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PROPELLER ROTATING IN A WATER STREAM

The photograph shows cavitation bubbles of water vapour leaving the blades
and thus making visible the vortices in the slipstream
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PREFACE TO THE FIRST EDITION

THE airflow round an aircraft is a phenomenon of high complexity. To
study it, in the present state of our knowledge, demands simplifying assump-
tions. These must be largely based on experimental observation of what
actually happens; that is one aspect of the practical side of aerodynamics.
To make mathematical deductions and predictions belong to the theoretical
side and it is the theoretical* side with which this book is concerned.

The aim is therefore.to lay bare the assumptions, to bring them to explicit
statement so that the reader may be consciously aware of what is assumed,
and then to examine what can be deduced from the assumptions as a first
approximation, )

The treatment is based on my lectures to junior members of the Royal
Corps of Naval Constructors at the Royal Naval College during the past ten
years, ~
The mathematical equipment of the reader is presumed not to extend
beyond the elements of the differential and integral calculus. What further
is needed is mostly developed in the course of the exposition, which is thus
reasonably self-contained. It is therefore hoped that the book will provide a
solid introduction to the theory which is the indispensable basis of practical
applications.

Since the use of vectors, or in two-dimensions the complex variable, intro-
duces such notable simplifications of physical outlook and mathematical
technique, I have had no hesitation in using vector methods. On the other
hand the subject has been presented in such fashion that the reader who prefers
cartesian notations should encounter little difficulty in adapting the vector
arguments to a cartesian presentation. Chapter XXI on vectors has been
added for the benefit of those with little or no previous acquaintance with
vector methods. This chapter may be read first, or just before Chapter IX, or
merely used as a compendium for reference.

Apart from Chapters I and IT which are of a preliminary general character,
and Chapter XX1 on vectors, the work falls into four fairly well-defined parts.
Chapters III to VIII contain the theory of two-dimensional, Chapters IX to
X1V that of three-dimensional aerofoils, including propellers and wind tunnel
corrections. Chapters XV, XVI, XVII deal with the effect of the compres-
sibility of air in subsonic and supersonic flow. Chapters XVIII to XX are
concerned with the aircraft as a whole.

The chapters are divided into sections numbered in the decimal notation,
The equations are numbered in each section independently. Thus 7-14(3)
refers to equation (3) in section 7-14 which, as the integer before the decimal
point indicates, occurs in Chapter VII. Backward and forward references are

*To “the uninstructed and popular world” practical and theoretical are antonyms; a
palpably false proposition.
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freely used to aid the reader in following an argument or in comparing similar
situations. Kach diagram, of which there are 260, bears the number of the

section to which it belongs and may therefore be traced without delay or CONTENTS
exasperation.

About 300 exercises have been provided, collected into sets of Examples 2
at the ends of the chapters. Some of these are very easy, others quite difficult, Sympors - - - - - - - - - - - - - - 3V
and many supplement the text. The majority were composed specially for REFERENCES TO LITERATURE e
this book. GREEK ALPHABET - - - - - - - - = - - - - xx

References to literature are given where they appear to me to be appropri-
ate or useful, but no attempt has been made to give systematic citations. I CHAPTER I
have made absolutely no endeavour to settle or assign priority of dx:scovery. PRELIMINARY NOTIONS
The coupling of a particular name with a theorem or method simply indicates
an association in my own mind. The proper historical setting I must leave to 101, Aerodynamic force - - - - - - . - . . 1
those who have the time and the taste for such research. 1:02. Liftanddrag - - - - - - - - - - - . 2

This book was intended to appear long since, but other preoccupations 11. Monoplane aireraft - - - - - - - - .- - 3
during the war years prevented that. The delay has, however, allowed the i1l Chord of a profile ~ - - - - . - - - - - - 4
presentation of matter which has appeared in the interim, and has also given 112, Chord of an aerofoil - - - - - - e g
me the fortunate opportunity of having the whole book read in manuscript by 1-13. Aspect ratio e 6
my colleague Mr B. M. Brown, to whom I owe a great debt for his criticisms L4, Camber - - - - - - - oLl
and improvements. Another friend, Mr A. C. Stevenson, has likewise rendered 1;5 Eﬁ;g:nce LDy
invaluable service by his diligent help in proof reading and by important L2, Velocity - - -+ - - . e oo 8
suggestions. To both these friends I wish to express my lively gratitude and 1-22. Streamlines and paths of particles - - - - - - . - 9
appreciation. I also take this opportunity of expressing my thanks to the 1-23. Stream tubes and filaments s 1)
officials of the Glasgow University Press for the care and attention which they 18, Demsity - - - - - - - < - - - < . 1
have given to the typography, and for malntalmng a standard of excellence 1-4. Pressure - - T T T . 1
which could scarcely have been surpassed in the pre-war years. 141, Thrust due to pressure - - - - - - - - - - 12

L. M. MiL~e-THOMSON 1. Thespeedofsound - - - - oo -0 - 18
o 1-6.  Maxwell’s definition of viscosity - - - - - - - - 15
Royal Nav?'l College 17.  Physical dimensions - - - - - - - - - - 16
Greenwich 1-71.  Aerodynamic force ; dlmensmnal theory - - - - - - - 17
May 1947 1-72. Similar systems; scale effect - - - - - - . . - iz
1-73. Coefficients - - - - - - - - - . -
PREFACE TO THE FOURTH EDITION 18 Thebomdary lyer . - . . . .ol
TuE gratifying reception accorded to this work has encouraged me to strive 19.  Approximations - - - - - - - - - - - - 2
for improvements. Opportunity has been taken to make several corrections, to Exameres I - - s s 26
revise certain passages and to carry out extensive rearrangements. Additional
matter has been introduced particularly in connection with supersonic flow. CHAPTER 11
Moreox.rer a new circle theoren.l, .her.e c%xlled the “ second. circle theorem 7, to BERNOULLTS THEOREM
deal with flow of constant vorticity is given for the first time.
2:1,  Bernoulli’s theorem - - - - - - - - - - - 29
. L. M. M-T. 2-11. Incompressible fluid in the gravitational field - - - - - - 30
Mathematics Department 2-12. The constant in Bernoulli’s theorem - - - - - - - - 31
The University of Arizona 2-13. Aerodynamic pressure 1|
Tueson, Arizona 2:2. ThePitot tube - - - - - - .« - . . - . 32

A]’”.l 1966 2-3.  The work done by air in expanding - - - - - - - - 33
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SYMBOLS

TrE following list is intended to show the most frequent conventional meaning
with which certain symbols are used in this book.

The list is not exhaustive nor does it preclude some symbols being used in
other senses (which are always defined).

The numbers in brackets indicate the section where the meaning is first used

or explained.
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aerodynamic force (1-01)

aspect ratio (1-13)

slope of the (Cy, «) graph for finite aspect-ratio (11-24); inter-

ference factors (13-4)

slope of the (Cz, «) graph for two-dimensional motion (7-13)
span (1-1)

chord (1-11, 1-12) ; speed of sound (1-5)

cross-sectional area of a wind tunnel (14-4)

lift coefficient, Cp drag coefficient, etc. (1-73)

drag (1-02)

acceleration due to gravity and its magnitude (20-01, 2-5)
square root of —1 (3-4)

unit vectors along the z-, -, z-axes (11-1)

rate of advance coefficient (13-42)

circulation (5-5)

lift (1-02)

typical length (1-71) : 1% in Joukowski transformation (6-1)
pitching moment (1-73) ; Mach number (1-71)

unit normal vector (9-31)

pressure (1-4); aerodynamic pressure (2-13); angular velocity

of rolling (19-2)

engine torque (13-1)

air velocity and speed (1-21); angular velocity of pitching (19-0)
Reynolds’ number (1-71)

position vector (1-21)

angular velocity of yawing (19-2)

plan area of wings (1:13)

absolute temperature (2-5) ; propeller thrust (13-1)

time
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components of air speed (3-11)

velocity of aircraft, and aircraft speed (1-01, 1-71)

weight of aircraft (1-01)

complex potential (3-7) ; velocity of downwash (11-21); wing;
loading (18-31)

components of aerodynamic force (5-4)

¥ + 1y, complex variable (3-4)

incidence, angle of attack (1-15)

absolute incidence (7-13) ; angle of side-slip (18:33); J(1 — M%)
(15-4)

angle between Axes I and II (7-14); gliding angle (1-02)
dihedral angle (19-6) ; ratio of specific heats (15-01)

circulation (11-2)

aerofoil characteristic (11-53)

angle of downwash (11-24) ; complex variable (17-12)

wind tunnel interference angle (14-4)

vorticity vector (9-3)

¢ + iy in conformal mapping (3-6)

efficiency of a propeller (15-1)

strength of a vortex (4-11) ; propeller characteristic (13-42)

Mach angle (16-1); relative aircraft density (20-2)

kinematic viscosity (1-6)

ratio of length of circumference of a circle to its diameter

impulsive pressure (3-31)

air pressure at infinity (5-32)

air density (1-3)

summation (1-71)

aerofoil characteristic (11:-51); propeller characteristic (13-42) ;
unit of time (20-21)

velocity potential (3-31)

stream function (3-1)

angular velocity of aircraft (20-01)

angular speed of propeller (13-1) ; force potential (2-11)

surface vorticity (9-6) ; angular velocity (20-1)

magnitude of vorticity (3-21) ; angular speed

0
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CHAPTER 1
PRELIMINARY NOTIONS

[-0. The science of aerodynamics is concerned with the motion of air and
of bodies moving through air. In particular it is concerned with the motion of
aircraft.

1-01. Aerodynamic force. Air is a fluid, and in accordance with the
hydrostatical theorem known as the principle of Archimedes an aircraft will be
buoyed up by a force equal to the weight of air displaced by the aircraft. Thus

A

-y
<

= =

W+w
Fie. 1-01.

if we denote by the vector * W the weight of the aircraft and by the vector w
the force of buoyancy, the total force due to gravity and buoyancy is W + w.
We observe that the weight W is a force of magnitude W whose direction is
vertically downwards, while the force of buoyancy w is a force of magnitude
w whose direction is vertically upwards, so that the magnitude of the force
W + w is W — w. This force W + w will act whether the aircraft is at
rest or in motion.

To fix our ideas let us suppose that the aircraft is moving with constant
velocity V in a horizontal direction through air which is otherwise at rest, that is
to say any motion of the air is due solely to the motion of the aircraft. Let this
motion be maintained by a tractive force T exerted by the propeller.}

Newton’s first law of motion asserts that the resultant force on the aircraft
must be zero, for the motion is unaccelerated. It follows that there must be an
additional force A, say, such that the vector sum

T+ W+w+A=0

* We shall denote vectors by letters in clarendon (heavy) type while their magnitudes will be
denoted by the corresponding italic letter. See 21-0.

+ We typify the propulsive system by the term propeller. The actual mechanism may be other
than an airscrew, for example, jet propulsion.
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This force A is called the aerodynamic force exerted on the aircraft. One of
the major problems of aerodynamics is the investigation of this force.

The above definition of aerodynamic force is based on a state of motion in
which the aircraft advances with constant velocity V in air otherwise at rest.
If we imagine superposed on the whole system, aircraft and air, a uniform
velocity — V, the aircraft may be considered at rest with the air streaming
past it, the air velocity at points distant from the aircraft being ~ V.

It is important to observe that the aerodynamic force is theoretically the
same in both cases, and therefore we may adopt whichever point of view may be
the more convenient in any particular case. The use of wind tunnels to measure
forces on aircraft is based on this principle.* We shall always refer to the
direction of V as the direction of motion, and to the direction of — V as the
direction of the air stream, or relative wind.

The whole surface of the aircraft is subjected to air pressure. The aero-
dynamic force is caused by that part of the pressure distribution which is due to
motion, see 2:13, and this statement will serve to define the force in the general
case when the velocity of the aircraft is not uniform.

102. Lift and drag. The aerodynamic force can be resolved into two
component forces, one at right angles to V and one opposite to V.
These forces L and D are called respec-
L tively the lift and drag. If y is the angle
between L and A, we have

L=A4cosy, D= Asinvy, tany:lz).

0% The angle y is called the gliding angle (see
18-3). Inasmuch as drag is an undesirable
(but unavoidable) feature, for it entails ex-
penditure of energy to maintain flight, the
D V  gliding angle should be as small as possible,
An aircraft with a small gliding angle is said
Fra. 102 (i), to be streamlined, and proper streamlining is
another problem of aerodynamics.
In order to avoid any false impression that lift and drag are related to
vertical and horizontal directions we give two formal definitions.

Def.  Lift is the component of aerodynamic force perpendicular to the direction
of motion.

* Corrections have to be made to measured values, see, for example, Ch. XIV. It may also be
observed that natural air is but little turbulent whereas artificially generated wind streams are
usually markedly turbulent. Thus the above mentioned theoretical equivalence of the two states
has practical limitations.

1-02] LIFT AND DRAG 3

Def. Drag is the component of aerodynamic force opposite to the direction of
motion.

This point is illustrated in fig. 1-02 (ii) which shows the various directions of
the lift as an aircraft “ loops the loop . In particular it can be seen that the
lift can be directed horizontally and even vertically downwards,

Fia. 1-02 (ii).

I:l. Monoplane aircraft. Fig. 1'1 (s) shows in diagram form the
essential features of a monoplane aircraft. The propellers are omitted. The

Fia. 1'1 (a).

main lifting system consists of two wings which together constitute the aeroforl.
The tail-plane also exerts lift. According to the design the aerofoil may, or
may not, be interrupted by the fuselage. The designer will subsequently allow
for the effect of the fuselage as a disturbance or perturbation of the properties
of the aerofoil. For the present purpose we shall ignore the fuselage, and
treat the aerofoil as one continuous surface.

The control surfaces consist of the elevators, ailerons, and rudder.

When the ailerons and rudder are in their neutral positions the aircraft has
a median plane of symmetry which divides the whole machine into two parts
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each of which is the optical image of the other in this plane considered as
a mirror.
The wings are then the portions of the aerofoil on either side of the plane of
symmetry.
The wing tips consist
re——————— Span - of those points of the
' : wings which are at the
: ‘ greatest distance from the
plane of symmetry. Thus
the tip can be a point, a
line, or an area according
to the design of the aero-

Tip Port wing Starboard wing Tip

f
[N
o
[N
o

Plane of symmetry foil.

’ The distance between

Fic. 1-1 (b). the tips is called the span

which will be denoted by b.

The section of a wing by a plane parallel to the plane of symmetry is called

a profile. The shape and general orientation of a profile will usually depend

on its distance from the plane of symmetry. In the case of a cylindrical wing
fig. 11 (c), the profiles are the same at every distance.

Fia. 1-1 (c).

The curve which bounds a profile is of tadpole ” outline. Fig. 7.0 shows
several profiles.

I-l11. Chord of a profile. Asa general definition the chord of any profile
is an arbitrary fixed line drawn in the plane of the profile.

The chord has direction, position, and length. The
main requisite is that in each case the chord should
be precisely defined, since the chord enters into the

constants which describe the aerodynamic properties et SIS /////
--.o,,,',,,/////‘
of the profile.

The official definition is the line which joins the 772> ,‘
. . . L7

centres of the circles of curvature of minimum radius
a Fia. 111 (a).
at the nose and tail.
Another definition is the longest line which can be drawn to join two points
of the profile.

1-11] CHORD OF A PROFILE 5

A third definition which is sometimes convenient is the projection of the
profile on the double tangent to its lower surface (i.e. the tangent which touches
the profile at two distinct points).

Fie. 1-11 (b).
This definition fails if there is no such double tangent,

I'12. Chord of an aerofoil. In the case of a cylindrical aerofoil, fig.
1:1 (c), the chord of the aerofoil is taken to be the chord of the profile in which
the plane of symmetry cuts the aerofoil.

In all other cases we define the chord of the aerofoil as a mean or average
chord located in the plane of symmetry.

Take any convenient (see 11-1) axes of reference w, ¥, z, the origin being
situated in the plane of symmetry and the y-axis being perpendicular to that
plane. Consider a profile whose distance * from the plane of symmetry is | y | .
Let c be the length of the chord of this profile, § the inclination of the chord to the
xy plane, and (z, y, z) the coordinates of the quarter point of the chord, that is
to say the point of the chord at distance }c from the leading edge of the chord
(see 7-31). Since the profile is completely defined when y is given, all these
quantities are functions of y. The chord of the aerofoil is defined by averaging
across the span. Thus if ¢, is the length of the mean chord, (z,, 0, z,,) its
quarter point, and 0,, its inclination, we take

1 /2 j-b/o J-b/z . y . ljblz zdy
Cpm Zj_blg Y, m b o2 Tm b o2 s m b o

These mean values completely define the chord of the aerofoil in length,
direction, and position.

I'13. Aspect ratio. Consider a cylindrical aerofoil, fig. 1-1 (¢). Let us
imagine this to be projected on to the plane which contains the chords of all the
sections. (This plane is perpendicular to the plane of symmetry and contains
the chord of the aerofoil.) The projection in this case is a rectangle of area S,
say, which is called the plan area of the aerofoil.

The plan area is quite distinct from the total surface area of the aerofoil,
The simplest cylindrical aerofoil would be a rectangular plate and the plan area
would then be half the total area.

The aspect ratio of the cylindrical aerofoil is then defined by

b b
d=3=%

* | y | means the numerical or absolute value of y. Thus, for example, |3] = 3,| -4| = 4.
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In the case of an aerofoil which is not cylindrical the plan area is defined to
be the area of the projection on the plane through the chord of the aerofoil
(mean chord) perpendicular to the plane of symmetry, and the aspect ratio is
then defined to be

B
4= 5

A representative value of the aspect ratio is 6.

1-14. Camber.

Fre. 1-14.

Consider a profile and its chord. Let Yo, Y1 be the ordinates of points on the
upper and lower parts of the profile respectively for the same value of z and let ¢
be the chord, taken as z-axis. We then define

upper camber = (?/U)max :c
lower camber = (y)pax : ¢,

where the notation refers to that ordinate which is numerically greatest.
Camber has sign, positive or negative, according to the sign of (Y0)max OF (Y1) max.
We observe that the abscissae of the points which correspond to (Y0)max and
(YL)max may be different.

We also define the camber line of the profile as the locus of the point
(=, $yr+y)). In the case of a symmetrical profile y; +y; = 0 so that the
camber line is straight and coincides with the chord. Denoting the numerically
greatest ordinate of the camber line bY (4)max, We define

mean camber = ()., : C.

Observe that mean camber is not, in general, the same as the mean of upper and
lower camber ; also that the mean camber of a symmetrical profile is zero.
The word camber, without qualification, usually refers to mean camber.

The thickness ratio is the ratio of the maximum thickness (measured per-
pendicularly to the chord) to the chord.

I-I5. Incidence. When an aircraft advances in the plane * of symmetry,
the angle between the direction of motion and the direction of the chord of a
profile is called the geometrical incidence of the profile and will be denoted by the

* This i8 to be understood to mean that the direction of motion of the aircraft is parallel to
the plane of symmetry.

1-15] INCIDENCE 7

letter . An alternative term is angle of attack (fig. 1-15). For the aeroplane
as a whole the geometrical incidence will be defined as the angle between the
direction of motion and the chord of the aerofoil. When the chords of the

Direction of motion

Fi1c. 1-15.

various profiles of an aerofoil are parallel the incidence is the same at each

section. When the chords are not parallel the incidence varies from section to

section and the wing has twist. ' . .
The value of the geometrical incidence would be altered if a different line

were chosen as chord.

I-2. Fluids. All materials * exhibit deformation under the action of
forces ; elasticity when a given force produces a definite deformation, which
vanishes if the force is removed ; plasticity if the removal of the forces leaves
permanent deformation ; flow if the deformation continually increases without
limit under the action of forces, however small.

A fluid is material which flows.

Actual fluids fall into two categories, namely gases and liquids.

A gas (such as atmospheric air) will ultimately fill any closed space to which
it has access and is therefore classified as a (highly) compressible fluid.

A liguid at constant temperature and pressure has a definite volume and
when placed in an open vessel will take under the action of gravity the form of
the lower part of the vessel and will be bounded above by a horizontal free
surface. All known liquids are to some slight extent compressible. For most
purposes it is, however, sufficient to regard liquids as incompressible ﬂmd‘s.

It may be observed that for speeds which are sufficiently small fre‘l.ctlons of
the speed of sound, the effect of compressibility on atmospheric air can be
neglected, and in many experiments which are carried out in wind tunnels the
air is treated as incompressible.t B

Actual liquids (and gases) in common with solids exhibit viscosity arising
from internal friction in the substance. Our definition of a fluid distinguishes a
viscous fluid, such as treacle or pitch, from a plastic solid, such as putty or clay,

i ipti i ibi i tinuity,

* In this summary description the materials are supposed to exhibit a macroscopic con ,

and the forces are nlc;{ great enough to cause rupture. Thus a heap of sand is excluded, but the
individual grains are not. . . .
1 In this sense we may use the convenient term “ incompressible air *’.
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since the former cannot permanently resist any shearing stress, however small,
whilst in the case of the latter, stresses of a definite magnitude are required to
produce deformation. Pitch is an example of a very viscous liquid, water is
an example of a liquid which is but slightly viscous. For the present, in
order to render the subject amenable to exact mathematical treatment, we
shall follow the course adopted in other branches of mechanics and make
simplifying assumptions by defining an ideal substance known as an wnviscid
or ideal fluid.

Defimition. An inviscid fluid is a continuous fluid substance which can
exert no shearing stress, however small,

The continuity is postulated in order to evade the difficulties inherent in
the conception of a fluid as consisting of a granular structure of discrete mole-
cules. The inability to exert any shearing stress, however small, will be shown
later to imply that the pressure at any point is the same for all directions at that
point.

Moreover, the absence of tangential stress between the fluid on the two
sides of any small surface imagined as drawn in the fluid implies the entire
absence of internal friction, so that no energy can be dissipated from this
cause. A further implication is that, when a solid moves through the fluid or
the fluid flows past a solid, the solid surface can exert no tangential action on
the fluid, so that the fluid flows freely past the boundary and no energy can
be dissipated there by friction. In this respect the ideal fluid departs widely
from the actual fluid which, as experimental evidence tends to show, adheres
to the surface of solid bodies immersed in it.

I'21. Velocity. Since our fluid is continuous, we can define a Suid particle
as consisting of the fluid contained within an infinitesimal volume, that is to say,
a volume whose size may be considered so small that for the particular purpose
in hand its linear dimensions are negligible. We can then treat a fluid particle

as a geometrical point for the particular purpose
¢ of discussing its velocity and acceleration.
If we consider, fig. 1-21 (a), the particle which

at time ¢ is at the point P, defined by the vector *

r = 0P,

Fig. 1-21 (a).

at time ¢ this particle will have moved to the
point ¢, defined by the vector

r = 06,

* The subject of vectors and the notations here used is explained in Chapter XXI.

1-21) VELOCITY 9

The velocity of the particle at P is then defined by the vector *

_limrl—r_dr
1= T T4

Thus the velocity q is a function of r and ¢, say
q = f(r, ¢).
If the form of the function f is known, we know the motion of the fluid.

At each point we can draw a short line to represent the vector q, fig. 1-21 ().
To obtain a physical conception of the velocity field

defined by the vector q, let us imagine the fluid to be filled - o
with a large (but not infinitely large) number of luminous ~—y
points moving with the fluid. —~—

A photograph of the fluid taken with a short time Fio. 1-21 (b).

exposure would reveal the tracks of the luminous points

as short lines, each proportional to the distance moved by the point in the
given time of the exposure and therefore proportional to its velocity. This is
in fact the principle of one method of obtaining pictorial records of the motion
of an actual fluid. In an actual fluid the photograph may reveal a certain
regularity of the velocity field in which the short tracks appear to form parts
of a regular system of curves. The motion is then described as streamline
motion. On the other hand, the tracks may be wildly irregular, crossing
and recrossing, and the motion is then described as turbulent. The motions
of our ideal inviscid fluid will always be supposed to be of the former
character. An exact mathematical treatment of turbulent motion has not
yet been achieved.

1:22. Streamlines and paths of the particles. A line drawn in the
fluid so that its tangent at each point is in the direction of the fluid velocity at
that point is called a streamline.

When the fluid velocity at a given point depends not only on the position
of the point but also on the time, the streamlines will alter from instant to
instant. Thus photographs taken at different instants will reveal a different
system of streamlines. The aggregate of all the streamlines at a given instant
constitutes the flow pattern at that instant.

When the velocity at each point is independent of the time, the flow
pattern will be the same at each instant and the motion is described as steady.
In this connection it is useful to describe the type of motion which is relatively
steady. Such a motion arises when the motion can be made steady by super-

* The symbol tﬁi‘ie is to be read as * the limit when ¢, tends to the value ¢*’. This is the

usual method of defining differential coefficients, whose existence we shall infer on physical
grounds. The symbol -> alone is read ““ tends to .
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posing on the whole system a constant velocity. Thus when an aircraft flies on
a straight course with constant speed in air otherwise undisturbed, to an observer
in the aircraft the flow pattern which accompanies him appears to be steady and
could in fact be made so by superposing the reversed velocity of the aircraft on
the whole system consisting of the aircraft and air.

If we fix our attention on a particular particle of the fluid, the curve which
this particle describes during its motion is called a path line. The direction of
motion of the particle must necessarily be tangential to the path line, so that the
path line touches the streamline which passes through the instantaneous position
of the particle as it describes its path.

Thus the streamlines show how each particle is moving at a given instant

The path lines show how a given particle is moving at each instant.

When the motion is steady, the path lines coincide with the streamlines.

123. Stream tubes and filaments. If we draw the streamline through
each point of a closed curve we obtain a stream tube.

A stream filament is a stream tube whose cross-section is a curve of in-
finitesimal dimensions.

When the motion is dependent on the time, the configuration of the stream
tubes and filaments changes from instant to instant, but the most interesting
applications of these concepts arise in the case of the steady motion of incom-
pressible air, which we shall now discuss,

In the steady motion, a stream tube behaves like an actual tube through
which the air is flowing, for there can be no flow into the tube across the walls
since the flow is, by definition, always tangential to the walls. Moreover, these
walls are fixed in space since the motion is steady, and therefore the motion of
the air within the walls would be unaltered if we replaced the walls by a rigid
substance.

Consider a stream filament of air in steady motion. We can suppose
the cross-sectional area of the filament so small that the velocity is the same
at each point of this area, which
can be taken perpendicular to the
direction of the velocity.

Now let ¢y, ¢, be the speeds of

Frc. 123, the flow at places where the cross-

sectional areas are o, and 0,. Since

the air is incompressible, in a given time the same volume must flow out at
one end as flows in at the other. Thus

9101 = 205
This is the simplest case of the equation of conservation of mass, or the
equation of continuity, which asserts in the general case that the rate of genera-

1-23] STREAM TUBES AND FILAMENTS 11

tion of mass within a given volume must be balanced by an equal net outflow of
mass from the volume. The above result can be expressed in the following
theorem.

The product of the speed and cross-sectional area is constant along a stream
Sillament of incompressible air in steady motion. 4

It follows from this that a stream filament is narrowest at places where the
speed is greatest and is widest at places where the speed is least.

A further important consequence is that a stream filament cannot terminate
at a point within the fluid unless the velocity becomes infinite at that point.
Leaving this case out of consideration, it follows that in general stream filaments
are either closed or terminate at the boundary. The same is of course true of
streamlines, for the cross-section of the filament may be considered as small

as we please.

1-3. Density. If M is the mass of the air within a closed volume V,
we can write
1 M="7Vp,

and p, is then the average density of the air within the volume at that instant.
In a hypothetical medium continuously distributed we can define the density p
as the limit of p, when V— 0.

4. Pressure. Consider a small plane of infinitesimal area do, whose
centroid is P, drawn in the fluid, and draw the normal PN on one side of the
area which we shall call the positive side. The other side will be called the
negative side.

We shall make the hypothesis that the mutual action of the fluid particles
on the two sides of the plane can, at a given instant, be represented by two
equal but opposite forces of magnitude p do applied N
at P, each force being a push not a pull, that is to
say, the fluid on the positive side pushes the fluid pdo
on the negative side with a force of magnitude p do.

Experiment shows that in a fluid at rest these
forces act along the normal. In a real fluid in motion
these forces make an angle ¢ with the normal (an-
alogous to the angle of friction). When the viscosity
is small, as in the case of air and water, € is very
small. In an inviscid fluid which can exert no tangential stress ¢ = 0, and
in this case p is called the pressure at the point P.

In the above discussion there is nothing to show that the pressure p is
independent of the orientation of the element do used in defining p. That this
independence does in fact exist is proved in the following theorem.

Fia. 14 (a).
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Theorem. The pressure at a point in an inviscid fluid is independent of
direction.

Proof. Let P, @ be two neighbouring points, and consider a cylinder of

fluid, whose generators are parallel to PQ, bounded by a cross-section do, and

an oblique section do,, the centroids

%, d0, of these sections being P and @ respec-

tively. Let the pressures at P and Q,

—— 5 6 defined by the sections do, and do,, be
$190, £pde 4 and Py, and let the normal at @
Fro. 14 (8. make an angle § with PQ. The volume

of fluid within the cylinder is Ids,,
where [ is infinitesimal. Let F be the component in the direction of PQ of the
external force per unit mass of fluid, and let f be the acceleration of the cylinder in
the direction of PQ. Then if p is the density, the second law of motion gives

Py doy — pydoycos @ + F pldoy = fplda,.
Now, do, cos § = do,. Therefore dividing by do,,

P = pe=lp(f - F).

If we let @ approach P, | will tend to zero and therefore p, — p, tends to
zero. Thus when @ coincides with P we get p, = p,. Since the direction of
the normal to the section at @ is quite arbitrary, we conclude that the pressure
at P is the same for all orientations of the defining element of area. g.E.D.

Pressure is a scalar quantity, i.e. independent of direction. The dimensions
of pressure (see 1-7) in terms of measure ratios M, L, T of mass, length and
time are indicated by ML-1T-2,

The thrust on an area do due to pressure p is a force, of magnitude pdo,
that is, a vector quantity whose complete specification requires direction as well
as magnitude.

Pressure in a fluid in motion is a function of the position of the point at
which 1t is measured and of the time. When the motion is steady the pressure
may vary from point to point, but at a given point it is independent of the time.

I-41. Thrust due to pressure. Consider a cylinder of ideal fluid of
infinitesimal length ds and of cross-sectional area o, the dimensions of the
cross-section being small compared with ds.

—’%‘—a—
r_, *5?(17' P+Z€d’

Fi1c. 141,

The pressure thrusts on the ends are po and (p + (9p/ds)ds)o in opposite
senses and the pressure thrusts on the curved surface of the cylinder form a
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system of forces in equilibrium. Thus the net pressure thrust on the eylinder
is in the direction of its length and is of magnitude

op

(1) - Lar,
where dr = o ds is the volume of the contained fluid.

This result can be applied to a volume dr of any shape, provided its dimen-
sions are infinitesimal, the thrust in the direction of a line element ds being given
by (1). To see this, observe that such a volume can be divided into slender
cylinders, of the type just considered, whose generators are all parallel to the
direction of ds.

In vector notation the thrust is — (Vp) dr, see 21-3.

I'5. The speed of sound. We shall suppose that sound is propagated in
air by small to-and-fro motions of the air whereby the disturbance passes rapidly
from place to place without causing a transference of the air itself. This view is
supported by “ dust tube ”’ experiments in which fine particles suspended in air
show no appreciable motion when sound passes through the air in which they
float.

The basic assumptions are as follows :

(i) The variations of the pressure, density and velocity caused by the passage
of sound are infinitesimal quantities of the first order, that is to say their squares
and products may be neglected.

(ii) The pressure is a function of the density alone.

With regard to (ii), experiment shows that the adiabatic law (15:01)

is best suited to give agreement between theory and observation. Here v is the

ratio of the specific heats at constant volume and constant pressure, and has for
air the value 1405 approximately.

To fix our ideas, consider a long
horizontal tube of small cross-section = )
4 containing air at rest and let us study * il
the portion of air, density p,, pressure ; ;
Do, between the sections at distance z p——| p , fe—p +dp
and z + dz from a fixed point in tube. TTevE xtitdatdt
So long as the air is undisturbed p, and Fa. 15.

po are independent of .

When the sound is travelling through the air the bounding sections will be-
come displaced, say to  + £and z + £ + dx + d¢ at time ¢, and the pressure
on these sections will be perturbed, say to p and p + dp, while the density will
change from p, to p. Observe that z is not a function of ¢ but merely identifies
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the section which we are considering. On the other hand, ¢ measures the dis-
placement of that section at time ¢ and therefore ¢ depends both on ¢ and z.

By the second law of motion

. o2¢
-~ ddp = p, Adz—at—z,

for 9%£/0t* is the acceleration of all the air particles at = + ¢ and by (i) the
accelerations of the remaining particles of air here considered will differ but
infinitesimally from this. Thus

(2) o _ ¢

Again, the mass of air concerned is the same in both cases so that
pldr + dé) A = pydz 4
and therefore p(1 + 9£/0x) = p, so that (see 1:9 (1))

3 P=Po(1“g—i>’

for p and p, differ infinitesimally and therefore (9£/0z)? is negligible. We proceed
to eliminate p and ¢ from the three equations (1), (2), (3). From (1) and (3)

0 0 o2 0%
Lo FO P =~ pul (p) ok = = pof (o) ot

to our order of approximation (see 1-9). Combining this with (2) we get

az ap) = ’ az (a—}?)
(4) a—tz (55 = ¢y ch az s Whel'e
dp) YPo
5 C 2 = ! = (— = —.
©) =1 = (2) =2

It is readily verified that (4) is satisfied if we equate 9p/dz to any arbitrary
(differentiable) function of z — ¢yt or & + ¢y, or the sum of any two such
functions. If we take, for example,

) P = Flo - )
we see that the value of the pressure gradient dp/dx at the section & + ¢,7 at the
time ¢ + 7 is the same as the value of dp/dz at the section z at time ¢.

Thus the values of the pressure gradient move along the tube with the speed
¢y and it is these changes of pressure gradient which the ear detects in audible
sound. Thus we may identify the value of ¢, given by (5) as the speed of sound
in air whose unperturbed pressure and density are p,, p,.

In standard air at sea-level (2-5) we have approximately

¢y = 1120 ft./sec. = 764 mi./hr.
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In an ideal incompressible fluid any change of pressure is propagated
instantaneously or, as we may say, with “ infinite speed ”. Thus the greater
the speed of sound in a given fluid the more we should expect it to exhibit the
properties characteristic of incompressibility. Therefore for motions of air in
which the maximum speed involved is a sufficiently small fraction of the speed
of sound we should expect to be able, as a first approximation, to treat the air
a8 incompressible.

I-6. Maxwell’s definition of viscosity.

e A 1.

T il “*g'}'u“.]}’ “

A P -

¢ W
F1e. 1-6.

A horizontal plate moves forwards with velocity U over fluid which is in
contact with a fixed horizontal plane. The fluid in contact with the plate is
at rest relatively to the plate and moves with it, while the fluid in contact with
the plane is at rest. Thus the fluid is urged forwards, i.e. in the direction of
U, from above and retarded from below. If we consider the fluid between two
planes at heights y and y + dy and denote by F the tractive force per unit
area of the surface of the plane at height y, the assumption is made that

ou

F=pu Y

where  is the velocity of the fluid in the plane at height y and u is a constant.

The corresponding tractive force per unit area on the fluid in the plane at

height ¥ + dy will then be

ou o2u

F+dF=p.(@+ézﬁ y)

When a steady state has been reached we must have dF = 0 otherwise the fluid

would be accelerated. Therefore 9%u/0y? = 0 and so w = Uy/h where % is the

height of the plate, since u = 0 when y = 0 and 4 = U when y = % ; so that

F = pU/h, which is constant. Thusif U =1 and & = 1, we get F = p, and
we have Maxwell’s definition of the coefficient of viscosity .

T'he coefficient of viscosity is the tangential force per unit area on either of two
parallel plates at unit distance apart, one fixed and the other moving with unit
velocity.

The dimensions (see 1-7) of y are those of

force per unit area ML 1 (é 1) _M
velocity per umit length 7% ~ Lt - \T * I/ = LT
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In practice the kinematic coefficient of viscosity

v =

P
is more useful. The dimensions of v are therefore ML-1T-1 x L3M~' = L*T 1.
Thus in the c.g.s. system v is measured in cm.?/sec. ; in the British system in
ft.2/sec.
Tor air at 15° C., v = 1-59 x 10~ ft.2/sec.

I-7. Physical dimensions. Physics deals with the measurable pro-
perties of physical quantities, certain of which, as for example, length, mass,
time and temperature, are regarded as fundamental, since they are independent

"of one another, and others, such as velocity, acceleration, force, thermal
conductivity, pressure, energy are regarded as derived quantities, since they
are defined ultimately in terms of the fundamental quantities. Mathematical
physics deals with the representation of the measures of these quantities by
numbers and deductions therefrom. These measures are all of the nature of
ratios of comparison of a measurable magnitude with a standard one of like
kind, arbitrarily chosen as the unit, so that the number representing the
measure depends on the choice of unit.

Consider a dynamical system, i.e. one in which the derived quantities depend
only on length, mass and time, and change the fundamental units from, say,
foot, pound, second, to mile, ton, hour. Let 1, my, t; and Iy, m,, t, be the
measures of the same length, mass and time respectively in the two sets of units.
Then we have

1) L= %1 x I, = Lly, my = Mmy, t, =T,

2

where L, M, T are numbers independent of the particular length, mass or time
measured, but depending only on the choice of the two sets of units. Thus in
this case, we have L = 5280, M = 2240, T' = 3600. These numbers L, M, T
we call the Tespective measure-ratios of length, mass, time for the two sets of
units, in the sense that measures of these quantities in the second set are
converted into the corresponding measures in the first set by multiplication by
L M,T.

The measure-ratios V, 4, F of the derived quantities, velocity v, acceleration
a, and force f, are then readily obtained from the definitions of these quantities as

V=LT, A4=V|T, F=MA4,
so that ultimately the measure ratio of a force is given by F = ML/T>
And in general if n,, n, are the measures of the same physical quantity » in
the two sets of units, we arrive at the measure-ratio

2) ™ - N = L*MvT,
g
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and we express this conventionally by the statement that the quantity is of
dimensions L*M¥T* (or is of dimensions z in length, ¥ in mass, and 2 in time).
Ifz= y=2= 0, then n; = n,, so the quantity in question is independent of
any units which may be chosen, as for example, the quantity defined as the
ratio of the mass of the pilot to the mass of the aircraft. In such a case we say
the quantity is dimensionless and is represented by a pure number, meaning
that it does not change with units.

Now consider a definitive relation

(3) a = be
between the measures a, b, ¢ of physical quantities in a dynamical system, i.e. a
relation which is to hold whatever the sets of units employed, and which is not
merely an accidental relation * between numbers arising from measurement
in one particular set of units. Suppose the dimensions of a, b, ¢ are respectively
(p, ¢, 7), (5, t, w), and (z, ¥, 2), so that

4) a, = a,LeMT7, by = bLeM!T®, ¢ = c,L=MvT~,
Then (3) would become a, = b,¢;, and {4) would then give by substitution

a,LeMeTr = b, LM*T*c, L=MVT*,

Now a, = b,¢,, since the form of (3) is independent of units, and therefore

LeMaTr = LeveMi+vTuts, or p=s+x, ¢g=t+y, r=u+z
In other words, each fundamental measure-ratio must occur with the same
index on each side of (3), i.e. each side of (3) must be of the same physical
dimensions.

In systems involving temperature as well as length, mass, and time as
fundamental quantities (thermodynamical systems) a measure-ratio (say D)
of temperature must be introduced (cf. 2:5).

1'71. Aerodynamic force; dimensional theory. In 1-01 the aero-
dynamic force was defined as the force on an aircraft caused by that part of the
pressure distribution which is due to motion. Thus gravity does not enter into
the specification of this force. Restricting our consideration to steady motion
without rotation the aerodynamic force on an aerofoil or on a complete aircraft
may be expected to depend on the following quantities whose physical dimen-
8lons are given :

Quantity Symbol Dimensions
Typical length l L
Forward speed 14 LT
Air density p M3
Velocity of sound c L/T
Kinematic viscosity v LT

* For an example of this see the period of the phugoid oscillation, 18-51.
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Let us denote by A the magnitude of the aerodynamic force. The dimen-
sions of 4 are then those of force, namely ML/T2.

To begin with, let us suppose the air incompressible and inviscid. Then
¢ = o and v = 0, and 4 does not depend on either of these quantities, and we
should be led to assume that 4, depending only on I, ¥, p would be given by a
formula such as

) A = Jkp? Ve,

where 1% is a dimensionless number, or by a sum of terms like that on the right.
Since each side of (1) is of the same dimensions, we must have

ML MN\?/L\? . M»[a+r-3p
ﬁs<j}> <;7>L = 7
Thus p =1, ¢ =2, ¢+ r — 3p = 1, and therefore (1) becomes
(2) A4 = 1kpV22

It now appears that (1) only requires a single term.
If we wish to take account of compressibility and viscosity, ¢ and » should
also appear and (1) will be replaced by *

®) A = Dk, prValrent,

where 1k, is a dimensionless number, and each term must have the dimensions
of a force. Therefore

7= () (@) () (2)°

Equating the indices of M, L, T on the two sides we get
p=1, q+r+s+2-3p=1 qg+s+t=2
whence g=2-s8-~1t r=2—1t and therefore
V\-s/VI\-¢
reSyt — 2—s—{]2~t ps .t — 2J2( _ .
VLot = pVi-s—tli-tes, _le<c) (v)
The dimensionless number M = V/c is called the Mach number,t or the

Rayleigh number. It arises from taking account of compressibility. For an
incompressible fluid M = 0.

The dimensionless number R = Vl/v is called the Reynolds’ number. For an
inviscid fluid R = oo, and for air, since v is small (see 1-6), R is large unless
V1 is also small.

Thus (3) becomes

A4 = 3pV2Zk MR-t = 3pV2Sf(M, R),

* 3 denotes the sum of all allowable terms such as the specimen which follows it.
t There should be no occasion to confuse the Mach number M with the measure-ratio M.

1-71] AERODYNAMIC FORCE; DIMENSIONAL THEORY 19

where I2 has been replaced by the plan area S, a proportional number of the
same dimensions, and f(M, R) is a function, whose form is not determined by
the present method, with values which are independent of physical units.
The dimensionless number
C,=

1

IS

-}
S|~
o

is called the (dimensionless) coefficient of the aerodynamic force 4. The effect
of compressibility can usually be neglected if M < } (see 2-32), so that in this
case C4 = F(R) a function of the Reynolds’ number only.

I-72. Similar systems; scale effect. This last result gives rise to
some remarks concerning the inferences to be drawn as to the behaviour of the
full-scale machine from experiments made on a geometrically similar model.
If the model tests give an aerodynamic coefficient C,,, for a test conducted
at a Reynolds’ number R,, the scale effect on the coefficient is given by
C4:C4n = F(R): F(R,).

The model tests will give the aerodynamic coefficient C4 = C,, directly
if R =R,

Since R = Vifv = Vlp/p and since u and p are the same in the machine and
its model, while ¥ and [ are both greater for the machine than for the model, the
model experiments are necessarily conducted for a smaller Reynolds’ number
than that for which the machine will be used. Thus the above correction
will have to be made in calculating the actual C'4 from the values obtained by
model experiments. There is, however, a way out, namely by using a com-
pressed air wind tunnel which has the effect of increasing p and therefore the
Reynolds’ number.

In conclusion it should be noted that in giving the Reynolds’ number a
statement should always be made as to what particular length is taken for the
typical length l.

1-73. Coefficients. We have just seen how to define a dimensionles
coefficient C4 of aerodynamic force. In exactly the same way we define the
coefficient of any component. Thus if L and D are the lift and drag components
we have lift and drag coefficients

L D
“Epry =gy
Fig. 1-73 shows typical curves of Oy and Cp plotted against geometrical
incidence . We shall consider the properties of such curves later.
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In addition to force coefficients we have moment coefficients. The moment
of the aerodynamic force about an axis perpendicular to the plane of symmetry,

N
0'8 /CL
0'5(
[
/:/ ),
A
i OI:IG. 1'73'.00 *

called the pitching moment, will depend on the particular axis chosen. Denoting
this moment about the chosen axis by M, we define the coefficient of pitching
moment by

M
Cn = 780"

A typical graph is shown in fig. 1-73.

It may be noted that if we choose 1pV28 as the unit of pressure and the
chord ¢ as the unit of length the above aerodynamic forces reduce to the lift
Cy, the drag Cp and the moment C,,.

1-8. The boundary layer. Consider a flat plate of length [ at rest over
which a stream of fluid passes with general velocity V.

Consider a point P of the plate and a normal PN erected there. Let us
draw vectors at points of this normal to represent the fluid velocity parallel to
the plate. At P this velocity is zero (see 1:6). If the Reynolds’ number
Vl/v is large, say of the order 105, it is found that the velocity rapidly attains the
value V as we recede from P. If we denote by 3 the height at which the velocity
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attains the value 99V/100, say, the maximum value of /I is about 0-02.
Fig. 1-8 (i) shows the state of affairs, the vertical scale being greatly exaggerated.
If PQ = 3 thelocus of the points @ is a surface which passes through the leading

N Vv
Q-—__ _______
—————— '3
,,,,,,,, )
—_— T ¥ 72
V P

Fia. 1-8 (i).

edge of the plate, and the fluid between this surface and the plate constitutes
the boundary layer. Inside the boundary layer the effect of viscosity is impor-
tant. Outside the boundary layer the effect is negligible. The greater the
Reynolds’ number the thinner becomes the boundary layer and we have prac-
tically the case of an inviscid fluid flowing past the plate. There is, however,
this difference. However small the viscosity the plate is subjected to a tangential
traction or drag urging it in the direction of V. This force is known as the
friction drag, and this force can never be entirely eliminated. On the other hand
the fluid outside the boundary layer behaves like an inviscid fluid.

Now consider the steady flow past a circular cylinder at rest.

If V is the speed of the stream in an inviscid fluid, it can be proved that
the speed at the top 4 is 2V and gradually falls off to zero at B. There is a

2] ]

B e o
A “~\.‘

4
5 '~
/
1% ) B
Fre. 1-8 (ii).

corresponding increase of pressure as we pass round from 4 to B. Now, if the
fluid is viscous, the fluid in contact with the cylinder is at rest and the fluid in
the immediate neighbourhood of the cylinder has a very small speed and cannot
force its way round to B against the increasing pressure. Thus, if we perform
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the same construction of vectors on the normals as before, fig. 1-8 (ii),* the
diagram at 4 resembles that at P in fig. 1-8 (i), but just above a point such as D
the component of velocity parallel to the tangent is actually reversed owing to
the increase in pressure. Between 4 and D there is a point C such that at any
point beyond C reversal will take place. At the point C the boundary layer is
about to break away from the cylinder and in the portion beyond C there will be
reversal of the flow and an eddying wake will form behind the cylinder, greatly
increasing the resistance. The problem of * streamlining * is to devise shapes
such that the boundary layer will not break away and the wake will remain
inconsiderable. This has been achieved in the profiles like that shown in
fig. 1-8 (ili) which are found to make good aerofoil shapes.

Fie. 1-8 (iii).

For those there is a narrow ribbon wake but, to a first approximation, the
problem of flow past such a shape is that of inviscid fluid flowing smoothly past
the body.

The above considerations give rise to some general observations :

(1) It is found that to delay the breaking away of the boundary layer the
region where the fluid is moving against increasing pressure should curve as
gradually as possible, i.e. should have a large radius of curvature.

(2) The importance of smoothing the surface over which the fluid passes lies
in the fact that small projections above the general surface may so disturb the
boundary layer as to cause a breaking away too near the leading edge. Apart
from other reasons it is easy to see that a rivet whose head projects above the
boundary layer may entirely alter the character of the flow, an exaggerated
picture being shown in fig. 1-8 (iv).

Fia. 1-8 (iv).

(3) Good streamline shapes should be such that the breaking away point
i as near as possible to the trailing edge.

*The firm lines are streamlines; - — - — is the boundary layers frontier; between
------- and the cylinder back flow is taking place. The diagram is purely schematic.
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1-9. Approximations. In the applications of mathematics to physical
measurements it is frequently desirable and often necessary to make approxima-
tions in which certain numbers are neglected on the grounds that their inclusion
would not affect significantly the accuracy of the calculation. The standard of
approximation which is adopted in any given case is a matter of convention.
Thus, if an error of ten per cent. is regarded as permissible, the approximate
formula (1 + #)2 = 1 + 2z might be used to yield (1-4)2 = 1-8, the percentage
error in defect of the true value 1-96 being less than 10 per cent.

Without entering into individual numerical cases, the linear approximation
will be defined as that approximation in which the squares (and higher powers)
and products of the numbers which are to be regarded as small (in comparison
with those retained) are neglected. On this understanding one of the com-
monest approximations is the binomial formula

(1) l+2)"=1+ na
Similarly, when z and y are small we can write

l+xz

1_{_y=(1+:::)(1-¥-y)‘1

QA+l +y=1+2z+y,

=1l+2){(l-y)=1+2z-y
Taylor’s theorem (or, when @ = 0, Maclaurin’s theorem) in the form *
fla + ) =fla) + zf'(a) + 322 f"(a) + ...
yields the approximation
) fla+ 2) =fla) + =f'(a)
when z is regarded as small.

An application of this was made in 1-5, where in effect,

F'(0) =flpo + (p=po)l =f"(p) + (p = po)f"(po) + ---
and therefore 1f (p — po) and 325/6:1;2 are small, we have approximately

*&

f'(p) gx‘z =f"(po) 55

It may happen that f'(a) = 0, and then Taylor’s theorem yields the approxima-
tion

fla + 2) = fla) + $2*f" (a)-

This is not a linear approximation in the sense defined above (the linear

approximation is f(a)), but it is the first approzimation in the sense that it is

the first approximation which differs from a simple constant. The idea of a

* f’(a) is always to be obtained by first differentiating f(x) with respect to z, and then putting
z =a.
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first approximation is thus more general than the idea of a linear approxi-
mation.
To illustrate this latter point, the expansion

tan(%w—x):i~§—
shows that when z is small, the first approximation to tan (37 — ) is 1/z,
a number which increases as 2 decreases. Taking im = 1-5708 we get the
approximation tan 1-4 = 5-851, which exceeds the correct value 5-798 by less
than 1 per cent.
A few examples which will be useful later are given :
(i) Expand 22¢*/(e® — 1) as far as the term in A%. Since

=1+ A+ 32+ 10+
e =14 2X + 2% + 223 +

the given expression is
1+ A+ 2+

11y
Trar v+, Lot
by long division of the numerator by the denominator.
1+4
(i) If cnz =1~ a2 + —2#104 -~ ..., find the first approximation,
when z is small, to
1+ onzx l-cnz
1-1z - .
l1-cnz l+cnz
Here 1—cnx:%x2(1~1~;24mz2>, I1+cenz=2( - }a?).

Using (2) we get

1- -
_ﬂ:%z2<1+1 271lx_2>.

l+ecnz 6
Therefore from (1)
l-cnz ( 1—2m> l+cnz 2 1-2m
=1z(1 2), =12
l+enz 2\ T 13 * l1-ecnx z(l 12 x),
and therefore the given expression is equal to
1 -2 2 -
1-1+ m:c2+%12= szz.

Obszrve that here the term in 22 must be retained throughout,

(ii) If @ = & — }4? find a second approximation to z when a is small.
Clearly a first approximation is = a. We therefore put x = a + ¢, which
gives
a=a+ e — }(a®+ 3a% + 3ae® + ).
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Now e is necessarily small since a is itself small. Neglect all powers of €
except the first. We then get €(1 — }a?) = 143, so that from (1),

e = 3a’(1 + 1a?) = {a?,
retaining only the most important term. Thus to a second approximation
z=a+ }dd

This process could be continued as often as required.
Indeterminate ratios of the form 0/0 may be evaluated by I'Hospital’s
theorem, namely, if f(a) = 0 and ¢(a) = 0O, then

i 1@ _ (@)

e $(@)  ¢'(a)
Proof. 1If k is small, we have, approximately, from (3),

fla+ k) =f(a) + f'(@) = kf'(a), ¢la+ k)= 45 + h¢'(a) = h¢'(a),
flz) fla + k) f
lm=>—— = lim%-——=
@)  r0dla+ k) ¢(a)
If f'(a) = 0 and ¢'(a) = 0, the theorem can be applied again.
Now consider f(a + z,b + y) when z, y are small. The extended form of
Taylor’s theorem gives the linear approximation

fla+z b+y fla+z b+y)
x o ]0+y[ ay ]r

where suffix 0 denotes that, after the differentiation, we put z =y = 0.
Denoting these coefficients by 4 and B, we get

(4) fla+ =, b+ y)=fla, b) + Az + By.

This result embodies the very important principle of the superposition by addition
of small changes. If y were zero, we should have

fla + =, b) = f(a, b) + Az,

so that Az is the increment in f(a, b) when b remains fixed and a is increased to
@ + . Similarly By is the increment in f(a, ) when @ remains fixed and b is
increased to b + y. When both a and b vary slightly we add the increments,
each of which can be obtained independently of the other. The principle applies
whatever the number of variables.

Thus, for example, if an aircraft is given a small rotation and a small
translation, the change of position in space of its centre of gravity can be got by
considering the changes due to rotation without translation, and translation
without rotation, and then adding the results.

fla + o, b+ y) = fla,b) +

]
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EXAMPLES I

1. An aircraft has a mass of 6 tons and its solid structure displaces 250 ft.3
Calculate in Ib. wt. the force of buoyancy, and the vertical component of the aero-
dynamic force when the aircraft is moving horizontally at constant speed.

Take the density of air to be 0-002378 slug/ft.3 See 2-5.

2. An aircraft is travelling horizontally at constant speed of 300 mi./hr.
If the drag is 70 lb. wt., calculate the least horse-power which the engines must
exert to overcome this.

3. The following table gives corresponding values of lift and drag on a certain
aireraft ; calculate the gliding angles and exhibit your results as a graph,
L 1820 3540 5290 7020 8760 10,480
D 120 165 243 361 506 666

Draw also a graph of the efficiency L/D.

4. An aircraft of mass 3000 lb. is “ looping the loop ™. At the top of the loop
the speed is 90 mi./hr. and the radius of curvature of the path is 500 ft. Calculate
the Lift at the top of the loop.

5. A flat aerofoil is in the shape of the quadrilateral 4 BCD where 4, B, C, D
are successive vertices of a regular hexagon. If the span is 30 ft., calculate the length
of the mean chord, the plan area, and the aspect ratio.

6. The aerofoil of Ex. 5 has the port and starboard wings rotated upwards
through 5° about the line of symmetry so that the aerofoil is no longer plane. Find
the mean chord and calculate the percentage change in the aspect ratio.

7. A symmetrical profile is formed by drawing direct common tangents to two
circles of radii 1 and 20, the nose and tail thus consisting of circular ares. Find
the length of the chord ¢, taken as the longest line in the profile, in terms of d the
distance between the centres of the circles, and draw a graph to show the relation
between ¢ and d.

Find the upper camber and the thickness ratio in terms of c.

8. A profile is in the form of a segment of a circle of radius a cut off by a chord
of length ¢. Calculate the mean camber, and obtain an approximation if ¢/al is
negligible.

9. A profile is in the form of the segment of the parabola &? = I(h — y) cut off
by a chord of length ¢ parallel to the z-axis. Show that the mean camber of the
profile is ¢/81, and express this in terms of the angle which the tangent to the profile
at the leading edge of the chord makes with the chord.

10. Plot the profile of the aerofoil Clarke YH from the following values of (z, y)
where 2, y are percentages of the chord length, and  is measured from the leading
edge of the chord ; yy, y;, refer to the upper and lower surfaces.

x 0 1-25 2:5 5 75 10 15 20 30

Yo 3-50 545 6-50 7-90 8-85 9-60 10-68 11-36 11-70
YL 3-50 1-93 1-47 0-93 063 042 0-15 0-03 0

x 40 50 60 70 80 90 95 100
Yo 1140 10-51 9-15 742 5-62 384 2-93 2:05
YL 0 0 0 0-06 0-38 1-02 1-40 1-85

Draw the camber line, estimate the upper, lower and mean cambers, and the
thickness ratio.
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11, Incompressible air flows steadily through a conical tube whose cross-sectional
diameter decreases linearly in the direction of flow from 2R to B. If V is the mean
speed where the diameter is 2R, and v the mean speed where the diameter is 2r,
draw a graph to show v/V as a function of R/r at different points of the tube.

12. Show that atmospheric pressure at sea-level is about one ton weight per
square foot. See 2-5.

13. Assuming the speed of sound in air at sea-level to be
331-1 + 0-6T

metres per second when the temperature is 7° C., draw a graph to give the speed in
ft./sec. when the temperature is T° F., in the range —40° F. to 20° F.

14. The following table gives the kinematic viscosity of air at various Centigrade

temperatures :
T°C. 0 20 40 60 80
1000 v ft.2/sec. 0-142 0-161 0-181 0-202 0225

Exhibit these results graphically and estimate v for 7' = 56°, 30°, 15°.
Assuming that v is increased by 49, when the pressure is increased to 25 atmo-
spheres, draw a corresponding graph of (v, T) for the range of temperature 0° to 80°,

15. Assuming that a mass m falling vertically under gravity experiences a drag
kmv? when its speed is v, prove that when the mass has fallen a vertical distance y
from rest
dv
dy
Prove, or verify, that this problem is solved by

v + kvt =g.

w=%a—rm)

and that the terminal speed of the body is/(g/k). (The terminal speed is the lowest
speed which cannot be exceeded. At this speed the drag is equal to the weight.)

16. Assuming the resistance to vertical descent of a passenger-carrying parachute
of area S to be Sv?/54 when the speed is v, find an expression for the terminal speed
in terms of the total mass M of parachute and passenger.

If § = 600 ft.%, the parachute weighs 30 1b., and the passenger 10 stone, calculate
the terminal speed in ft./sec. and mi./hr.

17. An aircraft is flying at 200 mi./br., in air at temperature 15° C. Taking the
wing span 30 ft. as the typical length, calculate the Reynolds’ number R and the
Mach number M,

18. A sphere of radius a moves with speed V in incompressible air (i.e. in air
whose compressibility is neglected.) Prove that the resistance is of the form

%wpa2V2f<V—';> ,
where v is the kinematic viscosity.
19. Show that two spheres will have the same drag if their speeds are inversely
proportional to their radii.
20. If the aircraft rolls with angular velocity £2, show that the coefficient of
aerodynamic force is a dimensionless function of the type
(B, M, 12[V),
where V is the forward speed, [ the typical length and R and M are the Reynolds’ and
Mach numbers.
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21. The following table gives corresponding values of incidence, lift coefficient,

and drag coefficient for the aerofoil profile Clark YH, aspect ratio 6, Reynolds’
number 6-83 x 10%:

o

o -29 -17 +0-6 2-8 51 T4 9-6 11-8 14-0
C; -0-011 +-076 250 -420 590 <760 924 1084 1-224
Cp 0-009 -009 ‘012 018 027 041 <058 081 <103
o° 16-2 17-3 184 193 20-3 223 253 284
Cy 1-366 1-426 1474 1-304 1252 1102 0-912 -854
Cp 126 -138 -151 196 220 277 330  -396

Draw the (Cy, a), (Cp, «) graphs and estimate the maximum value of ¢ and the
incidence at which this occurs.

22. Referring to fig. 1-8 (i), show that the velocity v given by
=VsnZ¥
u = Vsin 5%’

where y is the distance from the plate, is a possible distribution in a boundary layer

of thickness .

. 27 vz

Tak 2 = =,
aking k R

where z is the distance from the leading edge, sketch the outline of the boundary

layer as z increases from O to I.

CHAPTER II
BERNOULLI'S THEOREM

2:0. In this chapter we consider Bernoulli’s theorem * and some of its
consequences, and, in particular, derive the justification for ignoring the com-
pressibility of air in a first approximation to flight phenomena at sufficiently
low speeds.

2:1. Bernoulli’s theorem
In its most general form the theorem is as follows.
In the steady motion of an inviscid fluid the quantity

Py K
P

is constant along a streamline, where p 1s the pressure, p s the density and K 1s the
enerqy per unit mass of the fluid.

Fia. 2-1.

Proof. Consider the fluid body bounded by the cross-sections 4B and CD
of a stream filament.

We shall denote by suffixes 1 and 2 the values of quantities at 4B and CD
respectively. Thus p;, ¢, p1, 0, K, will denote the pressure, fluid speed, density,
cross-sectional area and energy per unit mass at 4B.

After a short time 8¢ the above fluid body will have moved and will now
oceupy the portion of the filament bounded by the cross-sections 4’B’ and C'D’
where

* Discovered by Daniel Bernoulli, 1700-1783.
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1) 44" = ¢, 8, CC' = q,8t.

Since the motion is steady, the mass m of fluid between AB and A’B’ will be
the same as that between CD and C'D’ so that

2) M = 01418t py = 040, 8t py

Let H denote the total energy of the portion of the fluid between 4’B’ and
CD. Then the increase of energy of the fluid body in time 8t is

) (mK, + H) — (mK, + H) = m(K, - K))

This increase of energy is due to the work done by the pressure thrusts at
AB and CD, namely

mpy _ mpy
P1 P2

4) P1019: 88— Py0sgy 8t =
Equating (3) and (4) we find that

By K, = Pz, K,
P1 P2
which shows that

Pik
P

has the same value at any two points of a streamline and is therefore constant
along it. Q.E.D.
It should be emphasised that the above theorem has been proved only for

steady motion of inviscid fluid which may, however, be compressible or in-
compressible.

2:11. Incompressible fluid in the gravitational field. The gravita-
tional field of force is a conservative field, meaning by this that the work done by

gravity in taking a body from a point P to another point Q is independent of the
path taken from P to @ and depends solely on the vertical height of @ above P.
A conservative field gives rise to potential energy which is measured by the work
done in taking the body from one standard position to any other position. In
the case of the gravitational field the potential energy per unit mass is gh,
where £ is the height above a fixed horizontal datum plane. Thus in fig. 21 the
potential energy per unit mass is gh, at 4 and gh, at C.

In addition to potential energy per unit mass the fluid has kinetic energy

44® per unit mass. Also p is constant so that there is no energy due to com-
pressibility, therefore in 21 we have

K=lg+gh,
and Bernoulli’s theorem is

§+ 14%+gh = constant along a streamline.
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2:12. The constant in Bernoulli’s theorem. If we fix our attention
on a particular streamline, 1, Bernoulli’s theorem states that

%+%q2+yh=@

where C, is constant for that streamline. If we take a second streamline, 2,

§+%qz+gk@

where C, is constant along the second streamline. We have not proved‘ (an.d
in the general case it is false) that C; = C,. When, however, the motion is
irrotational, a term which will be explained later (3-3), it is true that the
constant is the same for all streamlines, so that

we get

%+%q2+yh=0,

where C has the same value at each point of the fluid. It will also be sho.wn
later (3-31) that this case arises whenever an inviscid fluid is se?t in motion
by ordinary mechanical means, such as by moving the boundane.s suddenly
or slowly, by opening an aperture in a closed vessel, or by moving a body
through the fluid.

2:13. Aerodynamic pressure. In the steady motion of an incompre.s-
sible fluid Bernoulli’s theorem enables us to elucidate the nature of pressure still
further. In a fluid at rest there exists at each point a hydrostatic pressure py
and the principle of Archimedes states that a body immers?d m the fluid is
buoyed up by a force equal to the weight of the fluid which it displaces. The
particles of the fluid are themselves subject to this principle and are th.erefore
in equilibrium under the hydrostatic pressure py and the force of gravity. 'It
follows at once that pg/p + gh is constant throughout the fluid. If we write

P=2D0r+ Ppn
Bernoulli’s theorem gives

i+ B ig=c,
P p
and therefore
where C' = C — (pg/p + gk) is a new constant. .
Note that (1) is the form which Bernoulli’s theorem would assume if the
force of gravity were non-existent. .
The quantity pp may be called the aerodynamic pressure, or th.e pressure
due to motion. This pressure pp, measures the force with which two air particles
are pressed together (for both are subject to the same force of bouyancy). It
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will be seen that the knowledge of the aerodynamic pressure will enable us to
calculate the total effect of the air pressure on a body, for we have merely to
work out the effect due to p;, and then add the effect due to pg, which is
known from the principles of hydrostatics. This is a very important result, for
it enables us to neglect the external force of gravity in investigating many
problems, due allowance being made for this force afterwards.

It is often felt that aerodynamic problems in which external forces are
neglected or ignored are of an artificial and unpractical nature. This is by
no means the case. The omission of external forces is merely a device for
avoiding unnecessary complications in our analysis.

It should therefore be borne in mind that when we neglect external forces
we in effect calculate the aerodynamic pressure.

We also see from (1) that the aerodynamic pressure is greatest where the
speed is least, and also that the greatest aerodynamic pressure occurs at points
of zero velocity i.e. stagnation points.

2:2. The Pitot tube. Fig. 2-2 (a) shows a tube 4BCD open at 4, where
it is drawn to a fine point, and closed, at D containing mercury in the U-shaped

part.
— If this apparatus is placed
4 <~ gith the open end upstream
D in steadily flowing air, the axis

of the horizontal part in the
figure will form part of the
streamline which impinges at
4. Hence if p, is the pres-
sure just inside the tube at A4, and P is the pressure ahead of 4, we shall
have, by Bernoulli’s theorem,

Fig. 2-2 (a).

n_?,

PP

since the air inside the tube is at rest. The pressure p, is measured by the
difference in levels of the mercury at B and C, assuming a vacuum in the part
CD. This is the simplest form of £
Pitot tube for determining the quantity = 2
P+ gt i

In applications it is often required
to measure the speed ¢. In order to
do this we must have a means of
measuring p.

This measurement can be made by means of the apparatus shown in fig,
2-2 (b), which differs from the former only in having the end 4 closed and holes

7

[l

Q
™

Fie. 2:2 (b).
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in the walls of the tube at E slightly downstream of 4. The strean'ﬂines now
follow the walls of the tube from A4, and the air within the tube being at rest

and the pressure being neces- E .
sarily continuous, the pressure <

. . ( A -—
just outside the tube at E is &
equal to the pressure just in-
side the tube at E, and this is B

measured by the difference in
the levels of the mercury at G
and F. In practice it is usunal
to combine both tubes into a single apparatus as shown in fig. 2:2 (c).

In this apparatus the difference in levels of the mercury at B and @
measures p; — p = $pg

The above description merely illustrates the principle of speed measure%nents
with the Pitot tube. The actual apparatus has to be very carefully d(?s1gned,
to interfere as little as possible with the fluid motion. With'prf)per design and
precautions in use, the Pitot tube can give measurements within one per cent.
of the correct values in an actual fluid, such as air or water.

2-3. The work done by air in expanding. Let S and S’ be the

surfaces of a unit mass of air before and after a small expansion.
Let the normal displacement of the element dS

of the surface S be dn.
Suppose the pressure of the air to be p. Then

the work done by the air is
pZdS.dn = p x increase in volume = p dv,
where v is the volume within S. But since the mass

is unity, vp =1

Fie. 2-2 (c).

Fia. 2-3.

. 1
Hence the work done by the air = pd(;) )

and if the expansion is from density p to density py,
Po 1
the work done = j pd(;) .
P

We suppose that the pressure is a function of the density o'n.ly.* '

We shall call intrinsic energy per unit mass the work which a unit mass of
the air could do as it expands under the assumed relation between p anq p
from its actual state to some standard state in which the pressure and density
are py and p,. Calling E the intrinsic energy per unit mass, we get

o /1 Podp
i AT

* When the pressure is a function of the density the flow is called barotropic.
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on integrating by parts. Thus

) E=P_P, _r' P,

Po P v P

Note that intrinsic energy is a form of potential energy analogous to that
of a stretched elastic string.

2:31. Bernoulli’s theorem for compressible flow. Here the energy
per unit mass is

K=1¢*+gh+E
where E is the intrinsic energy given by 2-3 (1). Substituting in 2-1 we find that
L/
£+%qz+gh+&’—]—o+ z
P Po P 2o P
is constant along a streamline and therefore that

»
I t%p + 3¢® + gh = constant along a streamline.
Do

If we neglect gravity, that is if we deal with aerodynamic pressure only
(2-13), we have

? d
I 2, 3¢* = constant along a streamline.
» P

The differential form of this, which is useful in considering compressible
flow about an aerofoil is

() dp= - pq dg

2:32. Application of Bernoulli’s theorem to adiabatic expansion.
When air expands adiabatically (that is to say without gain or loss of heat,
15-01), the pressure and the density are connected by the relation

(1) P = xp”,

where « and y are constants. For dry air, y = 1-405. Therefore

dp J" Ky y (p p)
A= y=2 dy — =l — o1 = L (L _ Fo)
J:up ypop p y_l[p Po )

Since p,/p, Tefers to a standard state, this is constant, and therefore Ber-
noulli’s theorem gives
Y

_r 2 -
y_lp+éq + gh = C.
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If we take py to be the pressure when the velocity is zero * and neglect
the effect of gravity, we obtain

Yy P J_2=—‘y_.ﬂ’,
'y—lp+2q ')’—1)00
so that
2y po( ppo)
2o _Z¥ _Poly _ Lhe),
(2) BV Dop
y=1
Ppo_ P _ (2) " from (1),
NOW POP Poy—l Po

Also, from the theory of sound waves, it is known (1-5) that the speed
of sound ¢, when the pressure is p, is given by

Y Po
C2 = .
0 Po

Therefore we obtain from (2)

and therefore

2 4
y-1(q z:ly_l 1 _ Z’(l) Z(1> + .
22[]_ 2 <c_o) =1 2 \¢, 8\,

Po
4
— _}po_qz..‘_’}_’(—q-) + ...
2 po 8\

The ratio of the third term to the second in this expansioz} is q_z/f%coz, 80
that even when the speed ¢ is equal to half the speeq of sound this Iatlf) is 1/16.
Thus it appears that we may, to a good approximation, neglect the third term,
unless ¢ is a considerable fraction of ¢,

Bernoulli’s theorem for air will then take the form

2iyp=n,

Po Po
which means that the air may be treated as incompressible W.ithin a very
considerable range of speeds. In particular, for speeds of 390 miles per hour,
the error in speed measurements made by the use of the Pitot tube (see 2:2)
will only be about 2 per cent.

* Tt is not asserted that zero velocity is attained. The pressure p, is nevertheless
uniquely defined by the equation which follows.
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2'4.. The Venturi tube. The principle of the Venturi tube is illus-
trated in fig. 2-4. The apparatus is used for measuring the flow in a pipe and

consists essentially of a conical contraction in the pipe from the full bore at A
to a constriction at B, and a gradual widening of the pipe to full bore again
at C. To preserve the streamline flow, the opening from B to C has to be very
gradual. A U-tube manometer containing mercury joins openings at 4 and
B, and the difference in level of the mercury measures the difference in pressures

at 4 and B. Let p,, q,, p,, ¢, be the pressures and speeds at 4 and B respec-

tively. Then
%+ﬂ3=;+ﬂﬁ
by Bernoulli’s theorem.

Let S, S, be the areas of the cross-sections at 4 and B,
Then @8 =¢85,

since the same volume of fluid crosses each section in a given time. Therefore

. =\/w
1 Slz )
P (srz -1)

P1 — Pq is given by observation and the value of ¢, follows.
If % is the difference in level of the mercury in the two limbs of the mano-
meter and o is the density of mercury, the formula becomes

K being a constant for the apparatus.
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2-4l. Flow of air measured by the Venturi tube. Assuming
adiabatic changes in the air from the entrance to the throat, we obtain from
Bernoulli’s theorem and the equation of continuity

LA

._y__]iz+1
y—1p

y — ]-Pz 5922;
P13 S = p2ge Sa,

2y (&_gz)
2:__')’_1P1 Pz‘

BjoR
P2 8,2

y—1

2y &[1 _ (22> y]
_ry-1lm 2 )

2
(B () -
P2 S,

To use this formula we must know p,, p, and p,. The instrument must
therefore be modified so that 4 and B in fig. 2-4 are connected to separate
manometers, thereby obtaining measures of the actual pressures p;, p, and
not their difference, as in the case of incompressibility. For speeds not com-
parable with the speed of sound, the ordinary formula and method may be
used (see 2-32).

+ 3=

whence we easily obtain

9

Now, P <&>y, and therefore
P2 P2

0

2-5. Standard atmosphere. Since the density, pressure and temperature
of air depend on many circumstances of date, position, humidity and so on, it is
usual in aerodynamics to postulate certain arbitrary standard values for these
fundamental quantities, afterwards making any necessary corrections for local

conditions.
The combined gas laws of Boyle and Charles may be expressed in the form
1) p=RpT,

where 7' is the absolute temperature and R is a constant,* whose physical
dimensions are L2T-2D-1, where D is the measure-ratio of temperature. The
absolute zero of temperature is taken to be —273° C. If we assume that, at
normal temperature 15° C., and normal atmospheric pressure 760 mm. of
mercury, or 2116 Ib.wt./ft.2, the density of air is 007651 lb./ft.% then
T = 273° + 15° = 288° (., and B = 3090 ft.%/(sec.? degree C.).

* There should be no occasion to confuse this with Reynolds’ number.
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If, however, we adopt the practical or British engineering units in which
the fundamental quantities are length, time and Jorce, with the foot, second
and lb. wt. respectively as their units, then mass is a quantity derived from
Newton’s second law of motion, force = mass x acceleration, whose unit is
termed the slug. With this new set of three fundamental quantities, of
measure-ratios L, T, F, the dimensions of mass are FI-172. Hence, since
1 Ib. wt. = g poundals, we find, on changing from practical units to the
ft.-Ib.-sec. system by the method of dimensions of 1-7, that 1 slug = g Ib.

If we take g = 32:174, the density of air becomes 0-002378 slug/ft.3 at
normal temperature and pressure,

Consider a small cylinder of air whose axis, of length dh, is vertical and whose
cross-sectional area is o. The weight of the contained air is, in equilibrium,
just balanced by the difference in pressure thrusts on the ends so that
odp +odhgp = 0. Thus

@ B _ g
The international standard atmosphere is defined by the assumption that the
temperature is a particular linear function of the height  above sea-level up to
36,093 ft.* and is thereafter constant. Using the centigrade absolute scale

(3) T = 288 — 0-001981%, & < 36,093 ft.

4 T =273 - 565, k> 36,093 ft.

The part of the atmosphere below 36,093 ft. is called the troposphere, the part
above that level is the stratosphere. The height which divides the two parts is
arbitrarily laid down as a reasonable average representation of the conditions.

Considering the troposphere and eliminating p and T between (1), (2), and
(3), we get ldp _ g

pdh E(283 - 0-001981%)
which yields on integration

(5) P = (1 - 0-00000688%)"255,

Po
where p, is the pressure at sea-level,

If py and 7'y are the density and absolute temperature at sea-level, (1) gives

rp_p T

=L 1

and therefore Do Po °
(6) P — (1 - 0-00000688%)+25s.

Po
Corresponding relations for the stratosphere are obtained from (1), (2) and

(4).

* The odd 93 ft. have no real significance. The numbers here given are simply adjusted to be
consistent.
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Fig. 2-b gives a disgrammatic representation of aerial pressures and heights
attained up to 1943. Since then many successive height records have been
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established, among which are the ascent of Malcolm Ross in a balloon to 113,500
ft. in 1961, and the reaching of a height of 351,000 ft. in 1963, by Joseph Walker
in an X-15 rocket plane. Heights of satellites are excluded.

EXAMPLES II

i i ipe li i hill of height A
. Petrol is led steadily through a pipe line which passes over a g
into 1the i';ﬁeyll below, the speed at the crest being v. Show that by properly
adjusting the ratio of the cross-sections of the pipe at the crest and in the valley
the pressure may be equalised at these two places.
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2. Incompressible air of density p flows through a Venturi tube. The points
where the cross-sections are o, o, are connected by a differential pressure gauge
which indicates the pressure p; — p,. Prove that the mass of air flowing through
the tube per unit time is

2p(py - )
0,0y -—“_Zlf 1_ ofz 27

3. If air pressure is halved under adiabatic expansion, find the ratio of the
initial and final densities.

4. If pv''t = constant, show that the work done by air expanding from the
state (py, v;) to the state (p,, v,) is 2:5(p,v; — pyvy).
An air compressor takes 4 ft.3 of air per stroke at the pressure of standard air
at sea-level and compresses it to 4 times that pressure according to the above law.
Find the least horse-power required at 60 strokes per minute.

5. One cubic metre of air at 20° C. and pressure 950 gm. wt./cm.2 is compressed
to a pressure of 9,500 gm. wt./cm.? in such a way that pr1'2 = constant throughout
the compression. Find the work done. Take the density of air at 20° C. to be
0-0013 gm./cm.3

6. With notation of 2-32 show that

>

P 2 -y
S=1-iM2+—IMp - ..
Po 2 0 8 0
where M, is the Mach number g/c,.

If M,? is neglected, exhibit graphically the relation between plpo and M.

7. Establish the formula for the pressure along a streamline

== dy ME gy My
o
where M8 and higher powers are neglected, M, being the Mach number g/c,.

An air-speed indicator is graduated on the basis of the formula Do — P = p, 2.
Draw a graph to show the percentage error in the indicated air-speed for values of
M, up to 0-6.

8. If air flows out adiabatically, from a large closed vessel in which the pressure
is n times the atmospheric pressure p, through a thin pipe, show that the speed ¥
of efflux is given by

p being the density of the atmosphere.

9. Air flows along a tube of small variable cross-section o at the point whose
distance in arc from a fixed cross-section is s. Use the equation of continuity to
prove that

9 10gp+ Llogg e - 4
ds 8P T g8 9= - gilogo

10. Air flows along a tube of small variable cross-section o at the point whose
distance in arc from a fixed cross-section is s. Prove that, if the expansion is
adiabatic,

d e\ d
Egloga-i- (1 - ?)%logq=0,

where ¢ is the speed of sound at the point considered.
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11. If ¢, o, p, p are corresponding values of speed, cross-section, density and
pressure at any point of a stream filament, prove that

. cdp
+ -5 = 07
() ¢ p dg

... do o q2>
b T 5 1N
® g q ( c
where ¢2 = yp/p gives the local speed of sound.

12. In the preceding example show that the cross-sectional area and the
speed increase together if the speed exceeds the local speed of sound. Prove also
that the cross-sectional area of the filament has a minimum value.

13. If ¢,, is the speed of sound at the mini‘mum cross-section in Ex. 12, prove
that there is an upper limit to the value of ¢ given by

1
dmax = Cm X \/‘y + 1= 2-45 ¢,y -

14. Show that the density of standard air at sea-level is 0-07651 1b./ft.®

15. Draw graphs to show how relative pressure p/p,, and relative density p/p, are
related to height in the standard atmosphere. '

16. Express the (temperature, height) relation for standard air in the Fahrenheit

le of temperature. )
e ;‘ind theptemperature, density and pressure of standard air at 10,000 ft.

17. Calculate the pressure and density of standard air at 50,000 ft.

. -

18, Compare the work done by 3 ft.3 of air at a pressure of 1?0 1b. w't.‘,./m X
expanding tg 10 ft.3 in the two cases where the air obeys (i) Boyle’s law, (ii) the
adiabatic law. ' .

19. If dry atmosphere air (y = 1-4) at 14° C. is suddenly compressed adiabatically
to one-tenth of its original volume, find its final temperature and pressure, taking
the barometric height to be 76 cm. of mercury.



CHAPTER 1II
TWO-DIMENSIONAL MOTION

3-0. Motion in two dimensions. Motion of a fluid is said to be two.
dimensional when the velocity at every point is parallel to a fixed plane and i
the same at every point of any given normal to that plane.

We shall in particular consider the two-dimensional motion of air regarded
as an ideal inviscid fluid whose compressibility is neglected ; incompressible air,

It is often useful in order to form a vivid mental picture of the phenomenon
to suppose the fluid to be confined between two planes parallel to the plane of
the motion and at unit distance apart, the fluid being supposed to glide freely

over those planes without en-
countering any resistance of
a frictional nature.

This idea corresponds with
the case of a two-dimensional
wind tunnel. Here the aero-
foil on which experiments are
to be performed is cylindrical
and stretches from one wall to
the opposite, fig. 3-0 (i).

Fia. 3-0 (i).

To complete the picture we choose as Tepresentative plane of the motion the

parallel plane midway between these hypothetical fixed planes.
We shall call this plane the z, y

plane and the section of the aerofoil 7
by this plane will be a profile, fig.
3:0 (i), We can then use the lan-
guage of plane geometry and speak of W / %%
the flow past the curve. In using this ﬂ_ AL
terminology the state of affairs con-
ventionally depicted in fig. 3.0 (i)
should always be mentally referred to the state depicted in fig. 3-0 (i).

Fia. 3-0 (ii).

3-1. Stream function. In the two-dimensional motion of air regarded as
an incompressible fluid, let 4 be a fixed point in the plane of the motion, and
ABP, ACP two curves also in the plane joining 4 to an arbitrary point P,
We suppose that no air is created or destroyed within the region R bounded by

these curves. Then the condition of continuity may be expressed in the follow-
ing form.
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The rate at which air flows into the region R from right to left across the
curve ABP is equal to the rate at which it flows out from right to left across the
curve ACP. We shall use the convenient
term flux to denote rate of flow. . c

The term from right to left is relative to
an observer who proceeds along the curve
from the fixed point A in the direction in < B
which the arc s of the curve measured from

P

<

. Fie. 8-1 (i).
A is increasing.

Thus the flux from right to left across ACP is equal to the flux from right to
left across any curve joining 4 to P.

Once the base point A has been fixed this flux therefore depends solt?ly on the
position of P, and the time ¢. If we denote the flux by 4, it is a function of the
position of P and the time. In cartesian coordinates, for example,

‘)[’ = ‘/‘(x’ Y £).

The function i is called the stream function. .

The existence of this function is merely a consequence of the assertion of the
continuity of incompressible air. '

Now take two points P;, Py, and let 4y, 4, be the corresponding values of
the stream function.

Then, from the same principle, the flux
across AP, is equal to the flux across AP,
-« plus that across P; P,. Hence the flux across

P, P, from right to left = 45 — ¢,.

It follows from this that if we take a
different base point, 4’ say, the stream
function merely changes by the flux from

P, P,

Fia. 3-1 (ii).

right to left across 4'4. . .
Moreover, if P; and P, are points of the same streamline, the flux from right

to left across P, P, is equal to the flux from right to left across the part of the
streamline between P, and P,. Thus ¢, — ¢, = 0. Therefore

the stream function is constant along a streamline.

The equations of the streamlines are therefore obtained from i = ¢, by
giving arbitrary values to the constant c. ‘

When the motion is steady, the streamline pattern is fixed. When the
motion is not steady, the pattern changes from instant to instant.

The dimensions of the stream function are represented by L*I'-1. See
1.7,
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3-11. Velocity derived from the stream function. I.et PP, =4
be an infinitesimal arc of a curve, so short that it may be considered as straight;
The fluid velocity across this arc can be resolved into comas
P,  ponents along and perpendicular to §s. The component along
5/7 ds contributes nothing to the rate of flow across. The coma
L ponent at right angles to 8s !

. = flux across divided by 8s

= (b2 = ¢1)/8s,
where i, ; are the values of the stream functions at P, P,
Thus the velocity from right to left across 8s becomes in the Limit dy/ds.

J

Fie. 3-11 (i).

v

(xy) “u

0 P
Fie. 311 (ii).

Fia. 3-11 (i)

In cartesian coordinates, by considering infinitesimal increments Sy 8y,
i i b4
the components u, v of velocity parallel to the axes are given by

— WY
dy’ =~ oz’
In polar coordinates, we get similarly
- % o
YT TR T

for the radial and transverse components, fig. 3-11 (iii), since 8s will be ¢ and
736 for the radial and transverse increments respectively.

3-12. Rankine’s theorem. If the stream function Y can be expressed
as the sum of two stream functions in the form ¥ = i, + i, the streamlines
can be drawn when the streamlines 4, = constant, i, = constant are known.

Taking a small constant w, we draw the streamlines ¥ =, 20, 3w...
Y3 = w, 20, 3w, ..., and so obtain a network of streamlines as shown m,
fig. 3-12,

At the points marked 3, i = 3w, at the points marked 4, ¢ = 4w, and so
on. If we join the points with the same numeral we obtain lines along which
¥ = constant, the dotted lines in the figure.

The meshes of the network can be made as small as we please by taking
« small enough, and the meshes can be regarded as parallelograms (of different
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312]
gizes). The streamlines are then obtained by drawing the diagonals of the
meshes. The streamlines which pass through the corners of a mesh are

approximately parallel in the neighbourhood of the mesh.

Fia. 3-12.

3-13. The stream function of a uniform wind. Suppose every
air particle to move with the constant speed U parallel to the z-axis.

J J
—_— U
P 14
0 M x 0| x
Fi1a. 3-13 (i). Fia. 3-13 (ii).

If P is the point (z, y), the flux from right to left across OP is the same
as the flux from right to left across PM, where PM is perpendicular to Oz.
Thus the flux is — Uy, and therefore

p=-Uy
is the stream function for this motion. In polar coordinates,
= — Ursinf.

Similarly, for a uniform wind in the direction Oy of speed V we get
= Vo = Vrcosf.

If we superpose the two winds, we get a wind of speed ~/U? + V? inclined
to the z-axis at the angle « = tan~* V/U, and for this wind

b=~ Uy+ Va
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Writing U = Qcosa, V = @sina, we obtain the stream function for i
uniform wind ¢, making an angle « with the -axis, namely

J Y= Q(zsine — ycos a),

or, in polar coordinates,

= — Qrsin(@ - «),
% 2nd in all these cases the streamlines are straight lines, a
is indeed obvious.
The streamline which passes through the origin corre
sponds to 4 = 0 and is therefore the line

6= o

o

Fic. 3-13 (iii).

3-14. Circular Cylinder. Consider the following stream function, whick
gives the flow of a uniform wind past a circular cylinder, as can readily by
verified, for ¢ = 0 on the circle » = a, and the motion is irrotational (3-311)¢

. a? . a?
¥ = V(rsmB - —r—smﬁ) = Vy(l - ﬁ) = + s
= a*Vy
where b=Ty, Y=~ et
Putting ¢y = m Va, ¢, = — n Va, we get

a2 a2
y = ma, “‘”(y‘%) =

. . i
80 t}'lat the lines corresponding to s, and ¢, are straight lines parallel to thei
z-axis and circles touching the z-axis at the origin. By giving m, n the valu

0-1,0-2,0-3, ..., the streamlines can be readily plotted with the aid of Rankine’q
theorem, '
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The streamlines are symmetrical with respect to the y-axis, for changing the
sign of z does not alter the equation.

The streamlines above the z-axis are the reflection in that axis of the
streamlines below it, as is obvious from symmetry. If the velocity ¥ is reversed
the streamline pattern is unaltered.

Writing = k Va, the equation —

of the streamlines is ﬁ\
a2

ka =y (1 - ﬁ> ’ __/\

so that when r—>w, y—>ka and
therefore y = ka is the asymptote
of the streamline. Also if £ > 0,
then y > ka and therefore the
streamline approaches its asymp-
tote from above.

F1c. 3-14 (b).

3:15. The dividing streamline. In the flow past any cylinder the
contour of the cylinder must itself form part of a streamline. Since the stream
function for the circular cylinder (3-14) is

and since on the cylinder wé have r = a, it follows that the contour is part
of the streamline ¢y = 0. The complete streamline i = 0 consists therefore
of the circle » = @ and that part of y = 0 which is external to the cylinder, see
fig. 3-14 (b).

Thus the stream advances towards the cylinder along the z-axis until the
point A4 is reached, then divides and proceeds in opposite senses round the
cylinder, joins up again at H and moves off along the z-axis. This streamline
which divides on the contour is called the dividing streamline. The dividing line
is important, for a knowledge of its position at once enables us to draw the
general form of the flow pattern by successive lines at first nearly coincident
with it, and then becoming less and less influenced by its shape. A study of
fig. 3-14 (b) will make this clear.,

3-2. Circulation. Consider a closed curve C imagined to lie entirely in
the fluid. Note that such a closed curve, or circust, is a purely geometrical
concept ; it is not a boundary interfering with the flow.

Let 4 be a fixed point on the curve and let P be any other point of C. The
Pposition of P is determined if we know the length s of the arc AP and the sense,
say counterclockwise, in which this arc is to be measured. The fluid velocity q
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at P will make an angle «, say, with the tangent at P drawn in the sense i
which s increases. Then

gs =gcosa ‘
will be the component along the tangent o
the velocity q.

Def. The circulation on the closed circu
C s the line integral of the tangential com
ponent of the velocity taken round the circus
wn the sense in which the arc s increases.

Fig. 3-2 (a).

Thus we can write

1) circ C = qeosads = g, ds = q dr,
©) © ()]
the last being the vector form of the statement (see 21-12).

If the curve lies in the z, y plane the tangential component of the velocity if

u d + w- dy
ds ds’
v
v 5) C
Jd D
ds 5 ¥ (x3)’ u
Dy
P 3w u A Ox B ;
F1c. 3-2 (b). Fia. 32 (c). ‘j
and in this case circ C = (uwdz + vdy).
©)

i

If in particular we take for C' an infinitesimal rectangle 4BCD whose”;
centre is the point (z, y) and whose sides 4B, BC are parallel to the axes and§
of lengths 8z, 8y, respectively, i
circ ABCD = uyp. AB + vgg. BC — ugy . CD — vpy . AD, %

where u,z means the average value of u on 4B, with similar meanings for
vpe, etc. Thus

cire ABCD = 5z 3y <”Bc - Upa _ Ucp 3_3, uAB> ‘

Now to the first order, by Taylor’s theorem for two variables,*

o
Vpg =V — *81*.

) v
vBc:v+§8xa, 3

* At any point (x + 387, y + 7) of BC the v. component is

v+%8x—~+-,)z

and the average value of the last term is zero as 7 goes from - 8y to 38y.
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Bu> _ (av 8u)
o) = ABCD - ek

Thus the circulation in an infinitesimal
rectangle will be proportional to its area.
Now any simple plane circuit C can be
divided by lines parallel to the axes into
infinitesimal rectangles, and the circulation
round C is clearly the sum of the circula- S
tions in the infinitesimal meshes of the
net so obtained, for the contributions to
the circulations of any boundary common to two meshes cancel. Thus

circ € = JT( )dz dy or -[(0) (ude + vdy) = ,”(Z_Z au> i dy,

the surface integral being over the whole sur-
face contained by C.
It is proper to remark that the above proof
assumes that the fluid is distributed over the
whole of the interior of C.
C If, for example, the circuit C were to embrace
a cylinder or aerofoil (", the above demonstra-

Thus we can write
0
(2)  cire ABCD = 8z 8y< 2

20
OO

-~ —-\\

= =0
Fc. 32 (d).

F1a. 3-2 (¢).
tion would now prove only that
dv  Ou
(4) circ C — circ ¢V = ”.(% - a—y)d z dy,

the surface integral being taken over the area between C and C'.

We also observe that if P and ¢ are any two continuous and differentiable
functions of z, y defined over the whole area inside C a similar argument shows
that

(5) I(C)(sz +Qdy) = ”( )d dy,

and on writing — @) for P and P for @ that
oP o
(6) I (Pdy — Qdz) = ”(a— . —Q)d dy.
©

These results constitute the two-dimensional form of Stokes’s theorem
(21-7).

321. Vorticity. We have seen in 3-2 that the circulation in an infini-
tesimal plane circuit is proportional to the area of the circuit.

Def.  In two-dimensional motion the vector at a point P which is perpendicular
to the plane of the motion and whose magnitude is equal to the limit of the ratio of the
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circulation in an infinitesimal circuit embracing P to the area of the circuit is called
the vorticity at P.

Thus if we denote the magnitude of the vorticity by w, we see from 3-2 (2)
that

_ v ou
“Tw
while the vorticity is the vector wk where k is a unit vector perpendicular to

the plane.
In the general case of three-dimensional motion the vorticity (see 9-3) is the
vector whose components (£, 7, {) parallel to the =z, y, z-axes are given by

g n o e v w
T % "T &% w T oy

In the two-dimensional case w = 0 and u, v are by definition independent of z.

Thus £ =0,72=0,{ = w.

3:22. Motion of a fluid element. Consider a circular drop of fluid of
infinitesimal radius, whose centre is at the point {, 4) and has velocity (u, v).

Fia. 3-22 (a).

Let (w/, v") be the velocity of any point P of the drop whose coordinates are
@+ 2,y + ). Since «, ¥ are infinitesimal, Taylor’s theorem gives

N VI ST S
W= oz yay’ - 0z yay’
ou <au 31}) o
= =182 (2 Yy 1 07
Let x=-t57 3 6y+ax z'y 2ayy.
The vorticity at the centre of the drop is of magnitude
_w_
CZa oy
Thus, as can be easily verified,
. X 1., . 9x ,
w=u-on - e, V=0 aT/,+%zw.

3-22) MOTION OF A FLUID ELEMENT 51

This shows that the drop moves like a rigid body with velocity of translation
of its centre (u, v), and angular speed of rotation }w about an axis perpendicular
to its plane, and that on this motion is superposed a velocity of deformation in
which the point (z’, ') moves relatively to the centre with a velocity whose
components are — dx/dx’, — dx/dy’.

The foregoing result is known as Helmholtz’s first theorem. It is equally true
for the three-dimensional motion of a spherical drop and the analysis is sub-
stantially the same.

It is precisely this velocity of deformation which is characteristic of the
“ fluidity  of the medium. If the drop were suddenly frozen solid without
change of angular momentum, it would begin to rotate with angular velocity

w.
g It may also be observed that if the vorticity were zero, the drop, so frozen,
would move with a velocity of translation only.

In an ideal fluid the pressure thrust on the boundary of a circular drop is
normal to the boundary and therefore passes through the centre. Thus pressure
can neither increase nor decrease the angular momentum of the drop.

Def. Motion in which the vorticity is different from zero is called rotational,

In an ideal fluid rotational motion persists, for its rotational character
cannot be altered by pressure, and therefore fluid which is once moving rota-
tionally will continue so to move and must have been so moving in all its past
history.

As a simple example of rotational motion in an actual fluid consider the

motion described in 1:6. Here U

[CHACHCACHeNE]

Tia. 3-22 (b).

w= - 2= Uh

In this motion there is constant vor-
ticity throughout, the sense of rotation being clockwise in fig. 1-6.

Fig. 3-22 (b) indicates the vorticity between two adjacent planes parallel
to the direction of U.

3-3. Irrotational motion. Motion in which the vorticity is zero is said
to be irrotational.

In an inviscid fluid irrotational motion is permanent in the sense that fluid
which at any instant has no vorticity can never acquire vorticity, nor can it
have lost vorticity at a previous time.

Since fluid at rest has no vorticity it follows that inviscid fluid set into
motion from rest will move irrotationally. The same is true of the snitial
motion of fluids of small viscosity such as air and water. Thus, for example,
in the case of streaming past a circular cylinder, photographs show that the
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initial stages of the motion conform to the flow pattern of an inviscid fluid,
The reason for this is accounted for by the boundary layer theory (1-8). The
only fluid appreciably affected by viscosity is that which has passed near the
boundary of the cylinder, and when the coefficient of viscosity is small a corre-
spondingly large volume of fluid must have passed the boundary before a
visible effect can be built up.

3-31. Velocity potential. Referring to fig. 3-1 (i), let us suppose that
ABP, ACP are two curves joining 4 to P, these curves and the region between
them being in fluid in which the vorticity is everywhere zero, i.e.

o ou

r oy
From 3-2 (3) it follows that circ ABPCA = 0 and therefore

I go ds = J‘ g, ds.
(4BP) (4CP)

Thus the line integral from 4 to P is independent of the particular path taken
from 4 to P, so that if 4 is a fixed point, the value of the integral depends on
P alone. If we write

b=dr=-| ads
(4P)

the function ¢ is called the velocity potential. If we wish to emphasise the
particular point P at which the velocity potential is to be evaluated we use the
notation ¢p instead of ¢. Like the stream function the velocity potential is,
in general, a function of (z,y,f). When the motion is steady the velocity
potential is a function of (x, y) only.

If P,, P, are adjacent points (fig. 3-11 (i)), we have

ép,— dp, = — J ¢ ds = ~ P, P, ¢, approximately.
(P Py)

Thus the velocity component in the direction P, P, is
hm ¢P2 ¢P T4 i a¢

rop, P3P, D

The negative sign used in the above definition of ¢ has no essential
significance. Its conventional adoption here means that the fluid moves
in the direction in which the velocity potential decreases, and agrees with
the convention adopted for the derivation of other quantities from potential
functions in mathematical physics.

Referring to figs. 3-11 (ii), (iii), we have for cartesian coordinates

__9% 9
(1) U = az v——?y,

qs =
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and for polar coordinates
R R

) U= T T T e

It is important to observe that, provided the motion is irrotational, a
velocity potential exists whether the fluid is compressible or incompressible.

On the other hand the stream function, as defined in 3-1, exists only when
compressibility is negligible, irrespectively of whether the motion is rotational
or irrotational (see 15-44 (1)).

In the case of the irrotational motion of an incompressible fluid both ¢ and
exist, and if we equate the values of the velocity components (u, v) derived from
them, we obtain the relations

b _p 9 0

©) dx oy oy  ox

The velocity potential, when one-valued, has an interesting physical inter-
pretation. Suppose the existing irrotational motion of an incompressible fluid
to be generated instantaneously from rest by the application of impulsive
pressure w. Then the dynamical law of impulse applied to a small volume dr
gives

0w
- gdr—pdrqs,

for the left side gives the resultant impulsive pressure thrust (see 1-41) in the
direction of ds and the right side gives the momentum generated. Therefore-

--30)
g = Os \p ’

so that the velocity potential is w/p. Thus p¢ is the impulsive pressure required
to generate the motion instantaneously from rest.

Conversely, a motion generated from rest by impulsive pressure only is
necessarily irrotational, the velocity potential being w/p. Irrotationality must
characterise any motion started from rest, as for example when an aircraft
starts in still air. The argument is true even for a viscous fluid as regards the
initial motion, but vortex sheets (see 10-2) may form even in inviscid air due to
the bringing together of layers of air which were previously separated, and which
are moving with different velocities. The presence of even slight viscosity may
cause these sheets to roll up and form concentrated vortices (see 10-4).

3-311. Laplace’s equation. In the case of irrotational motion it follows
from 3-31 (3) that

?é_y ¢
oz  odwdy = oy
2 P
and therefore that Fr + 6—y2 =0,
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which is known as Laplace’s equation * (in its two-dimensional form). Wi
prove similarly that i also satisfies Laplace’s equation. ;

3-32. Cyclic motion. The existence of a velocity potential is n
incompatible with the coexistence of circulation. Referring to fig. 3-2 (e), if thy
air between the circuit C and the aerofoil C” is devoid of vorticity, there is 4
velocity potential ¢, and

. _ b .
circ C = o gds =[- ¢lo,

where the notation means the change in — ¢, ie. the decrease in ¢, whe
we go once round the circuit C. On the other hand, from 3-2 (4), we see that

circ C = cire (",

80 that ¢ decreases by the same amount when we go round any circuit embracinq
the aerofoil once. In this case ¢ is a many-valued function.
For example, suppose that

y
= - —X_:__
¢ x tan z «f.
- kY L v du
Then u—z2+y2’ vhx2+y2 E;_a_y_()’

but if we go round a circuit C which embraces the origin once, 6 increases

by 2w and ¢ decreases by 2w, so that there is a circulation of this amount%
in the circuit. {
4
3-4. Complex numbers. Let x, y be real numbers positive or negative.;
Let ¢ be a symbol which obeys the ordinary laws of algebra, and in addition
satisfies the relation ‘

Q) 2= 1

The combination
» 2)

8 = is then called a complex number.

Such a complex number can be repre-|
Fie. 3-4. sented by the point P whose cartesian;
coordinates are (z, y).
The resulting picture in which the number is so represented is called the |

Argand diagram. With this representation we may talk of “ the point z 7,
meaning thereby the point (2, %) or P. “

2=z + 1y

* The three-dimensional form is V2¢ =0, or in cartesian coordinates,
0*¢ ¢ 09

a5t + 8—_1/2 + P 0 (19-5).
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The numbers z and y in (2) are called respectively the real and imaginary

parts of the complex number z;
x = Real part of 2, y = Imaginary part of z.

When y = 0 the number z is said to be purely real, z = z. When z = 0 the
pumber z is said to be purely imaginary, z = 4.

Two complex numbers which differ only in the sign of ¢ are said to be
conjugate. . )

We turn a number into its conjugate by writing a bar above it. Thusz, 7 are
conjugate, ' ‘

3) z=x 4+, Z=% - 1y.

Since z + Z = 2, and 2z — Z = 2iy we have two seemingly trivial but in
fact important theorems.

Theorem A. The imaginary part of the sum of two conjugate complex numbers
15 2€r0.

Theorem B. The real part of the difference of two conjugate complex numbers is

zero.
Moreover equations (3) may be regarded as equations of transformation

from two real variables z, y to two complex variables z, Z.

Since the point P can also be described by polar coordinates (r, 8), in which
r is necessarily positive, we have, using Euler’s theorem * cos § + 4 sin § = ¢,

(4) z=z+dy=rcosf + irsinf = r(cos § + isinf) = re?,

2" = r*(cos nd + ¢ sin nfd) = rm e,

Note also that 2cos8 = e? + e~ 24isinf = e¥ — e-®,

When polar coordinates are used the positive number r is called the modulus
of z, written

r=modz=|z| =@+ % = J(z%).

Thus the product of two conjugate complex numbers is the square of the modulus
of either.

3-41. The Argument. The angle 6 is called the argument of z written

8 = argz.

Clearly all complex numbers whose moduli are the same and whose argu-
ments differ by an integral multiple of 2ur are represented by the same point
P in the Argand diagram. We call the principal value of arg z that angle 8
which lies between — 7 and +m. Denoting by P[arg z] the principal value of
arg z, the precise definition is

- 7 < Plargz] < =

The principal value of the argument of a positive real number is zero, and of

a negative real number is 7.

* Milne-Thomson, Theoretical Hydrodynamics, 5:13. See also Ex. III, 7.
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Referring to fig. 3-41, the curve C encircles the origin, the curve C, does not.
If 6 is the initial value of arg z and if z is represented by the point P, it is clear

Y Y Q

’

8 /’ - 0"
2 J/ X [5) X

Fie. 3-41.

that when a point @ originally coinciding with P is moved round C in the
counterclockwise sense, the corresponding value of its argument increases,
and when we finally return to P after one excursion round C, we now have
argz =0 + 2m. On the other hand, if we go round C,, the argument of Q
decreases at first (for the position shown in fig. 3+41) until 0Q becomes a tangent
to Cy, then increases until OQ again becomes a tangent and finally decreases to
its original value. Thus we conclude that if arg z has a given value at one point
of a curve such as C; which does not encircle the origin, the value of arg z is
one-valued at every point inside and on €, provided we assume that arg z varies
continuously with z.

Now consider

1 log z = log (re¥®) = log r + 0.

If we take z once round C, § increases by 27 and therefore log z increases
by 2mi. Thus log z is a many-valued function if z moves inside or upon a
curve which encircles the origin. On the other hand, log z can be regarded
as a one-valued function if z is restricted to the interior of a curve such as (o8
which does not encircle the origin.

As to the multiplication of complex numbers, if 7 =1y €%, 2y = 1, e
then z, z, = 7, 7, e*@1+50),

Thus the modulus of the product is the product of the moduli, while the
argument of the product is the sum of the arguments, in symbols

@  lanl=lallzul and aglz) = agz + arg s,

In applying this last result it is well to bear in mind that each of the
arguments may be many-valued and therefore the right-hand member is only
one of the possible values of arg (z; z,).

Clearly with similar limitations

3) arg (ﬁ) = arg z, — arg z,.
Z2

3-42] DIFFERENTIATION b7
3-42. Differentiation. Let n be a positive integer. Then we define,

as in the case of real variables,
d 2" - 2" 2 — 2

—z# = lim = lim (£,"' 4+ 2" 2z + ... + 2" x
z 1 1 7 — 2
dz zn—z 23 — 2 n—z 1

= nz"-1,

Clearly if f(2) is a polynomial, say
fR)=ay+ a2+ a,2* + ... + a, 2",

then f’(z):%:al+2a2z+3a3zz+...+nanz”-l.

More generally we shall assume, for a rigorous proof would lead too far
afield, that if f(z) can be represented by an infinite power series,

f&y=ay+ a2+ a, 22+ ...+ a 2" + .
convergent in a certain region, then

ffey=a+2a2+ ...+ na, 2" + ...,
where the new power series is convergent in the same region.

3-43. Holomorphic functions. Consider a simple closed curve C and
a function f(z). The function f(z) is said to be holomorphic when z is within C if

(i) to every value of z within C there corresponds one and only one value
of f(z) and that value is finite (i.e. its modulus is not infinite) ;

(1) for each value of z within C the function has a one-valued finite deriva-
tive (differential coefficient), defined by

, : o) - f(2)
[ =zlllglzf—~———( 2 _{ ,

where z; — z by any path all of whose points lie within C.

A function is said to be holomorphic inside and upon C, if it is holomorphic
inside a larger curve €’ to which every point of C is interior.

Examples. The functions 2z* (» a positive integer), €7, sin z, cos 2, sinh z,
cosh z are holomorphic in any finite region.

The function z~" (n a positive integer) is holomorphic in every region which
does not include the origin.

The function log z is holomorphic in any finite region which does not enclose
the origin, provided that the determination (see 3-41) of log z is prescribed at
one point of the region.

3-44. Conjugate functions. The real and imaginary parts of a holo-
morphic function f(z) are functions of x and y which are called conjugate
Sunctions. Thus we can write

(1) f@) =flz + o) = dx,y) + 1z, y) = ¢ + i¢
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o W _YE) _ o 0,
Hence a—z+@55———a;——f(z)*—f(z):
o a_l/; af(z
'a; + 7 ay = f f (Z)
. . (9¢ Qf) a¢ a¢
These yield i (a +iz 3 + 4 3
@ o%_o o _
) ox ' oy oz’

These two relations embody the characteristic property of conjugate func-
tions and are known as the Cauchy-Riemann equations. They express the
geometrical fact that if the two families of curves

¢(x, y) = constant, (x, y) = constant
are drawn, then they intersect everywhere at right angles.

To prove this observe that the gradients dy/dz of the two families of curves
are given by, respectively,

op o dy op  dpdy
+ =0 mtaya-
and the Cauchy-Riemann equations express that the product of these two

gradients is —1, i.e. the tangents are at right angles.
Another proof is as follows. From (1)

S (@) dz=dd + v dip.
Therefore (arg d2)g—constant = 37 + (arg d2)y—constants
so that the elements of arc of the curves ¢ = constant, ¢ = constant, are at
right angles.
We state here, without proof, that if equations (2) are satisfied, and if all the

partial derivatives are continuous, then f(z) is a holomorphic function of z.
See also Ex. III, 32.

3-45. The function f(z). Given a holomorphic function f(z) we can form
the conjugate complex f(z) by replacing ¢ by — ¢ wherever it occurs. Thus if

=0,

1) fz) = (2 + 30)z + e42
we shall have
(2) fe) =@ - 3i)z + e 1iF

Def. The function f(z) is formed from the function f(2) by first forming f(Z)
and then in f(2) writing 2 instead of Z.

Thus in (1) above, we get from (2) F&) = (2 - 3i)z+ %=

Again if f(2)=1ix log (3 - ) where % is a complex constant and « is real the
steps are
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()= —ixlog(z—-h), f(z)= - ixlog(z - k)
‘We shall have frequent occasion to use this process and after a little practice it
will be found quite simple to go straight to the final result.
The function f(z) which is distinct from both f(z) and f(z) is formed by writing
7 for z in f(2). Thus from (1)
f&) = (2 + 30)Z + e¥%
Thus starting with f(z)
(i) to form f(2) we change % into —¢ in z only.
(i) to form f(Z) we change the signs of all the ¢’s.

(iii) to form f(2) we change the sign of all the ¢’s except those in z

3-47. The coordinatesz and z. Since z = z + ¢y, Z = = — 1y, we have
z =3z + Z) and y = }i(z — Z) so that any function of x, y can be expressed
as a function of z, Z and vice-versa. Also
o oy k0
ox ox oy oy
Let us regard the stream function ¢ as expressed as a function of z, y and
again as a function of z, Z Then from 3-11

W W o a¢ L

"W @y el la:
W o dpar ap o

T 9x o0zor 0ior oz 0%

Combining these we get

. . Ofs . . Oy
(1) u—zv:—2@67, u+w=2@$
. . o a¢ (&/. a¢>
Since u—w= - 3y e s 3
we have, on comparison of the two expressions for u — 7 the equivalence of
operators
o .0
(2) 23—3—2'6, ZE:——+@

o or oy % or oy

the second result following from the expression of u +4v, or more simply as the
conjugate complex of the first.
From 3-21 we have for the vorticity

T S ATE AR AP

Ty \a Yy %
4 0%
. —7%) —
(3) Thus, using (2), w=V¥ = 02 02
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3-5. Cauchy’s integral theorem. Let C be a simple closed contous
such that the function f(z) is holomorphic at every point of C' and in th
interior of C.* Then

J. f(z)dz = 0.
©)

This is Cauchy’s integral theorem.
Proof. Letf(z) = ¢ + i

Then
Q= @+ s +id)=| @iz pay+ i| Wi+ sdy
© © © ©
N a¢) , (845 6¢>
1 :—I (——+—dS+J- = — =—]dS,
() ) ox ay ¢ 8 ox ay
using Stokes’s theorem (3-2, (5), (6)).
From the Cauchy-Riemann equations (3-44),
% o _ ., 9 _ o _
%+8y_ C 0w oy
Therefore J. f(z)dz = 0. Q.E.D.
©

The proof here given is of course based on the assumption pointed out
in 3-44 that sufficient conditions of holomorphy are satisfied. A complete
proof would be long and difficult and the conditions here assumed are satisfied
in the applications.

3-51. Singularities. A point at which a function ceases to be holo-
morphic is called a singular point, or singularity of the function.

Thus the function f(z) = (z - )1 is holomorphic in any region from which
the point z = g is excluded (e.g. by drawing a small circle round it), Atz=a
the function ceases to be finite and therefore does not satisfy the first part of
the definition of holomorphy.

More generally, if near the point z = ¢ the function can be expanded in
positive and negative powers of z — a, say

2 B B,
T =t dafe = 0 + o) 4 do 4 2 4 a)?

T+ oo,
the point z = a is a singular point.

If only a finite number of terms contain negative powers of z — a, the point
z = ais called a pole ; a simple pole if B, alone is different from zero.

Again, consider the function f(z) = logz. This function ceases to be holo-
morphic at 2 = 0. We have seen in 3-41 that log z is many-valued. If we

*This means that ¢ and its interior lie wholly within a larger contour inside which the
function is holomorphic.

3-51] SINGULARITIES 61

choose one particular determination, say that which reduces to zero when
5 =1, and allow z to describe a closed curve which does not encircle the
point z = 0, log z will return to its starting value and will be holomorphic

inside the curve.
3-52. Residues. We have seen that a function, which in the neighbour
hood of z = a has an expansion which contains negative powers of z — a, is

singular at z = a. ' '
gIn this case the coefficient of (z — @)~ is called the residue of the function

at z = a.
Let us consider

I(z - a)yrdz

taken round a circle of radius R whose centre is at the point z = a. On the
circumference of this circle z — a = Re®, and therefore

ﬁpwyﬁzzkwwwmww

0

n 27
Rt [e(,,+1)ie] =0, ifnst - 1.
0

BRCES))
If, however, n = —1, we get
27
j' dz =j {d = 2mi.
z2—-a 0
Now, suppose that f(z) has an expansion in the neighbourhood of z = a of
the form 5, 5, )
vee A5z — )2+ A,(z — a) + 4y + m + (z—_—-—a)z

If we integrate round a small circle surrounding z = a, we get
[ fe)dz = 2mi B,

for all the integrals vanish except that of By(z — a)~%. .
Thus we see the importance of the residues, for they form the only contri-

butions to the integral of a function which is holomorphic at all points except
singularities of the kind described above.

3:53. Cauchy’s residue theorem. Let ' be a closed contour inside
and upon which the function f(z) is holomorphic, except at a finite number of
singular points within ¢ at which the residues are a,, as, ..., @,. Then

I F(@) dz = 2mi(ay + @y + +.. + Q).
()
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Proof. Suppose there are three singularities. Surround them by small
circles, Cy, Cp, C;. Then, from 3-5,

f@h:] fma+j fod+ [ fe
(Cy) (Cy (Cy)

= 2mia, + 2mia, + 2mia,,

(C)

from 3-52. This proves the theorem in the case of three singularities. The
proof for any finite number is the same. Q.ED. .

3-6. Conformal mapping. Let us take two complex variables
{=¢+1m, 2=z +1y
and the corresponding Argand diagrams which we shall call the {-plane and the
z-plane respectively. Let f({) be a holomorphic function of { in the region R

{-plane z-plane
Fia. 3-6 (i).
exterior to a simple closed curve C, that is to say, exterior to the region shaded
in fig. 3-6 (i). We can then establish a correspondence between points of this
region and points of the z-plane by means of the relation

(1) z = f().

Since f({) is holomorphic, it is one-valued and therefore to each point §

there corresponds a unique point z, and as { describes the curve C, z will describe
a corresponding curve 4 in the z-plane which is the map in the z-plane, of the
curve C, given by the mapping function f(().

We shall assume that the mapping function is so chosen that 4 is a simple
closed curve and that the points of the region R of the {-plane exterior to C
map into points of the region S of the z-plane exterior to 4.

Moreover, we assume that the mapping is biuniform, that is to say, that
there is a one-to-one correspondence between the points exterior to € and the
points exterior to 4. These conditions will be satisfied in all the applications
which we shall make.*

Now referring to fig. 3-6 (ii), let do, ds be infinitesimal arcs of any two corre-

sponding curves in the two planes and put
d{ =doev, dz = dse®.

* For further details and proofs the reader is referred to Milne-Thomson, Theoretical Hydro- |

dynamics, Chapter V.,
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From (1) we have
dz = d{.f'({)
and so if f'({) = me*, we have
ds e®® = m do et@+=),

and therefore

@) ds =mdo, 0=w+ a.
i
J
dof X
dsJA 6
£ | *
{-plane z—plane
Fic. 3-6 (ii).

These relations show (a) that the angle at { between any two curves passing
through { is equal to the angle at z between their maps, and (b) that the
element of arc of the map in the z-plane is m times the element of arc of the
curve in the {-plane. It follows that any small region round { maps into a
geometrically similar small region round z, the linear scale, or magnification, of
the mapping being m = | f’({) |, (and therefore being in general variable from
one part of the plane to another). For this reason the mapping given by
(1) is said to be conformal.

Observe that the conformal character of the mapping breaks down at any
point for which f”({) is zero or infinite.

3-7. Complex potential. Let ¢, s be the velocity potential and stream

function of the irrotational two-dimensional motion of air regarded as incom-
pressible. Then equating the velocity components, we get

06 _% %_ %

@ %y o ow
We define the complex potential of the motion by the relation
w(z) =w= ¢ + up.

We see from 3-44 that, on account of (1), w is a holomorphic function of
the complex variable z = @ + sy in any region where ¢ and i are one-valued.

Conversely, if we assume for w any holomorphic function of z, the corre-
sponding real and imaginary parts give the velocity potential and 'stream
function of a possible two-dimensional irrotational motion, for they satisfy (1)
and Laplace’s equation (see 3-311).

Thus, for example, w = 2?2 gives ¢ = z® — ¢, ¢ = 2ay.
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Since w is likewise a function of z, it follows that — Y and ¢ are the velocity
potential and stream function of another motion in which the streamlines and
lines of equal velocity potential are interchanged.

It will be found that the mathematical analysis is very considerably simpli.
fied by working with the complex potential instead of ¢ and i separately,
The simplification is of the same nature as that attained by using one vector
equation instead of three cartesian equations. In two dimensions we work
with one equation in z instead of two in z and Y.

The dimensions of the complex potential are those of a velocity multiplied
by a length, i.e. L2 T,

We give a few simple illustrations.

F1a. 3-7 (i).
(i) w = Ve z,
Here 4 = V(y cos« + x sin o) and the streamlines are therefore straight.
We have a uniform wind V at incidence « to the z-axis.
W) w=-mlogz; ¢=—mlogr, =~ m4.
The streamlines are straight and radiate from the origin, This motion is
due to a simple source, or point of outward radial flow, at the origin. Such a
motion would result were a circular cylinder to expand uniformly in still air.

Similarly, w = m log 2 is the complex potential for a sink or point of inward
radial flow.

F1a. 37 (ii). Fic. 3+7 (i),

(i) w =dxlogz; ¢ = — «f, 4 =rxlogr.
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The streamlines are concentric circles with centre at the origin, This
motion is due to a rectilinear vortex at the origin (see 4-1).

—_ _#y .
x? + y?

i w="E; ¢=

F1g. 3-7 (iv).
The streamlines are circles touching the z-axis. The motion is due to a

doublet at the origin, directed along the z-axis. Such a doublet arises as a
limiting case from the juxtaposition of a source and an equal sink.

3-71. The complex velocity. From the complex potential w = ¢ + @b
op .0 dwdz dw

we got %t T G A
and since u = — 0¢/0x, v = d/ox,
. dw
(1) U — W= — 5

We shall call ¥ — < the complex velocity and note that the complex velocity
is obtained directly from the complex potential as shown in (1). Graphically,
the vector representing the complex velocity is

. Y

the reflection in the line, through the point
considered, parallel to the z-axis, of the vector
representing the actual velocity u + 4v.

The relation is shown in fig. 3-71. It is very
important to note that —dw/dz gives u — 5 X
and not 4 + . Thus, for example, if w = 2%,

. . . .o Fie. 3-71.

we have u - w= — Az, U+ 1w = Az,

either of these leading to u=2y, v=2.
At a stagnation point the velocity is zero. Thusu = Oand v = 0. Therefore
the stagnation points are given by dw/dz = 0. Thus, for example, if

2
(2) w:Vz+V7a,
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the stagnation points are given by 1 — @222 =0, ie. z=a and z = - ¢
Now (2) is the complex potential of a circular cylinder in a uniform wind (seq
52 (i) and fig. 3-14 (b)). The stagnation points are therefore where the
wind impinges directly on the cylinder and the diametrically opposite point.
To calculate the air speed ¢ at any point we have
dw

(3) g =@+ 0?) = 5'.

An alternative method is as follows :
dw(z) dw(E) dw dw

& "\ Tk k@

1) @=u+v®=(u - w)(u+ ) =

As an example, taking (2) above,

VaZ VaZ az e—ZiH a2 e2i0
¢ = (‘“7)("* ?):Vz(l - )(1 - )

) 2a? cos 20 a“)
— T2 _Levmay ey,
=V (1 72 T

3-8. Application of conformal mapping. Consider a mapping of the
{-plane on the z-plane by

1) z = f(0), :
such that the region R exterior to C' in the {-plane maps into the region S
exterior to 4 in the z-plane, see fig. 3-6 (i). Then the contour C maps into the
contour 4.

Let a fluid motion in the region R of the {-plane be given by the complex
potential

@) w(l) =w=4¢ + i

Then at corresponding points £ and z given by (1), w and therefore ¢ and
take the same values.

Now C is a boundary, and so a streamline, and therefore Y = k, a constant,
at all points of C. Since 4 corresponds point by point with C, =k at all
points of 4. Therefore 4 is a streamline of the motion given by (2) and (1)
together in the z-plane.

The actual form of the complex potential in terms of z would be got by
eliminating { between (1) and (2), but it is often preferable to look on £ as a
parameter and forgo the elimination.

Thus to find the velocity at @ in the z-plane corresponding with P in the
{-plane, we have

dw dw d{
& @@

and therefore
ug — we = (up — wp)/f" ({).
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EXAMPLES III
1. Draw the streamlines of the motion given by = zy forz >0, y = 0.

2. Determine the condition that the velocity components
u=az + by, v=cx+dy
may satisfy the equation of continuity, and show that the magnitude of the vorticity
is ¢—

3. Considering a circular drop of infinitesimal radius in two-dimensional
motion, prove that if the drop were suddenly frozen solid without change of angular
momentum, it would begin to rotate with angular velocity equal to half the vor-
ticity before solidification.

4. Prove that u = 2czy, v = c(a® + 2% — 4?) are the velocity components of a
possible fluid motion. Determine the stream function and sketch the streamlines.
Prove that the motion is irrotational and find the velocity potential.

5. Represent on an Argand diagram the number 3 + 4¢ and its square roots.
6. If ¢ + @y = f(2) and f(2) is real when y = a, show that ) = O when y = a.
7. If we define ¢ by putting z = ¢ in the exponential series

N

e“=1+x+2!+3~!

+ il
prove that de®/df = 4, _ o _
Hence show that the differential equation du/df = du is satisfied by
ty = e® u, =cosf + 1sind.
From the fact that 4; = 4, = 1 when 8 = 0, deduce Euler’s theorem
cosf + isin g = €.
8. Obtain the expansions

S . A A
cosf =1 —i+‘ﬁ—(—i—!+..., s1n0=0—§+5—!—7!+....
9. Prove the following results :

(1) e =4q, (i) " = - 1, (ili) " =1,

and hence show that, if » is an integer
eninl2 — ('L)"
can take only four different values ¢, — ¢, — 1, 1.

10. Prove that cos 20 + ¢sin 28 = (cos @ + 4 sin §)?, and hence express cos 20
and sin 28 in terms of cos 6, sin 6.

11. Prove that
(i) cosh @ = cos 4, isinh @ = sin4f. (ii) cosh i = cos @, sinh 16 = ¢sin 4.
Hence expand cosh 8, and sinh , in ascending powers of .

12. If 2 = © + 4y, 2’ = &’ + #y/, prove that z = 2’¢’ turns the axes of reference
(z, y) through the angle «, and that 2’ = ze~** turns the axes (', ') through the
angle « in the opposite sense. Hence express the formulae for rotation of axes
(z,y) in terms of ', ¥’ and (&, ') in terms of z, y.

1 . .
13. Separate the real and imaginary parts of 23, 5 cosz sinz, cosh z, sinh 2.
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14. Prove that the equation of any circle which passes through the poim,i
2y, 2, can be written in the form

@ =2)E-2) + Az - 2)(z - 2) = 0. i
Deduce the equation of the circle which circumscribes the triangle whose verticeq
are the points z,, z,, z,.

i
|

15. If a is real and (z - a)/(z + a) is purely imaginary, prove that z describes §
circle on the line joining (g, 0) to (a, 0) as diameter. i
16. If z = ccosh{, where { = ¢ + o, show that the curve for which £ has ‘
constant value £, is an ellipse whose semi-axes are ¢ cosh £y, ¢ sinh &, that 7 is th
eccentric angle and that all such ellipses are confocal. ‘

Find ¢, if the semi-axes of the ellipse are a, b. i

17. If z = ¢sin {, where { = ¢ + 1, show that the curves for which 7 has the
constant value 7, is an ellipse whose semi-axes are ¢ cosh 7o, ¢ sinh 7y, and that alf
such ellipses are confocal. Interpret the meaning of £, !

Find 7, if the semi-axes of the ellipse are a, b

18. If z + 4y = ccos(¢ + wf), show that
72 ¥
+ 5= =1L
c®cosh?y) * c2sinh? g
Hence prove that the streamlines are confocal ellipses,
Prove that the circulation round any one of these ellipses is 2.

1

19. If ¢ + i) = afz, where a is real, show that the curves ¢ = constant,
¥ = constant, are circles and verify that they intersect orthogonally

20. If ¢ + 4 = log z, prove that ¢ has a constant value on concentric circles,
and that ¢ has a constant value on radial lines. j

21. Form the functions f(z) and f(2) when f(2) is any one of the functions

i
i

Vzet, iklogz, -mlogz, ixlog e

e(m+in)z,
z+a

and in each case verify that f(z) + f(i) is real and f(z) - f(2) is purely imaginary,

22. Find the poles and the corresponding residues of the functions

2 z2+4+2 z+2 422
z+1 221" 211 A_-71°
Calculate the integral of each of these functions round the circle 2z = 2.
23. By writing { = (a+b)}e®, or otherwise, prove that the transformation
2 = ; + u
4L
maps the region exterior to the circle | £] = 4(a + b) in the {-plane on the region
exterior to the ellipse
2 ¢

in the z-plane,

24. Show that z = {¥, k > 1, maps the infinite sector between § = Oand § = #fk
in the {-plane, on the half-plane y > 0 in the z-plane.

25. Prove that z = e™/e maps the infinite strip 0 < 9 < a in the {-plane on the
upper half (y > 0) of the z-plane.
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26. Prove that the transformation z = ¢e™/¢ maps the infinite strip
- }a < np < }ein the {-plane on the upper half (y > 0) of the z-plane.

27. Prove that z = cosh(n{/a) maps the semi-infinite strip 0 < n<Ca, €0
in the {-plane on the upper half (y = 0} of the z-plane.

28. Taking the conformal transformations
() z2=0+a, (ii)z=2_™ (@()2z=0 (iv)z=1/(
i i translation
here o« is real and a, b, may be complex, prove that the first gives a : s
Z;leesecznd a rotation, the third a rotation and a magnification, the fourth an inver-
ion followed by a reflection. )
BlOnPr(())ve that}; = («f + B)/(y{ + 8) may be compoupded. of a succession of‘the
above transformations and hence gives a mapping in which circles and straight lines
map into circles or straight lines. Note that «, B, ¥, 8 may be complex.

29. If the circle | {| < 7 is mapped on the region B of the z-plane by the relation
z2=0(+ayl®+ a3 + ..., prove that the area of B is

m{r? + 2] a2t + 3| a2 + ...},
and is therefore greater than the area of the given circle.

30. Prove that the complex potential

2
w = mlogz —mlog(z —‘—}) - mlog(z - f)

represents the motion due to sources of strength m at (f, 0}, (a?/f, 0) and a sink of
strength m at (0, 0). o )

P%ove that b = constant on the circle | z| = @, and hence that this circle is a
streamline and could therefore be replaced by a rigid boundary.

31. If z = tan w, prove that
22+ 2+ 1

1 -2 — 2
2y ’

coth 2 = %7

cot 2¢ =

and hence draw the streamlines. ]
Discuss the possibility of stagnation points, and calculate the air speed at any
point.

32. A function of the real variables z, y is transformed by 3-4 (3) into a function
F(z, z) of the complex variables, z, Z. Prove that

Z ) i i -Ri tions,

It F(z,2) = d(z, y) + t(x, y) and if ¢, i satisfy the Cauchy-Riemann equa X

prove tlgat gF/&? = g, i.e. that the Cauchy-Riemann equations ensure that F shall
be a function of z only.

33. Show that w = U2? gives irrotational flow in a corner formed by the first
quadrant in the zy-plane. Prove that the origin is a stagnation point. Find the
streamlines and show the direction of motion of the fluid particles on these lines.

Show that a fluid drop, bounded by lines parallel to the axes of reference,
remains rectangular throughout its motion.



CHAPTER IV
RECTILINEAR VORTICES

4-0. Two-dimensional vortices. In this chapter some aspects of ¢
dimensional vortex motion will be considered. The vorticity vector is bf
definition (3-21) perpendicular to the plane of the motion, so that the vortef
lines (see 9-31) are straight and parallel. All vortex tubes (9-31) are therefon
cylinders whose generators are perpendicular to the plane of the motion. Su _
vortices are known as rectilinear vortices. As usual we shall consider the fluig
to be confined between parallel planes at unit distance apart and parallel to thi
plane of the motion, which is half-way between them, and we shall use thi
language of plane geometry.

4-1. Circular vortex. Let there be single cylindrical vortex tub
whose cross-section is a circle of radius a, surrounded by unbounded fluid.

el s

b

A
Fic. 4-1 (a). b

The section of the vortex by the plane of the motion is a circle and thééi
arrangement may therefore be referred to as a circular vortes. i

We shall suppose that the vorticity over thej
area of this circle has the constant value w.;
Outside the circle the vorticity is zero. Draw
circles, concentric with the circle which bounds;
the vortex, of radii 7’ and r, where r < a < 7.
Let v" and v be the speeds of fluid motion on the'
circles of radii #* and r respectively. It is clear
from the symmetry that the speed at every
point of the circle radius ' is the same, and
that the velocity is tangential to this circle, for a
radial component would entail a net flux across :

Fie. 4-1 (b).

the circle and its centre O would then be a source or a sink. Similarly the

velocity at any point of the circle of radius 7 is tangential to that circle.
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Apply Stokes’s circulation theorem (3-2) to these circles. Then
J’v’ds =wmr'? r<a; jvds = wmad, > a.

Since v and v are constants on their respective circles we get
2mr’ v = wnr'?, 2marv = w mal

Thus o' = for’, ¥ <a; v=iwad®r, r>a. When ' =r=a we .have
¢ = v = }aw so that the velocity is continuous as we pass through the mr-cle.

From this it appears that the existence of a vortex such as we have ‘descnbe.d
implies the co-existence of a certain djstribl}tion or field of ‘veloczty. TITIS
velocity field which co-exists with the vortex is kno'wn as the m.duced velocity
field and the velocity at any point of it is called the induced velocity. .

It is customary to refer to the velocity at a point of the field as the velo'czty
induced by the vortex, but this must be understood merely as a conveme‘nt
abbreviation of the fuller statement that were the vortex alone in t]-le othervivxse
undisturbed field the velocity at the point would have the value. in ques.tlon.
In this sense, when several vortices are present the field of each will contribute
its proper amount to the velocity at a point. . .

Returning to the circular vortex the induced velomty‘at the extren.uty of any
radius vector r joining the centre of the vortex to a point of tl‘le flud ext'ernal
to the vortex is of magnitude inversely proportional to 7 and is perpendicular
to r. Thus the induced velocity tends to zero at great distances.

As to the fluid within the vortex, its velocity is of magnitude proportional
to r and therefore the fluid composing the vortex moves lik.e a rigid body
rotating about the centre O with angular velocity ew. The’ velocity at the centre
is zero. This important fact may be stated in the following way.

A circular vortex induces no velocity at its centre. This is to be understood to
mean that the centre of a circular vortex alone in the otherwise undisturbed
fluid will not tend to move. - N

Still considering the fluid within the vortex, the velocities at the ‘extrematles
of oppositely directed radii are of the same magnitude but of oppos.1t6 sense 5o
that the mean velocity of the fluid within the vortex is zero. Thus, if a circular
vortex of small radius be “ placed ” in a field of flow at a poil?t where t':he
velocity is u the mean velocity at its centre will still be u and the fluid (i,omposylg
the vortex will move with velocity u ; it will ““ swim with the stream ” carrying
1ts vorticity with it. '

The circular vortex is illustrated in nature on the grand scale by the tropical
cyclone (hurricane, typhoon) which attains a diameter.* of from 100 bo. 5(?0
miles, and travels at a speed seldom exceeding 15 miles per hour. Within

* D. Brunt, Weather Study, London (1942).
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the area the wind can reach hurricane force, while there is a central region
“the eye of the storm ”, of diameter 10 to 20 miles where conditions may
comparatively calm.

4-11. Velocity distribution. If we introduce the strength x of th‘
circular vortex, defined by

27 k = circulation = malw, |

1

we have « = Ja2w and therefore :
4
7’ i

’ K i
r<a; v=—, r>a. i
r 5

v =k prt
i

Since the velocities at all points of a diameter are perpendicular to thaqJ
diameter the extremities of the velocity vectors at the different points of thd
diameter will lie on a curve which gives the velocity distribution as we go alonﬁ

the diameter from — o to + .

F
Fic. 411 ().

This is shown in fig. 411 (a) where A is the centre of the vortex and CD is1
the diameter. For points between C' and D the graph is a straight line EAF,
for points on CD produced the graph is part of a rectangular hyperbola whose
asymptotes are the diameter CD and the perpendicular diameter through 4.
The ordinates DE, CF each represent the velocity «/a. Thus, if we keep
constant and reduce the radius @ of the vortex, DE will increase and D4 will
decrease. Therefore in the limit when a — 0 the graph consists of the rectangular
hyperbola and the asymptote perpendicular to CD.

Let us now introduce a second circular vortex also of radius @ but with
opposite vorticity — w having its centre B on DC produced. If BA is sufficiently
large compared with a, we can suppose, to a first approximation, that the
vortices do not interfere, that is to say, that they remain circular and that their
velocity fields may be compounded by the ordinary law of vector addition.

The effect on the distribution graph of 4 will be to reduce all the velocities at}
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points near A on the diameter CD by approximately V = «/B4, by greater
amounts on DC produced and by less amounts on CD produced.

The general shape of the distribution graph for the pair of vortices will now
be that shown in fig. 4-11 (b).

%
o
)

F1a. 4-11 (b).

It will be observed that the centre of each vortex is now in the field of
velocity induced by the other and will therefore move with velocity ¥V per-
pendicularly to AB. Thus the vortices are no longer at rest, but move with
equal uniform velocity, remaining at constant distance apart. This is an
application of the theorem that a vortex induces no velocity in itself.

The above diagram has its application to the study of the induced velocity
due to the wake of a monoplane aerofoil at a distance behind the trailing edge
(see 11:7).

4-12. Size of a circular vortex. It can be shown* that the pressure
in the field of a circular vortex is least at the centre of the vortex, and that its
value there is IT — «2p/a?, where I1 is the pressure at infinity. It follows that, if
the pressure is to be nowhere negative, a? >> x®/I1, and the radius of the vortex
cannot be less than the amount given by this relation, when « and I7 are assigned.
In the following sections we shall be concerned with the case a— 0, but the
resulting point vortex must be regarded as a (very convenient) abstraction.
We can of course make a as small as we please by making « small enough, or IT
big enough, but we shall still have a circular vortex and the induced velocity
will be everywhere finite. The apparently infinite velocities which occur
subsequently are therefore to be ascribed to the over-simplification of taking
@ = 0. If this is borne in mind, no difficulty need be felt at their occurrence.

A similar lower limit exists for the size of a point source (3-7) in two-
dimensional motion, and is given by the same relation if « is the strength of the
source,

* Milne-Thomson, Theoretical Hydrodynamics, 13-11.
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4-2. Point rectilinear vortex. We have seen that at any point outgf

a circular vortex, at distance r from the centre, the velocity is «/r at right angd
to r where « is the strength of the vortex.
If we let the radius @ of the vortex tend to Zero, x remaining constant,
circle shrinks to a point and we have thus in the plane a point rectilinear vo
or simply a point vortex, of strengf

«. The cylinder of fig. 4-1 (a) whid

represents the vortex tube shrin)

P to a straight line and the vortex}
r \ now a single rectilinear vortex repH
VSN 5 0 sented by a point in the plane
o . % the motion.
If we take the origin at the voj

tex, the velocity at the point P(r, §

K
Y d

Fra. 4-2,

is represented by the complex number

K giosim i_"_,
r re~*
and therefore the complex velocity (3-71) is

dw . - - K
B et

Hence, ignoring an added constant, which is irrelevant, the comple
potential is given by '
w = ik log 2.

Observe that the motion is irrotational except at O where the vortex i
situated and so a complex potential exists, with a logarithmic singularity at thef

If the vortex were at the point 7, instead of at the origin, we should have -
w = ik log(z - z,).

Observe also that the velocity derived from the complex potential is the
velocity induced by the vortex.

4-2l. Vortex pair. A pair of point vortices of strengths x and -«
form a vortex pair.

If the vortices of the pair are at
4 and B respectively, each induces a
velocity «/AB in the other, perpen-
dicular to 4B and in the same sense.
Thus the vortex pair moves perpen-
dicularly to 4B, remaining at the con- Hins Y fia
stant distance 4B apart. The fluid Fie. 421 (a).

Y

o ot
B

A
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velocity at O, the mid-point of AB, is 2x/AB + 2«x/AB = 4x/AB, which is
four times the velocity of either vortex (cf. fig. 4:11 (b))

Taking O as origin and the z-axis along QA, if AB = 2a, W(.E have the com-
plex potential, at the instant when the vortices are on the z-axis,

(1) w = ik log (z — a) — ik log (z + a).
. . 1 1
Thus u—zv:—zx<z_a—z+a.

To find the velocity distribution along the z-axis we put y =0, so

that )
2ani

U —w= - .
x2_a2

Thus u = 0, v = 2ax/(x® — a?). The graph of v against z is shown in
fig. 421 (b).

v
K
N [
B (o] A x
Fia. 4-21 (b).

The curve has the equation v(z? ~ a?) = 2axk, so that the asymptotes are
v=0,2 =a, & = —a. This curve is the limit of that depicted in fig. 4-11 (b)
with ’which it should be compared. The explanation of the occurrence of
velocities which are apparently infinite is given in 4-12. T‘he stralght parts of
fig. 4-11 (b) go over into the asymptotes £ = + a and t%us. explams why we
cannot read on fig. 421 (b) the velocity of 4, although this is still one-quarter
of the velocity at O.

422. Image of a vortex in a plane. Referring to fig. 4-21 (a),. it is
clear from the symmetry that there is no flux across Y'Y’ the perpendicular
bisector of AB. Thus YY" is a streamline and could therefore be replaced by a
rigid boundary, and the motion due to a vortex at A in the presence of this
boundary is the same as the motion would be if the boundary were removed an.d
an equal vortex of opposite rotation were introduced at B. The vortex at B is
called the ¢mage of the actual vortex at 4 with respect to the plane boundary
and the complex potential is still given by 4:21 (1).
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4-3. Vortex between parallel planes.

'y
i |
< 7% ,
A Y
L N S :
’ P 2 777
3o | &
y ] I3\
Ve z:/ 7. 1
Fre. 43 (a). Fre. 43 (b).

Let the vortex, strength «, be midway between the planes y = 44
and at the origin.

The transformation { = ie/e, as is easily verified, maps the strip betwe
the planes on the upper half of the {-plane (the heavy and thin lines in fi
(a), (b) indicate which parts of the boundaries correspond), and z = 0 com
sponds with { = 4. Using the image system of 4-22 we have vortices x

{=tand - xat{ = - 14, and therefore
jukg
. { -7 o — . 7z
= 1 = = -—
w = ik 0g€+i ik log = uclogtanh2a,
er +1
U= = — k.- 1 xcoth7—r-z=—ix7—7 ! .
2a mz 2a a .., w2
cosh? — sinh —
2a a
Thus when y =0, v=" 1 u =0,
a ., 7T

and the velocity at points of the z-axis is given by this formula.
If the walls were absent we should have, on the z-axis, v, = « /.

Thus YTy 1 <L

Yo sinh ™

a
Therefore the walls reduce the velocity v at points on the z-axis.

P Thus, for example, if z = q,
v 3-14 1
o =183~ 4 roughly.
The streamlines are somewhat
shown.
7 ,

These are got from circular stream

Fio. 43 (¢). lines by observing that the walls incre

% when x = 0, and decrease v when y = 0, so that the streamlines crowd and

spread as shown,
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4-4. Force on a vortex. A rectilinear vortex may be regarded as the
Jimit of a circular vortex which rotates about its centre as if rigid.

Let us suppose a small circular vortex inserted in a steady field of flow, so
that its centre is at the point whose velocity is (ug, v,) before the vortex is

Velocity

&

Force

Fic. 44,

inserted. The vortex would then swim with the fluid (4-1), and begin to move
with the velocity (g, v,), so that the motion would no longer be steady. Let
us imagine the vortex to be held fixed by the application of a suitable force
(in the form of a pressure distribution). This force would be equal but opposite
to that exerted by the fluid.

Since the motion is now steady, the force exerted by the fluid is the Kutta-
Joukowski lift, which is investigated in 5-5. This is independent of the size and
shape of the vortex and is given by

X + 1Y = — 2mxpi(ug + 12,).

This force, being independent of size, is also the force exerted by the fluid
on a point vortex.

The direction of the force (see fig. 4-4) is obtained by rotating the velocity
vector through a right angle in the sense opposite to that of the circulation
(vorticity) (see 5:5).

4-5. Mutual action of two vortices. Consider two vortices of
strengths « and «’ at the points (0, 0) and (0, /), respec-

tively. P

Here for the vortex «’ we have l:/_ﬁ——‘)
Ug= — kb, v3=0 P

and therefore X = 0, Y = 2mex’p/h, so that the two

vortices repel one another if « and «” have the same sign, J P 7/1

and attract if the signs are opposite. This result has r &—

ts application to the action between the wings of a Fig. 4-5.

biplane,
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4-6. Energy due to a pair of vortices. We consider two circulg
vortices each of radius a so small compared with the distance 25 between the
centres that their circular form is preserved.

tex we can write

w = irxlog (z — b) — ixlog (2 + b

Z

«
- 7
\‘;j é 0 b U X

a

neglecting the interaction betw
the vortices as in 4:11, and
stream function is therefore

,
Fie. 46. P = klog —,

where r,, 7, are the distances of the point z from the vortices, as shown in fig. 4
Then for the region external to the vortices the kinetic energy of the fluid;

T, = %p“‘J‘(u2 + %) dx dy.
o o) _ o(wh)

- — = —f . T

oy ox ox oy
since in this region dv/dz — Ju/dy = 0.
Hence by the two-dimensional form of Stokes’s theorem (3-2) we have

To=dp xof - (wpde + wpdy)

where the integral is taken positively round C, the circumference of the vorty
at z = b. The negative sign is accounted for by the fact that C is an intern
boundary, and the factor 2 because each vortex must contribute the
amount to the energy.

Now u dr + vdy = g, ds where g, is the tangential speed, so that

Now u? + v =

¢s ds = 2mi, the circulation.
©)

Also on C, r; = a, and 7, = 2b nearly, so that we may write

S s e

T, = —-pX Qe % KlOg%: 27TPK210g2;-b-

|
The fluid internal to C is rotating (4-11) with angular velocity «/a? a¥
moving as a whole with velocity «/2b induced by the other vortex. Thus q
kinetic energy is
le 1@ '<_2> = Luow?
35 ¥ 37 g @) T AP
neglecting a?/b%. Thus the total energy is, very nearly,

T,-=7ra2p<

I'=T,+2T, = 27Tpi<2<i‘ + 10g~2;b>‘

If « is the strength of each
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47. Continuous line of vortices. Let there be a straight line 4H
gtretching from (- 4c, 0) to (¢, 0) of continuous vortices, that is to say,

Y
kdE
F
H Lc o| « l £ A X
dv,
Fia. 4-7.

let the element d of the line at the point (£, 0) behave like a point rectilinear
vortex of strength & d¢, where k may be constant or a function of £, This element
taken by itself will induce at the point P(x, 0) a velocity dv,, in the negative
gense of the y-axis, given by

kd¢
dv, = £ o
and therefore the whole line of vortices will induce at P the velocity
2 kd¢
1 vV, = r .
@ —e/2 E-z

Observe that in (1) ¢ is variable, « is fized. When £ = z the integrand is
infinite. On the other hand, using the principle that a vortex induces no velocity
at its own centre, we note that the point # must be omitted from the range of
variation of £. To do this we define the *“ improper ” integral (1) by its principal
value, namely, /

. fFTe kdE iz kd¢

(2) vz“}}-{% I—c/2§_x+Iz+t§_z}’
for in this way the point (z, 0) is always the centre of the omitted portion
between z — € and z + e.

For subsequent use in the theory of aerofoils the type of integral (2) in which
we shall be interested is that for which ¢ = — }ccos ¢ and & = k, sin ng’
where %, is independent of ¢, and it is this problem that we shall investigate.

If, for convenience, we put ¢ = — ¢ cos 8, where 0, like z, is fixed, we get
from (1)

v =k, smn¢sm¢d¢_1

o cosB — cos ¢ =k

™ [cos(n —~ 1) — cos (n + Déldé

cos @ ~ cos¢

N

Our problem therefore reduces to calculatmg an improper integral of the type
7 - J"’ cos ng dé
" Jocosd— cosB’

It will be proved in the next section that I, =  sin nf/sin 0. It therefore

follows that
Oy = Yep[Lpor = I_y] = ok, S0+ DO = sin(n - 1)6

P = 7k, cos nf.
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4-71. Evaluation of the definite integral.

[ cos ng .
(1 1, = J.o 05 g — cos dé, n an integer.

As explained in 4-7 we define I,, by its principal value

o ¢ cosngd cos ng
L= PE; {,r; cos ¢ — cos@dqS J’:“cos¢ - cos@dd)}'

This is physically tantamount (see 4-7) to omitting the vorticity betwy
6 — eand § + € and then taking the limit e — 0 so that 6 remains the centre,
the omitted portion.

If n = 0 we have, as may readily be verified, by differentiation,

~  dp T 1 snl@+4) -
Jj cos¢>—cos0_[mlogsin%(e—@]o ’

d6 [ 1 . sinlg+6)7
£+€cos¢ —cosb [si_nol"gsing(qs - 0)]‘,*;

1 sin (6 — %
H = — log o T 2%
ence L, P_I,% sin 8 lo sin (6 + le)

It follows that we may write

9 -7 _ _ [ cosng — cosnf
2) I,=1,- I,cosnf J:——comﬁ o5l dé.

In particular, putting » = 1, we have I, = .
Now cos(n + 1)¢ — cos (n + 1) + cos (n — 1)¢ — cos (n — 1)8
= 2 cos n(cos ¢ — cos ) + 2 cos 0(cos ng ~ cosnﬂj

and J-” cos n¢ dp = 0. Therefore, from (2),
0
Ia+1,,=2cosbl,.

To solve this difference equation * put I, = z", which gives
22 — 2zcosf + 1 =0,
80 that z=¢e% or e
Thus I, = A sin 70 + B cos nf.

Since I, = 0 we have B = 0, and since I, = 7 we have 4 = 7 cosec 8 an
therefore

@) I,=n

sin nf
sin@’

which is valid for all positive integral values of » including zero,

* Milne-Thomson, The Calculus of Finite Differences (1965), 13-0.

EXAMPLES IV 81

EXAMPLES 1V
1. If p’ is the pressure at radius " within a cylindrical vortex, show that

1dp w21 K21

pdr 4 gt
and deduce that
,_KE1p

P =ga tPo

where p, is the pressure at the centre of the vortex.

2. If p is the pressure at a point external to a cylindrical vortex, prove that
p 2 IT

—_— = —,

2, p
where I is the pressure at inﬁmty
8. Draw a graph to show the pressure distribution within and outside a cylin-
drical vortex.
4, Show that the pressure due to a cylindrical vortex is least at the centre and
has the value there I7(1 — k), where
_ K
= ST
Hence show that if £ > 1, the vortex has a concentric cylindrical hollow space.
Deduce that, if k¥ = 2, there is a completely hollow cylindrical space around
which there is cyclic irrotational motion.

5. Show that the stream function for a cylindrical vortex isf = —iw(a® - 1),

or = Jwa? log 2, according as r < a or 7 > a.

6. Draw the pressure distribution for a rectilinear vortex filament in un-
bounded incompressible air.

7. If the vortices of a vortex pair are situated at 4 and B, show that the stream
function at P is

tog P4
«log 55
Deduce that the streamlines are coaxal circles.
8. For a vortex between parallel planes (4-3) show that when z = 0

KT 7Y
U= - —;;COSGC—

Explain the significance of the negative sign.

9. Vortex filaments of strengths «y, x, are placed at 4;, 4,. Show that the
centroid of masses «,, K, remains at rest if the masses are 1magmed to move with the
vortices. Prove also that each vortex describes a circle.

10. Draw the streamlines for the combination of source and vortex the complex
Potential of which is
w=(-m+ ix)logz.

11. Show that in steady two-dimensional motion the vorticity remains constant
along a streamline.
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12. A two-dimensional vortex filament of strength « is near the corner of a
rectangular tank and is parallel to the edge of the corner. Show that the filame
will trace out in the plane the curve r sin 20 = constant, and that the motion w
be regulated by the equation

, dd -«
a2’

13. Three parallel rectilinear vortices of the same strength « and in the san
sense meet any plane perpendicular to them in an equilateral triangle of side .
Show that all three vortices move round the same cylinder with uniform speed i
time 27a?/(3«). ‘

14. The two-dimensional motion of incompressible air is such that the vorticif

w is uniform. Show that the stream function ¢ is given by
¥ =i0@ + ) +fl@ + i) + fl@ - ),

where f is an arbitrary function.

15. Prove that a source of strength m is acted upon by the fluid with a for
X +4iY = - 2mpm(uy + 1v,).

16. Prove that two sources attract one another, but that a source and a sin
repel one another.

12. Prove that a source and a vortex exert on one another a force perpendiculs
to the line joining them.

CHAPTER V
THE CIRCULAR CYLINDER AS AN AEROFOIL

5:0. In this chapter we shall consider the properties of two-dimensional
airflow past a circular cylinder, the air being treated as inviscid and incom-
pressible. The considerations adduced in 1-8 show clearly that a circular
cylinder is an unsuitable shape for an aerofoil but, as we shall see later, it is
easy to transform a circle into an aerofoil profile by a conformal mapping, and
from the flow past the circle we can then deduce the corresponding flow past the
aerofoil. For this reason a careful consideration of the circular profile is a
useful preliminary.

5:1. The points z and a?/2.
Let C be the circle | 2| = a in the Argand diagram of the z-plane.
Let P be the point z = re®. Then if Q is

the point a?/2, we have J
a* a® a® P
— = —% = — ¢, s
z  re r
If we mark, on OP between O and P, the Ol ~<0 x
point S such that OS = 0Q = a?/r we see that \ Q
(1) O0S.0OP = a2, [
8o that S and P are inverse points with Fic. 51 (a).

respect to the circle ¢, and the point @

is the optical reflection of S in the z-axis regarded as a mirror. It is clear from
(1) that if P is outside the circle (OP>a), then S and therefore @ is inside the

circle.

. If, however, P is on the circumference of the
circle, S coincides with P, and @ then also lies on
the circumference : so that if z is on the circum-
(] ference,

- 2
g * o i=%.
Qrz)

P(z)

z

Let f(z) be a function of z which is holo-
morphic in the whole plane except at certain
isolated singular points all of which are at a

Fia. 5.1 (b).
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distance greater than a from the origin. We can then form the associaty
function f(2) described in 3:45. Consider the pair of functions

ro. 7(%),

the second being obtained from f(z) by writing a2/z instead of z.
If the point z is outside the circle C, the point a%/z is inside C. It folloy

that all the singular points of f(a/2) are inside C, since by hypothesis all thoy
of f(2) are outside C.

Alsoif zis on C, s0 is Z = a2/z. Therefore the function
2
r@ +F(%)

is such that all its singularities outside the circle C are the same as those of T
while if 2 is on the circle the value of the function becomes

f@ +7@),
which being the sum of two conjugate complex numbers has its imaginary par§
equal to zero, from Theorem A, 3-4.

5-2. The circle theorem. We now prove a general theorem * which wil§
be of great use subsequently. j

The circle theorem. Let there be irrotational two-dimensional flow of
incompressible inviscid fluid in the z-plane. Let there be no rigid boundariesy
and let the complex potential of the flow be f (2), where the singularities of
f(z) ate all at a distance greater than @ from the origin. If a circular cylinde ‘
typified by its cross-section the circle C, | z| = a, be introduced into the field]
of flow, the complex potential becomes 3

2
M w=1@+7(2).

Proof. Since there are no rigid boundaries, the flow given by f(z) is deters
minate at every point of the z-plane, except perhaps at the singularities of f(2)
which arise from the vortices, sources, doublets, streams, ete., to which the flow
1s due. :

After the cylinder is inserted, C' must become a streamline = constant,;
and without loss of generality we may assume that it is the streamline ¢ = 0,

We have seen in 51 that the singularities of w, given by (1), in the region
external to (' are the same as those of f(z), and therefore no new singularitiesy
are introduced in this region. In particular, since by hypothesis f(2) has no!
singularity at z = 0, f(a%/2) has no singularity at infinity. :

Now w is purely real on the cylinder, for there w = (@) + f(2), and therefore,
Y =0onC. Thus C is a streamline and all the conditions are satisfied. Q.E.D.!

* Milne-Thomson, Proc. Camb. Phil. Soc., 36 (1940).
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lications. '
Am()i) A uniform wind in the negative direction of the z-axis. Here f(z) = V.

When the cylinder is inserted w = Vz + Va?/z (cf. fig. 3-14 (b.)).

(ii) A uniform wind at incidence « to the z-axis. From 3-7 (i) f(z) = Ve'z
and therefore w = Ve*z + Va%e /2. o

(ifi) The cylinder is inserted in the same uniform wind as in (ii), but the
centre of the cylinder is at the point z = 2z, Then

2 V —fa 2 I? —ia
a e . a e
— l}eta z

2 =2 2 =2

+ constant,

w = Ve(z — z) +

and the constant may be omitted for it contributes nothing to the velocity
~ dw/dz. . '
(iv) A vortex of strength x at the point z,. The centre of the cylinder is at
the origin. Here f(2) = 4k log(z — z,), and therefore, if | 2, | > a,
w = ixlog (z — 2zy) — ik log (a?/z — Z).
2

. a
Thus w = 4« logz + ix log (z — 2,) — ix log (z - 2—) + constant.
0

The point a?/Z, is the inverse of z, with respect to the circle.
(v) A vortex pair « at zy, —« at z,, both outside the cylinder whose centre
is the origin. Using (iv)

a? . a?
w=1trlog (z — 25) — i log (z — 2z,) — ixlog (z - T) + tx log (z - i—’)

%o o
(vi) A vortex pair inside the cylinder. The solution is the same as (v), for
clearly if z,, z,” are inside the cylinder, a?/%,, a?/%, are outside it, and the cylinder
is a streamline.

5:3. Circulation about a circular cylinder. The complex potential
of a vortex of strength « at the origin is

(1) w=ixlogz = ixlogr — «0.
Thus ¢ = ~«f, ¢ =xlogr.

It follows that the streamlines s = con-
stant are the circles r = constant. Any
one of these circles, say r = a, can be
taken as a rigid boundary. Now take a
circuit which embraces the circle once. If
we go once round this circuit, § increases
by 27 and therefore ¢ decreases by 2mx
which means (see 3-32) that there is a cir-
culation 2z« in any circuit which embraces '
the circle once. Thus (1) is the complex potential of an irrotational circu-
latory motion round the cylinder of radius a.

0

F1a. 5-3.
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‘5-3I. Circular cylinder in a wind with circulation. Consider .
umf"orm wind whose complex potential is Vz. If we insert the circular cylin '
typified by the circle | z| = a, the complex potential becomes (see 5-2)

2
Vit V.
2
To include circulation 27« we add the term i« log z, which gives finally
2
(1) w:Vz+ng—+ixlogz.

It is easy to verify that the circle is still a streamline, for putting z = ae"\i
get |
Y =«loga,

which is constant.

To find the stagnation points we equate dw/dz to zero, which gives

: .
V—K‘:—+1—K=O.
2 4

Fie. 5-31 (a).
Solving this quadratic in 2 we get

z=a{— P :tJ(l - —K2-)}
2aV 4atV?
There are thus three cases to distinguish,
k<<2aV, k=2aV, «> 2.
The only case of aerodynamic interest is the first. (For the other two seei'

Ex. V, 8) Putting

@ LTI,
) %y = o B
we get for the stagnation points

z=a(+£cosf — isinB) = ae~®, —qeib,

Thus the stagnation points lie on the cylinder and on a line para,llel‘%
to the undisturbed wind stream (in this case parallel to the real axis). |
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Fig. 5-31 (a) shows the stagnation points* 4 and H, the interpretation of
the angle B and the disposition of the streamlines. The general effect of the
circulation is to increase the speed of the air at points of the major arc AH and
to decrease the speed at points of the minor arc 4H. Thus, by Bernoulli’s
theorem, the pressure above is diminished and the pressure below is increased
g0 that there will be an upward force on the cylinder perpendicular to the
wind, in other words a lift.

From (1) we get the stream function
a2
3) ¢=Vy(1——r-2-)+xlogr,

which is unaltered when — z is written for z, and therefore the streamlines are
symmetrical about the y-axis so that there will be no resultant force in the
direction of the wind.

It should be observed that (2) gives the
circulation which makes a given point on the
cylinder a stagnation point. It also appears
from (2) that when there is no circulation the s

stagnation points are at the ends of a diameter 8 /\
and (3) shows that in this case the streamlines

are also symmetrical, fig. 3-14 (b), about the HY&/ '

z-axis so that the lift vanishes. AT
If we take the centre of the cylinder at

the point z = s and the wind at incidence «,

the complex potential (1) is replaced by (see 5-2 (ii1)),

-

Fia. 531 (b).

2 p—ia
4) w = Vze* + V:_es + 2ai V sin Blog (z —~ s).

In fig. 5-31 (b) the rear stagnation point H is shown on the real axis. This is
the usual disposition but it does not affect the form of (4). The flow pattern
is of course independent of any choice of axes.

5-311. Given stagnation point. To find the circulation which will
make a given point z, of the circular cylinder a stagnation point.

We use the circle theorem. Let f(z) be the complex potential before the
cylinder | z| = a is inserted. After the cylinder is inserted with circulation
2mic we have

Cw = f(2) +f(g;) + ik log 2,

* Mnemonic; A for anterior, H for hindmost stagnation point.
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and, since z, is to be a stagnation point, dw/dz = 0 when z = z,. Therefore
a? ;, [a? "

FCA (—) + =0,

2
2y 2o 2

-

—

Fia. 5-311.
Now, since 2, is on the cylinder a?/z, = Z,. Therefore
k= 1zyf"(20) — 2, [ (2,) = real part of — 2iz,(uy — ),

where 4, — 1w, = — f'(2,) is the complex velocity at z, in the undisturbed flow,
i.e. when the cylinder and circulation are absent.
Let 2z, = ae®, uy + v, = ge*. Then

b i ST s O i

x = real part of — 2iaq e'®—*) = 2aqsin (§ — x) = 2av, 4
where v = ¢ sin (§ — ) is the component at z, of the undisturbed velocity along:j?

the tangent to the circle. Observe that « and v are always in opposite senses.
Equation 5-31 (2) could be deduced from this theorem. See also 8-7.

5:32. The pressure on the cylinder. At points on the cylinder
(6:31 (1)), '

dw = V(1 - e20) 4+ W pmio — e—io[z,; Vsin @ + Z_Kjl
dz a a

2
Hence ¢*= (2V sin § + s> = 4V?(sin § + sin )3,

and therefore if II is the pressure at a
great distance from the eylinder Bernoulli’s
theorem gives

(1) % + 2V2(sin 6 + sin B)? = a + 172,
P
so that
Frc. 532 @) 2 ~ 4(sin§ + sin B)%

BT
In fig. 5:32 we have a polar diagram in which the radius vector OQ represents
the pressure at the point P of the cylinder.
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To draw such a diagram we must know the values of IT/}pV? and sin §;
0Q is then drawn to represent p/3pV?.
That the cylinder experiences a lift but no drag is evident from the diagram.

5.33. Force on the cylinder. If X and Y denote the resultant thrusts
in the positive directions of the z- and y-axes due to air pressure we have

2 2m
X=—J. pcos 8 adb, Y=—-j psin 6 adb.
0 0

Now from 5-32 we see that
p=p, — 4pV?sin Bsin b,
where py =11 + 3pV? — 2pV2sin? 0 — 2pV?sin? B,
and it is clear that the resultant pressure thrusts due to p, vanish, for p, is
unaltered when 8 is replaced by 6 + m, so that the thrusts due to p, at diametri-
cally opposite points cancel. Therefore

2m 27
X = 4paV?sin B_[ sinfcos 68, Y — 4paV?sin ,sj sin? 0 d6,
0 0

whence X =0, Y =4mpaV?sin B = 2mxpV.
Thus the aerodynamic force on the cylinder is a lift equal to
Circulation x air density x wind speed.

The foregoing calculation is simple owing to the form of the contour of the
cylinder. In the general case of an aerofoil of other than circular section the
direct integration of the components of pressure thrust can become exceedingly
complicated. There is, however, a simple method which can be used in all such
cases which will form the subject of the following section.

5-4, The theorem of Blasius.
J

Y \M

pdx

Fia. 54.

Consider a cylinder of any cross-section placed in steady irrotational air flow.
If the origin O is taken as base point the aerodynamic force (per unit length of
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cylinder) may be reduced to a force (X, Y) and a pitching moment M about O“

If w is the complex potential, the theorem of Blasius is as follows :

2 2
(1) X -1¢Y= %w[(%) dz, M = real part of - %pj.z (‘Z,i:) dz,

where the integrals are taken round the contour C of the profile or round any;_
contour reconcilable * with C without passing over a singularity of the inte
grands,

SRR S

Proof. The pressure thrusts on an element ds of the contour give rise at 0
to the force system (dX, dY) and moment dM where

dX = - pdy, dY = pdx, dM = p(zdz + ydy).

Now the pressure equation gives p = p, — }pg? where p, is a constant
pressure and the resultant effect of such a constant pressure is zero. Thus
we can ignore p, and so write ’

X — iY) = dpg*(dy + idx), dM = - Jpg*(zdx + ydy).
(2) Now dy + idz =1idz, wdx + ydy = real part of z dz,

dw dw
2 - * —
and "% &
Thus d(X - i¥) = }pi ddi: d, dM = real part of — %pz%dﬁ.

Now on the cylinder the stream function i is constant and therefore dip = 0.
Therefore

@ =dp - if) = A + ) = do = W g,

and so

2 2
d(X — 1Y) =ip (édg) dz, dM = real part of — }pz (%:) dz.

Integrating round C' the theorem follows when C is the contour of integration,
and by Cauchy’s theorem (3-5) the contour can be enlarged or contracted
provided no singularity of an integrand is crossed.

Q.E.D.
Notes on the above theorem :

(i) The singularities in question arise at those points where dw/dz becomes
infinite and nowhere else. At such a singularity there is therefore a source or
vortex or combinations of these.

(1) Singularities of w are not in question; it is the behaviour of dw|dz
which matters, and although w will have singularities at the same points as
dw/dz it is the form of the latter which determines the aerodynamic force.

* This means that if we regard C as elastic, we can stretch it or contract it provided that
no singularity is crossed in the process.
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(iii) It is frequently advantageous to take as contour of integration a circle
of large radius enclosing the origin. This can always be done when there are no
gources or vortices in the fluid.

(iv) The calculation of the aerodynamic force is reduced to the calculation of

residues (3-62).

5-4l. Theorem of Blasius in terms of the stream function. The
theorem of Blasius stated in 54 applies only to irrotational motion. We
now obtain a form in terms of the stream function. Since in two-dimensions
a stream function always exists the new form will apply also to rotational
motion.

We use the figure and notations of 5-4. From 5-4 (1)
dX —¢Y)=1pg% dzZ and ¢® = u® + v? = (u ~ W) u + W)
Therefore from 3-47 (1) 30
dX -1Y) = 2’&/.7& gdz
Now i is constant on the boundary. Therefore
O:d{/::g—fdz +g~l’;d2sothat

dX - i¥) = — 2% (gLf)zdz

and therefore
X — Y = -2 J‘(il/—’ 2dz
(1) -i¥ = -2 [(F) &

where the integral is taken round the boundary or any reconcilable contour.
Similarly we prove that for the moment M about the origin

M = real part of 2 (ai'zdz
(2) = real part o pjz az) .

Observe also that on the boundary Z is a function of z and so the above
integrals may be evaluated by the residue theorem.

5:5. The theorem of Kutta and Joukowski. An aerofoil at rest in a
uniform wind of speed V, with circulation K round the aerofoil, undergoes a
lift KpV perpendicular to the wind. The direction of the lift vector is got by
rotating the wind velocity vector through a right angle in the sense opposite to
that of the circulation. _

Proof. Since there is a uniform wind, the velocity at a great distance from
the aerofoil must tend simply to the wind velocity, and therefore if | z] is
sufficiently large, we may write

dw w.,4 B
(1) —ﬁm—ve +'z—+'z’é+--.,
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where o 1s the incidence. Thus

'w=Ve"°‘z—Alogz+—§+...,

Kpv

ISy, \K

II'/II//W %

Fia. 5-5.
and since there is circulation K, we must have
K
@ -d=1,
2

for log z increases by 27¢ when we go once round the aerofoil in the positiv§
sense. From (1) and (2) we get
dw)2 _ vremi . WK Ve K® 4 8n% BVei
®) <E = Ve + . 472 22 -
If we now integrate round a circle whose radius is sufficiently large for thq
expansion (3) to be valid, the theorem of Blasius gives (see 3-52),

X — 1Y = Lip x 2m <1K Ve") = —1Kp Ve,
so that, changing the sign of ¢, i
4) X + 1Y = iKp Ve~ = Kp Veitin—a), ‘
Comparison with fig. 5-5 shows that this force has all the properties stated in
the enunciation. QED.

Notes. (i) The theorem was discovered independently by Kutta (1902),
and by Joukowski (1906).

(1) The Uift is independent of the form of the profile.

(ii) Observe that in applying the rule for the direction of the lift, the velocity
vector must be drawn from the origin in the direction of the velocity.

(iv) If the aerofoil is regarded as moving in air otherwise at rest, the lift is
got by rotating the velocity vector of the aerofoil through a right angle in the
same sense as the circulation. ;

(v) The theorem of Blasius applied to (3) gives the moment about the
origin *

(5) M = real part of 2mipBVei=,
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5-7. The second circle theorem. The circle theorem of 5-2 applies to
irrotational motion. The theorem about to be enunciated applies to motion
in which the vorticity is constant.

The second circle theorem. Let there be two-dimensional flow with constant
vorticity w in the z-plane, given by the stream function.

1) bo(z 2) = F) + F2) + joz

Let there be no rigid boundaries and let all the singularities of F(z) be a
distance greater than ¢ from the origin. If a circular cylinder typified by its
cross-section of circumference C, |z| = a, be introduced into the field of flow,

the stream function of the perturbed flow becomes
2

@) W, 3) = F(z) - F (“;) + F@) - F(%) + lws

Proof. Since on C, 2z2=a? the stream function yi(z, Z)=}wa? on C which is
constant so that C is a streamline for the motion given by (2).

Since all the singularities of F(z), and therefore also of F(Z) are outside the
circumference C, all the singularities of F ( 3 ) and of F ( ) are inside C so that

no new singularities are introduced at infinity and the motion given by (2) at
infinity is the same as that given by (1).
The vorticity of the flow given by (2) is, 3-47 (2),
821/1
8z %

Thus (2) satisfies all the conditions and is therefore the stream function of
the perturbed motion.
Corollary. If in (1) we replace 1wzZ by lwzZ+}xlog (22) we get for the

perturbed flow
2 —
F (%) + F(5) -

Pz, 2) = Fz) -
This allows for circulation 27« about C.
Observe that save for an added constant (2) is the unique solution, for (2)
solves the Dirichlet problem for the function ¥i(z, 2) ~ }w?z.

2
F <%> + w2z + 3x log (22)

5:72, Uniform shear flow. Let the z-axis be horizontal, say on ground
level, and the y-axis vertically upwards. The velocity distribution

(1) = —wy, v=0, o constant

s one in which the speed is proportional to the distance from the ground and
decreases to zero as the ground is approached.
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This type of velocity distribution is frequently exhibited by natural
and is known as uniform shear flow.
More precisely we have the following definition.

Def. Two-dimensional flow in which the velocity at a point is parallel to}
fixed line and proportional to the distance of the point from the line is call
uniform shear flow.

The stream function for the flow (1) is

1
2wy

- . ﬂ
Hence by a simple rotation of the axes through the angle 8 we find that if th
velocity of the shear flow is parallel to the line y cos 8 — zsin 8 = 0, the streay
function is 1

2= — Jo(z - 3)".

b

@ = = Jalae® — 2
It follows from 3-47 (3) that the vorticity is
4 9%,
3 <
®) oz

so that the vorticity in uniform shear flow is constant.
The stream function iy, of (2) can also be written

4) Yo = — JwPe ¥ — Wi + luwez !
Comparing this with 5-7 (1), for the second circle theorem we see that
(5) F(z) = ~ lwsle 2

If in addition to shear flow we wish to have circulation also we write ¢
instead of ¢, in (4) where |

(6) P = ~ Jwrle ¥ — Lwi%%P + lwzi + i log (22).
5-74. Circular cylinder in uniform shear flow. We consider the flow

consisting of a uniform stream V at incidence «, uniform shear flow parallel t¢

y cos B—z sin f=0, circulation 2m«. The stream function for the undisturbed
flow is

(1) ‘l.’o = — LiVzei= + 3iVzet= — Fwzle— 4B — FwF%P 4 w2+ dx log 2z
To this we apply the second circle theorem, 5-7, with
(2) F(z) = — 4iVze™ — Lwnle 2P

80 that the stream function for the perturbed motion is

. ry . . 2 4
3) ¢ = — }iVae' — Jantes — %zV%e—"“ + o= B + LiVzei=
z

o g A a®
— Jwz?eB 4 %zVEe“‘ + %wé—ge‘z”3 + {w2Z + 4« log (23)

We note that this fulfills all the conditions and reduces to (1) as z— o0.
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To find the force on the cylinder we use the theorem of Blasius in the form
given in 541. Thus finding 2/0z from (3) and then putting Z = a?/z we get,
on 0’

a?w + 2« JVale | atweP

1 —2i8, _ 1 qor _
— = we 2 Vel + + 5%
oz 4 2 4z 2? B

Therefore from 5-41 (1), using the residue theorem,
4) X — 1Y = — wpVi{2xe™ + aPw(e =%F 4 ¢™)}
This gives the Kutta-Joukowski lift when w = 0 but we note now that even

when « = 0 there is a force on the cylinder.
If the z-axis is parallel to the ground and « and 8 are both zero the force

given by (4) is the lift

(S

Y = 2mpV(k + a’w)
Thus the shear flow increases or decreases the lift 2mp Vi according as w is
positive or negative. Indeed if w = — «/a® the Lift vanishes thus revealing a
possible danger in landing in a certain type of shear flow.

EXAMPLES V

1. Show that the image (4-22) of a vortex of strength « at a point 4 outside a
circular cylinder is an equal vortex at the centre of the cylinder and an equal vortex
of the opposite rotation at B the inverse of 4 with respect to the cylinder.

Verify that with this system of vortices the boundary of the cylinder is in fact
a streamline.

2. A vortex of strength « is placed at the point (, 0) outside a circular cylinder,
centre (0, 0), of radius a. By calculating the forces (4-4) exerted on the image system
prove that the cylinder is acted upon by a force of magnitude,

2mipa?
f(f* - a®
In what direction is the cylinder urged by this force?
3. Find the image system of a vortex pair inside a circular cylinder.

4. A vortex of strength « is placed at the point 4 (f,0) inside a circular cylinder,
centre the origin, of radius a. Prove that a vortex of strength — i placed at the
inverse point B(a?/f, 0) will make the circle a streamline.

Prove that 4 begins to move with speed «f/(a? — f2) perpendicularly to 4B,
and hence show that 4 will move round a circle concentric with the cylinder.

5. A rectilinear vortex of strength « is situated outside a fixed solid circular
cylinder of radius . The vortex is parallel to and at distance f from the axis of the
¢ylinder and there is no circulation in any circuit which does not enclose the vortex.
Show that the vortex moves about the axis of the cylinder with constant angular
velocity equal to xa2/f2(f2 —~ a?).

Find the velocity of the air at a point on the cylinder such that the axial plane
through the point makes an angle 6 with the axial plane through the vortex, and
proceed to show how the resultant thrust on the cylinder may be calculated.
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8. A vortex of strength « is at a fixed distance R from the centre of a circle
radius @, round which there is a circulation of strength x’. Prove that the force

the circle is
27p [ wPa? ,
RI\E-—a& "

7. A column of air whose outer boundary is an infinitely long circular cyling
of radius b, is in cyclic irrotational motion and is under the action of a unifo
pressure P over the external surface. Prove that there must be a concentric cyl
drical hollow whose radius a is determined by the equation 2ma?6® P = M2, wh
« is the strength of the circulation, and M is the mass of air per unit length of 1
column.

8. In the case of a circular cylinder in a wind stream with circulation (5
discuss the nature of the stagnation points (i) when x = 2aV, (ii) x > 2a¥V, show
that in the latter case part of the air circulates round the cylinder without e
joining the main stream.

9. Use Rankine’s theorem to plot the streamlines given by 5:31 (3) in the thi
cases k <<, = , > 2aV. 4

10. The circle | 2| = @ is placed in a wind ¥ in the negative sense of the z-a:
Find the circulation 2w« which will make the point ae® a stagnation point, ad
draw a graph to show « as a function of § as § varies from =/2 to 3/2. ]

11. Prove, with the usual notation, that the pressure on the boundary of
cylinder is everywhere positive if the speed of the oncoming air is less than tﬁ
value given by :

T p (1 +2sinB)(@3 + 2sinf) i
Plot the critical speed (cavitation speed) given by the above formula in the rang
0B <72
Show that the critical speed is greatest when there is no circulation. ;
12. The circle (x — a)? + %2 = a2 is placed in an oncoming wind of velocity }
and there is circulation 27x. Find the complex potential and use the theoremq
Blasius to show that the moment about the origin is 2mxpa V.

13. A source of strength m is placed at the point (f, 0) outside the circle | z| = !

Prove that the complex potential is
2
w=—-mlog(z - f) - mlog(z - a?) + mlog 2.

Use the theorem of Blasius to prove that there is no moment about the centre ¢

the circle, and that the circle is urged towards the source by a force
2mpm? a?
=)
Find the corresponding result when the source is replaced by a vortex.

14. Apply the circle theorem to show that the complex potential when th
cylinder | z| = a is in the presence of the doublet of 3-7 (iv) at (f, 0) is
pz
sz T -
Prove that the force on the cylinder is
dmppPa® f
7 = a2

and that there is no moment.

CHAPTER VI
JOUKOWSKI’'S TRANSFORMATION

6:1. Joukowski’s transformation. The simplest form of the trans-
formation is
I
8 z={+ 7
where [ is a real constant. By means of it we can map any selected region of the
{-plane on the z-plane. In aerodynamic practice the region mapped is generally
that exterior to a circle in the {-plane.

7 > P
A
& // y
H, O S, £ H S *
{-plane. z-plane.
Fia. 6-1.

Let us denote corresponding points in the {- and z-planes by the same letter
with, and without, suffix 1. In particular the points S, H, given by { = [, and
{ = -1, will map into the points S, H, given by z = 2I, z = — 2l. These
points play an important part in the geometry of the mapping.

From (1) we get at once by subtracting 21

@) z—2l=g_€—l)2,

whence = _u
arg(z — 21) = 2arg({ - 1) — arg{, |z - 2l| = s

which in the notation of fig. 6:1 means that
3) x =2y - 0, SP=5,P>0P,
Thus, if y, and 6, increase from 0 to 2, so does x.
Similarly, by adding 2! to each side of (1) we get

2
@ =t E D = 9w, — 6, HP = H,P2OP,.
From (3) and (4) we see that
(5) t8PH =y — w = 2(xy — wy) = 2.8,P H,;
(6) SP + HP = S,P% + HP* 208.? + 20P,*

OoP, - OP,
by the theorem of Apollonius, since OP, is a median of the triangle S,P,Hy.



98 JOUKOWSKI'S TRANSFORMATION [a%

We also notice that for large values of | { | we have z = { nearly, so that t
distant parts of the planes are undistorted by the mapping. This property
important, for it implies that a uniform wind in one plane will appear as th
same uniform wind in the other.
The scale of the mapping is given by

| _|,_t
e &
which vanishes when { = lor ~I. Thus the points S,, H, are points where t:’

mapping ceases to be conformal so that we must not map any region to whic}
these points are interior, though they may appear on the boundary.

3

=|1-

6-11. Circles with centre at the origin.

L/

{-plane. Fo. 611 2-plane.

i

Let us apply Joukowski’s transformation to circles whose centre is at théf;
origin in the {-plane. We shall consider only circles to which the points S, Hr%
are not external (see 6-1). !1

If P, is on one of the circles, say ¥,, we have from 6-1 (6) 4

SP + HP = constant,

since OP, is constant. Thus P describes an ellipse ¥ whose foci are .S and H.:
Similarly if P, describes a larger circle such as G, P will describe a larger’
ellipse G, which shows that points exterior to F, map into points exterior to F.

Thus the Joukowski transformation (1) maps circles in the {-plane whose
centre is the origin into confocal ellipses in the z-plane.

As a particular case, the circle £, on S, H, as diameter maps into the straight
line SH. This is readily seen from 6-1 (5), for in this case «S,P,H, = =/2 and
therefore £ SPH = =, so that P moves on the line SH.

It now appears that the transformation will map the region external to-

any one of the circles on the region external to the corresponding ellipse.
In particular the region external to the circle E, which passes through S,
and H, maps into the region external to the line SH. In the language of our
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subject the circular cylinder typified by the circle E, is transformed into the
rectangular aerofoil, of chord 41, typified by the line SH.

6-2. Joukowski fins, rudders, and struts.

Fia. 6-2.

Instead of mapping a circle whose centre is the origin, let us take a circle R,
whose centre C is on the real axis and which passes through H;, and which
encloses S;. Then the circles E;, G, with centres at the origin can be drawn to
touch R, at H, and at A, the second point at which R, meets the real axis.
Clearly the map of B, must lie between the maps of E; and G, and the map of R,
will resemble the map of E; in the neighbourhood of H and the map of G, in the
neighbourhood of 4. Thus the circle R, maps into a symmetrical profile with
a blunt nose at 4 and a cusp at H, the trailing edge. Such shapes are suited to
form the profiles of fins, rudders and struts where symmetry is desirable.

6-3. Circular arc profiles.

Fic. 6-3.

Let us transform a circle of radius @ whose centre C is on the imaginary axis
and which passes through S, and H,.

Let us introduce the useful practice of marking the map on the same Argand
diagram as the circle, so that the figure shows points of both the 2- and {-planes.
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If LCH,8, = ¢, we have, from 61 (5), £8PH =2L8,P,H, = n
since < 8,CH, at the centre is equal to 2¢£8,P,H, at the circumference, ,
Thus when P, describes the major arc S,BH, in fig. 6-3 the 2 SPH ren
constant and therefore P describes a circular arc SBH. When P, describes
minor arc from H, to S;, P moves back again* along HBS. In this way we
a profile which consists of the circular arc SBH described twice.
From equal angles it is clear from the figure that CH 1 is parallel to BR
If M is the centre of the arc SBH,
2l e a?
sin2 sine .J(a® - [B)
The camber (1-14) of this profile is
OB 10B 1 J(e? - )
4 T 20H 2 o
8o that for small camber ¢ must be small. This means that OC is then 8t

compared with [, in other words that the centre C of the circle to be transforr
is near to O,

6-4. The general Joukowski profile. This is obtained by transfovmg

ftane

a circle of radius a which passes through the point H, but whose centre C is i
on either the real or the imaginary axis.

%

Sy A

'“ Af
€ o

H H,
N,

If CH, meets the imaginary axis at (", the circle whose centre is ¢’ an¢
radius C"H, will transform in a circular arc as shown in fig. 6-4. This circulal
arc forms the skeleton of the profile obtained from the circle, centre . If C it
near to C” this profile will enclose the arc SH and not depart far from it at anjy
point ; the profile will be thin. The greater the distance CC” the thicker will be
the profile. The actual construction of such a profile can easily be carried oul

N

Fig. 6-4.

* For if P,0 meets the circle again at P, OP, . OP; = I* and therefore the map of P, is the
reflexion in OB of P and thus lies on the arc HBS,
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by the general method to be described in 6:51. Fig. 6-51 (c) shows the details
y

construction. .
of S;‘Cheiamine the nature of the profile at H, observe that the transformation
o

itten
can be T z+ 20 (C+ 1P

@ Z-2 (-
Near H, and H we can write
L+ 1=re® 24 2] = Re*,
where 7 and R are infinitesimal and therefore (1) gives
~ Reix = r2e®]]
approximately, so that taking arguments
(2) x +m =20
If we draw a semicircle, centre H; radius 7, on the taflg.ent to the circle at I.Jl
and outside the circle, we can go round H, on this semlc}rcle from M, to N, in
fig. 6-4. In this passage g increases by 7 and therefore y increases by 2. Thus

there is a cusp at H, the two branches touching the same 1’:ang.ent.. Also at
M, 0 = 1m + € and therefore from (2) x = 2, which is the inclination of the
1 -

tangent at the cusp to H,S;. . . '
2(’;l’he existence of the cusp could also be explained on the basis of the reasoning

of 6:2.

6'5. Geometrical construction.

J
P‘l
P1” P
Q
(¢] -0 x
P
Fia. 6-5.
The Joukowski transformation
l2
(1) z=0+ Z

can be replaced by the successive transformations

C1:§’ =0+
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Let us mark all the complex numbers {, {,, z on the same Argand diagram,
fig. 6:5. Let P, be the point {, P,” the point {;, and P the point 2.

. 2
If { = re®, then {; = l;e“"’.

Draw P,'P,” perpendicular to the real axis to meet OP, in P,”’. Then
OP,” = OP) = */r, OP,.0OP," =I2.

Thus P,, P," are inverse points with respect to O, and to obtain P,’ we first find
the inverse point P,”” and then reflect OP,” in the real axis. The point P is
then obtained by completing the parallelogram OP,'PP;,. We also observe that
if the diagonals of the parallelogram meet at @ then OQ = 3OP so that the locus
of @ is similar and similarly situated to the locus of P but on half the scale.

In the majority of applications the point P, will be made to describe a circle,
The point P,” will then describe the inverse of a circle which will be shown
(6-561) to be a circle also and P,’ will describe the circle got by reflecting the
locus of P,” in the real axis.

From (1) we have for the scale of the mapping (see 3-6)

[dz 2 2 pp/

@ =la|='-a =ty =R
This means that all lengths in a small region R round P will be m times the
corresponding lengths in the region R, round P, of which R is the map.

1 -

6-51. Mapping a circle.

A
14
£y
C P,
D p7
H, Aq
’
@ b (6] P;
&Y
F1a. 6-51 (a).

Consider the circle %,, centre C, radius a, which meets the real axis in H;
and 4, as shown in fig. 6-51 (a), and take | = OH,.
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Let P,” be the inverse of P, on the circle so that OP,” . OP, = OH? = 2,
-i1et P,O meet the circle k; again in @ and draw P,”"C’ parallel to CQ to
“meet CO produced at C’. By the rectangle property of the circle we have
‘OP,.0Q = OH, . 0A4,. Therefore, by division, OP,"/0¢Q = OH,/0A4,, a con-

‘stant.
Since the triangles OP,"C’, OQC are similar,

oc _C'pP” OP"” OH,
o0~ 0@ — 0@ 04,

Since OC : OC’ is constant, €’ is a fixed point.

Since C'P,"” : CQ is constant, C'P,” is of constant length. Therefore P,”
descnbes a circle k,”” whose centre is C’. The point H, is its own inverse since
OH, . OH, = 12 and therefore the locus of P,"’ passes through H,.

' Bince 0C’'/0C=0H,/0A4,, the triangles OC'H,. OC4, are similar and
‘similarly situated. Therefore C4, is parallel to C’H, and
LtCH,0 = tC4,H, = tC’HO.
Hherefore the circle &,’, which is the reflection of the locus of P,” in the real axis,
gill have its centre D on CH, and will pass through H,. It follows that the
‘gircles k,, k,’ touch at the point H,.
is circle k," is the locus of P,
is the reflection of P,”.
OD is the reflection of OC”, 4,
$ follows that OD and OC are
;}mmlly inclined to the real axis.
The complete construction is
wn in fig. 6-51 (b). Starting c P
‘With the circle %, which passes p
Wrough H,, we find the point D
B CH, such that OC, OD are 2
::": y inclined to the imaginary
BGis. The circle k,’, centre D, is
pen drawn. To map the point P,
f &, we join OP, and find the
pint P\’ on %, such that OP,,
W)’ are equally inclined to the real axis. Completing the parallelogram
‘ VPP, the point P is the map of P,.
F‘S 6:51 (c) shows the details of such a construction, the profile being
ed through the points obtained by drawing radii vectores at 30° intervals ;
nding points on the circle and aerofoil bear the same numerals.
Eﬂ'he dotted circular arc shows the skeleton (6-4), got by transforming the

,g
y
+

o
=

_‘I
%
%)

Fia. 6-51 (b).
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circle through 7 whose centre is the point where CD cuts the y-axis, which can
often conveniently replace the camber line in theoretical work.
Various simple link mechanisms have been devised for automatically
describing the profiles arising from a given circle.
6-6. Reversal. To find the point P, of the {-plane which corresponds
with & given point P of the z-plane, we consider the associated mapping
2
M Z=%Z=%<“lz)'
Referring to fig. 6:5, Z is the mid-point ¢ of PPy’ in fig. 66.
& Let P,0 meet the circle % through
8, P, Hy at R. Then P, is the
image of R in the imaginary axis, for
D OP,.OP/ = I = OH,.0S, = OP, .OR. 4 P,
Again, turning to fig. 63, when P,
= i.e. {, is on the arc 8,B,H,, the point P, M p
= i.e.z is on the arc SBH and therefore
Q, ie. Z, is on the arc of the circle 0 1
through S,, C, H,, for OC = 0B and \ 0 g /T /
Z = \\ 7
~ o Therefore in fig. 6-6, as P, describes Y R F‘,//
ga I the upper arc of the circle %, the point Y /
Q will describe the upper arc of the \ /
' circle ! through S,, M, H,, where M is \ J/
: o the centre of %. N b
S ' Now M@ is the perpendicular bisector \\ )
10 \ o of PP/, so that if P,P, meets the v
: imaginary axis in N, the £ MQN is a Fio. 66
1 < right angle. Therefore the point N is )
% : Z also on [ at the opposite end of the diameter through M.
© S From these facts we derive the following construction to find P; when P is
oy 1%, given.
: Find Q the mid-point of OP and draw the circle S,QH,. This determines
H M and N, M being on the same side of S,H, as Q. The circle %, centre M,
\ radius MS, can now be drawn. The line N@Q then meets k in P, and Py’
' From the construction it appears that of the two points P;, P, only one
|' lies on the same side of S,;H, as P, and the choice of that one determines a
A bi-uniform (3-6) mapping.
o\fo In mapping the region outside any circle which encloses S; and passes

through or encloses H,, there is no ambiguity, for one of the points Py, Py’ is
always inside the circle and does not fall in the region to be mapped.

7I/
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6-7. Construction of tangents. To draw the tangent to a given pni

we proceed as follows, still using the associated mapping 66 (1).
Let the point P, move a}
P a radius O4. Then from:
we see that P;" moves alog
o radius OA’, the reflection of i
in the real axis. Also '

OP,.OP, = It

and therefore @, the mid-

# of P,P,’, describes a hyper

P/ whose asymptotes are 04,

and P,P,” touches this hyp

bola at @. Let¢, be the ta

A at P, to the curve which

Flo. 6.7 into the profile described by:

Since the mapping is conformal, the angle between ¢, and 04 is equal to:

angle between the tangent £," to the locus of @ and the tangent at @ to

hyperbola (which is the map in the Z-plane of the radius O4). The eqi

angles are shown in fig. 6:7. The tangent ¢ at P to the profile is parallel to{
for the loci of P and @ are similar and similarly situated.

6-8. The airflow. Having considered in some detail the geometry of
Joukowski transformation let us now examine its application to airflow ro
Joukowski profile. The basis of the method is given in 3-8.

/’\ HQ - 3
/’—\

z-plane. {-plane.
F1¢. 6-8.

Let the profile of fig. 6-8 be obtained by transforming the circle | { ~ s | =

by the Joukowski transformation
I
1 = + —=.
1) 2=1{ 7

* The triangle OP, P, is of constant area, and therefore P,P;’ touches a hyperbola wha
agymptotes are OA, OA’. The point of contact of the tangent is the mid-peint of P,P)’, i.e.
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If there is a wind V at incidence « to the real axis in the {-plane, from
531 (4), the complex potential is
Va2 e«

{~s

+ 2a1V sin B log (L - s),

@) w = Vie* +

and, from 3-8, (1) and (2) together define the complex potential in the z-plane,
the plane of the profile. Observe that all quantities are given except the angle 8.

2
Brom. () dw w o 20VsingB  Vate™

® EZ:W:-{. {-s (€ - s
e )15

To find the velocity in the z-plane we have
dw dw df dw (?

<4> X BT
Since {2 — I? vanishes at { = — I (and also at { = I which is inside the circle
and is therefore not mapped), we see that the velocity at the cusp H will, in
general, be infinite. If, however, we arrange that H, ({ = - l) is a stagnation
point on the circle, dw/dz at H will assume the indeterminate form 0/0 and we
shall prove that this yields a finite velocity at H.

To make H, a stagnation point, we see from fig. 5-31 (b) that .CH,S, = § - «
and therefore

(5) ~l=s-acB= or aef =e=(+ s).

This equation determines 8 and then

ip l
e + ae‘sze‘“(1+ l+s>=e‘“5+s,

- s -
8o that (3) and (4) give, after an easy reduction,
(6) dw = Ve=({ + I — 2ae~*= cos B) ———Cz—-—,
dz €-sP¢-1
the vanishing factor { + ! having disappeared.
Putting { = — I we get from (6)
. dw 2aVlcosfp  IVcosB
e e = (EL_, SO (-2 T et

from (5). Changing the sign of 7 we have

(7) Ug =+ ’l:’UH = Z—II(;O-—ipi ei(n+2ﬁ—2a).

Now from 6-4 the tangent at the cusp makes an angle 28 — 2« with the real
axis and therefore the wind streams smoothly past the cusp with speed
1V cos Bla.
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The forward stagnation point 4, on the circle transforms into the
stagnation point A on the profile, as is seen from (4). j

We see from (3) that, at a great distance, when | { | is large, dw/dl j
nearly, and then from (4) that dw/dz = dw/d{ = Vei=, so that there is thef
uniform wind V at the same incidence to the real axis in both planes. The
pattern in the {-plane (fig. 5-31 (a)) will transform into the flow pattern i
z-plane, the general form of some of the streamlines being shown in fig. 6

Notes. (i) The problem of choosing a Joukowski profile is a purely
metrical one. Any circle will transform into some profile. The questio)
airflow does not enter at this stage. Naturally, however, the choice wit
guided by the knowledge of shapes which have proved suitable. !

(ii) The choice of wind speed and incidence at which the profile is to be j
is perfectly free and has nothing to do with the transformation. i

(iii) Having chosen (i) and (ii), in order to Investigate mathematically}z
case of smooth flow past the cusp, it is necessary to arrange that the angle f
what amounts to the same thing in view of 5-31 (2), the circulation is such
the point H, which transforms into the cusp is a stagnation point on the cin
See 7-11.

(iv) That there is the same uniform wind at infinity in both planes is
an inevitable consequence of the fact that when | ¢ | is large (1) becomes 2z
80 that the complex potential is the same in both planes.

1
!

EXAMPLES VI

1. In the Joukowski transformation find the maps of the points ¢ =
{ = + 3l + 44, and calculate SP and HP in each caseI.) P ¢ d:'
Find also the angle SPH, and the scale of the mapping.

2. In the Joukowski transformation show that, if m is the scale of the mappi ‘

sp.HP
0Pz’

8. If the circle | Z| = r is transformed into an ellipse by the transformam

z =1§ + B/{, show that the semi-axes of the ellipse and its eccentricity are res
tively

2 =

B+ 22 2r
r PR T

Prove also that the circle | £ | = (a + b)/2 is transf d int i ’
axes o BB o (e 1] = ( )/ ansformed into the ellipse of semg
4. The circle | {| = a is transformed into a flat profile by
a2
2=+ —.

{

Prove that near z = 2¢
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5. Map, numerically, the circle £ + 7% = 4 by the transformation
1
z2=1{+ =

¢

6. In the case of a circular arc profile show that the tangents to the profile at S
and H make with the chord an angle equal to twice the angle which CH, makes

ith the chord. i
Wltli’rove also that, if the camber is small, the camber is equal to one quarter of the

angle which the tangent at H to the profile makes with the chord.

%. Tn the general Joukowski profile (6-4) show that, if the centre of the circle is
the point se*#, the chord HA is

2 cog2
4l + 4s% cos?

[+ 2scosp’
that for slender profiles of small camber the chord is approximately 4a.

8. Use the method 6-5 to map the points { = + 3 & 44l, marking the cor-
responding points P’ Py, and @), and in each case calculate the scale of the mapping
from m = P, P;"/OP,.

9. Apply the construction of 6-51 to draw the profiles obtained from the circles
through H, whose centres are at the points

l

. ginl6, IL ginl3

10

and

respectively. .
Note the differences in the two profiles, and measure the camber and thickness

ratio in each case.
10. In the Joukowski transformation, if { = re®, prove that

r 1 . r
z = lc030<l— + ;>, Y= lsm6<-l - ;)-
11. A symmetrical Joukowski profile is got by transforming the circle
(¢ - k2 + 92 =B + k2

If { = ret, prove that
r? r cos 0
ﬁ=1+2k<1+ ] >
If %2 is negligible, show that

%= 1 + k(1 + cos®), §=1 - k(1 + cos 9),

and hence that
z =2lcosf, y=2klsinf(l + cosb).

Hence show that the maximum thickness ratio occurs at the quarter point and
that its value is (3% ./3)/4.
12. Construct tangents to the Joukowski profiles of Ex. 9.

18. Taking the chord of the Joukowski profile to be determined as the intercept
of the profile on the z-axis, show that the tangent to the profile at the leading edge
of the chord is parallel to the tangent to the circle at the point which transforms

into the leading edge.
14. Supply the intermediate steps which lead to 6-8 (6).
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15. If g,, g; are air speeds at the corresponding points P, P, prove that
_ 0P
qz - ql P1 P’l *
16. Skow that the point (a(k + cos8), a(k + sin 8)) describes a circle, a, h, k

being constants. ) ) o
I%' the Joukowski transformation is applied to this circle, show that

2
z_ (h + 0039){1 + a2(1 + A% + &% + 2hcos 0 + 2ks'm0)}’

QI I

2
= (k + sin §) {1 T @1 + B + K2 + 2hcosf + 2ksin0)}'

Apply this transformation to trace the aerofoil for which & = 0-04, k=005
and 2 = 0-8¢?, showing that it has a rounded trailing edge.

17. In a symmetrical Joukowski profile prove that the maximum thickness
occurs in the forward quarter of the chord.

CHAPTER VII
THEORY OF TWO-DIMENSIONAL AEROFOILS

7-0. Types of profile. We have already seen that the flow past a
Joukowski aerofoil is obtained by transforming the region outside a given
circle into the region outside the profile by the transformation

l2

(1) z:i—’rz.

We shall now proceed to consider more general transformations. We regard
both the circle and the transformation as given and we seek the properties of the
resulting profile. The converse problem of finding the transformation which
will map the region outside a given profile into the region outside a circle is
more difficult and can only be solved in general by methods of successive
approximation.

Good wing shapes are characterised by a blunt nose and a sharp trailing

P

(a) Q] (¢)
Fia. 7-0.
The trailing edge can be (see fig. 7-0) (a) a cusp, as in the Joukowski profile,
(b) a point with distinct tangents (Karméan-Trefftz, von Mises), (¢) rounded off
(Carafoli). From the constructional point of view (a) is difficult to make.

7-0l. Conditions to be satisfied. To obtain the flow past a wing due
to a given wind at infinity it is desirable that a uniform wind in the plane of the
circle (the {-plane) should correspond with a uniform wind in the plane of the
profile (the z-plane).

The complex potential for a uniform wind directed as shown in fig. 3-7 (1) is
given by

w= Ve, or w= Veizy,
according as we consider the {- or the z-plane. Thus our mapping function
2 = F({) should be such that for large values of | {| and | 2| we shall have
z = { approximately. This requirement is satisfied by a transformation of the
form

(2) z={+%+%§+...:F({),

where the series converges for sufficiently large values of | {|.
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The Joukowski transformation (1) is a special case of this, where @, = [2 g5
is purely real, while a, = @; = ... = 0. In what follows a;, a,, ..., will be,
general, complex numbers. !

Since the mapping ceases to be conformal at a zero * of dz/d{ and smc“i
are mapping the region outside the circle on the region outside the profile, {
follows that no zero of dz/d{ = F'({) may lie outside the given circle,
F'() has a zero, say { = v, on the given circle, the corresponding poin
z = 2, of the profile will be, in general, either a point with two distinct tangent;
Or a cusp. ‘

Proof.

Fic. 7-01.
Let F'(&) =@ - o2 f), k>1,

where f({) has no zeros outside the given circle and where f(v) = n 7(
Then, if we restrict our consideration to small values of | { ~ v |, we have
d
Z=FO=n(- o
and by integration
3) 2=z =7 (L - o)
Thus
arg (z — zp) = karg({ — v) + arg%

Therefore, if as shown in fig. 7-01, we take { round the point v so tha
arg ({ - v)increases by 7, then arg (z — z,) will increase by k= and the tangent
to the profile will enclose the angle (2 — k) 7. Therefore z, will be an ordinar
point only if this is an odd multiple of #, which, in general, is not the case.

Q.E.D.

* A zero of f(z) is a value of z for whxch f(z) = 0. Thus if z; is a zero, z - z, is a factord
f(z), or more generally f(z) = (z - 2,)" g(z), where n > 0 and g(z)) £ 0; if n = 1, 2, is said ¥
be a simple zero (cf. s:mple pole 3- )l) Thus near a simple zero f(z) behaves like 4 (z"l
where 4 is a constant, just as near a simple pole z,, f(z) behaves like 4/(z — z,).
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The only cases of aerodynamic interest are those in which the angle in
question is zero or acute, l.e.

0<@-Kr<a2 15<k<2

the case k = 2 of course corresponding with a cusp (see 6-4). It should be
observed that profiles usually present sharp points or cusps at the trailing edge,
but that in extreme cases such points can occur elsewhere as well. Consider for
instance the circular arc Joukowski profiles of 6-3.

In connection with (3) we note that near { = v

1

5_92{5@_%§3

so that
d{  constant
dz -1
(z —z) *
Thus as z2— 2y, d{/dz— © and we write
dg [ 1
(4) d—é - 0 1_}
(z—2) *

where the notation means that d{/dz is of the same order of magnitude as the
number in the square brackets, or that the ratio of d{/dz to this number remains
of finite modulus.

7-02. Origin at the centre of the circle. Insome casesitisconvenient
to take the origin of coordinates, in both the [-plane and the z-plane, at the
centre C of the circle which is to be transformed. If C'is the point{ = 5,2 = s
(see e.g. fig. 6-4), we effect the transformation by writing { + s,z + s in place
of { and 2. The transformation 7-01 (2) then becomes

a, a

z:C+Z:_S+(C%S)2+”..

1 p=l+ S+ 2+

(1) Z 7 r

We also note that the transformation (1) can be reversed to give
a a

2 = -2 e — ( - ‘_1 - . .) ’

@) {=2-12 2(1-3

a result which can easily be verified to this degree of accuracy by substitution
in (1),
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7-03. Some properties of profiles obtained by transforming aj
circle. If a is the radius of the circle, C its centre, and ¢ the chord of the
profile, defined as the longest line which'
can be drawn to join two points of the
profile, we state, without proof, the
following properties :

(1) ¢ = 2a = }c, i.e. the diameter of
the circle cannot exceed the chord nor
be less than half the chord.

(i) If we draw a circle centre C and
radius 2¢, the whole profile lies entirely
inside this circle.

The thinner and flatter the profile
the closer it approaches this circle ; the
extreme case is the flat aerofoil (6-11).

(i) If r is the radius of a circle which
lies entirely inside the profile and if d is the distance of its centre from any
point of the profile, then

Fia. 7-03.

(d + 7y
pRan

(iv) The centre C is clearly the centroid of the circumference of the circle,
radius e, supposed uniformly weighted. If ds, is an arc of the circle and ds the

40 >

corresponding arc of the profile, and if we suppose ds to carry the same load as

ds;, then C is the centroid of the profile thus weighted. It follows that C is
interior to every convex curve which encloses the profile.

7-1. Aerodynamic force. The aerodynamic force on the profile is due
to the aerodynamic pressure thrusts on the elements of its periphery. It is

p(2mk)V

7 NN M¢
- ‘\%ﬂ_a\\
C<Ix k)X

™~

{-plane. z-plane.
Fia. 7-1.

known that a system of forces acting on a rigid body (and we shall assume out
aerofoil to be rigid) can be replaced, at any chosen base point, by a force acting
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at that base point, and a couple. Moreover, the magnitude and direction of the
force are the same for all base points, whereas the moment of the couple depends
upon the particular base point selected.

For the present investigation we shall take as base point the centre C of the
circle. This point is called the centre of the profile; the actual position which
it occupies with respect to the profile is shown when the points of the circle and
the corresponding points of the profile are marked in the same Argand diagram
(see for example fig. 6:51 (c)). In the present case we show the two Argand
diagrams separately, fig. 7-1, and take the origin at the centre in both diagrams.

If o is the incidence, the complex potential for the flow past the circle is
Vel + a?Ve-/{ (see 5-2), and if in addition we have a circulation 2m« of
strength «, we get (see 5-31)

. a2 7 o—tx .
(1) w = Ve[ + R + i log {.
For sufficiently large values of |z| we may use 7-02 (2) to give, in the
z-plane,
7 o—ia o2 -1
w:Ve"“(z—ﬁ—..)-l—Ie a(l—(—ll—...)
z z 22
' [1 log(1 -2
+ k| log 2z + og( T
—t 42 _ i
2) :Vei“z+ixlogz+w+...,

z

where the dots indicate omitted powers of 1/.
Comparison with 5-5 shows that here

(3) 4= —ix, B=Ve™a? - Veay,,
and therefore from 5-5 (4) and (5)

(4) X + /':Y = 2777:KPV6_1'“ = 27TKPV€‘. (é—u),

() M = real part of (— 2mpV? {ae?e),

T-11. Joukowski’s hypothesis. Let H, (e.g. in fig. 7-1) be the point
which transforms into the trailing edge H of the profile. If ¢ 18 the airspeed at
H, in the plane of the circle ({-plane), and if ¢ is the airspeed at H in the plane
of the profile (z-plane), we have

. ‘dw _ |dw dz dz

6T @ T a

Now at a sharp trailing edge dz/d = 0. It follows that if ¢ is to be finite we

ust have ¢, = 0, in other words H, must be a stagnation point for the flow

round the circle. Joukowski’s hypothesis is that the circulation in the case of a

Properly designed aerofoil, in its working range of incidence, always adjusts
Itself so that the airspeed at the trailing edge is finite.

X

=9
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Adopting this hypothesis we must choose the circulation so as to make H;
stagnation point. If B is the angle between the normal at H, to the circle g
the direction of V, it follows from 5-311 that the strength of the circulatj
must be k = 24V sin 8.

7-12. The Lift. From 7-1 (4) we have
X + 1Y = p. 2k, Veilln—),
This shows that the force whose components are (X, Y) is of magnitude
(air density) x (circulation) x (speed)

and is perpendicular to the direction of motion of the aerofoil (or to the
asymptotic wind velocity, if the aerofoil is taken to be at rest) and is therefors
a lift. This is the theorem of Kutta and Joukowski (5-5). The state of affairs is
illustrated in fig. 7-1.

The relation between the direction of the lift, the relative wind, and the
sense of the circulation is given by the following rule :

To get the direction of the lift, rotate the relative wind velocity vectol
through a right angle in the sense opposite to that of the circulation.

Notes. (i) The magnitude of the lift is independent of the shape of the aero
foil but, for given V, decreases with increasing height, for then p decreases.

(it) The magnitude of the lift is the force per unit span, for we are dealing
with two-dimensional motion, and therefore we are concerned with that part
of an infinitely long cylindrical aerofoil which lies between two parallel planes
at unit distance apart. If the distance between the planes were £, the lift
would be p(2mx) VA. This is actually the case when the aerofoil is in a * two-
dimensional ” wind tunnel, i.e. when the aerofoil is a cylinder extending right
across the tunnel from one wall to a parallel wall.

7-13. Lift coefficient.

Fia. 7-13 (a).

If we draw the circle and the profile in the same Argand diagram as in
fig. 7:13 (a) the line joining the centre of the profile to the rear stagnation point
of the circle is called the first azis of the profile or Axis I. Comparing figs.

ICIENT 1
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531 (b), T'13 (a), we see that the strength of the circulation as calculated in
pal s x = 2aV sin 8,
where B is the angle between Axis T and the direction of motion.

Def. The angle B is called the absolute incidence. Thus absolute incidence
is the incidence when the chord of the profile is considered to be along Axis I,

d the lift is .
an L =4apa V2sinB.

The dimensionless number
L

CL = __—%pVZC’
where ¢ is the chord, is called the lift coefficient of the profile.
Thus Cy = 8_’1’ sin B.

The graph of C against absolute incidence is therefore a sine curve.

=1

L

/

- %, x

s
Fic. 7-13 (b). Fie. T-13 (c).
In the practical range of incidence B is sufficiently small to allow the approxi-
mation sin 8 = B and the graph is therefore a straight line, whose gradient is
conventionally denoted by a,. Thus

= a, B.

The theoretical value of a, is therefore 8maj/c and, in general, ¢ = 4a

approximately so that
= 2m.

If, instead of absolute incidence we use geometrical incidence «, measured
from the chord, we shall have 8 = oy 4 « where «, is a constant. The (Cy, «)
graph is still a straight line, of the same slope a,, and clearly when the graph is
drawn «, can be measured from it and thus the direction of Axis I can be
inferred.

It also appears from the above considerations that the lift and ¢y both
vanish when B = 0, i.e. when the direction of motion is parallel to Axis L.
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Thus we infer that Axis I gives the direction of motion which entails no u
For this reason Axis I may also be called the awis of zero lift. |
The theoretical value of a, can be delimited by the use of the theorem“

7.03.
el \

From (i) we have

Fia. 713 (d).

% and therefore

S
27 4’
dm = ay = 2m.
Again, if B is the radius of the circle which osculates the profile at th
leading edge of the chord we have

¢c=D+ R,
where D is the remainder of the chord. Thus, from 7-03 (iii),

c2
4 =,
a > D
and therefore
2me 2

“Ze-RT R

The greater R becomes, the smaller the denominator and therefore the greatef
the value of a,. This shows the thicker and more round the leading edge,
the more does a, diverge from its theoretical minimum 2.

In the above we have taken incidence to be measured in radians. For,

measurement in degrees we must replace a, by ma,/180, with the theoretical
minimum 27?%180, or about 1/9.

7-14. Pitching moment coefficient. If in the transformation we put
= l%*, we get from 7-1 (5) the pitching moment about the centre

(1) M¢ = real part of (— 2mpV2l%et@=+4)) = 27pl?V2sin (20 + p).

With the axes of reference used in fig. 7-1 we see that the pitching moment is
positive when it tends to raise the nose of the profile, i.e. to increase the inci-
dence.

The pitching moment coefficient about the centre is the dimensionless number

IWC 4712

@) gzgﬁ@:?.

sin (2 + w).
Observe that the pitching moment, and therefore its coefficient, depends on the
base point. In the above the chosen base point is the centre of the profile.

It also appears that the pitching moment with respect to the centre vanishes
when « = — p/2. This gives, for every profile, a perfectly definite direction of
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motion which entails zero pitching moment with respect to the centre of the
proﬁle The line drawn through the centre in this direction is called the second
quis of the profile or Axis II.  This axis may be called the axis of zero pitching
moment with respect to the
centre.
1t follows from the defini-
tion that when the direction
of motion is that of Axis II,
the lift passes through the
centre of the profile and is
perpendlcular to Axis II. It
s also clear that the definition of Axis IT implies the experimental means of de-
termining its direction. We shall denote by y the angle between Axes I and II.
In the case of a symmetrical profile it is obvious that y = 0. We shall see
later (7-7, 8:36) that there exist unsymmetrical profiles for which y = 0.
In the range in which the incidence o is small so that sin 2a = 2a, cos 2x = 1,
we get from (2)

Fie. 7-14.

2
C, = 4%5« (2a cos p + sin w),

which shows that the (C,,, «) graph is also a straight line.
From fig. 7-14 it appears that « + 3 + y = B, and therefore

(3) Mg = 2mpl2V2sin (28 ~ 2v).
We also observe that at zero absolute incidence the moment is
— 2mpl2V? sin 2y,

which is negative, i.e. tending to depress the nose, when y is positive, and
positive when y is negative (Axis I ““ below ” Axis II). The fact that, altho‘ugh
the lift, at zero absolute incidence, vanishes, there is still a moment is explained
by the observation that the resultant pressure thrust on the fore part of the
profile is downwards while that on the after part is upwards, in fact the aero-
dynamic action is a couple.

In the case of a Joukowski profile got from the transformation

e=0+ L p=0,
and therefore Axis II is parallel to the real axis.
In the case of the general transformation

[2ev  a,
z=0{+ — T +Z§+

if we turn both axes of reference through the angle € we write ze* for z and Le'

for {, thus getting "
etr ay
z“c+lezn C2e3i(+""
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If we take ¢ =p/2 this becomes

2 gt
=0+ - + Toaees
trrtTp
and the real axis as appears from fig. 7-14 is now parallel to Axis IL ;
Thus Axis II is parallel to the real axis when the mapping transformation i.i.

referred to axes such that the coefficient of 1/¢ is real and positive.

%

7-2. Focus of a profile. The focus or aerodynamic centre is the point:
such that the moment of aerodynamic force about it is independent of the’
incidence. ‘

Fia. 7-2.
To establish the existence of the focus we note that if F is any point,
Mp=My—-CFcos(B~vy—-¢).L

where ¢ is the angle between CF and Axis II as shown in fig. 7-2.

Using the values (7-14, 7-13)

Mo = 2mpV¥?sin 2(8 — y), L = dmpaV?sinf,
we have
Mp=2mpV2{2sin (28 — 2y) — 2a CF .sinBcos (B ~ v — ¢)}
= 2mpV2{tsin (2B ~ 2y) — a.CF.sin(2B~y — ¢) — a.CF .sin (y+¢)}.
This will be independent of 8, the absolute incidence, if we take
B=a.CF, ¢=y.

This proves the existence of the focus F and gives its position as distant
I?/a from the centre on a line which is the reflection of Axis I in Axis II.
The moment about the focus is

Mz = — 2mpV3?sin 2y,
Our diagrams have been drawn on the assumption that Axis I is above
Axis IT in the sense indicated in fig. 7-2. In this case the pitching moment

about the focus is negative. If, however, Axis II were above Axis I, y would
change sign and the moment would become positive. The relative positions of

Axes T and II therefore correspond with different dynamical properties of the

profile.

7.2] FOCUS OF A PROFILE 121

Moreover, if y = 0, we have M = 0 at all incidences and therefore the lift
always passes through the focus. In this case the aerofoil is said to have a
centre of Lift.

In the case of the Joukowski profile obtained by transforming the circle
shown in fig. 6-4, centre [ = s, the focus is the point z = s + I*¢~*/a, which is
on CA,.

For a flat aerofoil the focus is the quarter point midway between the centre
and the leading edge.

7-21. Metacentric parabola.

Fia. 7-21.

Let L be the actual line of action of the lift 4mpaV?sin 8. The direction of
L is perpendicular to the wind. Let the line L meet the line K¥, which is
drawn through the focus F parallel to the wind, at P, the point K being on
Axis I, Taking moments about the focus ¥

Mg+ FP.L =0,

Psin2y C’F.F—K:%FK,

My
L FC

L

FP =

o=

1- =
asinf

using the sine formula for the triangle FKC.

Thus the locus of P is a straight line parallel to Axis I and midway between
F and Axis I. From a known property of the parabola that the foot of the
perpendicular to a tangent from the focus lies on the tangent at the vertex, it
follows that the line of action of the lift touches a parabola whose focus is F
and whose directrix is Axis I. This is called the metacentric parabola.

To find the resultant lift we draw that tangent to this parabola which is
perpendicular to the wind direction.

Axis II touches the metacentric parabola, for if FRT is perpendicular to
Axis II, FR = RT and hence R lies on the tangent at the vertex.

Since perpendicular tangents intersect on the directrix the corresponding
lift passes through C (see 7-14).
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7:3. Centre of pressure.
If AH is the chord of the aerofoil (taken as the double tangent in §

g4
7-3 (a)), the point P where the line of action of the lift L meets the chord ij

L

i F

]

1

{

H /P A H PEP. A
Fi16. 7-3 (a).

Fic. 73 (b).
called the centre of pressure. The position of the centre of pressure thus dependé
on the particular choice of chord.

The centre of pressure coefficient is defined by

0 - AP distance of centre of pressure from leading edge of chord
p = .

T AH length of chord
One of the desirable properties of an aerofoil is that the travel of the centre
of pressure in the working range of incidence should not be large.
The positions of P for varying incidence can be obtained at once by drawing
tangents to the metacentric parabola.

When Axes I and II coincide we have seen (7-2) that a centre of lift exists,
namely the focus.

The existence of a centre of lift does not imply the existence of a fixed centre

of pressure unless the chord is chosen to pass through the centre of lift (fig.
7-3 (b)).

7:31. Centre of pressure of a Joukowski rudder.

% //////////////////I////A
H A4

{-plane. 2-plane.

Fia. 7-31.

Such a rudder is obtained by transforming a circle of radius @ whose centre
C is on the real axis. Let OC = f, then OH, = ¢ — f and the transformation
is
@-fr

e={ + ;
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Cleatly, from the symmetry of the profile, Axes I and II coincide, and s
there is a centre of lift which is also a fixed centre of pressure if we take the axis
of symmetry HA as chord. We then have

zH:—OH, ZAZOA) Cle—(a_f)’ §41=a+f’

and 80 e - fy
C:AHZZA‘ZH=§A1+(aCAf) —CH‘_(E—C—H_,__
4g? [ 2
=azf=4a(l—a+;2—...)-

Thus if f/a is small we have ¢ = 4a nearly. Again, if F is the focus, we have
from 72, \ .
a® + 2af? - f
AF = 04 - (OC+CF)—————————a(a+f) .
ap _e st =p (1) (1)

e 4a® Tt %\ ‘\a
This is an exact result, but if f?/a? is small we see that Cp, = 1. . .

The point whose distance from the leading edge of the chord is ¢/4 1 called
the quarter-point of the aerofoil. . o

In the case of a symmetrical Joukowski aerofoil the quarter-point is, to a
good approximation, the centre of pressure. ‘

The centre of pressure of a flat aerofoil is at the quarter-point (cf. 7-2), as
is seen by putting f = 0, and therefore coincides with the focus.

In the case of unsymmetrical aerofoils the quarter-point ¢ of the chord may
be used as a convenient reference point. ‘

If P is the centre of pressure, taking moments about P gives

PQ.L+ My=0,
where M is the moment about @ and PQ is positive when Pisaft of Q. Thus
dividing by 3pV3? we get

Hence C,=

C,-DCr=~ Cmo'

7-4. Centroid of the circulation. The contribution, to the circula-
tion round a profile, of the arc ds is

0
qu: —gdsz_dwy

since 3 is constant, for the profileisa streamline. The centroid of the circulation
is the point whose coordinates are (., y.) given by

x, = qu ds / Iq ds, Yo = qu ds / Iq ds,
d dw
2, = jzdw/J‘dw = J‘Z—dz—:dZ/-‘.E;dZ.

8o that



124 CENTROID OF THE CIRCULATION

To calculate these integrals we take the origin at the centre of the profile

use 7-1 (2), whence
,
1) 3, = I — (@, — a%—),
73

reien, S TR, iﬂ

7-41. The third axis of the profile. The locus of the centroid of th‘
circulation is called the third azis of the profile or Axis I11.

3

Fic. 7-41.

Let F be the focus, K, the second point in which Axis I cuts the circle
which transforms into the profile as shown in fig. 7-41. Then Axis III is the
perpendicular bisector of the line FK,.

Proof. When the absolute incidence 8 is given and the origin is at the centre
of the profile, the position of the centroid of the circulation is given by 7+4 (1).
It is convenient to take Axis II for z-axis, in whichcase a; = I, x = 8 - ¥y,
and x = 2aV sin B, so that

l26i(5—‘/) —_ a2e—i(5‘7)
2at sin B

referred to Axis II as z-axis.
Let CF = IP/a = r. Then equating real and imaginary parts we get
a+r
Qr = -
T = S f sin (B - ),

= :111_/8 cos (B — ).

Multiplying these equations by cos y/(a + 7) and sin y/(a — 7} respectively,
and then adding, we get

2y
cosy+a_

siny =1
a+r r 4 ’

which proves that the locus is a straight line whose gradient is
- (@ — r)cot y/(a + r).
Since II is the z-axis, K, and F are respectively the points (a cos y, a sin y)
(rcosy, ~ rsiny).
The middle point of FK, is (}(a + ) cosy, }(a ~ 7) sin y) which clearly Lies
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on the above line and the gradient of FA, is (a + 7)tan y/(a — r} so that
Axis I11 is perpendicular to FK;. Q.E.D.

Corollary. Axis III is a tangent to the metacentric parabola, for it bisects
FEK, at right angles.

It can be proved that the line of action of the aerodynamic force passes
through the centroid of the circulation. Hence at any incidence this centroid
is determined by the intersection of the line of action of the aerodynamic
force with Axis III.

7-5. Force at a sharp point of a profile. When a flat plate aerofoil
is presented at absolute incidence different from zero it will experience a force.
Since the air pressure thrusts act perpendicularly to the plate, this force should
be perpendicular to the plate. If we calculate the force by means of the Blasius
formula, we get a force perpendicular to the asymptotic wind. This apparent
paradox is explained by the action of the air at the sharp edges of the plate.
It will appear that the sharpness of the trailing edge causes no anomaly but that
the sharp leading edge en-
tails a particular behaviour.

In fig. 7-5(a) there is
shown a profile having a
sharp point at B. That this
point also happens to be the
trailing edge in the diagram
has nothing to do with the
argument which follows.

Let us draw a circular arc y whose centre is B to meet the profile at
M and N. Let P denote the contour consisting of the part of the profile
outside y, and let S be a contour which surrounds both P and y.

Then by Cauchy’s theorem (3-5)

dw\? dw
vl () v ()i ()
W = () \dz ks ) ? g @y \dz

We shall, as in the theorem of Blasius, write (1) in the form

2) Xg-1¥g= (X, - iY,) + (Xp - ¢Yp).

In (2) (Xg, Yg) is the force calculated by direct application of the theorem
of Blasius, and the result of this calculation does not depend on y or P. Also
when y— 0 (i.e. when the radius of the arc y— 0) the force (Xp, ¥Yp) will
tend to the force (X, Y) on the whole profile. Therefore

F1g. 75 (a).

(3) X - 1Y = (Xg - 1Ys) — (X, - 1Y), where
L dw

(4) Xy - iY, = lim %zpf <d ) dz.
y=>0 )\ 32

Let us calculate X, ~ 1Y,
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If B is the point 2, and the profile is obtained by transforming a cimla
the {-plane we have from 7-01 (4)

ar 1
tE_O(ﬁ)’ 1<k,
(2 —z) %

in the neighbourhood of B. Here (2 ~ k)n measures the angle betweena

tangents at B which is by hypothesis a sharp point, but not necessarily §
trailing edge. ‘

iz i B

dw  dwdl
dz — dl dz’
and in the {-plane dw/d{ is finite everywhere. Therefore dw/dz is of the sa.ﬂ
order of magnitude as d{/dz and we can write near B .

Again

{

dw ¢ !
(5) P ‘hl
(2 ~ 2,)

where ¢ is a (complex) constant. Therefore, if k = 2,

2
duw\? c2dz Az - AL
I(E) dz = .[ 22 2

])
Tk

-1

(z - 2z) * 7 -1 :

If 1 <k<?2 2/k-1>0 and therefore when y—>0, ie. as z—> 2, thy
integral round y tends to zero and (4) gives i
Xo—-1Yy,=0, fl<k<? §

i.e. when the sharp point has two distinct tangents it makes no difference and
the force on the profile as given in (3) is the same as the Blasius force. :

If, however, k = 2, the sharp point becomes a cusp and things are different.

In this case (4) gives (3-52) '

. g c?
Xy - 1Y, = lim %sz- dz = —7pc2,
Eoma B CO T

Let ¢ = ¢, where ¢, is real. Then
(6) Xy + 1Y, = — mpete = mpcteitn-2),

We now use the fact that at M the air velocity is tangential to the profile.
If (up, vy) 1s the velocity at M and if 2 — 2, = re®®, we have from (5)

u Wy = (‘1’.”) L A L
u " dz/ 5 (2 ~ zo)é - rEeivi2 ’
and therefore, changing the sign of i,

(8

. CO l(-—/\+n)

Uy + Wy = 7€ 2 .
r
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76 '
But if the radius of y is sufficiently small, the tangent to the profile at B

incides with MB, and with the tangent to the cusp at B, and the directed
E:e MB makes the angle 7 + # with the z-axis.
Thus arg (uy + ivy) = m + 0 and therefore

SRR M
0 il

_ %

go that A = — 0/2 and therefore from (6)

@ X+ i = mpogeit .
which is a force directed along the tangent at the cusp in the sense MB, ie.
outwards from the profile, a force which might be described as a suction force at

F16. 7:5 (b).

the cusp. .
As may be seen from (5) the presence of this force (X, ¥) depends on dw/dz

becoming infinite at the cusp. In the case of a Joukowski profile the value of
dw/dz has been shown to be finite at the trailing edge (6-8) and therefore the

suction there is zero.
The above reasoning also shows that if a profile presents a second cusp there

will also be a suction force at that point.

7-51. The flat aerofoil. This is obtained by transforming the circle
|{| = a by the transformation

a
M i=it 7

{-plane. P z-plane.
I1G. 7-0l.

As we have seen there will be no suction at H, the trailing edge, but there will
be a suction X, at S the leading edge, z = 2a. To apply the method of the
preceding section we have from (1) solved as a quadratic ing
W =z + J (22— 4a?),
the positive sign being taken because at distant parts we must have { = z.
This gives
df 2z

&=t et

i i i ible i 1 multiple of 27
*1 b: d that in deducing (7) we have ignored a possible integra.
whichtd]g:sy x?(?toa;zzethe value of eid, Observe also that 8) _fo!lows whethe};{ v;;e t’ajl}(}jll # or
7 + § for the argument of the velocity, i.e. whether the velocity is in the sense or .
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Near z = 2a this becomes very large, the dominant term being Obtaina

by putting z = 2a except in the factor (z — 2a¢) which is responsible for ¢*
largeness. Thus near z = 2a we have, very nearly,

df Ja
@ dz~ 2J/(z - 2a)’
Again,
T o—ta o2
w= Vel + Peé d + ixlogl, wx = 2aV sine.
Thus
d_w ~ Ve 4 2aV sina  atVe-i=
g s ¢
and near { = a, which corresponds with z = 2a, we have
dw .
(3) T = 4V sin a.

Combining (2) and (3) we have near S
dw 2tV sinaja
dz ~  J(z-2a)
Thus from 7-5 (5) we have ¢ = 2V sin « ./a, and therefore from 7-5 (8)
Xy + 1Y, = 47pV2a sin? «.
So that Y, = 0, X, = 4mpV%a sin? . The force given by the Blasius integral
is of course the Joukowski lift.

27TKpV€l(§—a) = 4mpaV?sin o (sin « + 7 COS ).
Subtracting X, from this we have the resultant force 4mipal¥? sin « cosa
which is perpendicular to the aerofoil.

The foregoing investigation is intended to show that the apparent paradox
in the case of the flat plate has no theoretical substance. On the other hand,
the further inference is that cusps on profiles must be avoided except at the
trailing edge. When, therefore, we treat an aerofoil as a rectangular plate, or
a part of the surface of a cylinder, or other limiting cases of extreme thinness, it
must be remembered that this is only a convenient mathematical simplification,
and that the skeleton thus used must, in practice, be clothed and the cuspidal
edge rounded off. To such an aerofoil we can apply the Joukowski theory.

7-6. Karman-Trefftz profiles. These may be regarded as a generalisa-
tion of the Joukowski profiles. They have the constructional advantage that
the cusp is replaced by a sharp point at which there are two distinct tangents.

The Joukowski transformation (6-1) can be written, from 6-1 (2) and (4), a8

z - 20 (-2
z+ 20 (L + D)2
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The required generalisation is obtained by replacing 2 by k, where £ < 2,

80 that
c- K _ (€ -DF

g S
when % = 2 we get the Joukowski profiles.
Referring to fig. 7+6 (a), let us put
arg( — 1) = xu arg(C + ) = w,, arg(z — kl) =y, arg(z + kl) = w,
the points Sy, Hy, S, H being (1, 0) and (+£l, 0). It follows from (1) that
arg(z — kl) — arg(z + k) = karg({ - 1) - karg({ + 1)

or
) X~ w=k( - w)

Note that when P is below the real axis y,, w, are greater than 7 and y; ~ w, is

negative. N
Let us transform the eircle | { | = [ whose centre C is therefore at the origin.

Using one Argand diagram for { and ¢, if P, and P correspond we have from (2)

A A
applied to fig. 76 (a), SPH = k §,PH,.

Fic. 7-6 (a).

A
As P, describes the upper semicircle S P, H, remains constant and equal to

7/2 5o that Sl/;H remains constant and equal to km/2. Thus P describes a
circular arc also above the real axis and passing through S, H.

When P, describes the lower semicircle, y, — w; = — =2 and so ¥ — w
= ~ km/2. Therefore P describes a circular arc through S and H which is the
reflection in the real axis of the first circular arc.

Observe that the nearer k is to 2 the nearer the angle k7/2 to 7 and the flatter
the two arcs just obtained.

The angle between the tangents at the point H is 27 — km, as is easily seen

A .
by considering what happens to SPH when P, moves along the upper semi-
eircle to coincide with H,.
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If we transform a circle centre the origin but whose radius is larger tha.ﬁ
the sharp points disappear and we get a profile of elliptical appearance q

-

Fia. 7-6 (b). H

rounding the two circular arcs of fig. 7-6 (a) which form, as it were, the core o tﬁ
profile. '

The transformation of a circle whose centre is on the real axis and whie]

/////////////////////////////////;,,..

-/
&5

F16. 76 (c)

passes through H, but encloses 8, (see fig. 7-31) leads to a symmetrical profil
with the same core suitable for a rudder, strut or fin.

Fie. 7-6 (d).

If the circle to be transformed passes through 8, and H, but has its centre
on the imaginary axis the reasoning given above still applies to show that as

P, describes the major arc S,N 1H,, the angle in which is, say, €, then P describes

-
* The dotted circle in fig, 7-6 (b).
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7‘6 . . . .

rc through S, H the angle in which is £e. Likewise when P, describes the
ap & ’

.+ are, P will describe an arc through S and H the angle in which is
mlnofk(ﬂ ’_ ¢). The angle at the point H enclosed by the tangents is, as
g:fore, (2 - IC) . Thus
the transformed profile is
pounded by two circular
arcs, crescent shaped as
in fig. 76 (d), or biconvex

in fig. 7-6 (a). Z
" lIIlf xfe displace the cen- H Hy 3
tre of the given circle to
lie on neither axis we get
a profile of which the cres-
cent is the core.

Since the angle be-
tween the tangents at H is (2 - k)=, it follows that (2 — k)7 <= for H
to be a sharp point, i.e. we must have k > 1.

From (1) we get
() -

ST

Expanding by the binomial theorem we get

kZ_l l2
2) e=l 4 3 )Z+""

FiG. 7-6 (e).

Since 1 <k <C2 the coefficient of 1/ is real and positive and t.herefore
{cf. 7-14) Axis IT is parallel to the real axis. Axis I is, of course, the line H,C.
It follows from the construction given in 7-2 that the focus F is on the line 04,.
This result is true also when & = 2, i.e. for the Joukowski profile (see fig. 6-4).

771. Von Mises profiles. ‘ .
Fig. 7-7 (a) shows a profile whose skeleton presents a point of 1nﬂex1on:
Such a skeleton is sometimes described as S-shaped. The skeletons of Joukowski
and Kérméan-Trefftz profiles are based
0 on circular arcs, and therefore such
:*I::{{{/%%;;;////////;;% profiles cannot include the S-shape'd
variety. The French term relevé is
commonly employed to describe the
turning up of the tail illustrated in fig. 7-7 (@). In unsymmetrical profiles

relevé is essential for the existence of a centre of lift (7-2).

F16. 7°7 (a).
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In the Joukowski and Kéarmén-Trefftz type of transformation dzjdl L‘
zeros at { = + ! and nowhere else. Thus, for example, we have from 61 (

o EED0D)

H

The generalisation of this, made by von Mises, is to postulate a cerﬁ
number of zeros, say n, of dz/d{ in addition to the zero at{ = - I. Thus

2) Z—Z=<1+é>(1—%‘)(1-%'>...<1_%">.

This reduces to the Joukowski case when v, = I, Vg =V =...=0, =
As{-> - Is0 dz/d{ tends to zero like | + {, and, therefore, as was shown in §
there is a cusp at the point corresponding with £ = — I If we wish to have
sharp point at which the tangents enclose the angle (2 — k) 7 we put, inste
of (2),

NI S N )

and for large values of | { | we have

gj—l+é+§+ where
as rrtete
(4) A=k -Dl-v ~v, - ... — ¢,

Integrating this we get

z:§+AlogC—?—...,

and this is unsuitable for a transformation of the type for which z—{

infinity on account of the presence of the logarithm. Therefore we must ha "
4 =0. p

The condition 4 = 0 means that the origin is the centroid of unit massel
placed at v;, vy, ... , v, and a mass (k — 1) units at the point — . Since to gel
an aerofoil profile none of the zeros of dz/d{ may be outside the circle it follogaé
that the origin must be inside the circle, and indeed inside every convex contoniﬁ
which encloses the zeros. In the Joukowski case, n = 1, k = 2, the origin it
the centroid of unit masses placed at —! and 1. -

As a simple case consider n = 2, k = 2. Then

%:(1+£)(1—%)<1—%), L= v, + v,

and therefore integrating and omitting the irrelevant constant

lz—vlv.‘,_lv_lv2

P=lt— 2
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To satisfy the condition v, + v, = [ we may put
v = %l(l + Aeiv)’ Vp = %l(l - AC"),
where A and v are real. We then get

ZZ(3 + A‘L’eziv) l3(1 — A2822’v)
®) z=0+ I - e .

To get the direction of the second axis, as in 7-14, we put
L2t = 1I2(3 + AZe?™),
so that, equating real and imaginary parts and reducing,

1
(6) cotp =cot 2y + %cosec 2v, L?=1[A* + 9 + 6A%cos 2v]".
The inclination of Axis IT to the real axis (7-14) is 3, and the distance of
the focus from the centre is L*/a. .
If € is the inclination of Axis I to the real axis, the pitching moment with
respect to the focus will be positive or negative according as Axis I is above or
below Axis I in the sense explained in 7-2, i.e. according as u/2 > € or <C €.
If we take p/2 = ¢, Axes I and II coincide and there is then a centre of lift.
Thus, to get unsymmetrical profiles with a centre of lift we take the centre C

of the circle to be transformed anywhere on the line through { = — ! inclined at
$u to the real axis, subject of course to the conditions that the circle passes
through { = —! and encloses v, and v,.

As a numerical example take A = 1, v = #/8. Then from (6) we get
dp = 5°2¢4/, L = 0-943
Fig. 7-7 (b) shows a sketch, not to scale, of the type of profile and the

ZETOS vy, ,.

J

Fia. 7°7 (b).

Any number of profiles may be devised on the above basis. We note,
however, that the simple geometrical construction of z which applied in the



134 VON MISES PROFILES

case of the Joukowski profile is no longer available and the values of z myg
worked out individually from the mapping function (e.g. (5)). There
however, link mechanisms which allow the direct tracing of such profiles, *

7-8. Carafoli profiles. All the profiles hitherto considered have a ghe
point or cusp at the trailing edge. This circumstance arises from the fact tg
the circle from which they are obtained passes through H,; which is a zg
of dz/d{. If we apply any of the mappings already described to a circle whij
is concentric with, but slightly larger than, the circle mentioned, the pointi
will lie inside and the mapping will be conformal over the whole boundary |
that the sharp point will be rounded off and a Carafoli type of profile w
result. See figs. 7-0 (c), 76 (b), 6:11. The constructional advantages are obviog
but the theory calls for no special amplification. 51

EXAMPLES VII §

1. The Joukowski transformation z — { + B/7 is applied to the cu-e‘

|£ = s| = a. Examine the forms of dz/d{ and d{/dz when the origin is takey
at the centre of the circle. 4

2. Show that the Joukowski transformation is reversed by 4

L= 3+ 30 - 4B, ]

and hence expand { in ascending powers of 1/z. “‘
3. Prove that, in the case of a circular arc profile obtained by transformingi
circle centre C' by the Joukowski transformation, the centre € is also the centroi

of the profile, assuming corresponding ares of circle and profile to carry equal loads
and the circle to be uniformly loaded.

4. In the case of a flat aerofoil, prove that Cy, = 27 sin 8, and calculate C,, with
respect to the leading edge.

5. Prove that the pitching moment with respect to the centre is the real part of
2mpV*id e, where a, is the coefficient of 1/{ in the transformation. ;
Deduce the pitching moment of a Joukowski aerofoil.

6. Find the direction of Axis I in the case of the aerofoil Clarke YH. Sea
Ex. I, 10, 21.

7. In a Joukowski profile prove that the maximum thickness measured per-
pendicularly to the z-axis is 5-2 A, where & is the intercept on Axis I between thé
centre of the profile and the y-axis. :

8. The bisector of the angle between the tangent at the cusp of a Joukowski
profile and the second axis is parallel to the first axis.

9. For a Joukowski profile, obtained as in fig. 6-51 (c), the bisector of the angle
between the tangents to the profile at the two points where it meets the imaginary
axis is parallel to Axis II.

10. Find the position of the focus in the case of the profile of fig. 6-51 (¢), and
the profiles of Ex. VI, 9.

11, if the transformation is
[2e25u
4

z= {4 + ...,
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rove that the moment about the centre of the profile is
4 2mp V32 sin 2(p + ),
1d hence show that when the wind is along the second axis the lift passes through
:he centre of the profile. o )
Deduce that the second axis is a tangent to the metacentric parabola. )
Prove that the lift is greatest when the wind is along the axis of the metacentric
patabola. . o
12. Calculate the position of the centroid of the circulation in the case of flow
ast a circular cylinder, at incidence o« to the z-axis, with circulation.

p

18. Calculate the position of the centroid of the circulation for a circular arc
gerofoil of chord ¢ and camber s in a wind at incidence .

14. Find the position of the third axis of the profile of fig. 6:51 (c), and the profile
of Bx. VI, 9, showing in each case the corresponding metacentric parabola.

15. Prove that for any given incidence f the line of action of the lift passes
through the centroid of the circulation. . .

16. Calculate the suction at the leading edge of a circular arc aerofoil.

Find the aerodynamic force on the aerofoil.

17. Show that the transformation
z—-nc < { ~-c¢

Co (329 1<
z + ne {+¢
transforms the circle ¢ + (y — k)2 = ¢ + h? into two circular arcs and that the
chord of the aerofoil is 2nc. .

Show that the transformation can be written

(n? — 1)c?
z = g + ——-—‘3C + ...

18. In a symmetrical biconvex Kdrmén-Trefitz profile, calculate the upper

camber in terms of the angle between the tangents at the trailing edge.

19. Calculate the thickness ratio and the camber of a crescent-shgped 2aerofoil
of the type shown in fig. 7-6 (d) obtained from the clrc!e z? + .(y ~ h)? = a.

Obtain approximate formulae applicable when h/a is sufficiently small.

20. Plot point by point the von Mises aerofoil of fig. 7-7 (b), marking the Axes
and the centre of lift. ) )

Discuss the position of the third Axis.

21. Use the method of 7-5 to find the moment of the suction force at a cusp,
and hence verify that the force is localised at the cusp.




CHAPTER VIII
THIN AEROFOILS

8:0. Geometry of profiles. Consider a general type of profile rouy
at both ends (Carafoli type, 7-8). We shall assume that the profile has a
double normal AH, that is to 8a%
line which is normal to the profild
4 and at H, and that the profile |
entirely between the tangents gt
and H. This double normal willi\
taken as the chord of the profile, &
as hitherto, 4 will be the anterior ¢
leading edge and H the hinder §
trailing edge. ;

If H is a sharp point or a cusp 4
will be the line through H which

%

=3
F1g. 8-0.

We take the mid-point of AH q
origin and the z-axis along the chord

Draw the circle on 4H as diameter. A double ordinate PP’ of this cirel
will meet the upper curve of the profile in a point Py and the lower curve in:
point Py. The angle POH = 6 will be called the eccentric angle of Py and th
angle P’OH = - 6 will then be the eccentric angle of P;. Thus as § increase
from 0 to , the point Py will trace the upper line of the profile and the poin
Py will trace the lower line.

We suppose the equation of the profile to be expressed by
(1) r= ~dccosl, y=cf(h

in terms of 8 as a parameter. Thus for any value of 8, 0 < 0 < 7 we shal
have the same value of # as given by (1) but

(2) Yo = ¢ 0), yo = of(-0),
according as we refer to the upper or lower line of the profile.
The camber line (1-14) is then defined by

(@) z= -decosb, yo=1(yy + y1) = 1e{f(0) + f(-O)).

This function y¢ = y;() is an even function of 6, since from (3)

Ye(0) = yo(-9).
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;‘(:e function y¢(6) is the camber line function, and the curve described by
) dotted in fig. 80, is the camber line.
* !'ﬁu; thickness function yp = yr(0) is defined by
4) yr = $(yo — y1) = 3c{f6) - (-0},
0 < 6 < 7. The thickness function is an odd function of 6, .for clearly
Wh(e ieg) :\ —yp(0). A knowledge of yo and yr allows us to build up the
i/:oﬁle from the equations
) Yyo=Yc+ Yr Yr="Yc —yr 0O
Since dy/dz is, in general, infinite at H(§ = 0) and at 4(6 = =) we may
reasonably write the slope of the profile * in the form

(6) g—‘z = —iAtan 18 + 37 cot 0 + F(6),
where it will be assumed that F(f) can be expanded in a convergent Fourier
geries 3

0! F(0) = 4c, + X (a,cosnd + b, sinnb).

n=1
To determine a, we multiply both sides of (7) by cos nf and then integrate
from — to 7. Since, as is readily proved,
r sin mf cos nf df = 0, Jm costnf df = 7, I cos mf cos nfdf = 0, m % n,

we get
@) c=

q | =

7 ke

7

T 1 T 2 rrdy
j F(6)do, a, = ;'[_"F(é)) cos nf df = —foﬁjcos nf d6
by =~

w

w

9 (rdyr .
j F(6) sinnBdf = > f YT in ) 6

o dz
Since dy/df = (dy/dz)(dz/df) we get from (6)
ldy _
) cdd = )
The radii of curvature p,, pg at the leading and trailing edges may be
calculated from the formula
p= & (B + yh*R(EY - L),
where the dot refers to differentiation with respect to fl. The reader may readily
verify that

~1A(1 = cos8) + iv(1 + cos8) + 4sinOF(0).

(10) e = 2y, c7® = 2pg.
Again J'ﬂ %dﬁ = 0 and therefore from (9)
(11) - b= A -

* M. J. Brennan and A. C. Stevenson, Simplified T'wo-Dimensional Aerofoil Theory, Aircraft
Engineering, xviii (1946) 182.
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8:0l. Thin aerofoils of small camber. An aerofoil is said to bey
if the upper and lower lines of the profiles differ but slightly from the can
line, so that to a first approximation the profile may be replaced by its cay
line. The theory is further simplified by the assumption, which will be
In what follows, that the slope of the camber line is so small that (dyj
can be neglected. We then have for an arc ds of the camber line 3

ds _ dy)z_
(212) —”(d—x =1

so that ds = dx = ;c sin 6 df.

profile are to be regarded as equal to the arc PQ of the camber line a,nd
length dz. 3

If we imagine the profile to §
divided into elementary sections s
as PyQuyQrP;, the circulation roug
the whole profile is the sum {
circulations round the elementad
sections. In evaluating such a circulation we shall suppose that the velocity
points of PyPp and QpQy is zero, while the velocity along Q@ Py and Q f
is the actual velocity with which the air flows along these arcs.

Each elementary section will experience the lift appropriate to its circulg
tion and the aerodynamic force on the whole profile will be the resultant of t‘
aerodynamic forces on the component sections.

This is the circulation (or vortex sheet) method of approach which we shal
proceed to develop.

A second method will be explained in 8-4.

F1a. 8-01.

8-I. The flat aerofoil. Here the profiles are straight lines whiol
coincide with the chord c. Such profiles arise from transforming the circh
| {| = ic by the Joukowski transformation

c?
2=+ ﬁ’
and the complex potential is
w=Vel + Y% 4 97 ginalogt,
= Ve 67 iV Slnoc 0

If { is the point in the circle which corresponds with the point P of the
aerofoil, with the notation of fig. 81 we can write
{ = Lot = — Jeg~,
and this value of { gives
2 = }eel@9) 4 lee—ir—=0) = locos (r — ),
which shows that P and { are related as in fig. 8-1.
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8‘1 . . .
Gubstituting the above value of { in the complex potential, a simple reduction

ghows that on the aerofoil

w=deV[-cos(@ —a) — (7~ ) sin«], dw = 3¢V [sin (6 — «) + sin «]d6.
Now the circulation round the element PQ is the decrease in dw as we go

from @ to P along the upper surface and from P to ¢ along the lower

Fic. 81.

surface. Also if 0 is the eccentric angle of P regarded as belonging to the
upper surface, the eccentric angle of P regarded as belonging to the lower
surface is — 6 so that the required circulation is [w'(f) + w'( — 6)]d8 or

1eV(2sina + sinf — « ~ sinf + a)df = ¢V sina(l - cosb) df
= 2V sin « tan 0 dx,

since dz = 4¢ sin 8 df. o
Thus the circulation can be regarded as distributed at the rate

2V sin « tan 360
per unit length at the point whose eccentric angle is 6. If we write
(1) 9k = 2V sin « tan 16,

the circulation round the whole profile is
12
(2) 2mk = r 2nk . du.
—ec/2

When the lift on the aerofoil is given, « is given and we may regard (1) as
the appropriate solution * of the equation (2), for & as unknown, when * is
known, Observe that k = O at the trailing edge and ¥ = « at the leading
edge.

* Equation (2) has of course many solutions. That represented by (1) fits our problem.
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82. The general problem. Consider a thin aerofoil. Take the z.‘
along the chord and the origin at the centre of the chord.
If 2mc is the Clrculai

y round the aerofoil, we write '
[ (1) 2wk = I 2nk ds
— A \ o
A o —~f-Ix__A ¥ Jc/z -
'vx $ = e T
Fig. 82 (a). on the hypothesis (see 8-01)

the square of the slope dy/de
negligible, so that the camber line differs but slightly from the chord. We oq
then regard the aerofoil as replaced by a suitable distribution, along the chox{
of rectilinear vortices of strength % per unit length at the position & of t]
chord.

The total downward velocity induced at P will be (see 4-7)
@ n=[" RE

—0/25“1:

There will also be a small component « parallel to the z-axis.
Referring to fig. 82 (b) we see that the
components of velocity at P parallel to Vcos -2
the z- and y-axes are got by compounding
the wind velocity with the induced velocity
and are respectively

Fie. 82 (b).

— Veosa+u, Vsina - v,

The resultant velocity at P therefore makes with the chord the angle

V sin «

€ = tan‘lﬁ
Veosa — u

Since % and « are both small we see that e is also small and therefore
€= —a+ v,/V.

Now the air must flow along the aerofoil and therefore we must have
at P
dy v,
(3) =g
Here dy/dz is known at every point, for the form of the aerofoil is given, and
therefore (3) determines v,. It remains to find % from (2) subject to the
condition (1).
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83. Glauert’s method of solution. We have seen that in the case
of the flat aerofoil, in terms of the eccentric angle,

k= Katan%@.
kis

In the general case we therefore assume
0 k= g{Aotan%B + A, sin6 + Aysin 20 + Ay sin 36 + ...},

where 4o, Ay, . . . , are dimensionless constants to be evaluated, the first te'rm
being suggested by the case of the flat aerofoil and the remaining te?ms being
perturbations produced by the camber. The form assumed for % is an odd
function of #, changing sign when 8 is replaced by ~6.

The method consists of the application of 82 (2) to evaluating v, in terms
of the 4, which are then determined by 8-2 (3). The lift and moment are then
calculated in terms of the now known constants A,, 4,, 4,.

Glauert’s method has its proper application to a thin aerofoil reduced to its
camber line. No account is taken of thickness, so that here y = yc.

8:31. Calculation of the induced velocity. In 82 (2) put
z = —3ccosl, ¢ = —iccos¢ sothat
& -z =1c(cosl ~ cos¢), df = jesinddd. Then

kdé = V{A tan 3¢ + Z A, sin ng > desin ¢ d

ne=

n=1

= V{ o(l — cos¢) + 12 A,(cos (n — 1)¢ — cos(n + l)qS)}écd(;S

and therefore

% z An(1n+1 - Iﬂ—l)}’

n=1

Uy = 1/{Ao(ll -1y +
T

T cos nd __sinnd
where (see 4-71) I, = fom&ﬁ Y

(sin (n+1)8 — sin (n — 1)0)}

Thus

v = 74
- - 1 n
Vv, = W{WAO + 27[{'1 S g

= V{Ao + 2‘ A, cos m’}}.

n=1

8:32. Determination of the coefficients 4,. Substituting the value

of v, in 8:2 (3) we have, noting that here y = ¥,

(1) g—z_—a+A+Z’A cos m4.

Integrating from 0 to 7 we get

@) dy= o+ rdyde
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To determine A4, when n =% 0 multiply (1) by cos nf and integrate fij
0 to 7. Since

I cos mf cos nf df = im or O,

1]

according as m = n or m £ n, we have

2" dy
(3) A" = ;J’O d-—x‘ cos nf db.
In particular
21 dy B QJ”’ dy
@) A, = ;L Heosods, Ay = 2| P oos20 db

Note that only 4, depends on incidence. Observe also that if the incideng
is determined by

1(7dy
) =2 L,

PRI aNpIre - E7Y

then 4, = 0, and the circulation as given in 83 (1) is nowhere infinite. i
angle «; defined by (5) is called * the ideal angle of attack, and 4y = « — . i

We can also show that the coefficients 4, are identical with the coefficientj
a, of 80 (7). For

a, = 1—r (d—y‘-’ + ) tan 160 — 37 cot %0> cos nd df
mJo d.v

+1_J° <E%+%Atan%9-%mot%9> cos nf do.
a)_,\dx

Replacing ¢ by — 6 in the second integral, the terms in A, = cancel, and
8-0 (3) then gives

- 2 "dyc __
(6) a, = ;J-O—d?cos nfdd = A,.
Observe also that
2 T
) 60 = ;Ldl;de =94y - o) = — 2,

8-33. The Lift. By the Kutta-Joukowski theorem we have

/2
L = 2nkpV = 27rpVJ. kdz

— /2
- 2pV2J" (AO tan10 + 3 4, sin n&) Lesin 6 d6.
0 1

Now, if n > 1, Jm sin nf sin 8 df = 0. Therefore
0

L= ch2r (24, 5in? 10 + A, sin? 0) 40 = mep V(A + 3d,),

0

* Theodorsen, N.A4.C.4., Technical Report No. 383.
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8-33]

and therefore the lift coefficient is
2 (" dy B
1) Cr = m(2dy + 4y) =7 (20! + ;L %(1%— cos 8) dﬁ) =2m(A + @)

where
1( dy
- _‘ 21+ 6 do.
) A= . {1 + cos®)

T X

This result shows that A, + e is the absolute incidence, and that the slope
of the (Cz, «) graph has its theoretical value 27 (see 7-13), and therefore

the angle A, defines the A ke Axfs II
direction of the axis of %Amsl
sero lift, see fig. 8-33. e = —

Since our aerofoil by
hypothesis differs but
little from the flat aero- Fia. 8-33. N
foil, we may take the centre of the chord to be the centre of the profile so
that A, determines Axis I completely.

We can transform A, by integrating by parts. We have

d dy_1+cos0_gt_l_y t 10
(—%(1+COSB)=23‘9 _C_Sm—_cdoco 2Y

and therefore
2 ("9 ot g —E[ thT+ EJ." . 3 cosec? 10 df.
AI:;IO@cot§0d0—wc y cot & T oy 3 .
The integrated part vanishes at the leading edge, g = =, and at the trailing
edge it assumes the indeterminate form 0 x <. Now

. 1 i Y lim dy/df
lim y cot 30 = hm 275 = 2% d(sin 10)/d0
by 'Hospital’s theorem (1-9). Also
dy dy dz | Sl;z/
6= s E@_ZCSlneda:
lim y cot 30 = lim (‘ﬁ/ x 2¢sin %B) =0,
Hence 01-)0 y 1 lim {5

unless dy/dw is infinite at the trailing edge.* Thus
Y A B )
17 nlee 1~ cosé
which can be evaluated graphically or by approximate formulae which avoid
the end points.}

* When the profile is replaced by its camber line, as is here the case, dy/dz will not become
infinite. _ .
+ Milne-Thomson, Calculus of Finite Differences, 7-33.
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8:34. The pitching moment. We take moments about the centre (),
The quarter point  of the chord is distant ic from the leading edge.
The lift on the element,

Y Jdr whose abscissa is z, is
. dL = 2nk dx pV
y at right angles to the wing,
B o— PSS A Thus the pitching moment,
o> Qr I positive when it tends to
Mq YV\ raise the nose, is
Fio. 834, My = J 2dL,

since the component of lift perpendicular to the chord is df, cos o — dL, and
the component parallel to the chord is dL sin « = dI .« and is of the second
order.

Substituting for £ and z we get
My = - ipvzczj {AO tan 16 + X A, sin n(?} 2 sin 0 cos 6 df.
1

0

Now J‘"tan 202 5sin 0 cos § df = 2Jw {cos 8 — cos26)df = — .
0 0

r sin 70 2 sin 0 cos §df — J sin 0 sin 20 6.
1] 0

If n = 2 this is 1m, for any other integral value of n it is zero,
Therefore
(1) Mo = JmpViet(do—34y) = dmpVoci(a+0y),
where from 832 (2) and (4)
iy ._{r@- - 4rg
(2) A, —77,[0 dx(l - cosQG)d()—;é . d051n0d0— = cos 6 dé,

on integrating by parts. This form is suited to graphical integration. It follows
from (1) that My is zero when o = — A; so that (7.14) A, gives the direction of
Axis 1T, see fig. 8-33.

The pitching moment coefficients about the centre and the quarter point are
related by

(3) OmQ = Cmo - %CL = %77()‘2 - )‘1)

which is independent of incidence and we have the important result that for a
thin aerofoil of small camber the quarter pont of the chord is the focus of the
profile (7-2).

If the pitching moment about the focus is zero, the aerofoil has a centre of
lift, and, since here the focus is on the chord, a fixed centre of pressure. The
condition for this is A, = ),.
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8-35. Travel of the centre of pressure. The position of the centre of
pressure (from 7-31) aft of the quarter point is given by

) N

(C, - DAL+ @) = 1A — A),

where A; > Ap if Axis II is below
Axis I (7-2). The graph of C, — }
plotted against incidence (note that
A, + « is absolute incidence) is
therefore a rectangular hyperbola. Trave! of e.p.

Thus as incidence increases the N 0 o o =
centre of pressure moves towards Fia. 8-35.
the quarter point. A similar result '
and graph follow if A; << A,. The travel in a working range o’ to «” is therefore

-1
3

1 1
(2) %C(Al - A2) (Al + a/ = Al + a/l) ¢

8:36. Unsymmetrical aerofoil with a fixed centre of pressure.
We have just seen that the thin aerofoil has a fixed centre of pressure if
A o= Ay, leif

y(__ 1 ) 9 = 0.
@ ﬂc(l—cos(i+2cose d
J
Hf\s‘ﬂ
Fic. 8:36.

Let us take as camber line a cubic curve passing through the p.oint.;s
¢, -dec, —1c, the points 4, K, H in fig. 8:36. The equation of such a line is

y_  (2_L\/® 5@ 1),
E‘“<c 2)(c+2 c ' af

where u is an arbitrary number which can be so chosen as to give the mean
camber any suitable value. In terms of the eccentric angle we have

¥~ $u(l - cos? 8)(cos § — «).
¢
Substituting in (1) there will be a fixed centre of pressure if

r[(l + cos f)(cos § — ¢) + 2sin?H(cos? f — e cosH)1dd = 0,
[}
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Performing the simple integrations we get ¢ = 3/4, which means that K is
distant ¢/8 from the trailing edge.

We may compare this result with the remarks concerning the necessity of
the S-shape in connection with von Mises profiles (7-7)

8-37. Effect of operating a flap. Fig. 837 (a) shows an aerofoil
profile whose after part is movable about a hinge at P on the camber line so
that the part PH, the flup, can be

raised or lowered from the neutral

H 4%/\ position shown in the diagram. In an
Fio. 837 (a). aerofoil of finite aspect ratio the flap

. . movement usually affects only part of

a wing. Ailerons are flaps near the wing tips and are arranged so that the

port and starboard ailerons move in opposite senses, one up and one down.
The investigation which follows will throw light on the general effect. Here

F16. 8:37 (b).

we are concerned with the two-dimensional problem and for simplicity we
assume that the aerofoil is thin, that the portion PH of the camber line is
stratght, and that the angle ¢ through which the flap is rotated is small.

For the thin aerofoil shown in fig. 8-37 (b) the eccentric angle which defines
the position of the hinge Pis 7. In the neutral position PH of the flap we have
from 8-33, y denoting ¥,

Cp=2m(x + \) = 2ma + 2]" %(1 + cos6)df
0

dy " d;
—_ 2E D1 + cos)db + 2L 241+ cosb)dd

The effect of raising the flap is to decrease dy/dx to dy/dr — £ on the raised part
PH’ and to leave it unaltered on the part P4. The lift coefficient is thereby
altered to C;’ where

. dy 7 d
(1) Cy = 2ma + 2](: (d—z - g) (1 + cos 6)d6 + QL 21+ cos)db.
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Thus
Ul
@ O -Cp= -2§j (1 + cos8)df = — 2&(n + sin 7).
4]

Thus the effect of raising the flap is to decrease the lift coefficient, the effect
of lowering the flap is to increase the lift coefficient. Therefore, in particular,
when the flaps are lowered just before landing increased lift is obtained (and
also increased drag). We also observe that in the case of ailerons, if the port
aileron is raised and the starboard aileron depressed, the lift on the port wing is
decreased and that on the starboard wing is increased, causing a rolling moment
which tends to raise the starboard wing tip.

Another way of looking at (1) is to write it in the form

C =2n(a’ + ), ' =a - 5(7) + sin 7),

so that Oy’ is the lift coefficient of the original aerofoil but at a decreased
incidence o when the flap is raised, in other words, raising the flap effectively

decreases the incidence by the amount o — o’
The effect on the moment about the focus is obtained in a similar manner

from 8-34 (3), which gives
Cmg = Cmg = %fﬂ(cos 6 + cos 26)df = 1€ sinn (1 + cos 7).

Thus raising the flap increases the tendency of the nose to lift, and lowering the
flap tends to put the nose down.

8:4. The pressure method. This method * is based on the geometrical
considerations of 8-0 supplemented by a linearisation which reduces the theory
to a boundary condition problem.

v\\li»u
=

—
= A
" ol - - ~ﬁ9

Fic. 84.

Suppose the aerofoil in a wind V at incidence a. If (U,, U,) is the velocity
at any point, we may write
(U,, U,) = (~Vcosa + u, Vsina + v)

* Op. cit., p. 134, called here the pressure method because of its use in deriving aerofoil
shapes given the pressure distribution.
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where (u, v) is the tncremental or perturbation velocity imposed on the steady
flow by the presence of the aerofoil. Thus we may write

(1) U, - iU, = -~ Vcosa — iVsina + u — v.

The complex velocity U, — U, and therefore the perturbation velocity
w — 1 is a function of z only.

Assumption I. u, v, « are so small that their squares and products may be
neglected.

This assumption will fail at a stagnation point for then v = V cosa = V,
This will subsequently be found to entail infinite pressure at the forward
stagnation point, except for the ideal angle of attack.

If P is the pressure at any point and /7 is the pressure in the unperturbed
wind, Bernoulli’s theorem gives

P+ 3p[(=Veosa + u? + (Vsina + v)2] = IT + 3pV?,

and therefore from Assumption I
p=P-=4pp. 2

where p is the pressure excess.

It is convenient to use the following units: unit of length the chord ¢
unit of velocity ¥ ; unit of pressure 1pV2.

With this system of units Bernoulli’s theorem assumes the (linearised)
form

@) p = 2u,
and the chord of the aerofoil stretches from (-1, 0) to (4, 0). Observe that (2)
fails at a stagnation point (where p = 1).

The condition to be satisfied is that at the surface of the aerofoil the flow
must be tangential, therefore

dy U, v+sina
® iz~ U, a4 ocma ' %
using Assumption I again.*
Observe that (3) fails where dy/dz becomes infinite, in particular at the
leading edge.

8-4l. The boundary problem. From 84 (3) we have to choose
u — 1 so that, at the surface of the aerofoil,

2w = ~ 2@'3—2 - 2 = tAtan 460 — v cot 40 — 2F () — 2ix

from 80 (6), so that using 80 (7), and writing 4, B, instead of a,, b,, we
must have

* In 8-2 (3) the sign of v, is opposite to the sign of v here.
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(1) 2iv = tAtan }6 — 47 cot §0 — +(2x + ¢o) — 2 ZI(A,,cosnB + B, sinnf).
N
Now the transformation

@ S

transforms the region exterior to the circle = 1 into the region exterior to
the line joining (—$, 0) to (4, 0). On this circle we have (cf. fig. 8-1)

[=—e% [= _ew:%.

Also if u — w = f(), then 2w = f() - f(0).
Now 2 cosf = e +e and 2¢sin § = e — ¢~ and therefore
et et 1 1 1 1

itan 36 = EES T T e T A AP [-1 T-T
on the boundary of the circle. Similarly, we show that on the boundary of the
circle . .

—tcotdf = - — + ;—
: T+1 (+1
Again,
e eto 1 1
1= e T
B A -

and therefore on the boundary of circle

Lt ( -1 )

IO \l-1

Moreover, 2cosnf = (—Z)‘" + (=0, 2isinnf = (-0 - (=)™,

and so, substituting in (1), we can pick out f({), in fact

® o=t T s B0

Since f({)->0 when |{]— &, this is the solution of (1) in the case of the
flat aerofoil obtained by applying (2) to the circle {{ = 1.

Assumption I1. The boundary problem is solved by u — w = f({), where
(L) is given by (3), provided that the aerofoil approximates sufficiently closely

to a flat plate. ' )
Separating the real and imaginary parts in u — v = f({) and using 8-4 (2)

we get .
Wp=2u=—-A—-7-(2a+cy)tandf + 2 X (- A4,sinnb + B, cosnf).

fn=1

(5) v = iAtand8 — }rcot 36 — $(2x + ¢p) - n{Jl (4, cosnf + B, sinnf).
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Notes. (i) The circulation round the element dx is
2nkdr = [u( - 6) — u(6)] dx.

Since cos n6 is an even function of 6, we get

k= }T[(ot + ic,) tan 18 + by A, sin n0].

n=1

Comparison with 8-3 (1) shows that (see also 8-32 (7))
teg =4y - a.

(ii) From 8-32 we see that the ideal angle of attack is given by a; = ~ }e,

(ii) From (4) it appears that the pressure is infinite at the leading edge
(60 = m) except when the incidence is the ideal angle of attack. This infinite
Pressure is a consequence of applying Assumption I to the stagnation point at
the leading edge. It would not appear in an exact solution.

(iv) The pressure excess p depends only on the incremental component
velocity along the chord and has the same sign.

(v) Since the aerodynamic force depends only on the pressure distribution
given by (4), the component v contributes nothing to the force calculated from
the pressure distribution.

(vi) The component v becomes infinite at the leading and trailing edges.
This result has no further physical implications on account of (v).
(vii) Referring to 8-31 we see that

v+ v, =$Atan 46 — }rcot 6 - z B, sin nd,
n=1

which is an odd function of § but is not zero in general. For an infinitely thin
aerofoil the contributions to v, of that part of v which is an odd function of 8
will cancel.

(viili) On account of the choice of units the lift and pitching moment will
appear as (' and C,, for {pV2 = land ¢ = 1.

To calculate these we have

) T
=[_ o(-0) - pon e 0o =

,Sp(=0) - pO)} da,

which yield the results already obtained in 8-33 and 8-34. This agreément
is due to the fact that only those parts of p which are odd functions of 8 con-
tribute to Cy, so that the integrals are the same in the two methods.

(ix) For zero lift we have from 8-33 (1), 24, + 4, = 0, and therefore from
(i) the incidence o, for zero lift is

g = —3(cp + 4)) = o; - 34, = -
in the notation of 8-33.
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8-42. The inverse problem. Given the distribution of pressure over
the whole surface of the aerofoil to find the form of the profile. .
Let p(6) be the given pressure at the point whose eccentric angle is §. Then

we can write

1) p(©) = pc(0) + pr0)
where p¢(6) is an odd function of §, 1.e. pe(— 6) = - pc(0), and pgp(f) is an even
function of 8, i.e. pp(0) = pr(—6). When p(6) is known we can determine
P PT from

(2) pc(0) = 3[p®) - p(-01 prf) = $p©®) + p(-0)]

Now from 8-41 (4), separating the odd and even parts,

(3) pc() = — (22 — 2a;) tan 10 - 2n§1A" sin nd.
() pr)=-A-7+2 Z'lB,, cos nd.

It follows that when p¢(6) is given, we can determine the coefficients 4,,
and when pg(0) is given, we can determine the coefficients B,,.
Now from 8:0 (5) we have
&y _ Yo dyr
dr = dz dx
and therefore from 8-0 (6), since dyc/dz is an even function and dyr/dx is an odd
function of 6,

(5) d_yc = - a; + 5 A, cos nd,
dx n=1
‘zﬂ = —IMtan 30 + droot 10 + El B, sin #.
9 ne=

Thus pe determines the coefficients 4, and therefore from (5) the camber line
function y¢, while pp determines the coefficients B, and therefor(? from (5) the
thickness function y7. The profile can then be constructed by using 8-0 (5).

The problem is thus reduced to finding the camber line function anfi the
thickness function. It will now be clear that we can assign to p¢ any arbitrary
continuous pressure distribution which is an odd function of 6, a.nd to pp any
arbitrary continuous pressure distribution which is an even function of 6.

8-43. Determination of a camber line. To illustrate the method by
a specific example, let the pressure on the upper surface of the aerofoil be given
by
(1) Pec = —po(l — cosb),
Pc = —Po
and let po = 0 when 6 = 7. Since pg is to be an odd function, the pressure on
the lower surface will be po(1 — cos 6) and p, for the same ranges of values of 6.

0<6< 4,
In <O <m,
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Fig. 8:43 (i) shows the form of pressure distribution. The thrust C; on the
aerofoil 1s therefore

(2) Cr=2[ipo + 4po x §], 2o = 301
2 We suppose that the aerofoil

will be designed for the ideal angle

1 of attack, i.e. « = ;.
2 Then 8-42 (3) gives
o IA hud .
H Y [ j (3) Po = — 22/1"81}1”0.
P n=1
Io To determine A4, multiply by
Fio. 843 (1), sin nf and integrate from O to =,

Then all the trigonometrical in-
tegrals on the right vanish except that which contains 4, and so

T Y
A, = - EJ‘ P sinnf df = ﬂ"[ (1 — cos @) sinnf df + ]A’J—w sin nf d6.
mTJo mTJo 7T Jin

Performing the simple integrations and using (2) we get

Cy 200 (- 1)~ 1 sin inmr + 1 sin 3nr ~ 1
4) 4, ==, 4,=- == 1.2 -12
) 4, > 377-{ n tr T P on-1 }
To find dyc/dz, we have to evaluate 8:42(5). Now
(5) E’ 4, cos nf = real part of X' 4, t~,
n=1
where ¢t = ¢®. We use the logarithmic series
log(l+2)=2-422+422 - ..., -log(l-—2) =2+ 3%+ 4%+ ...
Having regard to the value of 4, given by (4), we want the following sums:
© (—-l)”l" © n
— = -1 t — = - -
= og(l+1, I o= -log(l-0),
© o n 1
=1 1 12 4 143 = = -1 -
n§1n+l 1l o ¢ A SN tlog(l t) -1,
«© in
z =r+ 4+ 0+ ...= —tlog(l -8,
n=2 N — 1
”sin%nwt"_l_ls 5 _ 1 .
n§1 i =dit-{t+ 4 ..._2tlog(1+t)
© 1 A
z SIZ 2_"’; =10+ 15 - M = - Ylog (1 + £2).
Therefore from (4),
3r ©
6) — —.
( ) ZCL nfl A”t

1
= (1—%1—2—t)10g(1 —t)—log(1+t)—%+%<t+%>log(l+t2).
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Now since ¢ = ¢ and z = — } cos § we have
1 —t=e0(eth _ etif) = el sin 1 = — 4el® /(2 + 4x),

and similarly _
1+t=et/(2 - 4x), 1+ 2= — e?4x.

Therefore from (5), (6) and 8-42 (5)
dye = — oy — O (1 + 2x)log (2 + 4z) — log (2 — 4x) — 1 — =z log 162%}.
dx 3
Integrating, we get
Yyo=k - ax + %{%mz log 422 + 3z — (1 + 2z)*log (1 + 27)
- (1 - 2z)log (1 — 2z)},

a result which can be easily verified by direct differentiation. Since yg =0
when z = } and when ¢ = -}, we can determine the unknown constants

k and o;, Remembering that z log z— 0 when z— 0, we get

CL _ CL _ .
) k=gtlog2, =gk =00530517C,

and the equation of the camber line is therefore

8) yo = %{log2 + 3z log 42 — (1 + 2z)*log (1 + 2x)
- 31 - 2z)log (1 — 2x)},

where the logarithms are all to base e. .
The form of the camber line is shown in fig. 843 (ii), the ordinates being

yc/Cyr.

J/C
014
/ \A
R X
Fic. 8-43 (ii).
Since o; = Cp/6mw, A, = Opfm, Ay = ~ 4C1/97, we get from 841 (ix)
the incidence for zero lift — A, = — 2a,.
5C,
From 8'34, CmO = - %W(Al - AZ) = - %ﬂ(Al + Az) = "'% .

Thus from 835 (2), assuming a working range of the incidence from o' = 0
t0 o’ = 3a;, we find the travel of the centre of pressure to be 1/8 of the chord.

As a numerical example, suppose it is required to design a high lift aerofoil,
with ¢y = 0-8 at the ideal angle of attack, and with the assumed pressure

distribution. Then
o; = 00424413 = 2° 26", A, = 4° 52,



154 DETERMINATION OF A CAMBER LINE (843
and the lift coefficient is then given for any other incidence by the graph.

o

/ oia

-2, -3 3o ®

Fie 8-43 (iii).

Thus in the assumed working range 0 <<« < 3a,, the lift coefficient varies
nearly from 0-53 to 1-33.

844. Determination of a thickness function. Again we take a
specific distribution to illustrate the method. Consider then

1) Pr= —{u - dcosf} for 0<L|0] <,
Pr=—{u+ecost} for x| =,
which is a linear distribution of pressure defect symmetrical on both faces and
which therefore causes no lift or moment.

Fic. 8-44 (i).

From 842 (4) we have
(2) pT:—/\—7+2EB,,cosm9,
n=1

and therefore multiplying by cos n6 and integrating from 0 to = we get, if
n>=2,

T b 7
7B, :L]’T cos nf df = —I (1 — dcosB)cosnddfd — | (u + €cosb)cosnbdb,
0 in

1 sini(n + )7 sini(n - 1)
® B =g+ g{iltlr, b o lm) gy,

where B, is calculated separately but by the same method.
Also integrating (2) from 0 to = we get

4) A+r=p—%@+q
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1t is convenient to write
(5) B = 8 — € = total rise in pressure along the chord ;
y = 4(8 + €) = mean of the leading and trailing edge pressures above

the minimum pressure.

Then

(6) Atr=p-2ym B =B4=A-7
from 80 (11), and therefore from 8-0 (10) the radii of curvature p4, pg at
the leading and trailing edges of the aerofoil are given by

Y ot = a2+,
®) @mﬁzf_p-g_g

To find the thickness function y we use 8:42 (5) which entails evaluating
9 f‘ B, sin nf = imaginary part of £ B,t", where { = ¢®.
=1

sind{n + Dn I A T
Now sing(n + D 0 0D

1t is readily verified from the logarithmic series (8-43) that
g e 1 -1t

— _ 1 — N = 1y .
t—§+5—...— Li{log (1 + dt) — log (1 — )} 2lg1+u

Therefore
72 it 1 -4t 1 +sinf —1cosd
L+ ;/,ng"t - (é—t + 5) logl + 4t zcosBlogl sinf + tcos @
Also the real part of log (a + ib) = % log (a® + 57).
Therefore ]
T e . 1 1+ sind
” n§2 B, sin nf = 4 cos 6 log T emd’
and therefore from 8-42 (5)
dyrp A 1 1 I 10 ¥ 01 1+ sinf
e ~3xtan 0 + I rcot 10 + 1Bsinf + 5 cosflog ;——p-
d?/r _ dyT dx dyT
Bus B " s B0 e

— 1
= g 81h

dz
Therefore

1r(1 + cos 8) + 1%(1 — cos 26)

y 1+ sinf
+ Esm&cos()log————l e

%: - IX(1 - cos8) +

B 1+ sinf
= (i-p.— gi) cosf - 1—600320 + 4—sm0003010g T—smd’
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Integrating and observing that y = 0 when § = 0 and § = = so that the con. ‘

stant of integration is zero, we get

(10) yp = dusing — % Bsin 26 — f;—’_{sinﬁ + %coszologl_—siné .

The correctness of the integration can be verified by differentiation. This
is the required thickness function.

Note that the coefficients of u and y are unaltered when 8 is replaced by
7 — 6, so that a thickness function for which 8 = 0 would give an oval with
symmetry about both the z- and y-axes, and it is clear that the 8 term will
give the oval its characteristic aerofoil shape. If the pressure distribution
is p = constant = o all round the aerofoil, then § = ¢ = 0 and therefore
B =y = 0, so that a constant pressure round the aerofoil corresponds with the
elliptic thickness function

1 + sin 0}

x= ~—4cosf, y=4pusinb.

As an example Brennan and Stevenson give the symmetrical aerofoil (yg = 0)
for the values p = 0-40, B = 0-55, y = 0-35 or & = 0625, ¢ = 0-075. For
these (7) and (8) give

< ) A Pa = 0012378, pg = 0-000197.

A careful diagram would
show that the maximum thick-
ness occurs at about ¢ = 0-05 and is then about 15 per cent. of the chord.

If we combine the distributions py(with Cf, = 0-8) of 8-43 and the present
pr we get, see Ex. VIII, 6, the characteristic aerofoil shape.

Fic. 8-44 (ii).

H — —JA
Fia. 8-44 (iii).

The foregoing simple illustrations sufficiently exemplify the general procedure
which can always be carried out by methods of numerical integration for
any given pressure distribution.

8:5. Substitution vortex. If we transform the circle | { | = a into an

aerofoil by a transformation of the type

(1) z:5+%+g—:+...,

the streamlines in the plane of the circle C will transform into the stream-

lines in the plane of the aerofoil. If the motion in the plane of the circle

({-plane) consists of circulation 27« only, the streamlines are circles concentric
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with C.  Now the transformation (1) is such that for sufficiently large values
of |{| the plane is undistorted, i.e.z = {. Thusat sufficiently great distances
from the aerofoil the streamlines will be also
concentric circles, in fact nearly the same
circles as those in the -plane, and the
circulation will of course be rigorously 2m«.

It follows that at sufficiently great dis-
tances from the aerofoil, the flow is that due
to a vortex of strength « suitably placed.
This vortex is called the substitution vortex
of the aerofoil because the perturbation in
the flow due to the aerofoil can be equally
well calculated at sufficiently great distances
by supposing the aerofoil to be removed and F1a. 85,
the vortex substituted for it.

To obtain some idea of what constitutes a *“ sufficiently great distance ”,
ifa, = Pei*and ¢ = 4a, we have ] < a and therefore I? < ¢?/16. Thus,if|z| =1,

¢

a | - o
Z | 16’
so that if » > ¢, we may take z = { in (1) with an error of less than 1/16. Thus
as a reasonable working rule we can use the substitution vortex at distances
from the centre of the profile greater than the length of the chord.
To find the position of the substitution vortex, observe that for a vortex
of strength i at the point z, and a uniform wind Ve®™ we have

w = Veizz 4 ik log (z — z) = Ve*z + 1k log z + i« log (1 - Z—é’) ,

Y 2
2) w = Vetz + ik logz - %ZJ’ +0 (%) )
Again, for the aerofoil we have
. Ve—izq? .
w= Ve={ + 7 + 1 log g,

together with (1). Reversing (1) as in 7-02 (2), and substituting for { in terms
of z, we get, to the same order of approximation,

2,—1a __ ta
Vater™ - a, Vet +iklogz + O (%1) .
z z

(3) w= Ve*z +
Comparing (2) and (3) and neglecting the O-terms we have
1 . .
(4) 2= (a%e—i* — a,e’).
This point is the centroid of the circulation found in 7-4. It should be
observed that the position of the substitution vortex depends, in general, on

incidence and on the ratio V/k.
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Equation (3) above, with the O-term omitted, allows us to adopt a somew!m
different point of view. Remembering that the origin has been taken at the
centre of the profile, we see that w is composed of three terms due to

(i) the windstream,
(1) a doublet of strength ¥ (a%~% — a,ei=) at the centre of the profile
(see 3-7 (iv)),
(iii) a vortex of strength « also at the centre of the profile.

Thus instead of the substitution vortex at a variable point, we can use g
doublet of variable strength and a vortex both at a fixed point, namely the
centre of the profile.

In the case of a flat aerofoil of chord ¢ we have g — c/4, a; = c¥/16 and

therefore
Zg = 31/-32-(6—"“ — et = Zczsinoc
T k16 8k ’

The value of « which gives zero velocity at the trailing edge is ¢V sina
and therefore, in this case, z, = 1c; the substitution vortex is at the quarter
point, i.e. at the focus.

We have seen (8:34) that for thin profiles of small camber the focus and
quarter point coincide. Thus here also we may suppose the substitution
vortex placed at the quarter point.

8:6. The two-dimensional biplane.

Fig. 86 shows the section of a two-dimensional biplane by a plane per-
pendicular to the span, giving two profiles, 1 and 2, whose chords are inclined
at the angle 3 called the décalage, which is reckoned positive when the upper
wing is at greater incidence than the lower, as in the diagram, Let C,, C; be
the centres of the profiles. If we project the line C;C, on to the normal to the
chord of the lower profile, the length €, K so obtained is called the gap and will
be denoted by k. The distance C,K = s, by which the centre of the upper
profile is in advance of the centre of the lower profile, is called the stagger.
In the diagram we have forward stagger, i.e. s is positive. When s is negative
we have backward stagger. The angle of stagger, o, is the angle between C,Cy
and the normal to the chord of the lower profile. reckoned positive in the case

861 THE TWO-DIMENSIONAL BIPLANE 159

of forward stagger. The above definitions are purely geometrical and largely
arbitrary, in the sense that reference points other than C) and C, could be
tak;?,. instead of the chord of the lower wing, the direction of mot%on is taken
as fundamental, the corresponding projections of CI'C’2 give w.hat is knowx'u as
the aerodynamic gap and aerodynamic stagger respectively, which are functions
incidence.

. u]:]c;jct theories of the two-dimensional general biplane have beer.l founded
on conformal transformations which map two circles into two aerofoil prf)ﬁles.
Such theories are of great mathematical interest, but inasmuch as the inter-
ference due to the trailing vortices in a biplane of finite span is of the same (?rder
of magnitude as the interaction between the two plarfes in the two-dlm.ensmnal
theory, there is mothing to be gained by entering into the n.ecessarl.ly. com-
plicated analytical details. We shall, therefore, be content fmth'outhnmg an
approximate theory which gives, at least to the second approximation, the same
results as the exact analysis.

87. Approximate theory of the biplane. We suppose .the lE)iplane
wings to consist of thin aerofoils of small camber. To a first approxunatl.on 1.:he
effect of one wing on the other can be calculated by means of 'a.subs’cltutlon
vortex, placed at the quarter point of the chord. The co.ndmon that t.he
velocity at each trailing edge shall be finite leads to two equations to def;erm.me
the circulations. We can then proceed, if desired, to a second approximation
using 85 (4), and the circulation first calculated.

Fia. 87,

Fig. 87 shows two thin aerofoils represented by their chords ¢,, ¢;. The
points C, F, D are points of quadrisection, so that we may take F,, ‘Fz as _the
foci, €'}, C, as the centres of the profiles and D,, D, as the rear stagnat.lon.pomts
of the circles which transform into the aerofoils ; X, X, are the projections of
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F,, F, on the respective chords. The décalage § and the incidence « are small
angles whose cosines may be taken as unity. Observe that « is the incidence
of the lower aerofoil and therefore « + § is the incidence of the upper.

To find the strength of the circulation «, about the upper aerofoil we replace
the lower aerofoil by a substitution vortex of strength Ky at its focus F; and
then calculate the velocity at D, tangential to the circle which transforms into
the upper aerofoil, as if the aerofoil were absent (see 5-311). This velocity is
the component perpendicular to the chord ¢, of the velocity due to the stream
and vortex. Since the radius of the circle is c,/4 we get from 5-311

Ky = %Cz (I’(a + 8) — Ky %)
1+72

Similarly considering the lower aerofoil we get

If we take C; as origin and the chord ¢, as z-axis, we can write down the
coordinates of the points as follows :
Fi(3e,0), Di(=fcy, 0), X (s + %, 0),
Fos + fea b + 3¢8), Dy(s ~ Jes b — 16,8), Xo(he, — 48, b ~ 88+ }¢,9),
where squares and higher powers of § are neglected.

If we introduce the mean chord ¢ = }(¢, + ¢y), the equations for the
circulations can be written

2 ¢ ¢ 2
1 1_ Gk 2 _ _ 4Ky
( ) VCI @ VCZ Fras *ch « + 8 I/rcl H1s

o dalessoB) o gaGers)
B+ (3o — 8)* — 4e.h8” TP T R2 4 (ke + )2 + 16, h8
In a biplane it is usual for A/c to be greater than unity, so that M1, Mo arTe of
order ¢?/4A? at most.
Solving equations (1) we get

_ s -
B) k=l V ("‘_1”“72(&), Ky = Yo,V (M‘),
Faftz b= pyp,

and the lift on the biplane system is
L = 27(xy + k) pV.

8-8. Equal biplane. In the case of an equal unstaggered biplane with-
out décalage we have

c2

e, =¢c=¢ s=0 8=0, ,u,lz,/,z:m,
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and therefore from 8-7 (3),

(1) KI:KZ,:%CVOLI T

so that the lift on the system is

1+ 5
, . 4k
(2) 2mpV (ky + Ky) = 2mpcV 3 =

1+2‘h2

which is less than the lift would be if each plane were isolated (A = o), when
there would be no interference effect, in other words the biplane has to
fly at a greater incidence to produce the same lift as a monoplane. To obtain
some idea of the nature of the interference effect which operates when the
planes are not isolated, let us suppose that ¢/A is so small that we can neglect
powers higher than the square. We can then replace both planes simultaneously
by the substitution vortices (1) placed

at the foci. L
These vortices then repel one an- F
other with the force, calculated in 4-5, P
F = mpeefh = dmpetVhth TR
to the order of approximation as- /z: L v
sumed. Each vortex also experiences X
the ordinary lift K1 4
L = 2nkpV, Ut =::I°‘;<
where L has half the value given by F v
. Fra. 88 (a).
(2), so that we can write
c?
F_1ca ko 1+ 4h? c
L 2k 14+ K 4h?
2h?

The upper plane therefore experiences the lift

1lex
L2=L+Fcow=L(1+ﬂ~>,

L

while the lower plane experiences the lift

1 ca
LI:L—FGOSa_L(I—éﬂ).

Thus the interference causes an increase of lift on the upper plane and an
equal decrease on the lower plane.
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We also notice that the upper plane experiences a drag Fsina = Fy
which is counterbalanced by an equal negative drag on the lower plane.

1-0
4 /
0.9 /A
o o
«,y 4
08 é+
Za
07 // /
06 /
05
A
0 05 1.0 15 2.0
Fra. 88 (b).

Lastly, we give in fig. 8-8 (b) graphs to show the small divergence which
exists between the approximate formula (2) and the result of exact two-
dimensional theory applied to the biplane of this section.

The ordinates give the factor k mentioned above.

EXAMPLES VIII

1. An aerofoil profile is in the form of the segment of the parabola

4ha? = c*(h - y) cut off by the z-axis. Determine the camber line function and
the thickness function.

2. In the case of the elliptic aerofoil z = —lccosf, y = lhesin b 38
dy/dz in the form P * 9 T phesng, oxpre
—-#Atan 30 + L7 cot 30 + F(6)
and determine A and .

Verify the relations A2 = 2p,/c, 72 = 2pgfc. Show that by taking A small
enough the aerofoil approximates to a flat plate.

3. If the function F(8) can be expanded in the Fourier series,
34y + Z (A4, cosnd + B, sin nf),
=1
show that i
4, +iB, =1
ks

-7

F(6)e™odg.

4. Prove that z = 3(Z + 1/{) transforms the region exterior to the circle _

{Z = 1 into the region exterior to the line joining (- £, 0) to (%, 0).
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5. Show that the circulation for a flat aerofoil may be considered distributed at

the rate

27k = 2V sin a\/c + 2z
c - 2z

at the point (z, 0), with the usual axes of reference.

6. Draw a graph to show the pressure distribution arising from the combina-
tion of the pressures given in 8-43 (1) and 8-44 (1).

7. Calculate A;, which gives the incidence for zero lift, for the parabolic aerofoil
of Ex. 1.

8. Calculate A; and A, for a circular arc aerofoil of small camber.

9. Show that the moment coefficient about the leading edge of a thin aerofoil is
Cn = =3Cp - i7(4; + 4)),
and deduce the relation between the (C,,, «) and (Cy, «) graphs.

10. Show that the condition for the existence of a fixed centre of pressure can be
deduced from consideration of the travel of the centre of pressure.

11. Calculate the mean camber of the cubic profile of 8-36.

12. Draw the travel of centre of pressure graph when Axis II is above Axis I.
Prove that as incidence increases the centre of pressure moves towards the
quarter point, whether Axis IT is above or below Axis I.

13. If y is the angle between Axis I and Axis II, show that if y < 0, the pitching
moment about the focus tends to increase the incidence, whereas if y > 0, it tends
to decrease the incidence.

14. If v is the angle between Axis I and Axis II of a thin aerofoil, show that
sin 2y is proportional to A, — A,.

15, If C, is the centre of pressure coefficient and the origin is taken at the
quarter point, prove that the equation of the line of action of the resultant aero-
dynamic force is

z+c(C, - 1) = ay,

where « is the incidence to the chord, considered as small.

16. In Ex. 15 use 8-35 to show that the equation of the line of action of the lift
may be written in the form
aly + a(dy — z) — zA ~ de(A - ) = 0.

By expressing the condition that the above quadratic in « has equal roots, or
otherwise, prove that the line of action of the lift envelops the metacentric parabola
My + 2P = —cy(ly - Xy

Trace this parabola when A, > A, and when A, << A,.

17. Draw graphs to show the change in Cj, and C,, as functions of the eccentric
angle of the hinge for a given flap angle ¢.

18. Show that the elliptic pressure distribution (at the ideal angle of attack)
z = ~%cosb, p= - &‘sint‘),
w
leads to the parabolic camber line function

Yo = % (1 - 4x?) (Brennan and Stevenson.)
m
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19. Show that the pressure distribution
p= - @'Sinﬁ{l — 3k cos 6}
leads to the cubic camber line
y = % (1 - 421 + 2kx),
and that there is a fixed centre of pressure if k = 4/3. (B. and 8,

20. Find the pressure distribution which yields the quartic camber line |

vo = D1 -+ b ), |

SIS - AP

21. Show that constant pressure all round the profile leads to the elliptic thicknegg:§

function 4
yr = $(2p) sind,

where p is the radius of curvature at the leading and trailing edges.

(Brennan and Stevenson.)
22, Show that the pressure distribution '

= ~{(A+7)+ 2 - 7)cosd
leads to the thickness function
yr = £sin6{(A + 7) — (A - 7) cos B} (B.and 8):
23. For the pressure distribution
= - 016{1 - §cos b},
show that p4 = 0-0098, pg = 0-0002.

¥

Determine the thickness function and draw the profile. (B. and 8.) .

24. Prove that the substitution vortex of an aerofoil should be placed at the
centroid of the circulation.

Hence show that the locus of possible positions of the substitution vortex is & -

straight line.

25. Show that the unstaggered biplane arrangement of two equal aerofoils
reduces the circulation round each in the ratio (1 — ¢*/4h?) : 1 compared with the
monoplane arrangement at the same incidence.

CHAPTER IX
INDUCED VELOCITY

9-1. Vector notation. In Chapter IV we considered the properties of
two-dimensional vortex motion due to rectilinear vortices. It th(?,re appeared
that the vorticity vector is perpendicular to the plane of the motlor} and tl.lat
the existence of a rectilinear vortex implies the co-existence of a certa'm vel?clty
distribution called the induced velocity. In the present chapter we 1nv'est1gate
the properties of vorticity when the motion is no longer .nece.zs.sarlly two-
dimensional, and, in order to do this in the most physically intuitive manner
it is desirable to employ the language and notation of vectors. Those readers
to whom the subject of vector analysis is unfamiliar will find t.he necessary
details in Chapter XXI. As there is some diversity in the notations used by
different writers, we make a few preliminary observations.

If a and b are two vectors, we shall denote by ab their scalar product
and by a , b their vector product (see 21-12, 21-13).

The vector differentiation operator V operating (21-3) on a scalar ¢ or a
vector a yields

V¢ =gradg¢, Va=diva, V,a= curl a.

In cartesian coordinates «, y, z, with corresponding unit vectors 1, J, k,

L, 0 .0 + kz
(1) V=i-+ )3y 5
The fluid velocity q is
(2) q = iu + jv + kw.

The position vector of the point (z, y, z) 1s
(3) r=iz + jy + kg,

and therefore
) dr:idx+jdy+kdz.

Tt follows that the change in a scalar function ¢ in going from r to r + dr is
%o+ Py D d = @ryyg = dr.
6) W= det iyt g de=(ArV)$=dr.V4

where dr V denotes the scalar product of (1) and (4).
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9-2. The equation of motion. In 1-41 it was proved that the com
Ponent force due to pressure thrust on an infinitesimal volume of fluid g.
in the direction of the line element s, is — (9p/ds)8r. Another way of statip,
this fact is to say that the resultant thru
is the vector — (Y p)8r, and the abovj
mentioned force is the component of thigi
vector in the direction of 8s. Now considef‘; !
a sxlnall volume 8+ of air considered as an;f"%
inviscid fluid. 1
. . . If q is the velocity, dq/dt is the accelera- |
tloln, and' if F is the external force per unit mass, the external force on the§
:V(; 1}111;1‘(:81:11::; fi—;ewhere p 1s the density. By Newton’s second law of motjon f

Fia. 9-2.

Fpdr — 67Vp = (pa'r)dil,
_ dt
whence the equation of motion

dq 1
EZZ—;V]J'FF.

In the.case of x}atural air the external force is due to gravity and is therefore
the negative gradient of a potential * function Q say, so that

F=-ve,

and therefore the equation of motion is

d 1
M Z=-,Vr-ve

This 'equation holds whether the air is regarded as compressible or incom-
pressible.

Another method of deriving this equation is given in 21-6.

9:21. !(elvin’s c?rculation theorem. When the external forces are
Cfmse%rvatn'ze and derived from a one-valued potential, the circulation in any
circuit which moves with the fluid (ie. '

which always consists of the same fluid
particles) is independent of the time.
Proof.
If C is the circuit, then from 21-12

’ C
cire C' = qdr. Fia. 9-21.
()
x . .
and tifezﬁl)sr ct;l% g‘e:iilji igos\;eisa _ﬁxed levil, 2= g2, where g is the acceleration due to gravity,
Known resals, V(gz) = - kg using 91 (1), i.e. ¢ vertically downwards, a well-
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Since q = dr/dt, we have
d, . _ dq )
7 (eirc C) = -[(C) <%dr +qdq)-
From the equation of motion, 9:2 (1),

dq 1
%—“;’VP_V“Q’

and therefore taking the scalar product by dr and using 9-1 (5)
djdr = - v _ a8
dt p

and so

é(circ () = change in ( - r P _ Q+ qZ>
o P

o=

dt

on going once round the circuit, and this change is zero, for all the quantities

on the right return to their initial values. Thus circ C is independent of ¢.
Q.E.D.

9-3. Vorticity. Let q be the velocity of the fluid at any point. The
vorticity vector is defined by

1 L=curlq=V,q

In cartesian coordinates the components of vorticity are

o oo o0 ou_ow w0

dy 0z’ 0z 0dx’ Or Oy
parallel to the axes of reference, where u, v, w are the corresponding com-
ponents of velocity (see 9-1 (2)). Thus it appears that, when the velocity field
is known, the corresponding vorticity can be calculated.

Conversely, given the vorticity field § of a flow in which there are no
singularities other than vortices, there is a corresponding velocity field q which
(see 9-4) is uniquely determined by the given vorticity field.

Definition. The velocity field which coexists with a given distribution of
vorticity and vanishes with it is called the induced velocity field (cf. 4-1).

Thus if §, q; are the vorticity and induced velocity vectors at a point, we
have

(3) C=VaQq:

Notice that § and q; occur together but neither can properly be said to cause
the other.

Put in another way, the induced velocity field is the velocity field con-
sistent with the existing vorticity distribution and without other singularities.

1t should be observed that the induced velocity field may be, and often is,
irrotational. A very simple example of this is the field round a rectilinear
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vortex (4:2). It is the circulation in any circuit embracing the vortex whig
gives the required intensity. :

Returning to (8), if q, is a velocity such that V ,q, = 0, Le. if g, y
the velocity of an irrotational flow, we still have

CZVA(Qi+Qo)=VAQs- ;
It follows that any existing velocity field can be regarded as composed 0“;
two parts: (i) the induced velocity field, (ii) an irrotational field ; and thj
velocity at any point is the sum of the velocities due to (i) and (ii).
It can be immediately verified from (2) and the cartesian form of V (ses
19-3 (10)) that

4 vVE=0.

9-31. Vortex lines, tubes and filaments. A vortex line is a line whose
tangent at each point is in the direction of the vorticity vector at that point.
If through each point of the boundary of
a closed curve we draw the vortex line which
passes through that point, the lines so
drawn constitute the surface of a vortex tube
of which the curve is a cross-section.

A vortex filament is a vortex tube whose cross-section is of infinitesimal

Fie. 9-31 (a).

maximum dimensions.
Consider a portion 4B of a vortex filament, the cross-sections of the tube at

A and B being of areas ¢, o, re-

spectively. By Gauss’s theorem _— =
(19-4) applied to the surface and /Q —_— Q\
A B n,

volume of the tube 4B, we have ™y

Icndszjvz;dfzo,

where n is the unit normal vector (drawn outwards) at the element dS, since,
from 93 (4), V{ =0. Also {n = 0 on the curved surface of the tube, for
¢ is tangential to this surface. Therefore the only contributions arise from
the ends, i.e.

Fic. 9-31 (b).

Cinjo; + Lonyoy = 0,
and so
o1 = 4405
This result may be called the *equation of continuity ” for a vortex
filament (cf. 1-23). It means that the product of the magnitude of the vorticity
and the cross-sectional area, which may be called the ¢ntensity, is constant
along the filament. This is Helmholtz’s second theorem. It follows from this

theorem that a vortex filament cannot terminate in the interior of the fluid
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for if it did, @ would have to vanish and therefore { would have to be infinite.

Thus we see that a vortex filament, and therefore a vortex line, must either be
closed (vortex ring) or must terminate on the boundary. Fig. 9-31 (c) shows
4 somewhat fanciful picture of the possible
grrangements.

A vortex tube may be regarded as a bundle
of vortex filaments, so that we may use the
term intensity of a vortex tube in the sense that
it is the sum of the intensities of the filaments
which compose the tube. It follows that the
intensity of a vortex tube remains constant along
the tube.

Notice that steady motion is not assumed.

We now prove the third and fourth theorems
of Helmholtz, which are as follows :

III. The fluid which forms a vortex tube

continues to form a vortex tube.
IV. The intensity of a vortex tube remains constant as the tube moves

Fii. 931 (¢).

about.

Proof. Let A, B be a portion of a vortex tube. Draw a closed curve C' on
the curved surface of the tube. The normal
component of the vorticity over the surface
enclosed by C is zero, for all the vortex vectors
are tangential to this surface. Therefore (21-7)
by Stokes’s theorem circ C = 0. As the tube
moves about, by Kelvin’s circulation theorem
circ C remains zero. Thus the curved surface
enclosed by C, although it may deform, remains
on the surface of the vortex tube, for no vortex
lines can pass through it. This proves ITL

Again, if we take a section of the tube whose
bounding curve is a circuit €', by Kelvin’s
theorem circ O’ Temains constant as the tube moves about. But circ ¢’ i8
the sum of the intensities of the vortex filaments which compose the tube.

Fig. 931 (d).

This proves IV.

9-4. The law of induced velocity. Consider the whole of space * to
be filled with fluid which is at rest at infinity in the sense that at great distances
r the speed ¢ is of order 1/7* at least. Then it can be proved T that if Tg is the

ther internal, such as an aerofoil, or

* This implies that the fluid has no rigid boundaries ei
external, such as containing walls.
+ Milne-Thomson, Theoretical Hydrodynamics, 18-22.
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vorticity vector at @, and if drq is an element of volume at Q, the indug
velocity qp at P is given by 1

(1) @ = 3= [tor o e t
where the integral is taken throughout the fluid, assumed incompressible. Thy
serves to define uniquely the induced velocity coexistent with the givey
vorticity field. Y|
This result admits of a striking and simple formulation, which mus§
however, be regarded as entirely conventional. 'Mi
Let us regard the velocity vector § as a (vector) density of vorticity per um
volume and call g drg the amount of vorticity in the volume drg. :
If we write i

we can say that the fluid element dry behaves as an amount of vorticity §g dr,
which induces at P the element of velocity dqp given by (2), and that by
summing all the elementary velocities so’
dq, determined we arrive at the complete
19 velocity gp. If in fig. 94 we imagine
P Co In the plane of the paper, dqp is
directed into the paper.

This way of looking at (1) is entirely
Fia. 9-4. analogous to the law of Biot and Savart
concerning the magnetic field due to an
electric current and is therefore sometimes called by their names. The analogy
is no mere accident, but has its root in the fact that the mathematical
formulation of the two cases is the same, but with a different physical meaning

assigned to the symbols. .

The formula (2) recalls also (21-13) the formula wg , @P which gives the
velocity at the point P of a rigid body which has angular velocity wq about an
axis through @. In this comparison we could write

_ Sy drq
Y = Lnops
and in this connection the reader is invited to compare the interpretation of
vorticity in terms of angular velocity as given in Helmholtz’s first theorem
(see 3-22).

It is important to get the law of induced velocity as formulated in (2) in
the right perspective. If ten men together contribute a total of fifty shillings,
no inference can be drawn as to their individual contributions, but it would be
true to say, for example, that the result is the same as if five of the men each
contributed seven shillings and the remaining five each contributed three

—
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9'4] . .

llings. In the same way all we know is that the resultant velocity is qp as
SI-n en by (1), and the induction law simply states that this final result would be
gv ’

tained if we supposed each fluid element drgy to contribute the amount (2),
at; then added all the results. The statement certainly does not imply that
Zn does, in fact, contribute the amount (2), although there is often a tendency
t;think,that it does. This impression must be guarded against ; .othfarwise an
improper physical picture may be im§gined. It is perfectly ]us’mﬁa.,ble to
calculate the partial assumed contributions of the elements of ‘uhej fluid, but
it is only their total (vector) sum which can be asserted to have phy.'smal .reahty.
Any subsequent statements which may have TChe appearf},nce of implying the
contrary must be interpreted in the light of this exp}ana’cwn.* ‘

Fin;lly, we recall the statement in 9-3 that vorticity cannot properly be said
to “ cause ”’ induced velocity.

9-5. Velocity induced by a vortex filament. Considfer an element ds
of a vortex filament at the point Q. Let o be the cross-sectional area at @
{ the magnitude of the vorticity and t a unit vector along the tangent to the
flament. Then € = {t, and the law of induced
velocity gives for the velocity induced at P by

the element ttod
tods —
dqp = W A QP .
Now by Helmholtz’s second theorem, {o = K
is the constant intensity of the filament. Thus

—>
K QP
dqe = y dst,\@ﬁ, Fie. 9-5.

v

and qp is obtained by integrating this expression along the filament. Here we
can regard Kt as the (vector) density of vorticity per unit length of filament.

951, Straight filament. If a vortex filament contains a straight
portion 4B, we can calculate the contribution of that portion to the induced
velocity integral. N

If K is the intensity of the filament and 4B the direction of the vorticity
vector, the velocity induced at P by the element MM’ = ds is directed out of
the plane of the paper and is of magnitude

K, PMsine K

2 Pl G S|
dap = 4% I T gt O

* There was a strong man on a Syndicale,
Who loved the exact truth to vindicate ;
He rose to deny
That his words could imply
What their sense seemed intended to indicate,

T. R. GLOVER, Cambridge Retrospect.
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whete & = PN is the distance of £ from 4B and « is the angle PMB. Now §
ds = dAM = d(AN - MN) = d(- hcota) = h cosec? « da.

K ("% K
Thus gp = mj‘el 8in o« dor = yin) (cos 8, + coséb,),

where 8, = PAB and 6, = PBA.

6, 6,
A M M N B
Fic. 9-51 (a).

Special Cases.

(i) Infinite filament gp = 2K/4h = K/2nh as already obtained for a.“

ordinary rectilinear vortex. ¥

p (i) Semi-infinite filament

i .

0 = (1 + cos8,). |

> B (i) If PB is perpendicular to 4B, gp = K/4nh,
Fio. 9-51 (b). which is half the result of (i), as is obvious fromg

first principles. s

;

9-52. The horseshoe vortex. This name is given to a vortex systemg
consisting of three sides of a rectangle, two sides being of infinite length.

[ o]

>
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Fia. 9-52.

The induced velocity at any point can be obtained by applying the results
of 9-51. Referring to fig. 9-52, let the finite side of the rectangle be 4B = 2,
and let there be constant circulation K round all three arms of the “ horse-
shoe . Consider a point P in the plane of the system and on the perpendicular .
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pisector OC of AB. Then if OP = £ we have for the velocity induced at P
the value

w = cos6+cos0)+2xl—(1+sm0)

E

4né 47l

in a direction normal to the plane of the vortex and downwards.
Since cos 8 = I//(I2 + £2), sin § = &/ /(I* + £2), we get at once

w:%%+¢m;@}

This decreases from large values when ¢ is small to the constant value
K/(wl) when £, If P is not, as shown in fig. 9-52, within the arms but
on the other side of AB, ¢ is negative and w changes sign, being directed
upwards, and as we go further from 4B w decreases ; finally to zero. To
anticipate, the sign of w distinguishes downwash (11-21) from upwash.

If we consider points in the plane through AB perpendicular to the plane
of the vortex it is clear from the induction law that at a point @ the only
component of velocity parallel to OC is contributed by 4B and is directed in
the same sense as OC above the plane of the vortex and in the opposite sense
below that plane. On the other hand the components of velocity in the plane
QAB are due only to the infinite arms of the horseshoe. If we consider points
on AB itself, 4B makes no contribution and the velocity distribution along 4B
is just half that due to rectilinear vortices of strengths K/2# at A and B.
The distribution is shown in fig. 4-21 (3). The calculation of the components
at other points offers no special difficulties but is somewhat complicated
(see Ex. IX, 13, 14).

9-6. Vortex sheet. In 4-2 we defined a point rectilinear vortex as the
idealised limit of a cylindrical region of vorticity whose cross-section shrinks to
a point while the amount of vorticity remains unaltered. We use an analogous
process in defining a vortex sheet.

n
q,
S, é

/ Py ’-\
________ ds
- Pt~

/ \
>

/;”—_—Eo ----- N

S T

q,
Fic. 9-6.
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In fig. 9-6 n is the unit normal vector at the point P of a surface 2. Let .t
an infinitesimal positive scalar and consider the points Py, P, whose posity
vectors referred to P are fen, — len respectively. As P describes the surfage
the points P,, P, describe surfaces S, S, parallel to 2 which is halfway betwey
them. Take an infinitesimal element of area of X, say dS, whose centroid is |
The normals to 2 at the boundary of dSS, together with the surfaces 8;, S, w
delimit a cylindrical element of volume dr=e dS.

Now imagine the above surfaces to be drawn in fluid which is movi
irrotationally* everywhere except in that part which lies between S, and §
Let € be the vorticity vector at P. Then we can write § dr="Ye¢ dS=w dS, wha

(1) w = Ce. 3
If we now let e—0, {— oo, in such a way that w remains unaltered, the asurfa.g);4
2 is called a vortex sheet of vorticity w per unit area. a‘

Notice that in the above process the amount (9-4) of vorticity in the layei;
between S; and S, remains unaltered as the layer shrinks in thickness (e-0),
and we can regard w as a (vector) density of vorticity per unit area.

The dimensions of w are LT

Before the passage to the limit, the velocity will be continuous throughout
the fluid and if q, q, q, are the velocities at P, P;, P, we have }

v

(2) 4 =9+ 3MV)q qo=q-inV)q,
whence by addition
3) q = Qo + qu)-

This result is true however small € may be. Thus the velocity of a point P
of a vortex sheet is the arithmetic mean of the velocities of the points just above
and just below P on the normal at P.

If we apply the particular form 21-4 (4) of Gauss’s theorem to the elementary
cylinder of volume dr in fig. 9-6, we get, approximately,

CedS =n ,(q; ~ q,)dS,

neglecting a contribution of higher order of smallness from the curved surface of
the cylinder. Dividing by dS and letting ¢—0 as before, (1) gives the exact
result

(4) ©=n,(q - q)
for the surface vorticity of the sheet.}

et

* This hypothesis is made for simplicity of statement and to preserve the analogy with 4-2.
The definition which follows need not preclude the existence of distributed vorticity outside the
layer between S; and S,.

1 From 21-3 (13) putting dr = {en and —}en in turn.

1 Observe that in (4) q, and qq are strictly the limits when e—0 of the velocities at P, and Pe.

Since ¢ is already infinitesimal we shall not make the unnecessary distinction between the
velocities and their limits.
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It is clear from this that a non-zero value ?f w is associated with a dis-
continuity of the components of qo, q, perpendicular to n. It follows that a
surface across which the tangential velocity changes abruptly is a vorte?c sheet.
It also appears from (4) that e« is perpendicular to n and is therefore
tangential to the vortex sheet. .

Note also that we can apply the induction law 9-4 (1) to find uniquely the
velocity induced by a vortex sheet if we replace §odrq by wqdSy, thereby
converting 9-4 (1) into an integral over the surface of the vortex sheet.

9-61. Velocity of a point of a vortex sheet. Referring to the v?rtex
sheet = of fig. 9-6, since only the tangential components of q,, Qo contribute
to the surface vorticity w, and since the normal components Pnust be con-
tinuous, for this is the condition that the layer or sheet shall subsist, we have

M n(g; - qo) = 0.
Now from the triple vector product rule (21-2) we have
n,w=n,[n,@Q - 9)]= - (Q ~ q)nn + n[n(g, - q)};
8o that, using (1),

(2) WAN=¢ ~ 9o
Therefore from 9-6 (3)
®) Q=q+3w,n g =9~ iw,n

Hence for any vortex sheet at rest (q=0 at every point of the sheet) the
induced velocities at adjacent points on opposite sides of the sheet are equal
but opposite vectors.

The element dS of the sheet cannot induce any velocity at its centroid P
(cf. 4-1), and so q, the velocity of P, must be the velocity induced at P by the
rest of the sheet excluding the infinitesimal element dS, while jw,n and

~ }w , n are the velocities induced at P, and P, by d8S.

Consider the special case in which the fluid speeds are the same at P, and Py,
ie. g, = gp so that (g, — Qo)(Gy + Qo) = O- Then either (i) q, — qo =0
which gives no vortex sheet, a trivial case which we ignore, or (ii) gy + q, = 0,
i.e. the vortex sheet is at rest by 9-6 (3), or (iii) q; — qo and g, + qo are
perpendicular vectors.

In this last case g = 3(q; + qo)and @ = n ,(q; — qq) are both perpen-
dicular to q, — qo, and therefore the tangential component of q must be
parallel to w.

From this we conclude that if the fluid speed is unaltered on passing through
the vortex sheet at all points of it, then either the vortex sheet is at rest, or else
the streamlines of the tangential motion in the vortex sheet and the vortex lines
in the vortex sheet coincide.
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This state of affairs must hold in the case of the vortex sheet wake (9-6§
behind an aerofoil, for outside the wake the motion is irrotational and therefoy
the constant in Bernoulli’s equation must be the same everywhere. Since
pressure must be continuous in passing through the sheet, ¢2 has the same Valu{‘
on either side of the sheet at adjacent points separated by it. i

9:63. Application to aerofoils. The principal aerodynamic applicatioi
of vortex sheets is to the surface and wake of an aerofoil. :

__,,,//

Fic. 9-63

Consider an aerofoil advancing with velocity V in air otherwise at rest
As it advances the aerofoil divides the air into two streams, one of whict
passes over its upper surface, the other over its lower surface, and both streams
reunite, if the aerofoil is properly shaped, above and below an interface 2
which forms the wake. This process will be considered in detail in the nexi
chapter, but we have here to observe that the two streams arrive at the trailing
edge with different velocities so that X is a vortex sheet in the sense already
described.

Further, if we are to apply the induction law, it is necessary that the fluid
should be unbounded (9-4); the presence of the surface S of the aerofoil
cannot be tolerated, for it forms a boundary. We therefore adopt the following
artifice for the purpose of calculation. We suppose the aerofoil to be removed
and its place taken by air of the same density as the surrounding atmosphere
but moving with the same velocity V as the aerofoil. This supposes, of course,
a suitable pressure distribution to be supplied. The surface S of the aerofoil
now becomes a vortex sheet across which the velocity changes abruptly and we
can apply the induction law, for the whole region is occupied by air, at rest at
infinity. Moreover, the application of the law will give the actual velocity qp
of the air at any point P.

If now we superpose on the whole system a velocity — V, the air will
stream past the aerofoil (which will now be replaced by air at rest) and the
velocity at the point P will now be qp - V. At infinity the air is no longer at
rest but has the velocity — V, and one of the conditions for the application of
the induction law (rest at infinity) is violated. On the other hand super-
position of the same velocity — V on the system clearly does not alter the
surface vorticity associated with the sheets X and 8, for the tangential com-
ponents are equally changed on either side of a sheet and the difference of
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.+ is therefore unaltered. The use of the induction law, without regard
velocmes]'djt of such a process, must therefore lead mathematically at the
w.the Vi 1 thz same velocity qp as before. But we have seen that the actual
pomt_Pv aot Pisqp — V. It follows that we may in this case also apply the
YC]OCI? n law provided that we interpret the result as giving, not the actual
1nd110.t10 at P, but the perturbation velocity, that is to say, the velocity by which
velOClct);al ve’loci‘oy at P differs from the general velocity — V of the st?eam.
;'h}feaactual air velocity at P will then be perturbation vel(?city + vgloc?ty Oﬁ
stream, and the perturbation velocity is calculated by the direct application o

i ion law.
te (ll‘iilrlztilsoznother point of view which is useful in.this cor'mection. Wl-len the
air streams past an aerofoil at rest and when, with a v.1ew. to .applymgfthe
induction law, we replace the aerofoil by air at rest, the d1stor1but10n. of sur acel
vorticity must be such that the component of the perturbation velocity nlormaS
to S at any point must just cancel the component of the stream norma t(; ;
at that point, so that there is no flux through the boundary agd the ?eio oi
shape is preserved. This principle was used in the theory of thin aerofoils, l1ln
particular in deriving 8-2 (3), and the reader is invited to read that section in the

light of the present explanation.

EXAMPLES IX

1. Write out the equation of motion in the equivalent form of three cartesian
equations. ' ' ‘
2, If ¢ is the vorticity vector, show that the equation of motion can be written

% =~ qpt= - %Vp - Vi + )

3. Prove that in the steady motion of incompressible air

ani=V(E+ig+ Q).

P
4. Show that the aerodynamic pressure p satisfies the equation of motion
dq 1
M___vp
dt p P

and hence show that for incompressible air the acceleration is derivable from a
potential function. N .
5. Write out the cartesian components (£, 5, {) of the vorticity vector g, an
th ify that
en verify _a_§+a_1,+<’2§=
Vi Ty .
1 i int on C and @ is
d ¢’ are two sections of a vortex tube and P is a poin . J
8 po?x;tlig z’l'l prove Helmholtz's fourth theorem by considering the circulation

in the circuit formed of C, PQ, ~ C', @P, vs{here — (' denotes that C’ is described in
the sense opposite to the sense of description of C.
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7. Show that the velocity due to a rectilinear segment 4B of a vortex ﬁlamj
is perpendicular to the plane PAB and equal to {
X (s PAB + cos PBA),

4mp

i

where p is the perpendicular from P to AB.
Calculate the velocity at any point due to a rectangular vortex *“ ring ” the gig;
of the rectangle being given by

2=0, = +a, y= Lb

8. Use the induction law to prove that a circular vortex ring of intensity
induces an axial velocity I72R at the centre of the ring, where R is the radius,

9. A circular vortex ring of radius R has its centre at 0, and P is any point g
the normal at O to the plane of the ring. Any point @ is taken on the arc of length
cut from the ring by a chord 4B. Prove that the contribution of the arc s to th
velocity induced at P is

-
_ T [sR.OP -~ =)
v—mlT—FABAOI.

10. With the notation of the previous example prove that
r C B34 OB e AR A e
v = 47_rRZW){ssm $.0P + AB , OP sin® ¢ cos ¢},
where ¢ is the angle OPQ.

Deduce that the whole ring induces at P the axial velocity of magnitude °

I'sin® ¢/2R, and that if P coincides with O, the velocity is IY2R.

11. Prove that a circular vortex ring of radius R induces momentum parallel

to the axis of the ring of amount p=R2I", where I is the intensity of the ring.

Deduce that a vortex pair of two rectilinear vortices at distance 1 apart induces
momentum of amount pI"l per unit length of vortex.

12. A point P in the plane of a horseshoe vortex is between the arms and
equidistant from all three filaments. Prove that induced velocity at P is

K( + ,/2)
mdB °’

where K is the intensity and AB is the length of the finite side of the horseshoe.

13. In the horseshoe vortex of fig. 9-52, the origin is taken at O the z-axis along
PO in the sense P to O, the y-axis along OA and the z-axis downwards to form a
right-handed triplet. Prove that the components (u, v, ) of the induced velocity
at (z, y, z) are given by

_ Kz y+1 y -1
T Lt {J(xz + g F 0+ J@@ (g -+ zZ)}’
_ Kz 1 z |
Tt (g - zm{ @+ -+
_ Kz 1 T
dn(2® + (y + 1P { NG T K
w = - Kz y+1 _ y~-1 }
dn(@ + 2%) \J(2® + (y + I? + 22) S+ (y ~ D+ 2R
Ky -1 T
RECEY= zm{ CJ@ - zZ)}

Ky +1 { T
r@Z@+ @+ D) JEF Y+ )+ D
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With the notation of the preceding example, show that, when z = 0, u is
1:.'ve above the horseshoe and positive below it.
neg;’rlove also when ¢ + 22 is large compared with [2
2Klyz w = — B -2)

VS b A T (AR

approximately.



CHAPTER X
AEROFOIL OF FINITE ASPECT RATIO

10-1. Steady motion. Reduced to its essential mechanical principles
a monoplane aircraft may be regarded as an aerofoil of finite span pulled
through the air by a tractive force. To fix our ideas, let us consider an aerofoil
of rectangular plan moving
horizontally in the plane of
symmetry, and without rota-
tion, with constant velocity V,
In air otherwise at rest. By
the first law of motion the
tractive force, the weight, and
the aerodynamic force due to
pressure must form a system
in equilibrium. The pressure
distribution will therefore be
exactly the same if we imagine the constant velocity ~ V to be impressed on
the whole system of air and aerofoil. The aerofoil will then be at rest and the
air will stream past it with the general velocity ~ V, that is to say, the air will
be moving with velocity — V at a great distance upstream of the aerofoil ;
near the aerofoil, and in the wake, the velocity distribution of the general
stream — V will be modified by the presence of the aerofoil. Our purpose is to
examine the general character of this perturbed airflow, which, on the present
hypothesis, is a steady motion.

Since the aerofoil is known in these circumstances to experience a lift
perpendicular to the wind and, in this case, vertically upwards, we conclude
that the upward vertical com-
ponent of the aerodynamic force Y&
on the lower surface of the aero- -
foil must exceed the downward
vertical component on the upper surface of the aerofoil. This shows that the
average pressure over the lower surface must exceed the average pressure
over the upper surface. Now consider fig. 10-1 (ii) which represents a section
of the aerofoil of fig. (i) by a vertical plane parallel to the span.

As we go from the median plane to a tip point such as ¥ whether along the
upper or the lower surface we must arrive at the same pressure at ¥. Thus
there is a drop in pressure as we move outwards along the lower surface towards

Fra. 10-1 (i).

77Z7AY"

+
F1a. 10-1 (ii).
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Y and a further drop as we move inwards from Y along the upper .surfz.a,ce
towards the median plane of symmetry. Since the air is urged in ?he direction
of decreasing pressure, it follows that an air particle which impinges on the
leading edge AB and passes over the upper surface, which we shall call the
suction side of the aerofoil, acquires a velocity component parallel to the span
and towards the median plane. A corresponding particle which passes over
the lower surface, which we shall call the pressure side of the aerofoil, acquires
a velocity component parallel to the span but away from the 1.1'1.edian plane.
The paths of such particles are shown schematically in fig. 10-1 (i1).

C B C B
S
F—— \\\——-——-(—
1t P’
b e R
‘.\\"\——(— //——4
\\—* ————<
/
P
D A D A

Suction side. Pressure side.

Fia. 10-1 (iii).

The particles which leave the trailing edge CD) at a given point @ must
therefore have impinged on the leading edge 4B at different points P and P
according as they have arrived at @ via the suction or pressure sides, moreover
these particles will arrive at @ with different velocities, as is clearly seen from
fio. (ili). On the other hand the particles in question must have the same
speed g, for the pressure is continuous and since, by Bernoulli’s theorem,

is constant throughout the fluid, it follows that the value of ¢ must be the same
at @ whether the particle arrives there by the suction or the pressure side.

This discontinuity of direction of the velocity at the trailing edge means
that the interface between the two streams of air from the suction and pressure
sides of the aerofoil is a vortex sheet, and the equality of the speeds shows
(see 9-61) that the vortex lines and the streamlines, with which they then
coincide, bisect the angle between the two velocities at a point such as @.

We now arrive at a preliminary picture of the flow past an aerofoil. The
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oncoming air stream divides at the leading edge, passes over the suction ai
the pressure sides to reunite in a vortex sheet X which forms the wake, 3 bei

2

Fre. 10-1 (iv).

the locus of vortex lines which spring from the trailing edge. These vort,e%
lines are known as free vortex lines. :

Further we remember the existence of the very thin boundary layer (I-Sf
in which the velocity q, just outside the layer is sharply reduced to q,=0 at the
actual boundary of the aerofoil. Moreover the nature of the substance enclosed
by the surface of the aerofoil is irrelevant to our argument and nothing in our
line of thought is altered if we suppose the region inside the aerofoil to contain
alr at rest, L.e. a velocity field q, = 0. We can then regard the surface of the
aerofoil (plus boundary layer) as a vortex sheet .S of surface vorticity w per unit
area determined by the velocity discontinuity q, between the air just outside
the boundary layer vortex sheet and the air at rest inside the aerofoil, with
w=n,q, asin 96 (4). The whole of space is now occupied by air so that we
can use the appropriate formulae for the induced velocity at any point.

The vortex lines of this hypothetical distribution of vorticity w are known as
bound vortex lines since they remain on the surface. The adjective * bound ”
must not be taken to imply that points of the vortex sheet are bound in the
sense of having no velocity along the sheet. The velocity of a point of this
vortex sheet will be 1q;, where q, = w,n from 961 (2) remembering that
q, = 0.

Since w is perpendicular to n, we have nw = 0 and therefore from the
triple vector product rule (19-2)

qia® = (W, N), 0 =nw? - wle) = nw?,
whence it appears that the streamlines of the motion just outside the boundary
layer (determined from the velocity field q,) are identical with the streamlines
of the idealised vortex sheet S (determined from the velocity field {q,) and that
the vortex lines and streamlines cannot coincide since w == 0.

10-2. The generation of the vortex system. In discussing the
nature of the flow past an aerofoil we considered the flow of a steady stream
past a fixed aerofoil, and, further, we supposed that the steady motion was
established. Tn order to see how the vortex system in the established steady
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tion might be generated, it is more physically ini.zuitive to suppose the.m‘erofoﬂ
o tarted into motion suddenly, in still air, with the velocity V originated
:;xl;esxslitably applied impulse, the velocity V' of the aerofoil being subsequently

intai 1 ractive force. .
mal;ltt?sl i:'ldzz:;}j:’lt:;oiz finite time ¢ has elapsed from the start.of the II.IOtlon,
the vortex sheet formed at the interface.between t}}e two sheets into which the
advancing aerofoil separates the fluid will be of finite extent.ﬁ  the vako I

Fig. 10-2 (i) is intended to illustrate the gfmeral state of a .alr:, he ko 2
being Tepresented by CDEF. Since vortex lines cannot terminate 1n

A
A -7

Frc. 10-2 (i).

(9-31) the sheet X' will be bounded at its after end by a vortex line EF known

as the starting vortex. Ast increases so the wake Z lengthens. }
Fig. 10-2 (ii) shows schematically the vortex lines viewed fron.l the sulc 10(1;

side of the aerofoil. If, as described in 9-63, we regard the aerofoil as replace

B
E C

P |

Lo ot o omm ot =

Fre. 102 (ii).

by air moving with velocity V the vortex lines must be closed. ’If“hi, botllm(i
vortices are shown by the dotted lines on the surface S of .the aerofoil, w fr
in this schematic diagram the complete vortex lines are depicted as r}ictanf ei
As the pattern lengthens with lapse of time the picture be.comt?s ; ;.: oTziS
aerofoil trailing behind it horseshoe vortices of the type described in 9-52.
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lengthening must increase the energy of the wake, so that energy mugg
supplied to the system. Thus we account for the necessity of a tractive
to maintain the motion, and the resistance thereby implied, which is knowy
the induced drag. :

It might be thought that the appearance of circuits with cire
no such circuits existed in the initial state (of rest), contradicts
(9-21). Such, however, is not the case, for the circuits of that theorem alway
consist of the same fluid particles, and reflection on fig. 10-2 (ii) will show thy

no circuit which embraces the aerofoil but penetrates the wake X fulfils thi
condition.

ulation, wh,
Kelvin’s theorg

10-21. The impulse of a vortex ring. The considerations of 1.
led to the picture of the wake as consisting of the superposition of vortex ring
the rectangles shown in fig
10-2 (i1), each consisting of
closed vortex filament.

Consider a plane vortexy
ring R of intensity I’ (see;;f
9:31), the rest of the ﬁuid_%j
being in irrotational motion
with velocity potential @

Let us suppose the ring to be
closed by a plane diaphragm S, shaded in fig. 10-21, and take neighbouring

points £ and @, one on each side the diaphragm. Then from 8-32,
(1) ¢ —¢p=circC =T

where C is any curve joining P to @ and not intersecting the diaphragm.

Now in 3-31 it was proved that any existing irrotational motion with
velocity potential ¢ could be generated instantaneously from rest by application
of an impulsive pressure pé. To apply this to the Present case we imagine the
diaphragm S to be a material membrane which immedi
the application of the impulse.

F1c. 10-21.

ately disappears after

If n is the unit normal to a small area dS separating P and @, the impulse

on this area due to impulsive pressure is — npgpdS at P and npd, dS at Q.
Thus the resultant linear impulse on the system is the vector

@) = LS) plbo - dp)ndS = J'w) pIndS = p'Sh,

where S is the area of the diaphragm. It should be noted that the second
integral of (2) gives the impulse in the general case where neither R nor S is
plane. Also it follows from Stokes’s theorem (21-7) that the integral, and

therefore the impulse, is independent of the particular diaphragm used.
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o) . rate of change of the impulse gives the force F acting,* so that
time
The t1 Fﬁtﬂ:ppé(ns)’
3) Ca T

me (second theorem of Helmholtz, 9-31).
the magnitude of the impulse of.' the vortex
This is, of course, the impulse per

; ot change with ti
smczsl; (i)(;erstilclular appglication of (2)
air of 4-21 is 4mxpa, since? here I' = 2m«.
unit length of the vortex lines. | T
- he lift. Consider a closed curve which em rac > serofol
" 3: N ies 1 lane perpendicular to the span. The circulation abo
oud v hejs ll)n gtgkes’s theorem (21-7) equal to the normal flux of vorticity
h u”' L(:]jtfv :nl; isytherefore measured by the total intensligy;(f: ;he; :(:;1;(1 ;airziz
0 ’ . . . 2 (i),
s vich g b s, Bt B8 T o
he maximum number of bound vortex. hne‘s
e less the further the plane of the circuit

guch

3
Lli];zulation will be grea‘test when
gymmetry of the aerofoil for t.hen ’c.
pass through it. The circulation will b
lies from the plane of symm?try.

Fig. 10-3 shows a circul'f of the‘
(positive in the sense shown in the diagram), .
above must exceed the average speed below, in
other words there will be an excess of pre'ssull‘ﬁ
below and a defect above, so tha-t. the aerofoil wi .m
experience a lift. The lift per unit length ofjlf%a?l
at the median section will be greatest and will fa

: ; mbered that
off towards the tips. It will be reme o tonce of the lft, so that the present

f a verification and a slight

kind described. If a circulation exists
it follows that the average speed

Fi1e. 10-3.

the vortex system was inferred from the e
remarks are to be regarded as in the nature o
amplification as to the distribution. h g st of e
ili rtex sheet. The trailn .
10-4. Instability of the vo et o
vortices depicted in fig. 10-2 (i) is found to be unstable and cannot p

Fia. 10-4 (i).

Ihe Sheet tends to IOH llp SOIneWhat hke a sheeb Of papeI and bhe VOI‘t6X

11 t 18t round ! I h p . N
ﬁlalne S TW one a. Othel hke the SbIandS Of a rope Ihus a:tr a Suﬂiment

* Milne-Thomson, Theoretical Hydrodynamics, 17-32.
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distance behind the aerofoil a section of the wake by a plane perpendicular #
the direction of motion would show two cylindrical vortices whose distane
apart is less than the span. An approximate calculation (see 11-7) shows thg
If these cylinders are regarded g
having circular sections, the distane
apart of their centres is the fractior
7/4 of the span and the diameter g
the circles is the fraction 0-171 of thy

span. This diameter then in th
case of a span of 20 ft. would be over 3 ft., so that the vortices are of con:

siderable size. It should be remembered in this connection that the vortey
lines which twist up to form these cores become spirals so that the assimila.
tion of the rolled up vortices to cylinders is not exact.

Experiments by Fage and Simmons on an aerofoil of aspect ratio 6 showeg

that the rolling up was nearly complete at about 13 chords distance behind the
trailing edge.

—— B

Fi6. 10-4 (ii).

10-41. Tip vortices. The rolling up of the wake to form a helicoida

vortex gives rise to a picture of the wake as consisting solely of these vortices
known as wing tip vortices.

The actual state of the “JFI IV IIIVIVVIVIIY
wake is of course a com-
promise between this model *
and that which gives the <YIPIIINIIVVIVIIIIY
wake as a vortex sheet. The
tip vortex model is particu-

larly useful in discussing the interaction between the planes of a biplane.
The two great contributions of Lanchester (1868-1945) to Aerodynamics
and the basis of the modern theory of flight were : (i) the idea of circulation as
the cause of lift; (i) the idea of tip vortices as the cause of induced drag.
Lanchester explained his theories to the Birmingham Natural History Society
in 1894, but did not publish them until 1907 in his Aerodynamics. That

Lanchester is in truth the pioneer and founder of the modern science is often
overlooked.

Fi1c. 1041,

10-5. The velocity of the air. Adopting the standpoint of air streaming
with general velocity — V past a fixed aerofoil as depicted in fig. 10-1 (iv), let
us suppose that the steady motion is established, so that the wake 2 extends
downstream to infinity. As already described in 9-63 we shall suppose the
aerofoil to be replaced by air kept at rest by a suitable system of pressures,

* See the photographs and methods of J. Valensi, Application de la méthode des filets de fumée
a Uétude des champs aérodynamiques, Paris (1938)
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that the surface S of the aerofoil can be regarded as a vortex shfaet, and the
> ot law can be applied in the sense described in 9-63 t.o give the per-
mdgzzzz velocity. The air velocity qF at any point P will therefore be
,t;;ressible in the form

M qf = -V +as" + a4

here on the right the first term denotes the general velocity of the .st?eam, the
. ere;i term th: velocity induced at P by the vortex sheet S consisting of fjhe
second -ortices on the surface of the aerofoil, and the third term the velocity
Poun (; Ot P by the wake 2. It may be proper to observe at this stage that no
mdltl'ce laar hyp(}:thesis is here made as to the form of the wake. It i‘s irrejlevant
pfei;;r the wake is a sheet or has rolled up in the manner explam.ed in 10~41
‘;he particular form of the wake may b('e import%mt Wlllen pe}ll‘form;ng ii-t:}je
caleulations of ;. On the other hand if the point P is on t e.sliu; acs o
aerofoil it is clear that those parts of the wake nearest to the trai . % e fg o
contribute most to the induced velocity and Whe:ther the vorticity 1]13r e
downstream is distributed in sheets or cylinders will sca.l.rcely maflter. ; ;ular
the point P is situated well astern, for example. on the tal'l pls.xne, t : Trt}on o
form assumed by the wake may be important in calculating its contributl

the velocity.

10-51. The velocity at a point of the aerofoil. W'e want 3;1
expression for the velocity qP with which the air streams past a point P of the

aerofoil, that is the velocity Just
outside the vortex sheet S at P.

Draw the normal at a point P
of the replacing vortex sheet S and
take points @ and R on this nor-
mal, equidistant from P, the point Fia. 10-51.
Q heing outside the sheet and the

point R inside. We then have from 10-5 (1)

q¢ = -V +qs¢ +q:%

qf = -V +qs" + Q5"
But qF is zero since R is in air which is by hypothesis at rest. Therefore
adding and dividing by 2 we have

190 = = V + }gs? + 5" + 3@ + 9.
If we now let Q, R tend to the point P of the vortex sheet S, and let V.SP

denote the velocity of the sheet at P induced by the rest of the sheet (ie.
excluding the element at P), then from 9-6 (3),

v = lim }(qsQ + qsF)-

Q
-]

R
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Also there will be no discontinuity i i :

; ¥ In qz when passing through § :

fa(;}: Wh-en passmg'through 2 which does not arise here) so that if V\S:nly‘

vzl = lim q;¢ = lim q;® as Q, R tend to P, we have "
(1) 1P = -V + v? + VP,

Wl;lc}.l gives the a.ir velocity past the aerofoil at P in terms of the main stres
velocity — V, the induced velocity v;? due to the wake and the velocity vgP
the vortex sheet at P induced by the rest of the sheet.

10-6. Aerodynamic force.

Fic. 10-6.

Let d.Sp be an element of surface of the aerofoil at the point P. Let n be the

unit outward normal vector at P and let 1
p be the aerodyna
the aerodynamic force is ynmio pressure. Then

A- f — pndsSy.
($)

By Bernoulli’ = i
y oulli’s theorem p = p, — 1pg?, where Po 18 & constant pressure.

Since a constant pressure I
o p applied to a closed surface has no resultant effect, we

A - %pf ng*dSp,
(S)

where q is the velocity and ¢ the airspeed at P.
Now (21-2)

9.(M,9) = - (nq)q + n(qq) = ng?,

since nq = 0, for n and q are perpendicular. Therefore

A= [ a.m,qas.

4 ow from 9'6. we see that wg” = n, q is a vector tangential to S, and is
e surface vorticity of the vortex sheet .S, so that ’

P
(8

where we have written q” instead of q.
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Using the result of 10-51, we have finally

A:P,[ (—V+v2P+vSP)AwSPdSp:L+D,-+ F, where
)

" L— - oV, [ o ase.
)
) D, = pf (vz¥ pwsP)dSp.
«)
(3) F= p[ (Vs” ywsT)dSp.
5)

In these results we recall that vi¥, vsF, wgP are respectively the velocity
induced at P by the wake X, the velocity induced at P by the rest of the
pound vortex sheet S, and the surface vorticity of this sheet.

We also note that these are exact results, in the sense that no approximations
have been made.

The forces L and D, are called the lift and the induced drag respectively. The
appropriateness of this terminology will appear shortly (11-2, 11-21).

Reasons will be adduced later for supposing the force F to be negligible.

10-61. The force F. Consider two points P and @ of the surface of
the aerofoil and the corresponding surface elements of area dSp,dSg. By the
induction law the velocity induced at P by
the vortex sheet S is

@, QP

1 Wg
P_ | @sTA% gg
Vs 47 .[ (S) QP 3 dSQ

Substitute this in the expression for F
in 10-6 (3). Then

dsp/ //
-
,,/,/////////////////ﬁ

-
F- flJ- -‘. CRINYINCES d8p dSq. F1c. 10-61.
dnlisd s p?

Interchanging P and @ gives a similar expression for F and therefore F

is half the sum of its two expressions, namely

0, 0P), ws + (s PQ) yws?
_r I (ws? , QP) y 0" + (05" \TQ) 7 Ws7 g0 g
877.[(3) (S) QP o

Now it is easy to prove (21-2) that
(@a,b),c+ (b,c),a + (c,a),b =0,
and applying this to the above expression for F we get

—
pr) QP
F=ﬁj I (5?2057 A QF 56 48,

&l @ i e
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Now the vectors wg?, wgP are tangential to the surface S of the aerofy;

are :.also jcangential to the bound vortex lines. In the case of ‘owo-d;3 Ny 011‘;'
motmon (i.e. of infinite aspect ratio) these vectors are rigorously pau‘allnlumsl '
their vector product is zero, and F = 0. For aerofoils of large aspe :, sy
should therefore expect F to be small. On the hypothesis, which . '(131 o i
later, that the bound vortex lines are parallel, we shall haw’/e F = (;Vl be m1
4

10:7. Moments. If we take moments with res

have the vector moment pect to a point O we sy

C: 1 J‘ P P _ -
2P (S)OPA(q AwSP)dSp = p‘[OPA[( -V + va + VSP)AwSP]de
from 10-51.

The components of this vector will give the rolling, pitching

moments referred to suitable axes through 0. and yawi

CHAPTER XI
THE LIFTING LINE THEORY

11:0. In Chapter X we were concerned with a general description of the
flow past an aerofoil. In the present chapter special hypotheses will be intro-
duced in order to make numerical calculations possible. These hypotheses, due
to Prandt], will be introduced one by one as required, in order that their exact
status in regard to the calculation may be perceived.

Calculations based on the hypotheses just mentioned must be regarded as
necessarily approximate. Nevertheless, it has been found that the results are
sufficiently accurate for many purposes and have a much wider range of
application than would appear, at first sight, to be justifiably expected.

The student should be warned, however, that the investigation on which
we are about to embark is one of discussing the deductions to be made from
schematization of a very complicated state of affairs and that the ““laws of
Prandtl ” which will be used as a basis are not necessarily laws of nature.

11-01. Geometrical hypotheses. We shall assume that

(4) the aerofoil has a median plane of symmetry ;

(B) the chord of the profile of every section made by a plane parallel to the
plane of symmetry is small compared with the span ;

(C) the trailing edge may be regarded as a straight line.

Assumption (B) is equivalent to postulating large aspect ratio, and experi-
mental results indicate that an aspect ratio greater than about 4 may be
considered large for this purpose ; a rather remarkable conclusion.

Assumption (C) means that we can neglect the deviation of the trailing edge
from a straight line in the same sense as in 8-01 we neglect the camber of a
thin aerofoil and replace it by its chord. We therefore by (C) rule out the
treatment of aerofoils whose trailing edge has pronounced curvature in plan,
and in particular wings with “ sweep back (see 17-03) .

Subject to the above, the profiles and incidence may vary in any manner
across the span.

The aerofoil will be treated throughout this chapter as moving with constant
velocity in the plane of symmetry, without side slip or rotation.

111 Axes of reference. We take rectangular cartesian axes z, ¥, 2.
The y-axis, or lateral axis, is normal to the plane of symmetry and along the
(straight) trailing edge. Its positive direction is to starboard and the origin
is taken at the point where the y-axis meets the plane of symmetry.

The z-axis, or longitudinal axis, is in the direction of motion, which has
already been stated to be in the plane of symmetry.
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The z-axis, or normal axis, is perpendicular to the other two axes in such
sense that the three axes form a right-handed system. This means, in pap
ticular, that in ordinary straight horizontal flight the z-axis will be directeq
vertically downwards.

Frc. 11-1 (i).

The axes so chosen are sometimes called wind-awes, for the z- and z-axes
depend for their exact definition on the incidence. Since the motion of the
aerofoil is in the plane of symmetry we have therefore V = iV, where V is the
forward speed, and i is a unit vector in the positive sense of the z-axis. Another
system of axes Is sometimes useful, in which the axes are fixed in the aerofoil,
the y-axis being defined as before, but the z-axis being drawn towards the
leading edge of the chord of the aerofoil. Such axes are known as chord-azes,

Whichever axes are used, we denote by i, j, k unit vectors along the
@-, y-, z-axis respectively.

It is often convenient to describe the position of a point P on the trailing
edge by an eccentric angle similar to that
used in connection with thin aerofoils
(801). Draw a semicircle with the span
4B as diameter, and in the (z, y) plane.

Q The eccentric angle 8 of the point Pis
then defined as shown in fig. 11-1 (ii) and
the y-coordinate of P is — 3bcos@. Thus

P A B P is the point (0, — 1b cos 6, 0), and as we
go from the port to the starboard wing tip
along the span § increases from 0 to 7.

X

Fie. 1141 (ii).

11:2. Expression for the lift. Referring to fig. 11-1 (i), if P is a point
on the surface of the aerofoil, and if we draw the sections at distances ¥ and
Y + dy from the plane of symmetry, the element of area at P may be written

dSp = dy ds,
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here ds is an element of arc of the profile defined by one of the sections, the
r . . .
Wos?tive sense of ds being indicated by the arrow in fig. 11-1 (1).

Thus 10-6 (1) gives for the lift

(1) L= _PVAJ.

here b is the span of the aerofoil and C'is the curve bounfijng the profile at P.
" In order to evaluate L we introduce the first hypothesis.

b2
dy'[ wsF ds,
©

—b/2

Hypothesis 1. All the bound- vor.ticity vect.;ors wg are parall:l t: .tl.le span.

This is strictly true for a cylindrical aerofoil of infinite aspect ratio

Numerically this hypothesis says that

(2) s = jos, N )
where wg? is the magnitude of the bound vorticity vector at P, and jisaum

vector in the positive sense of the y-axis. Thus
Pds='j wsP ds = ji['(y),
®) f wsmds=if s

where I'(y) measures the total intensi.ty of the vorticity crossifng t};)e %rtcﬁ{l:si
of the bound vortex sheet in the direction of the span and therefore, by
theorem, measures the circulation round C.
(4) I'(y)= cire C. | - f
Since (see 21-13) i ,j = k, where k 1s a unit vector in the positive sense o
the z-axis, we have from (1) and (3), "

(5) L= -kI, L= ij T'y)dy,

—b/2
hich shows that L is indeed a lift, in the sense that it is directed perpendicularly
whic

i lve directi he z-axis.
i d in the negative direction of t . .
; t{l\sewnllr;d ?is‘ogfl regard (5) as the extension to aerofoils of finite span offi‘ t.I:
rule of Kuty;a and Joukowski for the lift (per unit span) on an aerofoil of infini
-B). .

Spal\l\fse:ls?o ())bserve that the section of the aerofoil between tII;; (pl)a.;es Y tailmi

i lift (see 11-23) the amount pVI'(y)dy so tha

dy contributes to the total .

:gh: ro?li:;g moment, reckoned positive from y to z, that is when the starboard

wing tip is urged downwards, is "

(6) Lpon = - pV_[ yI'(y)dy.

~bj2
This moment is of course zero when the circulation I'(y) is symme.tlrlcally
is
distributed. If asymmetry is introduced, for example by the use of the ailerons,
it .

1 nt can be caleulated from (6). ‘
thez:(:ll(l)ltigeli(())?:equence of hypothesis I is that the force F(10-6 (3)) vanishes.
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11201, Distribution of load. We find in 11-23 that the portion of thy
aerofoil between the sections y and y + dy exerts the lift pVI'(y)dy; the
distribution of Lift (and therefore of load) across the span of the aerofoil i
proportional to the circulation I'(y). If we draw a curve whose abscissa is g
and whose ordinate is I'(y), we get what is called a load grading curve.

Fty) (y)

=g

VIR Sup
v
N
o
'
=
v
)
Rl
U
‘e

(1) (ii)
Fie. 11-201.

The diagram shows two particular forms of load grading curve, (i) a straight
line parallel to the span corresponding with uniform loading, and (ii) a semi-
ellipse, corresponding with what is called elliptic loading. The area under the
load grading curve measures the total load (cf. 11:2 (5)) carried by the aerofoil.
As is easily seen from 11-2(6) the distance of the centroid of the area under the
load grading curve from the I'(y) axis is a measure of the rolling moment.

When the load grading curve is symmetrical this distance vanishes and the
rolling moment is zero.

I1-2]. Expression for the induced drag. Using the notation of 11-2,
we have from 10-6 the induced drag

b/2
D = pJ dyj v, wgl ds,
-b/2 )

Hypothesis I1. The velocity v induced at P by the trailing vortices may be
replaced by the velocity induced at the trailing edge of the profile section
through P.

This may be called the lifting line hypothesis, for it is tantamount to regarding
each profile section as a point to a first approximation (cf. 11-01 (B)). We have
for definiteness placed this point at the trailing edge of the profile, and
have consequently replaced the aerofoil, or lifting surface, by a lifting line
coincident with the trailing edge of the aerofoil. Instead of the trailing edge
of the profile its centre of pressure might be used, as is frequently done, but
in view of 11-01 (B) the particular point chosen is not really important provided
that it is clearly defined, and provided that the locus of such points is a straight
line parallel to the span (cf. 11-01 €)).

Combining this with 11-2 (2), we now get

b/2
D= PJ V=2 Al () dy.
—b/2

To reduce this further we introduce
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Hypothesis I11. All the trailing vortices leave th'e trailigg edgein li.nes which
are parallel to the direction of motion of the aerofoil (but in Fhe oppo‘swe sense).

Reference to 10-1 and fig. 10-1 (iv) shows that the tr'alhng vortlct?s s}.xou¥d
leave the trailing edge in the direction of the air velocity the?re which is, in
general (see 11-8 and 12-3), different from that of V. Hypothesis III treats the
wake Z as a flat sheet parallel to the zy plane. That th'e sl}eet r9lls up furthf;r
down wind (10-4) is unimportant for the present apphc.atlon, since t.he main
contribution to ¥z is from that part of the wake in the immediate neighbour-

hood of the trailing edge.

Fig. 11-21.

If we calculate v;F at a point P of the trailing edge, we see at once from 9-51
that the only component is in the z-direction so that

1) v;P = wk.

The component of induced velocity which is normal both to the span and

the direction of motion is called the downwash velocity.* ‘
In the present case the downwash velocity at the trailing edge is w defined

by (1).
Since (21-13) j sk = i we get finally
b2
2) D;=-iD, D, = pJ. wl(y)dy.
—bj2

This expression shows that D, opposes the motion and is therefore a d.r.ag.
Since its existence depends on the normal velocity induced by the trailing
vortices it is called the ¢nduced drag, a term which distinguishes it from the
drag due to skin friction. . .

By considering the induced drag pwl'(y)dy on the se.ctlon at distance y
from the plane of symmetry (see 11-23) we get for the yawing moment

b/2
(3) N=p) wyl'(y)dy.

—b/2

i it i - just ahead of the
* into account also the bound vortices, it is cle.'ar from 9 52‘tha.t just a
aerogi;V:hz::; ewlixlll ?Jeaupwash. We are concerned here only with the velocity induced by the free

vortices.
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nose is urged to starboard. J

i
¥
s
H

l.l-22. The downwash velocity at the trailing edge. Taking th
y-axis alor%g the trailing edge, consider two profiles €, " of the bound v:,)rt ‘
s}'leet at. distances 7 and » + dy from the plane of symmetry. Let I'(y) be t}?
circulation round C. Then the circulation round ¢’ will be I'(n) + d}(ni :

X

Pa....rNr\,\P,....r_‘
LT HFH3HE

Sl .

~ ) —P Q B

( ~-dT(n)

Fic. 11-22,

Fig. 11-22 shows a schematic plan view of the starboard wi i
the bound vortex lines (cf. fig. 10-2 (ii)). The circulation F(n)liiu:idtthfvﬁf I?f
equé'xl to the total intensity of the bound vortices which pass thr hI th'e
SeCtIO%l. Similarly the circulation I'(5) + dI'(5) round ¢’ will be e Oulgt hls
total intensity of the bound vortices which pass through the sect(il;? C'O tIe
fig. 11-22, as drawn, it is clear that fewer bound vortices pass through C” .than
throggh C. ‘Therefore dI'(7) is negative and the total circulation of §1e traili ]
V?rtlces which escape from the portion of the trailing edge bet al mg’
il b g ge between €' and C

.Thus t¥1e vortex lines which leave the trailing edge between C and (" f
a rlpbon-hke vortex sheet of circulation — dI'(5), and this ribbon being Oi)r'n
tranly harrow may be treated as a line vortex of this circulatio lho el
culating the induced velocity. vhen eak
Circlljlox: the_velocn;y induced at P,'(O, ¥, 0), by the semi-infinite line vortex of

ation —dI'(n) through the point @, (0, 7, 0), is, see 951,

_ — ()

dw
47 . QP
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11:22]
glong Oz. Thus the downwash velocity at P is
1 (=t dl'()
1 w = *I L.
@ dm)oebppy — M

As in other integrals of this type the principal value (see 4-7) is to be taken,
since the vortex through P induces no velocity on P.
Thus, to evaluate the downwash velocity, we write

w= lim {lr:y_e dfﬁ)
0 Wrloepp Y =7
if"zmdf(n)}
dm)opmyre Y= '

The further evaluation of this will depend on the precise form of the function

I'(n)-
11-23. The loading law. We have seen that the lift and induced drag

on the aerofoil are respectively

b(2 b{2
M L= " prway D= el

—bj2

These were obtained by the quite general method of 10-6, with the addition of
Hypotheses I, 1T, IIL, by integration of the pressure thrusts over the surface of
the aerofoil. Let us call the section of the aerofoil between the adjacent planes
y and y + dy the strip y (cf. 19-3). Then precisely the same method applied
to the strip y would show that it is acted upon by a lift pVI'(y) dy and an
induced drag pwl'(y)dy. This result will be referred to as the loading law.

The loading law thus asserts that the integrands of (1) actually represent
the elementary loads carried by and localised in the strips.

In this respect the loading law states a physical fact as compared with the
superficially similar law of induction (9-4) which merely asserts a quasi-behaviour
of the elements of the integral which gives the induced velocity.

I1-24. Effect of downwash on incidence. For a given profile of an

aerofoil,
Geometrical incidence is the angle between the chord of the profile and the

direction of motion of the aerofoil.
Absolute incidence is the angle between the axis of zero 1ift of the profile and

the direction of motion of the aerofoil.
In the sequel incidence will always mean absolute incidence unless the

contrary is stated.
When the axes of zero lift of all the profiles of the aerofoil are parallel, each

profile meets the wind at the same absolute incidence, the incidence is the same
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2; t;\;:;z | point of the span, and the aerofoil is said to be aerodynanvically
An aerofoil is said to have aerodynamsic twist when the axes of zero lift of i
profiles are not all parallel. The incidence is then variable across the span B
. We shall have to distinguish between coefficients and incidence of thlja a'
gnl ag a whole, and its profiles. For the aerofoil we shall use the notat:or:s.
¢ OL(;rd' Di,t a; for. a profile '’ CDf.’,. a’. The latter are functions of the
inate y which defines the position of the profile. For a symmetrica]
aerofoil they are even functions of ¥, that is to say the y o
yond o y are the same for
The coefficients and incide i
for the profiles which bound then ::rif;).r * S are of course the

Let us consider the i i ip i
oty o, aerodynamic properties of a strip in the light of the

same as thoge

CD:
; /
0o
e
)
: I
! o
V : ! I
: P, G : X' 1€
_________________ j w Direction of motion
Fie. 1124 (i).

\ Fig. 1_1-24 (1) sbows a profile of an aerofoil which is moving in the direction
8 owlrilf tht]]; veloc;lty V at absolute incidence «’ measured from I, the axis of
zero Lft. From the loadi i ’

e om the loading law the forces on the strip whose profile is shown
(1) dpVdy0y’ = pVI(y)dy, Vi dyCy,” = pwl'(y)dy,
and therefore
@) 2 =¥ _
O 4 )

In.a properly designed profile the ratio of induced drag to lift is alwa
small in the working range of incidence, and therefore ¢’, which is called tl}:s
angle of downwash, is a small angle. It follows that li,' Vie= /(e ’e
then V' = 7, neglecting the second order of small quantities. .
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It now appears from the diagram that the resultant aerodynamic force on
the strip is perpendicular to the direction of ¥ and not to the direction of V.
Since € is a small angle the coefficient of this force is ;. Therefore in respect
of lift the strip behaves like a strip of a two-dimensional aerofoil in a relative
wind in the direction of V’, i.e. at incidence «,’, where

(3) oy = o — €.

The angle «,’ is called the effective incidence.

Thus the effect of downwash is that the downwash velocity combines with
the actual relative wind of speed V to produce an effective relative wind in the
direction of V.

We can now draw two graphs of lift coeffi- (a) (b)
cient against incidence (¢) and (d) in fig. 11-2¢
(il). They are both approximately straight lines
(cf. 7-13). Graph (a) shows the lift coefficient
as a function of effective incidence and is the
graph proper to the profile operating as a two-
dimensional aerofoil, slope a,’ ; the other graph
(b) shows the graph when the profile is operat- N !
ing as part of the actual aerofoil, slope a’.

In drawing these graphs the further assump-
tion has been made that the angle of downwash
vanishes when the wind is along the axis of zero lift, in other words that this
axis is the same in the two- and three-dimensional cases. With this assump-

Fre. 1124 (ii).

tion we have
4) Cr = a)ay = a'a’.
As to the drag, an actual aerofoll is subject, in addition to induced drag,

to profile drag due mainly to skin friction, and therefore we can write for the
total drag coefficient of the strip, using (2),

(5) Cp’ = Cp, + €CL,
where Cp,’ is the coefficient of profile drag for the strip.

Tt may be noted that profile drag is largely independent of incidence in the

working range.
Profile drag is really the sum of two effects, drag due to skin friction and

drag due to shape.

The part due to skin friction owes its origin to the clinging of the air in the
boundary layer to the surface of the body, an effect which must always be
present, but which can be lessened by smoothing the surface, and reducing its

area.
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The part due to shape, otherwise known as form drag, is due to lowed
pressure in the wake ; by shaping the body to reduce the wake to negligi
proportions, i.e. by streamlining, form drag can be almost eliminated. ;

11-3. The integral equation for the circulation. If ¢’ is the ch

of the profile at distance y from the plane of symmetry, the lift coefficient’
the profile is given by '

o - PV
T
I'(y) = VO = ' Vay'ay'.
Therefore, from 11-24,

(1) I'(y) = 1¢Vay (w _ 31‘;) :

and therefore *

Using the value of w in 11-22 we get
r 1 (%2 dI
@) ) _ (m)

Ve T n=—b/2 y-1

This is the integral equation from which I'(y) is to be determined. That
done, we can find lift, drag, and downwash.

Note that in general ', @', ¢’ are all functions of ¥, since incidence, chord,
and profile may vary from section to section. If the profiles are similar curves
a,’ is the same at every section, but «’ is not the same unless the sections are
also similarly situated (untwisted aerofoil).

For a given wing «’, a,, ¢’ are known functions of y, and in particular for
thin wings we may take a,” = 27.

There are two fundamental problems connected with aerofoils.

Problem I. Given the distribution of the circulation, i.e. given I'(y), to find
the form of the aerofoil, and the induced drag.

Problem II. Given the form of the aerofoil, to find the distribution of the
circulation, and the induced drag.

For Problem I we know I'(n) the solution of (2) and we have to find a shape
of aerofoil to fit it.

For Problem II we have to solve (2), given ¢, ', a,”. We proceed to con-

sider the simplest and also the most important case of Problem I, elliptic
loading.

I1-4. Problem | ; elliptic loading. Referring to fig. 11-201 (ii) in
the case of elliptic loading, the (F'(y), y) curve is an ellipse. If P is the point on
the span whose eccentric angle is 6, we have y = - 1b cos § and therefore

(1) I(y) = Iysin6,

* Cf. 7-13. This is essentially the equation x = 2aV sin B, in which, with the present notation,

2nx=I(y), ay=2m <¢'=4a, a’=sinf.

1
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) 1t is easily seen that the elimination
< the value of I'(y) wheny = 0. lt1s easuy
where T 0!8
Ofo glVeS I_‘v_(y‘)>2 N (_ZL)Z _ 1’
r, 1b

soh i tion of an ellipse. .

Whl;)h ;:irtllgleqeciua:(); cos ¢, we see from 11-22 (1) that the downwash velocity
» n =

at the trailing edge 18 L Teosddd ) ]l) |

) = Z;L Thlcos¢ — cosh)  2b

from 471. Thus in elliptic loading the downwash velocity is the same at every
rom 471

-+ of the trailing edge. ) . . . .
PO substitute (1) in the integral equation satisfied by the circulation (11:3)

we geb .
g I:9j251n0+_1_\: ’

@) v\ dag BT
' and o refer to the section at distance y from the plane of symn?etry.
Whe}r;efg the chord ¢’ and the incidence o’ depend, in genjfz?l{/ O:ll the gari:u:;::
1 i is to say on 8. Also I epends
ggg:n:eec;;o;lec::rszjzfd,IF }\lzj: i;crease Zhe incidence of the aerofoil by B, the
incidence of each profile section will also increase by 8. Thus
I;’ {M.*._l_] :a’+ﬂ,
(V) Ucay 2bJ .

where the first term denotes the new value of I',/V. By subtraction we get

(5) T zins . L=

[(7 1 v\ ca, 2b . "
The only term which involves @ is 2 sin 9'/c’a'0’ and therefore,hlf we postula
that the loading shall remain elliptic at all incidences, We must have

4) ay'¢’ = gl sin b, . oot
where ¢, is the chord of the middle section of the aerofoil, and ag 18 the value o
0
a, there.

If, in addition, the profiles of the sections are similar curves, o will be the
same at every section and (4) becomes
! = ¢ysin 6.
(5) c co . . . 'A
This means that the graph of ¢’, the chord, against y is also an ellhpsef: ih?:
situation can be realised by an aerofoil so constructed that its plan iof
bounded by two half ellipses whose major axis is equal to the span.

B8 %B 2 B

Fic. 11-4.
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To prove this, consider the ellipses

:f_lz 4_112_1 1.22 43/2_1

a’ v ay? b2
It follows that
Tr_ T T Em,

a @y @ ta
and if ¢ = ; + 2, ¢y = @, + a,, equation (5) is satisfied.

Lastly, it is clear from (3) and (4) that in elliptic loading which remainl
elliptic for all incidences, the incidence is the same at every profile section, and
I’y and therefore, from (2), the downwash is proportional to the incidence, ,

Another case arises for an aerofoil of rectangular plan. Here the chord ¢*
may be taken as constant and equal to c,. Retaining the hypothesis thag

@y’ = @, which will be true if the sections are similar, or if they are thin,
(3) becomes

Iy(2sinf 1)
6 L eI
® V U ag, o T
which shows that the incidence at each section is different, so that the aerofoil

is twisted. The incidence at the middle section will be «, got by putting § = /2
in (6), and therefore

o 2sinf 1) 2 1)

@ ;:{aoco+z‘bj {tm*fzbf'

From this it is clear that if the loading is elliptic at the incidence «, it ceases
to be elliptic at a different incidence.

From these examples of elliptic loading it appears that to make Problem I
definite further conditions are necessary.

Unless the contrary is stated, the phrase elliptic loading will be taken to
imply that the loading is elliptic at all incidences in the working range.

I1-41. Elliptic loading ; lift and induced drag. From 11-2 (5) and
11-4 (1) we have

L= pV| 1Tysint0d0 = JpVT, . g,
0

whence we get the lift coefficient of the aerofoil

o - L bl
BT 1oV28 T a8V
Now the aspect ratio is

2
(1) 4 = %, so that
AT A
@) Cp =Tt = T = md(a = o),

where w is the constant downwash velocity, 11+4 (2), at the trailing edge.
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11-41] ' is the constant angle of downwash and o,

Here from 11:24 (2), (3) &’ o
are the averages of o', oy across ‘?he span.
" For the induced drag 11-21 (2) gives

D, =1p y [y sin?0d0 = ympl's,
0

and the corresponding coefficient 1s

wpoz _ 77sz
(3) Up; = 4373 = 77
From (2) and (3) we get
(4) 7TACD; - OLZ'

t against drag coefficient is called the polar curve of
t=4

The graph of lift coefiicion hows that the polar curve of an elliptically loaded

the aerofoil. Equation (4) s

aerofoil is a parabola, provided the (?nly

source of drag is the induced velocity.
The polar curve can be graduated

in incidence as indicated in fig. 11-41. .- .

Since o is proportional to Cp, equal 10".

increments of incidence graduations A

on the polar correspond to equal in- K

crements of Cx. . y
In practice, in addition to induced

i . he
drag, there is profile drag (11-24). T o
coefgﬁcient of this being denoted by Cp, the complete drag coefficient 18

CD = O.Do + CD;"
The corresponding type of polar is the dotted curve in fig. 11-41.

Fic. 11-41.

i lliptic loading.
11-42. Slope of the lift graph for e i ' . ‘
If, as usual, g, is the slope of the Lift coefficient graph in two-dlmenS}onzl
motic;n and a the slope of the lift graph for an elliptic aerofoil of aspect ratio 4,
differentiation with respect to Cy, of the formula, 11-41 (2),

c
oc:oco-i-ﬂ_—;l

gives 11 1

a a, A

If we take the theoretical value @, = 2, we get

T 1 ’ 1 .
a= an degree
1 radian N l) g
1+ v 180 (2 + yi
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[# 0}

l 4

10‘8,6,4'

a (per degree) ( 0-110 ‘ 0-092 ’ 0-088 , 0-082 , 0-074

It follows that, for incidence below the stall, the (C'z, ) curves are straig]
lines whose slopes increase as the aspect ratio increases, fig. 11-42.

C Az
1-0f-
A=10
A=8
0-8f A=6
A= 4
06}
o4}
o2}
o
L i L 1 1
2 4 6 8 10
Fr1c. 11-42.

11'43. Change of aspect ratio in elliptic loading. We have

Cr Cr?
R R
Hence, if the aspect ratio is reduced to A’ and if dashes refer to the new aerofoil
with the same effective incidence, we have
(A1
e U7 Ly ) Rt

1 N C.2
Cp! - Cp = (L _ L) Cu,
Dy D; ( A’ A) -
Thus for a given lift coefficient, decrease of aspect ratio increases both the
geometrical incidence, and the induced drag coefficient.
These results show that the largest practicable ratio is desirable.

11'5. Problem Il. In the foregoing discussion of elliptic loading the
circulation I'(y) is given and an appropriate form of the aerofoil is inferred. We
now consider the converse problem of finding I"(y) when the form of the aerofoil
is given. To do this we must solve the integral equation of 11-3, noting that
the symmetry with regard to the median plane of the aerofoil demands that
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11 .

Iy = I'(—y). In terms of the eccentric angle 6 we can therefore write the
y) = .

Fourier sine series, since I'(y) vanishes at the tips § = 0 and 0 = 7.
0 T'(y) = 26V, sin nf
1

nd note that » must be an odd integer * to ensure the equality of sin nf and
a
gin n{m — #). Thus )

(2) I(y) = 26V X Agpiy8in (20 + 1)6.

n=0
This formula for I'(y) is unchanged when 7 — 6 is written for 6, and the value
ab the centre given by 8 = 7/2 is

3) Ty = 2V 5 Ay e (- 1)

n=0
Substitution of (2) in 11-3 (2) gives

ih = oo " Z(2n+1) Agn,, cos(2n+ 1) db
x4 n in(2n + = — — 0 .
(4) c/aolf 2n+1 Sln( 277 . %b(costﬁ o5 0)

The values of the integrals on the right are given in 4-71. Let us wrnte
«, for o to emphasise that o’ is a function of 6 and put

_ca
(5) po =
Then we get from (4)

6)  Zdpnia[(@n + 1)p + sin 0] sin (2 + 1)8 = gy sin 6.
0

To find the coefficients A,,,; from (6) would necessitate the expansilon of
each side, and of each term of the left side, in a Fourier series, thu‘s leading to
infinitely many equations in infinitely many unknowns: The solution oﬁ' t}%ese
being an obvious difficulty we have recourse to a practical mt?thod (?f solution,
due to Glauert. Replace the infinite series of (1) by a finite series of, say,
m + 1 terms, where i is a given integer, thus giving

) Py, [(2n+1)pp-sin 0] sin (20 1)8 = ugap sin 6.
Q

This equation cannot be satisfied identically. Ift, however, we take a
particular value of 6 we get a linear equationin the coeﬂimen’.cs A,,4,. o A;mﬂ.
If m + 1 particular values are ascribed to 6, we get m + 1 linear equatl?ns ro?ﬁ
which the coefficients A,,., can be calculated, and the .Values 80 obtan.led W%H
satisfy (7), not identically, but only at the selected points. The solution wi

* The same method could be used to investigate the effect of moving the ailerons, but even
values of n would then also have to be included.
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be satisfactory if the coefficients so determined satisfy (7) at other poix
within the standard of accuracy demanded in any particular case. ;

Since (7) is satisfied in any case when § = 0 or 7 we have (m+1) poin
other than these available. The chosen points are usually taken as equal
spaced in § over the half-span. Thus if m = 3 we should take

ez 371’ kil Fed

0 =—-, —-, T

2 8
and with these values we could determine four coefficients, namely
(8) Al’ Asa AS: A7'
These usually suffice.

A rough approximation is obtained by taking m=1, and §=n/4, o
This will determine two coefficients 4,’, 4, but it must not be inferred that,
comparing with (8), 4," = 4,, 4, = A4;. Indeed, the process is such that the
coeflicients are functions of m and the validity of the process depends on these
values tending rapidly to limits suited to the form (1) as m increases. Glauert
has tested this numerically in the case of a rectangular aerofoil and has con-
cluded that in this case four coefficients should suffice.

If the incidence o has the same value o at each point of the span, (6) shows
that A4,,.; is proportional to «, and if we write 4,,,, = oB,, .4, the coefficients
B,,, are independent of incidence and may therefore be determined once
for all.

An ingenious electrical analogy has led Malavard * to devise a method of
solving the integral equation of 11-3 by measurements of electrical potentials
In a suitable apparatus.

When the incidence is variable across the span (aerodynamic twist), we may
write

oy = o, + f (0),
where «,, is the incidence at the middle section. If then in the equation (6) we-
write
Apniy = A'ppiy 0 + By i1,

the equation is equivalent to the two equations

ZA sny8in (20 + 1)0[(2n+1)p + sin 0] = p sin 4,

2 Bypiysin (2n + 1)0[(2n+1)p + sin 6] = p sin 0 £(9),
and all the numbers so determined are independent of the incidence. Thus

CL=ndd, = nd[4)a, + B] = aa,, + b

where a and b are constants of the aerofoil.

* L. Malavard, Applications des analogies électriques & la solution de quelques problémes de
U Hydrodynamique, Paris, 1936.
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11-51. The lift. We have from 11:5 (2)
M Py)dy = B2V Edyn, sin (2n+1)8 sin 6 db.
0
Now J-" sin (2n+1)8 sin 6 df = O, unless #» = 0 when the integral is i,
0

Therefore using 11-2 (5) L— 3p7nd,
Thus the lift coefficient for the whole aerofoil is

@ 0y =4 _ paa,

here A is the aspect ratio. .
" e'i‘hus A, = Cy/mA, and this gives a check on the theoretical value of 4,,

i i ts.
for C;, can be determined by wind tunnel measuremen
InLthe case of elliptic loading all the A5, , are zero except A,, and 115 (3)

gives

(3) I, =2bV4,, '
and elimination of 4, between this and (2) gives the result already obtained
in 11-41 (2).

If the incidence « is the same at every point of the span, we have seen (11-5)
that 4, is proportional to «.

A, .
Since Cy = mdd, .« we have, in this case, a = (w4) — where a is the

slope of the (C'z, «) graph. If ag, a, are the corresponding slope and incidence
in two dimensional motion we have
CL = ao = Qg
and therefore L1y e ,
(4) a—ao:CL<—-—-—— 1 L

a a

where L1 i 1) e
1+‘r=1rA<(—l—a;>:7rA<m—l—E‘;_Z; ao.

For elliptic loading = = 0, see 11:42, so that 7 may be.z regarded as a measure

of the departure of the actual loading from elliptic loading taken as standard.

[1-52. The downwash velocity. We have at the point of the trailing
edge, whose eccentric angle is 6, from 11-22 (1),
1 (" 2VZ(2n+1)Ayn,q cos 2n+1)¢ qu
EL tbcos¢ — bcosd
Using the values of the integrals given in 471 we have
sin 2n+1)0
sin 8

Wy =

(1) wy = VZ@n+1)Agnsy
0
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. . l'
In the case of elliptic loading we get from 11-51 (3)
wyg = VA, = I'yj2b,

which is constant across the span.

11-53. The induced drag. We have, from 11-21
bj2
D, = J_w pwl () dy,
and from our previous calculations, 11-51 (1), 11-52 (1)

wl(y)dy = b2Ve(S in (: 5
)y = BT Ty sin (204 1)0)(E(20 +1) gy sin (20+1)6)d

Now L sin (2n+1)8 sin (2r+1)6.d6 = 0,

where 7 is any integer other than : o
<o that g n, but if » = n the value of the integral is /2,

D, = %pr2l’22’(27z+ 143, ..
0

Therefore
1 _ @K
(1) Op, = wAZO’(2n+1)A§,,+1 = 74 A4,2(1+3),
where
) 8:3A32+5A52+--~+(2m+1)A§m+l+--~
A2 '
1 i
o o T~ Note that.S 18 never negative, and is
16 zero only in the case of elliptic load-
o /o ing.
13 The total drag coefficient is
/ = CUp, + o Get L+ 9),

0- ’
6 = where 7, is the profile drag coefficient
of the aerofoil and (3) is now the
04 equation of the polar curve of the

aerofoil.
A typical polar curve is shown in
0.2 fig. 11-53.

K . If the profile drag coefficient for
100xCy each profile section is a function of

0 0-04 008 012 o046 the position of the section, the profile

Fic. 11-53. drag coefficient of the aerofoil is
1 ror
C — *‘[ N2
D =g e Cp,'c’ dy,
where the dashes refer to the section at distance Y.
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11-6. Minimum induced drag. Given the span and the lift, in what
conditions is the induced drag least? We have
L =1pVeab?4,, D= LoV2ab* 4,2(1 + 9).
Thus when L is given D; is least when §=0, i.e. when
34,2 + 542 + ... =0,
which implies that 4y = 45 =4, =...= 0, and therefore the loading is
elliptic. Thus, of all wings of given span and lift the elliptically loaded wing
gives the least induced drag.

This result shows the practical importance of elliptic loading. It also
shows that wings which are found efficient in practice are probably so found
because their loading approaches the theoretically best distribution. It is
therefore reasonable and often convenient to assume elliptic loading when

deducing aerofoil properties.

11-7. The wake far down wind. In 10-4 it was stated that the vortex
sheet wake is unstable and rolls up into concentrated vortices.

Let I, be the circulation of each vortex of the resulting pair treated as
circular cylinders of radius a whose centres are b’ apart, see fig. 10-4 (ii). The
circulation I’y is of course the same as the circulation round the central section
of the aerofoil. From the method of 1021 the impulse of this pair per unit
length of cylinder will be pI'y’. When the aerofoil travels unit distance the
ribbon vortices of 11-22 will increase their impulse (see 11-8) by p(-dI) 2y,
and therefore the total increase will be

y=b/2
- |

p( - dIN2y.
If we assume elliptic loading, I" = I'y sin 6, we get

y=0

oTp = j 1pbT, cost 0 df = Jmbpl,
0

so that b = wbj4 = 0-785b.

Again, if E is the energy per unit length of the wake, the increase of energy
EV of the wake per unit time due to the lengthening must be equal to the work
done against the induced drag, ie. D; x V. Thus, using 11-41 and the value
of K from 4-6, we get

$rply = él;rpf'oﬁ{log% + %}’

whence 2a/b = 0-171.

The velocity distribution due to such a pair of vortices is shown in fig.
4-11 (b). It will be seen that there is downwash in the central part and upwash
outside. When aircraft fly in V-formation the leading aircraft creates this
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upwash in which the two astern on either side fly, and so on. This formatjq
. !

is also adopted by wild h . .
naturally. y geese who apparently have discovered its advan

I1'8. Lift and drag deduced from the impulse. Consider

aerofoil, regarded as a lifting line 4B, started from rest, and moved in a straighf

Fia. 11-8.

line. Let the velocity b i i i
iy city be V at time £. Then at time ¢ the starting vortex will be
We shall i

et assume that the wake 4BA B, remains a rectangular vortex
. If ;’ is thfalpoint (0, 9, 0) and @ is the point (-1, y, z), there springs (11-22)
romd a trailing v.ortex of circulation ~dI'(y), and so the whole wake may be
iega'tr ed as r.esultmg from the superposition of rectangular vortex rings, a
ypllt:,al one being PP'Q'Q of circulation — dI'(y). ’

" ;‘c k = PQ. The area of the ring is 2yk and its impulse from 10-21 is

erefore, If n is the unit normal to the plane of the rectangle

dl = p(~dI'(y)) 2yhn = pdI'(y) . 2y (ki + iz),

since — An =ki + iz, b . _
integration. Now 1z, by geometry. The impulse I of the whole wake is got by

9y dl’ _ _ b/2 b(2
j(OA) ydl'(y) J.(BA)ydI’(y) = [yf(y)] - _bIZF(y) dy,

. b2
which reduces to the last integral since I'(y) vanishes at the tips. Thus

b2
I = - J' p(kd + iz) I'(y) dy.

~b/2

The aerodynamic force (see 10 21) 1
. -21) 1s dl/dt and di/dt = V, while dz/dt = w
:;he normal ve10<.31ty at @), which by the symmetry of the ring is equa/l to tht‘;
ownwash velocity at P. Thus the aerodynamic force is

b/2 b2
= "J PV (y)dy ~ ij pwl(y)dy,

—b2 —b/2
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which consists of the same lift and induced drag as were calculated by Prandtl’s
hypotheses.

It is interesting to note that the above investigation denies Prandtl’s
Hypothesis 111 and replaces it by the assumption of a rectangular wake inclined

to the z, ¥ plane at the angle
4
j w dt
z 0

b va

Since « is of the order w/V, it is anyway small. This new hypothesis is tanta-
mount to assuming that the downwash velocity is constant across the span, a
characteristic property of elliptic loading (11-41). Since this form of loading
is desirable, the hypothesis is reasonable for well-behaved wing shapes.

The method of the impulse is of course applicable whatever the form of
the wake.

It is also noteworthy that the above method does not depend on any
assumption that steady motion 1s already established.

11-9. The rectangular aerofoil. By this term is intended an aerofoil
whose plan form is a rectangle. An aerofoil whose shape is that of a cylinder
erected on an aerofoil profile satisfies this requirement. But so do more general
shapes, for example an aerofoil whose two wings are inclined to the plane of
symmetry, or an aerofoil whose wings are appropriately twisted.

11-91. Cylindrical rectangular aerofoil. This is the simplest type, of
span b and chord ¢, which is also the chord of all the sections. All the sections
are similar and similarly situated and therefore with the notation of 11-5,
taking m = 3, we have

3
SAgn i [(2n+1)p + sin 8] sin (2n+ 1)6 = pasin 6.
0

Put Aypyy = Banyyx. Then
(1) By(u + sin 6) sin 6 + B;(3u+sin 9) sin 39 + B; (5 + sin 6) sin 56
+ B,(Tu+sin 6) sin 76 = p sin 0,
(2) p = ae/(4b) = ay/ (44) where 4 = bjc is the aspect ratio.
Glauert * has calculated the values of the 4, taking § = 221°, 45°, 673", 90°,
11-92. Method of Betz. This consists in assuming for the circulation I"
at distance y from the plane of symmetry the formula

(1) P=J(-7)[Ty + T + T + ...
where in our previous notation
(2) n' = y/tb = —cosb,

* T, Glauert, Elements of Aerofoil and Airscrew Theory, Cambridge (1930).
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and the 'coefﬁcients are then determined by substitution in 11-3 (2). Th
calculations are laborious and we shall content ourselves with a.s .
the results. For a rectangular wing the aspect ratio is

3) A4 = ble.

There are two limiting cases. When the chord is large compared with
;pé.m, 4 approaches zero. This is the case for example in a long fin of

eight, or for an aeroplane fuselage regarded as of rectangular plan I; |

f:aze 'A =0 Betz. finds an elliptical distribution of loading. As A inc'reasesi
infinity the loading approaches the rectangular distribution (see fig. 11-20]

For intermediate values of A the load grading curve has the form shown |
CL
Co;

Y B N s BT

~b/2 bfe I =6/ b2 7

Fic. 11-92 (i).
(1) Fia. 11-92 (ii).

fig. ;‘i% (i) while the form of the drag grading curve is shown in fie. 11-92 (u)
e graphs of = and § are shown for values of 44 Ja, between% and 10 u:
fig. 11-92 (iii). .
The method of Betz leads’
L —1 to integrals of the type
To= |
-1 =7V - 77

-
~T

/ ~ (- 1)"J‘" cos™ 0 df
'/5 where ’

0-3

02 /

01
—— cosf — cosg’
/ ’
I 44z, | 7 = —cosb, 7 = - cosd.
o 4 5 3 10 The evaluation of this can be

Fic. 11-92 (iij).
grals I, of 471, by observing that

(2 cos 0)ﬂ — (eis + e—iﬁ)n

_ n
_2cosm9+2(1>cos(n-2)9+ 2(’5) cos(n — 4)8 + ...,

made to depend on the inte-

and so

o-1( 1y, = o S o (") sin(n-2)¢

sgain, sy sin ¢ 1 sin ¢

gain, sin né/sin ¢ can be expanded i i

lading form being D1t pThuse in descending powers of cos ¢, the
h . In= - [+ kg0 4 L 2

where the coefficients %, %, . . . can easily be calculated.
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11-93. Method of Fuchs. If in 11:92 (1) we restrict the number of
terms, we may write
@ = J-7)T+ Ten® + Tin* + o+ Do ™1

From this we can calculate the downwash angle w/V and so write for the

apparent incidence

ar
ca,V’

+

=g

o =

which gives « as a function of %'

It is then postulated that the graph of « against ’ shall have contact of the
(@n + 1)th order with 1ts tangent atv’ = 0, that is to say the first 2n + 1 deriva-
tives dajdn’, d%afdn’®, ..., shall vanish at y’ = 0. This procedure gives »
equations to determine the ratios of I'g, I'sy e+ s L2 The method leads
to the following formula for 8 and 7 applicable to corrected aspect ratios A’ from
6 to 10.

85 = — 004 + 0:0144",
7 = 0-05 + 0-024".
Here the corrected aspect ratio is defined by
A’ = 2nd/ay,
g0 that A" = A when a; = 27.

EXAMPLES XI
1. A flat aerofoil of span b is in the form of that part of the parabola

y? = 1b <1 - %) for which z is positive. Calculate the mean chord, the plan

area, and the aspect ratio. Find & if the aspect ratio is 6.

9. Assuming uniform loading, show that the wake consists of two trailing
vortices only, one from each wing tip, and that the vortex system then consists of a
single horseshoe vortex.

Show that uniform loading is physically unacceptable on account of infinite
velocity at the tips, but that the assumption of trailing vortices of diameter different
from zero will Temove the difficulty to a first approximation.

3. Draw a graph of the downwash velocity at points of the span both inside and
outside the tips on the assumption of uniform Joading.

4. In Ex. 1,21, ¢y, Cp are given for the aerofoil Olark YH. Use the following
additional values of Cp,, the coefficient of profile drag, to calculate Cp, for the
incidences given below and draw a graph of both coefficients.

«© -29 =17 +06 28 5l 4 96

Cp, 0-0088 -0089 -0081 -0083 0072 -0094 -0110
On the assumption that, in this range, the drag coefficient due to skin friction 18
constant and equal to 0-0065, estimate and exhibit graphically, the form drag
coefficient.

5. Given the circulation I'(y), show that the aerofoil has ininfitely many
possible forms subject to the condition Cp'c’V = 2I(y).

Discuss the case where the loading is elliptic and the chord ¢ is the same length
at every section.
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1
6. Prove that in elliptic loading the local lift coefficient Oy’ is equal to the ]if
coefficient of the aerofoil. b
L

7. Show that in elliptic loading I'y/V is a linear function of incidence,

8., Use Ex. IX, 13, to show that, for uniform loading, at a point on the z-axj
the downwash velocity is

Ir b
742 4+ o

9. Use the preceding example to show that in the case of elliptic loading th
downwash velocity at a point of the z-axis is

_ 1P dwyy i
RN P

and by means of the substitution y = b sin X» prove that

o <1 2z
vl )
where w, is the downwash velocity at the trailing edge.

10. Use the fact that in elliptic loading the downwash velocity has a constant -

value wy across the span to show that the flow in the lateral plane (z = 0) is the
same as the two-dimensional flow caused by a line of length b moving normally to
itself with velocity w, = I',/2b.

11. Prove that the complex potential of the two-dimensional motion described
in the preceding example is

—glJ{(y + 2 - B4~ (g + i)
and therefore that the downwash velocity is given by

w = real part of w, {l - ﬂ-——l} .
[(y + 12)* ~ b¥/4 ]
12. By means of the preceding example show that at any point of the lateral
plane

» _q sinh p cosh
wy cosh? u — sin? A’
where = gbsinAcoshp, 2z = }bcos Asinh p,

and exhibit w/w, graphically as a function of 2y/b, for different given values of 2z/b.

13. Use Ex. 11 to prove that far from the aerofoil the value of w in the lateral
plane is
LA
8 (y? + 222 0"
and that this would have had the same form, had the loading been assumed uniform.

14. Draw the graph of dCy/d« as a function of aspect ratio in the case of elliptic
loading.

15. In the case of elliptic loading show that
do Cp  d0p,; 02

dd ~ ~ 7dA¥ g4 w42’
Explain the significance of the negative signs,
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i i hich give the coefficients
ify the following results due to Glauert w. : e
1/(15. Z’fg. v}\rrhen 1, 2, ete. tgerms are taken in 'the method of 115, i.e. when m = 0,
flétc,s for a rectangular aerofoil of aspect ratio 4 = aq: 5
’ m  Aypx Aglpe  Aglpx Azfpa _876

0
0 0-800

1 917 -084 — — 22 025
2 -926 ‘110 -016 —_ ‘18 -044
3 -928 -115 -023 004 <17 049

Extend the table to m = 4. . »
i -di i thin aerofoil the pitching momen

. Prove that in the case of a two-dimensional thin: !
coeflﬁpizienioa‘{)out the leading edge is related to the pitching moment coefficient about

i la
the quarter point by the formn , ,
q Cm’ = = %01‘ + CmQ .

Prove that in an untwisted rectangular aerofoil the same relation holds in the

form Cm = = %OL + CmQ‘

18. Draw the polar curve of the aerofoil Clark YH (see Ex. I, 21) and graduate

it for absolute incidence. . .
19. Plot 7 and 8 in terms of the corrected aspect ratio from the formulae in

11-93. ' . .
20. Deduce 11:21 (2) by applying the Kutta-Joukowski rule to the circulation

and downwash velocity.



CHAPTER XII
LIFTING SURFACE THEORY

12:0. In this chapter we discuss some aspects of the aerofoil regarded ag
composed of lifting linear elements, and then give a brief account of theories
which treat the aerofoil as a vortex sheet over which vorticity is spread at a

given rate. Finally, some applications of the acceleration potential are con.
sidered.

12:1. Velocity induced by a lifting line element.

Fie. 12-1.

Consider a horseshoe vortex of infinitesimal span ds and circulation I,
Taking the origin at the mid-point of the span and the z-axis parallel, but
opposed in sense, to the arms 1, 1’ of the horseshoe we calculate the induced
velocity at the point 4 (z, ¥, 2). To this end consider first a single semi-
infinite vortex OK of circulation I, in the same sense as the circulation about 1.
Let this vortex induce at 4 the velocity (u;, v;, w,). If this vortex OK were
shifted to coincide with 1 the induced velocity * would be, by Taylor’s theorem,

du ow

ov
1.1 9%, 1.
U + 3y 3ds, v + 3y 3ds, wl-;-—ay 1ds

3’

* Observe that the effect on the velocity is the same as if no shift were made, and the y-co-
ordinate of 4 were increased by ids.
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12:1]

hile 1, being of opposite vorticity, would induce at 4 the velocity
whl ’

ow
ou %.1 _( ——l-ls>.
_ (“1 _ ay1.%ds), B (vl " % 2ds>, w, 5

go that the total velocity induced at A by the pair 1, 1" is

O g, igs, Mg,
w® w®
Projecting A on the plane z = 0, the plane y = 0 and the z-axis we get the

=n,04 =
ints B, N, M of the figure. Let OB = n, :
pou'll‘}sle vortex OK induces a velocity ¢, perpendicular to the plane O4B. Thus

= = in
u; =0, v = - g¢co08 é, w, =g sing,

where, from 9-51, r r .
¢ = m(l + cos KOA) = m(l + sin 6).

Hence
Toean— o T (127),
n == el = - r
Iy ( m)
Y ng=—9 _(1-7).
Wy = e (L TSI b= 4 (y® + 2°%) r

Thus the induced velocity at 4 due to 1 and 1’ has components du; = 0, and

I'zds 2y = ay 1 ],
Zn{_(y2+zz)2< >+r3y2+zzj

T

2 1 ]
I'ds 1 y 2 (1-3:>+ch '

duy = —I-n_{yz + 22 (1 - _r) (2 + 22)? r oy -+ 2J

In addition we have to take account of the vglocity induced at’ 4 bZ t};e
vortex ds. This velocity (du,, dv,, dw,) is of magnitude dg, = I" ds sin f;l/( 7;7 )
where « = ZOAN, and is perpendicular to the plane OAN and tdere.ore
parallel to the plane OMN. Thus du, = dg, cos y, dvy, = 0, dw, = dgasiny
where y = ZMON. Now

ON -z
ON =z . R ]
sinacosy:-r—-aﬁ:cosf)cosqS, sinesiny = —= 55

dv, = —~

= sin f.

Thus, finally the components of velocity induced at 4, after an easy reduc-
tion, are found to be o
i inf sin
Ird ~ I'dssin2¢ 1 + sin | sné
(1) du= er_rz cosfcosd, dv= yo U 52 |

I'ds [(1 + sinf) cos2¢  sinf(1 + cos 20 .
dw = 4 | n? * 2r?
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12:11. Munk’s theorem of stagger.

0 J
(p] A B ¢
dv
¢ b
2
- dw e
H

F1z. 12-11.

Consider the lifting element ds, placed as before at O, and a lifting element
ds, placed at A in a plane parallel to x = 0 making an angle e with ds;. Let the
circulations be I',, I, and let &, denote the angle formerly called ¢. The
normal AH to ds, drawn in the plane parallel to 2 = 0 makes an angle ¢, with
OB and

€=¢; — b,

If dw, denotes the induced velocity at 4 along AH,
dw,, = dvsine + dwcos €
_ I'yds; [(1+5sin ) cos (24, —¢) N sin 8 cos (24, —€) N sin 0 cos €)

T o4n |\ n? 2r2 2r2
I'yds, [(1+sinf)cos (¢, + B;)  sinfcos (¢, + $y)  sinbcos($; — ¢,))
= + + ,
4 | n? 2r2 2r2
using 121 (1).

If there is a wind ¥ along 20, the drag induced by ds, on ds, is d2D,, =
ply dsy dw,, so that

2D, = p Flpzzfl ds,
{(1 +sin ) cos (¢, + B,) = sinfcos (§,+¢,)  sinfcos (¢, - ¢2)}
X 2 + 2 + 2 )
n 2r 2r

To get the drag induced on ds, by ds, we write — 6 for 6, the angle of
stagger. Then

D, = ,o]"ll”Z isl ds,
5 [(1—sinf) cos (b +¢s)  sinfcos(f;+¢,) sinbcos(p, — (;52)}
L nt 2r2 2rt )

By addition, the total drag mutually induced on the pair is
d2D,, + d2D,, = pI\ Iy ds  ds, cos (¢, + 952),
2m n?

which is independent of the angle of stagger. This yields

12:11] MUNK'S THEOREM OF STAGGER 219

Munk’s theorem of stagger.
The total induced drag of a multiplane system does not change when the

elements are translated parallel to the direction of the wind, provided that the
circulations are left unchanged. Thus the total induced drag depends only
on the frontal aspect.
Again, when the system is unstaggered (8 = 0),
2Dy, = d*Dyy,
and thus if the lifting systems are in the same plane normal to. the Winfi, the
drag induced in the first by the second is equal to the drag induced in the
second by the first. This result constitutes Munk’s reciprocal theorem.
The total mutual induced drag is
f_Flrz cos (¢1 + (#2) dS dsz,
2m n? !

where ¢, is the angle between the plane containing the normals to the element. dsy
and the projection of the line joining the elements on a plane normal to the wind.

(Similarly for ¢, with ds.)

12:12. The induced lift.

du

d*Fiy
Fic. 12:12.
The velocity induced at ds, by ds,; along Oz 1s, see 121 (1),

du = Iy dsy cos 0 cos ¢y
47r?

against the wind. This induces in ds, a lift

I
d2F,, = plydsydu = %71—72—2 ds, ds; cos 8 cos ¢,
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The velocity induced by ds, at ds, is with the wind ; and the induced lift ig
pI\ T,
4772
Resolving along n the projection of the line joining the elements on a plane

normal to the wind, we get
d*Fyy cos ¢y ~ d2F,, cos ¢, = 0.
Resolving perpendicularly to n, we get
. . pl\Iyds, ds, .
d*F,, sing, —~ d?F, sin ¢, = —gE 008 sin (¢, — &,).
This vanishes if ¢, = ¢, and is small in general. This investigation provides

a theoretical method of obtaining the complete interaction between two wings
by dividing them into pairs of elements.

d*Fy =

ds, ds, cos 6 cos ¢,.

12:2. Blenk’s method. All the methods hitherto considered for wings
of finite aspect ratio have been based on the lifting line theory of Prandtl, and
that implied a limitation to aerofoils moving in the plane of symmetry and
with a trailing edge which could be regarded as approximately straight. Blenk
considers the wing as a lifting surface, that is to say the wing is replaced by a
system of bound vortices distributed over its surface rather than along a
straight line coinciding with the span. His theory, however, has the limitation

that the wing is assumed to be thin and practically plane. The shapes con-
sidered are the following :

T

(@)

F16. 12:2.

In all cases the arrow shows the direction of motion.
(a) 13 a rectangular wing moving in the plane of symmetry ;

(b) is a skew wing in the form of a parallelogram moving parallel to its
shorter sides ;
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(¢) is a symmetrical arrow-shaped wing, i.e. the case o.f sw_eep-back;
(d) is the same form as (a), side-slipping, i.e. not moving in the plane of
symmetry. .

The angle 8, which will be regarded as small, is the angle between a leading
edge and the normal, in the plane of the wing, to the direction (?f motion.

In all four cases the hypothesis is made that the bound vortlces. are parallel
to the leading edge, so that in particular for (c) the bound vortex lines are also
arrow-shaped. . o

There are here, as before, two main problems.

1. Given the load distribution and the plan, to find the profiles of the
gections. o

11. Given the plan and the profiles, to find the load dlstn'butlon. N

We remind the reader that load distribution is proportional to vorticity
distribution.

12-21. Rectangular aerofoil. We consider problem I for case (a) of
12-2, namely the rectangular aerofoil moving in the plane of symmetry.

Lty

Taking chord axes with

the origin at the centre of ' x

the rectangle, we suppose the !

profiles to be thin (see 8-01), ! - —

so that the whole aerofoil M C ! o Plx.5)Q(xly) M

may be considered to iein |~ * do I N

!
the xy plane. Let y, (=, y.) E
be the circulation per unii :
length of chord at the point !
(z, y, 0) so that the circula- dD
tion round the profile at

distance y from the plane of Fie. 1221
symmetry is "
m L = | n i

Introducing ““ dimensionless ” coordinates
& = 2zxfe, 7 = 2y/b,

we can write the above circulation in the form
1
@) I = [ vt i

where y (£, 7) = ¢y, (, y)/2 has the dimensions of a circulation.
For y(¢, n) we choose an elliptic distribution over the span

y(€, 1) = yolé) J (1 ~ 77,
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and for y,(£) we shall consider three different functions,

B 0@ =0, [FEs ) (6 = by (L - €0

(ill) 7o(8) = b (1 = €7),
where aq, b, ¢, are arbitrary constants. Observe that (i) is the distribution for

a thin flat aerofoil in two-dimensional motion (see 81). The most general
distribution here considered will then be of the form

@ 76 =[on, [EEE+ bl - )+ el - )|y -

12:22. Calculation of the downwash velocity. Consider first the
velocity induced at P(z, y, 0) by a single bound vortex M'M parallel to the
span (lifting line) and the trailing vortices which spring from it, fig. 12-21. Let
Q(«', ¥, 0) be a point on MM'. The circulation at @ is then y,(2', y') d=’ and
from @Q there trails a vortex of circulation (see 11-22)

aYI (x/ 3/ ) d dz
%
Applying the induction law to the vortex MM’, and the formulae of 9-51 to
the trailing vortex, we get for the downwash velocity at P
V2 (@, Y}z - )dy’
_ d:v'-‘- Y1 3
~b2 QP
" dy (@ y) dy z-a
—_ dz’-[ ! ,’ 7 (1 - ’
w2 % Y-y QP

and the downwash velocity induced at P by the whole aerofoil is

(1) 4rw (2)de =

c/2
@ vy = [ we,
and therefore, in terms of £ and 7, )
1
© wEm = [ we)dg, wE)=Fue)
~1

Thus from (1) we get
1 r oIy(€, ) dy _ elf - 6’)!1 (€, ) dy
-1

(4) W(f) = —2_7—T—l—7 _ anr 7 - 771 Vb2 an/ A("] _ ’71)
_e¢ - §’)J‘1 y(€n))dy
2mb? 1 A3 ’
where, 4 being the aspect ratio,
_ ¢y
®) w=C 5P -
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It may be noted that if ¢’ = £ the expression (4) reduces to its first term
and agrees with the result given by the lifting line theory (see 11-22).

If now in (4) we put y (&', 7') = yo (&) (1 — 5'?), the elliptic distribution
across the span, we get

no_ yol€) | clé = E)ve(&) [T 7’ dy
@ W@ =TT T e X = T = )
e(é — )y (&) (M dn "
S JT V=)

Substitution of (6) in (3) leads to the downwash velocity. The induced
drag is then

1 1
= e [ vigmuei iean,
—1d -

which includes the suction force (7-5) at the leading edge should it not be rounded.

The integrals in (6) are of elliptic type and cannot be evaluated in terms of
elementary functions. Blenk therefore adopts an ingenious but lengthy
method of approximation, which unfortunately applies only to the middle part
of the wing so that the tip effects are uncertain. The approximation is better
for larger aspect ratios. The method leads to replacing (6) by

D w(E) = 5l
e B oie -0 Ditogte - €0+ B - log (e - £),

where the coefficients A,, etc. are functions of % which depend on the particular
case of the four considered. For the rectangular wing moving in the plane of
symmetry

1 1
— _ _ 2
Al—Qb, Bl‘“ 770\/(1 7]):
C, = ~ (-t logdd(l ~ ), D, =0, B, = ¢

22 (1~ ) RGN
The downwash velocity may now be calculated from (3) with the aid of (7).

To determine the profile of the section at distance y from the centre, we
suppose the relative wind to blow along the z-axis. Since our hypothesis is
such that the disturbance of the general stream is reasorably small, and since
the air must stream along the profile, we have

dz  w

1 x
= T and therefore z = 17[ w(z, y)dz.

Comparison of this result with the ordinary theory of the lifting line gives
the following mean additions to the incidence and curvature for the rectangular
wing
Cy 1 Cy

4 - = 0-056 —=.

Ao = 0059 =F, % 3
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In the case of the swept-back wing the mean increase of incidence, accordi

to Blenk, should be 1-68(} — |7 |) per cent. of the absolute incidence Wlthout

sweep-back.

i
12-23. Side-slipping rectangular aerofoil. Blenk has also apphed;‘

his method to problem IT (see 12:2) for the case (d) with aspect ratio 6. Here'

we are given a flat rectangular wing so that the downwash velocity must be
constant. If we put

«

s ikl

y(€m) = \/1 i g(am/(l = 7% + am + am? + azn®)

+ (1 = E) e (1 = ) + by + bym? + byn?)
+ EJ(1 = &) (1 ~ 7)) + e + em? + cnd),

which contains 12 arbitrary con-
stants, we can calculate w(£, 1) by
the method already described, and
by equating this to a constant,
which is a known multiple of the
incidence «, we can choose the 12
constants so that this equation
1s certainly satisfied at 12 points. The points chosen are the intersections of
the lines £ = 0, £ = + /3 with the lines y = & 1, n = + &, indicated in
fig. 12-23. The lift, drag, and rolling moment coefficient about the z-axis can
be calculated when the constants are known.

The results of the calculation are shown in the following table in which
A = 10%/(2bV tan «), and B is in radians.

©

£

‘} 4

Fic. 12-23.

8 !a,,,\ bA | €A | @i A Lo | ad | B ¢ |a3>« bad | €A

0 668 | ~1-46 | 0-23 0 0 0 2951 -205| -735| O 0 0
01 1668 —1-46 | 0-17 | -1-58 009 |~1-07/294 -20-1 | -668 |-1-77372 | 1-95]
03 | 667 | -1-14 | 0-25 | —4:58 | —1-01 | -1-43{30-5 | —20-1 | —7-30 | -540| 11-4 | 2-90
05 [665] ~048 | 029 | ~7-54 | -176 | —1-68| 31-5 | —20-0 | ~7-37 | —9:02]19-0 | 348

Blenk has also investigated the distribution of lift over an aerofoil of finite
thickness. The procedure then adopted is the comparison of the given profiles
with a series of crescent-shaped Karman-Trefftz profiles (see 7-6) having equal
chords and various thickness but all giving the same lift. By this means an
infinitely thin profile is deduced which can be regarded as replacing the given
profile and to the resulting thin aerofoil the foregoing method may be applied. .
The calculated values of the lift coefficient agree very satisfactorily with the
meagured values. ;

The reader interested in the above theory should amplify this short outline ;
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by consulting the original paper,* noting, however, that the notation here
adopted differs from Blenk’s.

[2:3. Aerofoils of small aspect ratio. For aspect ratios less than
gbout unity the agreement between theoretical and experimental lift dis-
tribution breaks down. The matter has been investigated by W. Bollay 1 who
attributes the discrepancy largely to the consequences of Prandtl’s Hypothesis
IIT (11-21) that the free vortex lines leave the trailing edge in the same line as
the main stream. This assumption leads to a linear integral equation for the
circulation (cf. 11-3) whereas Bollay’s theory leads to a non-linear equation.

Fic. 12-3.

Fig. 12-3 shows a portion of a flat rectangular aerofoil whose chord ¢ is large
compared with the span b. We take the usual chord axes with the origin at the
centre of the rectangle.

The bound vorticity y(z) is assumed to be independent of y, that is to say
15 constant across a span such as PQ but is variable along the chord.

The downwash is also assumed to be independent of y and may therefore be
calculated at the centre of each span.

The main point of Bollay’s theory, however, is that the trailing vortices
which leave the tips of each span such as PQ), make an angle © with the chord
which is different from o, the incidence. Since the trailing vortices follow
the fluid particles which leave the edges of the aerofoil the angle @ will pre-
sumably be a function of z. To a first approximation it is assumed to be
constant.

* H, Blenk, Der Eindecker als tragender Wirbelfliche. Z.a.M.M.5 (1925),
tZ.a. M. M., Vol. 19 (1939).
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12:31. The integral equation. We begin by calculating the velocity
induced at the centre C (x, 0, 0) of the span P). Consider then the span RS,

Fie. 1231 (i).

centre D (£,0,0). The bound vortex associated with RS is of circulation
y(€) d¢ and induces at C' a velocity, in the z-direction,

__v§dé A A
dw, = — & CD (cos CRS + cos CSR),

and so the downwash (i.e. the induced velocity in the z-direction) due to the
whole set of bound vortices is

Y L -1 S N
—p dm(@ =€) J(EY + (# — §)?)

Also if u; is the induced velocity at C in the z-direction we see from 9-61 that

2) up = = dy(@) or +iy(@)
according as we ascribe to z an infinitesimal negative or positive value.

To get the velocity induced at C' by the vortices trailing from R and S, lef
T, M, U be the projections of P, ', @ on the plane of these vortices. Then the
vortex trailing from R induces at C a velocity of magnitude dg perpendiculal
to the plane RCT, and the vortex trailing from S induces at C' a velocity of the
same magnitude perpendicular to the plane SUC, see fig. (i). Let dg, be the
resultant induced velocity ; direction CM. Then, if the angle TCM = 8, wt
have

2y(£)d€ x 3b

dg, = 2dgsin § = (1 — cos C’I,%T),

47CT?
and therefore, for all the trailing vortices, the resultant is
N KU () o9 )
todml_p i + (2 - £)Psin? O JEP + (@ - £))
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If u,, w, are the components of ¢, in the z- and z-directions,
(4) wy = q,c080, u,= - ¢,8in0 = — wytan 6.

Now the boundary condition is that there shall be no flow through the aerofoil,
i.e. that the normal induced velocity just cancels the normal velocity due to
the stream. Therefore

(5) w, + w, = Vsine.
The required integral equation then follows by substituting the values from
(1)and (4). Before doing this it is useful to employ *“dimensionless” coordinates

as in Blenk’s method, i.e. we replace 2z/c by x, 2£/c by £, and introduce the
aspect Tatio 4 = bfc. With these adjustments we get finally

©) 2nV sin « _ j‘l (&) d¢
4 1@ = § V(AP (= - £))
1 y(§)cos O dE ! y(§) cos? O (z ~ §)d¢
* Jll A + (- £Psin?@ ) (4% + (z - £)%sin? 0)./(42 + (z - €)2)’
and this is a non-linear equation since O is itself a function of y(£).
The tentative method of solution which Bollay adopts is to put

1
) 7O = 7o, [T

which holds for large aspect ratios (see 8:1) and then to use (5) to determine y
in terms of @ and subsequently to approximate to a suitable mean value for 8,.
Into these laborious calculations we shall not

enter, but will content ourselves with reproduc- 152 /
ing a graph of (C'y, «) where Cy is the coefficient ~ 1-0© Ay 7 -
of normal force on the aerofoil, i.e. the normal 4 4, /
force divided by LbcpV2 /

The full line represents Cy as calculated for  °'8° /
4 =1/30. The line — -—-— represents the o¢.40 /
same calculations on the lifting line theory, and /'/
the dots represent certain experimental values 0:20 4
obtained by H. Winter in 1935. 0 ===

X . i 0 10° 20° 30° 40° 50°
It is worth observing that aerofoils of very &,

small aspect ratio may have a stalling incidence
as high as 45° so that « is not necessarily a small angle.

Fre. 12-31 (ii).

12:32, Zero aspect ratio. The limiting case of zero aspect ratio
(¢c— o) 1s particularly interesting, for Bollay finds that here

Cy = 2sin?q,
and this is precisely the behaviour predicted by Isaac Newton for a flat plate
which experiences a normal force proportional to the time rate of change of
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momentum of inelastic fluid particles impinging on it. In fact here we shoulq:
have i

N =pVsina.Vsine.S, {

i

whence the above value of Cy. H

12:4. The acceleration potential. Consider an aerofoil placed in .f‘j‘
uniform wind - V in the negative direction of the z-axis. We can ag
usual consider the aerofoil replaced by bound vortices at its surface enclosingf
air at rest and accompanied by a wake of free trailing vortices. Outside the}
region consisting of the bound vortices and the wake the motion is irro
tational and there is a velocity potential ¢ such that the air velocity is ‘

@ q=-Vs
If v is the velocity induced by the vortex system, we have
2) q=-V+v,

and since the motion is steady the acceleration (21-31) is

d
3) a=J=@waq

If we make the hypothesis that the magnitude of v is small * compared '
with that of V, (3) can be written
- - q_,9
4) a=-(VV)q=-V="=V = (V)
using (1).
Thus we can write
- _ %

where @ is the acceleration potential, the appropriateness of the term being seen
on comparison with (1). Also since the velocity potential satisfies Laplace’s;

equation V¢ = 0, it follows from (5) that
(6) V2P = 0.

Now the equation of motion of the air is (9-2), assuming incompressibilityé
and neglecting external forces,

(M) a:‘i-?:—vg),

and this shows that an acceleration potential always exists. Only, however,’
with our special hypothesis does it satisfy Laplace’s equation. Comparing;

* This hypothesis will fail at a stagnation point, for then v = V. This will, however, give rise,
to no subsequent difficulty.
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(5) and (7) we see that @ and p/p can differ only by a constant, and we can take

-
(8) o=t
P
where IT is the pressure at infinity. There is no importance beyond physical
definiteness 1n this particular choice of the constant.

12-41. Lifting surface. One of the most successful applications of the
acceleration potential has been found in the theory of thin aerofoils which
can be sufficiently approximated by replacing them by their plan areas in the

ay plane.

Fic. 1241.

Considering such an aerofoil, we replace it by its plan area but remark that
the sections may be in fact quite reasonable aerofoil profiles as shown by the
section 4B on the right of fig. 12-41. If we denote by py the pressure at a point
on the upper or suction face and by p, the pressure at the corresponding point
on the lower or pressure face, we have from 12:4 (8)

(1) pr — py = p(@r ~ Po),
where @, @ are the corresponding values of the acceleration potential. Thus
we have for the lift and pitching moment

@  L=p| @-00as, M=p| a0,- 09,

(&) (&)
where the integrals are taken over the surface of the plan.

From (2) it follows that the centre of pressure is at distance z, = M/L from
the origin,

The downwash velocity w is obtained by equating the values of the z-com-
ponent of the acceleration as given by 12-4 (4) and (5). Thus

14 91_” — @,
or 0z
and therefore since w vanishes when £ = oo, i.e. far upstream,
1(* od
(3) w = I—/,Lo 'a; dz.
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The induced drag is then
@  Di=| (u-pojas=L] @ -opuas.
) S)
Should the leading edge be sharp instead of rounded this expression for D,

will include a suction force (cf. 7-5), for which due allowance must be made.
As in 12-22 the profile z = 2(z, y), when y is given, is determined by

(5) z = %jzw(z, y) du.

It appears from (1) that if the aerofoil is to experience a lift, @, must differ
from Py at the aerofoil surface, in other words the acceleration potential @ must
have a jump discontinuity, an abrupt change in value, in passing through the
plan area from z small and positive to z small and negative. Elsewhere the
pressure and therefore, from 12-4 (8), @ must be continuous. The acceleration
potential must therefore be sought amongst those solutions of Laplace’s
equation which satisfy the foregoing conditions.

12:5. Aerofoil of circular plan. This case has been very fully treated
by Kinner*, who writes

(1) z=aj(l - p).J(1 + 1% cosd,
y=af(1 -p). J(1+7nY)sing, 2z=apuy,
g0 that the surfaces p = constant are hyperboloids of revolution of one sheety
the surfaces = constant are ellipsoids of revolution, and the surfaces ¢ = cons
stant are planes through the z-axis. Every point of space is included exactly:
once if .
—1<p <], 0<y<®, 0<¢<2m ;
and % = 0, p = 0 is the circle z = 0, 2 + y* = a?, which is taken as the plan;
form. .
With these coordinates Laplace’s equation becomes
0P 0 oP 1 1 "o i
Lo o mgle (- o) o
Solutions of this equation are constructed which have the necessary mathe@
matical properties described in 12-41. . i
Space will not allow a detailed discussion of Kinner’s results but some of hid
conclusions for the circular plate aerofoil are interesting. For this he getd
(see 12-41)

i

C,=18tane, C, =044tane, x, = 0-515a.

* W. Kinner. Die kreisformige Tragfiiche auf potentialtheoretischer Grundlage. Z.a.M.
18 (1937).
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Cp; = 1'82 tan? « or 0-82 tan? « according as suction is or is not included. Fig.
12-5 shows the polar curves, the full line corresponding with the case of no suction.

U6
0-5
0-4 1% o=
P e i
f il Bl
0-3 L 16
C, 8 ozl "
L 6 -1 8
0-2 20
Q, /” 6
01 4,’0'40
oy
P2
0 0-pr 0:02 0-p3 0-04 095 0-06 0-07 0-D8 009
-2 \—2g CDI'
-0
'o\ \Qi_4v J

F1a. 12-5.

It is interesting to note that z, being independent of incidence there is a
fixed centre of pressure at a distance 0-243 of the chord (= 2a) from the leading
edge, i.e. practically at the quarter point.

12:6. Aerofoil of elliptic plan. This case provides an obvious but not
too easy extension of the method used for the circular plan form and has been
discussed by Krienes*, who transforms Laplace’s equation into other coordinates
by the use of Weierstrassian elliptic functions. Appropriate solutions are then
constructed. The following results are obtained in the case of an elliptic pla te
semi-axes @, b, moving in the direction of the axis b. A is the aspect ratio and
C, is the centre of pressure coefficient.

bja 4 cL /t-m; ¢, /tan a 1 7”7
0 © @ | 0-288
0-2 637 | 455 | 108 0-283
05 2:55 299 | 1307 0-267
1 1-272 182 | ou 0-243
2 0637 0-99 — 0-208

When applied to the elliptic plate the method of Krienes also allows the
lnvestigation of the effect of side slip. The following results are quoted for the
case bla = 0-2, 4 = 6-37, B being the angle of side slip (18-33).

(19:0K. Krienes. Die elliptische Tragfliche auf potentialtheoretischer Grundlage. Z.a.M.M. 20
)
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B CL/tan a Cpaltan a O, ftana z,/b Ypla
15° 4-16 1-83 0-0384 0-440 0-00925
30° 3-26 1-43 0-074 0-439 0-0277

There is now a rolling moment (see 19-2) and (z,, y,) are the coordinates of
the centre of pressure.

EXAMPLES XII

1. Supply the intermediate steps which lead to the formulae 12-1 (1).

2. A biplane consists of two parallel lifting lines 4, B,, 4,B, each accompanied
by a single trailing vortex at each tip. Neglecting interference between the wings,
show that the drag induced on the upper wing (1) by the lower wing (2) is

_nr 2[ 4B, + f b J
Dy =p % logAzAl +f_f2 ¥ kg(A2B1 — A.4)) |,
where f is the aerodynamic stagger and £ is the aerodynamic gap.

3. Show that in a parallel biplane with aerofoils of equal span the induced:
drag is least when each aerofoil exerts the same lift.

4. Show that Munk’s theorem of stagger can be inferred from the principle that
the work done by the induced drag reappears as energy in the wake.

5. Show that for zero aspect ratio the distribution y (¢) of 12-31 (7) is constant
along the chord. :

6. Show, in the case of zero aspect ratio, that the velocity ¢, of 12-31 (3) tends
at the centre of the aerofoil to the value y,/2 sin @ where y, is the constant value
of the vorticity distribution. :

7. Show that for an aerofoil of zero aspect ratio y, = 2V sin « tan 8.
8. Derive the form of Laplace’s equation given in 125,

9. Show that in Blenk’s method, 12-22, the drag without suction force can be
obtained by replacing, in the expression for the cireulation, (1 + £)/(1 — £) by-
(1 +£)/(1 - ¢ - 6), and then letting 8 tend to zero. ‘

CHAPTER XIII
PROPELLERS

[3-0. In this chapter we consider the elementary theory of the screw
propeller, and endeavour to show what assumptions are usually made in
arriving at methods for numerical calculation.

I3-1. Propellers. A propeller consists of a certain number of blades
rotating about an axis.

Fi1c. 13-1.

Propellers are designed to exert thrust to drive the aircraft forward. If
T is the thrust in the direction of the axis of rotation, {2 the angular speed
of the propeller shaft, @ the torque exerted by the engine and V the forward
speed in the direction of the axis of rotation, the work done per unit time by the
engine is Q2 and by the propeller is TV. Thus a propeller converts torque
power into thrust power and the efficiency is

v
=56
Thrust is obtained by proper shaping of the blades, which are in fact twisted
aerofoils,

Every point of a blade lies on a circular cylinder whose axis is the axis of
rotation, and therefore as the aircraft advances each point describes a helix
or spiral curve on the cylinder on which that point always lies. Of these
cylinders there is one of maximum radius. The point of the propeller blade
which lies on this cylinder is the tip, E in fig. 13-1, of the blade. From the tip E
Wwe can draw a perpendicular OF to the axis of rotation. This line may be
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called the ais of the blade. The section of the cylinder by the plane through O
perpendicular to the axis of rotation is called the propeller disc, or simply the
dise.

If we take a point P on OF such that OP = r and describe a cylinder whose
axis is the axis of rotation and whose radius is OP, the points of the surface
of the blade which lie on this cylinder will constitute a curve resembling an
aerofoil profile ; the totality of such curves defines the shape of the blade. It
is, however, customary to define the shape of the blade by plane sections.
Thus at P the section of the blade will be that made by the plane through P
perpendicular to the blade axis, giving, for example, the profile marked 4B in
fig. 13-1. Such a section is called a blade profile.

The portion of a blade between the blade profiles at distances and 7 + dr
from the axis of rotation is called a blade element.

13-2. How thrust is developed. Each blade element behaves like an
aerofoil and undergoes lift and drag, and of course leaves a wake behind as it
moves. In the present section we shall omit all consideration of the velocity
induced by the wake as we are here concerned only with a main principle.

é///'y///,/,/,/,/,/,/;;,

gl

F1c. 13-2.

Fig. 13-2 shows the blade element one of whose bounding profiles is th

blade profile of fig. 13-1. :
We now introduce two assumptions which will be retained throughout thi

chapter. . .
Assumption I. The aircraft is moving in the direction of the axis of rotatlo!

of the propeller.

This is only rigorously true for a certain particular incidence of the mai!
4

lifting system.
Assumption I1. Every point of the blade element between the p]alli
r and » + dr has, due to the rotation, a velocity r£2.
This is clearly the more nearly true, the greater the value of r.
The resultant velocity is then W, where W 2 = V2 + 7202 ‘
If then the blade profile is disposed as in the figure it will undergo & ‘
dL perpendicular to W, and a drag dD opposed to Wi,
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If B is the angle which W, makes with the direction of 7{2 the blade element
has a thrust in the direction of V of amount

(1) dT = dL cos B — dDsin 8,
and the whole blade undergoes a forward thrust equal to the sum of the dT

arising from its various elements.

At the same time there is a torque

(2) dQ = r(dLsin B + dD cos B)
opposing the rotation of the blade, and the sum of the d@) is the total torque
which the engine must exert to turn the blade.

It appears from this elementary exposition that, if R is the radius of the
propeller dise, the maximum speed of a blade profile is ./(V2 + R2(2) and that,
if compression waves are not to develop, this maximum must be kept below
the speed of sound (see 16-1). This places a limitation on the radius of the
propeller disc when maximum values of ¥ and (2 are assigned. Again, in order
that the speed of sound may be more nearly approached without adverse
effects the tip profiles must be made thin (see 16-6). This is also dynamically
desirable to avoid too great a thickness at the root of the blade which, for
reasons of strength, would be necessary if the blade were unduly massive
towards the tip.

We also note that if 2 = 0, then W, = V, B = 90°and dQ = rdL. Thus,
if the blade profile is set so that its axis of zero lift is in the direction of V, we
shall have d@ = 0 and there will be no torque on the propeller shaft from this
element. If all the blade profiles are set in this way the propeller is said to be
feathered. The feathered attitude is usually a possible setting with propellers of
variable pitch (see 13-42).

In postulating the existence of lift and drag on the blade elements we are
tacitly assuming that there is circulation round these elements, and therefore
that the surface of the blade is equivalent to a sheet of bound vortices. These
will give rise to a wake and therefore to induced velocity additional to W,
We proceed to discuss the nature of the wake.

13:3. The slipstream. This is constituted by the air which has passed
through the propeller disc.

.Consider the portion of the blade between P on the blade axis and the tip K.
This portion behaves as an aerofoll, and, if we adopt the lifting line theory,
fro.m the trailing edge PE there escapes a vortex sheet. As the blade rotates
th_ls sheet assumes a helicoidal or spiral form, as indicated in the figure, and the
slipstream consists of an assemblage of such surfaces, one for each blade. In
the wake of the trailing edge there is therefore a downwash, and just ahead
there is an upwash from the bound vortices. As the air passes through the
Propeller disc its axial velocity must be continuous. The downwash velocity
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at a point of the wake has also a component tangential to the cylinder
which that point lies and the air in the slipstream is therefore rotating abey
the line of advance of the aj
craft in the same sense as t}
angular velocity of the propell
Ahead of the propeller in
the bound vortices induce a
gential component inthe opposi ‘
sense, but the undisturbed
into which the propeller disc i
advancing can have no axigf
rotation, so this must be ;ﬁ
celled by the velocity induce
by the wake. j
The vortex sheet whicl
springs from the trailing edge o
a blade is unstable and rolls uj
into a spiral of concentrated vors
ticity. In the particular case in which the lift is uniformly distributed al:ﬁ
the blade axis, the vortex system due to the blade will consist of (i) a bo
vortex along the blade axis, (ii) a spiral vortex springing from the tip of the
blade, and (iii) a rectilinear vortex l
along the part of the axis of rotation
which is on the downstream side of
the disc. (See the frontispiece.)
Fig. 13-3 () illustrates the
scheme, and in the case mentioned
the circulation round each part has
the same value I, say. When the
lift is not uniformly distributed
along the blade axis, the sheet will
still roll up almost immediately into
concentrated vortices * whose cores
will be represented by lines of
the spiral type (ii) and the axial
type (iii). It is this arrangement \
which replaces the horseshoe vor-
tices of the lifting line theory of

aerofoils. The vortex (i) has been described as spiral in form. This must not
* J. Valensi, Etude de lair autour d’une hélice, Thése, Paris (1935), has obtainedm

beautiful photographs of the vortices and developed a method of obtaining quantitative resultf
from their measurement. )

F1c. 13-3 (a).

yad
\kf -

Fic. 13-3 (b).
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pe taken to mean that it is a regular helix drawn on a circular cylinder. For
some calculations it is convenient to make that an assumption, but in general
the diameter of the slipstream contracts (see fig. 13-31) as we proceed down-
gtream and the slipstream only ultimately assumes the cylindrical form in an
jdeal incompressible inviscid fluid.

Observe that if there are several blades,* each will contribute a vortex of the
type (iii) so that in the case of B blades, each with circulation I, the axial vortex
will be of circulation BI.

13-31. Velocity and pressure in the slipstream. When the propeller
advances with constant velocity V and rotates with constant angular velocity
@, the motion of the air at a point fixed in space is not steady, the pressure p
and the velocity q depend on the time. If, however, we take a system of axes
of reference fixed in the propeller, and therefore rotating and advancing with
it, the motion is steady with regard to these axes. If q’ is the air velocity
measured with respect to these moving axes, Bernoulli’s equation (see 2-11)
becomes

P

(1) S+ 1¢? - 10%? = constant,
P

the last term on the left representing the potential energy of the fictitious
field of force introduced by the rotation. If we denote by (¢., ¢, ¢:) the axial,
radial, and tangential components of the absolute air velocity q, the components
of the relative velocity will be (g,, ¢, ¢; — 7§2) and therefore

9% = ¢+ ¢ + (e — 7 = ¢+ PP - 200
and so (1) becomes

2) % + 1¢% — ¢qr§2 = constant,
where ¢ is now the absolute air speed.

Fig. 13-31 shows schematically a section through the centre O of the propeller
disc DD, the hatched part representing the slipstream, the point of view being
that of an observer moving with the axes of reference. Outside the slipstream
the motion is everywhere Irrotational. Far ahead of the propeller the air
appears to form a uniform stream — V, as it also does far astern except in the
slipstream.

The slipstream itself contracts from its greatest diameter DD’ at the disc,
and asymptotically approaches the form of a circular cylinder typified by the
diameter GG’ in fig. 13-31.

It is useful to regard the air ahead of the disc and bounded by the surface
whose sections are indicated by 4DG, A’D'@ in fig. 13-31 as an “ extension ”’

* See the frontispiece. The photograph was taken in water in a cavitation tank with the
Propeller axis horizontal. The vortices are made visible by the cavitation bubbles (which contain
Water vapour) escaping from the blades.
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of the slipstream, but it should be carefully noted that in crossing say D@ from
inside to outside the slipstream there is an abrupt change of velocity so thag

the boundary of the actual slipstream is a vortex sheet, whereas in crossing 4D

-

Fig. 13-31.

there is no abrupt change and therefore the boundary of the above ““ extension®
18 not a vortex sheet.

Now consider a point P of the slipstream. Let us put ¢, = 7w, so that ¢
is the angular speed of a plane containing the air particle which is at P, and the
axis of propeller rotation. Then outside the slipstream w = 0, for the motion ig

irrotational and there can therefore be no circulation. Thus (2) can be written

®) 2igg-reo=" iy
P P

where IT is the pressure at infinity ahead of the disc; and so (3) is valid

throughout the field of flow. :
Finally, if the projection of q on the plane of the section of fig. 13-31 i

denoted by (V + v) we have ¢ = (V + ) + r%w? and therefore ¥

(4) p”H:Tgw(_Q_(i))_U(V_,’_E)). ’
P 2 2
i

This is an exact equation which applies throughout the fluid. ,
If we describe the position of P by cylindrical coordinates (r, §, z) where'#

ey

is the distance downstream from O, the pressure p and the velocities v, w af®

functions of all three coordinates.

|
13-4. Interference velocity. The trailing vortex system describedé
13-3 gives rise to induced velocity, known as vnterference velocity.
This velocity will have three components, axial, radial, and tangential,
latter term referring to the tangent to that circular section of the slipst:
which passes through the point which we are considering.
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Assumption II1. The radial component may be neglected.

In the plane of the disc, on the downstream face, the interference velocity
will, see fig. 13-3 (a), have its axial component opposite to the direction of
advance of the propeller and its tangential component in the same sense as the
rotation.* Thus relatively to the propeller the total axial component is
increased to, say, V(1 + a), and the total tangential component is decreased to,
say, 7€2(1 — a’). The numbers a and a’ are called interference factors. For a
propeller they are both positive.

Now consider points P,, P, at radial distance 7 just ahead and just astern
of the disc. By symmetry the bound vortices induce no axial velocity at these
points, so the total induced axial velocity is the same at P, and P, and may be
written

v=aV = v,
If the bound vortices induce angular velocity ' at P,, by symmetry, they
must induce angular velocity ~ w’ at P,. Thus the total induced angular
velocity can be written as jw; + w’ at P, and }w, — w’ at P,. But P, is in
the irrotational flow and therefore jw, ~ ' = 0. Therefore the total angular
velocity induced at P, by both bound and free vortices is w; = 2w’ = 2a’Q.

13-4l. The force on a blade element. Mo calculate the force we
introduce

Assumption JV. Each blade element may be treated as a two-dimensional
aerofoil moving with the relative velocity calculated at the downstream face
of the disec.

The relative velocity here referred to is the velocity whose axial and radial
components at distance r are V(1 + a), r2(1 — a’).

C, C‘r

Vilt+a)

rn71-a’)

Fic. 13-41.
Let AB be the chord of the blade element.
~ The angle 6 which 4B makes with the direction of the tangential velocity
18 called the blade angle. If ¢ is the angle which the relative air velocity W
makes with the tangential velocity the incidence is « = 6 — ¢, and the cor-

. * On the upstream face the tangential component vanishes, see 13-3. The axial component
18 the same on both faces.
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responding lift and drag coefficients may be found from the graphs appropriatev
to the blade profile. If ¢ is the chord, the lift and drag in the blade element are
dL = Cyp . 4pWocdr, dD = Cp.3pWecdr,

where €, and C}, are the lift and drag coefficients of the blade element.

If we now write

(1) Cp=Crcos¢d ~ Cpsind, Cq =Cysing + Cpcos,
we get for the thrust and torque due to the blade element

dT® = Cp. §pWiedr, dQW = Cy. pWeerdr.

If there are B blades the contributions of all the blade elements at distance r

will be
dT, = BdT®, dQ, = BIQW.

The projected area of all the blade elements on their chords is Be dr and the
area of the annulus between radii r and » + dr is 2nrdr. The ratio of these
areas is termed the solidity of the blade element and is denoted by o = Be/(2nr).
Also, from fig, 13:41,

V 1+a
(2) tan ¢ = 1?2 1—__0’, )
and therefore
arT, ,
(3) = Cr.mporV3(1 + a)? cosec? ¢ = Cp . mpor®Q*(1 — a')? sec? §,
dQ,

4) 3 = Cq . mpor®V3(1 + a)?cosec? ¢ = Cy . mpari22(1 — a’)? sec? é.

13-42. Characteristic coefficients. If we write

(1) T, = 71,pR2 @, = kepRS?2, ¢ = 113’
equations (3) and (4) of 13-41 become
(2) %g = Cymnof®(l — a')® sect ¢, %%f = Comadi(l — a’)?sec? ¢.
The thrust and torque on the whole propeller are then
(3) T = 1pRi2* @ = xpR22, where
1dr, 1 dk,
4 ~[ae = [ e

In terms of n, the number of revolutions per unit time, and D, the diameter

of the disc, we define the rate of advance coefficient
vV av 1-a
(6) T ab TR =T, e

the last term being obvious from an inspection of fig. 13-41.
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The efficiency of the propeller is then
TV  Jr

(6) N = 00 " ax

For a given propeller the geometrical quantities o, § are known for each
value of £, and also the aerodynamic quantities Cy, Cp for each value of a.
Thus, if we know the interference factors a,a’ (see 13-7), we can calculate
¢, J, Cr, Cq and so obtain the differential coefficients dr/d¢, di,/d¢ from (2).

Graphical integration will now give the characteristic coefficients 7, k ana
therefore 7 for different values of J. Typical graphs are shown in fig. 13-42.
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Fia. 13-42.

We observe from (6) that if 7 vanishes for a value J, of J,  will also vanish
for this value, and the graph shows that « vanishes for a value J, of J.

If J = J,, there is no thrust and the propeller is feathered.

If J, <J < J, 7 and therefore the thrust is negative but the torque
remains positive. Thus the propeller is acting as a brake.

If J > J,, both thrust and torque are negative and the propeller acts as
a windmill, 1.e. supplies power instead of consuming it. The efficiency is then
1/n taken positively.

If J = J, the propeller is capable of autorotation, i.e. of rotating without
demanding power from the engine, as in the autogyro.

With regard to J,, if the propeller makes one revolution in a unit of time it
advances the distance V = J,D. The length J,D is the experimental mean
pitch, and is the distance the propeller advances per complete turn of the blades
when no thrust is exerted.

In variable pitch propellers it is possible to rotate the blades, each about the
blade axis, and thus obtain a different experimental mean pitch for each setting.
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This turning of the blades will of course alter the incidence of every blade
element.

13-5. Infinitely many blades. If we suppose the propeller to have
an infinite number of equal blades each carrying an infinitesimal proportion
of the total thrust, the situation undergoes a notable simplification in that the
principle of momentum is easily applied. Referring to fig. 13-31 we shall
consider the air which occupies the slipstream and its upstream * extension
and bounded by the section A4’, GG, the former being so far upstream that
the velocity is ¥ parallel to the axis of rotation and the pressure is I7, the latter
being a long way downstream at a point where the slipstream has become
sensibly cylindrical. To this part of the slipstream we apply the suffix unity
so that the quantities p, w, v are denoted by p,, w;, v, and are functions of r
only and not of the azimuth §. We denote by 2R, the diameter of this part of
the slipstream. The forces acting on the body of fluid here considered are
(i) the thrust 7', (ii) the pressure thrust due to uniform pressure II over 44’,
(iii) the pressure thrust due to p, over GG’, (iv) the pressure thrust due to
pressure p over the curved boundary AG, A’G". A uniform pressure —IT
applied over the whole boundary yields no resultant force and, supposing this
to be applied, (ii) is eliminated and (iii) and (iv) are due to pressures p, — IT and
p - IT respectively. If we denote by X the component of the new (iv) in the
direction of 7', we can equate the resultant force to the net flux of momentum
out of the volume 44’ GG

Thus we get

(1)T+X—j

R, Ry
(py — II) 2ar dr = pJ‘ 2r dr(V + v,)?

0 0

Ry
- pVJ‘ 2rr dr(V + vy),
0

the second integral on the right giving the volume flux out of GG” and therefore
by the equation of continuity the corresponding flux at 44’. Thus, taking
the value of p, — II from 13-31 (4) we get

R

@ I+ X = 2mp| [Fen(@ - doy) + 0T

0
In 13-51 we shall prove that X = 0.
To evaluate p, observe that in the cylindrical part of the slipstream,
resolving radially,
d
3) D= oy,
which means that p, decreases as we move towards the axis of rotation, and

since p, = II when r = E, we have
i

4) pp— = - le rw, 2 dr.
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13:51. The encased propeller. If we consider the propeller with
infinitely many blades to be operating in an infinite coaxial cylindrical tube of
diameter 2k, equation 13:5 (1) will still hold. Outside the cylindrical part of
the slipstream the velocity will be constant and equal to, say, V - v,/, the
fact that it is less than V following from the equation of continuity. If we
consider the air outside the slipstream and its “ extension ”, we shall have
by the same argument as that which yields 13-5 (1)

iz

Z

A/
777
F1a. 13-51.
h )
1) X + I (p — II)2nrdr = 2mp| (V — vy)v/r dr,
R, B,
where p,” is the pressure over the section outside the slipstream. Now by
Bernoulli’s theorem (or by 1331 (4), noting that w = 0, v = - v,)

1= I = pv'(V -~ §v,).
Therefore from (1), since v, 18 constant,

h
2) X = 2mp IR ~lotrdr = — lmp(h? — B2)u2

and thus it appears that X is negative, i.e. opposes the thrust.
Now by the equation of continuity, if 2R, is the diameter 44" of the exten-
sion of the slipstream in fig. 13-b1, we have

m(lt — RV == — RV - vy)

and therefore vy = (B2 — R V(R - R},
(B = R
so that from (2) X= = dmpV

and when A— w0, i.e. when the casing is absent, X0, which proves the
assertion made in 13-5.

The problem envisaged in this section may be regarded as approximating to
the case of a propeller in a wind tunnel of circular section.
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13:6. Froude’s law. Consider a propeller with infinitely many b]adeé
and introduce
Assumption V. The contraction of the slipstream may be neglected.

=

The diagram now shows a slipstream of radius R, which is cylindrical through-
out. As before, 44’, GG’ represent cross-sections of the “ extension ”’ and the
slipstream at dnfinite distance from the disc. On GG’ at tadial distance r the
axial velocity will be ¥ + v, so that v, is the velocity induced by the trasling
vortex system constituting the slipstream. Similarly, w, is the angular velocity
induced at the same point by the trailing vortex system. Thus, at a point of
GG each half of the infinite trailing vortex system induces the velocities
vy, 4w,. Thus the corresponding velocities induced at a point of the disc at
radius 7 are v, and lw,.

This is Froude’s law.

13-7. Interference factors. Considering still the propeller with in--

finitely many blades we introduce

Assumption V1. The induced angular velocity is insufficient to produce
appreciable variation of pressure across a section of the slipstream.

With this assumption 13-5 (4) shows that p, = IT.

Now the flux of mass through the annulus of the disc comprised between
radii 7 and r + dris 2nr dr p(V + aV). Therefore if d7, and d(Q), are the thrust
and torque on this annulus,

T, = 2nrdrp(V + aV)v,, dQ, =r. 2ardrp(V + aV)w,r?,
by the principles of linear and angular momentum. Therefore

ar
M = dmprtal e, %= gmyrq + 0,

since from 13-4, v; = 2aV, w, = 2a'R.

Assumption VII. The formulae (1) can be applied to a propeller with a
finite number of blades.
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If we equate the values (1) to the corresponding values of 13-41 (3), (4), we

t
8° a Cpro a  Cyo

l1+a 2(1-cos2) 1-a 2sin24

and from 13-42 (5)
l+ald

1 - a =t

tan ¢ =

These three equations then determine a, a’, and ¢. Graphical methods
can be applied to finding the solution.

EXAMPLES XIII
1. If kg = T'/pn?D?, kg = Q/pn2D?, show that, with the definitions of 13-42,

772 772
Ty ]CQ = g K.
Show also that the efficiency is Jkp/27k.

2. If T, Q, P are the thrust, torque and power of a propeller, show that

1 w2 22_7'r4'rV4
PR it o R
1 M'/'TZK 372_775KK5
PR R
1 73K " 3H775KV‘5
Pt e o -5

3. Prove that the free vortex lines of the absolute motion coincide with the
streamlines of the relative motion in the slipstream.

4. Prove that the total circulation round the blade elements at radius r is
7TO’CL7' w.

5. Show that the loss of energy for the blade elements at radius  is, in unit
time,

dE = (1 - a))2dQ, - (1 + a) VdT,.
Hence prove that
dE = §CppW3Bc dr,

which is the work done against the drag of the blade elements in unit tirge.

6. If ¢ is the angle between the apparent and effective relative velocities at the
blade elements at radius r, prove that

Bc(CL CD>.

€ Bar sing  cos ¢
7. If 7, is the efficiency of the blade elements at radius 7, defined by
_vr,
TR,
1-ad'1-cetang Ry
prove that Ny = m m N where € = 62‘ .
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8. If a free vortex of circulation I'(r) issues from a point P, at radial distance ¢
of the disc and proceeds downstreamn as a regular helix, prove that, at the point p*
of the disc at radial distance 7', and at angular distance 8 from P, the components of
velocity induced by the helical vortex are

0o = e[ rolr o cos 0 + 108

™ 0
9 = 1;4(7? g,[:l‘a[r’ - rcos (6 + ) — rfsin (6 + B)]db,
0o =2 G [CEersin 0 + ) - 10008 6 + BB

where
B=r*+12-2rcos(+B) + V3202 N

9. Draw graphs to show, for the propeller with infinitely many blades, (i) the
axial incremental speed, and (ii) the incremental angular speed «w at radius r, in
proceeding from far ahead to far astern of the propeller.

Add to (i1) a graph to show the part due to the bound vortices.

10. In a propeller with infinitely many blades, prove that the pressure on the
downstream face of the disc exceeds the pressure on the upstream face by
pvy(V + 3v;), where o, is the axial incremental velocity far down in the slipstream
and the other incremental velocities are neglected. '

Prove that the efficiency is

11. In a propeller with infinitely many blades, prove that the pressure jump in
passing through the disc is at radius r

Przw ('{2 - %w))
where rw is the tangential velocity at radius r.

CHAPTER XIV
WIND TUNNEL CORRECTIONS

14-0. Aircraft are designed to perform the major part of their flying in
natural air, which is but little turbulent, and at a height from the earth which
is usually great enough for the boundary effect to be negligible. On the other
hand much of the data, on which the designer relies, is obtained from measure-
ments made on a model in a wind tunnel. In such conditions there is a pressure
gradient, turbulence, scale effect due to the use of a different Reynolds’ number,
and a modification of the flow due to the presence of boundaries. This latter
modification is accessible to mathematical analysis and it is here proposed to
consider the first order approximation to the necessary corrections.

The problem will, as usual, be idealised by making certain simplifying
assumptions. In the first place it will be assumed that the windstream in the
tunnel, before the model is inserted, is uniform parallel flow, of unlimited length
up and down stream ; the wind stream is in fact cylindrical or prismatic, or
perhaps confined between parallel planes.

B A
T e T —
-1 A

Fie. 14-0.

It will also be assumed that the insertion of the model does not alter the
boundaries of the wind stream.

Fig. 14-0 is intended to illustrate the two main cases which arise, the closed
working section, and the open working section. In the latter case our assumption
states that the wind stream or jet will be presumed to leap the gap between
AA’, BB, streaming along the dotted lines 4B, A’B’ as if the gap in the walls
did not exist. We shall, however, find it necessary to go further than this on
the road to simplification. In the case of the open working section we shall
assume that the gap itself is of infinite length, in short that A, 4" and B, B' are
points at infinity up and down stream, and that the model is thus exposed to
an open cylindrical or prismatic jet unconfined by solid walls.
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14:-1. Nature of the corrections. Without entering into any question
of transition from model to full-scale, we primarily seek from wind tunne]
measurements the values which the measured quantities would have, had the
measurements been made in the absence of the tunnel boundaries.* We shall
see presently that the quantities mainly affected are the apparent incidence
and the induced drag.

Let us denote by C,/, €}, o’ numbers measured in the tunnel, and by Cy,
Cp, o the corresponding numbers measured in free flight. Then it will appear
(see e.g. 14-4) that there exists an interference angle ¢; such that

CL = CL” ax=a + €r, CD = CD, + GICL-
Our first problem is to evaluate the interference angle. We can then
calculate Cp, « and draw the appropriate graphs and polars for the Reynolds’
number at which the measurements were made.

Although we have described the situation in terms of a model, exactly the
same considerations apply to full-scale tests in a tunnel.

14-2. Boundary conditions. In the case of a closed working section
the boundary condition is simply that the velocity component normal to the
boundary shall be zero ; ¢, = 0, where g, is the normal component.

In the case of an open working section the condition is that the pressure shall
be continuous as we pass from inside the air stream to the air outside. We shall
take the outside air to be at rest, but it may be observed that the case of moving
outside air has some aerodynamic interest as in the case of a fuselage or tail
plane moving through the air, and at the same time experiencing the influence
of the slipstream, where the velocity is different. We have by Bernoulli’s
theorem

7;) + $(V + ¢,)? + 3¢, = constant,

where ¢, is the component of the perturbation velocity parallel to V and ¢, the
component in the plane of a cross-section. At the boundary of the open jet p
is constant and therefore V¢, + 4(¢® + ¢,%) is constant. To a first approxima-
tion we neglect ¢,2 and ¢,2, and therefore ¢, is constant along the boundary.
But clearly at infinity g, = 0. Therefore the condition for the open jet is
q: = 0 at the boundary.

Before the model is inserted the velocity potential is, say, ¢,, and if the
direction of the z-axis is taken downstream (see 14-31) we shall have

~ 0¢y/0z = V.

If the model were in an unlimited stream V, the velocity potential would

* Were the tunnel walls 5o shaped as to follow streamlines of the motion which would obtain
in their absence, no correction would be required for their presence.
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be, sy, ¢y + ¢, ¢r thus denoting the disturbance of the free or unlimited
stream due to the presence of the model.

If the tunnel jet is present there will have to be added an interference
potential #; so that the complete velocity potential will be

¢ =+ br + ¢

In this expression ¢, and ¢ are known, and ¢, must be determined to satisfy
the boundary conditions.

In the case of the open jet we have seen that ¢, = 0, so that — d¢/0z = ¥V
at the boundary and therefore ¢z + ¢; must be independent of z and so constant,
since there is no perturbation at infinity upstream. The boundary condition
can therefore be satisfied if we choose ¢; = — ¢p at the boundary.

14-3. Reduction to two dimensions. Consider a model of a monoplane
aerofoil placed in the idealised wind tunnel described in 14-0. From the trailing
edge free vortices spring and go down-
stream as a wake. We shall assume that
these vortices are parallel to the generating
lines of the tunnel walls, i.e. Hypothesis ITI
of 11-21. We shall further assume, as in
the lfting line theory, that the bound
vortices lie on a line along the span of
the aerofoil. Consider the cross-section C
of the tunnel which contains this line. If
we imagine the trailing vortices to be con- c
tinued indefinitely upstream the section C
would be at right angles to a set of ordinary
rectilinear vortices and the calculation of
the velocity components in the plane C' would be a two-dimensional problem,
Moreover, any velocity component in this plane would be induced in equal
amounts by the upstream and downstream parts of the rectilinear vortices in
question. It therefore follows that the induced velocity components in the plane
of C can be calculated as a two-dimensional problem in rectilinear vortices whose
strength is exactly half the strength of the free vortices trailing behind the aerofoil
(cf. 9-52). Thus, to take the simplest possible case, if we suppose the lift to be
uniformly distributed across the span, the aerofoil is equivalent to a horseshoe
vortex of constant circulation I', the two “arms” of the horseshoe springing
from the wing tips. In the plane of C we therefore have a vortex pair 4, B, the
circulation of each vortex being 1I, and the strength of each therefore being
iz, If the boundary C were absent, the complex potential due to this vortex
pair would be, say, wp. Our problem is therefore to find an * interference ” com-
Pblex potential w; such that the complete potential w = wp + w; satisfies the
appropriate condition on the boundary C.

Fia. 14:3.



250 REDUCTION TO TWO DIMENSIONS {14-3

In the case of a closed jet the boundary C is a streamline ¢ = constant, and
without loss of generality we may take it to be b = 0.

In the case of an open jet the discussion in 14-2 shows that on C' we must
have ¢ = 0 (or a constant).

It may be remarked that, as far as calculations of induced drag are
concerned, we may suppose all the lifting elements to be moved parallel to V
into the plane of C, for by Munk’s stagger theorem (12-11) the total induced
drag is not thereby altered, provided the distribution of circulation remains
unchanged.

We have therefore reduced the problem of tunnel interference to one of
two-dimensional motion.

14:31. Axes of Reference. As in this chapter we shall be using the
complex variable, it is expedient, in order to avoid confusion with the customary
notation,  + %y, to take as axes of reference the following svstem ; z-axis to
starboard, z-axis downstream and the y-axis so as to complete a right-handed
set. If the model is mounted “ right-way up *" in a horizontal wind tunnel, the
y-axis will then be vertically upwards when the span is horizontal. (In experi-
mental work it is often convenient to suspend the model upside-down, and in
that case the y-axis would be vertically downwards.) The results which we shall
obtain will not involve mention of the axes so that this temporary departure
from our standard convention need entail no difficulty, and we can use the
customary notation z = x + 1y for the complex variable, since the z-coordinate
will not enter into our calculations. The velocity components will be denoted
by « in the z-direction and v in the y-direction, so that downwash velocity will
be denoted by », which will be negative for downwash and positive for upwash,
We shall reserve w for the complex potential, for the component parallel to
the z-axis is ¥ to the order of approximation here adopted.

14-4. Circular closed section.
Let the section of the tunnel be a circle
C of radius R. To take a specific case,
consider a closed tunnel in which an
aerofoil 4B is placed along the z-axis,
the centre of the span coinciding with
the centre of the tunnel. Let us replace
the aerofoil by a pair of vortices whose
strengths are « = I'/4m. Then if the
tunnel were absent, we should have

1)

Fe. 14-4. wyp = i log (z — 1b) — ik log (z + 1),
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and therefore, using the method of the circle theorem (5-2), the interference
potential is (see 5-2, (vi))
2

2
@) wy = — ix log (Ri - %b) + ix log (Riz + ;b)

z

and the complete complex potential is
(3) w = Wg -+ wy.
Tt is easy to prove that (2) is the complex potential of vortices at the inverse

points of 4 and B with respect to the circle, and of opposite circulations.
The interference velocity is given by
. dwp = bR - bl 2 )
® “"“"“E‘Rzl—gbzzz‘4wR5<1+@71 A
and therefore at the centre of the span u; = 0, and v; = bI'/(4wR?) which is

positive. Now if €'y is the lift coefficient in free flight, we have

Oy, x 1pV2S = bIpV

and therefore

,~ SCLV SC.V
®) P=gy =g
so that
. ' - C8V L CSY
(%) R = e

where (' is the area of the cross-section of the tunnel. The general effect of the
interference is therefore to decrease the downwash velocity by the amount vy,
and therefore to decrease the downwash angle by the interference angle

- S

(M GIZ?I%.@.OL'

Now let &’ be the absolute incidence as measured in the wind tunnel and
let « be the absolute incidence in free flight which would give the same lift
coefficient €, as that found from the tunnel measurements. If ¢ is the angle of
downwash in the free flight, we have from 11-24

Op = aglx =€), Cp=apla’ ~e+¢), Cp,=eCp, Cp/=(c—e)Cy

where C'p, refers to free flight and Cp,” to the tunnel. Comparing these we have
(8) o =a + €], OD,* = CD‘./ + GICL'

From these results it appears that the wind-tunnel measurements give values
of incidence and induced drag which are too small. Thus the corrections are,
for the incidence add CS/8C ; for the induced drag coefficient add U 2S/8C ;
to the observed values.
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Actually tunnel measurements will yield the total drag coefficient Cp but’
since profile drag is largely independent of incidence the above correction is
the only one required.

The above calculation has proceeded on the tacit assumptions that (1) we
may use only the value of ¢; at the centre of the span, and (ii) that the loading
is uniform.

As to (i), (4) shows that the maximum variation of ¢; is about b*/(16RY)
of its value at the centre of the span ; as to (i) see 14-41.

14-41. Elliptic loading. In 144 we made the crudest hypothesis ;
that the loading is uniform. When the loading is elliptic we have
I'=TyJ(1 - 422/82),

where b is the span. We can now consider the span to be made up of vortex
pairs of circulations ~ dI2, dI'/2 (see 11-22) and therefore of strengths
F dl/4xr. If therefore in 14-4 (4) we put k = — dl4m, 2z = X, b = 2z we get,
for this vortex pair, the induced velocity dv; at the point (X, 0)

= 2zR¥I
T 4n (Rt - 22X?)’
In this put & = b sin 6, and integrate across the span. Then we easily find that

]

d'UI

1 oy = b, J‘"/2 sinzeqe X
R )y 1< p2sing’ 77T 9

Now sin? @ _ l ( 1 1
I - n%sin2@ ~ 72\l — 7%sin%20 )’

and therefore the integration gives *
. rr _ SCL 1 1 SC
(2) e =g = Lok <m - 1> 28*04(1 + g7t ),
where we have used the result #bI, = 28V, from 11-41.
This is the correction at (X, 0) and agrees with the result of 14-4 if we neglect

the term in 7% This neglected term will be less than 10 per cent. of the leading
term if

sz a0\ . . ..b

2Mmax = 1 <ﬂ3> < 71¢, le. lfﬁ2 < 0-6.

The correction to induced drag at (X, 0) will be, from 11-23, epVIdX, and
therefore the total correction to the drag coefficient will be

1 b/2
A0y = — U -
b= s, apToV (L - 280 ax

SC.2 4 (o
=Sk ,;bJ' (1+3m2 +..0J(1 — 4X2/8?) dX.

—bf2

* Milne-Thomson & Comrie, Standard Four-Figure Tables (1945), p. 223, No. 137.
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Putting 2X = b sin 6, the integral becomes
b

bJ‘”/2 20+~§-£4'2‘)9' ydg = 1+—3——b—4
, (cos 16 <2R> sim? 20 + ... _Z< 16 <2R> + ..

o that

8C ( 2R

which again agrees with 14-4 when the second term is neglected, and neglect of
this term when b/2R = 0-75 entails an error of less than 6 per cent. We can
infer from these results that the exact load distribution is not very important
in the circular tunnel.

A similar investigation should in strictness be made in examining the tunnel
corrections for forms of cross-section other than circular ; but having made this
remark we shall be content with the evidence afforded by the present case, and
proceed in other cases to assume uniform loading and to use the value of ¢; at
the centre of the span. From such calculations the correction for other dis-
tributions can be inferred by integration.

02 1
Ac, = ¢ 1+%§<i> P

14-42. Open jet circular section. Theorem. The corrections for an
open jet tunnel of circular section are the same, with reversed signs, as the
corrections for a closed jet of the same section.

Proof. Let R be the radius of the section and take the origin at the centre.
Let wp(z) be the complex potential when the tunnel walls are absent.

Now consider the two complex potentials

R? R?
We = wF(z) + QZ'F <';> , wo = ’LUF(Z) - ’u-)F <7> N
On the circle | 2| = R, wc is the sum of two conjugate complex quantities,
and w, is their difference. Thus on the circle | z| = R we have ¢ = 0in the

case of wg, and ¢ = O in the case of wy. These are therefore the complex
potentials for the closed and open sections. The interference potentials are
thus -+ @, (R?/z) and the corresponding corrections differ only in sign. Q.E.D.
Thus, for example, the corrections of 14-4, 14-41 with the signs changed
apply to the open jet case.
The above theorem applies without restriction to every vorticity dis-
tribution.

14-43. Glauert’s theorem. The theorem proved in 14-42 is capable of
the following generalisation due to Glauert.

Theorem. The corrections for an aerofoil whose span is small compared with
the dimensions of a tunnel which consists partly of solid walls and partly of
open jets are the same, with the signs changed, for the same aerofoil turned
through a right angle in a tunnel in which the parts previously open are closed
and the parts previously closed are open.
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Proof. ABCD in fig. 1443 indicates parts of the tunnel walls, the dotted
portions being open. Let the aerofoil, of span 4, have its centre at the origin,
and in (i) lie along the z-axis, and in (it) along the y-axis.

B...-= B c_.
- \D "/— \‘\\D
. y N - _ N
Pid (o—;——o‘) B -_p_
’ Q' P / o o
~/
(1) (ii)
Fia. 14-43.

Then in the two cases, if wp, wy' are the free complex potentials
wp = ik log (z — $b) — ik log (z + 3b),
wp' = txlog (z — }1b) — ix log (z + 4ib),

the aerofoil being supposed replaced by a vortex pair. Expanding the log-
arithms

_ dkb dkd® ,_xb kb
YRS T T g T o YT T 1o
Thus if the terms of order 53/23 are negligible in the potentials (and therefore
the terms of order %/z* are negligible in the velocities)
., txch
Wp = — Wy = — 7 .

Now if w, w’ are the complete complex potentials, we have
P piex p
w = Wy + Wy, w' = wF’ + lwl’)

so that wy, w;” have to be determined from

_ . 1 1 .
O=w4+ %= — b —z:F% + wy + Wy,
’ -7 1 1 ’ - 7
O:wqiw:Kb;?% + w; F wr,

along the boundaries. The upper signs correspond to an open wall in fig. (i)
on which ¢ = 0 and therefore to a closed wall in fig. (ii) on whichyy = 0. Itis
clear, on multiplying the second set of equations by ¢ and comparing with the
first set, that

w= - w, and w; = - w/.

The first relation gives
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and therefore when ¢y = 0, ¢’ = 0, and when ¢’ = 0, ¢ = 0, which proves that
open and closed parts correspond in the two cases.

The second relation gives wuy — w; = — 1(w;/ — ;)
and so v = ug
which proves that the interference velocities have the same magnitudes but are
oppositely directed when the aerofoil is turned through a right angle. ~ Q.E.D.

14-5. Parallel plane boundaries. When the aerofoil is between
parallel planes we may use the conformal transformation of 4-3.

7
) |
f : &
R % %
l : _ :
&9
z-plane. {-plane.
FiG. 14-5.

Suppose the aerofoil is placed midway between and parallel to the planes
y = =+ 4h. Taking the origin at the centre of the span, the region between the
planes is mapped on the upper half of the {-plane by

(1) { = qemin,

Replacing the aerofoil by a vortex « at (36, 0) and — « at (- 16, 0) the
vortex x at z = 1b gives rise to a corresponding vortex x at {; = 7e7°/2* while
the vortex — x at z = — }b corresponds with a vortex — « at {, = de—/2h,
The image system which makes the real axis in the {-plane a boundary consists
of a vortex — « at ;, and « at {;. Therefore

w:wF+fw1:iKlog§_€_1—ixlogg_c_g,
(-4 (-4
and wyp = ik log (z — 1b) — ixlog (z + b), so that since w; = w — wp,
- +iv:d_w.£d_l_dﬂ'
TN de de
o _mklf 1 1 1 1}_i;<,z}<
N S A S A YA I AT )

At the centre of the span z = 0 and therefore, from (1), { = 4. With these

values we get u; = 0 and
4mric 811b/2h 44

vy = —— ———— + —.
[ B 1 —e®* b
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If b/h is small we get approximately (see 19 (i)) v = «n?b/6h%. Putting
kb = V8Cy/8n (see 14-4 (5)) the interference angle is

SCL ko
@) A TR

When the aerofoil is placed perpendicularly to the plane boundaries with
its centre midway between them we have {; = de™/2* and (, = ie~'m/,
This leads by similar steps to the approximation

SOL ki
) Al SR

14:6. The general problem. We have seen that the interference
problem can be solved completely for the circular section. The case of other
sections can be reduced to this when the conformal transformation which maps
the interior of the tunnel section on the interior of a circle is known,

{-plane.

Fia. 14-6.

Suppose that the transformation

1) 2=/

maps the interior of the tunnel section in the z-plane on the interior of the
unit circle | {| = 1 in the {-plane, everywhere conformally, so that f*() does
not vanish or become infinite within the unit circle. We shall continue to
consider the case of uniform loading, so that the aerofoil is replaced by a
vortex pair («, —«) at distance b apart. The correction for other types of
loading can be deduced from this by integration, as already exemplified in
1441 for the case of elliptic loading.

If the vortices are situated at the points z,, 2, in the z-plane, there will be
vortices of strengths «, — « at the corresponding map points {;, {, in the {-plane.
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Take first a closed working section. Then using the circle theorem (5-2) we
get, as in 14-4, for the complex potential

. (-4 . C_I—C—l
2 w = ix ] = — ik lo 1.

(2) K ogg_g2 T gC~1—§2
Since w = w; -+ wp, and wp = ik log (z — z) — ix log (z — 2,), we get
(3) wy = iKlogC ~ & - z'KlogC ~ 1/€_ - iklogul,

L -0 -1/, z -2

where the middle term on the right differs from the last term of (2) by the
irrevelant constant ix log {,/{;. We now have
dwdl duwgp

—u1+iv1: —

A dz dz

K 1 1 1 1
@ _m{C—Cl_C—Cz_C-1/§+§-1/Z2}
—-iK{ 1 _ 1 ]’

z -z z—zzf

from which the interference angle at the centre or at any other point of the span
can be at once deduced.*

When the working section is open, we have to arrange that the velocity
potential given by (2) is constant on the boundary, to which end we change the
sign between the two terms on the right of (2), thus giving, on the model of (4),

i 1 1 1 1)
i ey Ay I
fO8-¢4 -8 -1, -1/

{ 1 1 }
-tk ]——— — .
z2—2 72-—2

When the real axes and also the origins correspond in the two planes and
the span is on the real axis with its centre at the origin, we have z = 0, { = 0
at the centre of the span and z, = — 2z, = $b,{; = —{; = }{, where

(6) b = f(3D).

In the case of a closed section, (4) then gives

vy = 2 (2 E)

'~ —f'(0)<l 2)°
Putting bx = SCLV /8w (see 14-4 (5)) we get

SCp | b <2 l>‘|

J’.

* Had the restriction f’({) ¢ 0 not been made, we should get a non-physical infinity at a
zer0 of £ /().

By — u + wy =

(7 €

= e ! 2" (0)

12
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For an open section, (5) leads similarly to

®) er:§%0—2%56+éﬂ-

We shall apply these general results to two particular cases, (i) the rect.
angular section, (ii) the elliptic section. This will be found to lead to mapping
functions which are doubly periodic. In 14-7 we shall outline the properties of
such functions in so far as they concern this problem.

14-7. Jacobian elliptic functions. The circular function sin z has
the period 2w, that is to say, sin (z + 27) = sinz. It follows that sin z takes
the same value at all the points z + p . 27 where p is zero or any integer positive
or negative. The number }r is a quarter period for sin z. The circular function
tan z has the smaller period 7, and therefore also the period 27, so that 1r is not
only a quarter period of tan z but also a half period.

The function tan z has a zero at z = 0 and therefore at all the points p . .
Near z = 0 we have an expansion tanz = z + §2% + ..., so that the leading
coefficient at z = 0 is unity. Moreover tan z has a simple pole at z = 1, for
cos (jw —2)  —1

tanz = — =
sin (47 - 2) 2z -1

nearl
m y,

when z is near the value . Thus tan z has simple poles at all the points
1r +
1 p.m.

Consider the following linear arrangement of points labelled alternately
s and ¢ at intervals or steps of L.

(1) 8 ¢ 8 ‘C °8 ¢ s ‘c . s,
the arrangement being supposed continued indefinitely in both directions. If
we regard these points as being marked in an Argand diagram, and denote an
arbitrarily chosen point labelled s by K,, we thereby define the adjacent point

¢ east of s which will be denoted by K,. If the points are considered to lie on

the z-axis and if K, = 0, it would be possible to define tan z by the following
requirements :

(1) tanz 1s a periodic function with a simple zero at K, and a simple
pole at K.
(i) The step K, — K, (= }m) from a zero to a pole is a half period.
(i1) The coefficient of the leading term in the expansion near z = 0 is
unity (i.e. near z = 0, tan z = 2 nearly).

Similarly we can define cot z as the periodic function with a simple zero at
K., a simple pole at K, with the step from the zero to the pole as a half period
and having unity for the leading coefficient near z = 0 [cot z = 1/z nearly at the
origin]. That the function tan z cot z has no poles follows from these definitions
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and it is therefore a constant (c, say).* Near the origin the prc.>duct is
, x 1jz =1, so that ¢ =1, and therefore tanz and cotz are reciprocals.
This well-known property therefore follows from the new definitions.

Again, from the diagram (1), we see that tan (z + K,) = tan (z + i) has
apoleatz = K and a zero at z = K. Thus. tan (z + 4m) = constant x cot z,
and if we let z— 0 we see that the constant is — 1. o

We could define the hyperbolic function tanh z in like manner, by c.on31d(.ar1ng
an arrangement like (1) but along the y-axis, as the periodic funct.lon with a
gero at K, and a pole at K, with the half period equal to the step 1im from .’cl'le
sero to the pole, and having unity for leading coefficient near the origm
{tanh z = z).

Now consider the integrals
. i do
@ K:“WZLJHTWEm’
s e L[ do
iR = ok (m) = ,LJ‘() J(1 — mysin?6)’

where os<m<]l, m=1-m

We call m the squared modulus and observe that K (m) is the same function
of m as K'(m) is of m,, or K(m) = K'(1 — m). When m is given, both K and
K’ are uniquely determined. .

Now when m = 0 we have K(0) = 3=, tK’(0) = o, so that K(0) is a
quarter period of all the circular functions. Similatly when m = 1, we have
K(1) = oo, iK’(1) = }im, so that ¢K'(1) is a quarter period of all the Ayper-
bolic functions. A natural extension of these ideas is afforded by the
Jacobian elliptic functions, which have both K (i) and ¢K’(m) for quarter
periods. .

The Jacobian elliptic functions are 12 in number and may be readlly.deﬁm’ad T
with respect to the following doubly infinite rectangular array of lattice points,
analogous to the arrangement (1).

-8 e -8 - C " s Y "8 " e "8
‘n .d ‘n .4 -n -d ‘n -d *n
.3 c .5 .c -8 e -8 *C ©8
‘1 -d . n -d ‘n -d ‘n - d ‘n

The pattern is repeated indefinitely on all sides. If we denote by the (comp@ex)
number K, an arbitrary point labelled s, we thereby define adjacent points
labelled ¢, n, d situated respectively east, north, and southwest from s. We

* A function which is holomorphic at all points of the plane including infinity must be a
constant (Liouville’s theorem). L )

1 This account is based on the original and attractive treatment of E. H. Neville, Jacobian
elliptic functions, Oxford (1951).
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denote these points by the complex numbers K,, K,, K,. If we take K, o
origin it is plain that K, = 0 and that

K.+ K.+ K;+ K, =0.

We shall suppose that the scale of the above lattice is such that, with properlj
chosen axes of reference, 3

3) K,=K, K,=iK, K;= - K - iK".

Now let the letters g, r, t, v be any permutation of the letters s, ¢, d, n. Thegq

;
the elliptic function qr z is defined by the following statements : !

(i) qrzis a doubly periodic function with a simple zero at K, and a simpli
pole at K. '

(i) The step K, — K, from the zero to the pole is a half period ; those of
the numbers K, K,, K,, which are different from K, — K,, are only quart@
periods.

(i) The coefficient of the leading term in the expansion of qr z near z = ¢
1s unity.

This definition should be compared with that given above for tan 2.

With regard to (iii), the leading term at the origin is 2, 1/2, 1, according as the
origin is a zero, a pole, or an ordinary point.

The following table shows the poles and periods of all 12 functions :

Periods Pole K| Pole K, Pole K, Pole K,
2K, 41K’ csz scz dnz nd z
4K, %K’ ns z dc 2 sn z edz
4K 2K + 2K’ dsz nc z cn z sd z

It is a known theorem that a doubly periodic function devoid of poles is
simply a constant.* Now the product (pq z)(qp 2) is such a function, since each
factor has a simple zero at the (simple) poles of the other. Thus the product
(pq 2)(qp 2) is a constant, and, in view of (ili) above, this constant is unity.
Therefore the functions pq 2, qp z are reciprocals. If we agree that ppz is
to be replaced always by unity, then a similar argument shows that

(4) pPqz = prz/qrz

however p, q, r may be chosen from s, ¢, d, n.
A more ambitious application of the same principle is to show that

(snzdnz)z_ 1-cn2z
cn z " 1+cn2z’

(5)

which can be done by showing that the quotient of the two sides is a function
devoid of poles.

* Liouville’s theorem. See the footnote on p. 256.
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0Of the above 12 functions, the 6 which have a pole or a zero at the origin
are odd functions of z, the remaining 6 are even functions. Thus, for example,

(6) csz= —c¢s(—-z), cnz=cn(—z).

To see this, observe that cs z and cs( — z) have the same poles anfi Zeros,
and therefore csz < cs(— 2) is a constant which must be — 1 in virtue of
property (ii1) in the definition. . S .

Just as a circular function such as sin z repeats its values in infinite strips
of breadth 2w, so an elliptic function such as sn z repeats its value?, i1.1 a chequer
pattern of rectangles whose sides are of lengths 4K and 2K’. (A similar remark
applies to all 12 functions). Thus sn z assumes the same value at thet congrueit
points z + p . 4K + n. 2:K’. Within such a rectangle sn z has a simple pole
at the point which is congruent with ¢K’, residue 1//m, and a simple pole at
the point congruent with 2K + ¢K’, residue — 1/J/m. '

The following list of critical values will be found useful (proofs omitted).

(1) cs(EK’) = — ¢, ns K =1, ns(K + 1K') = m%,.

ds(K') = — wmd, ds K = m}, es(K + iK') = — im
The effect of a quarter period step in the lattice is clear from the diagram.

Thus, for example,
en (K + z) = constant x sd z,

for the step K (or K,) to the right changes ¢ to s and n to d.

To discover the constant put z = — K, then
1 = constant x sd(- K) = — constant x sd(K),

so that from the above table of critical values we get

(8) en(K +2) = — mitsdz

Similarly, we can show that

9) en(iK’ +2) = — imtdsz

(10) sn(@K’ + z) = mtnsz.

(11) sn(K + z) = od 2.

Lastly, we state, without proof, some farther results which will be needed.

It appears from (2) that the quarter periods K, <K’ and therefore all the
12 functions depend on the single parameter m. When it is necessary to show
this dependence on m we write * for example, sn (2| m) instead ofsnz. We then
have Jacobi’s imaginary transformation

(12) sn(iz|m) = isc(zlm,), cn(iz|m)=nc(z|m,), dn(izlm)= de(z |my).

In the neighbourhood of z = 0 we have the expansions
S

23 -
snz:z—(1+m)3—!+(1+14m+m)57—....

i i han on m, where
* The Jacobian functions are usually regarded as dependent on k rather & 3
m = k2 © mlc: 1 — k2 = k2. In this notation snz = sn(z|m) = sn(z, k), and for example
sn(iz|m) = sn(iz, k) = i sc(z, k) = isc(z|my).
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2* z*
(13) cnz:1—2—!+(1+4m)4—!-—..
212 z4
dnz:l—m2~!+m(m+4)zl—....
Note also :

sn(z]0) = sin 2, en(z]0) = cosz, dn(z|0)=1;
sn(z|1) = tanhz, en(z]|1) = dn(z|1) = sech 2.

14-8. Rectangular section. Let the cross-section of the tunnel be g
rectangle of breadth o and height 2. Take axes of reference as shown in fig. 14-8,

! I
B8 l} A ' 7
: |
| I
I |
t l
A )
U bmm e L - - -
! ' X
| !
! |
l ]
i [
Y |
C - — - - - - - a '-: ———————— - D
I
2-plane. {-plane.
F1g. 14-8.

We take Jacobian elliptic functions whose quarter periods K and 1K’ satisfy
the relation

) A

Thus when a and % are given, K, K’ and the squared modulus m are uniquely
determined.

We begin by showing that the interior of the rectangle in the z-plane is
mapped on the interior of the circle | {| = 1 by

sn $Az dn %)\z.

K_K 2
a h

(2) {=

cn Az
Proof. From 14-7 (5) we see that
1-cnai
2
) &= 1 +cnk’

The form (3) is more convenient for our proof, but observe that (3) gives two
values of { to each value of 2, whereas (2) gives only one.

On 4D we have z = }a + 1y and therefore Az = K + idy. Now from
14-7 (8),

(4) en(K + idy) = — mFsd(idy) = 1u, say,
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where p is real (but not constant), since sd z is an odd function of z. Therefore
when 2z is on AD,

1 -3
(5) rp=1—_F

Tl 4+’

_l+p

—1+,u2_1’

&0y

so that [{] =1, and as z moves along 4D, { describes an arc of the circle
L] = 1.

Similarly, on 4B, z = z + {th and therefore Az = Az + ¢K’. Now from
14'7 (9):

)
S Jm
which again leads to a relation of the form (5), so that as z moves along 4B,
{ describes an arc of the circle |{| = 1. The discussion for BC, CD leads
to the same conclusion. Also when z = 0, we see from (2) that { = 0, so
that the interiors correspond. It follows that (2) has the required mapping
property. Q.E.D.

Now near z = 0, sn $Az = 1Az, dn Az = 1, cn $Az = 1, and therefore from
(2) { = $2z approximately so that

g (@)..,~

Thus from 146 (7) and (8),

_8Cg )\b(2 l)
@ el—ﬂz{l‘z i T3

Writing x=1Ab, we get 1! from (3), and noting that sn®z +cn’2=1,

2 1 2 1
(8) i—§:2csx, 2+§—2nsz.

en(tK' + Az) = ds Az,

A

[0

To compute (7) we need tables of elliptic functions.*
The procedure is as follows. From (1),

() K _ a_ breadth of tunnel
K~ h height of tunnel )

Thus, given tables of K, K’ as functions of the squared modulus m, we can
obtain K/K’ as a function of m, and, by comparison with the known value of
a/k, deduce the values of m, K, K’ separately from the same tables; (1) then
gives A and the tables give the values of (8) and so of (7).

When b is small, the series expansions of 14-7 give the approximations

(10) 1 -gesx = (2-m)z2/6, 1 — znsz = — (1+m)z?/6,

* Milne-Thomson, Die elliptischen Funktionen von Jacobi, Berlin (1931); Jacobian Elliptic
Function Tables, Dover Publications, New York (1960).



264 RECTANGULAR SECTION [148

whence, taking the negative sign in (7), we get for a closed working section
SCp 1+ my 8Cy (1 + m) KK’

—_ 2h2
(1) 4= g o NS g 127

using (1), where C = ah is the area of the section, and m; =1 — m is the
complementary squared modulus.

The correction for the open working section (positive sign in (7))

SC, (1 + m)K'K
T C 124 '

Notes. (i) We remark that K 1s the same function of i as K’ is of m,, so tha
(11) and (12) have the same mathematical structure. Now it can be proved
from the transformation theory of elliptic functions * that KK’ (1 + m,) has the
same value whether K/K' is determined from (9) or from K/K’ = 2h/a. This
result means that the correction (11) is the same for a tunnel of height 4 and
breadth a as for one of height a//2 and breadth 2./2. Correspondingly for the
open section we can replace the height by a./2 and the breadth by A//2
without altering the correction (12).

(i) We may regard (11} and (12) as verifications of Glauert’s theorem in
this case, for if the aerofoil is turned through a right angle in the closed tunnel
the correction is (12) with the sign changed.

(i1} The results of 14-5 may be regarded as limiting cases for (11) can be
written in either of the forms

SC, K'* SCp K?

ST A T
If we let a > oo, we must have from (1) K — oo, and therefore K'—>n/2,
m—1, m,—0, which gives 14-5 (3). Similarly, if welet z— o , we get K'— o0,
K-> m/2, m— 0, m— 1, whence we get the equivalent of 14-5 (4).

(iv) The above results can also be got by the method of images. For
example, in the case of the closed section, in order that the normal velocity
shall vanish at the walls, suitable image vortices must be introduced, leading
to a doubly infinite system of images, whence u — 4 can be expressed in terms
of elliptic functions with poles at the images (see Ex. XIV, 11).

(v) Rosenhead T has discussed, with the aid of theta functions, the case of
elliptic loading, and also the tunnel open on two sides and closed on two sides.

(12) o =

(1 + my).

14-9. Mapping an ellipse on a circle. The interior of the ellipse
(x/a)? + (y/B)% = 1 is mapped on the interior of the circle || = 1 by the

transformation
(1) z=csin o, { =misno, A==/2K,

* By the use of Jacobi’s imaginary transformation and Landen’s transformation, op. c¢it.,
p. 259.
t Proc. Roy. Soc. (4), 142 (1933).
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where m is the squared modulus of elliptic functions whose quarter periods are

determined by

7K’ ., K’
(2) a:ccosh:ﬁ(—, ﬁ:csmhﬂg, = o — B
B '
B ! A, By, A,
I
ot
I
A A A A A --
N
‘ H, oS S,
'
1
I
B/ 5 7 A/2 . A2
!
z-plane. {-plane. a-plane.
Fic. 14-9.

Proof. Consider the three planes z =z + 1y, { = £ + 1,0 = s + it. In
the o-plane, draw the rectangle whose corners are the points + K + JoK'.

The transformation z = ¢ sin Ao gives
(3) # = ¢ sin As cosh A, y= ccos As sinh At
Then if ¢ = = 1A, the point (2, ) lies on the ellipse (z/x)* + (y/B)* = 1.
Thus on the side 4,B,4," of the rectangle we have
4) x = asin s, y = Bcos s,
so that as o goes from A4, through B, to 4, z goes along the arc ABA’ of

the ellipse. Similarly, as o describes the lower side 4,'d,, 2 describes the

arc A'B’A of the ellipse.
On the side A,S,4, of the rectangle As = 4w, and therefore, from (3),

z = ccosh A, y = O, so that as ¢ increases from — K’ to 3K’, z moves from

4 to S and thence back from S to A.
Thus as o moves round the rectangle, z moves round the ellipse and to and

fro along the two slits 4.5, 4'H, as shown in fig. 14-9.

Now consider { = mt sno. From 14-7 (10) we havesn o sn (o + ') = m
and writing s — 3¢K’ for o, we get

)] sn (s — $4K)sn (s + 2K') = mE,

When s is real the two factors of the left side of () are conjugate complex
quantities, and therefore

|{|=|misn(s + hK')| =L

Therefore as o moves along A4,B,4,’, { moves along the semicircular arc
4,B A, of thecircle | {| = 1. On the side 4,5,4, of the rectanglec = K + 1t
and therefore (14-7 (11), (12)) { = nd (¢ m,), so that £ = nd (¢ | my), n = 0.

L
2
)
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Thus as o goes along 4,8,4,, z goes from A4, to S, and thence back to 4
A similar discussion applies to the side 4,’H,4,’, and therefore when ¢ describ;
the rectangle counterclockwise, { moves round the circle | { | = 1 and to ang
fro along the slits 4,8,, 4,"H,. Therefore the interiors of the circle in the
{-plane and the ellipse in the 2-plane correspond point by point. The slits cag
be suppressed, for they are occasioned only by discontinuities in o, and it i
easily verified that the functional values of z and { are continuous across them,
Thus the postulated mapping property of (1) is proved.*

14-91. Elliptic section. Let the cross-section of the tunnel be the ellipse
LA
ol 182
When the aerofoil is replaced by a vortex « at (36, 0), — « at (— 35, 0),
the general formulae of 14:6 may be applied, using the mapping of 14-9 (1),
which gives, near the origin,
(1) z=cAo, {=mio, A=u2K, c*=a-f"
so that (d2)dl), = cdm™%.
Also [ is determined from

=1

(2) 1b = csin Aoy, M = mtsno,
where o, is the corresponding (real) value of o.

With these determinations we have from 14-6 (7), (8),

SC bEKmi (2 _ 1

®) o= gl e (17 )}
the upper sign for a closed working section, and the lower sign for an open
section.

The guarter periods of the elliptic functions are determined from 14-9 (2) by

K B

4 tanh " = .

@ a 4K«

When the aerofoil stretches from one focus to the other, we have b = 2¢,
and therefore from (2)

Ao =4m, oy=K, = md,
so that
SCy, [ 2K

5 e A . }

®) 4T g [1 - (IF Im)p»
but with an aerofoil of span comparable with the focal interval it is doubtful
whether replacement by a vortex pair is sufficiently accurate.t

* This elegant argument is due to Neville, op. cit., p. 259.

_} Glauert, R. and M., 1470 (1932), gives the corrections in this case assuming elliptic, Do
uniform, loading in the form 3SCL/C, where 45 = $/(a + B) for the closed and ~aj(a + f) for
the open working section. See also Milne-Thomson, *“ Application of elliptic functions to win
tunnel interference *’, Proc. Roy. Soc. Edin., (4), LXIII, 1947.
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When b/c is small, equations (2) can be written in the approximate forms,
(6) 1b = ¢c(Aoy — $X30%), 3 = mi(o, - (1 + m)oy®).

Thus a first approximation is Ao, = b/2¢, and so, from 1-9 (iii), the second

b b?
)\0’02%(1 +'2Zc—2>

approximation 1s

With this value (6) gives

bk [ B2 1+m>] 2 2\[ B 1+m>}
%l:’;)?XLHéTcz(l_ ) l_bm%ll—@o_ ’

whence (3) gives the approximation

®) I = {8nct e T

the upper sign for the closed working section. When o — f, we get the case of
a circular section, and it will be found that (8) assumes the correct form for that
type of section, see Ex. XIV, 18.

The case where the span is centred on the minor axis * presents no special
difficulty, for the general method of 14-6 is of universal application.

EXAMPLES X1V

1. In a closed circular tunnel with the vortex pair replacing the aircraft
centrally placed, show that the interference velocity at the centre of the span is
the same as the velocity induced at that point by vortices placed at the inverse
points (with respect to the circle) of the wing tips and of opposite circulations.

Verify that these image vortices make the circle a streamline.

2. Assuming uniform loading for an aircraft placed centrally in a closed tunnel
of circular section, draw a graph to show how vy varies across the span.

3. For a closed circular tunnel, show that the tunnel correction to the induced
drag coefficient is the same as the change in that coefficient due to decreasing the
aspect ratio from A to A’ in free flight (assuming elliptic loading and the same lift

coefficient) where
1 1 =S
44 8C
4, Obtain the formula 14-41 (1) for elliptic loading and complete the details of
the integration.
Prove that, if n% <1,

n2<~/(1—1—.777)_1>=%+

ooles

7)2 + oo
5. Prove that

- ; b>4. ) < 3<b>4>
2 2 (2 2 Y 2 {23
.[0 <cos 0+ 16<2R sin?220)df = 7 {1 + 16 \2p

* Rosenhead, Proc. Roy. Soc. (4), 140 (1933), has discussed the case of elliptic loading, with
the aid of theta functions, when the span is along either axis.
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8
6. Prove that for elliptic loading of a centrally placed aerofoil in a closgg
circular tunnel to the next order of approximation the correction to the induced

drag coefficient is
SC 2 3/bN\ b /b8
= {1 * l6<2R> * 6‘4<2R>['

7. In the case of a closed circular tunnel, if the loading is uniform and the
span is at distance A from the centre, prove, by means of the circle theorem, thag

~ 8¢y, R
T= 80 (RT- 13+ 1002
at the centre of the span.
8. Perform the calculations which lead to 14-5 (4).

9, If there are two equal point vortices with circulations in the same sense,
prove that on the perpendicular bisector of the line joining them the velocity
potential is constant.

Prove also that at any point of the perpendicular bisector the velocity is normal
to that line.

10. A wind tunnel has an open rectangular working section of height @ and
breadth 4. Draw the image system for a small centrally placed vortex pair per-
pendicular to the height (use ex. 9). Hence show that the correction is the same
(with the sign changed) as for a closed rectangle of height % and breadth a.

11. The origin is taken at the centre of a rectangular closed tunnel, the z-axis i
parallel to the height and the y-axis to the breadth. Vortices of strengths x, —«
are at (0, 3b), (0, —$b). Prove by the method of images, or otherwise, that

—u+10 = {kpu sn A(z— 3ib+4da) ~ ixp sn Az + b + Lia),
where K, K', A are related by

>

K
a

Bt >

and u = Am?,

12. The rectangular working section of a tunnel is open at one pair of opposite
sides of the rectangle and closed at the other pair. Draw the image systems for 8
vortex pair centrally placed (i) parallel to the open sides, (ii) parallel to the closed
sides.

13. Obtain the corrections for a closed elliptic section when the aerofoil is
replaced by a symmetrical vortex pair on the minor axis.

14. Obtain the corrections for an open elliptic section when the aerofoil is
replaced by a symmetrical vortex pair (i) on the major axis, (i) on the minor axis.

15. Use the result of example 11 to show that
27b?
Hence obtain 14-8 (11) when 6 is small.
16. If § = #K'/AK, use the approximations K = 1« (1 + im), K’ = log(4/Jm),
which hold when m is small, to show that for small m
e = 4/ /m.

(1 — 8cs(f]my)), 0 = bA/2.
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17. If m is determined from 14-91 (4), show that when m is small

’82 e20

¢ 4
spproximately, where ¢ = «® — B2 and 0 is the same as in the preceding example.

18. Use the two preceding examples to show that as « — 8, B remaining fixed,
14:91 (8) tends to the correction for a circular tunnel of radius g.

19. Show that wind tunnel walls will not interfere with the flow past an aircraft
if they are so shaped as to coincide with streamlines in the flow of an unrestricted
stream past the same aircraft.

20, An aircraft of volume V is suspended in a wind tunnel in which the pressure
decreases downstream with the gradient - 0p/dz = P. Show that the measured
drag is approximately increased by the amount PV.



CHAPTER XV
SUBSONIC FLOW

15-0. Hitherto the compressibility of the air has been ignored. The M;

number (1-71) has been taken equal to zero. 5
In this chapter we shall consider steady motion at speeds for which the Maok
number is not negligible. #

The air will be treated as an ideal compressible fluid. The effect of viscosity,
1s therefore ignored. The most important consequence of viscosity is probably
the skin friction due to the drag in the boundary layer. The neglect of external
forces (gravity) has already been explained (2-13) as implying merely that we
are concerned only with aerodynamic pressure.

15-0l. Thermodynamical considerations. Consider a unit mass of
gas, volume v, density p, so that

(1) vp = 1.

Let T be the absolute temperature (temperature measured from the absolute
zero, about ~ 273° C.) of the gas. The gas is said to be perfect if it obeys the
law (cf. 2-5 (1)).

(2) pv = RT, or p= RpT,

where p is the pressure and R is a constant. Thus of the four quantities
p, v, p, T only two are independent.

Logarithmic differentiation of (2) gives the relations

" dp & I dy_dp ar
p v 1 p p T
We shall treat air as a perfect gas.

Let us imagine our unit mass of gas to receive a small quantity ¢ of heat.

The first law of thermodynamics asserts that heat is a form of energy.

Thus the small quantity of heat ¢, with a suitable choice of units of measure-
ment, Is equivalent to ¢ units of mechanical energy. Hence communicating the
heat ¢ will supply energy to the gas; the gas expands so that its volume
increases to v + dv, thus doing mechanical work p dv. We suppose the ex-
pansion to take place very slowly, so that no kinetic energy is developed.

Since no energy can disappear, we can write

(4) g =dE + pdv.
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The quantity dE is the increase in the internal energy of the gas; it is the
excess of the energy supplied over the mechanical work d01.1e. .

Hypothesis. In a perfect gas the internal energy E is a function of the
absolute temperature 7' alone. . '

This hypothesis is a generalisation from the results of experiment. It is
also known as Joule's law. It follows that

(5) dE = kdT
and (4) now becomes
(6) q=kdl + pdo.

If, in communicating the small quantity ¢ of heat to the gas, the expansion
is prevented (dv = 0), the temperature of the gas will rise, say dT', and we can

ite
! g =c,dT.

The quantity ¢, is called the specific heat at constant volume. 1t is the quantity
of heat required to raise the temperature one unit when the volume is kept
constant. Putting dv = 0 in (6) gives

(N k=c,

We similarly define c,, the specific heat at constant pressure, as the quantity
of heat required to raise the temperature one unit when the pressure is kept
constant. Now, if p is constant, (3) gives dv/v = dT/T, and therefore from (6)

(k+ )dT

c,=k+R=c¢,+ R

and therefore

from (7).

We therefore conclude that

(8) R =¢, - c,.

Hypothesis. In a perfect gas c,, c, are constant. This is also based on
experiment.

In the above we have denoted the small quantity of heat by ¢ and not by
what would seem the more natural notation dgQ. The reason for this is that
there is actually no function @ of which ¢ is an exact differential. We can,
however, write

9) g = Tds,

where dS is the differential of a function S called the entropy.
To justify (9), observe that (6) and (7) give
q aTr

P = d__p @: 1 i3
—Tzc,,—z—,+idv_—c,p + ey ¢, d log (pv)



272 THERMODYNAMICAL CONSIDERATIONS (15-01
where
(10) 7 = cyfe
which proves that y/T is an exact differential, say, d.S
ds = ¢, dlog (p),

If the state changes from (p;, v;) to (p,, v,), the increase of entropy is
therefore

(11) S, = S; = ¢, log (pvy?) — ¢, log (pyoy?).

The second law of thermodynamics asserts that the entropy of an isolated
system can never decrease, i.e. dS = 0.

If the entropy remains constant throughout the fluid, the flow is said to be
homentropic. The condition for homentropic flow is therefore d.S = 0. It follows
from (11) that, if the flow is homentropic,

(12) p'uy =k, O p= KP",
where « is a constant which depends on the entropy. This is the adiabatic law
(cf. 2-32).

The steady flow of air is governed by the equations of motion and continuity
(19-5) in the form

(13) - },Vp ~@V)a. V(g =0,

and, as there are three unknowns p, p, q, these equations are insufficient to

determine the motion. In the case of homentropic flow, however, we can adjoin

the adiabatic relation (12) and so obtain a determinate system of equations.
To calculate the internal energy we have

dE = c,ar = ) _ 4P

R H'y—l,

and thus, save for an added constant, we have the alternative forms

pv P
14 E = = =c,T.
14 y-1 (y~-1p

I5:1. Steady homentropic flow. In this case we have Bernoulli’s
equation, 2-32, along a streamline

Yy P
1 — =% + 12 = C.
In 1-5 we found the speed of sound in air otherwise at rest, except for the
small sonic disturbance, to be

(2) 602 = <@> = 1—1)9.
dp/q Po
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We now define the local speed of sound or sonic speed by

) ¢t = g—i =P ey,
which gives the speed of propagation of small disturbances relative to air in the
state (p, p). With this notation (1) becomes

2 2

(4) yi1+%‘12=C’:ycil=%q2max,
where ¢/ (y — 1) is what the left side would become, did the streamline to
which (1) refers contain a stagnation point ¢ = 0, and 4¢%n,x is What the left
side would become, were there a point at which 7°
¢ = 0. Tt is not asserted that such points actually
occur on an arbitrary streamline but merely that
each streamline has two such constants ¢y, Gmax
associated with it.

Observe that (3) shows that whenc =0, p = 0,
and therefore p = 0. It follows that g,y is the
speed with which the air could flow into, or be in
contact with, a vacuum, and this speed can be

nowhere exceeded.

The graph of ¢2 as a function of ¢ is the straight
line 4B in fig. 15-1. This clearly shows that along
a streamline ¢ << ¢y, ¢ < Gmax- The straight line
¢ — ¢ = 0 cuts AB at the point C (c*?, ¢*?) where

y -1 2 .

*2 . k2 _ R % 3
b) ¢2=c _y+IQmax y+lco

The two portions AC, BC of this line correspond
with physically different régimes.

At any point of AC we have ¢ < ¢* = ¢* <,
so that the Mach number, M = g/c, is less than
unity, provided that ¢ <c¢*. TFlow for which
M <1 is called subsonic.

At any point of BC we have ¢ > ¢* = ¢* > ¢,
so that M > 1, and the flow is then called super-
sonic. The condition for supersonic flow is therefore ¢ > c*. )

For these reasons the sound speed ¢* is called the critical speed. For arr

Fic. 15-1.

y = 1405, Imex 990 Tmx_ g4y
Co ¢
As a simple illustration suppose that the motion is two-dimensional, that

the streamlines are concentric circles, fig. 3-7 (iii), and that in each such circle
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there is the same circulation 2«. Then if ¢ is the speed at radius r, we have the
circulation 2mrq = 2mc and ¢ = «fr, as in 41. Thus M =gfc gives
¢ = ¢g/M = k/rM. Substitution in (4) then yields

K*(y—1) 2 ly—1) _
P TSR T ey O

say. Thus
) 2
(0) 72 = az{l + (‘},_——1):7‘1—2}

From this it appears that 7 has the minimum value a. This minimum value
occurs when M = oo , 50 that ¢ = gpax , ¢ = 0, and the pressure p is zero. Thus
the motion cannot be continued into the region r < a. This region may, for

example, be vacuous or occupied by a solid core (cf. 4-12).
As 7 increases, we see from (6) that M steadily decreases and attains the

critical value unity when

y+1

y-1
Thus in the region a < 7 < 7* the flow is supersonic, say between the two

inner circles of fig. 3-7 (iii). When r > r*, M < 1 and the flow is subsonic.

This is the analogue in a compressible fluid of the rectilinear vortex in an in-

compressible fluid.

r=1*¥=aqa = 2-44a.

15-2. Irrotational motion. For irrotational motion there is a velocity

potential ¢ such that @ = — V ¢, and if the motion is steady, the equation of
continuity (21-5) is V(pq) = 0, or (qV)p + pV q = 0, so that (see 215 (7))
op op
- 2 P or
(1) PV Uk C g ruy =
Now dp - e dp = _1 pd (3¢%) = — LodE + 0? + u?)
T dp 2 2c? ’

using 15+1 (3) and Bernoulli’s theorem in the form 2-31 (1). Sincew = - 0d/ox
we get

op _ p ou ov aw]

P U~ 9z + ” + w oz [u¢xx + vbys + Websz],

where ¢, = 62¢/3z2, by = azqs/ay 0z, and s0 on.
Substituting in (1), we have

® b (1-%) b (1-5) + e (1-%)
O B e = T = 0,
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where 4 = — 0¢/ox, v = — 0p/dy, w = — 04/0z, and from 15-1 (4)
=3 (y = D)(Puax — ¥ — v* — w?).

Thus the velocity potential ¢ satisfies the non-linear differential equation (2).
When ¢ = o, (2) reduces to V2 = 0, the case of an incompressible fluid.

15:3. Linear perturbations. In the case of a uniform wind ¥ parallel
to the z-axis, 15-2 (2) is identically satisfied by ¢ = Vz. If we place an aerofoil
in this stream, the motion will
be perturbed and the velocity
potential will become x

(1) @=Vz+ ¢(z,9,2), %
so that ¢ is the perturbation
potential. The velocity at any 7 .
point was (— V, 0, 0) and is now
(- V +uvw.
The perturbation is said to be

linear if u/V, v/V, w/V are small —
quantities of the first order —— < ¥
whose squares and products are
negligible.
Observe that there is no §
limitation of ¥ which may be z_
Fic. 15-3.

large or small.

The approximation will fail near a stagnation point where — V + u = 0,
so that u/V = 1.

The application of the linear theory will therefore be to thin aerofoils of
small camber and at small incidence. Such aerofoils are suited to high speeds,
80 the linear theory should yield a good first approximation.*

To find the perturbations, let the suffix 0 refer to the undisturbed stream.
Then g% = (- V + w)? + v® + w? = V2 — 2uV and therefore

2 = - 3) .
@ =7 (1-%
For the speed of sound, 15-1 (4) gives
=3y = D[¢Pmax — (V2 = V)] = ¢ + (y - DuV,
where ¢, is now the speed of sound in the undisturbed stream, whence we geb
- DuV
(y_ﬁ]—co[l + 3y - H M V

* The application of the linear theory to aerofoils is particularly associated with the names
of Glauert for subsonie, and Ackeret for supersonic flow.

(3) c=c [1 +
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where M, = V/c, is the Mach number of the undisturbed flow. The Mach

number is therefore

@) M=%=%@—%U+awdmwﬁ
The pressure change is given by Bernoulli’s theorem, 2-31 (1),
(5) P~ po=dp = — pogdq = up,V.
Since c‘b’:d_]_):p_—ﬁ’:iv:&’_,
dp p=po P = Po
we have
6 do = uV  u 22
(6) P = po=10p =" po =7 P

In applying the above it is useful to observe that u is the incremental
component of the disturbed velocity opposite to the velocity of the undisturbed
flow.

With these approximations the equation 15-2 (2) satisfied by @ becomes

(1 - 312) (pzx + ¢vv + ¢zz =0,

and substituting (1) in this shows that the perturbation potential ¢ satisfies the
same equation. Since the derivatives of ¢ are, on our hypothesis, small, we
may replace M by M, thus obtaining

(M (- M02) ¢x:c + ¢w + ¢zz =0.
This is the Prandtl-Glauert equation satisfied by the perturbation potential ¢
and therefore also by the complete potential (1).

15-4. Linearised subsonic flow. Here M, <1, and therefore the

equation 15-3 (7), satisfied by the velocity potential, is

1y p 3245(;;2?/, 2) 32¢(;vg}2y, 2) 82¢(;;2y, Ao, pr=1- M2
Let us make the affine transformation
(2) z; = Az, y; = ABy, z; = ABz, A = constant
and write
(3) & (s, Yi, 2) = v (2, Y, 2), v = constant.

The affine transformation (2) is a mapping of the (z,y, z) space on the
(x4, ¥:, 2;) sSpace in such a way that all lines parallel to the z-axis are stretched
by the factor A, while lines parallel to the y-axis and the z-axis are stretched
by the factor A8. Clearly straight lines map into straight lines, planes into

planes, and parallel lines or planes into parallel lines or planes. The mapping

is not conformal unless B = 1, i.e. M, = 0.
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From (2) we have
g Ox; 0 0 0 0 0 0
%o b en Vo m Pa
and therefore (1) becomes

0 (i, Y, 2) + R ACT D . (i, Yi, 7))

4) o2 dy.2 ' 022

=0,

which is Laplace’s equation.

Any solution ¢, (x;, ¥, 2;) of (4) gives the flow of an incompressible fluid in
the (@, ¥;, 2;) space, and (2) and (3) then determine a corresponding linearised
flow of compressible fluid in the (x, y, z) space, where the velocity potential is

o) B 5,2 = $u(a, My, ABe).

If we regard ¢ and ¢, as perturbation potentials of the same uniform wind ¥ in
the negative direction of the z-axis in both spaces, we have for the complete
velocity potentials

O Vet dilmoyord Vot bl p2) = Vot g A8y M)

I (= V+wu,v,w) and (—= V + u, v, w) are the perturbed velocities at
corresponding points we have

o, 3, v
“"‘_axi“axia?”‘ﬁ_’)\”’

i oy a, v
g N s aZ/V a /\730’
o 8z 8, w
e T AT R

I15-41. Distortion of the streamlines. In the unperturbed flow
the streamlines are straight. Consider the streamliney — A =0,z - &k = 0.
In the perturbed flow the quantities y — %, z — &k will differ from zero by
Quantities which by our linearisation hypothesis must be small. These small
differences will be called the distortions of the streamlines. The differential
equations of the streamlines are

de  dy dz
“Vru v w’

and therefore to our order of approximation
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Integrating, we get from 15-4 (7), (2)

_ z . ‘sﬂdzi_g
y_k——.“mt_/d _TwVA—V(Z hi):
o (Fw, )\Briwidx,_g B
z_k—_LT/x“_TwV—/\_v(z’ 8

where by 154 (2) h, = ABh, k; = ABk.

Thus we can state that the distortions of the compressible flow at (z, &, k)
are B/v times the distortions of the incompressible flow at the point (Az, Ak, ASk)
in the (z, ¥, 2;) space.

This result enables us to plot the streamlines of the compressible flow when
the streamlines of the incompressible flow are known.

Consider the point P;(z, b, k) in the (z;, ¥;, 2;) space. In the undisturbed
flow the streamline through P; is straight and parallel to the z;-axis. If we
disturb the flow by introducing an aerofoil, this straight streamline will bend so
as to pass through the adjacent point P/ (x,h + A', k + k') where %', k' are
small distortions of the originally straight streamline. By what we have just
proved, the point P, in the compressible flow in the (z, y, z) space which corre-
sponds with P; is P,(z/A, h/AB, k/AB), and the straight streamline, which
passed through P, in the undisturbed compressible flow, will bend so as to pass
through the adjacent point P,” whose coordinates are

z h B Kk BEY.
G’ﬁ*?’@*?)
and as P; describes its streamline in the disturbed incompressible flow, so
P, describes the corresponding streamline in the compressible flow. It is
clear that the locus of P, can be plotted point by point from the locus of P

The reader’s attention is explicitly directed to the observation that a stream-
line in one space does not map affinely into a streamline in the other space;
that, for example, the relation y; = ABy does not hold in general between the
coordinates of P,/ and P,". In fact we are remarking that

' h o BY AB?
h+h #A,B(x3+7>=k+7h.

(But if we choose A8? = v, the mapping will be affine.)

This conclusion might appear peculiar, if it were taken to imply that the
compressible flow deduced from a given incompressible flow past an aerofoil 44
could lead to different compressible flows. But it must be remembered that the
surface of the aerofoil 4, is itself a locus of streamlines and therefore the aerofoil
A deduced from it will differ in shape according to our particular choice of
Aand v. No paradox is involved.
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Conversely, we might start with the aerofoil 4 in the compressible flow
and plot the form of 4, in the incompressible flow. From the behaviour of 4,
the behaviour of 4 would then be deduced.

There is considerable advantage in locating the aerofoil 4 near the z-axis,
y = 0,2 = 0, for if we take A = 0, &k = 0, we can now state that the distortions
at (z, 0, 0) in the compressible flow are B/v times the distortions at (Az, 0, 0)
in the incompressible flow.

In particular if we take A = 1, v = B, the aerofoils 4 and A4, differ but
slightly, provided the span is sufficiently small for the wing tips to be regarded
as near to the z-axis.

15-42. Two-dimensional flow. Consider two planes: the z,2-plane
occupied by incompressible fluid moving with velocity potential Vi,, and the
zz-plane occupied by compressible fluid moving with velocity potential Vaz.
Let a profile 4, which deviates but little from a part of the w;-axis be placed in
the z;2;-plane. Then the complete velocity potential will be

(1) Va, + ¢i(;, 2;).

If we make the affine transformation

(2) ;= Az, z; = ABz,
the velocity potential

) Va + (0, AB2)

will give a linearised subsonic compressible flow past a profile 4 in the zz-plane.

A, A
LIS D 4

: *; i x

J !

xlﬂz :

t

F-m-Ax---4 P, 'f

1

t

N A % —--dp
4
Fia. 15-42 (i).

The chords will be related by ¢; = Aec, and the ordinate of the camber line at
(z, 0) in the compressible flow will be B/v times the ordinate of the camber line
at (Az, 0) in the incompressible flow.

From 154 (7) we have w,;/V = vw/(ABV) and therefore the incidences in
the two planes are related by

14

B

[+

(4) o =
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By Bernoulli’s theorem the pressure increase due to the perturbation in the
incompressible flow is

dp; = pi — Po = 3po (V2 = (V = w)?) = pou,V,

and in the compressible flow from 15-3 (5) the pressure increase is dp = puV,
Therefore

(5) dp; = vdp/A.
The lifts are given respectively by

L, = Ipi dz;, L= Ip dx,
and therefore
(6) L; =L
For the circulations,

K, = .[(u,» de; + w; dz), K= I(u dx + wdz),

and so from 15-4 (7)

(7 K, =vK.

Since L; = K;p,V we have L = Kp,V, and therefore the Kutta-Joukowski
theorem holds also for linearised subsonic compressible flow.

We now consider some particular cases, recalling the result of 15-41 that
the distortion of the streamlines in the compressible flow at (x, 0) 1s B/v times
the distortion in the incompressible flow at (Az, 0).

Case I. X =1, v=1. Here the chords are equal but the camber and
thickness of 4 are those of 4, reduced in the ratio of 8: 1. The lift, circulation,
and pressure are the same at corresponding points in both flows. The incidence
1s reduced in the ratio 8: 1.

Case [I. A =1/B,v = 1. Now ¢ = Bc;, so that the chord of 4 is less than
the chord of 4; in the ratio B : 1 and the camber and thickness are reduced in
the same ratio at corresponding points. The lift, shape, incidence, and circula-
tion are unaltered ; the pressure is increased in the ratio 1 : 8.

Case III. X = 1,v = B. In this case /v = 1 and the distortions are the
same in both flows. Thus 4 and A4, are identical profiles at the same incidence.

Fic. 15-42 (ii).
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The circulation, lift, and pressure are increased in the ratio 1:8. Thus the
effect of compressibility on a given profile is to increase the lift in the ratio
1: B (Glauert’s correction).* The disposition of corresponding streamlines is
sketched on fig. 15:42 (ii) when 8 = 0-6 so that M, = 0-8.

15-43. Lifting line. From 15-4 we see that the distortions at (x, A, k)
in the compressible flow are B/v times their values at the point (Az, ABh, ABE) in
the incompressible.

If we take A = 1/8, v = 1, it follows that the distortions at (0, &, k) are in
the ratio 8: 1. If therefore we replace the aerofoil by a lifting line stretching
from (0, —5/2, 0) to (0, b/2, 0), this line will occupy the same position in both
flows. The lift, circulation and incidence (15-42) will be the same in both flows
at any profile section but ¢’ = fe;’, and since from 11-3 we have

Iy = §(ag)ie/ (Ve — w/),

we shall have in the compressible flow
I = %(—a—o—)i (Vo' — w'),

since, from 153 (7), w;/ = w’. It follows that the integral equation for the
circulation (11-3) is the same for both flows except that (ay'); is to be replaced
by (ay')i/B. Therefore the method 11-5 still applies provided that we replace
p by w/B. Thus, as far as the linearised theory applies, the only effect of
compressibility on the lifting line theory is that the slope of the (Cy, «) graph
must be increased in the ratio 1 : 8. For further details the reader is referred to
a paper by Goldstein and Young. t

The foregoing theory has its application to aerofoils in conditions where
shock waves do not develop. The flow past an aerofoil is such that the relative
airspeed at certain places may be considerably greater than the forward speed.
A simple instance is that of the circular cylinder in a stream V' without circula-
tion. Here the speed at the ends of a diameter perpendicular to the stream is
2V, Should places occur on the aerofoil where the critical speed (15-1) is
attained or passed, shock waves (16-4) may develop and part of the régime may
become supersonic. The investigation of this mixed state is not yet on a
satisfactory basis.

15-44. The hodograph method. Consider two-dimensional steady
motion. Let PQR be an arc of a curve in the plane of the flow, the (x, y) plane.

— - —
From the points P, @, R, . .., draw vectors PP, QQ,, RR, ..., to represent

—
the fluid velocity at these points. From a fixed point H draw vectors HP’,

* The mere fact that 1/8—o when M,—~>1, shows that the range of applicability of this
correction is limited.
t R. and M., No. 1909 (1943).
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— —
HQ', HR',..., equal and parallel to these velocity vectors. The points
P, Q, R, ..., describe the hodograph of the given curve PQR, and the plane
y Y of this curve is the kodo-

graph plane of the given
motion. If we take the axis
Hu in the hodograph plane
parallel to Oz in the plane

RQ p' of the flow, the velocity at
P will be
) u + 1w = ge,
0 H # gnd P’ will have cartesian

Plane of the flow. Hodograph plane.

Fre. 15-44. coordinates (u, v) or polar

coordinates (g, 6). We shall
assume, for the sake of simplicity of statement, that this mapping of one
plane on the other is bi-uniform (3-6).*

We have seen in 152 that the velocity potential of an irrotational com-
pressible flow satisfies a non-linear differential equation. We shall show that if
(q, 0) or (u, v) are taken as variables, the equation becomes linear.

Tt is useful to introduce the stream function ¢. The equation of continuity
(21-5) is, in the case of steady motion,

3(Pu)+§_(p_v):O

oz oy
and we can satisfy this by taking
_ % _ %
(1) pu = _Poé‘;/’ PY = Pogy

where p, is any constant, which may be conveniently identified with the
density, say, in the main stream, when we consider flow past an aerofoil. The
function ¢ is the stream function. Thus if ¢ is the velocity potential, we have

- d¢ = udz + vdy, —&d¢:—vdx+udy,
P
and therefore, as is easily verified,
- <d¢ + o dx/:) = (u ~ w)dz = ge~¥ dz,
14
so that
0
dr = _gq_<d¢+zpo ¢>

* The locus of % — iv is also a hodograph. Tt is the reflexion of the above in the real axis, and
its use is frequently advantageous.
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If suffixes denote partial differentiation, z, = 9z/dg, we have at once
et ) et )
z:—7<¢q Polﬁq), Zez**<¢o+ﬂ)¢‘9>’
q P
and since zg = 24, We get
0 [e” pg > 0 fe¥ < Py >]
ao[?<¢a+p¢af 3 \q ¢o+p‘l/9f

Performing the differentiations and equating the real and imaginary parts,
we get (see Ex. XV, 9), noting that p is independent of ¢ from 15-1 (1),

@ b= ahg(22). b=,

These are the hodograph equations. To get the equation satisfied by the
stream function since ¢ = Py, We have

<qu > ael‘p"gg(&o)}’

O aen ) g

since p is independent of 6.
d(ﬂo>:_@§£d£ Pl _pd
dg prdpdg ~ p2r? T p e

using Bernoulli’s theorem 2-31 (1) and ¢* = dp/dp.
We then find that (3) becomes finally

Now

o ad 9 *// g
2 T 2y I 2 — M = =.
4) qaq2+q(1+M)aq+( - M3 =0, M :
This is the linear equation satisfied by the stream function. The equation is due
to Chaplygin.*
15-45. The hodograph equations for homentropic flow. Assuming

the adiabatic relation p/p, = (p/p,)’> put
(1 - gL (=29
) r=a B= (=129

2
T max

The hodograph equations 15-44 (2) can then be written in the form (see
Ex. XV, 10).
(2) 2r(1 — 7+ = — {1 — 2B + )7}y, (1 = 7)P ¢y = 2731
For these equations Chaplygin has given the formal solutions
(3) = — BO — ZB by (7)sin (md + e),
¢ = Bdy(7) + ZB,u(r) cos (mb + ),

* See also R. Sauer, Theoretische Einfahrung in die Gasdynamik, Berlin (1943), p. 94.
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where, in the notation for hypergeometric functions,*
T F (b s 3 7)) A7)
bolr) = Tpmpe i D)ol s,
Tl F(ama m > Cm> Tl) !tb'm (Tl)
Here B, B, are constants and 7, = V?/g?,,x, Where V is the speed of the
main stream ; the parameters a,, b, ¢, are given by

Am + bp=m — B, apbp, = - Im(m + 1)B, c,=m+1;
1- 28+ )t 21 Ou(r)
sl () = [ ) =

Chaplygin has shown that when ¢, — @ (incompressible fluid), ¢ and
tend to the limiting form ¢,, ¢, given by

4) ¢, + wp; = Blog (q.e7%) + ZB,, [qe~*C+m)/V]™,

This is the expansion of the complex potential ¢, + uf; of an incompressible
flow in terms of the complex velocity q,6=% = — d(¢, + 0p,)/dz. If, therefore,
we start from an incompressible flow T as given by (4), assuming convergence,
we can proceed to the compressible flow given by (3), for the constants B and
B,, are now known. The boundaries of the field of the compressible flow will in
general be different from those of the field of incompressible flow. In the
applications this difference is small but difficult to evaluate precisely.

15-46. Velocity correction factor.} The formal method of solution is
quite unsuited to numerical calculation, for the hypergeometric functions have
not been tabulated and the series do not appear to be reducible to a closed form.
Some method of approximation is therefore required. In what follows suffix ¢
will refer to incompressible flow.

In 15-45 (4), if T, is the speed of the main stream, the speed ¢; occurs in

the forms §
i T i " T %m

T1i
while in the compressible flow it occurs in the forms

q, P00 a0
P ) 4.6

It is clear that the simplest and most useful approximations will therefore be of
the types

7"(0)(7.) - [g(T)JM’ ll'm(o (T) = [7] (T)]m’

* Milne-Thomson, Calculus of Finite Differences (1963), 9-8.

+ The question has been examined by Bergman, N.4.C.A. Technical Notes, 972, 973
(Washington), 1945.

1 G. Temple and J. Yarwood, *“ The approximate solution of the hodograph equations for
compressible flow 7, Rep. No. S.M.E., 3201, R.4.E., 1942.

§ Observe that although gmax = o for incompressible flow, /7, — (g,/V )? a8 gmax —> ®.
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where the functions £(r), n(r) are independent of m, and are approximately
equal to 7!2 when 7 is small. Temple and Yarwood proceed to find upper
and lower approximating functions &, &,, 7y, 7, tndependent of m, such that
&M< ¢m(0) < & mt < ‘//m(o) < 7"

and their functions are ““ best possible ” approximations in the sense that no
closer approximations will satisfy the above inequalities for all values of m.
For details the reader is referred to the original paper. The applications of the
approximations £ and » are as follows. Let ¢,, i, be the velocity potential and

stream function of an incompressible flow, V; being the speed of the main
stream, and let

(1) é: = D(q./V5, 0), b =YgV, 0).

Then the velocity potential and stream function of the corresponding com-
pressible flow are

(2) ¢ =PE/EL0), b =¥/,
where §=£(1), n=1) &=Em), m=n(n),
and, as before, 7 = ¢¥/¢%1ax, 71 = V?/¢%nax, and V is the speed of the main
stream. Let us arrange the constant so that i, = 0 is the boundary in the
incompressible flow. Then in the compressible flow the boundary is
¥ = ¥(n/mn,6) =0,
and comparing this with (1) on the assumption that the boundaries are

curvilinear, we have

% _

2l

)

=2

at the boundary.

The distortion of the boundary in the compressible flow can now be
determined from the fact that the velocity potential has the same value at
corresponding points in the compressible and incompressible flows. Hence, if
ds, ds; are corresponding elements of length of the boundaries, we have

4) gds = — d® = g, ds,.

Let r, r; be the radii of curvature of the boundaries at corresponding points.

Then
(5) LAy
r;  dol d8  q
From these results the distortion of curvilinear boundaries can be determined
by geometrical construction,
The case of rectilinear boundaries is exceptional, for on such a boundary

= constant and the shape is the same in both flows. Also
g = - dDjds = — (dB|dE)(dE/dg) (dg/ds),
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and therefore .
d® d¢ dg
6 s = —J-— -
©) i€ dq g

Equation (4) still holds.
Again, writing
1% Y

where ¢, is the sound speed in the main stream, the function f is called the
velocity correction factor at the Mach number M,

Write =gV, y=q/Ve p=3n=1iM3/1+ M.
Then it is shown that the approximation

(8) (r) = 71 - §f7)
holds, with a proportional error of not more than 4 per cent., over the whole
subsonic range 0 < 7 < 7*. From (3) and (8) we get (1 — p)y=z(1 — pa?)
which, as is readily verified, is identically satisfied by
_ 2cos k(7 + 6) _ 2cos §
JG@w o (1 - wJ@T)’
The second of these determines 8 when y is given, and thus the velocity
correction factor is, approximately,
r cos & (m+0)
37—3(1_#) cosf

EXAMPLES XV

1. If p, v, T, S are connected by
pv=RT, S=c,logp + ¢c,logv,
prove that
T a8 0T 9S8 _dp dv 0p v

op v ov op oI aS oS ol
Explain the geometrical significance of this result.

2. Draw the graph z = c?/c*? against y = ¢*/¢%max, showing the critical point
dividing subsonic from supersonic flow.

3. If ¢t = dp/dp gives the local speed of sound, obtain the following forms of
Bernoulli’s equation,

ctdp 2c 1
L 4+ qdg=0, ——dc+qdg=0, 3¢ = cy2 — c2).
p qaq ,y__l qaq 2q 7_1(0

4, Use the velocity potential, for incompressible flow,

¢——Vz+§—0
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to prove that in compressible subsonic flow with the same circulation the radial
and transverse components of velocity are
B

S

2mr1 — MZ?sin28’

and hence prove the Kutta-Joukowski theorem for lift. Prove also that the drag is
zero.

U, = Veosl, ug = -~ Vsind -

5. In subsonic flow past a lifting line, show that at a large distance [ behind the
aerofoil the downwash angle is

C, B
= gdpell T

where b’ is the span of the rolled-up vortex wake (11-7).

(1 + 1B21)%),

6. Prove that, if compressible subsonic flow in a wind tunnel of width 24 is
compared with incompressible flow in a tunnel of width 2f%, the downwash in the
compressible flow is 8 times the downwash in the incompressible flow.

(Goldstein and Young.)

7. Comparing compressible flow in a tunnel of breadth 24 with incompressible
flow in a tunnel of breadth 28, prove that the increase of longitudinal velocity at
the working section is 1/8 times the increase in the incompressible flow.

(Goldstein and Young.)

8. In a wind tunnel the stream is non-uniform owing to a pressure gradient.
In the compressible flow the velocity components of the undisturbed stream are

=1V + %Fx(x’ /3.7/’ Bz), v = Fv(z: :8?/’ BZ), w = Fz(x: ﬁy: ,Bz)

and in the incompressible flow
=V + F,(x,y,2, v,=F, (2,42, w="F/(z1y,z).

Prove that the corrections to be applied for non-uniformity of the stream in the
compressible flow in which the velocity components are (u, v, w) are 1/8 times the
corrections in the incompressible flow with components (u;, v;, w,).

(Goldstein and Young.)

9. With the notations of 15-44, prove that
0 e
aa(aq> = - ?{ lr/}a + 5690 + e ¢‘Hq} y
2 a_z _ ,gf S‘[’e ¢‘az9 1Py
oq <60> - + o5, ag \p < > q % ¢“9} ’

observing that p is a function of q but not of 6.
Hence prove that
3 1
f PO ‘/JGJ' — ¢9 1/19 aq< >

10. Obtain the hodograph equations for 1sentroplc flow in the form 15-45 (2).
Prove that
af T a¢]__11—(2;3+1)7'321//

or 1 —nforf ~ 4 (1 - )fFL 967

0 [ r(1 — 7)1 o 1(1 - 7)fo%
37'[1—— 28 +1 ‘raf}— & 7 o
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11. Show that the change of variable given by

d\ dr 22
= a - T)ﬁ_z, — —>1 when 7 — 0,
T T

leads to the hodograph equations
A0¢/OX = — F &[0, Xdy/ox = 8¢/a0,

where F=[1-@8+1r(l -~ 2L
Hence show that the approximation F = 1 leads to
Vo + i) _id(4 + i)
oA a6

12, If the adiabatic pressure density relation is replaced by

1 1
P—- N =C<___>a
show that the graph of the above (p, p) I‘elati’;il Wiﬁ touch the adiabatic at the poj
(P p1) if € = ¢/%;®, where ¢, is the speed of sound for the state (p,, pl).a ° point

13. Use 15-46 (8) and (3) to show that

_ % _ 1 — pa?
d R .Vl. - z 1 N ‘LL ’
;?y hence by writing ¢ = 2 cos (= + 6)//(3u), find the velocity correction factor
Draw a graph of #/(y(1 - u)) against cos 4.

14, With the notation of 15-46 if (' =(p - 1
to the main stream, show that oo = (P = p)fsp V%, where suffix rofers

Covany = {1+ ly = DIF(L = atpret = 1)y 1,2
" 21— Pt - My
Hence show that €, 5, can be calculated in terms of v

) Cps = (p - p)/ip V32
when the velocity correction factor is given.

CHAPTER XVI
SUPERSONIC FLOW

In this chapter we shall consider steady motion at speeds for which the
Mach number (1-71, 15-1) exceeds unity.

The air will still be considered as an ideal compressible fluid so that the effect
of viscosity and therefore of the boundary layer is ignored.

16:1. Moving disturbance. Before considering supersonic flow let us
examine a special problem. Let a feeble instantaneous disturbance such as a
cry originate at a point P in alr otherwise at

rest. 3¢t
Such a disturbance will spread in a spherical

wave, with P as centre, with the speed of

sound ¢, so that at times ¢, 2¢, 3t ...the )‘
disturbance will have reached points which lie &)

on concentric spheres, centre P, radii ct, 2¢t,
3¢, ... If, however, the air is moving with
velocity ¥ from right to left, the points reached
by the disturbance at time n¢ will lie on a
sphere of radius net whose centre 1s at distance
Vnt from P. If V < ¢ these spheres will not
intersect, and it is clear from fig. 16-1 (ii) that the disturbance will ultimately

reach any pre-assigned point of space.

Fic. 16-1 (i).

Fe. 16-1 (ii). Fie. 16-1 (ii).
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But when V > c the state of affairs is different, fig. 16-1 (iii), for then the dis-
turbance never reaches points which lie outside a cone whose vertex is P, whose
axis is in th direction of V, and whose angle is 2u, where sin . = ¢/V=1/M,
The angle y is called the Mach angle and the cone is the Mach cone.

In two-dimensional motion the Mach cone is replaced by a wedge and the
lines in which the plane of the motion cuts the wedge are Mach lines.

/771

AL
j/
7
A P
F1c. 16-1 (iv).

/77777,
g

A similar phenomenon is observed when uniform flow V(> ¢) takes place
parallel to a wall which is smooth save for a small roughness (such as a proj ecting
seam) at P. Here a disturbance originates at P and is continually renewed as
the oncoming air reaches P. The waves continually generated at P give a
noticeable disturbance only where they lie most densely, i.e. on m, the Mach
line which issues from P. In the steady state the disturbance at every point of
m is the same ; the disturbance is not damped, at least in theory, as we recede
from the wall along m. If there are several such roughnesses, each will give rise
to a Mach line. Along such a line there is air density slightly different from
the density of the smooth flow (cf. 15-3 (6)), and this circumstance renders it
possible to photograph the lines whose existence is thus well attested.

From this it appears that supersonic flow, in which the airspeed exceeds the
critical value (15-1), is physically different from subsonic flow. This manifests
itself mathematically by the change of the differential equations from the
elliptic to the hyperbolic type {cf. 16-2).

16:15. Thrust due to a supersonic jet. We consider flow from an ejector.
Within the ejector the flow becomes supersonic immediately after passing the
section at which the eritical speed ¢* is attained and thereafter emerges from
the exit with velocity V, density p (cf. Ex. 2, 11, 12). Let w be the area of
the jet at exit. Then the mass flow is m=pVw. Let p be the pressure at exit
and I7 the external pressure. Then by the momentum theorem the reaction
R of the gas upon the body is
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R=mV + po=mV,+Ilw,

where ¥, is the velocity when the pressure is I1.
Thus
p—H=pV(V,-7V)
which gives V, when V, p, IT are known.

Now as the speed changes from V to V, there is, in general, an increase of
entropy, so that V; will be smaller than in an isentropic transformation in
which the pressure varies from p to I1.

Thus there is a loss of energy which will be the greater, the greater the
difference between p and II. The loss vanishes when the process remains
isentropic and then

p=Il, V=V,

It follows that the ejector will be acting at its greatest efficiency if the exit

pressure is equal to the external pressure.

16:2. Linearised supersonic flow. We consider the case of two-
dimensional steady motion in the zy-plane, the undisturbed wind being of
speed V, where V > ¢,, the sound-speed in the undisturbed flow, in the negative
sense of the z-axis. The linearised equation satisfied by the velocity potential,
15-3 (7) is

¢ 0%
Ml P TP
(1) (I - M2 7 T o 0,
where now M, = V/c, exceeds unity. We write
@) sin g = 37 00t g = J/ (Mt - 1,
0

so that p, is the Mach angle (16-1) appropriate to the undisturbed flow. Then
(1) becomes
*b_ o T
(3) a} = tan o é?z ’
and it is easily verified by differentiation (cf. 1-5) that the general solution of (3)
18

(4) ¢ =fily — ztanp,) + foly + @ tanp,),

where f, and f, are arbitrary functions.

We see here the essential mathematical difference between subsonic and
supersonic flow. In subsonic flow we can reduce (1) to Laplace’s equation by
a real affine transformation (15-4). No such transformation exists for (3).
In the terminology of the theory of partial differential equations the subsonic
case leads to a differential equation of the elliptic type, the supersonic case to
one of the hyperbolic type.
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The equations of the hyperbolic type (by
not of the elliptic type) have an associated systey
of curves called characteristics* along which d;
continuities in the initial values are propagate&%
To elucidate this in the present case, we sh.,i
begin by stating, what will appear shortly,
that the characteristics are the Mach lineg
Yy — ztanp, = &,y + x tan u, = m, where £ and
7 are arbitrary constants. These lines form
two systems of parallel lines. Along a line of
the £-system ¢ is constant, and along a line of
the z-system % is constant. If the velocity at
any point is (— V + u,v) we have from (4),
taking ¢ as the perturbation potential,

% = tan #o(fl’(f) - le("i)),

Fic. 162 (i). v=-f'(§) - fi' ().
Therefore the perturbation components parallel to the Mach lines £, 7 are
respectively,
(5) ge = ucos py + vsinpy = — 2f,'(n) sin

@n = U COS pg — v8in pg = 2y’ (£) sin .

It follows that g, is constant along a Mach line 1 = constant, and that
g, is constant along a Mach line ¢ == constant. Also, when ¢, ¢, are given,
the velocity vector (u, v) is easily constructed, fig. 16-2 (i).

Now consider fig. 16-2 (ii) which shows a curve AC, at no point of whick
the tangent is a Mach line, and the parallelogram 4BCD, formed by drawing
the Mach lines through 4 C
and C.

We can prove the follow-
ing fundamental theorem.

Theorem. 1f the per-
turbation velocity (u, v) is
given at every point of
AC, then the perturbation
velocity at every point in-
terior to the Mach line par-
allelogram 4 BCD is uniquely
determined.

Proof. Let P be any
point inside ABCD. Let the

Fia. 162 (ii).

* See also 16-32.
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Mach lines through P intersect AC in @ and R. Since the velocity at @ is
known, ¢, is known at @ and therefore at P where it has the same value.
Similarly g, is known at P, for it has the same value as at R where it is known.
Therefore the velocity at P can be constructed. Q.E.D.

Now consider a small arc 44’ of the curve AC. If we alter the velocities
which are given at points of 44’ in any arbitrary manner, and draw the Mach
lines A’B’, A'D’ through A’, this alteration will only affect the calculated
velocities at points within the shaded strips, and this is true however small A4’
may be. It follows that a discontinuity arising in the velocity at A is propagated
along the Mach lines 4B, AD which pass through 4. The Mach lines are
therefore the characteristics mentioned above.

The linearised equation (1) permits this elementary demonstration owing to
the simplicity of the Mach lines, but the above theorem is true in the general
case of steady two-dimensional supersonic flow, when the Mach lines are not
necessarily straight, provided that in the enunciation the parallelogram ABCD
is replaced by a curvilinear quadrilateral formed by the Mach lines through 4
and C. Inallsuch cases the flow within the quadrilateral is determined solely by
the velocities on the line AC, and is independent of the state of the flow outside.

As a particular important conclusion we see that a region of constant state
(uniform wind) must be separated from a region where the state is different
(constant or otherwise) by a Mach line, and this line is straight, for along 1t u
and v are constant.

16:3. Flow round a corner. Referring to 16-2 (4), consider the
velocity potential

1) D = Vz + 0V (y + ztan ),
where 6 is a small constant. When 6 = 0, @ gives a uniform wind in the

negative sense of the z-axis.
When 6 £ 0, we get the velocity components

(2) -~V - 0V tanpg, — 0V,
which are the components of a uniform flow at the angle
tan-1 ov

V + 0V tan p, -
to the z-axis, in other words, a uniform wind of speed ¥ (1 + 6 tan p,) parallel
to OB in fig. 163 (1).

Now the different states of uniform flow depicted must (16-2) be separated
by a Mach line, and since O is a point of discontinuity for the flow parallel to 40,
the Mach line must pass through O and be in the position of O in the diagram.
Alternatively, the line might conceivably be in the symmetrical position OD".
Let us, however, consider the case OD.
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The flow depicted will then be given by the velocity potential
® = Vz, wheny + ztanpy, > 0.

3) D = Vz + 0V (y + xtan p,), when y + z tan p, < 0.
D}\ K 0
1 e
GV:ec/uo ; ot
1 P
Fof L Y Mo x
-b T o i 77 LTI ITTTT 6T
F1c. 16-3 (i).

This value of @ satisfles 16:2 (3) everywhere, is continuous at the line OD,
where y + xtan u, = 0, and gives the undisturbed flow in the region 40D,
It must therefore represent the type of flow depicted in fig. 16-3 (i) round the
convex corner A40B.

The components of the incremental velocity in region BOD are, from (2),

(4) u= -~ 0Vtany, v= -0V,
and therefore the incremental velocity is
(5) g = 0V sec u,, perpendicular to OD.

It therefore appears that there is an abrupt increase in velocity on crossing
OD from the front (or side of the oncoming stream) to the back (or side of the
deflected stream).

Also, from 15-3 (5), (6), in crossing OD from the front to the back, the
pressure and density both decrease, in fact

(6) P = po= — plfVitanpy = — copyq.
— 2py8

— o = — pOM.2 - .

(7 P — Po pof M ? tan p, s 2,

This decrease of pressure and density is characteristic of expansive flow
The streamlines are wider apart after passing the bend, indicating expansion.

This is what the linearised theory has to say. This particular problem is,
however, capable of exact solution,* which shows that the increase of velocity
does not occur suddenly at a single Mach line m, (OD) but by a series of
gradual transitions to a final Mach line m,, the streamlines being curved between
my and m,. This type of flow between m, and m, is known as a Prandtl-Meyer
expanston.t

The linearised approximation is sufficiently exact for small deflections.

* See 16-35. T Th. Meyer, Dissertation, Géttingen, 1908.
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The flow just described is irrotational and homentropic and is therefore
reversible. If we reverse the direction of flow on all the streamlines the Mach

Fic. 16-3 (ii).

line OD will now ““ lean forward » against the oncoming flow. The flow will be
compressive, that is to say, on crossing the Mach line from front to back the
pressure and density will increase suddenly. It is not possible to predict in
general terms which type of flow will arise unless all the boundaries are given, but
as far as convex bends occur in the flow round an aerofoil, the flow is always ex-
pansive.

Compressive flow, however, occurs naturally when the bend is concave,
fig. 16-3 (iii).

6 Vs‘e[/uo

Fie. 16-3 (iii).

Here 6 is negative, so that our equations give increases of pressure and
density. The streamlines are nearer together behind the Mach line, indicating

compression.

16-32. Characteristics. Consider a geometrical (not a material) surface S
conceived to be moving through fluid. Let the point P belonging to the surface
have the velocity qg and let q be the velocity of the fluid particle with which P
instantaneously coincides. The velocity of the point P of the surface relative
to the fluid is then qg—q.

Def. A characteristic is a surface which moves through the fluid in such a
way that the magnitude of the component of the velocity of each point P of
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the surface relative to the fluid in the direction of the normal to the surface at
P is equal to the local speed of sound at P.
In symbols

(1) ngs - q) = + ¢,

where ¢ is the speed of sound at P, and n is the unit normal to the surface at P,

Since small disturbances are propagated with the speed of sound (1-5), it
follows that the wave front of such a small disturbance is a characteristic. In
the case of two-dimensional steady motion the characteristics will be cylindrical
surfaces represented by a curve in the plane of the motion and will be af rest.
Thus in (1) qg = 0 and

(2) ng=+¢ Or ¢,= + ¢

where g, is the normal component of the fluid velocity.

Thus the projection of the fluid velocity vector at P on the normal to a
characteristic at P is equal to c and if 41 is the acute angle between the tangent
to the characteristic and the fluid velocity

. c 1

@) S T
where M is the Mach number. The angle p is the Mach angle (cf. 16-1).

It is clear from (3) that given the fluid velocity q at P there are exactly two
characteristics through P whose tangents are equally inclined to q.

The normal components of the velocity are both ¢ while the tangential
components are gcospu = ¢, and — gcospu = —t.

Therefore by Bernoulli’s theorem (151)

(4) ¢ = k2(qzmax - qz cos? ."‘) = kz(qzmax - tz);
() pot=l_
Y+ 1 Cmax

16:35. Prandtl-Meyer expansion. To discuss flow round a corner con-
sider fluid streaming with constant supersonic speed V; parallel to a straight
wall 40 which bends away from the stream into a second straight part OB at
the corner O.

In the uniform stream of Mach number M, the Mach angle is given by
sinp, =1/M, and is therefore known. Thus the flow will begin to turn the
corner along a straight characteristic or Mach line m, in fig. 16:35. Assuming
for the moment that the final state is uniform flow of speed V, parallel to OB,
the turn will be completed on a second straight Mach line m,. It then follows
that all the Mach lines issuing from O are straight and that the velocity at each
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point of any one of them, say m, is the same. If ¢ is the velocity potential, we
have

1)

Fig. 16-35.

and q,, ¢, are independent of r. Moreover since m is a characteristic, g, = ¢ and
therefore by Bernoulli’s theorem, 15-1 (4) gives

@ (%%Y:&:%y—”&mf«ﬁf_eg%?.

Since g,, ¢, are independent of » we must satisfy (1) and (2) by writing
) ¢ = 1f(6),
where f(6) is independent of ». Substitution in (2) then gives
L
wlf O + [fOF = Cmax,
where from 16-32 (5)

c*2

Y1
“ B 1 o
The above equation has the obvious solution
J(0) = = Gumay sin (k6 +¢),
where ¢ is an arbitrary constant, and so
(5) ¢r = (Fqmax S0 0 + €), g, = ¢* cos (k0 + ).
Let us measure 6 from the intial Mach line m,. Then when §=0
Guax SiLe = Vycospy, c¢*cose =V sinpy,,
80 that
(6) tan e = k cot py, = k(M2 - 1).
To find the position of m, we have, on this line, §=0,=p; +« —u,, where
a is the angle OB makes with 40 1i.e. the angle through which the oncoming
stream has been deflected. Therefore

(7 V, 008 py = Quax sin (K0, + €), V,sinpy = ¢* cos (£, + €).
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By division, using the value of 0, given above,
*

c
tan p, =
max

cot {k(py + o — o)},

an equation which determines u,, since u; and o are known. Equation (7) thep
gives V, and so the Mach number, M,, of the deflected stream.
To determine the pressure we have

'y?p =2 = ¢,> = c*?cos? (kO + ).
Now
P —<p>y and ¢ =" -1
=1 == = Ly + 1e*2
P, Po 0 Po 3y )
Therefore
(8) (ﬁ)“’“l)/y _ 2c08?(kf + ¢)
Po y+1 '

The maximum value of § which is physically possible is that which makes
p =0, and so

(9) k@max + €= %ﬂ.
Thus if
(10) o« + 1“1 > ema.w
le. if
1
(1) a> 2 (m =€) = pu,

the fluid will not be in contact with the wall OB but will be separated from it
by a vacuum bounded by OB and the line § = 6,,,, which is simultaneously
a characteristic and a streamline.

16-36. Complete Prandtl-Meyer expansion.

This corresponds to a situation similar to that in 16-35 but starting with a
stream along 40 whose Mach number is unity and arranging that the second
wall OB does not interfere with the expansion which means that 16-35 (10) is
satisfied.

If M, =1, 16:35 (6) shows that e = 0, and therefore that
(1) 9r = Qmax sin k0, o = ¢* cos k6.

When 6=0 it follows that ¢, = 0, g, = ¢* and so the initial Mach line m,
is perpendicular to 40.

Thus the intial stream has the velocity V; = ¢* along A0.
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Taking y = 1-4 for air we find 0, = 220° nearly and so the acute angle
between OA and m, is about 50°.
Between OB and the final Mach line m, there is a region of cavitation.

4

Cavitation

F1c. 16:36

Table* 16-36 shows corresponding values of M, p/po, T/ Ty, plpo, §/9maxs 1
A, in degrees, for the complete expansion.

Here p, T, p are pressure temperature and density. Suffix zero refers to
stagnation conditions.

The angle A in the last column is the angle through which the direction of
motion is deflected from the original direction 40.

In the notation of fig. 16-36 the deflection of the stream on the Mach line

m 18

2) A=0- (’3’ - p) = %tan—l [ky(M2—1)] - tan-1,/(M2—1),

and entering the table with M we find A or entering with A we find M.
Therefore in the partial expansion of fig. 16-35, «=A,—2; and
(3) M=o+ A
where A, A, correspond to the initial and final Mach numbers M, and M,.
Thus from (2) and (3)

(4) ]%tan—l UfJ(lez - 1)] - ta’n_l,\/(ﬂlf _ 1) — i B
where
(5) B = l%ta.n—l U»J(ﬂ]lz _ 1)] —_ taﬂ_lJ(ﬂflz _ 1).

* T am indebted to my friend Professor E. Carafoli for this table, which appears in his High-
Speed Aerodynamics, Bucharest (1956).
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TABLE 16-36
M ya r r q A
Po T, Po Jmax #
T TS
1-00 528 -833 634 408 90-00 0-00
1-05 -498 ‘819 608 425 72:25 0'49
1-10 468 805 582 441 6538 1-34
115 "440 *791 "556 "457 60-41 2-38
1-20 412 776 "531 473 5644 3:56
1-25 -386 +762 "507 488 5313 483
1:30 361 747 483 *503 5028 616
135 "337 733 ‘460 ‘517 4779 756
140 314 -718 437 *531 4558 8-99
145 293 704 416 544 43-60 10°44
1:50 272 690 395 557 41-81 11-91
1'55 253 675 ‘375 570 40-18 13'39
1-60 235 661 356 582 38:68 14:86
1-65 218 647 "337 "594 3731 16:33
1-70 203 634 320 6035 36-03 17-81
1-75 -188 620 -303 616 3485 19:27
1-80 174 607 287 627 3375 2072
1-85 ‘161 504 271 637 32°72 22°16
1-90 “149 -581 257 647 31-76 2359
1-95 138 +568 243 657 30-85 24'99
2:00 ‘128 556 230 667 30°00 2638
2-05 ‘118 543 218 676 29:20 2775
2'10 ‘109 531 206 685 2844 2910
2°15 ‘101 520 -195 693 2772 3043
220 10935 -508 -184 <701 27°04 3173
225 0865 *497 174 <709 26:39 33-02
2°30 ‘0800 486 1635 717 2577 34-28
2:35 ‘0740 475 "156 ‘724 2518 3553
2'40 0684 *465 ‘147 732 2462 3675
2°45 -0633 "454 "139 "739 2409 3795
2°50 -0585 444 132 745 2358 3912
2°55 0542 "435 125 *752 23-09 4028
2:60 ‘0501 425 118 <758 2262 4141
2-65 10464 416 111 764 22°17 42°52
2:70 ‘0430 407 106 +770 2174 4362
275 '0398 *398 0999 776 21-32 4469
2-80 :0368 -389 0946 781 2092 4574
2:85 "0341 -381 0896 787 20754 4679
2:90 0317 ‘373 0849 792 2017 47°79
2-95 0293 -365 0804 797 19-82 48-78
3+00 10272 357 0762 802 19'47 4975
3-05 ‘0252 349 0722 806 19°14 50°71
310 ‘0234 342 0685 811 18-82 5165
315 0217 335 0649 815 18:51 52°57
3°20 +0202 328 0616 820 1821 5347
325 -0188 *321 0585 824 17-92 54°35
330 0175 ‘315 0555 +828 1764 5522
3:35 0162 308 ‘0527 -832 1737 5607
3°40 ‘0151 :302 0501 835 17°10 56-91
345 ‘0141 -296 0476 839 16-85 5773
350 ‘0131 290 0452 843 16-60 5853
3'55 0122 284 ‘0430 846 16:36 59-32
3-60 ‘0114 278 +0409 849 1613 6009
365 -0106 273 0389 -853 15'90 60-85
3:70 *00990 267 ‘0370 856 1568 6160
375 100924 262 -0352 -859 1547 6233
3-80 00863 257 0335 862 1526 63:04
3-85 -00806 *252 ‘0319 865 15-05 6375
390 *00753 247 0304 -868 14-86 6444
395 100704 243 0290 870 1466 65:12
400 -00659 238 0277 873 1448 6578
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Now M, is given. Therefore to determine M, we first find 8 from (5), and then
enter the Table with « + B to obtain M, from (4).

16:37. Inversion of the deflection equation. The equation 16-36 (2)
which gives the angle A through which the stream is deflected can be inverted, in
gome cases analytically, to give the Mach number M when A is given.*

To this end write
1) J(Mz—l):tan<§>, =t
Then 16-36 (2) becomes
2) tan (v + B) = k tan <§>
- k

which is a form suited to finding B by iteration. If

1 n? — 1
(3) = then Y=

and (2) becomes
4) ntan (v + B) = tan nf.
If n is an integer, the right hand side is a rational function of tan 8 and (4)

leads to an equation in tan § of degree n + 1.
The resulting equation can be solved by numerical methods for any value

of n, and analytically if n =1, 2, 3.

If n = 2, then y = 5/3 which corresponds to a monatomic gas, for example
helium. Since a correlation exists between force coefficients measured in a
helium tunnel and equivalent data in air this value of y has practical applications.
The solution 1s

1 4 (tan LA)2/3

®) M= 1 an e

If n=3, then y=5/4. An example of the application of this case occurs in
the nozzle section of a rocket motor.

The equation satisfied by cot 8 is

(6) cotd B — 2 cot?B — & cot (3A) cot B — § = 0.

After some reduction (see Ex. XVI, 18) we get

e (R i

7 = [3 cot? (2A)— 1] 73,

N

where

* R. Probstein Journ. of Aeronautical Sci. 24 (1957) 316, 317.
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16-4. Shock waves. The state of affairs depicted in fig. 16-3 (iil) gives
the linearised approximation to a stream turning a very obtuse angle.

Frc. 164 (i).

If the corner is turned by a series of short straight pieces, O B;, B, B,, ...,
each vertex would yield, on this theory, a Mach line, and these lines might have
an envelope E. This would cause a mathematically ambiguous state behind
the envelope, where (u, v) would not be uniquely determined. Such a state is
not physically possible. Experimental observations indicate that this situation
gives rise to a shock line S, which starts at the cusp of the envelope and runs
between the two branches. In crossing this line the normal velocity decreases
suddenly, the density, pressure, temperature and entropy suddenly increase.

Such shock waves can occur at the leading and trailing edges of an aerofoil
moving at supersonic speed. They can also occur elsewhere on the aerofoil
should the local relative speed exceed the critical speed of sound.

Consider the straight stationary shock wave oceurring at an obtuse angle
7 — 8 where 6 is small.

Let suffix 0 refer to con-
ditions in front of the shock
line S and suffix 1 to con-
ditions behind that line, so
that V,is the speed of the
oncoming, V, that of the
deflected flow. Let S make
the angle o with the direc-
tion of V, and let w,, wy
denote the components of V, and V, perpendicular to S. If we consider the
condition in front and behind a small line element dl of S, the oncoming flux of
matter must be the same as the departing flux (equation of continuity) so that

.

Fic. 16-4 (ii).

0 PoWo = pyWy.
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Since the pressure thrust acts normally to dl there is no change of the
momentum flux parallel to S, therefore

(2) poWoVocosa = pw,V, cos (¢ ~ 6).
The difference in pressure thrusts on dl must be equal to the normal flux of
momentum through dl. Therefore

3) P1 = Po = polte® = p1th’
These are the equations of ordinary mechanics. We obtain a fourth relation
by applying the principle of conservation of energy including thermal energy.

If £ is the internal energy per unit mass of air the total energy 1s £ + 12
per unit mass. We equate the flux of energy to the rate at which work is done
by the pressure thrusts. Thus

Potty — ity = pywn(Ey + V4% = powa(Ey + 3V4P),

and therefore from (1)

LU NN A
Po 1
Using 15-01 (14), we get

+ B+ AV

7}70 177 2 ypl 1T 2

“ - g T E ST, TN

This equation is of the same form as Bernoulli’s equation, 2:32, but in
fact the states (py, po) and (p;, p;) here correspond with different values of the
entropy, so that (4) cannot be written down from the principles of isentropic
flow on which Bernoulli’s equation is based. The increase of entropy from
15:01 (11) is

= Pipo”

(5) S; - Sy = ¢, log ooy

Observing that w, = Vysine, w; = V,sin (o — 0), equations (2) to (4)
reduce easily to the following set.

(6) Vocoso = V, cos (o — ),

() Po + poVe¥sin®o = p; + p V% sin® (o - 0),

(8) (J’p—g)— + 1V 2sinto = (—&i)— + 1V 2sin (o ~ 6),
7 = Dpo 7y = Dpy

the last being got by squaring both sides of (6) and subtracting half the result
from (4).

Putting dpy=p1 = poy  Apy = p1 = Po
we get, after some easy reductions,

dp,  tano
(9) 1+ oy Tano = 0) from (1) and (6),
(10) Apy = poVesinto —P2_ from (1) and (3),

po + 4po
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Apq 2po + 4py
11 SPo 2P0 T “P
4 dp, v 2py + dp,

From these equations 4 py, 4p,and o may be caleulated when 8, p,, po, Vo are given,

from (8) and (10).

7 When 8 is infinitesimal, (9) gives
2, Asgmptote - dp, _ tan o
pp  tanc — @sec?o
a0 9
] - sinocoso
3 oé Comparing this with 16-3 (7), we see that,
B when 6 is small and negative, o =y,
] which justifies the use of the Mach line
203 Hagoniot instead of the shock line in this case.
E Returning to the general case, we get
. from (11)
0] &_&:Y_jj<1+&><&_1)
] . Po  Po 2 Po/ \Po
E - “Adiabatic which determines the Hugoniot curve of
A P1/poagainst p;/po. When p,/po—> 0 , we get

o oyl 6 approximatel
Fic. 16-4 (iii). po v -1 pproxt y

for air. Thus a shock wave can compress air at most to six times its original
density. The dotted curve is the adiabatic p,/py = (p,/p)”. When dp —0,
Adp—0, (11) goes over into the differential equation dp/dp = yp/p of the
adiabatic. The two curves therefore touch at their starting point p,/py = 1.
The ratio p/p and therefore the temperature rise more steeply in the Hugoniot
curve than in the adiabatic.

Finally, we may note that the conditions in front of the shock line here
discussed must be supersonic. The conditions behind may be either supersonic
or subsonic. It is the normal component of velocity which is reduced, the
component tangential to the shock front is unaltered. Thus the velocity i
refracted towards the shock front in passing from front to back. If the shock
front is sufficiently oblique to the oncoming air, the conditions behind may still
be supersonie.

16:45. The shock polar. In the hodograph plane represent the velocity ¥,
of the oncoming flow by the segment OA of the u-axis. From O draw the
vector OP to represent the velocity V; (components u, v,) of the stream deflected
by the shock through the angle 8. The locus of P is the shock polar belonging
to V.
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With the notations of fig. 16-45 (i) we have

= = i = Vs - .
(1) w=Vycos0, wy= Vosino, Vesin o po

Now from 16-4 (1) and (2) we see that the tangential component w of the
velocity parallel to the shock front is unaltered and then from 16-4 (4)

2 2
2 gp 2, —L— 5= = QPpax — W= WS

Substitute for p, py in 16-4 (3) and eliminate py, p; by means of 164 (1). We
then get Prandtl’s relation

(2) Wy = kz(qzmax - wZ)’ kz:(Y - 1),(7 + 1)
Substitution in (2) from (1) then gives
(3) Voisinto — Vovtano = k2(qPmax — Vo2 cos? o)

which together with
Vo — u

(4) tan o =

determines the locus of P (u, v) i.e. the shock polar. .
Elimination of o between (3) and (4) leads directly to the equation of the

shock polar namely
(5)  v2(kqPmax — Vo?) + Vo(Vo = wl} = (Vo — 0)¥(Vatt - k*¢* max)-

v
S
|
]
c* . Q
/” !
wl t"’ " @
Wo.~~ 2
P~ {5
w T ! 5
! \/ 1 §=<
P 1 P
v /
(3
¢ il c* N/A M ~
o vo \ Qmax.“
\
\
A
\
\
\
1
1
]
]
Fra. 16-45 (i)
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The shock polar is, therefore a cubic curve (in fact the Folium of Descartes)
symmetrical with respect to the u-axis which it meets at the points 4, B in
fig. 16-45 (i),

(6) U= Vo: U = k2qzmax/VOa v=20
8o that
(7) 04 . OB=k2 = c*2 = OC*2,

Thus 4 and B are inverse points with respect to the sonic circle u?+v2 = ¢*2,
Points on the polar within this circle correspond with a subsonic regime after
the shock. When

(®) OM = u = B = Vo) & V¥
Vo

v is infinite and the real asymptote is therefore u=0M. The points on the
infinite branch of the Folium, shown dotted in fig. 16-45 (i), have also a physical
interpretation. In fact if we produce OP to meet the infinite branch at @, an
initial veloeity represented by O@ will, after the shock, be reduced to the
velocity represented by OA.

The shock polar corresponding with given values ¥y and ¢y, can be con-
structed point by point as follows.

Mark the points 4, B, M given by (4) and (8), and on AB, M B as diameters
draw circles €, C,.

Join any point @ on €, to B and let @B intersect C; in R. Then the point
P where AR meets QN the perpendicular to 4B, is a point on the shock polar.
The proof is left as an exercise.

In the shock polar as 6 — 0, i.e. as P approaches the double point 4 of the
polar, the shock becomes weaker and weaker and the conditions of no shock

Q

Fig. 16-45 (ii).
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are being approached, so that the direction of the shock line must tend to coincide
with a Mach line. Therefore the angle between the tangents to the shock polar
at the double point 4 must be 7 — 21 where p is the Mach angle.

Fic. 16-45 (iii).

Fig. 1645 (iii), due to Busemann, shows a family of shock polars for c* << V',
< qmax- They all enclose the point ¢*, and lie within the circle to which they
tend when Vy—> ¢max- On the dotted curves the ratio of the stagnation pres-
sure behind the shock to that before it has the constant value shown.

16-46 Critical angle. Consider fig. 1645 (i).  The direction of the shock
line which deflects the stream through the angle 8 is obtained by drawing a
normal to AP, where P the point where the line through O, which makes the
angle 6 with the oncoming stream, cuts the polar. Also we get from '?his
construction V;=0P. Since OP cuts the polar at a second point P’ there is a
second possible shock line perpendicular to AP’; but experimental results seem
to indicate that, for compressive flow at a bend, the one corresponding with P
is that which actually occurs.
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The tangent OT from O (the point T lies on the circle u®+v*=c*?) gives
the critical angle 6* where the two possible shock lines coincide.

If § > 6* the above construction fails and there is a curved shock line in front
of the corner.

Fic. 16-46.

At the point 4 of the detached shock the incidence of the stream is normal
to S and therefore the flow behind 4 becomes subsonic. As we go along the
shock line S from A the incidence of the stream on S becomes more and more
oblique so that at some point such as B the flow behind the shock becomes
once more supersonic.

Since the entropy behind the shock increases with increase of f, 1t follows
that at supersonic speeds small wave drag demands a sharp leading edge.

16-6. The flat aerofoil.

Fio. 166 (i).

The simplest supersonic aerofoil, and the one with the least drag, is the flat
plate. We shall investigate the results of applying the linearised theory,* and
we therefore assume small incidence . For delta wings, see Chapter XVIL.

* For a more general treatment and investigation of the conditi in t y
Lighthill, B, and 451630 (1044) g e conditions in the wake see M. J.
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Referring to fig. 16:6, the air encounters the leading edge at 4 as a parallel
stream. We have thus a Prandtl-Meyer expansion at 4, Mach line E; and a
compression shock S, ; the flow is then parallel to the plate and undergoes a
shock along S, at B, and an expansion along E, ; and finally leaves parallel to
the original stream.

For small incidence the linearised theory allows us to replace S; and S,
by the Mach lines appropriate to the speed V, and the results of 163 are
immediately applicable.

On the upper surface the pressure is 163 (6) py = Po — poxV? tan p,,
and on the lower surface pg, = po + poxV? tan po.

Thus, if ¢ is the chord we have a force, upwards, perpendicular to the plate

(1) F = c(pr — po) = 2peV? ¢ tan po.

The lift is L = F cosa@ = F, and the dragis D = Fsina = F«. From these
we get the coefficients

(2) Cp, = 4xtanp, Cp = 4o*tanpu,.

Since the loading is uniformly distributed the centre of pressure coefficient 18
C,=4.

If we set aside the linearised theory the expansions at 4 and B are schema-

tically shown in fig. 16-6 (i1).

Sy

Fic. 166 (ii)-

Lines through A, B parallel to the main stream determine upper regions
1, 2, 4 and lower regions 1, 3, 5 as shown. The force due to pressure is normal
to the aerofoil and of magnitude

Ps P
3 F =c(ps — =c (—~—~)7
) (ps = Pa) P P P

where ¢ is the chord and suffixes refer to the above named regions. Since the
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pressures are constant over the aerofoil, the resultant for F acts at the mid-poing
of the chord. The pressure ratios are determined from Table 16-36.

The lift coefficient is

F cos a 2
(4) 0, =2 08%_ 2 <Z’3 _P
LRV T \p )

where p is the density, V the speed and M the Mach number of the oncomin,
stream. ;

The wave drag coefficient is

_ Fsina
T 1p¥V%
If the incidence is small we can write o for tan «

The wave drag here given is due to the air mass crossing shock waves with a
correspo.nding increase of entropy. Thus the wave drag and the entropy would
become infinite if the shock waves were to propagate to infinity. Fig. 166 (ii)
shows, .however, that this does not happen, since the shock waves are met by
expansion waves so that their intensity is finally damped to zero. Thus the
d1s§1pat10n of energy is restricted to a finite region; the increase of entropy is
finite and so therefore is the drag.

We note also that along the upper surface the entropy changes on crossing
the s.hock wave S, at B, whereas on the lower surface the change occurs on
crossing ) so that the loss of head is different in the two cases. Since physically
we mu§t have p,=p;, it follows that there is in fact a deviation say ; of the
departing stream from the original direction of the oncoming stream. ) Lighthill
has shown that this deviation is proportional to «? and is therefore negligible in
any practical working range of incidence.

(5) Cp

=tana.C}

16:61. Flat aerofoil with flap.

A

[e 8
A

Fra. 16-61.

If the aerofoil has a flap hinged at the distance Ec from the trailing edge,*

lowered through the angle £, the forces on aerofoil and flap are, by precisely as
before,

Fy=(1 - E)c.2paV3tanp, F, = Ec.2p(a + §)V?tan py,.

* This case is considered by A. R. Collar, R. and M. 2004 (1943).
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acting at the mid-points of AH, BH respectively. The lift coefficient is therefore
CL = (4o + 4E¢) tan p,,

so that lowering the flap increases the lift. Similarly, raising the flap will
decrease it, but we may observe that in either case there may be a shock wave
at the hinge.

The pitching moment is easily calculated about any point from the dis-
position of the forces shown in fig. 16-61.

16:7. Flow past a polygonal profile. Consider the slender polygonal
profile sketched in fig. 16-7, at incidence o.

Replacing possible shock lines and Prandtl-Meyer expansions by Mach
lines as in 166, the linearised theory gives a system of parallel Mach lines
m, My, - - ., at each vertex on the upper side and m', m,, ..., at each vertex
on the lower side. Between consecutive Mach lines there is uniform flow
parallel to a side of the polygon, and in each such field of uniform flow there
exists a pressure in excess, or in defect, of the pressure of the main stream.
The pressure thrusts on each side of the polygon can then be replaced by a
normal force at the centre of that side exactly as in 166, and the calcula-
tion of the lift, drag, and moment presents no particular difficulty for a given

polygon.

”

N

16:71. Flow past a general profile. The general profile can of
course be considered as the limiting case of the polygonal profile of 16-7,
but it is simpler to deal with it directly. The type of profile which we shall
consider will be slender, to allow the application of the linearised theory, and
will have a sharp point at the leading and trailing edges.

From each point of the surface there will spring a Mach line. We take the
chord AB as z-axis and the y-axis to be directed through A. Let P (z,y) be a
point on the upper surface, draw PM perpendicular to AB to meet the lower
surface at P’(z, y'). The tangent at P meets the z-axis at 7. Then the angle
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PTB is dy/dz and the flow at P is along T'P, so that it has been deflected through
the angle

(1

Fic. 16-71.

from the direction of the oncoming wind ¥. Now consider an element PQ = ds
of the upper surface. Since all the gradients are small we can write ds = dz.
If dpy is the incremental pressure p — p, at P the thrust on PQ is dpy dz,
perpendicular to the tangent at P. The contributions of this thrust to lift,
drag, and moment about 4 are therefore respectively

—dppdzcost, — dpgdrsinf, + zdpydz.

The corresponding contributions from the element at P’ on the lower surface
are

dpydecost’, dppdesinl, - zdpgdz,
where
d ’
2 0 =a-Y
(2 %=

Since 8, 6" are small we can write cos 6 = 1, sin 6 = 6, and so we get for lift
drag, and pitching moment,

®  L=[n-dpodn D= o - o,
0

My = L (dpy — dp) z du,
where ¢ = AB is the chord of the profile.
Now the incremental velocity ¢ at the Mach line m is perpendicular to that

line (15-61). Also the flow at P must be along the tangent. Therefore

(4) tanf = — 3%

Vo gsing 017 VO sec po
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gince f and ¢ are small. Therefore * from 16-3 (6),

d
(5) dpy =Py — po= ~ CopoVOseCpo = — Copo (“ - d_Z) V sec p.

Similarly,

) dy’
dpr = pu — Po = CopoV0’ s€C 1y = Copo (“ - %)V 8€C .
Therefore

dy' d
dpr — dpy = Copo (2“ - E% - gg) V sec po,

, dy\ 2 dy'\?
8 dpy, - degzcopoVseC,uo[<cx— d—i) + (a— E%H

T cdy . _ _J‘“dy'
Now "‘O%d:c—o— Ode.

Therefore, from (3),
L = 2accepoV secpg, D = ceopylV sec pg[20* + 24, + 24,%).

¢ d dy’
(6) M, = — cpoV secp.o_" (204 - va - d—i) z dz,

0

1(° (dy\? 1r dy'>2
2 _ o vy 2
904, = CL ( dx) dr, 24¢ = 0( Y i,

8o that 4,% and A4,? are never negative. To get the lift and drag coefficients we
divide by 3peV% = 1peccoVMy = §poccoV cosec pq.
Thus

where

Cp, = 4daxtanp, Cp=4(a?+ 4,°+ 4,% tanp,,

where tanp, = 1/J/(Ms - 1).  Thus it appears that, to the linearised
approximation, Cj, is independent of the form of the profile, and decreases as
M, increases. On the other hand, C, depends on the shape, unless 4, = 4, = 0,
which is the case of the flat aerofoil, and then Cp is least.
The efficiency C/C}, is a function of the incidence, in fact
Cy o

Cp o+ A2+ A2’

which is independent of the Mach number.

* Note that here c, is the speed of sound in the undisturbed flow, and c is the chord of the
aerofoil.
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For a given aerofoil the efficiency is greatest when « = /(4% + 4,2)
Thus for any supersonic aerofoil, which is not a flat plate, there is an optimum
incidence independent of the Mach number.*

Before discussing the moment M 4, consider

c dy dy' (4 , c
(7)[ <%+ %>xdx: —j (y + 3)dz = -Lzhdx: — 9204,

0 0
where we have integrated by parts and then put 24 = y + ¢, so that % is the
ordinate of the camber line (1-14), and ¢24 is the area enclosed between the
camber line and the chord.

With this notation the pitching moment coefficient about the leading edge is

(8) Cro = — 2(x + 24) tan p,,
and therefore the centre of pressure coefficient is
Co 4
(9) Cv:—f:%‘f'—'.
CL o4

Thus for all supersonic aerofoils symmetrical with respect to the chord the
centre of pressure is at the mid-point of the chord, since then 4 =0.

EXAMPLES XVI

1. Tf a uniform wind is deflected expansively through the angle 8, show that the
new Mach angle y is given approximately by

k= po= =0y — 1) + Hy + 1) tan® ).

2. In expansive supersonic flow round a polygonal bend the air stream is
deflected through the small angle 0, at the nth corner (n = 1,2, 3,...,). If p,is
the pressure and p,, the local Mach angle after the nth corner is passed, prove that,
approximately,

;)]in— =1- 2'}’071 cosec 2/“"m Pp = fpoy — %071 [(7 + 1) Secznu'n—l— 2]
n-1
(Lighthill.)
3. In the preceding example, show that, if the bend is continuous,
d
d% = — 3y + l)sec?p + 1,
and hence prove, or verify, that
0 =f(po) - S
where
+1 y + 1
= A -1 Lo -
S \/ <y Z 1>tan \/ <,, - 1) tanp - p. (Lighthill.)

* G. I. Taylor, R. and M. 1467 (1932), states that a symmetrical aerofoil with thickness ratio
1/20 has a maximum efficiency of 8:8, neglecting skin friction.
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4, In Ex. 3, prove that if the bend is continuous
1dp

pdb =~ 2y cosec 2,
and hence prove, or verify, that
P _ W where
P 9lpo)’
sinzp  \YO-D
gl = (m) : (Lighthill)

5. In Ex. 4, prove that the velocity V at the deflection 6 is given by
v _ <7 — cos 2p,
v, V\y-cos2u)’
where V, is the velocity of the undeflected stream. (Lighthill.)
6. Show that the pressure behind a plane shock front which deflects through
the angle 0 is, approximately,
Py = Poll — 2y0 cosec 2]
7. Show that 16-4 (5) does in fact yield an increase of entropy in the case of a
shock wave, and that the increase is approximately
yatinll ﬂ))a
12 po’/
where dp/p, = 26 cosec 2y, nearly.
8. Calculate the drag coefficient for a flat aerofoil with the flap lowered (16-61)

9, With the diagram and notations of 16-61, prove that
o0 4 9Cr, _ 4E
Pa  JME-TN) 98 J(ME-1)’
and that for moments about the point r¢ of the chord from the leading edge
4(r - %) 4E(r—1+%E)§

On = N JOE 1)

(Collar.)

10. With the diagram and notations of 16:61, prove that the moment about the
hinge of the force on the flap is

I72E2 2
H=- ﬂw -61)'("‘ 4
and that
gjy 90y 2

ox 08 Jmr-1)’
(Collar.)

11. Calculate the lift and drag coefficients for a supersonic profile of six equal
sides symmetrical about one diagonal, the sides which meet that diagonal each
making an angle /90 with it.

12. Show that in a supersonic aerofoil the lift coefficient is proportional to the
height, measured perpendicularly to the direction of motion, of the leading edge
above the trailing edge.
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13. A biconvex aerofoil consisting of i i
/ g of two circular ares is such that th

angles e and { with the chord at the leading edge. Prove that in supersoflii‘:rgigvl oho
.CD = (4e® + §e* + ) tanp,, Cp = — 2« + e —~ }L) tan p,,

where { is the angle at the lower are.

Evaluate these when M, = 1-7, € = 0-279, { = 0-120. (Taylor,)

14. If a biconvex supersonic aerofoil bound i i

3, 1 ed by two circular arcs is placed
zero incidence, show that the (p, z) curve where p is the pressure excesspand xsi‘:
measured along the chord is antisyminetrical with respect to the centre of the chord

15. With the other notations of 164 let w d
enote th reloci
the shock front parallel to the shock line. Prove ti:t ® component of velocity st
27 Po 2 2
&Y Fo _ _ o Y P
7 -1 pq ¢max — w? weZ, )7———1 ;i = max — W - wik
16. Use Ex. 15 to obtain Prandtl’s relation
wowy = c*2 — Bu?, B =(y - 1)/(y + 1).
17. If, with the notations of 15, pgw, = pyw, = m, prove that
P1 = Po=m(wy ~ wy), y(p + Py) = m(wy + wy).

18. In 16-37 (6) show that the a i i i

' ppropriate value of cot 8 is determined fi
f«iilct that the maximum value of the deflection A, associateg with M =n§o iZO:Tﬂ ;11113
therefore that the coefficient of cot 8in the equation is always negative since

cot 1A = i .
73

CHAPTER XVII
SUPERSONIC SWEPTBACK AND DELTA WINGS

17-0. The principle of two-dimensional linearised supersonic flow was
treated in Chapter XVI. In this chapter we shall be concerned with a special
type of linearised supersonic flow known as conical. The theory is illustrated
mainly in its application to thin aerofoils whose boundary is a plane rectilinear
polygon. Throughout we shall consider the air to be inviscid and the motion to
be steady, irrotational, and homentropic.

17-01. Conical flow. Consider the steady supersonic flow of air round a
corner depicted in fig. 16:3 (ii). It 1s characteristic of this particular flow
pattern that the state of the fluid, that is to say, its velocity, density, tempera-
ture and pressure, is the same at every point of a half-line or ray drawn from a
fixed point on the corner into the fluid. Although each such ray is a line of
constant state, the state may be different on different rays.

Def. A flow in which there exists a fixed point O such that each ray from 0
is a line of constant state, is called a conical flow, vertex O.

Thus in a conical flow the state may depend upon the direction of the ray
but not upon the distance along the ray.

Take O as origin and let P (x, y, 2) be any point on a ray through 0. Then
Q (xt, yt, 2t) is equally a point on this ray. Consider any one of the variables
which define the state, say the pressure p = p(@,¥,2). In conical flow, vertex O,
the pressure is the same at P and @. Therefore

p(x, y, 2) = p(at, yt, #t).
This means that p is a homogeneous function of degree zero in the variables
z, 9y, 2.¥ Another way of stating this fundamental fact is to say that p depends
solely on the ratios z :  : z and not on the individual values z, y, z. In other
words we can say, for example, that p depends only on the pair of ratios y/z, zjx

and write
R
P—P(x::v)-

This function is clearly unaltered when we replace x, ¥, 2 by at, yt, zt.

17-02. Rectangular aerofoil. To illustrate the idea of conical flow in
three-dimensions consider a rectangular flat aerofoil of finite span and negligible

* A function f(x, y, 2) is said to be homogeneous of degree n in the variables x, y, 2 if
flat, yt, 2t) = "f(x, v, 2).
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thickness placed with its leading edge OO’ perpendicular to an oncoming super-
sonic wind which meets the aerofoil at zero incidence. We can think of this
aerofoil as having been obtained by cutting off two (infinite) ends from an aero-
foll of infinite span (two-dimensional aerofoil).

Fia. 17-02 (i).

Each point of the leading edge is the vertex of a Mach cone (61-1) and all
these cones touch an envelope, or Mach wedge, consisting of two planes indicated
by O'By’B,0, O'By'B,0 in fig. (i). In particular the cone whose vertex is O
touches the planes along the generators OB,, OB, and the cone whose vertex is
0’ touches them along the generators O'By’, O'B,. Like the Mach wedge, the
Mach cones vertices O and O’ extend downstream without limit. In fig. (i) ,only
parts of these cones and the wedge are shown. Take a section by a plane per-
pendicular to the wind and not so far downstream that the cones of vertices O
and O’ intersect. We then obtain a diagram like fig. (ii), wherein the cones are

Ii

B By

N 4
— o

’

B5 B
Fra. 17 02 (ii).

17-02] RECTANGULAR AEROFOIL 319

represented by circles centres 4 and 4. In the region outside the figure,
B,/D,'ByB,D\B, the flow is that of the undisturbed wind. In the inner
region between the circles and the planes B,'B,, B,B,’, the flow 1s the same as
that over an aerofoil of infinite span, for no part of this region comes within
the Mach cones from the wing tips O, O’ of fig. (). The flows in the regions
interior to these cones, shown as the interiors of the circles in fig. (i) are
conical flows with vertices O, (' respectively and it is the object of this chapter
to discuss such flows. Before doing so, however, let us dispose of the two-
dimensional part of the total flow.

17-03. Two-dimensional sweep-back. The problem of the flat aerofoil
of infinite span at small incidence « in a supersonic wind V perpendicular to the
leading edge was solved in 16-6. In flowing over the upper surface of the aero-
foil the velocity component in the direction of the undisturbed flow. will be
increased to V + u,,, where, from 16-3 (4), on the upper surface of the aerofoil

(1) Uy = oV tanp,,  sinp, = ¢ofV.

In the flow over the lower surface the velocity component in the direction of the
undisturbed flow is V — u,. The resultant lifting pressure, that is to say the
difference of pressures just above and just below the same point of the aerofoil,
is, from 16-6,

2) 2pqueV = 2pgaV? tan py = 2pgV3(VE/ce? — 1)-17,

In the above, py, Co, 1o Tefer to the density, sonic speed, and Mach angle of
the undisturbed wind.

To find the corresponding lifting pressure for a swept-back aerofoil of infinite
span consider fig. 17-03
which shows an aerofoil
of infinite span with the
leading edge inclined at
the angle 3, where & > p,
to the oncoming wind V.

At a point O of the
leading edge, we dis-
tinguish two lines, [, the
leading edge and I, the
line of the wind vector,
and two planes OAB, the
plane of the aerofoil, and
OCD, the plane which
contains [, and I,, We draw three more planes, (i) OAD through I, perpendic-
ular to the plane of the aerofoil, (ii) OBC perpendicular to the leading edge I,

Fie. 17-03.
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(iii) ABCD perpendicular to the plane OCD, and parallel to the leading edge I,
By their intersections these planes determine, in fig. 17-03, the angle 40D = ¢
the incidence, and the angle BOC = «,. Then

tan a/tan «; = OC/OD = sin §,
and therefore since « is small,

3) o« = ay sin d.

The velocity V can be resolved into ¥V sin 8 along OC and ¥ cos 8 parallel to
the leading edge. If the component ¥V cos 8 were absent, the wind would have
velocity V sin § perpendicular to the leading edge and the incidence would be
a;, and from (1) the perturbation velocity of ¥ sin & would be

4) Ui = oV 8In 8 tan p,, sin p; = ¢,/ (V sin §),
in the direction OC. If we now restore the component ¥ cos 8 by imposing this
constant velocity, the dynamical circumstances are unaltered and the perturba-
tion velocity of ¥ for the swept-back wing is still given by (4) and is still in
the direction OC. This perturbation velocity has the components

(5) Uy == Uy 8In 5, Vg = — Uy COS O,
in the direction of the undisturbed wind and to starboard respectively.

From the second equations of (1) and (4) we have sin u; = sin p,/sin 8, from
which it follows easily that tan pu, = cosec 8(cosec? u, — cosec? 8)712. Com-
bining this with (3) and (4), we get

(6) Uy = aV cosec §(cot? p, — cot? §)-1/2

= U, cosec & cot u, (Cot? g — cot? §)~172,
Now introduce the angle A defined by

(7) cos A = tan u, cot 8 = cot §/cot w,,
and we then have, from (6),
(8) Upeo = Uy COSEC S COsec A,
So that, (5) gives
(9) Uy = Ug COSEC A, Uy = — u, Ot S cosec A.

These give the perturbation velocities for a swept-back aerofoil where u,, is
given by (1). The lifting pressure is

(10) 2puoV = 2apyV? tan p, cosec A,
and thus the lift on any part of the aerofoil may be calculated by multiplication
of (10) by the area of the part.

I17-1. Linearisation for the flat aerofoil. Take rectangular axes Oz,
Oy, Oz and suppose there is a supersonic wind (V, 0, a¥) so that its velocity
potential is — V2 — «Vz. This wind may be described otherwise as a wind of
speed V(1 + o?)!2 at incidence tan—! « to the plane z = 0, fig. 171.
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Let a portion of the plane z = 0 be occupied by a flat aerofail, to ﬁx our ideas
say a triangular aerofoil or delta wing, placed with a vertex at the origin O. The

P4

4

Fia. 17-1.

presence of this aerofoil will disturb the wind stream and the velocity potential

will become

1) d=-TVz - oVz + ¢,
where ¢ is a velocity potential whose negative gradient, - V:f.), gives the per-
turbation velocity (u, v, w) so that the velocity at any point will be

(2) (V + u, v, 0V + w).
Since the air cannot flow through the aerofoil we have the boundary condition

oV + w=_0o0r '
(3) w = — aV on the aerofoil.

involve no approximation.

Observe that statements (1), (2) and (3) invo .

We now introduce the assumption that « and consequently the perturbation
is small, so that (u, v, w) are small quantities whose squares and pro.ducts may
be neglécted. Also the speed of the wind stream is V(1 + a?)l2 wh.lch to. this
order of approximation is V and the perturbation velocity potential satisfies
15-3 (7). In the present case

M, = cosec g = ¢/ V(L + o&®)V2 = cofV
and therefore M2 — 1 = cot? . We can now write 15:3 (7) in the form
2 0%, 0

(4) a—y? + o cot? u, 3

Equation (4) is the linearised equation satisfied by the perturba}tion velocity
potential in the case of a steady supersonic wind stream slightly disturbed by. a
flat aerofoil. The equation has more extended applications, the only essential
condition being that the disturbance shall be small. For example, the same
equation is satisfied by the perturbation velocity potential due to an aerofoil of
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small thickness whose camber surface lies nearly in the plane z==0 and whose
slope referred to this plane is everywhere small, see 17-19. Similarly the equa-
tion may be used to discuss the perturbation due to a cone of infinitesimal angle
whose generators lie near to the z-axis or to a slender body of revolution whose
axis of revolution lies near to the z-axis.

Sincew = — ¢,,v = — ¢,,w = — ¢, whose suffixes denote partial differen-
tiation, it follows that «, v, w themselves all satisfy (4).

It might be well to remark here that the axes just introduced differ slightly
from those employed in 15-3, where the wind is in the negative z-direction. The
perturbation quantities there found are converted to use with the present axes
by changing the sign of V. Thus, with the axes of this section,

(5) P = Po= — uppV, p = po= = upeM 3V
and are, naturally, still linear functions of «.

If S denotes any of the quantities ¢, u, v, w, p, p, it follows that in the
linearised case S satisfies (4) and therefore

28 08 028
(6) ahg/z-Fﬁ:COtzpﬁ,
where we have written u instead of p, since in the sequel the Mach angle . will
always be taken to be that of the undisturbed wind stream.
On the upper surface of the aerofoil u is positive and p — p, is therefore

negative. Therefore, from (5), the lifting pressure is
(N 2puV,
where p is the density of the undisturbed stream.

Since the lifting pressure determines the force on the aerofoil (see 17-2), it
follows from (7) that our problem is essentially to determine .

17:12. Solution of the linearised equation for conical flow. As
shown in 17-01 the pressure, and the perturbation velocity component % on
which the pressure depends, are independent of the distance from the vertex
in the case of conical flow. If the vertex is taken as origin, we require there-
fore those solutions of

S S oS
(1) —cotngﬁ—ka—yz—f-ﬁzo,
which are homogeneous functions of degree zero in =, y, 2.
We now show that the required solutions can be inferred from the homo-
geneous solutions of zero degree of Laplace’s equation,

S  o9:S 928
@)

Xt Y
which reduces to (1) by the substitution,
(3) X =iz tan p.
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In polar coordinates
X =Rycosw, y=R cosfsinw, z= R, sin 6 sin w.
Laplace’s equation becomes *
0 o8 1 9 /. 6_§> 1 32;_3 —0

@ 3R (Rlz 51?) " Sne e <S"“° %0) TSt 20t
and when 8§ is independent of R, (the distance from the origin) the first term is
identically zero. The substitution

(5) x = log tan jw
gives 8S/0w = cosec w 3S/dx and so (4) becomes
8 S
(6) a_X2 + P

which, as is easily verified by substitution, has the general real-valued solution
) S = F(x +i0) + F(x - i),
where F is an arbitrary, twice differentiable, function. Now from (), observing

that .
tan lw = sinw/(1 + cosw),

sinwcosf + isinwsing _ y + 12
1 +cosw X + R,

Thus, x + 0 is a function of (y + w2)/(X + R,) and therefore.from (7) the
general real-valued solution of Laplace’s equation of zero degree is Sy, where

_ Y+ (Y- iz)
®) s=1 (¥ 7) Al w)
and where f, denotes an arbitrary function.

From (8) we can deduce the general solution of zero degree of (1) by using.the
substitution (3). In fact, since B> = X* + y* + 2%, the substitution (3) gives

X + R =drtanp + J(y? + 2% — 2 tan’p) = i(ztanp + Ry),

extif = ¢if tan fw =

where
9) R = z?tan?p — y? — 2°
and so '
y+iz_(_i) y+e
X +R ztanp + R,
Therefore, the general real-valued solution of zero degree of (1) is
_ Y + 12 > -( Yy — 1 )’
(10) SO_f(ztanp. + R, +7 ztanp + R,

where f is an arbitrary, twice differentiable, function.

* Milne-Thomson, Theoretical Hydrodynamics, 16-1.
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T?n's solution is appropriate to all points (z, y, 2) such that R,? is positive
that is to say, to all points within the Mach cone ’

(11) ¥? + 2% = o? tan? .
If we now introduce Busemann’s complex variable ¢ which is defined by
Ytz
U ey Al R A i
the general solution (11) assumes the convenient form
(13) Sy = f() + F(@.

The properties of the variable € will be discussed in the next section.

17-13. The complex variable . This variable is defined by 17-12 (12).
Introduce dimensionless variables 7, s, s* which satisfy the relations

y . z
¥ =rsinf =

() s=rcosf = ,
ztan ztanp’

It then follows that

9 _ s + is*¥ __7(cos § + 7sinb) )
(2) € I+ (1—-s— g%z~ ] 1 (1 — )2 = Re®,

where
) R=— ' il

1+(Q-mir- r

Physical plane. e-plane.

Fre. 17-13.

If.' we mark the point 7 in one Argand diagram, which we shall call the
pkg/swal plane, and the point Re® in another, the e-plane, we see that these
p01'nts correspond in a mapping in which the points of a ray from the origin
which makes an angle 6 with the real axis in the physical plane, are mapped on
.the points of a ray from the origin which makes an angle 6 with the real axis
in the e-plane. This mapping is not conformal.

It also appears from (3) that in the mapping the origins correspond, for
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R =0 when r = 0, and so do the circumferences r = 1 and R = 1. In the
case of other corresponding points within these circumferences we have B < r.
Moreover, R is complex when » > 1. Thus we regard the correspondence as a
mapping of the circle 7 <{1 in the physical plane on the circle B <1 in the
e-plane.

Further, since re® takes the same value at all points of a ray which lies
within the Mach cone of the point (0, 0, 0), it follows that the points in the
physical plane within the circumference » = 1 give a complete representation so
far as conical flow is concerned of all points within the Mach cone.

Thus the state of a conical flow will be completely known if the variables
which define the state are found as functions of (r, 8) or what amounts to the
same as functions of e. In this sense the unit circles of fig. 17-13 represent the
Mach cone of the actual flow. We shall refer to either as the Mach circle.

An intuitive physical interpretation of s, s* is obtained from the observation
that (cot u, s, s*) are the cartesian coordinates of a point within the circular
section of the Mach cone by the plane @ = cot . It isin this sense that we may
reasonably call the plane of r¢” the physical plane.

Notation. In diagrams, corresponding points in the physical and e-planes
will always be marked with the same letter. For flat thin aerofoils which lie in
the plane z = 0 the section by the plane @ = cot u will be a straight line lying
along the real axis of the physical plane, and the points of section of the leading
and trailing edges (see 17-16) will be marked L and 7' with or without suffix.
In so far as these points lie within the Mach circle in the physical plane we
shall write (with due regard to sign) s = [ at a leading and s = ¢ at a trailing edge.
The corresponding points in the e-plane will be denoted by ¢ = L, ¢ = T (i.e.
with capital letters) as for example in fig. 17-6. In fig. 17-62 the leading edges
willbe s = I;, s = — [, in the physical and e = L;, e = — L, in the e-plane,

The following formulae will be found useful. The proofs are left as simple

exercises.
(5) R2 = r?tan®u — y? — 22 = 2 tan® u(l — 7%).
1-R?
oy ="
®) JU =)=
o /(1 = 7) . _
(N 1+\/(1_72)~1—R~1—ee.
2R
® v R
9 r 2R r 2R
®) T—-r (-Rp l+r (+Rp
(10) e+1=§ when ¢ is real.
€
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17-14. Complex velocity components. In 17-12 (13) the general rea]
valued solution of zero degree of the linearised equation was found to be of the
form f(e) + f(¢). Since the perturbation velocity components u, v, w are solu-
tions of this type, it follows that they are the real parts of functions of the
complex variable e. Thus we can write

1 wtwr=YUe), v+i*=TDe), w+iw* =),
where w*, v*, w* are also real. To these latter quantities we attribute no
physical significance. We note, however, that

@) w* —du=—YE), v*-iwv=—iTe), w*—iw= 1),
so that u*, v*, w* are perturbation velocity components of some other conical
flow.

The functions 9, (), U, will be called the complex velocity components.

Just as we may regard a two-dimensional flow problem as solved when the
complex potential w(z) has been found, so we regard a problem concerning conical
Slow as solved when the complex velocity component U has been found, for then u
and therefore the pressure and so the forces are determinable. Moreover, » and
w can also be found (17-15) and so the whole flow is determinable.

17-15. Compatibility equations. The complex velocity components 7,
U, U of 17-14 are not independent, for their real parts u, v, w are velocity com-
ponents of an irrotational flow. Since u, v, w are homogeneous functions of
degree zero in @, , z, the velocity potential from which they are derived must be
homogeneous of degree unity. Let f(x,y,z) be a homogeneous function of
degree n. Then, if suffixes denote partial differentiation, a well-known theorem
of Euler states that

(L ofs + yfy +ofs = 0f.
In the case of the perturbation velocity potential ¢, we have n = 1 and so
b =ab, +yb, + 2, = — uz — vy - wz

Therefore  d¢ = ~ ude - vdy — wdz ~ adu - ydv — zdw
But dfp = ¢ dr +,dy + b, dz = ~ wdr — vdy — wds.
Therefore

(2) rdu + ydv + zdw = 0.

Since (17-14), w*, v*, w* are also perturbation velocities of some conical flow,
it follows similarly that
(3) z du* + ydv* + zdw* = 0.
Now, du + i du* = d{ = U’ de, if a dash denotes differentiation with respect
to e. If, therefore, we multiply (3) by ¢ and add to (2), we get

4) U +yU + 2 =o.
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Partial differentiation of (4) with respect to x gives
Cd, + (GM(I}” + y.@n 4 ZGZ@”)EI — 0.

It follows from this and the two similar equations obtained by differentiating (4)
with respect to y and z that

(5) %:@:GZU’

€, €y €,

These are the compatibility equations expressing that GZ[, CU, “7,@7 are compatible
with irrotational flow.
We now proceed to eliminate z, y, z. From 17-12 (12) by logarithmic differ-

entiation
de _dy +1idz tanpdr + dR,

€ Y + iz ztanp + R,
Now RydR, = ztan® pdzx — ydy — zdz.

€ _ €y - €,
Therefore " Octanp | 2R, + 2ye | 2R, + Zze

xtanpy + R, ztanp + R,
Using 17-13 (5) to (9), we obtain, after reduction,
o U T W
2etanpy — (1 +€) - (1l — &)
as the final form of the compatibility equations.
The problem of linearised conical flow is essentially that of finding functions

Ue), Ue), 1 (€) holomorphic within the Mach circle | ¢ | = 1 except at certain
singularities defined by the boundary conditions (see 17-17). It follows from (6)
that if one of these functions can be found, the other two can be determined by

integration.
On account of the presence of the factor € in the denominator of the first

member of (6) it follows that (" and ¢/ will have a singularity at e = 0 unless

U’ (0) = 0. Such a singularity cannot occur on the surface of the aerofoil (except
possibly at an edge), so that if e = 01is a point on the aerofoil and not at an edge,

dU(e)

("N i = 0 when e = 0.

‘We now prove an important property of w*. From the compatibility equa-
tions (6), we have
i(1 — €%)

(8) d(w + tw*) = ‘2€ r—— (du + i du*).

Now, on the surface of the aerofoil € is real and w is constant, 17-1 (3). There-
fore, dw = 0 and equating the real parts of (8), we find that du* = 0 on the aero-
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foil. Thusu* = constant on the surface of the aerofoil. Without loss of general-
ity we can take the constant to be zero so that

9) u* = 0 on the surface of the aerofoil.

This result has the very useful consequence that

(10) u = U(e) on the surface of the aerofoil,
since on that surface ¢ is real. In other words, there is no necessity to separate
the real part in order to find w. Moreover, the lifting pressure is 20V U ().

17:16. Polygonal aerofoils. As explained in 17-1 we assume the aerofoil
to occupy a portion of the plane z = 0 and to be exposed to a wind (V, 0, al).
Consider a flat polygonal aerofoil. Such an aerofoil can be rotated in the plane
z = 0 to take various orientations with respect to the wind stream. Let us con-
sider one of these orientations and one vertex O of the polygon through which
there necessarily pass two edges.

(i) (i) (iii)
Fia. 17-16.

Fig. 17-16 shows three cases. In each figure a line is drawn through O to
indicate the direction of V.

Def. If a line drawn parallel to the direction of ¥ leaves the aerofoil when
crossing an edge, that edge is said to be trailing ; if it enters the aerofoil when
crossing an edge, that edge is said to be leading. An edge drawn from the vertex
parallel to the direction of V will be called axsal.

Thus, in fig. (ii), OT is a trailing edge ; in figs. (ii) and (iii) OL is a leading
edge. In fig. (i) both edges OL,, OL, are leading. In fig. (iil) O4 is an axial
edge.

We shall use the letters L, T, A to distinguish leading, trailing and axial
edges, so that the edge character at O will be denoted by LL (two leading edges)
in fig. (i), by LT (one leading, one trailing edge) in fig. (i), by LA (one leading,
one axial edge) in fig. (ili). We shall consider only those cases in which neither
edge through O lies within the upstream part of the Mach cone of O.
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The edges at O, when the aerofoil is presented in a certain orientation to a
supersonic stream, are further characterised by lying inside or outside the Mach
cone whose vertex is O, which will be called the Mach cone of O, or simply the
Mach cone. Since the axis of the Mach cone is, to the linear approximation, in
the direction of V, an axial edge necessarily lies within the Mach cone. In the
case of edges other than axial the fact that they lie within the Mach cone will be
indicated by suffix . Thus, L, T; indicates an aerofoil with one leading and one
trailing edge at O both inside the Mach cone, as in fig. 17-6 (). Similarly L;A
has both edges inside the Mach cone as in fig. 17-65.

Def. An edge through O leading, trailing or axial which lies inside the Mach
cone of O is termed a subsonic edge ; if it lies outside the Mach cone, it is termed
a supersontc edge ; if it lies on the Mach cone, it is termed a sonic edge.

That an edge lies outside the Mach cone will be indicated by suffix o; that
the edge lies on the Mach cone will be indicated by suftix s. Thus L,L,, fig.
17-3 (i), has two leading edges, both supersonic; L,A, fig. 175 (i), has one
supersonic leading edge and one axial and therefore subsonic edge; LA, fig.
17-51, has one sonic leading edge and one axial edge.

The case of a sonic edge can always be regarded as a limiting case of either a
supersonic or subsonic edge. This circumstance gives point to the observation
that the sub- or supersonic character of an edge, for a given orientation of the
aerofoil depends in general on the Mach number. Consider the LL delta wing
illustrated in fig. 17-3 (i). When M = 1, the Mach angle is 7/2 and the Mach
cone a half-space so that both edges are subsonic, form L;L;. As M increases,
the Mach angle decreases and we pass through the form L,L; to L,L; and with
further increase of M to the form L,L,. In discussing various cases it is ad-
vantageous to use a uniform notation in the diagrams. We shall label leading
and trailing edges by I and ¢, and the points where they meet the plane of the

F1a. 17-16 (iv).
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Mach circle by L and 7, adding suffixes if necessary. An axial edge will be
labelled by a and the centre of the Mach circle by 4.

When the leading edge [ is supersonic two planes can be drawn through [ to
touch the Mach cone. The points in which these planes touch the Mach circle
will be denoted by A and A'.

The ends of the diameter of the Mach circle which lie in the plane of the
aerofoil are D, D,, the
acute angle between
AA and DD, will be
denoted by A with
suffix where necessary.

Thus, fig. 17-16 (iv)
shows a case L,
There are two leading
edges [, I, and four
points A, A," and A,,
Ay such that the
planes through I, 4,
and [, '/11’ touch the Mach cone as do also the planes I,, A, and l,, A,. The
Mach circle is shown separately in fig. (v). The angles which the edges make
with the axis of the Mach cone are denoted by 8, and 8,. Note that

A4, AA
(1) cos)\leLII:O—AI-g—gl:tanycotSI.
Similarly, cos A, = tan p cot §,.

’
a2 A
F1a. 17-16 (v).

Fra. 17-16 (vi).
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Tig. 17-16 (vi) shows a case L,T,. Observe that here the ray ! which lies
along the swept-forward supersonic leading edge does not meet the plane of the
Mach circle, but that the opposite ray meets the plane in the point labelled by
L' in the figure. Observe also that a plane through !/ which touches the Mach

F1c. 17-16 (vii).

cone also passes through OL’. Fig. (vii) shows the Mach circle. In this dia-
gram (cf. (1) above),

(2) cos A = tan p cot AOL’ = — tan p cot 3,.

There is no point in multiplying further these illustrations, but a strict ad-
herence to the notations here established will render the succeeding diagrams
self-explanatory, and obviate the necessity of a detailed explanation in each
individual case.

From the physical standpoint, in fig. 17-16 (iv) the region between the
tangent planes l,, 4, ; I;, 4," and the Mach cone is a region of two-dimensional
flow, so that if 4 u, is the appropriate perturbation velocity obtained from 17-03
the perturbation velocity will be «, on the arc D; 4, of the Mach circle in fig. (v)
and — u, on the arc D;4,’. Similarly, it will be u, on the arc D,4, and — u, on
the arc Dy, where -+ u, is the two-dimensional perturbation velocity in the
region between the tangent planes through I, and the Mach cone. On the arcs
A,A, and A,’A, we shall have w = 0 for these arcs are adjacent to the undis-
turbed region outside the Mach cone. Similarly, in fig. 17-16 (vi) if £ u, is the
perturbation velocity in the region between the tangent planes through I and
the Mach cone, in fig. (vil) we shall have 4 = u, on the arc D,4 and u = ~ u,
on the arc D,A’, while w = 0 on the arc A4'D, /.

17:17. Boundary conditions. We now consider conditions which the
perturbation velocity components (u, v, w) must satisfy in the case of a flat
polygonal aerofoil at small incidence a in a supersonic stream V, the aerofoil
lying as usual in the plane z = 0. We are primarily concerned with the con-
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ditions immediately outside the Mach cone of the intersection of two edges; on
the Mach cone, and inside it. To fix our ideas and for simplicity of statement
we shall suppose that the Mach cone in question is not intersected by the Mach
cone of any other vertex of the polygon. Figs. 17-16 (vi), (vii) show a typical
case and to these we shall occasionally refer.

(A) Outside the Mach cone. Here the condition is one of constant state,
Considering an aerofoil with a leading edge [ outside the Mach cone (asin fig. 17-16
(vi) ), within the Mach wedge which springs from this edge the perturbation is.
say, (uq, vy, Wy) above the aerofoil and (- u,, — w4, w,) below it. Qutside the
wedge the perturbation is zero, i.e. (0, 0, 0). The values of (u,, v, w,) are given
by the sweep-back theory of 17-03. If there is no wedge, as in planforms L,T,,
L;L,, the perturbation is everywhere zero.

(B) On the surface of the Mach cone. The perturbation velocity is continuous
and equal to that outside the cone, provided that an edge does not lie on the
cone. If an edge lies on the Mach cone, the perturbation velocity may be dis-
continuous at the edge, but is elsewhere zero. In fig. 17-16 (vii) » = u, on the
arc /AD,, u = — u, on the arc A'D, and » = 0 on the arc A'D, A of the Mach
circle. The conditions on the Mach cone are of fundamental importance in
determining the flow within it.

(C) In the plane of the aerofoil, off the wing. Here Bernoulli’s theorem shows
that we must have u = 0 to ensure continuity of the pressure which is a linear
function of » (15-3 (7) ). This condition holds both inside and outside the Mach
cone, see e.g. fig. 17-41 ().

The component v can have a discontinuity of sign but not of magnitude.
Such a discontinuity of sign implies a vortex sheet and will occur behind a
trailing edge but will not extend beyond the axis of the Mach cone, see figs.
17-16 (vi), 17-41 (i).

The component w is continuous.

(D) On the aerofoil. We consider points inside the Mach cone and not at an
edge. Here u has opposite signs but the same magnitude just above and just
below a given point of the aerofoil (condition of lift).

We have also the important conditions (17-15 (8) )

1) w* =0, u= UYe.

Moreover, %, v, w are all finite and continuous on the surface of the aerofoil,
and if the point € = 0 is on the aerofoil, we have from 17-15 (7)

(@) d(e)/de = 0, when e = 0.

This condition is not obligatory unless e = 0 is on the aerofoil.
The component w satisfies the condition (17-1 (3) )

3) w= — aV.
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(E) Edge conditions. The basic assumption is that at a subsonic edge, lead-
ing or trailing, the flow is qualitatively the same as in incompressible flow.
Consider a point of the aerofoil at a small distance d from an edge. Then
(i) At a subsonic trasling edge the velocity remains finite as d — 0 (Kutta-
Joukowski condition). It then follows from (C) above that

(4) % = 0 at a subsonic trailing edge.
(i) At a subsonic leading edge (cf. 7-5)
(5) u = kd-t,

where k is a constant, and ¥ — «© in this manner when d — 0.

To examine the implications of (5) consider fig. 17-52 (1). Let AL, = 1,.
Then, if P is a point on the aerofoil near to L,, AP = I, — d and the correspond-
ing points in the e-plane, fig. 17-52 (ii), are

S NN I S s e U/
1 ll y €= ll _ d °
Expanding by the binomial theorem, we find that

e — Ly =ayd + a,d* + ...
and therefore (5) gives, to the lowest order,
(6) u=Ce - L),
where C is a constant, in this case purely imaginary, since ¢ <C L;. Thus, using

(1) we see that near L,, ¢{(¢) behaves like C(¢ — L,)* therefore in the neigh-
bourhood of L,

__fle
(7) Uto) = A

where f(e) is holomorphic and therefore finite at € = L;. Thisresult exposes the
nature of the singularity at a subsonic leading edge.
We also observe that, on the pattern of 7-5, the existence of the singularity
(6) at a leading edge should lead to a suction force in the plane of the wing at
this edge. G. N. Ward * obtains a force of magnitude, per unit length,
mpk?
®) (1 — M2sin?d)*’

where 8 is the inclination of the edge to the z-axis and % is a constant.

17:18. Circular boundary value problems. To ficd a function f(e),
holomorphic within the Mach circle y, that is | € | <{ 1, whose real part takes
given values on the circumference.

Since a point on the circumference can be specified by the angle # measured

* Quarterly Journal of Mechanics and Applied Math., 2 (1949), p. 136.
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from the real axis, we can suppose that the real part of f(e) is to take the valye
F (6) on the circumference, where F(6) is given. Now write
1 o = ¢”,
so that o is a point on the circumference
and ¢ = (log o)/i. Then, if we write
(2) F(0) = F{(log 0)}i} = g(o),
Dy the function ¢(c) is likewise known.

The real part of f(e) is § f(e) + 1f(&),

and on the circumference

€e=0, €=e%=1]/o
Therefore
(3)  f@) + (o) = (o).
Multiply this equation by do/[27i(0c ~ €)] and integrate right roundy. Then
w L J f@ds 1 [ fWoyds 1 J 9(0) do

Fia. 17-18 (i).

2 =

mo—€ 2m ), o-c¢ T Jpy 0 — €

By Cauchy’s formula * the first integral is fle) and by the residue theorem
(3-53) the second integral (see below) is f(0). Therefore

5) fo + 0y =L L gla) do

» 0~ €
which solves the problem.

In many applications g(o) is constant over arcs of the circumference y and
the calculation of the integral in (5) is then very simple. Suppose for example,
that g(o) is equal to u, from 6 = — X to # = A and is zero on the rest of the
circumference. Writing for brevity, ¢, = e®, & = e-iA

lj M’ =% |:log (o - e):r:i] >

) o — € 3
) ™ -
and therefore o

(®) Sl = = J(0) + 2log (e - ©) - log (& ~ ).

We obs'erve that that f(0) is a constant whose value can be determined only
by further information. If, for example, we know that Jfle)is real when e is real,
the fact that f(e) = u, whene = 1 (i.e. 6 = 0) determines f(0) from the equation

) ty = = f(0) + 2llog (e - 1) - log (¢, - 1)},

which gives f(0) = u\/.
The same simple principle can be used to determine a function f(€) such that

* Milne-Thomson, Theoretical Hydrodynamics, 5-59.
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(i) f(e) is holomorphic within a semi-circle of unit radius, (ii) f(e) is real-valued
on the diameter, (iii) the real part of f(e) takes given values on the semi-circle.
To solve this problem we use the following artifice. Complete the unit
circle y. The lower semicircle in fig. 1718 (ii) is then the reflection of the upper
in the given diameter D,D,. We then
add to the three conditions above the
condition (iv) that f(e) shall be deter-
mined in the whole circle in such a way
that the functional values at every point M\ \
and its reflection in the diameter D D, Do ! N
shall be conjugate complex quantities.* ! )\‘2\/ it A\\ /)‘
’ S

/’2 Al

1D

1
'
'
’

This reduces the problem to the one ' 1 '
. \ ’
just solved. N S

To take a specific example, suppose Ay (\ /'A(
that in fig. 17-18 (ii) the diameter D;D, T g

Y

is the real axis of the e-plane and that on .
F1c. 17-18 (ii).

the arc D;A, the real part of f(e) = uy,

on the arc A,/1, the real part of f(e) = 0, and on the arc 4,D, the real part of
f(e) = u,. Then condition (iv) demands that the real part of f(e) shall be u,, 0, u;
on the respective arcs D,A4,’, 4,'4;’, A'D, where A’, A, are the reflections of
A, A,in D, D,. In this and other cases, we shall suppose that — 7 << 0 << 7 s0
that with the notation of the figure we can write for the values of ¢ at the respec-
tive points A;, 4,, A4,', 47,

=M, Q=T = - e g = TN = g = e,
Then (5) gives
1 e udo 1 [® uydo
®  fo+fo=2|nt.
m Jo0 —€ T J,0— €
U €4 — € U € — €
=—2log—— - Zlog 2,
Tl € —€ mM €~ €

and we note in passing that ¢, — ¢ and € — €, have been written rather than
€ — ¢ and ¢, — € in order that a diagram may readily show the arguments of
these numbers in conformity with their lying between — 7 and =,

Since by hypothesis f(e) is real when e=0, we have F(0) = f(0) and so,
putting e = 0 in (8) we get

2u 2u
2f(0) = ;JAI + =2,

v

and therefore finally
U T } Uy [ € — €
9  fle) = - { t log = i )‘1, + {z loge s )\2}.

€ —

* This is an application of the principle of reflection. See, ¢.g. Milne-Thomson, Theoretical
Hydrodynamics, 5-53.
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It should be verified that this function satisfies all the conditions. There
are no arbitrary elements.

Returning to (4) to show that the second integral is f(0) we note that 7 (€)is
by hypothesis holomorphic within 4 and therefore can be developed in an
infinite series, convergent within v,

fle) = ag + aje + axe® + ...
and so

Fo)=a + 2+ 24 ...
o ag
Now, by Cauchy’s residue theorem (3-53),

(10) Lj % do _ g ~7(0) and ~1—j. _de

2mi Jyy o ~ € 27t Jyot(o — €)

if n > 0, by the same theorem. This proves the statement.
We calculate here an integral which will be used in 17-4

[ 1
(11) J J %8997 oy (oy - ) +a,

 9m ) O — €

where a is an arbitrary constant and o, is an arbitrary point of y.
To prove this, we have

a;] _ 1 I logadg _ 1 1 P 1
aG 271’7/ (¥) (0’ - 5)2 - 2777/ ) Og ¢ ((; - E))

1 [logo] 1 j do
= - ‘)— + o —_
2mbleo — ey  2m Juy0(0 — €)

on integration by parts. The last integral vanishes by the residue theorem. If
we start at an arbitrary point of o, of y and go round, log ¢ increases by 2m
while 0 — € returns to its initial value. Therefore

aJ 1

% = oo—eand J =log(oy—¢€) +a

on integration.

17-19. Non-lifting aerofoils. The boundary conditions of 17-17 were
formulated for flat aerofoils of zero thickness lying in the plane z = 0.

Consider a more general aerofoil whose upper and lower surfaces have the
respective equations

(1) z = fy(=, y), z=fulz,y).
To keep within the linear theory z must be small and so must 8z/dz.
The equations (1) may be written in the equivalent forms

(2) z=3(fv +f1) + (v - fo)
3) z=4(fo +f1) - $(fov - fo)
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We call
(4) z=3(fv +f1)

the camber surface (cf. 8-:0). This corresponds to a nearly flat aerofoil of zero
thickness.

The equation

(5) 2 ={(fo - f1)?
represents an aerofoil of small thickness f — f;, symmetrical with respect to the
plane z = 0, for if the point (z, ¥, z) lies on (5), so does the point (z, y, — 2).

When such a symmetrical aerofoil is placed at zero incidence in a wind
which blows in the z-direction no lift is experienced. For this reason, it is
called a non-lifting aerofoil. The determination of the perturbation velocity
components for the non-lifting aerofoil (5) allows us by superposition to solve
the problem for the aerofoil (1).

As a simple and manageable example consider an aerofoil whose section by
any plane y = constant is two straight lines inclined to the plane z = 0 at the
small angle 8 and whose planform is that of a delta wing. The boundary con-
ditions are (1) w = BV on the upper surface, (2) w = — BV on the lower surface,
(3) w = 0 in the plane z = 0, off the aerofoil. These conditions are sufficient to
determine GU? and therefore Ca and U from the compatibility equations.

It is not our intention to investigate the various cases at length. They are
in fact easily discussed by the methods which follow later. To take one illustra-
tion, consider the planform L A of fig. 17-5 ().

The boundary conditions are shown in fig. 1719 where w, = BV.

e-plane.
Fic. 17-19.

These are precisely the conditions satisfied by U(e) in 17-4, and we take over

the solution of that section by replacing U by U, u, by BV and e, by ¢, = e,
where cosA = — tanp cot 3. This gives
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3 114 -
(© W) = B ftog (e, - 9 — 9 - log )
There is a logarithmic singularity at e = 0.

17-2. Forceonadeltawing. The pressure on the part of the wing, if any,
which lies outside the Mach cone of its vertex can be dealt with by the sweep-
back theory of 17-03. We shall therefore restrict attention to that part of the
wing which lies inside the Mach cone. For simplicity of exposition we shall
suppose that no part of the wing OPQ lies outside the Mach cone of O. We shall
further suppose that the acute angle between PQ and the direction of the
undisturbed wind exceeds the Mach angle u so that neither vertex P or @ lies
within the Mach cone of the other.

M
M
Y. Q

Fig. 17-2.

In fig. 17-2, 04 = cot p and D L;AL,D, is the trace of the physical plane.
Draw ON = & perpendicular to P and let ON make angle y with Ox. Draw the
rays OM, OM’ making angles w, @ + dw with Oz and meeting PQ in M and M'.
Then, if dS is the area of the triangle OMM’ and if p(w) is the lifting pressure
on the ray OM, the lift is

1 L= jp(w) ds,

taker. uver the triangle OPQ. Now
(2) dS=31rMM = 1r?d[tan(y + w)] = $h%sec? (y + w)dow.

Therefore

(2) L = 1h? rl plw) sec? (y + w)dw.
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The resultant thrust on the triangle OM M’ is p(w) dS at its centroid whose
distance from O is 20M = %hsec (y + w). Thus the pitching moment M, (about
Oy) and the rolling moment M (about Oz) are given by

8y
(3) M,= - Jgk3j plw) sec® (y + w) cos w dw,

-3,
5
4) M,= i j plw) sec® (y + w) sinw dw.

(falculations of drag and yawing moment must take into account the suction
force, 17-17 (8), at the leading edges. Into this we shall not enter.

The lift L and the moments M, M, can be made to depend upon the single
integral

61
(5) J = j plw) tan {y + w) do.
_62
We have
0
—tan (y + w) = sec(y + w)
oy
and therefore
oJ
_ 1729
(6) L=y

Now, let
(7Y M,=M,cosy — M,siny, M,= M,siny + M,cosy

denote the rolling moment about ON and the pitching moment about the line
through O perpendicular to ON in the plane of the wing. Then from (3) and (4),
& o2J

(8) M, = };h“’j plw) sec® (y + w)sin (y + o) dw = §h* .
-8, a’y

(9) M, = - %hzji plw)sec? (y + w)dw = - %ha%{'

Thus, with the aid of (7) M, and M, are expressible in terms of 3J/dy and
o] [oy2.

The above formulae are susceptible of various manipulations. In particular
L

(10) M, = %h%—, M, = - %iL,
v

the second result being obvious from statical considerations.
It is often convenient to express the lift and moments in terms of ¢. In the
e-plane, on the wing, eisreal and u = Ue). Therefore p(w) = 20V (e), while
2

1
-=¢€+-, §$=cotutanaw.
] €
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Elimination of s gives

tan w sec? y 2¢ sec?y tan

(11) tan(y + w) — tany = =
14 1l -tanwtany € - 2¢tanytanp +1°

For brevity, write

€

(12) g = gle) = m, B = tany tan p.
Then, from (1), (2) and (11),

(13) L = 2pVh2sec? y tanp j U dg.

(LeLy)
Integration by parts gives
L

0 0],
(14) 2pVh®sec? y tan u Us (LLy) J (L,L?) U

where ¢ is given by (12). The form (14) is appropriate only when U is not
infinite at the limits.

The lift coefficient is got by dividing the Lift by pV2S, where the area S
is given by

(15) S = iR[tan(é; + y) + tan (8, ~ ¥)].

' |7'3.. Planform L,L,. Here both edges are leading and both supersonic,
i.e. outside the Mach cone of their point of intersection.

\
Fie. 173 (i).

Fig. (i) shows the planform and fig. (ii) the e-plane in the standard notation
of 17-16,
(1) cos A, = tanpu cotd,, cosA, = tan u cot d,.

(2) 6 = €M, e =¢6T"N = _ ¢

Outside the Mach cone in the region L,D,A, the flow is two-dimensional with
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%=0

e-plane.
Fic. 17-3 (ii).

perturbation velocity component u, parallel to Oz and similarly in the region
L,A,D, the component is u; parallel to Oz, where from 17-03,

(3) Uy = Ug COSEC Ay, Uy = Uy COSECAp, Uy = b tan p.

In the regions L,D,A,’, 4,'D\L, the components are — %y, — % respectively.
Thus, on the semicircle D;4,D,, we have w = u; on the arc D, A, w = 0on the
arc A,/,, u = u, on the arc 4,0, and u* = 0 on the diameter DD,

These data combined with the principle of reflection explained in 17-18
determine the function 9{(e) whose real part takes the above values on the
boundary of the semicircle. This particular boundary value problem has already
been solved in 17-18 and in fact from 17-18 (9), we have

(4) %(e):u—l{—ilogel_e—/\l}+u;2{ilog€—f2—)\2}.

Frd € — € € — €y

The complex veloeity component Cll in the lower semicircle is then the same as
(4) with the sign changed.

The lift on the part within the Mach cone can be calculated by means of
17-2 (14), the limits of integration being e = — 1, e = L. To get the total lift
we add the lift on the triangular areas outside the Mach cone which is got by
multiplying them by 2pu, V, 2pu,V. Division by 1pV28, where

S = 12 [tan(8; + y) + tan(8, — ¥)]
gives the lift coefficient
4o tan p

Cp = .
L7 (1 - tan?p tan®y)*

Note that this is independent of the angle of the delta wing but depends on
the angle of yaw y of the perpendicular ON in fig. 17-2. See Ex. XVII, 5, 6.
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17-31. Planform L,L,. The case where both leading edges are generatorg
of the Mach cone. We are thus led to seek the limit of 17-3 (4) when
8>, 8 —>p. If 8 =p, 8, =p, we find A, = A, = 0, while %, and u, are
infinite, see 17-03 (9), so that 17-3 (4) becomes indeterminate. We can, however,
write it in the form

Usp Uy -
o= 7 sin )«lfl ) + ;Tmfz A2), up = oV tanp,

where fi(A;) = {- log (" — €) +ilog (=™ — €) — A;} and asimilar expression
for f,(A;). Using L’Hospital’s theorem (1-9), we find

Lm Jf}(}‘l) = Lim fl'()‘l) _ 1+e

Mmoo SIDA; a g cosd 1 - €’

and similarly for the limit of f,(2,)/sin A, we get (1 — €)/(1 + €). Thus, for plan-
form L.L,,

Uy 1 + €2
1) Ue) = 14 Ue=altanp
We observe that at the sonic edgese = +- 1, 7/ hasa simple pole. Let us cal-
culate the lift on an isosceles delta wing of this form. For an isosceles wing,
y = 0 and therefore 17-2 (12) gives g = ¢/(e? + 1) and so 17-2 (13) gives

T 2upy 1l +e2 1 — ¢
L = 2,Vh2t. L S
P anﬂj_l 7 1-e& (14

= 2apV2h? tan? p.

From this it appears that in spite of the poles at the leading edges there is finite
lift.
In the present case the area is A2 tan y and so the lift coefficient is

Cr = L/}pV28 = 4a tan p.

174. Delta wing of constant lift distribution. In this type of aerofoil
the perturbation velocity in the z-direction is assumed to be constant,equal to %,
say on the upper surface and to — u, on the lower. In so far as part of the aero-
foil lies outside the Mach cone this part will be flat with sweep-back perturba-
tion velocity u,. In the Mach cone the aerofoil must be slightly cambered in
the manner appropriate to make u = u, on its upper and 4 = — u,on its lower
surface. The lifting pressure, and so the lift, will then be uniform over the
aerofoil.

We illustrate this principle by taking the planform L,A.
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Figs. 17-4 (i) and (i) show the planform and boundary conditions in our
standard notation.

Fia. 174 (i).

On making a circuit round 4 from a point near 4 on the lower surfacg to a
point near 4 on the upper surface u changes from — u, to w,, which indicates

that at € = 0, /(¢) has a logarithmic singularity of the form

e-plane.
Fia. 17-4 (ii).

Within the Mach circle y there is no other singularity and therefore
W )og € =
(1) Ue) +—*log e = f(e),

where f(e) is holomorphic everywhere inside y.
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Since ?,l(e) + UE) = 2u, we have on y (see 17-18),
fo) + F(1jo) = 2u + “log o — “o1og 1
' ™ g
2ing
w

= 2u + Y log o,

and therefore from 17-18 (5)

0 +f(0):7%j—1 U,y do _ l.fl 1y do +%.LJ Iogada'-
)

@ O € M J_10 — € m  2m o — €
Using 17-18 (11) we get f(¢) + f(0)
_ Y - 24
= 22log(~1-¢) - log(e— €) = log (& — &)} + —log(oy — ¢) +a,

thare a is an arbitrary constant. Since there can be no singularity at e = — 1
which is on the aerofoil we must take oy = ~ 1 in order to remove the term
2log (- 1 — €) and then
g _
fle) = — log {(e — €,)(e — €,)} + constant

and therefore from (1)

) U(e) = " log [fe - exle - &)] - log o},

no constant being necessary since 4 = u, when arge = 7.
Here
€, = — €%, cosA, = tan p cot 8,
§1nce there is no pressure interference between aerofoils of constant lift distribu-
tion the solutions appropriate to them can be superposed by addition.

i17-41. Planform L,T,. Here both leading and trailing edges are outside
the Mach cone of their intersection. Thus on the surface of the aerofoil the

o4

Fia. 17-41 (i).
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motion is two-dimensional, in other words the lift distribution is constant and
equal, say, to 2pu,V, where u, is the z-component of the perturbation velocity
on the upper surface. Infig. 17-41 (i) the wing is OLT and 04 is the axis. Thus

A,

A [} 62

Fic. 17-41 (ii).

the wing OLT can be regarded as the superposition of a wing OL4 with lifting
pressure 2pu,V and a wing OTA4 with lifting pressure — 2pu,V. Thus, from
17-4 (1), we have for the velocity inside the Mach cone

1 U ="2Dog {(c - ex)le ~ @) — log{le - ele ~ @),

where ¢ = — e, ¢, = — €™, cos A; = tan p cot 8, cos A, = tan p cot 8, in
the notation of figs. (i) and (ii).

Since (€ — €,)(e — €,) and (e — €,){e — &) are real and positive when ¢ is real,
for they are products of complex conjugates, it follows from (1) that « = 0 on the
diameter D, D, as should be the case, 17-17 (C). Let P be a point on the circum-
ference of the upper semicircle in fig. (i) and let the arcs 4,4, and A,' A4, sub-
tend the angles ¢, ¢ respectively at P. Then, equating the real parts of (1), we
have u = uy(¢ + ¢')/mor ug(d — &)/ according as P lies on the arc /1,1, or not.
In the former case ¢’ = = — ¢ and in the latter ¢’ = é. Thusu = u, on the arc
A,4,and u = 0 on the remaining arcs of the semicircle. Similarly, on the lower
semicircle w = — %, on the arc A,’4," and u = 0 on the remaining arcs. These
statements determine u on the Mach circle and therefore in the regions out-
side it.

The physically important property of the solution, however, lies in the
determination of the side-wash v. From the compatibility equations, 17-15 ( 6),
we have
dUV  1+edl

de ~ e de’

2 tan u

Substitution from (1) and a simple integration lead to
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@ V(e
= Z—:? cot/u{cos A, log €-alle-a) Ez)f L S A, log €-ale-a) El)e(e - El)} .

If € is a point on D, D, all the logarithms are real except log ¢, and equating
real parts

(3) v = Real part of%’ cot (cos A; — cos Ay) log e.

If we regard 4D, as having an upper surface on which € = Re™ and a lower sur-
face on which e = Re~*, we have on the upper surface

(4) v= - &’cot,u(cos Al — cosAy)m = — uy(cot §; — cot ),
kis

while on the lower surface of 4D, the value of v is the negative of this. Outside
the Mach cone in the region within the Mach wedge through the trailing edge
the state is constant and v has the value (4) above A7, and its negative below,
Thus there is a uniform vortex sheet extending from the tralling edge to the
axis of the Mach cone.

If € is a point on 4D, € is real and positive and so from (3) v = 0, so that the
vortex sheet does not extend beyond the axis.

On the other hand, the axis, at which e = 0, is a logarithmic singularity of »
which is infinite. The existence of this singularity is a consequence of the
linearisation of the problem, not a physical necessity. Thus the general con-
clusion is that behind the trailing edge there is a vortex sheet extending to a
region near the axis. The vortex lines trail downstream for the trailing edge.

17-5. Planform L,A. Consider a flat aerofoil of the planform shown in
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fig. 17-56 (i). The e-plane is shown in fig. (ii) together with the boundary values
of % on the unit circle y. Here

(1) € = e, cosd = — tanpcot$,

e-plana.
Fia. 17-5 (ii)

the negative sign because in this figure A is acute and & is obtuse. We: assume
that 8 < 7 — u, otherwise O would be inside the Mach cones of the points of I.
We have

(2) Uy = U, cosec A = oV tan u cosec A
and w* = 0 on AD,. To solve the boundary value problem we begin by writing

2 — ¢

(3) v
thus mapping the interior of the circle y in the e-plane on the interior of 't'be
semacircle Dgy A'AAD,, of the unit circle 5’ in the v-plane shown in fig. ().

D2u
- u=1t,
”
rd
’ A
7
- u*=0
o v,
,,-v‘ RS u=0
' e 15>\
] ~ ©=0
| AS Y D1
‘I Pid 'Q'A
\ ,// _ [#=0
\-Dy -~ Dy
L . ,
'S u*=0 1
N
Ay
~
\\
Y/ el U=~1Ug
Doy
v-plane.

Fre. 17-5 (iii).
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Here D,, denotes the Point D, regarded as on the upper surface of the aerofoi]
an D.ﬂ d}(:,notes the point D, regarded as on the lower surface, so that in fig (i),
« 1s the map of th i “both
o v:hiCh he m g e upper and 4Dy, is the map of the lower surface on both
| Thus, in thfe .v-plane, we have, as in the case of planform L,L, (in the -
i)ane), the semicircle boundary problem of 17-18 which is solved by ascribing
0 u the same values on reflection in the diameter DyD,, as on the semi-cir-
cumference Dy, D,D,,. Ifoisa point on the circumference 4/, we have

) Uo) + Ufo) = 2u,
leading asin 17-18 to, if v, = e

2u,

© U+ Uo-5]”

L, 0 —v 2m

do 2u, JTI do

-0 =V

Since u = u* = 0 aty = 0, 2(0) = 0 and therefore (5) gives

LR R e e

:}?d tiis gives the value of u on the aerofoil since there «* = 0, To calculate  in
e sical pl i )
fmmp(g)’lca Plane, put, for points on the upper surface, v = tk, k > 0, then

(1) w=oygg L= F = 2ikcosdd _ 2wy 9k cos A
7 TR T ke A - w P T e

W]C;;Fe we have used the fact that »,2 = ¢ and therefore vy + v = 2cos dA
OW on the upper surface of the aerofoil e = Re” = — R. and )

kzszl—J(l—rz)

b

r
and therefore, from 17-13 (9),
o ™R
1-F 1-R - Vi_4

Thus, the lifting pressure is

9) dpuV. 2r
- tan COS%A\/I—r .

It follows that the ratio of the Lift coefficient C';, on the part within the Mach

COme to the lift i i i 1
forl & coefficient Cz, on that part operating as a two-dimensional aero-

1
(10) &:J‘ Edrzgjltan-l\/wdr
T™Jo 1 -7 )

PLANFORM L,A

17-5]
Put
2 1
tan® f = M =
1 -7
Then
. 2 cos® 1A

and so integrating by parts

77'_C£ B l: ]f=1 _ r=1 _ - o dt
9C;, = |70 o r=0’l'd0 = 2oos* A o (1 +3)(2cos? A + )
an Co_ _(y2)cosdh
Cr, 1+ (J2)cosdr’

which gives the lift reduction ratio due to the conical flow. In the case of the
rectangular aerofoil of fig. 17-02 (i) at each tip we have a flow of the type just
described. Here § = 17, cosA = 0, A = 17 and the reduction ratio is }.

I17-51. Planform L,A. We can regard this as a limiting case of L,A, when
8§ =p,c08A = — 1,A = Asin 17-31 the insertion of these values in 17-5 (6)
leads to an indeterminate form so we again have recourse to L’Hospital's

theorem (1-9).

(a) \ Yx (0)

F1a. 17.51.

We begin by writing 17-5 (6) in the form
Ue) = =370,

7 sin A

where
FA) = log (* + 2vcos }A + 1) — log (* — 2vcos A + 1),
o) = — vsin A _ v sin 4A .
v 4+ 2wcos A +1 12 — 2vcosdA + 1




350 PLANFORM LA [17-51

Thus the required value is

U o) = tim =LA _

Asr T SIDA A*om  TCOSA

— Waf Q) — 2ugv
Tar 4+ 1)

This value is correct, for on the upper surface of the aerofoil, where v = ik,
k > 0, u is positive. Since »? = ¢, we have

— )t

(1) ?,{(e) = %5)— y Up = oV tanp,
when the aerofoil is disposed as in fig. 17-51 (a), for there — e is positive on the
surface,  is real, and we take the positive value of the square root for the upper
surface and the negative for the lower. Comparing with 17-31 we see that again
there is a pole at € = — 1, i.e. on the leading edge.

If the aerofoil is disposed as in fig. 17-51 (b) we change the sign of e thus
obtaining

Qupet
(2) Ue) = Sy

with a pole at the leading edge.
17-52. Planform L/,

Fre. 17-52 (i).

Fig. 17-52 (1) shows the plan of the aerofoil in which we shall suppose that
1 AL, = cot ptan g, = 1.
Fig. (ii) shows the e-plane in which at L, we put

pol-Ja-n

@) €= l
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If we write
e - L
() = 1 - €L’

e-plane.
Fig. 17-52 (ii).

the region within the Mach circle y of fig. (ii) is mapped upon the region within

the semicirele of fig. (iii) the centre of this semicircle being now the map of the

edge L;.

v-plane.
Fic. 17-52 (iii).

The point corresponding to /A, in the v-plane is v, where,
(4) v = (e — L)/(1 — e, L) = €2 cos 2X = (v® + ),
where €, = €%, cos), = — tanp cot d,, and since, from 17-13 (8), 1 = 2L/(1 + L?),

we find, after a simple reduction,
cosA, — 1 — tan p cot 8, — cot p tan 81'
1 - lcoshdy, 1 + tan§; cot §,

(5) cos 2\ =
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Since {, is a subsonic leading edge, 17-17 (7) gives

_ fl(e)
(6) ?/l(e) = (e - L)i ’

and therefore
™ WUy =L,

where f,(v) is holomorphic at v = 0 and so admits an expansion in series of the
form
L) =ay +ap + ap? + ...,
so that
f 2(v) Qg Qg
L= +a; +ay + ... —7+f(v),

where f(v) is holomorphic in the semicircle. For subsequent convenience, write
ag = 1Cuy/m.
Then
1Cu,
(®) Uo)="""2+1w).

id

Here C is a constant which will turn out to be real.
The boundary condition is

Ue) + U o) = 20,
which from (8) is equivalent to
_ 0wy | WCuyo

flo) +ffe) = = —+ —

o

Using the boundary values of fig. (iil) we have once more the semicircle
boundary value problem of 17-18 which gives
£0) + F(0) = él_j - 1Cuydo N 1 J tCu,o do
) (y') O e —v)

B lr g dor N 1 j‘v_l uoda.

(g —v) 2m

) _,,0 -V 'm',,la—v

By the residue theorem the first integral vanishes, the second gives iCugy/m
and we have

f@)+ﬂm=fc%”~@@bg%¥?%%Li%

and therefore from (8) ' '
9 V:% v l _W_o G(Vl"LV)('71+V)
) Uty == ( +v> % T =)

the constant f(0) turning out to be zero since when v = 4, Y(¥) = u, and the
two sides of (9) agree.
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To determine the constant C we note, 17-15 (7), that since € = 0 is on the
aerofoil d9{/de = 0 when ¢ = 0. Now
de dv " de
and from (3) we see that dv/de # 0 when ¢ = 0, i.e. when v*= — L. Therefore

(10) %{: 0 when»? = - L.

Differentiate (9), put 12 = — L, and equate to zero. This gives

2L (v, + vy)
(1 - L + Ly + )

C =

Now, from (4),
v + v = 2cosA

Also from 17-13 (9)
oL/(1 - Lyt = (1 - ),
and therefore
2l cos A _ 2lcosA
1-1+2cos?A 1 +1lcos2x’

This completes the solution. To bring it to a usable form we calculate u on
the upper surface of the aerofoil where v = ik, k > 0, so that (9) gives

12k cosA
1- k-

(11) C=

(12) ”—u:CGc—k)%-?tan

Ug

On the portion AL, of the aerofoil
e=R=[1-J@-mr

and from (3),
k= (L - R)/(1 - LR).

Therefore
2 — 2 2 Y —
<1—k>=l+k2—2= (1 - L1 + R) _ 21 l)(1+r_).
k k? L1 + RY) - R(1 + L? l-r
on the use of 17-13 (8) and (9). Put
2 I-r
(13) x = (cos A\/lfl> 7
Then
(14) ™~ 2tan-lz + 2C cos X (1> .
Uy x

Here ! and 7 are measured in the physical plane, cos A is given by (5) and so (14)
determines u in terms of the geometry of the aerofoil.
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To determine the lift reduction ratio C/Cr,, we have

! !
a9 e[ Lol [as s Oy,
CLn -1 uo T -1 T
where from (13)
I-7 2 cos? A
(16) R L L

To integrate (15) we observe that integration by parts gives
1 T *® rdx
~1 PU—
j_ltan wdr_2+j01+x2,

where from (16) r = (If2 — 2?)/(2* + f?). The remaining steps are somewhat
lengthy but straightforward, the final result being

O (J2) cos A lcosA /(2 - 2])
an o, = +l){¢(1 ) 1 (g2 cosA T 1+ leos }

where A is given by (5).

17-53. Planform LT,

t Yx

F1a. 17:53 (i).

The planform is shown in fig. 17-53 (i) where we put

(1) t = AT = cot u tan §,.
In the e-plane, T is the point e = — 7T and
(2) cos A, = — tan u cot §,.
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e-plane,
Frae. 17-53 (ii).

We proceed as in 17-52 by writing

e+ T

T 1+ el

which maps the circle in the e-plane on a semicircle in the v-plane, cf. fig. 17-52

(iii). Since we have here a subsonic trailing edge there is no singularity at T
where 4 = 0. Thus the method of 17-52 gives at once

) 4

g, (v + vl + )
@ Uy = = o8 =)
where
o _cos)y 4+t
©) ICO COS2A~1+tcosz\2'

On the upper surface of the aerofoil v = 4k, k > O and e = — R. Proceeding
exactly as before, we get

_2uy, _2kcosh ., R-T
(6) u_—;tan 1’ ={ &
and we find that
ko 1 ‘/r—t
™ T~k Jpa sy Vi

Putting, cf. 17-52 (13),

(8) z=(cos)\\/1i+t> \/;:i

9) 7% _ 9 tan-! z,
0
and the lift reduction ratio is
C b(1 -t 2 cos? A
(10) L __ ( ) b2 = .

Oy, 1+b° 1+t
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. |7-6. Planform LT, Here both the leading and trailing edges are
w1th1.n the Mach cone of their intersection. It follows that the perturbation
velocity is zero everywhere on the circumference of the Mach circle.

. e-plane.
F16. 17-6 (i). Fra. 17-6 (ii).

If o = ¢” is a point of the circumference of the Mach circle,

Uo) + UQjo) = 0

and so
M) Ua=-U(2).

Now, at the point € = L, subsonic leading edge, ?,[(e) behaves like (¢ — L)-*
while at ¢ = T, subsonic trailing edge, u = 0. ’
Consider the function

fo="1,
1) =12
It follows that
@) Ue) = iB, Dh: - IT;;S - g 3]*

satisfies all the conditions if B, is a real constant, for it satisfies (1) and has the
appropriate behaviour at ¢ = L and ¢ = I. Moreover, the quantity within the
brackets is positive for real values of € unless 7' < ¢ < I when it is negative.
Thus the value of  given by (2) vanishes on D,T' and LD,, while u* vanishes
on TL. Lastly, when € = €% is on the circumference of the Mach circle

(¢ = T)(1 = Te) _ (% ~ T)(e* - T)
(€ — L)1 - Le)  (e® - L)(e® - L)
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and both numerator and denominator are the products of conjugate complex
numbers so that the expression is real and positive. Therefore () is purely

imaginary on the Mach circle and u = 0.

Thus the solution is complete except for the determination of the constant
B, (see 17-61).

To express the perturbation velocity component « in terms of the physical
plane variable s, let AT =t and AL = [ in fig. (i) so that

(3) t = cot putand,, ! = cotptans,.

Then
(4)

while (2) can be written

TZI—J(tl—tz), L:1-J§1—12)’

! IANE
T by € + - <T + T)
o e-m D
€ +- — (L + “>J
[_ € L
Now on the aerofoil, from 17-13 (10),
1 2 1 2 1 2
eri=p THgp=p L+r=p
and therefore on the aerofoil
s —
L
where
_ l[l - Ja - tz)]*
@ B_Blt 1 - J(1-»l

In (6) the sign which makes w positive is to be taken on the upper or suction
surface of the aerofoil.

The method of 17-2 can now be applied to find the lift and moments for any
portion of the aerofoil. These results will all involve the constant B. The
determination of B necessarily involves the use of elliptic integrals. The

details are given in 17-61.

17-61. Determination of the constant B. The determination is based
on the fact that the real part of the complex velocity component U vanishes on
the Mach circle where there is no perturbation and that the real part is — «V
on the surface of the aerofoil.

From the compatibility equations 17-15 (6),

dW 1> dU

1.
(1) e =§’I,00tp,<€—; AR
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We begin with the identity
(2) 4(e- L)1 - Le) = (1 - LP(1 + €2 — (1 + L1 - €2

Now write

1 +e 1+ L 1+7T
@) "=i-e =1t bcioT
Then 17-6 (2) gives
oy 1= Tn2 - o2}
(4) %:iBll_L[m .

Now take as squared modulus of elliptic functions (14-7),
b (14901 =)

©) S B TR Y R
The substitution
(6) n=ansi,

then gives

(M 7 -bt=a*ns?f - m)=a?ds?{, 7% - a® = a®cs?{,
so that
. 1-T7
(8) U=1B,dc!, B,= 1 B
From (3) we have

1_( _})_ - 29 - 2ans{
AN Tt -1 ans?l -1’
while d7(/d{ = iBym, sc {nc{, where my =1 — m is the complementary
squared modulus. Combining these results with (1), we get
dWw sn? {
v _
dt any €Ot B2(1 — sn? {)(a® — sn?{)
_ 2am I: . 1 sn? { ]
(9) —l_azcot;/,Bz — 8C C+a2msnz—é)/a§ .

Integration will lead to elliptic integrals of the second and third kinds.* To
bring the second term on the right to the standard form, we put

(10) msn?fB = 1/a? sn®fB = 1/b2
The standard form and notation for the elliptic integral of the third kind is then
‘msnBenBdnBsn?dl
].1 =
b ae.p) L 1-msn?Bsn2{

* The reader may consult Whittaker and Watson, Modern Analysis, 4th edition, Cambridge
(1927), Chapter 22, for the details which cannot be included in this summary sketch of the method.

S;g:,lso Milne-Thomson in Handbook of Mathematical Functions National Bureau of Standards,
1964.
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Observing that at D,, w = 0, e = 1,7 = @, { = 0, we get on integrating (9)
from 0 to ¢,
%cothz[ my sn B
(12) %27:—17;12— E() - sc{dn{ * B dnp
where E({) is the elliptic integral of the second kind.
Now, on the aerofoil,

g,

1 +¢
1-¢’

ans{ =17 = T <e<lL,

so that b <7 < a. Also* when 7 = a,{ = K and when 7 = b,sn = 7{»—*,
{ = K + iK’. Thus on the surface of the aerofoil { varies from K to K + 1K',
If in (12) we put { = K + ¢, where 0 < ¢ < K’, and equate the real parts,
we get .

2a cot u B, mysnf o ]
(13) aVZ’—(ai‘l)— E+c—‘—‘nlen‘8 (,8) )

where E is the complete elliptic integral of the second kind and Z(g) is the
Jacobian zeta function. All the quantities involved in (18) are known in terms
of the geometry of the aerofoil by the preceding equations. In particular, m is
given by (5) and m; = 1 — m. Thus the constant B, and therefore B, from (8)
and so B from 17-6 (7) can be found from tables.t Making the reductions we get

oV tan p l _ m, sn B 7Z(8).
(4 B=—p" 101 pa - oi’ D=8+ gampt?®

17-62. Planform L,L,. Both leading edges are within the Mach cone of

their intersection.

e-plane.
Fie. 17-62 (ii).

Fra. 17-62 (i).

* For K and K, see 14:7. o
+ Milne-Thomson, Jacobian elliptic funciion tables, Dover Publications, New York (1960).
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Since # = 0 on the Mach cone we have as before
a7/1
(1) Ueo=-U(),

and the same reasoning as in 17-6 shows that the required solution is of the form

p [ le + L)1 + Lzé)]* : [(6 - Ly - Llf)]*

) U= i, [LEN By Fle = )0~ L

@ ?/[(e) By (e — L)(1 — Lje) + 1B, (€ + Ly)(1 + Lye)d ’
where B, and B, are real constants, for (2) satisfies (1), has the appropriate
singularities at the leading edges ¢ = L;,e = — L,, makes u = 0 on the Mach
circle and on D,L,, L,D,, and gives u* = 0 when — L, <e< L,

Since e = 0 is now a point on the aerofoil, we must have dU/de = 0 when
€ = 0 from 1715 (7). This gives at once
B, _ B,

® n--L

and (2) and (3) solve the problem in terms of the real constant C,.
To express u on the aerofoil in terms of the variable s of the physical plane,
let, in fig. (i), , = AL,, l, = AL,, so that

= (, say,

(4) ly = cotptand,, I, = cotpu tans,.
Then
— — 2 — _ ]2
o) LoloVUow) 1oyt
L Ly

and therefore on the model of 17-6, we find that
_ l, + s)* <l1 - s)*
(©) w22 4, =)
where

(7) ¢ = 01[L1L2/(l1l2)]*,

and where on the upper surface the sign is to be taken which makes u positive.
The method of 17-2 can now be applied to find lift and moment in terms of
C. The constant C is evaluated in the next section.

17-63. Determination of the constant C. The procedure here is on
the same lines as in 17-61. We write
1 +e 1 +L _1-L,
(1) TSioe CTICn YTiTL
With the aid of identities of the type 17-61 (2), and the substitution
b _ (1 -h){1-1)

@ ””:“nsg’mzﬁ“(lul)(luz)’
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we reduce 17-62 (2) and (3) to

(3) U = iBy{(a* - 1)do { — (1 - b ed
where
(4) By = 1C1(1 = Ly))(1 + Ly).

The compatibility equation 17-61 (1) then gives, after some reduction,

%9 = 2am, cot u By {nc? { — nd? {}.

Integrate this from 0 to £, observing that w = 0 at D, where { = 0. Then
(5) —q’@——-z—2E(C)+m1§+schnZ+msdlcn§.
2a cot u By
Now, on the aerofoil { = K + 4£,0 < &£ < K’, while the real part of 0 is
— «V. Therefore, equating the real parts of (5), we get
(6) oV = 2a cot u B3(2E — myK).
This determines By in terms of the geometry of the aerofoil and therefore C,

from (4), and so C from 17-62 (7). We get

_aVtanp 1

= - K.
M =% mrpaapr TTE-™

17-64. A limit case of planform L)L, If, in fig. 17-62 (i), we let §,
and 8, tend to p the limiting case so obtained is that considered in 17-31. In the
present case, 17-62 (2), (3) give when L, = L, = 1,

Ue) = iC, [__(_1(%_‘_)321* _ i, [ _—(_1(2;6):_)2]&

1 +é
11 - e’

= 2C

Now, from 17-63 (4}, (6),

_ 4tanp aV
T 2(1 + Ly 2E - mK)®

Gy

When L, = 1, m = 0, m, = 1, E = K = }= and therefore
. oV tan u

ki

Gy

in agreement with 17-31.
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17-65. Planform L;A. This may be regarded as a limit case of L.T; when
T — 0 or L,L; when L, — 0. Taking the former, we have from 17-6 {(2) when
T =0.

(0]

J

D2

\ i
Fig. 17-65.

1 g —c T

( ) ?/[(6) ’l’Bl [(E _ L)(l _ LE):I
and from 17-61 (8) and (9)
W _ 2am, cot p sn? {

d¢ — 1-L “'(1-sn2{)(a® - sn2l)’
Now, when T = 0, 17-61 (3) and (5) give
1 _(1-Lp 1-1

®) S R Ry A gy

(2)

and therefore from (2)
a0 _ 2amcot u
d¢. — 1-1L

If we integrate this and equate the real parts at a point of the aerofoil, we get,
as in 17-63,
5) BlzaV(l —L)tanp,rﬁ= 2L . oV tan p
2¢(2E - mK) m (1 + L) (2E — mK)

(4)

B, (nc*{ - nd? ().

from (3), where

(6) L=01-JQ-PB]Jl, and 1= cotutans.
At a point of the aerofoil € + 1/e = 2/s and (1) gives

7 - [L '

(7 u= +B 2L(l—s):|'

This can also be obtained as the limit of 17-6 (6) when ¢ — 0.
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If we take instead the limit case of L,L; when L, - 0, we have from
17-62 (3), B, = 0. Thus 17-62 (2) coincides with (1) above and therefore the
same result is obtained.

In the case where the leading edge becomes a generator of the Mach cone
L — 1 and (1) gives

Ble}
Ca T1-¢€
Now, when L =1, m =0, m; =1, E = K = n/2 and so B, = 2V tanpu/m
which agrees with the result found in 17-51.

17-7. Interference of conical flows. So far we have considered only
the flow within the Mach cone of a single vertex. When a point lies within
the Mach cones of two or more vertices the flows interfere. Consider, for
example, a flat rectangular aerofoil at small incidence « with its leading edge GO’
at right angles to the oncoming
wind as in fig. 17-02 (i). If
the chord of the aerofoll is
sufficiently great each axial
edge will intersect the Mach
cone of O or 0.

This case is illustrated in
fig. 17-7 where the axial edges
OM, OM’' are temporarily
assumed to continue indefin-
itely downstream and to in-
tersect the generators of the Fie. 17-7.

Mach cones of O and O" at 4

and 4’ ; the generators of the Mach cones of 0, 0, 4, 4', which lie in the plane
of the aerofoil, are shown by dotted lines. By their intersections these generators
determine on the aerofoil four regions, marked (i) to (iv) in the diagram, namely
the triangles OBO’, OBA, O'BA’ and the parallelogram A’CAB. We denote by
Uy, Uy, Us, Uy the z-component of the perturbation velocity at a general point
within these respective regions. In region (i) the motion is two-dimensional
and if we restrict attention to the upper surface of the aerofoil, u; has the
constant value oV tan u. In region (ii), u, can be obtained from 17-5 (6) and
similarly u, in region (iii). At a point within region (iv) u, will be obtained by
combining u, and u, in a manner to be determined. Since u, = u; + (Uy — %y)
we can regard the effect of the Mach cone of O at a point in region (ii) to be a
perturbation (w, ~ u,), superposed by addition, of the constant two-dimensional
component u,. Similarly, the Mach cone of O’ causes in region (iii) a perturba-
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tion wy — u; of w;. The perturbation of «;, which both Mach cones cause at a
point of region (iv) is therefore the sum of these, so that

Uy — Uy = (Uy — ) + (ug — )
and

(1) Uy = Uy + Uy — Uy,

To verify this, observe that u;, u,, u, satisfy the linearised equation 17-1 (6) and
so therefore does u,. Also, u, is continuous on 4B where u3 = u,, 50 that 1, = Uy,
Similarly, v, = u3 on A'B. At B u, = u, = us and therefore u, = u,.

Similarly, for the w-component we arrive at the equation

) Wy = Wy + w3 ~ Wy
and since w; = w, = wy = — «V on the surface of the aerofoil, w, = - «V and
all the boundary conditions are satisfied in region (iv).

Now, consider a point within the Mach cone of 4. Here u has to satisfy
certain boundary conditions within the region (v) between 4C and AM and the
condition % = 0 in the region (vi) between AM and AN. We cannot satisfy all
these conditions by a finite linear combination of the type (1). Such regions
can be treated by superposition of continuous fields of conical flow, that is by
integrating conical flow solutions. Into this we cannot enter, but the inference
remains that the superposition by addition of a finite number of conical flows
cannot describe the flow on the aerofoil outside the regions (i) to (iv). Thus, for
the method of (1) to be applicable no part of the trailing edge of the aerofoil can
lie downstream of AC, 4'C, in other words the trailing edge must lie within the
area 0'4’CAO. Subject to this limitation the trailing edge may be straight or
curved provided only that its direction or tangent at no point makes an acute
angle less than y with the direction of the undisturbed wind. In all such cases
the Lift can be found by integration of u,, u,, us, u, over the appropriate areas.

As a simple illustration, consider the rectangular aerofoil O0’P’P where P
lies between O and 4 and PP’ is parallel to O0’. Let S denote the total area
and let S,, S,, Ss, S, be areas of regions (i), (ii), (iii), (iv) respectively which lie on
the aerofoil. If we denote mean values by a bar, the lift L is given by

Lj(2pV) = Syuy + Syl + Syl + Seily.
Now, from 17-5 (11), when & = {n, %, = 4, = lu, and therefore
L = pVu,(28; + 8, + 83) = pVuy (S + 8, = 8,).
This result holds for all parallel positions of PP’ between 00’ and A4’

EXAMPLES XVII

1. Perform the reduction which leads to the compatibility equations, 17-15 (6).
2. Show that the velocity potential

¢ = e[2® — cot? u(y? + 2 f(e) + af(e),
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where f(e) is an arbitrary function, is a general homogeneous solution of degree unity
of 17-1 (4). (Poritsky.)

3. Determine, in terms of A, the value off(O) in 17-18 (7).
4, With the notations of 17-2, prove that
0 0 .
M, =%hsecy a—y(L cosy), M, = — thcosecy @(L sin? y).
5. In the case of planform L,L,, in the notations of 17-2 and 17-3, show that, on
integration by parts,

e=1
2| Y dg = wd, + ugdy + u;By + uyBy,

e=—1
where
1 1 1 1
Alzl—ﬁ—cos)\l—ﬁ’ A2=1+B_cosz\2+ﬁ’
_ 21}=__§i_n._/\1_ - ‘}:ﬂ_
B(1 - ) cos A, — B’ B =5 cosd, + B°

6. In Ex. 5, show that the terms u; 4,, u,4, when multiplied by p VA2 sec? y tan u
cancel the lift on the triangular parts of the delta wing which lie outside the Mach
corne.

7. Calculate the perturbation velocity component w inside and outside the
Mach cone in the case of planform L,T,.

8. Find the perturbation velocity components for planform L,T, regarded as a
limit case of L,T,.

9. Solve the case of planform L,T, regarded as a limit of L,T; and show that
the result agrees with that of Ex. 8.

10. Perform the integration which leads to 17-5 (11).

11. Explain why the solution for planform L,L, at incidence « cannot be ob-
tained by adding the solutions for two planforms L A which are mirror images in
the axis. Verify by comparing the actual solutions.

12. Perform the integrations which lead to the lift reduction ratio for planform
L,L;.

13. Work out in detail the solution for planform L,T,.

14. The wind direction is along the bisector of the angle 23 of a delta wing, where
8§ < p. Obtain the formulae

u = oV tan? §(tan2d — s* tan? u)4,

v = — aVCstanpu(tan?§ —~ s2 tan? u) 4,
where in the notation of 17:6, C(2E — m;K) = 1 + m#, and explain to what portions
of the surface of the wing they apply.

15. Show that the lift coeflicient for the part of the delta wing of Ex. 14 in the
form of an isosceles triangle of height A is 27aC tan 3.

16. The wind direction is that of the bisector of the angle 28 of a delta wing,
where 8 > p. Prove that on the upper surface of the wing, inside the Mach cone,

_ 2aVtanp sin-1 sin A

—n TO = Foodt )’ cos A = tan u cot 8.
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17. In the delta wing of the previous example, show that on the wing
~ 22V cot A 1
= ————cos}z,

ki

where 22 = (1 — s2)/(1 — s% cos? A), and explain to what portions of the surface of the
wing this result applies. Examine the value of v on the remaining parts of the wing,

18. Show that the lift on the part of the delta wing of Ex. 16 cut off by a line
perpendicular to the wind in the plane of the wing and at distance & from the vertex

is 2apV2h?% tan? u sec A.
Find the induced drag and the lift and induced drag coefficients.

19. A symmetrical flat delta wing is defined as having for planform an isosceles
triangle and for vertex the intersection of the equal sides. If 26 is the angle between
the equal sides, prove, with the notations of fig. 17-2, that

8 =18 +8), y=14(-9).
Explain why the direct application of the cone field theory of this chapter
necessitates the assumption that the angle of yaw y shall not exceed -

20. A symmetrical delta wing whose vertical angle is 25 is yawed through the
angle v, and has both leading edges within the Mach cone. Prove that the lift
coefficient is

maC cos y sec u sec § [cos 2y — cos 2u cos 28 — 24,
where A%=sin(u + 8 + y)sin(u + & — y)sin(u - & + y)sin(u — & ~ y), and C
has the value defined in Ex. 14. (Roper.)

21. A symmetrical delta wing has one leading edge on the Mach cone and one
leading edge within it. Prove that the lift coefficient is

4o cos y [tan (u — y) tan u],
where y is the angle of yaw. (Roper.)

22. For a symmetrical delta wing of planform L,L, yawed through the angle y,
prove that the lift coefficient is

4o sin p cos y [sec(u + y) sec(p — y)].
Discuss the limiting case of this result when one edge lies on the Mach cone.

23. A symmetrical delta wing of planform L,L, is yawed through the angle y.
Prove that the lift coefficient is

«(4/32) cosy sin p [sin § cosec (1 + & + ) sec (e - M,

where 23 is the angle of the wing.
Obtain the result for planform L,L; as a limiting case. (Roper.)

24. Show that U (e) = VB log e gives the complex velocity component for flow
past a cone of infinitesimal angle 28 placed with its axis along the undisturbed wind

direction. Examine the components e, e).
25. Calculate the lift coefficient for the aerofoil 00’ 4’CA of fig. 17-7.
26. A delta wing of planform L,A is symmetrical with respect to the plane z = 0,
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consisting of two flat triangular plates each inclined at the small angle 8 to the plane
z = 0. Prove that, at zero incidence,

_BVtanp 2L e - L
?/l(f)_ P i _LglogLE_l’

and find the components ) and .

27. Obtain the solution for a delta wing of planform L.,L; symmetrical with
respect to the plane z = 0, at zero incidence by superposition of two wings of plan-
form L,A, the wings consisting of triangular plates each inclined at the angle 8 to
the plane z = 0.

28. Show that in the case of planform L,L, the flow within the Mach cone of the
air above the aerofoil is completely independent of the flow below it. Use this
principle to deduce the flow past a thin flat aerofoil L,L, at incidence « from the
solution for the symmetrical aerofoil consisting of two planes inclined at the angle
2« and placed at zero incidence.




CHAPTER XVIIIL
SIMPLE FLIGHT PROBLEMS

180. Hitherto we have been concerned with the main lifting system of an
aircraft, the wings. We now consider the complete machine.

Fie. 18-0.

Fig. 18-0 shows in outline a monoplane aircraft with the control surfaces
shaded.

When the control surfaces are in their neutral positions the aircraft, like the
aerofoil, has a median plane of symmetry, and when properly loaded the
centre of gravity & lies in this plane.

There is in the diagram a fixed fin F in the plane of symmetry.

For simplicity of description, suppose the aircraft to be in straight horizontal
flight, with all the controls in their neutral positions.

The lift is given by the wings and tail, T (we ignore the effect of the body,
which should be allowed for), and the propeller thrust overcomes the drag, if
we suppose this thrust to be horizontal.

The disposition of the axes of reference is shown in the diagram, the lateral
axis, @Y, being perpendicular to the plane of symmetry and positive to star-
board.

The symmetry will not be disturbed if the elevators £ are moved. Raising
the elevators will decrease the lift on the tail (see 8-37), and will cause a pitching
moment, positive when the nose tends to be lifted.

Moving the rudder R to starboard will cause a yawing moment tending to
deflect the nose to starboard, the positive sense.
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The ailerons, 4, move in opposite senses, one up, one down, by a single
motion of the control column. If we depress the port aileron and therefore
simultaneously raise the starboard one, the lift on the port wing will increase
and that on the starboard wing will decrease so that a rolling moment will be
caused tending to dip the starboard wing, and this sense will be positive.

This movement will also cause a yawing moment, for the drag on the two
wings will likewise be altered. To minimise this the ailerons are generally
geared to move differentially so that one moves through a greater angle than
the other.

Motion of ailerons or rudder will disturb the symmetry of the machine.
A single-engined aircraft also has dynamical asymmetry (tendency to list).

For the present we shall consider some flight situations in which the controls
are supposed always to be operated so as to maintain the motions we require.

I18:1. Linear flight. When the velocity V of the aircraft is in a fixed
straight line the flight is said to be linear.

When V is in the plane of symmetry the flight is said to be symmetric.

There are three types of linear symmetric flight : gliding, horizontal, and
climbing.

Gliding. Horizontal. Climbing.
F1G. 18-1.

Of these the only flight possible without use of the engines is gliding.

These flights can, of course, be steady (V constant) or accelerated.

In the case of steady flight the resultant force on the aircraft must be
zero.

The forces are : (1) propeller thrust (under control of the pilot), (2) weight
(not under control of the pilot), (3) aerodynamic force (in some measure under
the control of the pilot by use of ailerons, rudder, and elevators).

18-2. Stalling. We have seen that the lift coeflicient C is a function of
the absolute incidence «, and the considerations of 171 show that it is also a
function of the Reynolds’ number B = VI/v. For a given aircraft we could
therefore draw a surface which is the locus of the point (Cy, «, R) which is the
characteristic lift surface for that aircraft. Since the aircraft is given, I 1s given,
and for a given state of the air v is given, so that in this case C is a function of
incidence « and of the forward speed V. From this point of view the character-
istic surface may then be regarded as the locus of the point (Cy, «, V). Now
consider three points of this surface (Cr;, oy, Vy), (Crg, o, V), (Crs, a5, V),
where we suppose V, < V, < Vjand oy <oy << .
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Fig. 18-2 (i).shows the (Cy, «) graphs corresponding with the values V,, V,, V,
of" V, the straight portions being practically in the same line for all. This
diagram may be thought of as showing sections of the characteristic surface by

L

Fig. 182 (i).

planes V.=V, ¥V = V,, ¥V = V;. Inall our previous work we have considered
C to be directly proportional to «, 1.e. we have restricted ourselves to the linear
part of the graph about which pure theory can make statements. Graphs
of the type shown in fig. (i) must necessarily be obtained from experimental
measu?emenbs, and the graph shows that, with increasing incidence, C}, rises to
a maximum value Cp, .. and then decreases.

. It is generally, but not always, the case that ', for a given V increases as
V increases. If we draw the sections of the characteristic surface by the planes

o

Lmax.

Fia. 182 (ii).

% = oy, & = o, o = ag, We get (C'g, V) graphs of the type shown in fig. 182 (ii),
where the heavy line shows the graph of C; ... as a function of V.

' The stalled state is that in which the airflow on the suction side of the aerofoil
is turbulent. It is found that, just before the stalled state sets in, the lift
coefficient attains its maximum value, and the corresponding speed is called
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the stalling speed V5. Thus the stalling speed corresponding with a given Cp, sy
can be read from the heavy graph of fig. (ii).

Stalling speed is a function of incidence. Let us draw the sections of the
characteristic surface by the planes Cp = Cp,, Cp = Cpy, Cp, = Ci,, fig. 182
(i11), giving («, V) curves.

o

Fre. 18-2 (iii).

Here the heavy curve shows the stalling speed as a function of the stalling
sncidence wg. Any point («, V) above this curve corresponds with stalled flight,
any point below it with normal flight. In the sequel we shall be concerned only
with normal flight.

Tt should be observed that the foregoing discussion only applies to speeds ¥V
such that the airflow speed over the aerofoil nowhere approaches the speed of
sound, i.e. we neglect variation of the Mach number.

The graphs of the above type are in all cases deduced from experiments,
generally in wind tunnels in conditions corresponding with linear flight at
constant speed. When the aircraft flies in a curved path the graphs will differ
slightly from the above, but investigations made by Wieselsberger show that
the changes are of the order of the square of the ratio of the span to the radius
of curvature of the path and may therefore, in general, be neglected.

Moreover, since the danger of stalling is generally greatest when the aircraft
is about to land and is therefore flying near to the stalling incidence and at a
low speed, it is for most calculations sufficient to substitute one of the Uy, graphs
shown in fig. (i) for the whole group, namely the one which corresponds with
the landing speed.

If, in the foregoing, we substitute R for ¥ throughout, the conclusions may
be held to apply to a family of geometrically similar aircraft. For such a
family there will be one characteristic lift surface.

The results of this section apply, without modification, if « is the geometrical

incidence.
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183, Gliding. When an aircraft glides steadily with the engine off, the
resultant aerodynamic force A balances the weight (including buoyancy) W,
Le. A+ W=0.

horizontal

w
Fic. 18-3.

Thus, if L is the lift (on the whole air~raft) and D is the drag (on the whole
aircraft),
L=Wcosy, D= Wsiny,
where y is the angle which the direction of motion makes with the horizontal,
called the gliding angle. 1t follows that
D_G

tany = I 0,

This equation determines y in terms of Cp and Cy. It should be observed
that Cp and Cp are here the lift and drag coefficients for the whole aircraft.
They could not be inferred solely from the corresponding coefficients for the
wings alone. They are, of course, functions of the incidence « and the speed V
(or more properly of the Reynolds’ number). It follows that, with the limita-
tions described in 18-2, the gliding angle is a function of the incidence, and
therefore the gliding speed is a function of the gliding angle.

The attitude * of the machine is the angle which a line fixed in the machine
makes with the horizontal. If we measure incidence « and attitude 6 from the
same line we have § = « — 5. Observe that 6 and « can be negative, as in
fig. 18-3; v is necessarily positive.

Note also that the direction of the glide does not, in general, coincide with
any fixed direction in the machine, in other words the attitude is a function of
the incidence.

The extreme attitude is that assumed when the machine is diving vertically,
the terminal velocity dive. In this case the lift vanishes, the incidence is that of
zero lift, and if the dive is undertaken from a sufficiently great heigﬁt, the
weight just balances the drag, the speed being then the terminal speed, which

* Cf. Lewis Carroll, Through the Looking Glass, Ch, VII.
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may be five or six times the stalling speed (18-2). The attitude will then be
about — 90°.

18:31. Straight horizontal flight. Here the engine is required. There
are now three forces ; engine thrust 7', weight, and aerodynamic force.

AL
T
/ G horizontal
b/ Vy
W
Fia. 18:31 (i).

By proper choice of chord the incidence may be taken equal to the attitude

and
L=W-"Tsinb, D=Tcosb.
In practice § is small, so that T = D, L = W, and
L w w

BETYE RS YYE A Y
where w = W/S is called the wing loading, 1.e. the average load per unit area of
wing plan. When w, p (i.e. height), and V are given, Cy, is determined, and
therefore incidence from the (C', &) graph. At the stalling speed Vg, (1) becomes

. __v
(2) CLmax - %PVS2

1) 97

To determine the stalling speed, we find where the graph of CpV? = 2w/p
cuts the (O .y, V) graph (18-2).

CL V2= 210/.\;6:9

~N

]
i
1
[}
1
1
]
]
Vs

F1e. 1831 (ii).
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We see that Vg increases with height (i.e. with decrease of p). From (1)
and (2)

(3) Cr(3pV?) = Crmax(3pVs?) = w.

The air-speed indicator measures 1p¥V? but is graduated to read V. It is,
therefore, correct only for the particular value of p for which it is graduated,
but, if we neglect variations of Cy .y, it follows from (3) that the aircraft will

stall always at the same indicated airspeed when in straight horizontal flight,
whatever the height.

Note. For convenience of explanation fig. (i) and similar diagrams elsewhere
are drawn in the ““ nose-up ™ attitude so that 6 and « are positive. In fast
horizontal flight the *“ nose-down * attitude is usual. For this 8 is negative.
The same remark applies to gliding attitudes.

18-32. Sudden increase of incidence. Suppose the aircraft to be
flying steadily and horizontally, so that if C;’ is the lift coefficient,
Cr . 1pV3S = W. A sudden increase of incidence will increase the lift to
Cy . 3pV?S and the aircraft will acquire an upward acceleration f given by

, w
(CL - Cy )%PV“’S = ;f,

so that it will begin to describe a curved path of radius of curvature 7 given by
f = V?/r, where
, 2w 1
Tgp O - O
In this analysis we ignore the change in drag. If the speed is high, ' is small
and Cp, cannot exceed Cp y,, for speed V. Thus the absolute minimum value of
r is given by
) e

9P L max g
where Vg is the appropriate stalling speed. Since Cp .y is accompanied by a
rather large drag, the theoretical value (1) cannot be attained.

18-33. Straight side-slip. Consider an aircraft flying steadily and
horizontally to be rolled through an angle ¢ from the vertical and held in this
position by the controls. The lift will no longer balance the weight. If in
fig. 18:33 the aircraft is supposed to be flying towards the reader so that the
starboard wing is dipped, the machine will accelerate in the direction of the
resultant of L and W, and will continue to accelerate until a steady state is
reached owing to the wind blowing across the body and producing a side force
in the direction of the span. The direction of motion is now inclined to the
plane of symmetry at angle B, say, measured positively when the direction of
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motion is to starboard. The aircraft is now moving crab-wise in a straight
path and is said to be side-slipping. If V is the speed, the component V sin 8
perpendicular to the plane of symmetry is called the velocity of side-slip, or
simply side-slip.

Fia. 18-33.

Side-slip will neither diminish the drag nor increase the lift as compared
with symmetric flight at the same speed. If D" and L’ are the drag and lift in
the steady side-slip induced by the above manceuvre then L’ < L,and D’ > D.
Thus the gliding angle y* will be given by

=T>Z:tany,

tan y’
ory’ >y. The effect of side-slip is therefore to increase the gliding angle
without reducing the speed. This fact is of use to pilots in landing.

18-4. Banked turn. This is steady motion in a horizontal circle with
the plane of symmetry inclined to the vertical. The direction of motion is

longitudinal and there is no side-force.

If ¢ is the angle of bank and 7 the radius of
the turn, we have
W v

LCOS(ﬁ:W, Lsm¢:;.7’

2

tan ¢ = 5}‘ .
If we ignore differences due to the difference in
speed at the outer and inner wing tips, it follows
from L = W sec ¢ that C, = wsec/(3pV?), an.d Fro. 18-4.
therefore, as in 18:31, the stalling speed V' 1s .
determined by the intersection of the curve CpV? = 2w sec ¢/p with the
(CLmax, V) graph ; see fig. 18:31 (i1). From the relation

CLmax(%P Vs = wsec (ﬁ,
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it appears that banking increases the stalling speed, and if we treat Cp . as
effectively constant, the increase is in the ratio \/sec ¢ : 1. This explains the
danger of banking at too low a speed.

18-5. Lanchester’s phugoids. A phugoid * is the path of a particle
which moves under gravity in a vertical plane and which is acted upon by a
force L normal to the path and proportional to }'2, the square of the speed.

Since no work is done by the force L, it follows that V2 — gz, the total
energy of the particle (per unit mass), is constant, z being the depth of the
particle below a fixed hori-
zontal line when the speed
z is V. We can choose the
z position of this line so that

4 the constant energy is zero,
and then we shall have

) Ve
v (1 7 2¢z.

Fre. 185 (i). If 6 is the inclination of
the path to the horizontal,

Datum line z=0

we have, by resolving along the normal,

72
(2) L—Wcos(?:H/I—,
g R
where R is the radius of curvature.

If we could imagine an aircraft to fly at constant incidence, and so arrange
that the propeller thrust exactly balances the drag, the centre of gravity of the
atrcraft would describe a phugoid, for then L = 1p¥V2S . C}, and C; is constant
for constant incidence (if we neglect the effect of curvature of the path on Cy;
see 18-2).

Now suppose that V, is the speed at which the aircraft would fly in steady
straight horizontal flight at the same incidence as in the phugoid. Then
W = {pV 28 . Cy, so that (2) will give

Ve 1
VET cos § = 9B’
Putting V,2 = 2¢z, we get
3 2 o cos ="
3) % cos 7
Now if ds is an element of the arc of the path in fig. 185 (i) we see that
1 df . dz
4 ==, = - ==
4) BT 4 sin 6 &’

* Greek devyw stake flight,
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and therefore (3) can be written in the equivalent form
bA (2% cos f) = 5

If we integrate this equation, we add an arbitrary constant which we shall
denote by C./z;, and we then get, after division by /z,

1% A
(5) cos0—3zl+CJz,
and using (4),

(6) B-F 3
Let us examine the consequences of taking the positive square root in
(5) and (6). It is then easy to show that cos 8 > 1 if C'> 2/3, so that no
phugoid is possible. If C = 2/3, (5) gives cos 6 = 1, so that § = Oand R = .
We then get the horizontal straight-line phugoid, at depth 2, below the datum

line.
Datum

Fia. 18:5 (ii).

If C = 0, (6) gives R = 32, and the phugoid reduces to a set of semicircles

of radius 3z,. The cusps are on the datum line and the paths correspond with
unsuccessful attempts at *“ looping the loop ”.

Datum

~_ "

Fre. 185 (iii).
For 0 < C < 2/3, we get trochoidal-like paths.

Datum

Fic. 185 (iv).

If C < 0, the paths are looped.

If z, and the initial values of z and @ are prescribed, (6) shows that for a
given value of C' there are two possible radii of curvature owing to the am-
biguity of sign of the square root. Thus, for example, an aircraft describing a
trochoidal-like path as in fig. 185 (iii) might, owing to a sudden gust, find
itself describing a loop as in fig. 18-5 (iv).
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18-51. The phugoid oscillation. Let an aircraft describing the straight-
line phugoid, corresponding with € = 2/3, z = z,, cos § = 1, have its path
slightly disturbed, for example, by a temporary gust. It may then begin to
describe a sinuous path of small slope (as in fig. 185 (iii)) having the straight
line as mean. This motion is called the phugoid oscillation. Since the vertical
upward acceleration is —d2/d?, and since cosf = 1 to the first order, we
have, for the vertical motion

2
L - W = - ”IY&ZYZ,
g de
and therefore, from 18-5,
dz gz _
e oz g

This is simple harmonic motion whose period is 27/ (,/g), showing that the
disturbed motion is stable. In terms of the speed V; the period is #/2 V,/g8
If V, is measured in knots (6080 ft./hr.) we get for the period 0-234 V, sec.
Thus for a speed of 200 knots the period is about 47 sec.

EXAMPLES XVIII
1. If the (Cy, «) graph is given by
Cr = bsin ax ,

find the maximum lift coefficient and the stalling angle. Draw the graph carefully
fordb = 2,a = 27.

2. Assuming the values of Oy, Cp given in Ex. I, 21 to apply to a complete
aircraft, draw graphs to show the gliding angle, and the attitude angle in gliding, as
functions of the incidence.

3. Calculate the minimum initial radius of curvature of the path when an air-
craft whose stalling speed is 70 mi./hr. in straight flight has the incidence suddenly
increased.

4. Show that, if an aircraft executes a flat turn, i.e. moves in a horizontal circle
with the plane of symmetry vertical, the aircraft must side-slip.

5. For small angles of bank ¢, show that the angle of side-slip is given by
B = - 2504, assuming the coefficient of side-force is Cy = — 0-45.

Prove also that in a flat turn
5w cos 8

B=- ger

where r is the radius of the turn and w is the wing loading.
6. Show that the minimum radius of a true banked turn, for a given angle of

bank ¢, is

2w cosec ¢
9p Cp max
7. Plot cos 6 as a function of 2/z, from 18-5 (5), taking different values of C, and
positive square roots. Show how to infer the general form of the phugoidsas C varies.
8. Let z be the horizontal displacement in a phugoid motion. Express
dz/dz = tan 0 as a function of z and hence show how a phugoid may be plotted
point by point with the aid of numerical integration

CHAPTER XIX
MOMENTS

19-0. Pitching moment. Referring to fig. 18-0, the moment M of the
aerodynamic forces about the lateral axis GY is called pitching moment.
Pitching moment does not induce yaw or roll. It is the only symmetric
moment and it is controlled by the use of the elevators.
Pitching moment is positive when it tends to raise the nose (sense z to ).
The coefficient of pitching moment is
M
1pV28c’
where ¢ is the mean chord and 8 is the plan area.
The angular velocity of pitching is denoted by g and is positive in the sense

z to x.

Cp =

19-1, Static stability. Imagine an aircraft to be free to turn about
a fixed horizontal axis coinciding with the lateral axis through its centre of

gravity G.

Fic. 19-1.

If a given horizontal wind stream ¥ impinges on the aircraft, there will be
equilibrium at a certain incidence o, the pitching moment about & will be zero,
and the lift L will act vertically through G.

If the incidence « is changed by dz, a pitching moment dM will be generated
about G.

The equilibrium is said to be statically stable if dM and da have opposite
signs, i.e. if the pitching moment tends to restore the original incidence. The
condition for static stability is therefore 9M/dx < 0.

The quantity 0M/d« is therefore a measure of the static stability. Since
8M [« is proportional to 9C,,/0x, this latter quantity is also a measure of the
static stability.

If 9M/3x > 0, the equilibrium is said to be statically unstable ; a change of
incidence will tend to increase.
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If 9M /0 = 0, the equilibrium is said to be statically neutral ; a change of
incidence will tend neither to increase nor to decrease.

Observe that it is the pitching moment with respect to the centre of gravity
which is here in question, and when the aircraft is in free flight, it is the sign of
9M/0c: which determines the nature, stable or unstable, of the static stability.
Thus, if in fig. 191 the centre of gravity is moved forward to &,, we shall have a
new pitching moment M, about &, such that

M, =M-L.GGcosae =M - L.GG,
ignoring the drag and treating « as a small angle. Therefore
oM, oM oL
(1) P=

Qo Ox G do’
to that moving the centre of gravity forward decreases the former measure
9M [0« of the static stability, and therefore increases the static stability of the
aircraft. Similarly, moving the centre of gravity aft decreases the static
stability. In the foregoing it is assumed that the aircraft is below the stalling
incidence so that 0L/« is positive.

19-11. Metacentric ratio. In 19-1 (1) dividing by 4pV%Sc and writing

z, for GG, we get
o0, 9C, = 00,
(@), -

where the suffix 1 refers to ¢;. Now in normal flight 8C /0« is constant, since
the (Cy, «) graph is straight. Therefore we have dC;, = a d« and

(1) <%> = Uon 7

aCL 1 aCL c

Now let G, distant z, from @, be the centre of gravity position which gives
neutral equilibrium, i.e. such that (8C,,/0Cy), = 0. It follows from (1) that

0C,, x
0, e
and therefore
Cy, (@ = x)

(2) (—OC—L>1 = = - H, say.

The dimensionless number H is called * the metaceniric ratio; it is the
ratio of the distance between the actual centre of gravity ¢, and the position Gy
of the centre of gravity when the static stability is neutral, to the mean chord.

When H is positive (9C,,/0CL), is negative, so that there is static stability;
when H is negative there is static instability, and these cases correspond
respectively with G, being forward or aft of G,

* The alternative name static margin is also used. It is the aerodynamic analogue of the
metacentric height in naval architecture. In a ship the metacentre is the centre of gravity
position for flotation in neutral equilibrium.
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19-12. Neutral centre of gravity positions. Consider a monoplane
flying at incidence o Let O be the leading edge of the mean chord of the wings,
O’ the leading edge of the mean chord of the tail. We shall take as chord of
the tail the line through O’ parallel to O4 the mean chord of the wings. For

Fig. 19-12.

temporary convenience we specify the aerodynamic force on the wings by X, ¥
perpendicular and parallel to the chord acting at O and the moment My about
0. The corresponding system for the tail at 0’ is X', ¥', My. Let G be the
centre of gravity and draw GK perpendicular to O4. The moment M of all the
air forces about ( is then

() M=My+OK.X+GK.Y + My — (1= OK)X' - (f - GK)Y’,

where I, the tatl lever arm,* is the distance which O is ahead of O’ measured
parallel to 04, and f is the height of O above 0’ measured perpendicularlyto O4.

If I, D are the lift and drag on the wings, and L/, D’ the lift and drag on
the tail, we have by resolution, observing that a is a small angle,

@ X=L+aD, Y=D-ol, X =L +db, Y =D - ol
Since, in general, [ is large compared with OK and f — GK is small, we neglect
OK . X’ and the last term of (1).

We now introduce the dimensionless number
s’

S’

where S, S’ are the plan areas of the wings and tail and c is the mean chord of
the wings. The number «, which is the ratio of two volumes, is known as the
tasl volume ratio. Dividing (1) by JpV2Sc we get

3) =

C/

4) C, = Opw + 2Cx + yCy + KT Oy — xCx,
where ¢’ is the chord of the tail and
(&) OK =cx, GK =c¢y.

* This term is also applied to the distance of @ from the centre of pressure of the tail.
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Since ¢’ is small compared with ! we may conveniently neglect the penultimate
term of (4). Differentiate (4) with respect to «. Then

90,  aCx oCy oCy' 80,,,)
e i (5,

The position of G(z,, y,) for statically neutral equilibrium occurs when

0C,,/0a = 0, 8o that
oCx oCy oCy 0\

© w0

Now from (2) we have X = L, X' = L' nearly and therefore 8Cx/0x, 3Cx'/0c
are the slopes of lift coefficient-incidence graphs which will be taken to have
the same value a. Also

(o)~ (%) Fn
aa w - aCL w aoz -
if we assume the two-dimensional result found in 8:34, that the moment about
the quarter point is independent of the incidence so that C,,p = constant — 1Cj.
Lastly, from (2), we have

CY = CD - aCL = CDo + CDi - CZOL.
Let —e, be the value of « for which the lift vanishes. Then the absolute
incidence is

a,

™

a+ oy =, + €,

where «, is the effective incidence and e is the angle of downwash. Also, from
11-24, Cp, = €Cy, and €y, = a a,, so that

2
Cy = Cp, + aCp — C:-,

and therefore

Cy  9Cy 20\

'—87 = awi =a (do - T) = (l(ao - 2&6).
Thus (6) becomes
(7) Ty + Yolotg — 20,) ~ . — 3 = 0.

Therefore the locus or neutral positions of G is a line such as NN’ in fig.
19-12, inclined to the perpendicular to the direction of motion at the small
angle 2u, — otg — ¢ = o, — €.

When G is forward of this line there is static stability. The line NN’ cuts
the chord 04 at " where 06" = ¢(x + 1), a point whose position depends, to
the order of approximation here used, only on the tail volume ratio «. The
practical conclusion is that there is static stability when G is forward of the
point G
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We may also observe that (1), being linear in = and y, would still lead to a
relation of the form (7), had the terms which we have neglected been retained.

19-2. Asymmetric moments. These are rolling and yawing moments.
They are asymmetric in the sense that they tend to deviate the plane of sym-
metry of the aircraft. We refer to fig. 18-0.

Rolling moment, L, or L when confusion with lift may arise, is the moment
of the aerodynamic forces about the longitudinal axis GX. It is controlled by
the use of the ailerons and is positive when it tends to depress the starboard
wing tip (sense y to 2).

The coefficient of rolling moment is
_ Ik
T 1pV2Sh

Yawing moment, N, is the moment of the aerodynamic forces about the
normal axis GZ. It is controlled by the use of the rudder, and is positive when
it tends to deviate the nose to starboard (sense z to y).

The coefficient of yawing moment is

N
Cn = 1oV2Sh
Note the use of b the span, instead of ¢ the chord, in the definition of C; and C,

The angular velocity of rolling is denoted by p, positive in the sense y to
2z, and the angular velocity of yawing is denoted by r, positive in the sense
z to y.

G

19-3. The strip hypothesis. Consider an aircraft rolling with angular
velocity p. A point distance y from the plane of symmetry on the starboard
wing will have a velocity yp parallel to the normal axis. Thus the strip or
section of the starboard wing between the planes y and y + dy will move
through the air with a velocity compounded of V the forward velocity of the
aircraft as a whole and the velocity yp. Similarly, a strip of the port wing at
the same distance y will have a velocity compounded of V and — yp. Thus
each such strip has a different resultant velocity. Similar considerations apply
to a yawing aircraft.

The strip hypothesis asserts that we may calculate the aerodynamic force on
each strip as if it were an isolated aerofoil moving with the resultant velocity
which it has on account of its local position on the aircraft.

The strip hypothesis is manifestly a first approximation to a state of affairs
in which the trailing vortices from each strip possibly interfere with the others,
but this first approximation is confirmed by experiment to give results which
are in excellent agreement with the facts as observed, even at incidences above
the stall,
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19-4. Moments due to rolling. We consider strips at distance y
from the plane of symmetry.

Fic. 194.

The resultant velocity of the starboard strip S makes an angle 8 with the
direction of forward motion of the aircraft where

- — Py
B=tan B = 7

Thus, by the strip hypothesis, the incidence is « + 8, where « is the incidence
when p = 0. We are here treating py as small compared with V so that the
resultant forward speed ./(V? + p%y?) can be replaced by V. If Cp’, Cp’ are the
lift and drag coefficients at incidence «, at incidence o + S they will be, by
Taylor’s theorem,
acy, , oCp’
o Cp' + 8 5
The components of the lift d1." and drag dI)', resolved perpendicularly to and
against the direction of motion, will be dL’ + BdD’, dD’ ~ BdL’. The cor-
responding coefficients for the port strip will be got by writing — 8 for 8 in the
above and the forces will have components dL”" — BdD", dD" + BdL”.

The two strips will therefore contribute to the rolling and yawing moments
(using wind axes).

Cy +

(1) dLp = - y(@L' - dL")  By(@D' + dD").
@) AN = y(dD' ~ dD") - By(dL’ + dL")
Now L' = LpVicdy <0L acL>

D’ = 1pVedy ( o0y’ >

where ¢’ is the chord of the strip. Also dL”, dD" are obtained from the above
by changing the sign of 8. Thus substituting and integrating over half the
span, since we have taken an element from each wing, we get

) o= - pVp jm < o0’

P > y* dy.
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b2 oCp’
(4) N=- prJ. < o ) Y dy.

These are the rolling moment and yawing moment due to rolling.

If we draw the graph of ¢’(Cp’ + 0C.'/0x) against y, the area under the
graph for the whole span (- 16, b) will be S(Cp + 0C;/0x), where S is the
plan area of the aerofoil and Cp, Oy are the coeflicients for the aerofoil as a
whole. The integral on the right of (3) will be the second moment of half this
area with respect to y and may therefore be written in the form
b2
e
where J, is dimensionless and J,5/2 represents the radius of gyration of the area
considered. Thus dividing by 1pV28b we have

<0D+80L)J2pb

18(Cp + 8Cy/3e) J

(5) Cl = a 1 2}7

Here pb/(2V) is equal to the ratio of the wing tip speed due to rolling to the
forward speed.

Similarly from (4) we get

oC b
(0 €y == 3 (0 - 52) 7230,

where J, b/2 is the radius of gyration of the area under the [¢'(C" — 9Cp’/da), y]
curve on the semi-span.

In discussing dynamic stability the important quantities are dLp/dp and
ON/9p, for these give the changes in Ly and N due to changes in p. They
are best obtained from derivative coefficients of rolling and yawing due to
rolling with the notations

oC oC
s (ﬂlé) = - (e+ 3E),
2V
ac, ac

16

Thus, for example, the increment in rolling moment due to a small angular

velocity of roll w will be
dLp = 3pV28bC,,wb/2V.

19-5. Moments due to yawing. Unulike rolling, yawing does not alter
the incidence of the strips, so that if dL’, dD’ refer to the starboard strip at
distance y, we have as in 19-4 (1), (2)

dLg = - y(dL' - dL"), dN = y(dD’ — dD").

If r is the angular velocity of yaw,

dL' = Cp' ¢ dy . 3p(V — ry)?, dD" =Cp' ' dy.$p(V - ry)?,
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and dL”’, dD" are got by changing the sign of r. Integrating over half the
span, since we have taken an element from each wing, we get

bi2
Lp= 2erj dCytdy, N = - Zerj‘ ¢'Cp'y* dy.
0

As in 19-4, we draw the curves (¢'Cy’, y), the lift grading curve, and (¢'Cp’, y),
the drag grading curve, on the span. Their areas will be SCy and SCp respec-
tively, and if their radii of gyration are J; b/2, J, 0,2, we shall get

br B , bor
57’ C,=-0Cp.J, ‘37

for the coefficients of rolling and yawing moment due to yawing. We note that
br/2V is the ratio of the wing tip speed due to yaw to the forward speed. The
derivative coefficients will be obtained by partial differentiation with respect to
br/2V in the forms

O, =Cp. J3.

Olr = ']32 CL) Onr = - J42 CD'

19:6. Rolling moment due to side-slip. Consider an aircraft whose
wings are inclined upwards, at the small angle v, to the plane through the

Fic 19-6.

mean chord perpendicular to the plane of symmetry. This angle y is known
as the dihedral angle. Let V be the speed of the aircraft, » the velocity com-
ponent perpendicular to the plane of symmetry, i.e. the side-slip. We shall
suppose v/V to be so small that velocity component in the plane of symmetry
is V. The side-slip velocity v can be resolved on the starboard wing S into a
component v cosy = v along the wing, and a component vsiny = vy per-
pendicular to the wing. The component along the wing gives rise to a cross-
wind which we shall not consider further, while the component vy has the effect
of altering the incidence of the strip of wing at distance y along the wing. In
fact the starboard strip has its incidence increased by B = vy/V, while the
port strip has its incidence decreased by the same amount (see fig. 19-4, reading
vy for yp in that figure).

The investigation of 19-4 holds with this difference“that 8 is now constant
instead of being a function of y. Thus from 19-4 (3) we get for the rolling
moment

bi2 oC aC
L= - pveg| o (00 + 5 :

L )ydy- S<0D+6—>J<) y28,
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where bJ /2 is the y-coordinate of the centroid of the graph of ¢/(Cp’ + 0y’ /9x)
against y over the semi-span (0, b/2). Thus the coefficient of rolling moment
due to side-slip v is
oCL\ v
_ 1 L y
0= -7 (0o + 5 2)¥
In normal flight this is negative. The tendency of this rolling moment is
therefore to raise the wing towards which the aircraft is side-slipping and so to
promote lateral stability. This stabilising effect is absent if y = 0, i.e. when
there is no dihedral angle.
The derivative coeflicient of rolling moment due to side-slip is

o, ac,
STy = wr(on+ )

19-7. Change of axes. The asymmetric moments have been calculated
for simplicity of exposition with respect to wind axes. They can, of course, be
calculated directly by the foregoing principles with respect to chord axes, or
we can deduce the results for chord axes by the following method.

Olv =

X
d x!
"/ A
(e 8
z' z
F1c. 197,

Let dashes denote the moment coefficients, etc. with respect to wind axes ;
sappose we want to calculate ', for example. If « is the incidence, we get by
simple resolution C; = €, cosa — €,/ sina. To calculate, say, Cy,, we first
note that angular velocity p about OX is equivalent to angular velocities
p' = peosa about OX’ and #' = — psina about OZ’. Then

o 2, ., 2
T abp2V)y T b op Ty e

00; 9(C/ cosa — (' sina)

3 op

(801 ap’ + aC/ 8_7’) oC," ap’ N o0, or’ .
op’ ap or' op cos e (6]) op or’ Bp) in o

Thus ¢, =0, costa - (C;,) + Cp)sinacosa + C,,  sin?a.
If « is small, the usual case, this simplifies to

Ow = Clpl - “(Clrl -+ Crm’)-
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EXAMPLES XIX

1. Show that the increase in pitching moment about the centre of gravity due
to an increase d« in incidence is
- $HpV?*Scada,
where H is the metacentric ratio.

2, If the pitching moment about the centre of gravity is kx + kg, where & and
k, are constants, find how the metacentric ratio depends on £.

3. Draw a graph to show how the neutral equilibrium position (on the mean
chord) of the centre of gravity, measured from the leading edge, depends on the tail
volume ratio «.

Explain the interpretation of this graph for negative values of .

4, If the coefficients of rolling and yawing moment were defined with respect
to chord instead of span (as for the pitching moment), show that the usual values
would have to be multiplied by the aspect ratio.

5. Discuss the relation between the strip hypothesis and loading law.

6. Use the data for Clarke YH (Ex. I, 21) to show that in normal flight
0Cp/0x may reasonably be neglected in calculating C, and C,, due to rolling, in
normal flight.

Deduce the corresponding simplified results, indicating how J, is related to the
load grading curve.

7. Show that the derivative coefficient of yawing moment due to side-slipis
given by
Cm; = - %J}’ <CL - %>
Ot
where J refers to the line of action of the resultant drag on a wing.
Discuss the order of magnitude of C,,, in normal flight.
8. If dashes refer to wind axes, prove the following formulae for coefficients
referred to chord axes, « being small.
Clr = Clr' + (Clp’ - Om—’) %,
an) = Cnp, + (Clp/ - Cm‘/) a,
Cnr = Cnr/ + (Clrl + Cnpl) x.
9. Referring to 19-4, show that, if p is so large that the approximation 8 = tan 8
1s not permissible, then for the starboard strip
dL’ = }pV2sec?Bc’ dy[Cy cosB + Cp'sin 8],
and that pdy = V sec® BdB, where C’, Cp’ correspond with the incidence o + B.

Obtain a similar expression for the port strip and hence obtain an integral to
give C,.
10. If dashes refer to wind axes and the wind axis Oz’ makes the angle « with
the chord axis Oz, prove that in normal flight
. Cr =0y, Cp)f =Chy +aly,
approximately.

CHAPTER XX
STABILITY

200. An aircraft in steady motion is always liable to disturbance, as for
example, when a sudden gust is encountered, or if the pilot alters the controls.
In the present chapter we propose to examine how an aircraft will respond to
such a disturbance, which will be supposed small. We shall, in particular,
obtain the equations of motion due to a disturbance of steady straight flight,
gliding, horizontal, or climbing. The equations will then be further particular-
ised by considering horizontal flight. By restricting the discussion to dis-
turbances in the plane of symmetry, we reach the problem of longitudinal
stability. The method, which is of general application, should thus be sufficiently
exemplified.

20-01. Equations of motion. If (7 is the centre of gravity of arigid body,
all the forces acting on the body can be replaced by a single force acting at ¢/
together with a couple.

The forces acting on an aircraft are (1) the air force due to pressure, (2) the
propeller thrust, (3) the weight. Let us take rectangular axes Gz, Gy, Gz
(fig. 18:0) passing through @ and fixed in the aircraft (chord axes). Referred to
these axes the resultant of (1) and (2) will be a force

(1) F=iX +jY + kZ,
and the weight will be a force

mg = img, + jmgs + kmg,,
where m is the mass of the aircraft, g the (vector) acceleration due to gravity
and i, j, k are unit vectors along the axes of reference.

The force F will be called the aerodynamic force although it includes the
propeller thrust and the buoyancy due to hydrostatic pressure. This slight
departure from our previous use of the term will cause no subsequent difficulty,
for we shall be concerned only with variations in F.

With the centre of gravity G' as base-point, let the velocity of ¢, the angular
velocity of the aircraft, and the angular momentum * about & be

(2) v=iu + ju + kw'.
(3) Q=1ip +j¢ + k.
4) h = ik, + jhy + khs.

* Or, moment of momentum. The terms are interchangeable.
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Then the equations of rate of change * of linear and angular momentum

are
(5) (%(mv):m\'l+9,\mv:F+mg.
(6) %?:MszAh:L,
where the couple, referred to above, is
(N L=iL + jM + kN.
Written in full the equations (5) and (6) are equivalent to the six equations
(8) m{u — o+ wq) =X + mg,
9 m(v — wp + ur)=Y + myg,,
(10 m(w’ — u'q + v'p'y = Z + myg,,

)

) .
(11) hy — ko' + hyg' = L,

) hy = hop' + by’ = M,

) };3—]’1‘1/‘*‘]1217’:2\['

Alsoif 4, B, C, D, E, F are the moments and products of inertia

(4d=2my?+2%), D=2Zmyz, etc),

then

(14) hy=Adp' — F¢' - EY', hy,= - Fp' + By — Dr,

hy= — Ep’ - D¢’ + Cr.

For the justification of the above statements the reader is referred to works on
Dynamies.

In what follows we shall use the vector formulation, which is simpler, but
the same equations can, of course, be obtained with the use of equations (8) to
(13) instead of (5) and (6.)

20-1. Straight flight. Consider an aircraft in steady straight flight, at
incidence «, with velocity V in the plane of symmetry, so thatv =V, 2 = 0.
We seek the equations of motion when the steady state is slightly disturbed
by giving the aircraft a small additional velocity and a small angular velocity.

In the steady state there is no rotation and

F + mg = 0.

Let the motion be slightly disturbed, at time ¢ = 0, so that at time ¢ the
velocity is V, + u, where the components of ¥, along the axes are the constants
V cos «, I sin o, 0 and the angular velocity is w, where

(1) u=iu+ju+ kw w=ip+jo+kn

* The terms € A mv and § A h arise as the result of the application of the usual rule for writing
down the rate of change of a vector (21-14) when the axes are rotating. Time rate of change
with respect to axes fixed in the aircraft is indicated by the dot, while d/dt indicates differentiation
with respect to axes fixed in space.
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The effect of the angular velocity is that in a short time dt the aircraft will
undergo a small rotation dy == w dt. If therefore we write for the rotation
at time ¢,*

(2) XZiB+j0+k'y,
we shall have
3) w=%X=if+ jé + ky.
F
X
Lo

/ "X
184 k4

ﬁlg
Fic. 20-1.

It will be assumed throughout that , w, u are small quantities of the first
order and we shall therefore neglect products of these quantities. Another
result of the rotation will be that the aircraft will acquire angular momentum h
which is also small.

On account of the disturbance the force F will become F + dF, and owing
to the rotation of the axes the weight will be described by the vector m (g + dg)
instead of by mg. Since g, the acceleration due to gravity, is fixed in magnitude
and in direction in space, the change of g in time ¢ will be zero, in other words
(see 21-14),

(4) dg + x,g = 0.

The equations of motion (see 20-01 (5), (6)) will now be

m(\'ll +u) + w,m(V, +u) =F + dF + m(g + dg),
h +w Ah=dL
where dL is the moment of the forces about G.
Now F + mg =0, V1 = 0 and w , u, w , h are negligible, therefore using
(4) we get
(5) ma + m(x AV, + x,8) = dF.

(6) h =dL.

* The rotation x will be assumed small. A small rotation can be represented to the first order
by a unique vector. A finite rotation cannot be so represented, for the final result of given finite
rotations in roll, pitch, and vaw depends upon the order in which they take place.
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These are the general equations of straight flight slightly disturbed from
the steady state. They apply to horizontal, gliding or climbing flight.
As to h, we have from 20-01 (14),

h=AB - Ff — Ey, hy= - F§ + B0 — Dy, hy= - Ef - DO + 0.
When the ailerons and rudder are in their neutral positions, Gy is a principal
dynamical axis and D = F = 0. Thus

() = i(4B - Ey) + j B + k(Cy - Ef).

20-11. Simplifying assumption. It appears from 20-01 (5), (6) that
F and L depend not only on v, @ but on their time rates of change, and therefore
dF and dL will, in general, depend on v + dv,  + d, and the corresponding
changed time rates. In the case of 20-1 we have v =V, dv = u, @ = 0,
P = w, and therefore dF and dL will depend on u, w and their time rates.

We shall assume that dF and dL depend solely on u, w and not on their
time rates, with the single exception that the pitching moment component
of dL will be taken to depend also on w, the rate of change of the downwash
velocity w.

The reason for this exception is that the tail plane is, in general, traversing
the downwash created by the wings at an earlier time and may therefore be
expected to be influenced by w.

With this assumption we shall have

dF = idX + jdY + kdZ, dL = idL + jdM + kdN,

where, for example,

dX = <aiY,> du’ + <6;){> v + (6_X/> dw’
ou'/y ov' /g ow' /g

aX\ .,  (3X\ ., [3X\ ..
* (ap'>0dp * (aq'>od9 * (ar'>od’

the zero suffix indicating that after the differentiation the steady values of the
velocity are to be inserted, namely w' =V, v =" =0, p' = ¢ =+ = 0.

Also dv = u =iu+ jo+ kw, d@ = w =ip + jqg + kr,
and therefore du’ = u, dp’ = p, etc.
If we write (0.X/0u’)y = X, and so on, we get
dX = uX, + vX, + wX, + pX, + ¢X, + rX,,
and two similar expressions for dY and dZ. In like manner we have analogous
expressions for dL, dM, dN. Writing dM in full to show the term in +, we have
dM = uM, + oM, + wM,, + wMy + pM, + ¢M, + +M,.
Thus it appears that dF consists of 18 terms and dL of 19 onaccount of
the extra term @M. Of the 37 derivatives X,, ..., L,, ..., thus arising,
18 are zero.
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Proof. No symmetric disturbance can cause an asymmetric reaction, e.g.

pitching will not induce yaw or roll. Thus
Y. Y.Y, L,L,L,; N,,N,N,
are all zero.

Again the symmetric reaction due to an asymmetric disturbance must by
symmetry be independent of the sign of the disturbance, e.g. if an angular
velocity of roll could cause a pitching moment pM,, this pitching moment
would necessarily have the same sign if p were replaced by — p. Since M,
is independent of p it must therefore vanish. Thus

X, XX, 2,2,2,; M,,M,,M,
are all zero.

Therefore using 20-1 (3) we have

(1) dF = i@X, + wX, + 6X,) + joY, + BY, + 7Y,)

+ k@Z, + wZ, + 6Z)).

(2) dL = i(BL, + yL, + vL,) + j6M, + uM, + wM, + wM,)

+ k(BN, + yN, + vN,).

We can also take account of small moments exerted by the controls by
adding to dL the vector iL, + jM, + kN,. Application of L, and N, would
of course introduce products of inertia D) and ¥ which have been taken to be
zero, but as these will necessarily be small and multiplied in the equations of
motion by small factors we shall neglect them.

The derivatives in (1) and (2) fall into five classes : force velocity derivatives
X Xy Yo Zo, Zy; force rotary dervvatives X, Y,, Y,, Z,; moment velocity
derwatives L,, M, M,, N,; moment rotary dervatives L,, L,, M, N, N,;
moment acceleration derivatives M, the only representative.

20:12. The equations of disturbed horizontal flight. At this stage
we shall suppose that V is horizontal so that initially Gz makes an angle « with
the vertical, fig. 20-1. Had the flight contemplated been other than horizontal
this angle would have had some different initial value. Referring to 20-1 (5), (6),
and evaluating the vector products (21-13) % , V, and x , g, where *

g= - igsina + kgcose, V,=iVecosa + kVsina
we get the following six equations of motion :

(1) me - uX, - wX, + (mVsina - X,) 0 + mg6cosa =0,

(2) — wZ, + m ~ wZ, — (mVecosa + Z,) 0 + mgfsina = 0,

(3) - uM, — @M, — wM, + B§ — 6M, = M,,

* When the steady flight is not horizontal the above expression for g is replaced by
g = - igsin® + kgcos 6,

where @ is the attitude angle (18-3), i.e. the angle between G2 and the horizontal, positive when
Gz is above the bLorizontal.
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which contain the variables u, w, 6 and form the symmetric group, and

(4) mv — vY, — mVsina + Y,)B — (mgcoso)B
+ (mVecosa — Y,)y — (mgsina)y =0,

(5) =L, + Af = L,f - By - Ly = Ly,

(6) - vN, - EB - N+ Cy — Ny =N,
which contain the variables v, B, v, and form the asymmetric group.

Equations (1), (2), (4) are derived from 20-1 (5) and (3), (5), (6) are derived
from 20-1 (6).

The above six equations are ordinary linear differential equations with
constant coefficients. When the derivatives X,,, L,, etc., are known they can be
solved by various standard methods and the response of the aircraft to a given
disturbance can be calculated.” The equations, however, are best expressed in a
particular system of units which we shall proceed to consider.

20-2. The parameter . We define the relative aircraft density by the
dimensionless * number

_om mass of the aircraft
H= LIS T air density x typical length x plan area’

Here the typical length [ may be conveniently taken either as the chord ¢ or the
tail lever arm in discussing the symmetric equations, and as the span b when
discussing the asymmetric equations. Observing that LS is a measure of volume,
we see that  is the ratio of the average aircraft density, taking LS as the volume,
to the air density. Since air density decreases as height increases, u increases
with height.

It is also convenient to introduce a dimensionless parameter & defined by
kpV2S = mg. In straight horizontal flight & = 3Cy.

If the flight path is inclined to the horizontal at the angle © we have
k= 1Cp sec 6.

20-21. Units. The quantities appearing in the equations of motion
derived in 20-12 are all measured in absolute units, that is to say, if the units
of mass, length and time are given, the unit of velocity is the unit of length
divided by the unit of time, the unit of acceleration is the unit of length
divided by the square of the unit of time, the unit of force is the unit of mass
multiplied by the unit of acceleration, etc. The equations of motion will
preserve the same form whether the ft.-lb.-sec., c.g.s., or any other system of
absolute units is used. For the equations of motion of the aircraft it is con-
venient to use the following system :

* See 1-7.
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Unit of mass m, the mass of the aircraft.

Unit of length [, the typical length.
Unit of time T e =

Observe that r is the time required to travel the distance pl.
In terms of these units we can draw up a list of derived units for the
quantities which occur In our equations.

Quantity Unit Quantity Unat
2 2
Velocity ! = 14 Moment mE = pVeSI
T B ™ H
. 1 v . o m
Angular velocity S= Force velocity derivative —=pVS
T K T
. I re o ml
Acceleration 5= Force rotary derivative — = pVSI
T M l T
.1 7 : . . ml .
Angular acceleration — = —= | Moment velocity derivative — =p¥VSI
,7.2 'LLZZZ T
Moment of inertia  mi? " 2
Moment rotary derivative i = pVSI?
ml pV:S T
Force — = . I
72 i | Moment acceleration derivative ml = pSi?u

The equations of motion, when expressed with the above system of units,
are said to be in non-dimensional form.*

With this system of units we have

"
1) V=E=y,

-
since l = 1,7 = 1. Also from 20-2

E_d_ 9
po VR p

from (1) so that ¢ = Ay, and in horizontal flight
@) g = uCy.

20-3. Expression in non-dimensional form. Consider equation 20-12
(1).
(1) mu - uX, - wX, + mVsina — X,)0 + mgd cosa = 0.
As we stated in 20-21 this equation will take exactly the same form in the
units m, I, 7 of 20-21. The mass m is therefore to be replaced by unity and

* Glauert, R, and M. 1093 (1927).
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from 20-21 (1) and (2) we may replace V by u and g by juCy. Since in practice
the derivatives are usually negative, it is convenient to write — », for X,
— z, for X, and so on. Equation (1) then becomes

(2) %+ uz, + wr, + (usina + x,)0 + JuCrf cosa = 0,

which is the so-called non-dimensional form of (1).
Now consider equation 20-12 (3).

(3) - uM, - wM; — wM, + B§ - 6M, = M,
With the new system of units, we first divide every term by B and then
write — m, for M,/B, — my, for M;/B, — m, for M /B, m, for M,/B.

The above equation then becomes

(4) um, + twmy, + wm, + 0 + Omg = my.

Observe that in the non-dimensional equations % = du/dr, etc. We can
always revert to the original units by using the table of 20-21. If, for example,
we find u == 6 from the non-dimensional equations, the corresponding com-
ponent in ft./sec. is 6V /u, where V ft./sec. is the forward speed.

The whole set of non-dimensional equations is as follows :

The symmetric group, which contains only the symmetric variables u, w, 6,

W+ uz, + wr, + (wsina + 2,)0 + 10 pfcosa = 0,
Uz, + W+ Wz, — (neosa — 250 + 0L pfsina = 0,
umy, + wmy + wmy, + 0 + 6mg = my,
The asymmetric group, which contains only the asymmetric variables 8, y, v

D+ vy, - (usine — y,)B — 3CpuBeosa + (neose + y,)y — 0 pysina = 0.
vzv+ﬁ+lpﬁ_z:)}+lr7:l07
wm, — 65+ nB + v+ ny = 0,

Notes. (i) The term ‘ non-dimensional ” should not mislead. Change of
units cannot alter the physical character of the equations. The equations still
depend on the mass m, the speed V, and the length I, but only through the
dimensionless number p.

(ii) In the above equations the only terms which depend on height explicitly
are those which contain p.

(iii) Since incidence is usually small, we may then write cos &« = 1, sin o = e.

(iv) All the derivatives «,,..., n, must be known before numerical
calculations can be performed. Theoretical values are available for some,
others must be obtained from experiment. We shall assume their values to be
known.
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(v) Some writers * put m,/u and ply, umg, un, for what are here written
as my, lo, mg, 1.

(vi) When the attitude angle is ® we replace in the above equations
10}, cos « by 1€y, and 1C7 sin « by 307 tan 6.

(vii) In forming the coefficients 1,, I,, I, we divide by A4 instead of B.
Similarly, for the coefficients n,, n,, #, we divide by C.

(viii) Coefficients have not been introduced for the ratios £/4, E/C, which
are anyway pure numbers.

20-4. Dynamical stability. The problem of the stability of an aircraft
is essentially that of finding how the machine will respond to a disturbance
which is initially small.

(1) If a small disturbance remains small, or dies away after it is applied,
the aireraft is inherently stable.

(2) A small disturbance may go on increasing. This indicates tnkerent
instability.

(3) If the initial disturbance, while increasing, increases so slowly that the
pilot has time to adopt countermeasures before a dangerous increase has arisen,
inherent instahility may be tolerated, especially in fighter aircraft, for a certain
degree of instability is found to make the aircraft more immediately responsive
to the controls. Inherent instability cannot be tolerated in an aircraft which is
designed for long passages, for the continual vigilance might cause too great a
strain on the pilot.

Our first problem is therefore to ascertain whether an aircraft is inherently
stable.

Our second problem, in the case of an aircraft not inherently stable, is to
discuss the rate of growth of an initial disturbance.

It may be observed that a statically unstable aircraft may still be dynami-
cally stable.

The discussion of stability is simply a discussion of the solutions of the
differential equations. We shall illustrate the method, which is the same for
both symmetric and asymmetric groups, by considering the symmetric group,
i.e. we shall discuss longitudinal or pitching stability.

20-5. Longitudinal stability. We take the non-dimensional form of
the equations of the symmetric group given in 20-3, and to investigate the
inherent stability we take my = 0. If we putw = 4, ', w = B, &*,0 = C, €,
where 4,, B,, C, are arbitrary constants, and substitute in the equations, we get

1) A+ z)4, + z,B; + [(psina + z)A + 1C pcosa]Cy = 0,

234y + (A4 2,) By + [(— peoso + 2)A + §0ppsina]C) = 0,
myd, + (Amy, + my) By + (A2 + Amg)Cy = 0.

* See B. M. Jones in Aerodynamic Theory, edited by W. F. Durand, Berlin (1935), Vol. V.
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Eliminating 4,, B, C; we get the determinantal equation

A+ x, Ty (psina + 2)A + 40 pncosa
(2) 2z, A+ oz, (—peosa + z)A + 40 pusine | = 0,
m, Amy + my, A%+ Admy,

which on reduction is an equation of the fourth degree in A, say,
(3) M4+ B+ CX+ DX+ E=0.

This equation has four roots, and since the coefficients are real, complex
roots will oceur in conjugate pairs. A real root A will give rise to a term, in the
solution, of the type «,¢*, and a pair of complex roots u + ¢ will give rise to
a term of the type «, e*t cos (vt + ).

As ¢ tends to infinity «, e tends to infinity or zero according as A is positive
or negative. In the former case the term represents a divergence, and in the
latter a subsidence.

A term like K, e#t cos (it + €) oscillates with an amplitude which tends either
to infinity, increasing oscillation, or to zero, damped oscillation, according as p
is positive or negative.

It follows therefore that for stability all the roots of (3) must, if real, be
negative or, if complex, have a negative real part.

This conclusion continues to hold if two or more of the roots of (3) are
coincident, in which case terms of the type t ¢!, etc., may appear in the solution.

Thus it appears that there will certainly be inherent stability if the roots of
(3) are such that their real parts are all negative.

The necessary and sufficient condition that the real parts of the roots of (3)
shall all be negative is that the terms of the set

(5) B,C, D, E,BCD — D? - EB?
shall all be positive, as will be proved in 20-51.

The number B = BCD — D?* — EB? is called Routh’s discriminant.

20-51. Routh’s discriminant. It was stated in 20-5 that the real parts
of the roots of the quartic equation

1 JA =X+ BB+ CX+DX+E=0
are negative, if, and only if, each term of the set 20-5 (5) is positive.

Proof.* The necessary and sufficient condition that a quadratic equation
A% + aA + b = 0 shall have the real parts of its roots negative isa > 0, 5 > 0.
Any quartic such as (1) can be factorised in the form

(A2 4+ ad + B)(X2 + cd + d) = 0,

* I am indebted to Professor B. M. Brown for this elegant proof.
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where a, b, ¢, d are all real. This follows from the fact that complex roots can
only occur in conjugate pairs and any such pair satisfies a quadratic equation
with real coefficients.

If the roots of (1) are to have negative real parts, «, b, ¢, d are each > 0.
These conditions are necessary and sufficient.

Equating coefficients, we have

(2) B=a+ec

(3) C=b+d+ ac
4) D = ad + be.
(5) E =UWd.

It follows that it is necessary for B, C, D, E to be all positive.

The critical case arises when, say, @ = 0, so that (1) has two purely imaginary
conjugate roots. Inthiscase B =¢,C = b + d, D = b, E = bd. Eliminating
b, ¢, d, we obtain the discriminant

R = BCD - B*E ~ D? = (.
In the general case, substituting for B, C, D, E, we obtain
R=(a+c)b+d+ ac)(ad + be) — (ad + be)® — bd(a + ¢)?
= ac BD + (ab + cd)(ad + bc) — bd(a + ¢)?,
(6) R =ac[(h-d)?+ BD]
so that if a, b, ¢, d > 0, then B > 0.

We now have as necessary conditions B, C, D, E, R > 0. We can show that
they are sufficient, for if B, D > 0 we see from (6) that ac > 0. Since ac > 0,
it follows from (2) that if B > 0, thena, ¢ > 0. If D, > 0, and @, ¢ > 0, it
follows from (4) and (b) that b, d > 0. Q.E.D.

20-52. Method of Gates. An elegant graphical method of solving the
problem of dynamical stability has been given by Gates,* who introduces two
non-dimensional co-ordinates

h , a8
X = e Y = 51,8
Here ke is the distance of the centre of gravity of the aircraft aft of the
focus of the wings, kzmi? is the moment of inertia about the lateral axis, [ 1s
the tail-lever arm, S’ is the plan area of the tail-plane, S is the plan area of the
wings, and o’ is the slope of the (Cy, «) graph for the tail-plane. These quanti-
ties have been chosen as the most easily adjustable in the designing stage.
Routh’s discriminant R and the coefficient Z of the quartic are then expressed

in terms of X, ¥, and the curves B = 0, E = 0 are plotted for different

* R.and M. 1118 (1928).
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values of C, and fixed p, or for different values of u for fixed Cp. Fig. 20-52
shows the relevant part of such curves for €', = 1, u = 5, for a gliding aircraft,

STABLE
REGION

Fia. 20-52.

If the point (X, Y') is on the shaded side of these curves we have £ > 0 and
E > 0 so that there is stability, as is visible from the fact that B, C, D are then
also positive.

20-6. Laplace transform. The solution of the set of three simultaneous
differential equations of disturbed motion with given initial values of the
variables, while straightforward, can be very laborious. In particular, for the
symmetric group we might be interested only in one variable, namely 6. We
ghall explain an operational method based on the Laplace transform which
enables the solution for any particular variable to be written down in terms
of initial conditions without evaluating any arbitrary constants, or separating
the solution into the sum of a complementary function and a particular
mntegral.

Definition. The Laplace transform of a given function of ¢, say f(2), is
denoted by (f(t))* where

(o = | ey

The Laplace transform is thus a function of p, not of ¢, and we shall mainly be
concerned with inferring f(¢) when (f(¢))* is given. So long as Iy, m,, #, are
constants the only type of solution which can arise from the differential equations
is of the form t7est, where # may be zero, and ¢ may be complex. We have

1
p-a

Differentiate partially # times with respect to a. Then

M O
0

n!

npat\k —
(@) et =
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This last result includes all we want. In particular, wecanputa = A + iu;
or »=0; or a =0. In this way we deduce from (2) a table of Laplace
transforms as follows.

1 n!
* il npatyx

W P () (p - a)m*

mx Moosutyr | P A
e M e
(e3t) * 1 (e sin pt)* (p+2+2

p-a - H
. VR L,
(cos ut) e (tet cos ut) [(p = N2+ w2
2 - A
sin wh) * o tsin uf)* _App - )
(sin ut) o (teM sin pt) [ < \F + P

This table contains all the transforms likely to be required. The table can
be used either to find the transform of a given function or to find the function
whose transform is given. The reversibility of the table is here assumed, but a
rigorous proof is possible.

20-61. Method of solution. Consider, for example, the equations of
the symmetric group given in 20-3. We multiply each equation by e~#¢ and
integrate from 0 to @ . Now if u, is the value of  when t = 0, and if

(w)* = J. e~?tu dt, we have j‘ we P dt = — ugy + p(u)*.
0 0

Again, if 8,, 6, ate the values of 6 and § when t = 0, we get, by successive
partial integrations,
I: fe-rtdt = —~ 6, — pdy + p*(O)*.
Thus the equations of the symmetric group yield
(W*(p + 22) + ()%, + O (pusine + pr, + b Cpcosa)
= uy + (usina + 20,
W) 2, + (W) * (p + 2.) + (0)*(~ pucosa + pzg + p Oy sina)
= w, — (ucosa — 20,
() *my + () * (pmy; + my) + () (P* + pma)
= my wy + Oy + Oo(p+ Mma) + mo/P-
Thus, we have three linear simultaneous equations from which ()*, (w)*,
(w)* may be determined, or any one of them separately. Thus using the
determinantal method of solution we get
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6)*
P+ T, Ty Uy + (Lsina + x,) 0,
2y, P+ 2 wy — (Leosa — z,) 0,
U

My pmy + My MW + 00 + (p + ‘7710) 00 + ? l

1

Pz, T p(psine + x,) + $uly cos

2y P+ 2y p(— peosa + 2,) + 3uly sina

My PMy + My PP+ iy

This gives ()* as the ratio of two polynomials in p and we proceed to express
(6)* as the sum of partial fractions. We then infer 8 as a function of ¢ from the
table of Laplace transforms given in 20-6.

The values of u, and w, are not without interest for they represent the
velocities imparted to the aircraft when it encounters a horizontal or vertical
gust of wind.

20-62. Sudden application of elevators. The aircraft is flying steadily
on a straight horizontal course when a small movement of the elevators is made,
causing a small couple whose non-dimensional measure is m,. In this case we
have uy = w, = 6, = 6, = 0, and we get from 18-61 a result of the form

(0)* - mo(}’z + PTy + P2y + TyZy — szu)
p(p* + Bp® + Cp* + Dp + E)

3

where the polynomial in the denominator is exactly the same as that in 20-5.
To discuss a simple numerical case, let us suppose that the values of the
derivative coefficients are such that the above expression reduces to

6% = my(p? + 6-24p + 2:04)
T p(p* + 12p° + B2p® + 92p + 51)

Expressing this in partial fractions by any of the usual algebraic methods,
we get
1 -04 -16 -64 44(p + 4)

R -~ .
S B R N LS

Then from the table of transforms in 18-6 we get
6 = my[-04 + 16—t — -64¢—3¢ + -44e~* cos t],
where, of course, tis “ non-dimensional ” time 7. Thus it appears, that in this

case, 0 settles down, as ¢ increases, to the steady value -04m,, and there is
therefore stability for this manceuvre.
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The above numbers were chosen to afford simple algebra and arithmetic.
In the practical application it will be necessary to solve the quartic equation
which is obtained by equating the denominator to zero. Any real roots can be
approximated by graphical methods or by Horner’s method. To obtain
complex roots the somewhat laborious but practicable method of Ferrari,
which is explained in books on Algebra, can be used (see Ex. XX, 6).

20-63. Approximate solution of the quartic. In discussing longi-
tudinal stability the quartic in A 20-51 (1) is usually such that D and E are
small compared with B and C. This circumstance leads to a method whereby
the quartic may be resolved into two quadratics by a method of successive
approximations. To see this, suppose the quartic to be replaceable by

(1) (X2 + BA + ) (A2 + yA + 8) =0,
where b and ¢ are large compared with y and 8. Comparing the above product
with 20-51 (1) we get at once

(2) b+y=B, c+by+8=¢C, bd +cy=D, ¢e8=2EFE.

On the assumption that y, & are small we get the first approximation,

E D BE
6  bh=B o=0 S=%, n=g-a-
Inserting these values in (2) we get the second approximation,
E D b
4) bo=B-n ¢y =C = by, — 8, 8220_’ 7220——582;
2 2 2

and the process may be continued as often as is needed to attain any required
accuracy.

In practice the first approximation is usually sufficient so that the quartic
is replaced by the two quadratics

CD - BE E
+

(5) 2+ BA+C=0 X ——02——)\+6:0.
Thus in the typical case cited by Gates (see p. 399, footnote), the quartic,
(6) M 45X 4+ TX + A+ =0,

is replaced by the two quadratics got from (5), which on multiplication will be
found to be equivalent to considering the quartic
X 50523 + T-28X2 + IA+ =0
instead of (6).
With regard to (5) the first quadratic corresponds with a short period
oscillation which is usually heavily damped and therefore stable. The second
quadratic gives the long period or phugoid oscillation (18-51) and, if we replace
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this quadratic by the approximation A2 + E/C = 0, it appears that the period *
of the phugoid oscillation is 2./ (C/E) nearly, and this will be a damped oscil-
lation if CD — BE is positive, a criterion which is tantamount to neglecting
the term D? in Routh’s discriminant.

In the case of the quartic which arises from consideration of lateral stability
the above circumstance of relative magnitude of the coefficients is absent.
However, in this case it will be found that the quartic has a real root nearly
equal to — ,, and such a real root can always be approximated by graphical
or other methods.

Moreover, the existence of one real root implies that there is a second real
root, for imaginary roots occur in conjugate pairs, which can also be found.
Removal of these real roots by long division will then reduce the quartic to a
quadratic.

EXAMPLES XX

1. If m = 12,000 1b., S = 500 ft.2, I = 8 ft., find the value of x at sea-level,
and draw a graph to show how y varies up to 20,000 ft.
Express numerically the units of 26-21 at sea-level in terms of the above data.

2. Show that the unit of time r is given approximately by
T = 0-45\/@ sec.,
ag

whelre u] is the wing loading, and o is the relative air density p/p,, where p, refers to
sea-level.

3. Derive in detail the whole set of 6 non-dimensional equations of disturbed
straight flight.
. _Wr1§e out these equations in full when the aircraft is climbing on a path at
inclination O to the horizontal.

_ 4 Find the non-dimensional equations of a steady glide at gliding angle  when
slightly disturbed.
5. Calculate Routh’s discriminant for the equation
100A* + 505A% + 728X + 50X + 20 = 0.
6. Prove the identity
M+ BB+ O+ DA+ E
= (A2 + $BA+ 0)2 — {(1B* + 20 - O)A2 + (B0 — D)X + 6% - E}
and show that the term in curled brackets is a perfect square if 6 is a root of the
cubic equation
(B8 - Dy — (B? + 86 — 40)(6% - E) = 0.
[Ferrari’s method consists of determining 6 and thus factorising the quartic as
the difference of two squares.]
7. Show that the quartic
AL+ T467A% + 62-1602 + 8-65A + 2-15 = 0,
has the roots =727 L 2714, —0-07 £ 0-174.

* Remember that the unit of time is = (20-21).
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8. In the preceding example show that the periods of oscillations are 37-0 and

2-32 units.
Convert these to seconds if m = 2000 lb., ¥ =150 ft./sec., S = 400 ft.2, taking

standard air at 5,000 ft. altitude.
Find the time taken by these oscillations to reduce the amplitude to half its

initial value.

9. Solve the quartic 20-63 (6) by using the first approximation. Proceed to
the second approximation and hence estimate the percentage error in the modulus
of the roots given by the first approximation.

10. Assuming that z, = Cp and m; = 0 and neglecting r,,, x,,, prove that the
period of the phugoid oscillation is nearly

V. /2 / Py, + 2,1,
g \/ By = f‘”nuzw/OL '
What assumption is necessary to deduce the result of 18-51%
11. Discuss the longitudinal stability associated with the equation
M+ 45328 4 5002 + 0-407A + 0122 = 0,

and determine the periods of the phugoid oscillation.

12. Use a typical diagram of Gates’s method to show that longitudinal stability
is largely determined by £ > 0.

Write out in full the condition E > 0.

18. Find the quartic for A arising from the consideration of lateral stability.

Show that in this equation the relative aircraft density appears only as a factor
of I, and n,. Deduce that an increase of load or an increase of height are equiva-
lent to an increase in these coefficients.

14. Show that the lateral stability quartic
At + 12603 + 11-5A% + 10-7A + 076 = 0

implies inherent stability.
Solve the equation, showing that two roots are real, and find the period of the

motion arising from the complex roots.




CHAPTER XXI
VECTORS

21-1. Scalars and vectors. Pure numbers and physical quantities
which do not require direction in space for their complete specification are
called scalar quantities, or simply scalars. Volume, density, mass and energy
are familiar examples. Air pressure is also a scalar. The thrust on an in-
finitesimal plane area due to air pressure is, however, not a scalar, for to describe
the thrust completely, the direction in which it acts must also be known.

A wector quantity, or simply a vector, is a quantity which needs for its com-
plete specification both magnitude and direction, and which obeys the parallelo-
gram law of composition (addition), and certain laws of multiplication which
will be formulated later. Examples of vectors are readily furnished by velocity,
linear momentum and force. Angular velocity and angular momentum are
also vectors, as is proved in books on Mechanics.

A vector can be represented completely by a straight line drawn in the
direction of the vector and of appropriate magnitude to some chosen scale.
The sense of the vector in this straight line can be indicated by an arrow.

In some cases a vector must be considered as localised in a line. For in-
stance, in finding the position of the centre of pressure of an aerofoil the actual
line of action of the aerodynamic force is required.

We represent a vector by a single letter in clarendon (heavy) type, and its
magnitude by the corresponding letter in italic type. Thus if q is the velocity
vector, its magnitude is g, the airspeed. Similarly, angular velocity (or surface
vorticity) w has the magnitude w. In manuscript work, a vector can be
indicated by underlining it with a wavy line. The vector whose end points
are P and @ can be conveniently indicated by using an arrow, thus :

— —>

PQ, QP,
according as the sense is from P to § or from ¢ to P. Such vectors have
opposite signs

— —

PQ = - QP.

A unit vector is a vector whose magnitude is unity. Any vector can be

represented by a numerical (scalar) multiple of a unit vector parallel to it.
Thus if a; is a unit vector parallel to the vector a, we have a = qa,.

If with each point of space there corresponds a scalar we have a scalar field.
or example, the air pressures in the air round an aerofoil constitute a scalar
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field; so do the values of the velocity potential in the same region. Similarly,
if with each point there corresponds a vector, that is to say a scalar and a
direction, so that a vector is, as it were, tied to each point of space, then a
vector field is defined. Air velocity in the air round an aerofoil is an obvious
example.

21-11. Resolution of vectors. Consider three mutually perpendicular

—
axes of reference (cartesian axes) OX, OY, OZ. If P is any point, we call OP
the posttion vector of P (with respect
to 0). Complete the rectangular Z
parallelepiped shown in fig. 21-11.
Then with the notation of that
figure

— - —> — —>
OM + OL =OL + OM = OW, v b
- — —
ON + OW = OP,

— — > —

OP = OL + OM + ON, 0 YIRY;
where we have applied the par-
allelogram law of addition, and
have assumed that the order in

which the additions are performed /¥
is irrelevant. We have thus re-

N U

Fic. 21-11.

—
solved the vector OP into the sum of three vectors along the axes. Now

let i be a unit vector along OX, j a unit vector along OY, and k a unit vector

—> —> —
along OZ. Then OL = OL .i, OM = OM .j, ON = ON .k, so that

OP = OL.i + OM .j + ON . k.

Here OL, OM, ON are called the resolved parts, or components, of the vector
O?’ along the axes. They are in fact the coordinates (, y, z) of P, so that if
we write r = O—i’, we can express the state of affairs in the form

(1) r=iz+ jy + ka.

More generally let 0? represent some other vector such as q, the fluid
velocity. Then, if (u, v, w) are the components of q, we have

(2) q=iu+ jv + kw.

In a similar way any vector can be expressed in terms of its cartesian

components and the cartesian unit vectors i, j, k. We shall use these unit
vectors conventionally without further reference to their definition.
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It is often convenient to denote the components of any vector, say, a by
a;, a,, a, so that
a= ia, + ja, + ka,.

Now let @ be the point (z + da, ¥ + dy, z + dz). Then we can write

—
0Q =r+dr=i(+de) + Jy + dy) + k(z + dz),
so that

(3) dr = ide + jdy + kdz.

If we imagine an air particle to move from P to § in the time dt we can

write for its velocity
dr  .dx .dy dz
) A=y =ig iy kg
21-12. The scalar product of two vectors. Let a, b, be two vectors
of magnitudes a, b, represented by the lines 04, OB issuing from the point O.
b8 Let 0 be the angle between the vectors, 1.e.
' the angle 40B measured positively in the
sense of rotation from a to b.
The scalar product of the vectors a, b is
denoted by ab and defined by the equation

(1) ab = ab cos 6.

a The scalar product of two vectors is
thus a scalar and Is measured by the pro-
duct 04 . OM, where M is the projection of B on OA.
It is clear from the definition that

ba = ba cos (- 0) = abcos § = ab,

8o that the order of the two factors is irrelevant.

Observe that if 6 is obtuse the scalar product is negative.

If 0 is a right angle, that is, ¢f the vectors are perpendicular, their scalar
product 1s zero, for cos 8 = 0.

As an example, suppose wg? is the surface vorticity at a point P of
a vortex sheet S, and n is the unit normal vector to the sheet at P. Then
wg? and n are perpendicular, therefore wyn = 0.

Again, if ab = 0, we have ab cos § = 0 so that either cos § = 0 or ab = 0.
The second alternative means that one at least of the vectors is of zero magni-
tude. If neither vector is zero, ab = 0 implies that a and b are perpendicular.

As particular applications of the definition (1) we have, for the scalar
products of the unit vectors i, j, k, the following important consequences :

(2) ii=i2=1=j2=k

ij = jk = ki = 0.

Fia. 21-12.
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Thus if a = ia, + je, + ka,, b = ib, + jb, + kb,, we have *
(3) ab = ab, + ab, + a.b,,

on developing the product and using (2).
Taking the velocity vector q = iu + jv + kw and the infinitesimal
position vector dr = idx + jdy + kdz of 19-11, we have from (3)

qgdr = udr + vdy + wdz,

and if we integrate by moving r round a closed curve C we have (cf. 3-2, 9-21)

J_ qdr :J (udr + vdy + wdz) = circ C\.
© ()

21-13. The vector product of two vectors. Let a, b be two vectors
of magnitudes a, b inclined (as in 21-12) at the angle § measured positively from
a to b. We define the wvector product a , b as the vector whose magnitude is
ab sin 6, and whose direction is perpendicular both to a and b, and whose sense
is such that rotation from a to b is related to the sense of a , b by the right-
handed screw rule, fig. 21-13 (i).

a,b

b,a

Fre. 21-13 (i). Fro. 21-13 (ii).

It follows from the definition that this vector multiplication is not com-
mutative, for since ba sin (~ §) = -~ absin 8, we have

(1) bya=-(a,b)= - a,b,
see fig. 21-13 (ii).

When two vectors are parallel their vector product is zero, for then § = 0 or .

Conversely, a b = 0 implies that either @ = 0 or 6 = 0 or that a is
parallel to b. Note that two vectors are parallel, irrespectively of sense, if
their representative lines are parallel. Thus the opposite vectors V and — ¥V
are parallel.

* We shall assume that scalar (and also vector) multiplication is distributive, i.e.
a(b + ¢)= ab + ac. See Ex. XXI, 26, 27.
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We can now form the vector products of the unit vectors i, j, k, in fact
ii=j=k,k=0.

@ ipi=k=—iyh jk=i= -k, ki=je -k
Thus for the vectors a, b of 21-12 we have *
a, b= (ia,+ja,+ ka,) , (ib,+jb, + kb,)
=a,i , (ib, + jb, + kb,) + a,j , (ib, + jb, + kb,) + a:k , (ib; + jo, + kb,),

(3) :i(avbz - azbv) + j(azbz - axbz) + k(axby - ava)a
from (2). The determinantal form of this result is convenient, namely,
i j k
(4) a,b=ja a a
b, b, b,

The last two rows are in the order of the terms of the product. For b, a these
rows would therefore be interchanged, which changes the sign but not the
absolute magnitude of the product (cf. (1) above).

Consider the vectors y of 20-1 (2) and g of 20-12. For these

i i k|

X8 = 8 0 y :|Bgcosoc+jg(—ysino.z—ﬁcos@

. + kg sin o.
—gsina 0 gcosa

The vector product has a direct application to angular velocity, small

rotations, and moments,

0O 0]
Fic. 21-13 (iii). Fic. 21-13 (iv).

Thus, if in fig. (iii) P is a point of a rigid body which is moving about
the fixed point O with angular velocity w, and if PN 1s perpendicular to
the axis of rotation, the velocity of P is, into the paper and of magnitude,
w.PN = w.OP sin 8. Thus the velocity of P is w ,r, where r is the
position vector of P as shown.

* See footnote on p. 342.
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Similarly, in time d¢ the body undergoes a small rotation w dt, and P there-
fore undergoes a displacement of translation (w dt) ,r.

Again, the vector moment with respect to O of a force F acting at P, fig. (iv),
is r , F. The torque about any line through O is the component of this vector
along that line.

Referring to fig. (i), we note that ab sin 6 measures the area of the parallelo-
gram of which a, b are two adjacent sides. The vector product a,b can
therefore be regarded as a directed measure of area. It is a vector whose
magnitude measures the area and whose direction is normal to the area.

21-14. Equations of motion of an aircraft. We now derive the
equations 20-01 (5), (6). Referring to 20-01, the linear momentum of the
aircraft is mv, the moment of momentum referred to axes fixed in the aircraft
at G, the centre of gravity, is h and the machine is rotat- iy
ing with angular velocity . We consider the changes in mv
and h during a small time df. In this time ' undergoes a
translation v d¢ and the frame of reference a rotation Q dt.
We consider separately the effects of the translation and
rotation, which, being infinitesimal, are additive. Lastly, we G’
consider the rates of change when the axes remain at rest. a vdt

To consider the effect of the translation we ignore the Fre.21-14 (a).
rotation. Since mv is merely moved parallel to itself it undergoes no change.

The moment of momentum h at time ¢ is h with respect to G. At time
¢ + dt when G has moved to ¢ the momentum of momentum, still with respect
to @, is increased by the moment about G' of the linear momentum mv at G,

my

1.e. by GZ’ AmV¥ = v dt ,mv =0, since v and v are parallel. Thus no change
arises from the translation.

’ 5 To find the effect of the rotation, we ignore

h the translation, G remains fixed and the frame
undergoes a rotation  dt.

B

A To an observer moving with the frame, mv
A and h appear to be unchanged.
my Let GA, GB represent mv, h at time¢. At time
G t + dt they will be represented by G4’, GB" where

Fic. 21-14 (b). — — —> —

A4’ = Qdt G4, BB = Qdt,GB

and therefore with regard to the original position of the frame the rates of

change, got by dividing by dt are  ,mv, &, h respectively. .
Lastly, the axes remaining at rest, mv and h increase at the rates mv, h,

where we use a dot to indicate time rate of change with respect to axes fixed

in the aircraft.
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Thus the total rates of change are respectively
mv + Q,mv, h + e, h,
whence equations 20-01 (5) and (6) follow from Newton’s laws of motion.
21-2. Triple products. Let a, b, ¢ be three vectors. Then a,b is a

vector and can be combined with ¢ by scalar multiplication to form the triple
scalar product (a , b)c.

The triple scalar product is a scalar which measures the volume of the
parallelepiped with concurrent edges a, b, ¢, so that

(a,b)c=b(c,a)=c(@,b),
preserving the cyclic order a, b, €. On the other hand,
(a,bjc= - (b,a)ec.
The proof is left to the reader. Note also that (a ,b)c = a(b,c).
The triple vector product is the vector product of (a,b)and ¢ ie,
(a,b),c
Similarly, with those vectors we can form other triple vector products such
asa,(b,c), (c,a),b.
Theorem. a,(b,c)= - (ab)c + (ca)b.
Proof. Using 21-13 (3) we have
abn€) = (ia, + ja, + ka,) \{i(b,e. — bie,) + j(bico — byey)

. + k(be, — bye.)}
=iP, + jP, + kP, where t

P, =a,(be, - bye,) — a,(be, — bye,)
= = cplab, + ab, + ab,) + bylae, + ae, + ac,)
= — (ab)e, + (ca)b,,
and two similar results, whence the theorem follows. Q.E.D.

As a useful mnemonic, observe that the order of the vectors in the negative

term 1s the same as the order on the left with the brackets in a different position.
Thus an alternative result is

(@a,b),c= - a(bc) + b(ac),
but note that (a, b) ,c and a, (b, c) are different vectors.
Similarly, (b ,€) ,a = — b(ca) + c(ab), (c,a), b= - c(ab) + a(bc).
Thus by addition (cf. 10-61),
(a,b),c+ (b,c),a+ (c,a),b=0.
Again, q,(n,q) = - (qn)q + (qg@)n = ng?

as in 10-6, n and q are perpendicular.
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21-3. Vector differentiation ; the operator nabla. In 1-41 we
proved that the thrust due to air pressure on an infinitesimal volume of air
dr is — dr dp/0s in the direction of a line element ds (fig. 1-41). It follows
that the thrusts in the directions of the axes are

I
and therefore the total thrust is a vector d T with the above components, i.e.,

, 0 0

We now define the operator nabla,* written V, by

8 0 9
(1) V=ig +is +ky.

We see that  is a vector differentiation operator analogous to a scalar
differentiation operator such as 9/6xz. Thus dT = — dr V p.
There is another way of regarding the above result.

Consider the infinitesimal volume of air in fig. 21-3. We

can suppose its surface to be divided into elementary
patches of area such as dS. Let n be the oufward unit
normal vector to dS. Then the thrust due to pressure on
dS is the vector — pn dS, minus since the thrust is in the
opposite sense to n.

The total thrust on the whole volume is the vector sum
of the thrusts on the elements of area such as dS and therefore, approximately,

Fra. 21-3.

aT = Z( - pndS) = - j pn ds,
(S)

where we have written an integral over the whole surface S of the volume
instead of the sum. The equation thus written is, of course, approximate in the
usual sense of the infinitesimal calculus, in that it is exact only to the lowest
order of infinitesimals retained. Thus we have, to this order,

(2) -drVp=- J. np dS, approximately.
(&)
From this result we obtain an alternative definition,

3) Vp=Ilm ij np dsS,
voo Vi
where V has been written instead of dr and the integral is taken over the

surface of the volume V. By V -»0 we mean that the longest dimension of

* So named by Sir William Rowan Hamilton, the discoverer of quaternions, from a fancied
resemblance to a harp.
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the volume ¥ tends to zero. For example the volume V can always be enclosed
in some sphere of diameter [ and we then let [— 0.

On this basis we can found a more general definition, namely, that if X is
any quantity, scalar or vector,

4) VX=1lm=| nXds.
V—0 V (S)

To show that this is consistent with (1), let [, m, n be the direction cosines of
n so that n = il + jm + kn. Then (4) becomes

VX< lim2

(iIX + jmX + knX)dS
V—0 v (8)

Suppose the volume V to be split up into slender cylinders whose generators
are parallel to the z-axis, and consider the term j liX dS for one cylinder of

length 8z and cross-section w. Then for this cylinder V = w 8z, and 1dS = +
on the ends, so that

fim ij. y dS—hm—1~w[l(X+ 5X) - iX] = %X

V—0 ox

Treating the terms jmX, knX similarly, we get
.0 .0 0

As particular applications of (5) we can form several combinations. If ¢ is
the velocity potential, we have

B _ _ .0 .0¢ o
(6) q-= V¢—_grad¢__laz_ ay ka_z°
Again, for the velocity q = iu + jv + kw, we get
. dv  ow
(7) Vq=divq = @4-5.
If, further, the motion is irrotational so that q is given by (6), we have
_ %% % P )
®) VQ——@—a—yz‘ﬁ—~V¢,
2 2 2
where V2 = g 0 g

w2 ap e
is Laplace’s operator.
Again, we have the vorticity vector

9 T=V, q—curlq_|<aw av)

—] + i % ail)
oy 0z ’(82_%)

dv  oJu
k(5 3)
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Combining (9) with (7), where § is to be written for q, we get (9-3)

. 0 [ow Ov 0 /ou Ow 9 fov  ou\
wo ve-dvt=2 (-5 o (5 - %)+ 2@ a) o

since 0%w/0x 0y = 0*w/dy oz, ete.
If dr = i dz + jdy + kdz we have the scalar product

an (dr V) = dx + dy 3 + dz =d.
Applied to the pressure p and the velomty q thls gives
12)  dp = (drV)p —dx—+d +dz~—dr(Vp)

0z
(13) 'dq—-(drV)q—dw +dy—y+d 8z
If both sides of (11) are divided by dt we get
0 0 0
(14) qV) = u—+vay+wa~z,

a scalar operator which gives the rate of change following the fluid in steady
motion, see 21-31 (1).

21-31. The acceleration of an air particle. Consider the particle
whose position vector is r at time ¢. Then its velocity depends on both r and t
so that we have q = f(r, ¢). At time ¢ + 8t the particle will have moved to
the position r + 8r and its velocity will have become q + 8q. Therefore

3q =f(r + ér,t + 8t) — f(r,t)
=f(r + 8r,t + 8t) — f(r,t + 8t) + f(r,t + &) - f(r,?)

= BrV)f(r,t + 8t) + 8t af(a:, b,

Dividing by 8t and observing that q = dr/dt, by proceeding to the limit,
we find the acceleration

(1) ‘fl;' A, qva

Using 21-3 (9), (10) we find after some reduction, which is left to the reader,
that
d
@) B Ve -t
21-4. Gauss’s theorem. Let the closed surface S enclose the volume

V and let X be a scalar or vector function of position. Then if dr is an element
of the volume V, and if dS is an element of the surface S,

j. (VX)dr = —j nX ds,
V) ()
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where n is the unit normal vector to dS drawn into the iniertor of the volume
enclosed by S. This is Gauss’s theorem.

Proof. By drawing three systems of parallel planes the volume V' will be
divided into elements of volume. If &7 is such an element we shall have, from
213 (4),

(VX)or = — J- nXds,
(67)
approximately, the integral being taken over the surface of the element or.
The negative sign arises from the fact that in 21-3 the unit normal was drawn
outwards. Here it is drawn enwards.
By summation for all such elements of volume

we get

€ === —

n -n

j (V X)dr = lim Z (V X)o7 = — zj nX ds.
" 8750 )

Fie. 214 .
IG Now at a point on the common boundary of

two abutting elements the inward normals to each element are of opposite sign.
Thus the surface integrals over boundaries which are shared by two elements
of volume cancel, and we are left with the surface integral over S. Q.E.D.

By giving various values to X we obtain diverse particular forms of Gauss’s
theorem. Thus the values p, q, §, ,q give

1) L Vpin= - Ls) np dS.
@) Lv)v qdr = - j(s) nq ds.
3) Lmv Cdr = - j(s) ng ds.
) I(V)z; dr = - LS) n,qds.

In view of 1-41, (1) states that the resultant thrust due to pressure on the
air particles in the volume V is equal to the resultant thrust on the boundary.

As to (3) we have shown, 21-3 (10) that V § = 0, so that (3) states that the
surface integral of the normal component of the vorticity taken over a closed
surface is zero, see 9-31.

Gauss’s theorem permits of a particularly striking statement in terms of the
following notation. The change of position vector of a point P is denoted by
dP, V is denoted by 9/0P and for n dS we use the inwardly directed vector

area dS. Then the theorem may be written
0
Sxav= - [ asx,
) oP ®

where d¥ is the element of volume previously called dr.
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21-5. The equation of continuity. If we consider a particle of air of
infinitesimal volume dr and density p at time ¢ the mass of this particle does not
change as it moves about, and therefore

) pan =,

This is one form of the equation of continuity or conservation of mass. If the
volume expands, p decreases, and vice versa, in such a way that (1) is always
satisfied.

Another point of view is the following.
Consider a fixed closed surface S imagined
drawn in the fluid (air). If n is the unit in-
ward normal to the element dS the rate at
which mass flows into the surface through
the boundary is

Fia. 21-5.

@) j pqn dS.
The mass of the air within the volume V enclosed by 8 is

(3) prdm

Assuming that no air is created or annihilated within S (no sources or sinks),
the mass can only increase by flow through the boundary. Equating (2) to the
time rate of increase of (3) we get

9
= dr = j ndS = - _[ d
% mp T (S)Pq mV(pq) 7

by Gauss’s theorem. Thus

f(%’t’ - V(pq)> dr = 0.

Since the surface S can be replaced by any arbitrary closed surface drawn
within it, we must have, at every point,

0
®) %+ V(ea) =0,

which is another form of the equation of continuity. If the motion is steady,
dp/0t = 0 and therefore

(5) V(pq) = 0.
If the air is in addition regarded as incompressible, we have
(6) Vq=0,
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and if the motion is irrotational so that @ = — V ¢, we get Laplace’s equation
(3-311)
82<,{> 0% 9%
2 = —_— =
Vg = 81:2 oy? * 0z?
Observe that (5) can be written in the form

pVqQ+(QqV)p=0.

Using 21-3 (14), in the case of irrotational motion this becomes

(1) ~ PV tug +vg—2+ g’; 0.

21-6. The equation of motion. Consider the air which at time ¢
occupies the region interior to a fized closed surface S (fig. 21-5) which lies
entirely in the fluid (air). By Newton’s second law of motion the total force
acting on this mass of air is equal to the rate of change of linear momentum.
The force is due to

(1) the normal pressure thrusts on the boundary,

(11) the external force (such as gravity), say F per unit mass. Thus

pndS+ deT:iJ- qu'r.
(8 ) v

Now, —J-(” —j P dT+qut (p d7),

and the last integral vanishes by 21 5 (1). Also, by Gauss’s theorem,
j nds = — I Vpdr.
(8) [82]

Therefore I (Fp -Vp-»p dj) dr = 0.
M\ dt

Since the volume of integration is entirely arbitrary, the integrand must vanish
at every point, and therefore
dq _
dt =F-- V 2
the equation deduced by another method in 92,

21-7. Stokes’s theorem. Let C' be a given closed curve and S a
surface * which has C for boundary (like a bowl and its rim). Let n be the
unit vector normal to the element of area dS of S drawn in that sense which is
related to the senses of circulation round C and dS by the right-handed screw
rule. Then if X is any vector or scalar function of position

LS) (n,V) X dS = I arX.

(o))

* Such a surface can be conveniently described as a diaphragm closing C.

21-7] STOKES’S THEOREM 419

Proof. If by drawing lines across S as in fig. 3-2 (d) we divide S into a
network of fine meshes, it is clear that the right-hand integral is equal to the
sum of the similar integrals round the individual meshes, for every line which is
common to two meshes is deseribed twice in opposite senses, so that its con-
tributions cancel out and we are left with the integral round C.

R dr,
Fre. 217 (i). Fra. 217 (ii).

It will therefore be sufficient to prove the theorem for a single mesh.
Without loss of generality this single mesh may be taken in the form of a
parallelogram whose sides are the infinitesimal vectors dry, dr,. Denote the
value of X at the point P by Xp. Then integrating round the mesh, cf. 3-2,

jer = drl(XR - XR') + drz(XQ' - XQ),

where Q, @', R, R’ are the mid-points of the sides.
If P is the centre of the parallelogram, 21-3 (11) shows that
Xp = Xp + $dryV)Xp, Xp= Xp ~ 3(dr;V)Xp,
with similar results for Xg and X4. Thus round the mesh

[ar x = (- dr,@n, V) + drar, V125 = [@r 1dr) VX,

by the triple vector product. But from 21-13, dr, , dr, = ndSp, for it is the
directed area of the parallelogram dSp. Thus

jer:(nAv)de

for a single mesh. By summation for all the meshes the theorem follows.
Q.E.D.
As in the case of Gauss’s theorem several special forms of this theorem arise
by attributing particular forms to X. The form in which we are interested
arises when X = q, so that

circC’:I qdr:j (nAV)qu:J. n(qu)dszj ng ds,
() () (6] 8

which states that the circulation in any circuit is equal to the integral of the
normal component of the vorticity over any diaphragm which closes the circuit.
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With the notation given at the end of 21-4 we can write the general form of
Stokes’s theorem in the following way :

d
ds *) X :j dPX,
LS)( AoP ©

where dP is the change of position vector of the point P.

EXAMPLES XXI

1. If r = a + bt, where a, b are given vectors, prove that as ¢ varies the
extremity of r describes a straight line.

a, a, a
2, Prove thata(b,c) =| % ¥ *
baer =14, b, b,

Cx Cil C,

3. If a, n are given vectors, prove that
(r-ajn=20
is the equation of a plane.

4. Prove that the triple scalar product (a 4 b)c can be regarded as measuring
the volume of a certain parallelepiped.

5. Prove the cyclic rule for the triple scalar product, that the product is
unaltered if the cyclic order of the vectors is preserved, e.g.
(apb)c=a(b,c)=(c,b)ja=c(b,a)
6. Prove that (i) (a ,b)(c,d) = (ac)(bd) - (ad)(bc)
(ii) a[b(c,d)] — b[a(c,d)] + c[d(a,b)] — d[c(a,b)] =0.
7. Prove the centric rule for the triple vector product, that the sign changes
only with change of the centre vector, e.g.
a,(bpc)=(c,b),a= -a,(c,b)

8. Prove that grad ¢ = n d¢/0n, where the differentiation is along the normal
n to the surface ¢ = constant.

9. Prove that (i) Vipq) =p Vq + q(Vp),
(i) VA(pq) = p% - g, Vop.

10. Prove that (1) VEAQ) = q(V A8 -
) (qV)g=-q 5+ 3V

11. Prove curl (grad ¢) = 0, and that
Viq=V(VQ) - V,(V,AqQ.
12. Prove that the velocity components
Ty @ oY
@ + 2 (@ + 22’ 2+ P
satisfy the equation of continuity for incompressible air, and examine whether the
motion is irrotational.

13. Prove that V(pq) = p V q + q(V p), and hence write out the equation
of continuity, in cartesian coordinates, for steady motion.
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dp 0p . .
14, Prove that ¥ 7 + q(V p), and that the equation of continuity may be
Written%) +pVq=0.

15. Prove that a vortex ring always consists of the same fluid particles.

16. In irrotational motion of incompressible air, prove that

P o1 _ 9
P+2q+Q 50

has the same value everywhere at a given instant.

17. Prove that the rate of change of momentum of the air which passes through
a closed surface S is

0
*J‘ pqdr + J- pq(nq)ds,
ot )

where n is the outward unit normal.

18. Prove that

Pg‘t (3¢ + ) = — q V p, if 2 is independent, of .

19. Obtain the equation of motion in the form

0 1
& " Ant= - Vp - V@t ig)

20. For incompressible air in steady motion, prove that

qat = V<§+%q2+9)

and deduce Bernoulli’s theorem.

If the motion is irrotational, prove that P 1% + Q = C, where C has the
same value everywhere. p

21. Prove that for incompressible air

22. Show that

dg /
T (EV)q.

J- qu-:—J- n,qds.
[$0) [&H]

23. Obtain the following forms of Gauss’s theorem

V2 qdr — -J (nV)qds,
(V) )

Vigdr = -J (nV)$ds = - [2as.
4%) ) on

24. Prove Green’s theorem that

_ L o
I(V)Wqﬁvlp)df_ J.(V)(ﬁvzl/!d J<s>¢a'lds

and deduce that

2]

.ad,
- - 24 dr — % 4s,
Vg j(s)m

[0

Vé.Vdr = —I(V)d: Vi dr —I +2 as.
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25, Obtain the following particular cases of Stokes’s theorem
[ mawigas=[ gar,
(8) ©

_[ (naV)AqdS =I dr,q.
) ©)

Express the second in a form in which the triple vector product does not appear.

268. If u is a unit vector, prove geometrically that
u(b + ¢) = ub + uc,

and deduce the distributive law for scalar products.

27. By considering the vector product of an arbitrary unit vector x and the
vector

v=a,(b+c)-a,b-a,c

prove, using the distributive law for scalar products and the theorem of 19-2, that
v = 0, thereby proving the distributive law for vector products.

INDEX

The references are to pages

Absolute incidence, 117, 197,
Absolute temperature, 37.
Absolute units, 394.
Acceleration of air particle, 415.
Acceleration potential, 228,
ACKERET, J., 275.
Adiabatic law, 13, 272.
Aerodynamic
centre, 120.
force, 1, 17, 188.
force, direction of, in loop, 3.
force on a profile, 94, 114.
gap, 159.
pressure, 31.
stagger, 159.
twist, 198.
Aerofoil, 3.
as a vortex sheet, 175.
cylindrical, 211.
flat, 127, 138.
flat supersonic, 308.
non-lifting, 337.
of circular plan, 230,
of elliptic plan, 231.
polygonal, 328.
rectangular, 211, 317, 349, 356, 388.
thin, 138.
Affine transformation, 276.
Ailerons, 3, 146, 147, 383.
Air density, 37.
Airspeed from complex velocity, 65.
Airspeed, indicated, 374.
Air velocity on aerofoil, 187.
Angle, blade, 239.
gliding, 372.
ideal angle of attack, 142, 150.
of attack, 7.
of downwash, 198.
of stagger, 158.
Angular momentuam, 389.
Approximate solution of quartic, 403.
Approximations, 23.
ARCHIMEDES, principle of, L.
ARrGaND diagram, 54.
Argument, 55.
Aspect ratio, 5.
change of, 204,
corrected, 213.
small, 225,
zero, 227.
Asymmetric group of equations, 394, 396.
moments, 375.

Atmosphere, standard, 37.
Attitude, 372,
Autorotation, 241.
Axes, chord, 192,
moving, 411.
of reference, 191.
wind, 192.
Axial edge, 328.
Axis of profile, first, 116.
second, 119,
third, 124.
Axis of propeller blade, 234
of zero lift, 118.
of zero moment, 119,

Banked turn, 375.
BEerGMAN, S., 284,
BErNOULLI’S theorem, 29.
constant in, 31.
in adiabatic expansion, 35.
in compressible fluid, 34, 273.
special form, 29.
BETZ, method of, 211.
Biconvex profile, 131, 301.
BioT and SAvVART, law of, 170.
Biplane, approximate theory, 159.
equal, 160.
two-dimensional, 158.
Blade, 234.
angle, 259.
axis, 234.
profile, 234.
tip, 233.
Blade element, 234.
force on, 239.
solidity of, 240,
Burasius, theorem of, 89, 91.
BrexNk’s method, 220.
BoLray, W,, 225,
Bound vortex lines, 182.
Boundary conditions, 331.
Boundary layer, 20.
Boundary value problem, 333.
BovyLE’s law, 37.
Brake, propeller as, 241.
BreExNaN, M. J., 137.
Broww, B. M., 398.
BrunT, D., 71.
Buoyancy, 1.
BuUsEMANY, A., 307.

Camber, 6.
Camber line, 6.
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Camber line, determination of, 151.
function, 137.
surface, 337.
Camber of circular arc profile, 100.
CararoLl, E., 111, 134, 136,
CararoLr profiles, 111, 134, 136.
CarroLL, Luwis, 372,
Cavcny’s integral theorem, 59.
residue theorem, 61.
Cavcny-RIEMANN equations, 58.
Centre, aerodynamic, 123.
of lift, 121, 133.
of pressure, 122.
of pressure coefficient, 122.
of pressure. fixed, 145.
of pressure, travel of, 145.
of profile, 115.
Centroid of circulation, 123.
Change in scalar function, 165, 415.
Change from chord to wind axes, 387.
CHAPLYGIN, A., 283.
Characteristic coefficients, 240.
Characteristic lift. surface, 369.
Characteristics of hyperbolic equations,
291.
CHARLES’S law, 37.
Chord axes, 192,
Chord of an aerofoii, 5.
Chord of a profile, 4.
transformation inequalities, 114.
Circle theorem, 84.
second, 93.
Circle transformed into ellipse, 98, 264.
Circuit, 47.
Circular arc profiles, 99.
camber of, 100.
Circular cylinder,
circulation about, 83.
force on, 89.
in a wind, 86.
stagnation points, 86.
Circular plan, aerofoil of, 230.
Circular vortex. 71, 273.
size of, 73.
Circulation, 48.
about a cylinder, 85.
centroid of, 120.
integral equation for, 200.
KELvixN’s theorem on, 166.
strength of, 116.
Coefficient,
centre of pressure, 122.
characteristic, 240.
drag, 19.
lift, 19, 117.
of viscosity, 14.
pitching moment, 20, 117.
rate of advance, 240.
CoLLAR, A. R., 300.
Compatibility equations, 326.

Complex numbers, 54.
multiplication of, 56.
Complex potential, 63.
of doublet, 64.
of point vortex, 64, 74.
Complex velocity, 65.
Complex velocity components, 326,
Compressible fluid, 7.
Compressive flow, 295.
Conformal mapping, 61.
application, 65.
Conical flow, 317.
Conjugate complex numbers, 55.
Conjugate functions, 58.
Conservative field of force, 30.
Constant lift distribution, 342.
Continuity, equation of, 10, 417.
Coordinates z, Z, 59.
Core of a profile, 130.
Crescent profile, 131.
Critical angle, 307.
speed, 273.
Curl, 165, 414.
Curve, HuaoxtoT, 304,
Cusp of a JorkowsKI profile, 101.
velocity at, 107.
Cusp, suction force at a, 127.
Cyeclic motion, 54.
Cyclone, 71.

d, increment symbol, 163, 415.
Damped oscillation, 398.
Décalage, 158.
Deflection, 299.
8, 208.
Delta wing, 321, 338.
Density, 11.

of air, 37.

relative aircraft, 394.
Derivative coefficients, 325.
Derivatives, 392.
Derived quantities, 16.
Derived units, 395.
Differentiation, 57.
Dihedral angle, 386.
Dimensional theory, 17.
Dimensions, 16, 17.
Direction of lift, 116.
Direction of motion, 2.
Distortion of streamlines, 277.
Distribution of load, 194.
Div, 165, 415.
Divergence of disturbance, 398.
Dividing streamline, 47.
Doublet, complex potential of, 64.

substitution, 158.
Downwash, 173.

angle of, 198.

effect on incidence, 197.

velocity, 195, 196, 207, 209, 222, 229,
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Drag, 2.
coefficient, 19.
due to skin friction, 199,
form, 200.
induced (see Induced drag).
profile, 199.
Duraxp, W. F., 397.
Dynamical stability, 397.

Eccentric angle for profile, 136.
for span, 192.

Edge, 328, 329.

Edge conditions, 333.

Effective incidence, 199.

Efficiency of profile, 303.
of propeller, 233, 241.

Elevators, application of, 402.

Ellipse mapped on circle, 264.

Elliptic functions, 258.

Elliptic loading, 194, 200, 202, 203, 204,

252.

Encased propeller, 247.

Energy due to vortex pair, 78.

Entropy, 271.

Equation of continuity, 10, 417.
disturbed aircraft motion, 391.
motion of aircraft, 389, 417.
motion of fluid, 165,418.

EULER’s exponential theorem, 55.

EvLEr’s theorem on homogeneous fune-

tions, 326.

Expansive flow, 204.

Experimental mean pitch, 241.

Eye of the storm, 72.

Feathered propeller, 235, 241.
FERRARI'S method, 403.
First axis of profile, 116.
Flat aerofoil, 127, 138.
supersonic, 308.
Flap, effect of, 146.
supersonic aerofoil with, 310.
Flight, horizontal, 373.
linear, 369.
Flow, compressive, 293.
conical, 317.
expansive, 294.
irrotational sonic, 274.
linearised subsonic, 276.
linearised supersonic, 291.
pattern, 9.
round a corner, 293.
Fluid particle, 8.
Fluids, 7.
Flux, 43.
Focus of a profile, 120.
thin aerofoil, 144.
Folium of Descartes, 306.
Force at a sharp point, 125.
on delta wing, 338.

Force, on a vortex, 77.
on circular cylinder, 89.
Form drag, 200.
Free vortex lines, 182.
Friction drag, 21, 199.
FRrOUDE’s law, 244.
Fucus, method of, 213.
Function f(z), 58.
Fundamental physical quantities, 16,

Gap, 158.

Gases, 7.

GATES, method of, 399.

Gavuss’s theorem, 168, 174, 415.

General JOUKOWSKI profile, 97.

Geometrical hypotheses (lifting line), 191.
incidence, 6, 117, 197.

Given stagnation point, 87.

GraverT, H., 141, 266, 275, 328, 395..

GLAUERT’S compressibility correction, 281.
loading method, 205.
method for thin aerofoils, 141.
theorem, 253.

Gliding angle, 2, 372.

Grover, T. R., 171,

GOLDSTEIN, S., 281,

Gradient, 165, 414.

HaMyirtox, W. R., 413.
HeLmHOLTZ'S first theorem, 51,

fourth theorem, 169.

second theorem, 168.

third theorem, 169.
Hodograph equations, 283

method, 281.
Holomorphic functions, 57.
Homentropic flow, 272,
Horizontal flight, disturbed, 393.
Horseshoe vortex, 172.
Hrucoxrior curve, 304,
Hurricane, 71.
Hypothesis (lifting line), I, II, III, 193, 194,

195.
JOUKOWSKI'S, 115.
strip, 383.

Ideal angle of attack, 142, 150.
Ideal fluid, 8.
Image of vortex in plane, 75.
Imaginary part, 55.
Impulse of vortex pair, 185.

of vortex ring, 184.

theory of lift, 210.

i Impulsive pressure, 53.

Incidence, 6.
absolute, 117, 197.
effective, 199.
geometrical, 117, 197.
stalling, 371.
sudden increase of, 374.
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Incompressible air, 7.
Increasing oscillation, 398.
Incremental velocity, 147, 275.

Induced drag, 184, 189, 194, 195, 202, 208,

223, 220.
minimum, 209.
Induced lift, 219.
Induced velocity, 71, 141, 166, 169.
field, 71, 167.
law of, 169.
Inherent stability, 397.
Instability of vortex sheet, 185.
Integral, principal value of, 79.
trigonometrical, 80.
Intensity of a vortex, 168.
a vortex tube, 169.
Interference angle, 248.
factors, 239, 244,
of conical flows, 363.
velocity, 238.
Internal energy of a gas, 271.
Intrinsic energy, 33.
Inverse of a circle, 103.
points, 83, 102.
problem of thin aerofoils, 151.
Inviscid fluid, 8.
Irrotational motion, 51.
permanence of, 51.
[rrotational sonic flow, 274.

Jacobian elliptic functions, 258.
Joxgs, B. M., 380, 397.
Joukowski, N., 91, 97, 115.
fins, rudders, 99.
hypothesis, 115.
transformation, 97.
transformation, reversal of, 105.
JoUurowskKI profile, airflow, 106.
cusp of, 101.
geometric construction, 101.
tangent to, 106.
JOULE’s law, 272.

KAirmAw, TH. v., 111, 128,
KArMAN-TREFFTZ profiles, 128.
KELvVIN’S theorem, 166, 184.
Kinvgr, W., 230.

Krienkes, K., 231.

Kurra, W. M., 94,

Kurra and Joukowski, theorem of, 94, 280.

LaxcuEsTER, F. W., 186.
phugoids, 366.

LAPLACE equation, 53.
transform, 400.

Lateral axis, 191.
stability, 404.

Law, adiabatic, 34, 272.
first, of thermodynamics, 270.
FrouDE’s, 244,

INDEX

Law, gas, 36, 270.
JoULE’s, 272,
loading, 197.
of induced velocity, 169.
second, of thermodynamics, 272,
Leading edge, 398.
L’HospPrTaL’s theorem, 25.

Lift, 2, 185, 189, 193, 202, 203, 207, 229.

centre of, 122, 131.

Lift, coefficient, 19, 143, 340, 341, 342.
for lifting surface, 230.
-incidence graph, 117.
on profile, 116, 142,
slope of, 203.
theoretical value of, 117.

Lift, induced, 219.
on cylinder, 89.
on profile, 92, 116.

Lift on thin aerofoil, 142.
rule for direction of, 92.

Lift reduction ratio, 349, 354, 355.

Lifting line element, 216.
hypothesis, 194.

Lifting pressure, 319, 322, 328.

Lifting surface, 220.

LiguTHIiLL, M. J., 308.

Limerick, 171.

Line of vortices, 79.

Linear flight, 369.
perturbations, 275.
scale, 62,

Linearised subsonic flow, 276.
supersonic flow, 291, 321.

LiouviLLE's theorem, 259.

Liquid, 7.

Load grading curve, 194.

Loading law, 197.

Localised vector, 406.

log z, 56.

Longitudinal axis, 191.
stability, 397.

MacH angle, 290, 392.

circle, 325.

cone, 290.

line, 290.

number, 18.

parallelogram, 292,
MacLAURIN’S theorem, 23.
Magnification, 62.
MALAVARD, L., 206.
Mapping a circle, 102.

affine, 276.

conformal, 61.

ellipse on circle, 264.

function, 62.

rectangle on circle, 262.
MaxwEeLL, J. C., 15.
Mean camber, 6.

chord, 5.

Measure ratios, 16.

Metacentric parabola, 121.
ratio, 380.

MEYER, TH., 294.

Miuxe-Tromsox, L. M., 55, 62, 73, 80, 84,
143, 169, 185, 263, 266, 284, 323, 334,

335, 358, 359.
Minimum induced drag, 209.
Mnemonic, 87.

Modulus, 55.
Moments, 190.

due to rolling, 384.

due to side-slip, 386.

due to yawing, 385.
Monoplane, 3.
Motion of fluid element, 50.
Moving axes, 411.

disturbance, 286.
Munk’s theorems, 219.
Mutual action of two vortices, 77.

Nabla, 165, 413.
Neutral centre of gravity positions, 381.
NeviLLE, E. H., 259, 266.
Non-dimensional form of equations, 405.
Non-lifting aerofoil, 337.
Normal axis, 192.

flight, 371.

0, definition, 113.
Operator, V, 165, 413.

Pair of vortices, 73.
Parameter &, 394.
Parameter pu, 394.
Path line, 10.
Period of phugoid oscillation, 378, 403.
Periods of elliptic functions, 259.
Perturbation velocity, 148, 176, 275, 292,
Phugoid, 376.
oscillation, 378, 403.
Physical dimensions, 16.
Physical plane, 324.

Pitching moment, 115, 119, 120, 144, 339,

368, 379.

coefficient, 20, 118.
Pitching stability, 397.
Pitot tube, 32.
Plan area, 5.
Plan, elliptic, 231.
Plane of symmetry, 3.
Point vortex, 74.
Polar curve, 203, 208, 231.
Pole, 60.
Poles of elliptic functions, 260.
Polygonal aerofoil, 328.
Polygonal profile, supersonic, 310.
Port wing, 4.
Potential, Acceleration, 227.

complex, 63.
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Potential, energy, 30.

velocity, 52.

Power series, 57.

PrANDTL, L., 191.
PRANDTL-GLAUERT equation, 276.
PraNDTL-MEYER expansion, 296, 208.
Pressure, 11.

a secalar, 12.

distribution on aerofoil, 180.

excess, 148,

impulsive, 53.

lifting, 319, 322, 328.

method, 147.

method, the boundary problem, 148.
on cylinder, 88.

side of aerofoil, 181.

Principal value of argument, 55.

of integral, 79.

ProBsTEIN, R., 301.
Profile, 4.

biconvex, 131, 311.
CararoLr, 111, 134, 136.
centre of, 115.

crescent, 131.

drag, 199.

equation of, 223, 230.

focus of, 120.
KArRMAN-TREFFTZ, 111, 128.
lift coefficient of, 116.
pitching moment of, 115, 119, 120.
supersonic, 311.

voN Misgs, 111, 131.

with centre of lift, 145.

Propeller, (see also blade, slipstream), 233.

as brake, 241,
assamptions, I, IT, 234,
111, 1V, 239,
V, VI, VII, 244.
characteristic coefficients, 240.
dise, 234.
efficiency, 233, 241.
encased, 243.
variable pitch, 241.
with infinitely many blades, 242.

Properties of profiles, 114.

Quarter point, 123, 144, 231.
Quartic, approximate solution of, 403.

character of roots, 398.

RANKINE’S theorem, 44.

Rate of advance coefficient, 239.
RAYLEIGH number, 18.

Real part, 55.

Reciprocal theorem, Munk’s, 219.
Rectangular aerofoil, 221, 317, 349.
Rectilinear vortex, 70.

velocity distribution, 72.

Relative aircraft density, 394.
Relative wind, 2.
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Relatively steady motion, 9.

Relevé, 131.

Residue, 60.

Residue theorem, 61.

Resolution of vectors, 407.

Reversal of JOUROWSKI transformation, 105.

REYNOLDS’ number, 18.

Rolling moment, 232, 339, 369, 383.
due to side-slip, 306.

Rolling, moments due to, 384.

ROSENHEAD, L., 264, 267.

Rotational disturbance, 391.

RouTtH’s discriminant, 348.

Rudder, centre of pressure of, 122.

SAUER, R., 283.
Scalar, 406.
field, 406.
product, 408.
triple product, 412.
Scale effect, 19.
of mapping, 99.
Second axis of profile, 119.
Second circle theorem, 93.
Sharp point, force at, 125.
on a profile, 112.
Shear flow, 94.
Shock, detached, 308.
polar, 305.
wave, 302,
Side force, 374.
Side-slip, 231, 374.
moments due to, 386.
Side-slipping rectangular aerofoil, 224.
Side-wash, 345.
Similar systems, 19.
Simple pole, 60.
source, 64.
zero, 112,
Singularity, 60.
Size of a circular vortex, 73, 274.
source, 73.
Skeleton of a profile, 100.
Skin friction, 199.
Slipstream, 235.
extension of, 237.
pressure in, 237.
velocity in, 237.
Slug, 38.
Smoothing, importance of, 22.
Sonic edge, 349.
Solution of quartic, 403.
Sonic speed, 273.
Sound, speed of, 13, 273.
Source, size of two-dimensional, 73.
Span, 4.
Specific heats, 271.
Speed, critical, 273.
measurements, 36.
of sound, 13, 273.

|

Speed, stalling, 371.
Squared modulus, 259.
Stability, dynamical, 397.
inherent, 397.
lateral, 404.
longitudinal, 397.
pitching, 397.
quartic, 403,
static, 379.
Stagger, 157.
Munk’s theorem of, 219.
Stagnation point, 32, 65.
on cylinder, 86, 87.
Stalling, 369.
incidence, 371.
speed, 371.
Standard atmosphere, 38.
Starboard wing, 4.
Starting vortex, 183.
Static margin, 380.
Static stability, 379.
Steady motion, 9.
StevENsonw, A. C., 137.
Stokes’s theorem, 49, 418.
Straight flight, 390.
Straight side-slip, 374.
Straight vortex filament, 171.
Stratosphere, 38.
Stream filament, 10.
Stream function, 43.
for circular cylinder, 46.
for uniform wind, 43.
in compressible flow, 282.
velocity derived from, 44.
Stream tube, 10.
Streamline motion, 9.
Streamlines, distortion of, 277.
Streamlining, 22.
Strength of circulation, 116.
vortex, 72.
Strip, 197.
Strip hypothesis, 383.
Subsidence of disturbance, 398.
Subsonic edge, 329.
Subsonic flow, 273.
lifting line, 281.
linearised, 276.
two-dimensional, 279.
Substitution vortex, 156.
Suction force, 230, 231, 333.
at a cusp, 127.
Suction side of aerofoil, 181.

Superposition of small changes, 25.

Supersonic edge, 329.
Supersonic flow, 273.
linearised, 291.
past aerofoil, 308.
Supersonic jet, 290.
Surface, characteristic lift, 369.
vorticity, 174, 182,
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Sweep-back, 219, 319.
Symmetric group of equations, 394, 396.
moment, 379.

Symmetrical profile, centre of pressure, 122,

Symmetry, plane of, 3.

Table for PRANDTL MEYER expression, 300.

Tail lever arm, 381.
Tail volume ratio, 381.
Tangent to Joukowski profile, 106.
TayLor’s theorem, 23, 25.
TEMPLE, G., 284.
Terminal velocity dive, 372.
TueopoRsEN, T., 142.
Theorem, circle, 84.
Thermodynamics, 2790.
Thickness function, 137.
determination of, 154.
ratio, 6.
Thin aerofoil, 138.
axis of zero lift, 143.
focus of, 144.
GLAUERT’S method, 141.
inverse problem for, 151,
lift coefficient, 143.
pitching moment, 144,
pressure method, 147.
Third axis of profile, 124.
Thrust due to pressure, 12.
of propeller, 234.
Tip vortices, 186.
Trailing edge, downwash at, 196.
Transformation, general, 111.
origin at centre of circle, 113.
TreFrTZ, E., 111, 128.
Triple product, scalar, 412.
vector, 412,
Troposphere, 38.
Turbulent motion, 9.
Twist, 7, 198.
Two-dimensional motion, 42.
wind tunnel, 42, 255.
Types of profile, 111.
Typhoon, 71.

Uniform, loading, 194.
shear flow, 94.
wind, 63.
Units, 16, 394.
Unstaggered biplane, 160.
Upwash, 173.

VALENSsT, J., 186, 236.
Vector, 406,
area, 411.
components of, 340, 407.
density of vorticity, 170, 171, 174.
differentiation, 413.
field, 407.
localised, 406.

Vector, moment, 189, 411,
notation, 165.
position, 407.
product, 409.
resolution of, 407.
unit, 4086,
vorticity, 167.
Velocity, 8.
at cusp of profile, 107.
correction factor, 284.
induced, 141.
induced by vortex, 71.
of air near aerofoil, 187.
of point of vortex sheet, 176.
of side-slip, 375.
perturbation, 147, 176, 272, 275, 286, 292,
potential, 52.
VENTURI tube, 36.
air flow measured by, 37.
V-formation, 209.
Viscosity, 7, 15.
Vox Mises profiles, 111, 131.
Vortex between parallel planes, 76.
complex potential of, 64.
cores in wake, 188,
filament, 168.
filament, equation of continuity, 168.
force on a, 77.
horseshoe, 172.
image in a plane, 75.
in compressible fluid, 274.
intensity of, 168.
line, 168.
lines, bound, 182,
lines, free, 182.
pair, 74.
pair, energy due to, 78.
rectilinear, 70.
ring, impulse of, 184.
sheet, 173, 176, 346.
sheet, aerofoil as, 175, 182,
sheet, velocity of point of, 176.
size of circular, 73, 274.
starting, 183.
straight filament, 171.
substitution, 156.
tube, 168.
tube, intensity of, 169.
Vortices in the wake, 209.
continuous line of, 79.
mutual action of two, 77.
Vorticity, 50, 167.
amount of, 170.

Wake, 175, 182, 209.
WHITTAKER and WATSON, 348.
Wind axes, 192,
Wind tunnel, 247.
boundary conditions, 248,
closed circular, 250.
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Wind tunnel, corrections, 248.
elliptic loading, 252.
elliptic section. 266.
general problem, 256.
GLAUERT’S theorem, 253.
interference angle, 248, 251.
open circular, 253.
plane parallel walls, 255.
rectangular, 262.
reduction to two dimensions, 249,
theorem for circular, 253.
uniform loading, 251.
Windmill, 241.
Wing tips, 4.
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Zero aspect ratio, 227,
Zero lift, axis of, 118.
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Zero of a function, 112,






