .6229 3062 .7265 6111 35.08 18.98
1.75 1878 .6202 .3029 7212 6163 31.85 19.27
1.76 .1850 6175 2996 7160 6185 31.62 19.56
1.77 1822 6148 2964 7107 6207 34.40 19.85
1.78 1794 6121 2932 .7055 6228 34.18 20.14
1.79 1767 .6095 .2900 7002 6249 33.96 20.43
1.80 1740 .6068 .2868 6949 6271 33.75 20.72
1.81 1714 6041 2837 6897 6292 33.54 21.01
1.82 .1688 6015 2806 6845 6313 33.33 21.30
1.83 1662 .5989 2776 6792 6333 33.12 21.59
1.84 1637 5963 2745 6741 6354 32.92 21.88
1.85 1612 .5936 2715 6689 6375 32.72 22.16
1.86 1587 .5910 2686 6636 6395 32.52 22.45
1.87 1563 5884 2656 6583 6415 32.33 22.74
1.88 1539 5859 2627 6533 6435 32.13 23.02
1.89 1516 .5833 2598 6182 6155 31.94 23.31
1.90 1492 5807 2570 6430 6475 31.76 23.59
1.91 1470 5782 2542 6379 6495 31.57 23.87
1.92 1447 5756 .2514 6328 6515 31.39 24.15
1.93 1425 5731 2486 6277 6534 31.21 24.43
1.91% .1403 5705 2459 6226 .6553 31.03 24.71
1.95 1381 .5680 2132 6176 6572 30.85 21.99
1.96 .1360 5655 2405 6125 .6592 30.68 25.27
1.97 1339 .5630 2378 L6075 L6611 30.50 25.55
1.98 1318 .5605 2352 6025 6629 30.33 25.83
1.99 .1298 5580 2326 5975 6648 30.17 26.11
2.00 1278 5556 .2301 26.38

5926

30.00
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TABLE 1 (Continued)
P T 0 Aer |4
M . T, P A v, # g
2.00 1278 5556 .2301 5926 6667 30.00 26.38
2.01 1258 .5531 2275 5877 .6685 29.84 26.66
2.02 1239 5506 2250 5828 6703 29.67 26.93
2.03 1220 5482 2225 5779 6722 29.51 27.20
2.04 1201 5158 .2200 5730 6740 29.35 27.48
2.05 1182 5433 2176 5682 6758 29.20 27.75
2.06 1161 .5109 2153 .5634 6776 29.04 28.02
2.07 1146 .5385 2128 .5586 6793 28.89 28.29
2.08 1128 5361 2105 .5538 6811 28.74 28.56
2.09 Jd111 5337 .2081 5491 .6828 28.59 28.83
2.10 1094 5313 .2058 5444 6816 28.41 29.10
2.11 1077 .5290 2035 5397 .6863 28.29 29.36
2.12 1060 .5266 2013 5350 .6880 28.14 29.63
2.13 1043 5243 1990 5301 .6897 28.00 29.90
2.14 1027 5219 .1968 5258 6914 27.86 30.17
2.15 1011 5196 1946 5212 6931 27.72 30.43
2.16 0996 5173 1925 5167 6948 27.58 30.69
217 .0980 .5150 1903 5122 .6964 27.44 30.95
2.18 .0965 5127 .1882 5077 6981 27.30 31.21
2.19 L0950 .5104 1861 .5032 6997 2717 31.47
2.20 0935 .5081 1811 1988 7013 27.04 31.73
2.21 L0921 5059 1820 914 7030 26.90 31.99
2.22 0906 .5036 .1800 1900 7046 26.77 32.25
2.23 0892 5014 1780 1856 7061 26.64 32.51
2.24 0878 4991 1760 A813 7077 26.52 32.77
2.25 L0865 1969 1740 A770 7093 26.39 33.02
2.26 0851 4947 1721 A727 7109 26.26 33.27
2.27 0838 1925 1702 1685 7124 26.14 33.52
2.28 0825 1903 .1683 4643 7140 26.01 33.78
2.29 0812 1881 1664 4601 7155 25.89 34.03
2.30 .0300 1859 .1646 .4560 7170 25.77 34.28
2.31 0787 4837 1628 L1519 7185 25.65 34.53
2.32 0775 1816 1610 1478 7200 25.53 34.78
2.33 .0763 AT 1592 4437 7215 25.42 35.03
2.34 0751 AT73 1574 A397 7230 25.30 35.28
2.35 0740 4752 .1556 A357 7245 25.18 35.53
2.36 0728 4731 1539 4317 .7259 25.07 35.77
2.37 0717 A709 1522 A278 7274 24.96 36.02
2.38 0706 4688 1505 4239 7288 24.85 36.26
2.39 .0695 4668 .1489 4200 7302 24.73 36.51
210 .0684 A647 1472 4161 7317 24.62 36.75
2.41 0673 4626 1456 A123 L7331 24.52 36.99
2.42 0663 4606 1410 A085 7345 24.41 37.23
2.43 0653 A585 1424 1018 7359 24.30 37.47
2.44 0613 A565 1408 A010 7372 24.20 37.71
2.45 0633 4541 1392 3973 7386 21.09 37.95
2.46 0623 1524 377 3937 7100 23.99 38.18
247 0613 504 1362 3900 TA13 23.88 38.42
248 0604 1484 1347 3861 T2 23.78 38.66
2.19 0595 4461 1332 3828 740 23.68 38.89
2.50 0585 A4 1317 3703 7151 23.58 39.12
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TABLE 1 (Continued)
p T p Acr 14
M o T, oo A v, . g
2.50 .0585 4444 1317 3793 7154 23.58 39.12
251 0576 4425 1303 3757 7467 23.48 39.35
2.52 0567 .4405 .1288 3722 7480 23.38 39.58
2.53 0559 4386 1274 .3688 7493 23.28 39.81
2.54 .0550 A366 1260 .3653 7506 23.19 40.05
2.55 0542 A347 1246 .3619 7519 23.09 40.28
2.56 0533 4328 1232 .3585 7532 22.99 40.51
2.57 0525 1309 1219 3552 7544 22.90 40.74
2.58 0517 1289 1205 3519 7557 22.81 40.97
2.59 0509 4271 1192 .3486 7569 22.71 41.19
2.60 0501 4252 1179 .3453 7582 22.62 41.41
2.61 .0493 4233 1166 3421 7594 22.53 41.63
2.62 .0486 4214 1153 3389 7606 22.44 41.86
2.63 0478 4196 1140 3357 7619 22.35 42.08
2.64 0471 A177 1128 .3325 7631 22.26 42.30
2.65 0464 A159 1115 3291 7643 22.17 42.52
2.66 0457 4141 1103 .3263 7655 22.08 42.74
2.67 .0450 4122 .1091 .3232 7667 22.00 42.96
2.68 0443 4104 1079 3202 7678 21.91 43.18
2.69 0436 4086 1067 3172 7690 21.82 43.40
2.70 0130 1068 1056 3142 7702 21.74 43.62
2.71 0423 4051 1041 3112 7713 21.65 43.84
2.72 0417 4033 1033 3083 7725 21.57 44.06
2.73 0110 1015 1022 3054 7736 21.49 44.27
2.74 0101 .3998 1010 .3025 7748 21.41 44.48
2.75 0398 .3980 0999 .2996 L7759 21.32 11.69
2.76 .0392 .3963 0989 .2968 770 21.24 44.90
2,77 .0386 .3945 0978 .2910 7781 21.16 45.11
2.78 L0380 3928 0967 2912 7792 21.08 45.32
2.79 0371 3911 0957 2884 7803 21.00 45.53
2.80 0368 3891 0916 2857 L7811 20.92 . 15.74
2.81 0363 3877 L0936 .2830 7825 20.85 45.95
2.82 0357 .3860 L0926 2803 7836 20.77 46.16
2.83 L0352 3844 0916 2777 7846 20.69 46.37
2.81 0347 3827 .0906 2750 7857 20.62 46.58
2.85 0341 3810 .0896 2721 7868 20.54 46.79
2.86 .0336 3791 0886 .2698 7878 2047 46.99
2.87 L0331 37T 0877 2673 7888 20.39 17.19
2.88 0326 3761 0867 2618 7899 20.32 17.39
2.89 0321 3715 0858 .2622 L7909 20.24. 47.59
2.90 0317 3729 0849 .2598 27919 20.17 47.79
291 0312 3712 L0840 2573 7929 20.10 47.99
2.92 0307 .3696 0831 2549 7940 20.03 48.19
2.93 0302 .3681 .0822 2524, 7950 19.96 48.38
2.94 .0298 3665 0813 2500 .7959 19.89 48.58
2.95 0293 3649 L0801 2477 7969 19.82 48.78
2.96 0289 3633 0796 21453 L7979 19.75 48.98
2.97 0285 3618 0787 2430 7989 19.68 49.18
2.98 L0281 3602 0779 2107 .7999 19.61 49.37
2.99 0276 3587 0770 2384 .8008 19.54 19.56
3.00 0272 3571 0762 2362 .8018 19.47 49.75

TABLE 1 (Continued)
v 2 I A ) ,
Do T, po A Vv,
3.00 .2722x101 3571 7623x1071 2362 .8018 19.47 49.76
3.01 2682 .3556 7541 2339 .8027 19.40 49.95
3.02 2642 3541 7461 2317 .8037 19.34. 50.14
3.03 .2603 .3526 .7382 2295 .8046 19.27 50.33
3.04 2564 3511 7303 2273 .8056 19.20 50.52
3.05 .2526 3496 7226 2252 .8066 19.14 50.71
3.06 2489 .3481 7149 .2230 .8075 19.07 50.90
3.07 2452 .3466 7074 .2209 .8081 19.01 51.09
3.08 - .2416 31452 .6999 .2188 .8093 18.95 51.28
3.09 .2380 3437 16925 .2168 .8102 18.88 51.46
3.10 23145 3122 6852 2147 8111 18.82 51.65
3.11 2310 .3408 6779 2127 8119 18.76 51.81
3.12 2276 3393 6708 2107 .8128 18.69 52.02
3.13 2243 3379 6637 .2087 8137 18.63 52.20
3.14 2210 .3365 6568 2067 8146 18.57 52.39
3.15 2177 3351 .6199 .2048 8153 18.51 52.57
3.16 2146 3337 6430 2028 8162 18.45 52.75
3.17 2114 3323 6363 .2009 8170 18.39 52.93
3.18 .2083 .3309 .6296 .1990 8179 18.33 53.11
3.19 2053 .3295 6231 1971 8187 18.27 53.29
3.20 2023 3281 6165 1953 .8196 18.21 53.47
3.21 .1993 3267 6101 1934 .8204 18.15 53.65
3.22 1961 3253 6037 1916 .8213 18.09 53.83
3.23 .1936 3210 5975 .1898 .8222 18.04 54.00
3.24 1908 3226 5912 1880 .8230 17.98 54.18
3.25 .1880x10—! .3213 .5851x10—t 1863 8239 17.92° 54.35
3.26 1853 3199 5790 1845 8247 17.86 54.53
3.37 1826 .3186 5730 1828 .8255 17.81 54.70
3.28 1799 3173 5671 1810 8263 17.75 54.88
3.29 A773 3160 5612 1794 8271 17.70 55.05
3.30 1748 3147 5554 777 .8279 17.64 55.22
3.31 1722 3131 5497 1760 .8287 17.58 55.39
3.32 .1698 3121 5440 1743 .8295 17.53 55.56
3.33 1673 .3108 .5384 727 .8303 17.48 55.73
3.34 1649 .3095 5329 A711 8311 17.42 55.90
3.35 1625 3082 5274 .1695 8318 17.37 56.07
3.36 1602 .3069 5220 1679 .8326 17.31 56.24
3.37 1579 3057 5166 .1663 .8333 17.26 56.41
3.38 1557 .3044 5113 .1648 .8340 17.21 56.58
3.39 1534 3032 5061 .1632 .8348 17.16 56.74
3.40 1512 .3019 .5009 1617 8355 17.10 56.91
3.41 1491 3007 4958 .1602 .8362 17.05 57.07
3.42 1470 .2995 4908 1587 - .8370 17.00 57.24
3.43 1149 .2982 4858 1572 8377 16.95 57.40
3.44 .1428 .2970 4808 1558 .8384 16.90 57.56
3.45 .1408 .2958 4759 1543 8392 16.85 57.73
3.46 .1388 .2946 4711 1529 8399 16.80 57.89
3.47 1368 2934 4663 1515 .8407 16.75 58.05
3.48 1349 2922 4616 1501 8414 16.70 58.21
3.49 1330 2910 4569 1487 8421 16.65 58.37
3.50 1311 .2899 4523 1473 8427 16.60 58.53
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TABLE 1 (Continued)

M L T L Aer Y u »
Po T Py A Vi
3.50 1311x101 .2899 A523x107 1473 8427 16.60 58.53
3.51 1293 .2887 4478 1459 8434 16.55 58.69
3.52 1274 2875 1433 1446 8441 16.50 58.85
3.53 1256 .2864 4388 1432 8447 16.46 59.00
3.54 1239 .2852 A344 1419 8454 16.41 59.16
3.55 J221 2841 1300 1406 .8460 16.36 59.32
3.56 1204 .2829 A257 1393 .8467 16.31 59.47
3.57 1188 .2818 1214 1380 8474 16.27 59.63
3.58 1171 .2806 1172 1367 8481 16.22 59.78
3.59 1155 2795 1131 1355 .8188 16.17 59.94
3.60 1138 2784 4089 1312 8494 16.13 60.09
3.61 1123 2773 1019 1330 8501 16.08 60.24
3.62 1107 2762 1008 1318 .8508 16.04 60.40
3.63 1092 2751 3968 1306 8514 15.99 60.55
3.61 1076 2740 3929 1294 .8521 15.95 60.70
3.65 1062 2729 .3890 1282 .8527 15.90 60.85
3.66 1047 2718 3852 1270 .8533 15.86 61.00
3.67 1032 2707 3813 1258 8539 15.81 61.15
3.68 .1018 2697 3776 1247 8516 15.77 61.30
3.69 1004 .2686 3739 1235 .8552 15.72 61.45
3.70 .9903x10—2 .2675 3702 1225 .8558 15.68 61.60
3.71 9767 .2665 3665 1213 .8561 15.61 61.74
3.72 9633 .2654 .3629 1202 8570 15.59 61.89
3.73 9500 2644 3591 1191 8577 15.55 62.04
3.7 .9370 .2633 3558 1180 8583 15.51 62.18
3.75 .9242x1072 .2623 .3524x107t 11169 8589 15.47 62.33
3.76 9116 2613 3189 1159 .8596 15.42 6247
3.77 .8991 2602 .3155 1118 8602 15.38 62.61
3.78 .8869 2592 3421 1138 .8608 15.34 62.76
3.79 8748 2582 .3388 1127 8614 15.30 62.90
3.80 .8629 2572 3355 1117 8620 15.26 63.04
3.81 8512 .2562 3322 1107 .8626 15.22 63.19
3.82 .8396 2552 .3290 1097 .8632 15.18 63.33
3.83 .8283 2542 .3258 1087 .8637 15.14 63.47
3.84 8171 .2532 3227 1077 8643 15.09 63.61
3.85 .8060 2522 3195 1068 .8618 15.05 63.75
3.86 L7951 2513 3165 .1058 8651 15.01 63.89
3.87 L7844 2503 3134 1049 .8660 14.98 64.03
3.88 7739 .2493 3104 1039 .8665 14.94 64.16
3.89 L7635 .2484 3074 1030 8671 14.90 61.30
3.90 L7532 2474 3044 1021 8676 14.86 64.44
3.91 7431 .2164 3015 1011 .8682 14.82 64.58
3.92 J7332 .2455 .2986 1002 8687 11.78 61.71
3.93 7233 2446 2958 09933 .8692 14.74 64.85
3.94 J137 2436 2929 09844 8697 14.70 61.98
3.95 7042 2427 2902 09756 8702 11.66 65.12
3.96 6948 2418 2871 09669 .8707 11.63 65.25
3.97 .6855 .2408 2846 09583 8713 14.59 65.39
3.98 6761 .2399 .2819 09498 .8718 14.55 5.52
3.99 6675 .2390 2793 09413 8723 14.51 65.65
4.00 .6586 .2381 .2766 09329 8728 14.48 65.78
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TABLE 2: Numerical relations for the two-dimensional characteristics system.
The table gives as a function of the characteristic number ¥V (column 1) the following
quantities:

Column 2

Column 3

Column 4

Column 5

The value of », deviation of expansion from Mach number 1.

The Mach angle u determined with equation (52) from column 3.

The value of the stream Mach number (determined from column 2 with
equation (81).

The ratio of the local static pressure p to the critical static pressure p*
corresponding to the pressure for (M = 1).

TABLE 2
N M L M N M L u
14 p .
1000 0°  1.0000 1.00000  90° 963 37° 24107  .12735  24°30’
999  1° 1.0813  .90724  67°37 | 962 38° 24525 11970  24° 4/
998 20 1.1327  .85100  61°59' | 961 39° 24916 11177  23°37'
997  3° 1.1764  .80486  58°13 | 960 40° 25373 10454  23°12’
996  1° 12185  .76192  55° 9’ | 959 1° 25812 09770  22°48’
995  5° 1.2577  .72320  52°39’ | 958 42° 26256  .09117  22°23’
994  6° 1.2038  .68896  50°37 | 957 13° 26712  .08500  21°59'
093 7°  1.3208  .65588  48°15' | 956 44° 27175 07917  21°3¢’
992 8 13618  .62188  47° 6’ | 955 45° 27650 07359  21°13’
991  9°  1.4000 594814  45°35’ | 951 16° 28118 06818  20°50'
990  10° 11350 56608  41°10° | 953 47° 28601 06363  20°28’
989 11° 1.1690 53921 42951 | 952 48° 29112 .05895  20° 5’
988 12° 15032  .51325  41°42 | 951 49° 209613  .05466  19°44’
987 13° 15368  .48875  40°36’ | 950 50° 3.0122 05065  19°23'
986 14° 15706 46512 39°33 | 9149 51° 3.0650  .04660  19° 2’
085 15° 16016  .14233 3833 | 918 52° 31188 04310  18°42’
981 16° 1.6382 42075  37°37' | 947 53° 31735 03985  18°22
983 17° 1.6721  .39995  36°44’ | 946 51° 3.2263  .03669 18> 3’
982 18> 1.7061  .37981  35°53’ | 945 55° 3.2866  .03375  17°43’
981 19° 1.7408 36053  35° 4’ | 914 56° 3.3455 03103  17°24
080 20° 1.7753  .31210  31°16' | 943 57° 3.4065 02843 17’ 4’
979  21° 1.8098  .324514  33°32' | 942 58° 3.4682  .02605  16°45’
978  22° 1.8416  .30768  32°49’ | 941 59° 35300  .02382  16°27
977 23° 1.879  .29152  32° 8 | 910 60° 3.5945  .02175  16° 9’
976 21° 19148  .27610  31°29' | 939 61° 3.6605  .01984  15°51’
975  25° 1.9503  .26136  30°50' | 938 62° 3.7283  .01838  15°33’
974  926° 1.9860  .24727  30°14’ | 937 63° 3.7975 01643  15°16/
973 27° 20235  .23324  20°37' | 936 61° 3.8699 01489  14°58’
972 28° 20600  .22034  20°2 | 935 65° 3.9125 01350  14°42’
971  20° 20968  .20805  28°20’ | 934 66° 4.0175  .01223  14°25
970 30° 21320 19690  27°58’ | 933 67° 4.0950 01103  14° &
969 31° 21726  .18483  27°24’ | 932 68° 4.175 00990  13°56
968 32° 22105 17430 2654’ | 931 69° 4.256 00889  13°35'
967 33° 22485 16400  26°24 | 930 70° 4.340 00800  13°19’
066 31° 2.2879  .15406  25°55' | 929 71° 4427 00720  13° 3/
965 35° 23290  .14480  25°25' | 928 72° 4.517 00646 12°47’
061 36° 23693  .13582  24°58’ | 927 73°  4.610 00577  12°32'

* See chart 1 of the appendix.
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TABLE 2 (Continued)

N v M % [ N v M pl* “
. o ; TABLE 3: Numerical relations between flow quantities in front and behind normal
226 740 4.704 00510 12 16, 9209 91 7.008 000455 87 shock waves. The table gives as a function of the Mach number in front of the shock
925 75 4.802 00450 12° 1 9208 92° 7.202 .000381 7°54/ M, of coln 1. the followi tities:
924 76°  4.905 .00400 11°46’ | 907 93°  7.407 .000318 7°41’ 1 0l column , the tollowing quan :
923 77°  5.010 00351 11°31 906 94° 7.622 .000265 7°28’ N : hock M. leulated with .
922  78° 5.119 00313 1°16' | 905  95° 17.853 1000220 715’ Column 2 The Mach number behind a normal shock M, calculated with equation
921 79° 5231  .00277  11°1' | 904 96° 8092  .000182  7° 3 (129).
o o4, ’ © o 7 . . .
g?g g(l)o giig 88311(1)2 }803; ggg g;o gg%g gggﬁg 4 2022, Column 3 The ratio of the static pressure behind the normal shock P, to the pressure
918 82° 5.599 001835 10°17 | 901 99°  8.902 0000965 6°25’ Py in front of the normal shock. The ratio is calculated using equation
917 83° 5.730 .001598 10° 3’ 900 100° 9.210 0000770 6°12’ (127).
916 84° 5.865 .001383 9°41’ 899 101° 9.535 .0000614 5°59/ . . .
915 85° 6.007 .001193 9°27’ 898 102° 9.881 .0000481 5°47’ Column 4 The ratio between stagnation pressure behind a normal shock Py, and the
914  86° 6.152 .001023 9°14’ | 897 103° 10.260 0000377 5°34/ stagnation pressure Py in front of a normal shock. The ratio is determined
=] © ’ ] 4 o . .
g}g g;o gigg .888879 9o l/ 896 1040 10.665 .0000294 5°21' with equation (216).
R .000751 8°47 895 105° 11.088 0000224 5° 9
911 89° 6.642 .000638 8°34/ 894 106° 11.552 .0000168 4°57' P
910 90° 6.821 .000540 8°20 TABLE 3
P:.n Pon P27| P,
an - M Mon = o
M M P, Py ‘ 12 P,
1.00 1.0000 1.000 1.0000 | 1.30 7860 1.805 9794
1.01 9901 1.021 1.0000 | 1.31 .7809 1.836 9776
1.02 .9805 1.047 1.0000 | 1.32 7760 1.866 9758
1.03 9712 1.071 1.0000 | 1.33 7712 1.897 9738
1.04 9620 1.095 9999 | 1.34 7664 1.928 9718
1.05 9531 1.120 9998 | 1.35 .7618 1.960 9697
1.06 .9444 1.144 9998 | 1.36 7572 1.991 9676
1.07 19360 1.169 9996 | 1.37 7527 2.023 .9653
1.08 9277 1.194 9994 | 1.38 7483 2.055 9630
1.09 .9196 1.220 9992 | 1.39 .7440 2.088 9607
1.10 9118 1.245 19989 | 1.40 7397 2.120 .9582
1.11 9041 1.271 19986 | 1.41 .7355 2.153 9557
1.12 .8966 1.297 .9982 | 1.42 L7314 2.186 9531
1.13 .8892 1.323 9978 | 1.43 7274 2.219 .9504
1.14 .8820 1.350 9973 | 1.44 7235 2.253 9476
1.15 8750 1.376 19967 | 1.45 7196 2.286 9448
1.16 .8682 1.403 19961 | 1.46 7157 2.320 .9420
1.17 .8615 1.430 9953 | 1.47 7120 2.354 .9390
1.18 .8549 1.458 19916 | 1.48 7083 2.389 .9360
1.19 .8485 1.486 9937 | 1.49 7047 2.424 9330
1.20 8122 1.514 19928 | 1.50 7011 2.458 .9298
1.21 .8360 1.542 9918 | 151 .6976 2.494 9266
1.22 .8300 1.570 19907 | 1.52 6941 2.529 .9233
1.23 .8241 1.598 9896 | 1.53 .6907 2.564 .9200
1.24 .8183 1.627 9883 | 1.54 .6874 2.600 9166
1.25 8126 1.656 9871 | 1.55 .6841 2.636 9132
1.26 .8071 1.686 9857 | 1.56 .6809 2.673 .9098
1.27 8016 . 1715 9842 | 1.57 6777 2.709 9062
1.28 7963 1.745 9827 | 1.58 6746 2.746 9025
1.29 7911 1.775 9811 | 1.59 6715 2.783 .8989
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TABLE 3 (Continued) TABLE 3 (Continued)

by, P P.. Py, - Py, —Iﬁz P, Py,
Ml MZn P1 Po ]‘/Il Mm P1 -—P:) Ml MZn 1)1 Po Ml MZn P1 Po
1.60 .6684 2.820 .8952 | 2.10 .5613 4.978 6742 2.60 .5039 7.720 4601 | 3.10 4695 11.05 .3012
1.61 .6655 2.858 .8914 | 2.11 .5508 5.028 .6696 2.61 .5030 7.781 4564 | 3.11 .4690 11.12 .2986
1.62 .6625 2.895 .8877 | 2.12 .5583 5.077 .6649 2.62 .5022 7.842 A526 | 3.12 L1685 11.19 .2960
1.63 .6596 2.933 .8838 | 2.13 .5568 5.126 .6603 2.63 .5013 7.903 189 | 3.13 4679 11.26 .2935
1.64 L6568 2.971 .8799 | 2.11 .5554 5.176 6557 2.64 .5005 7.965 4452 | 3.14 4674 11.34 .2010
1.65 6540 3.010 8760 | 2.15 .5540 5.226 6511 2.65 4996 8.026 4416 | 3.15 .4669 11.41 .2885
1.66 6512 3.018 8720 | 2.16 .5525 5.277 .6465 2.66 1988 8.088 4379 | 3.16 4661 11.48 -2860
1.67 .6185 3.087 .8680 | 2.17 .5511 5.327 6119 2.67 4980 8.150 A343 | 3.17 1659 11.56 .2835
1.68 6458 3.126 8640 | 2.18 .5498 5.378 6373 2.68 A972 8.213 4307 | 3.18 4651 11.63 .2811
1.69 6431 3.166 8598 | 2.19 .5184 5.429 .6327 2.69 1961 8.276 4271 | 3.19 A618 11.71 .2786
1.70 .6405 3.205 8557 | 2.20 5471 5.480 .6281 2.70 4956 8.338 4236 | 3.20 .4643 11.78 2762
1.71 .6380 3.245 .8516 | 2.21 .5457 5.532 .6236 2.71 1949 8.402 4201 § 3.21 1639 11.85 .2738
1.72 6355 3.285 8173 | 2.22 5414 5.583 6191 2.72 4911 8.465 4166 | 3.22 1634 11.93 2715
1.73 .6330 3.325 8431 | 2.23 5131 5.635 6143 2.73 1933 8.528 4131 | 3.23 1629 12.01 .2691
1.74 .6305 3.366 .8389 | 2.24 5118 5.687 .6100 2.74 1926 8.592 4096 | 3.24 4624 12.08 .2668
1.75 .6281 3.106 .8316 | 2.25 .5406 5.740 .6055 2.75 .4918 8.656 4062 | 3.25 .1619 12.16 .2645
1.76 6257 3.447 8302 | 2.26 .5393 5.792 .6011 2.76 1911 8.721 4028 | 3.26 L1614 12.23 .2622
1.77 L6234 3.488 .8259 | 2.27 .5381 5.815 .5966 2.77 4903 8.785 .3994 | 3.27 .1610 12.31 .2600
1.78 .6210 3.530 .8215 | 2.28 .3368 5.898 .5921 2.78 1896 8.850 3961 | 3.28 4605 12.38 2577
1.79 .6188 3.572 8171 | 2.29 5356 5.952 5877 2.79 1889 8.915 3928 | 3.29 1600 12.46 .2555
1.80 .6165 3.613 .8127 | 2.30 5314 6.005 .5833 2.80 1882 8.980 .3895 | 3.30 4596 12.54 .2533
1.81 .6143 .3656 .8082 | 2.31 .5332 6.059 .5789 2.81 A875 9.046 3862 | 3.31 A1591 12.62 2511
1.82 .6121 3.698 .8038 | 2.32 .5321 6.113 5745 2.82 1868 9.111 .3829 | 3.32 4587 12.69 .2489
1.83 .6099 3.710 7993 | 2.33 .5309 6.167 .5702 2.83 .1861 9.177 3797 | 3.33 4582 12.77 .2468
1.84 .6078 3.783 7948 | 2.31 5297 6.222 .5658 Co2.81 4851 9.243 3765 | 3.34 A578 12.85 2416
1.85 .6057 3.826 7902 | 2.35 .5286 6.276 .5615 2.85 A817 9.310 .3733 | 3.35 A573 12.93 .2425
1.86 .6036 3.870 7857 | 2.36 .5275 6.331 .5572 2.86 1840 9.376 3701 | 3.36 1569 13.00 .2104
1.87 6016 3.913 7811 | 2.37 .5264 6.386 .5529 2.87 1833 9113 - .3670 | 3.37 4565 13.08 .2383
1.88 .5996 3.957 7765 | 2.38 .5253 6.442 .5486 2.88 4827 9.510 .3639 | 3.38 4560 13.16 .2363
1.89 .5976 4.001 7720 | 2.39 .5242 6.498 5444 2.89 1820 9.578 -3608 | 3.39 -1556 13.24 .2342
1.90 .5956 4.045 7674 | 2.40 5231 6.554 .5401 2.90 L1814 9.615 3577 | 3.10 552 13.32 .2322
1.91 .5937 4.090 7627 | 2.41 .5221 6.610 .5359 2.91 4807 9.713 3517 | 341 4518 13.10 .2302
1.92 .5918 4.134 7581 | 2.42 .5210 6.666 .5317 2.92 A801 9.781 3517 | 3.42 A541 13.18 .2282
1.93 .5899 4.179 7535 | 2.43 .5200 6.722 .5276 2.93 4795 9.819 3187 | 3.13 1510 13.56 .2263
1.94 .5880 4.224 .7488 | 2.44 .5189 6.779 .5234 2.91 1788 9.918 3157 | 3.44 A535 13.64 .2243
1.95 .5862 4.270 7442 | 245 5179 6.836 .5193 2.95 A782 9.986 3128 | 3.45 4531 13.72 .2224
1.96 .5844 4.315 7395 | 2.46 .5169 6.894 .5152 2.96 AT76 10.06 .3398 | 3.16 A527 13.80 .2205
1.97 .5826 4.361 7349 | 247 .5159 6.951 5111 2.97 4770 10.12 3369 | 3.47 A523 13.88 .2186
1.98 .5808 4.407 7302 | 2.48 .5149 7.009 .5071 2.98 A764 10.19 3340 | 3.48 4519 13.96 2167
1.99 .5790 4.454 7255 | 2.19 5140 7.067 .5030 2.99 4758 10.26 .3312 | 3.49 4515 14.04 .2148
2.00 5773 4.500 .7209 | 2.50 .5130 7.125 4990 3.00 4752 10.33 .3283 | 3.50 A512 14.13 .2129
2.01 5757 4.547 7162 | 2.51 .5120 7.184 4950 3.01 A746 10.40 .3255 | 3.51 4508 14.21 2111
2.02 5740 4.591 7115 | 2552 5111 7.242 .4911 3.02 AT10 10.47 3227 | 3.52 1501 14.29 .2093
2.03 5723 4.641 7069 | 2.53 .5102 7.301 4871 3.03 AT84 10.51 3200 | 3.53 A500 1137 2075
2.04 5707 1.689 7022 | 2.54 .5092 7.360 4832 3.01 A729 10.62 3172 ] 3.51 1196 11.45 .2057
2.05 .5691 4.736 .6975 | 2.55 .5083 7.420 4793 3.05 4723 10.69 A5 | 355 1102 11.51 .2039
2.06 5675 1.784 6928 | 2.56 5074 7.479 4754 3.06 A7 10.76 3118 | 3.56 4189 11.62 .2022
2.07 .5659 4.832 .6882 | 2.57 .5065 7.539 AT15 3.07 ATI2 10.83 2001 | 3.57 185 14.70 .2004
2.08 .5613 4.881 6835 | 2.58 .5056 7.599 A6T7 3.08 4706 10.90 3065 | 3.58 181 11.79 .1987
2.09 .5628 1.929 6789 | 2.59 .5047 7.660 1639 3.09 701 10.97 3038 | 3.59 T8 11.87 1970
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TABLE 3 (Continued)
P2n Pﬂn P'Zn POn
M Mn = - M M, —

' ’ P, P, ‘ ' P, P,
3.60 4474 14.95 1953 | 3.80 4407 16.68 1645
3.61 4471 15.04 .1936 { 3.81 4404 16.77 1631
3.62 4467 15.12 1920 | 3.82 4401 16.86 1617

- 3.63 4463 15.21 1903 | 3.83 4398 16.95 .1603
3.64 4460 15.29 .1887 | 3.84 4395 17.04 .1589
3.65 A456 15.38 1871 | 3.85 4392 17.13 1576
3.66 4453 15.46 1855 | 3.86 .4389 17.22 1563
3.67 4450 15.55 1839 | 3.87 .4386 17.31 1549
3.68 4446 15.63 1823 { 3.88 4383 17.40 1536
3.69 4443 15.72 1807 | 3.89 4380 17.49 1523
3.70 4439 15.81 1792 { 3.90 4377 17.58 1510
3.71 4436 15.89 1777 | 3.91 4375 17.67 1497
3.72 A133 15.98 1761 | 3.92 4372 17.76 .1485
3.73 1430 16.07 1746 | 3.93 4369 17.85 1472
3.74 4426 16.15 1731 | 3.94 4366 17.94 .1460
3.75 4423 16.24 1717 | 3.95 4363 18.04 1448
3.76 4420 16.33 1702 | 3.96 .14360 18.13 1435
3.97 A7 16.12 1687 | 3.97 4358 18.22 1423
3.78 411 16.50 1673 | 3.98 4355 18.31 d411
3.79 4110 16.59 .1659 | 3.99 4352 18.41 .1399

4.00 1350 18.50 .1388

S
=
-

TABLE 4: Numerical relations between flow quantities in front and behind shock
waves. The table gives as a function of the Mach number in front of the shock of
column 1 the following quantities (from reference 64).*

Column 2

Column 3

Column 4

Column 3

Column 6

Column 7

The inclination of the shock e, that gives the maximum deviation. The
value has been calculated with equation (134).

The inclination of the shock ¢, that gives sonic velocity (M = 1) behind the
shock. The value has been calculated with equation (131).

The maximum deviation possible across the shock 8, corresponding to the
value ,,.

The deviation 8, corresponding to sonic velocity behind the shock and to
the value e,.

The deviation » that gives sonic velocity when the transformation is
isentropic (from table 1).

The Mach number M,,, behind the shock corresponding to the maximum
deviation. .

TABLE 4
]"I] m 8§ Om Oy v M. m
dcg miin deg min deg min deg min deg min

1.0 90 90 0 0 0 1.000

1.1 76 18 73 11 1 31 1 24 1 20 9710
1.2 71 59 68 5 3 57 3 42 3 31 9500
1.3 69 24 65 7 6 40 6 19 6 10 9357
1.4 67 42 63 20 9 26 9 1 8 59 9268
1.5 66 36 62 15 12 6 11 41 11 55 9212
1.6 65 50 61 39 14 39 14 15 14 52 9187
1.7 65 19 61 22 17 0 16 38 17 49 9185
1.8 61 59 61 17 19 11 18 50 20 43 9196
1.9 64 A7 61 21 21 10 20 52 23 35 9216
2.0 64 40 61 29 - 22 59 22 43 26 23 .9243
2.1 61 37 61 11 24 37 24 23 29 6 9274
2.2 oL 37 61 51 26 6 25 51 31 44 9206
2.3 61 At 62 9 27 28 27 17 L E N i 9331
2.1 61 42 62 21 28 42 28 32 36 45 9371
2.5 61 48 62 39 29 18 29 40 39 7 9397
2.6 61 52 2 53 30 49 30 42 41 25 9426
27 64 57 63 7 31 45 31 39 43 3 9161
2.8 65 3 63 21 32 35 32 30 45 41 .9189
2.9 65 9 63 33 33 21 33 17 47 47 9514
3.0 65 15 63 46 34 4 M1 49 46 9537
3.1 65 20 63 58 34 44 34 40 51 39 9565
3.2 65 25 64 8 35 20 35 17 53 28 9589
3.3 65 31 64 18 35 53 35 51 55 13 .9606
3.4 65 36 64 28 36 24 36 22 56 55 9627
3.5 65 41 64 37 36 52 36 50 58 32 9645
3.6 065 46 64 45 37 18 37 17 60 5 9660
3.7 65 51 61 51 37 43 37T 41 61 36 9674
3.8 65 56 65 2 38 5 38 4 63 2 9685
3.9 65 59 65 9 38 27 38 25 64 26 .9708
1.0 66 3 65 15 38 47 38 45 65 47 9721

* See chart 2 of appendix.,
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TABLE 5: Numerical relations between flow quantities in front and behind inclined

shock waves (from reference 64).
The table gives for different Mach numbers (column 1) (varying from 1 to 4 with
steps of 0, 05), as function of the inclination of the shock (given in column 2), the fol-

lowing quantities:

Column 3 The deviation across the shock, calculated with equation 126.

Column 4 The Mach number behind the shock, calculated with equation 125.

Column 5 The ratio of the pressures behind p» and in front p; of the shock, calculated
with equation 121.

Column 6 The ratio of the densities before p; and behind the shock, calculated with
equation 122.

Column 7 The variation of entropy across the shock (in mechanical units (ft* sec?
per degree Fahrenheit), determined with equation 150.

Chart 2 of the Appendix gives the shock polar diagram from which the same rela-
tions can be obtained.

TABLE 5

v : 2 M b & AS

h (deg.) (min.) (deg.) (min.) : P P2

1.05 72 15 0 0 1.050 1.000 1.000 0
73 0 16 1.037 1.010 19932 e
76 0 25 1.014 1.044 19695 0010
79 0 33 991 1.073 9511 0154
82 0 32 973 1.095 9375 1284
85 0 23 961 1.110 .9283 .1739
88 0 10 .954 1.118 9234 .2035
90 0 .953 1.120 9225 .2865

1.10 65 23 0 0 1.100 1.100 1.000 0
68 0 10 1.063 1.047 9678 L0494
71 1 11 1.025 1.095 9370 .2095
74 1 27 993 1.138 9120 3359
i 1 31 965 1.174 8921 .8437
80 1 22 9410 1.202 .8768 9465
83 1 4 928 1.224 .8658 1.293
86 0 39 918 1.238 8587 1.601
90 0 912 1.245 .8554 1.828

1.15 60 24 0 0 1.150 1.000 1.000 0
63 0 57 1.105 1.058 9604 .0188
66 1 47 1.058 1.121 9217 2421
69 2 20 1.016 1.178 .8896 8121
72 2 37 980 1.229 .8633 1.412
75 2 39 948 1.273 .8420 2.427
7 2 27 922 1.310 .8253 3.541
81 2 2 902 1.339 8126 4.332
81 1 27 .887 1.359 .8038 5.105
87 0 15 879 1.372 .7985 5.475
90 0 0 875 1.376 7968 5.487

406

TABLE 5 (Continued)

€ 4 123 P1
M Qeg) (min) (deg) (mny F n p a8
1.20 56 26 0 0 1.200 1.000 1.000 0
59 1 12 1.149 1.068 <« .9543 0178
62 2 20 1.095 1.143 .9090 5286
65 3 9 1.045 1.213 8712 1.317
68 3 41 1.001 1.278 .8398 1.952
71 3 56 962 1.335 .8140 4.327
T4 3 53 928 1.386 7930 6.135
77 3 34 .899 1.428 1762 7.808
80 3 0 877 1.463 7634 9.617
83 2 15 859 1.488 7541 11.114
86" 1 20 .848 1.505 7482 12.043
90 0 0 842 1.514 7451 12.307
1.25 53 8 0 0 1.250 1.000 1.000 0
51 0 31 1.230 1.026 9815 e
57 2 4 1.166 1.116 .9249 1531
60 3 20 1.108 1.201 8778 9105
63 4 17 1.055 1.281 .8385 2.517
66 4 55 1.006 1.355 8057 4.948
69 5 15 963 1.422 7786 7.532
72 5 15 924 1.482 7563 10.655
75 4 57 .891 1.534 7383 13.550
78 4 22 .863 1.578 7241 16.587
81 3 31 .841 1.612 7134 18.752
81 2 28 .826 1.636 7059 20.695
87 1 16 817 1.651 ) 7015 22.118
90 0 813 1.656 7000 22.229
1.30 50 17 0 0 1.300 1.000 1.000 0
53 1 43 1.235 1.091 .9398 .0207
56 3 20 1.169 1.189 8841 .9998
59 4 39 1.109 1.282 .8378 2.668
62 5 38 1.053 1.370 7992 5.357
65 6 18 1.002 1.453 7670 9.144
68 6 38 956 1.528 7403 13.304
71 6 37 914 1.596 7182 17.718
74 6 16 878 1.655 7003 22.297
7 5 36 .848 1.705 .6860 26.324
80 4 28 .828 1.726 .6803 28.213
83 3 26 .804 1.776 6672 32.790
86 2 2 792 1.795 6622 34.762
90 0 0 786 1.805 6598 35.832
1.35 47 47 0 0 1.350 1.000  1.000 0
50 1 35 1.293 1.081 .9459 2332
53 3 28 1.221 1.190 .8835 8012
56 5 2 1.155 1.295 8319 2.943
59 6 17 1.094 1.396 .7890 6.531
62 7 13 1.037 1.491 7532 11.222
65 7 49 985 1.580 1233 16.531
68 8 3 938 1.661 .6986 22.793
71 7 55 .895 1.734 6781 28.932
74 7 26 858 1.798 6615 31.981
77 6 36 826 1.852 6483 10.592
30 5 15 806 1.875 6430 43.000
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TABLE 5 (Continued)
M, ¢ 2 M, L P AS
(deg.) (min.) (deg.) (min.) Pt p2

1.35 83 4 1 0.781 1.928 0.6308 48.958
86 2 22 768 1.949 .6262 51.435
90 0 0 762 1.960 .6239 52.835

1.40 45 35 0 0 1.400 1.000 1.000 0
A7 1 1 1.361 1.056 9616 .0168
50 3 17 1.279 1.175 .8912 7618
53 5 8 1.211 1.292 .8333 2.773
56 6 40 1.144 1.405 7853 6.944
59 7 52 1.082 1.513 7453 12.268
62 8 45 1.021 1.616 7120 19.157
65 9 16 971 1.712 6813 26.968
68 9 25 922 1.799 .6613 35.214
71 9 12 .878 1.878 6122 43.735
74 8 35 .840 1.946 6268 51.279
7 7 35 897 2.0041 6145 58.225
80 6 2 785 2.029 6096 61.135
83 4 36 760 2.086 .5982 68.769
86 2 43 746 2.109 .5939 71.876
90 0 0 710 2.120 5918 73.225

1.45 43 36 0 0 1.450 1.000 1.000 0
41 0 21 1.438 1.017 .9880 L0524
47 2 46 1.354 1.145 9077 .3804
50 4 54 1.275 1.273 8421 2.590
53 6 43 1.201 1.398 7881 6.588
56 8 13 1.135 1.519 7433 12,621
59 9 24 1.072 1.636 7061 20.816
62 10 13 1.021 1.746 6751 29.965
65 10 41 959 1.818 6192 40.298
68 10 46 909 1.942 6277 50.600
71 10 27 861 2.026 6100 61.012
74 9 42 .826 2.100 .5956 70.544
i 8 31 .790 2.162 5841 79.032
80 6 48 767 2.188 5795 82.727
83 5 11 740 2.250 .5690 91.785
86 3 3 727 2.274 5650 95.562
90 0 0 720 2.286 .5630 97.685

1.50 41 49 0 0 1.500 1.000 1.000 0
45 2 47 1.1405 1.146 9074 3339
48 5 5 1.322 1.283 8373 2.643
51 7 5 1.246 1.419 0.7799 7.361
54 8 16 1.174 1.551 7325 14.752
57 10 8 1.107 1.680 6932 24.227
60 11 9 1.045 1.802 6605 35.484
63 11 49 .986 1.917 6332 47.745 .
66 12 6 932 2.021 .6105 60.597
69 11 59 .882 2.121 5916 73.519
72 11 25 837 2.208 5761 85.625
75 10 26 797 2,282 .5636 96.758
78 9 0 764 2.345 .5538 106.52
81 7 10 137 2.394 5463 114.27
81 5 0 17 2.130 5411 120.18
87 2 31 705 2.451 5381 123.69
90 0 0 701 2158 5370 121.97
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TABLE 5 (Continued)
5 D2 pP1 i
M s = — S
' {deg) (min) (deg) (mm)  © ~ p As
1.55 40 11 0 0 1.550 1.000 1.000 0
43 2 36 1.461 1.137 9124 2618
46 5 5 1.375 1.284 .8370 2.758
49 7 15 1.294 1.430 1756 7.822
52 9 8 1.219 1.574 7253 16.209
55 10 42 1.148 1.714 6836 27.196
58 11 55 1.081 1.849 .6490 40.282
61 12 A7 1.018 1.977 6201 53.883
64 13 18 960 2.098 .5960 70.187
67 13 23 905 2.208 5760 86.652
70 13 3 .855 2.308 .5595 100.703
73 12 15 811 2.397 5460 114.735
76 10 59 72 2.472 5351 127.18
79 9 16 739 2.534 .5266 137.84
82 7 7 714 2.582 .5204 146.19
85 4 37 .696 2.615 5162 151.95
88 1 53 686 2.633 5140 155.23
90 0 0 684 2.636 5135 155.77
1.60 38 41 0 0 1.600 1.000 1.000 0
11 2 16 1.524 1.119 .9230 1492
41 4 55 1.433 1.275 8413 2.321
17 7 16 1.347 1.431 7753 8.033
50 9 19 1.268 1.586 7214 17.068
53 11 4 1.193 1.738 6770 29.336
56 12 29 1.123 1.886 6403 44.26 1
59 13 35 1.056 2.027 0.6097 51.249
62 14 18 993 2.162 5842 79.141
5 14 38 934 2.287 .5630 97.414
68 14 32 .880 2.401 .5453 115.37
71 13 58 .830 2.503 .5308 132.45
T4 12 55 786 2.593 .5190 148.21
77 11 22 748 2.669 .5095 162.13
80 9 21 722 2.701 .5058 173.06
83 6 52 .692 2.776 4971 181.56
86 4 4 676 2.805 4938 187.21
90 0 0 .668 2.820 4922 190.04
1.65 37 18 0 0 1.650 1.000 1.000 0
38 0 44 1.626 1.037 9742 0741
41 3 10 1.526 1.200 8778 1.074
45 ird 5 1.406 1.422 7789 7.728
48 9 19 1.322 1.587 7208 16.545
51 11 15 1.243 1.752 6735 30.582
54 12 53 1.169 1.912 .6343 47.195
57 14 11 1.098 2.067 6019 66.274
60 15 8 1.032 2.216 5748 86.781
63 15 42 969 2.355 .5522 108.07
66 15 51 910 2.484 .5334 129.27
69 15 33 .856 2.602 5179 149.64
72 14 45 .806 2.706 5051 168.66
75 13 27 762 2.797 4947 185.57
78 11 36 725 2.872 4866 200.02
81 9 15 695 2.932 4804 211.67
84 6 27 672 2.975 4761 220.27
87 3 19 .659 3.001 4736 225.50
90 0 0 654 3.010 4728 227.26
409



