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PREFACE TO THE FIRST EDITION

This book is for students—to be read, understood, and enjoyed. It is consciously
written in a clear, informal, and direct style designed to talk to the reader and to
gain his or her immediate interest in the challenging and yet beautiful discipline
of aerodynamics. The explanation of each topic is carefully constructed to make
sense to the reader. Moreover, the structure of each chapter is highly organized in
order to keep the reader aware of where we are, where we were, and where we are
going. Too frequently the student of aerodynamics loses sight of what is trying to be
accomplished; to avoid this, we attempt to keep the reader informed of our intent at
all times. For example, virtually each chapter contains a road map—a block diagram
designed to keep the reader well aware of the proper flow of ideas and concepts. The
use of such chapter road maps is one of the unique features of this book. Also, to
help organize the reader’s thoughts, there are special summary sections at the end of
most chapters.

The material in this book is at the level of college juniors and seniors in aerospace
or mechanical engineering. It assumes no prior knowledge of fluid dynamics in
general, or aerodynamics in particular. It does assume a familiarity with differential
and integral calculus, as well as the usual physics background common to most
students of science and engineering. Also, the language of vector analysis is used
liberally; a compact review of the necessary elements of vector algebra and vector
calculus is given in Chapter 2 in such a fashion that it can either educate or refresh
the reader, whichever may be the case for each individual.

This book is designed for a 1-year course in aerodynamics. Chapters 1 to 6
constitute a solid semester emphasizing inviscid, incompressible flow. Chapters 7
to 14 occupy a second semester dealing with inviscid, compressible flow. Finally,
Chapters 15 to 18 introduce some basic elements of viscous flow, mainly to serve as
a contrast to and comparison with the inviscid flows treated throughout the bulk of
the text.

This book contains several unique features:

1. The use of chapter road maps to help organize the material in the mind of the
reader, as discussed earlier.

2. Anintroduction to computational fluid dynamics as an integral part of the begin-
ning study of aerodynamics. Computational fluid dynamics (CFD) has recently
become a third dimension in aerodynamics, complementing the previously ex-
isting dimensions of pure experiment and pure theory. It is absolutely necessary
that the modern student of aerodynamics be introduced to some of the basic
ideas of CFD—he or she will most certainly come face to face with either its
“machinery” or its results after entering the professional ranks of practicing aero-
dynamicists. Hence, such subjects as the source and vortex panel techniques, the
method of characteristics, and explicit finite-difference solutions are introduced

Xxv
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and discussed as they naturally arise during the course of our discussions. In
particular, Chapter 13 is devoted exclusively to numerical techniques, couched
at a level suitable to an introductory aerodynamics text.

3. A short chapter is devoted entirely to hypersonic flow. Although hypersonics is
at one extreme end of the flight spectrum, it has current important applications
to the design of the space shuttle, hypervelocity missiles, and planetary entry
vehicles. Therefore, hypersonic flow deserves some attention in any modern
presentation of aerodynamics. This is the purpose of Chapter 14.

4. Historical notes are placed at the end of many of the chapters. This follows in the
tradition of the author’s previous books, Infroduction to Flight: Its Engineering
and History (McGraw-Hill, 1978), and Modern Compressible Flow: With His-
torical Perspective (McGraw-Hill, 1982). Although aerodynamics is a rapidly
evolving subject, its foundations are deeply rooted in the history of science and
technology. It is important for the modern student of aerodynamics to have an
appreciation for the historical origin of the tools of the trade. Therefore, this
book addresses such questions as who were Bernoulli, Euler, d’ Alembert, Kutta,
Joukowski, and Prandtl; how was the circulation theory of lift developed; and
what excitement surrounded the early development of high-speed aerodynamics?
The author wishes to thank various members of the staff of the National Air and
Space Museum of the Smithsonian Institution for opening their extensive files
for some of the historical research behind these history sections. Also, a con-
stant biographical reference was the Dictionary of Scientific Biography, edited by
C. C. Gillespie, Charles Schribner’s Sons, New York, 1980. This is a 16-volume
set of books which is a valuable source of biographic information on the leading
scientists in history.

This book has developed from the author’s experience in teaching both incom-
pressible and compressible flow to undergraduate students at the University of Mary-
land. Such courses require careful attention to the structure and sequence of the
presentation of basic material, and to the manner in which sophisticated subjects are
described to the uninitiated reader. This book meets the author’s needs at Maryland;
it is hoped that it will also meet the needs of others, both in the formal atmosphere of
the classroom and in the informal pleasure of self-study.

Readers who are already familiar with the author’s Introduction to Flight will
find the present book to be a logical sequel. Many of the aerodynamic concepts first
introduced in the most elementary sense in Introduction to Flight are revisited and
greatly expanded in the present book. For example, at Maryland, Introduction to
Flight is used in a sophomore-level introductory course, followed by the material
of the present book in junior- and senior-level courses in incompressible and com-
pressible flow. On the other hand, the present book is entirely self-contained; no
prior familiarity with aerodynamics on the part of the reader is assumed. All basic
principles and concepts are introduced and developed from their beginnings.

The author wishes to thank his students for many stimulating discussions on
the subject of aerodynamics—discussions which ultimately resulted in the present
book. Special thanks go to two of the author’s graduate students, Tae-Hwan Cho and



PREFACE TO THE FIRST EDITION

Kevin Bowcutt, who provided illustrative results from the source and vortex panel
techniques. Of course, all of the author’s efforts would have gone for nought if it had
not been for the excellent preparation of the typed manuscript by Ms. Sue Osborn.

Finally, special thanks go to two institutions: (1) the University of Maryland
for providing a challenging intellectual atmosphere in which the author has basked
for the past 9 years and (2) the Anderson household—Sarah-Allen, Katherine, and
Elizabeth—who have been patient and understanding while their husband and father
was 1n his ivory tower.

John D. Anderson, Jr.






PREFACE TO THE THIRD EDITION

The purpose of this third edition is the same as the first two—to be read, understood,
and enjoyed. Due to the extremely favorable comments from readers and users of the
first two editions, virtually all of the earlier editions have been carried over intact to
the third edition. Therefore, all the basic philosophy, approach, and content discussed
and itemized by the author in the Preface to the First Edition is equally applicable
now. Since that preface was repeated earlier, no further elaboration will be given
here.

Question: What distinguishes the third edition from the first two? Answer: Much
new material has been added in order to enhance and expand that covered in the earlier
editions. In particular, the third edition has:

1. A series of Design Boxes scattered throughout the book. These design boxes are
special sections for the purpose of discussing design aspects associated with the
fundamental material covered throughout the book. These sections are literally
placed in boxes to set them apart from the mainline text. Modern engineering
education is placing more emphasis on design, and the design boxes in this book
are in this spirit. They are a means of making the fundamental material more
relevant, and making the whole process of learning aerodynamics more Tun.

2. Additional sections highlighting the role of computational fluid dynamics (CFD).
In the practice of modern aerodynamics, CFD has become a new “third dimen-
sion” existing side-by-side with the previous classic dimensions of pure theory
and pure experiment. In recognition of the growing significance of CFD, new
material has been added to give the reader a broader image of aerodynamics in
today’s world.

3. More material on viscous flow. Part 4 on viscous flow has been somewhat rear-
ranged and expanded, and now contains two additional chapters in comparison
to the previous editions. The new material includes aspects of stagnation point
aerodynamic heating, engineering methods of calculation such as the reference
temperature method, turbulence modeling, and expanded coverage of modern
CFD Navier-Stokes solutions. However, every effort has been made to keep this
material within reasonable bounds both in respect to its space and the level of its
presentation.

4. Additional historical content scattered throughout the book. It is the author’s
opinion that knowledge of the history of aerodynamics plays an important role
in the overall education and practice of modern aerodynamics. This additional
historical content simply complements the historical material already contained
in the previous editions.

5. Many additional worked examples. When learning new technical material, es-
pecially material of a fundamental nature as emphasized in this book, one can
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never have too many examples of how the fundamentals can be applied to the
solution of problems.

6. A large number of new, additional figures and illustrations. The additional ma-
terial just itemized is heavily supported with visual figures. I vigorously believe
that “a picture is worth a thousand words.”

7. New homework problems added to those carried over from the second edition.

Much of the new material in this third edition is motivated by my experiences
over the decade that has elapsed since the second edition. In particular, the design
boxes follow the objectives and philosophy that dominate my new book Aircraft Per-
Jormance and Design, McGraw-Hill, Boston, 1999, Moreover, the feature of design
boxes has recently been introduced in my new edition of Introduction to Flight, 4th
ed., McGraw-Hill, Boston, 2000, and has already met with success. The importance
of CFD reflected in this third edition is part of my efforts to introduce aspects of CFD
into undergraduate education; my book Computational Fluid Dynamics: The Basics
with Applications, McGraw-Hill, New York, 1995, is intended to provide a window
into the subject of CFD at a level suitable for advanced undergraduates. Finally, the
new historical notes contained here are a product of my research and maturity gained
while writing A History of Aerodynamics, and Its Impact on Flying Machines, Cam-
bridge University Press, New York, 1997 (hardback), 1998 (paperback). I would like
to think this third edition of Fundamentals of Aerodynamics has benefited from the
above experience.

All the new additions not withstanding, the main thrust of this book remains the
presentation of the fundamentals of aerodynamics; the new material is simply intended
to enhance and support this thrust. The book is organized along classical lines, dealing
with inviscid incompressible flow, inviscid compressible flow, and viscous flow in
sequence. My experience in teaching this material to undergraduates finds that it
nicely divides into a two-semester course, with Parts 1 and 2 in the first semester,
and Parts 3 and 4 in the second semester. Also, for the past eight years I have taught
the entire book in a fast-paced, first-semester graduate course intended to introduce
the fundamentals of aerodynamics to new graduate students who have not had this
material as part of their undergraduate education. The book works well in such a
mode.

1 would like to thank the McGraw-Hill editorial staff for their excellent help
in producing this book, especially Jonathan Plant and Kristen Druffner in Boston,
and Kay Brimeyer in Dubuque. Also, special thanks go to my long-time friend
and associate, Sue Cunningham, whose expertise as a scientific typist is beyond
comparison, and who has typed all my book manuscripts for me, including this one,
with great care and precision.

As a final comment, aerodynamics is a subject of intellectual beauty, composed
and drawn by many great minds over the centuries. Fundamentals of Aerodynamics
is intended to portray and convey this beauty. Do you feel challenged and interested
by these thoughts? If so, then read on, and enjoy!

John D. Anderson, Jr.



PART

FUNDAMENTAL PRINCIPLES

In Part 1, we cover some of the basic principles that apply to aerodynamics in general. These are the pillars
on which all of aerodynamics is based.
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THOUGHTS

The term “aerodynamics” is generally used for problems arising from flight and other topics involving the

flow of air.

Ludwig Prandtl, 1949

Aerodynamics: The dynamics of gases, especially atmospheric interactions with moving objects.

The American Heritage

Dictionary of the English

Language, 1969

1.1 IMPORTANCE OF AERODYNAMICS: HISTORICAL
EXAMPLES

On August 8, 1588, the waters of the English Channel churned with the gyrations
of hundreds of warships. The great Spanish Armada had arrived to carry out an
invasion of Elizabethan England and was met head-on by the English fleet under the
command of Sir Francis Drake. The Spanish ships were large and heavy; they were
packed with soldiers and carried formidable cannons that fired 50 1b round shot that
could devastate any ship of that era. In contrast, the English ships were smaller and
lighter; they carried no soldiers and were armed with lighter, shorter-range cannons.

3
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The balance of power in Europe hinged on the outcome of this naval encounter.
King Philip II of Catholic Spain was attempting to squash Protestant England’s rising
influence in the political and religious affairs of Europe; in turn, Queen Elizabeth I
was attempting to defend the very existence of England as a sovereign state. In fact,
on that crucial day in 1588, when the English floated six fire ships into the Spanish
formation and then drove headlong into the ensuing confusion, the future history of
Europe was in the balance. In the final outcome, the heavier, sluggish, Spanish ships
were no match for the faster, more maneuverable, English craft, and by that evening
the Spanish Armada lay in disarray, no longer a threat to England. This naval battle
18 of particular importance because it was the first in history to be fought by ships
on both sides powered completely by sail (in contrast to earlier combinations of oars
and sail), and it taught the world that political power was going to be synonymous
with naval power. In turn, naval power was going to depend greatly on the speed and
maneuverability of ships. To increase the speed of a ship, it is important to reduce
the resistance created by the water flow around the ship’s hull. Suddenly, the drag
on ship hulls became an engineering problem of great interest, thus giving impetus
to the study of fluid mechanics.

This impetus hit its stride almost a century later, when, in 1687, Isaac Newton
(1642-1727) published his famous Principia, in which the entire second book was
devoted to fluid mechanics. Newton encountered the same difficulty as others before
him, namely, that the analysis of fluid flow is conceptually more difficult than the
dynamics of solid bodies. A solid body is usually geometrically well defined, and
its motion is therefore relatively easy to describe. On the other hand, a fluid is a
“squishy” substance, and in Newton’s time it was difficult to decide even how to
qualitatively model its motion, let alone obtain quantitative relationships. Newton
considered a fluid flow as a uniform, rectilinear stream of particles, much like a
cloud of pellets from a shotgun blast. As sketched in Figure 1.1, Newton assumed
that upon striking a surface inclined at an angle 6 to the stream, the particles would

Rectilinear stream of
discrete particles

[ . e,
T = - 4 Upon impacting the

- - body, the particles
- - */’?9 give up their
- - momentum normal
-— - < to the surface, and
- . \ travel downstream
- - AL along the surface.
——— N

Figure 1.1 Isaac Newtan’s model of fluid flow in the year 1687,
This model was widely adopted in the seventeenth and
eighteenth centuries but was later found to be
conceptually inaccurate for most fluid flows.
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transfer their normal momentum to the surface but their tangential momentum would
be preserved. Hence, after collision with the surface, the particles would then move
along the surface. This led to an expression for the hydrodynamic force on the surface
which varies as sin” 6. This is Newton's famous sine-squared law (described in detail
in Chapter 14). Although its accuracy left much to be desired, its simplicity led
to wide application in naval architecture. Later, in 1777, a series of experiments
was carried out by Jean LeRond d’ Alembert (1717-1783), under the support of the
French government, in order to measure the resistance of ships in canals. The results
showed that “the rule that for oblique planes resistance varies with the sine square of
the angle of incidence holds good only for angles between 50 and 90° and must be
abandoned for lesser angles.” Also, in 1781, Leonhard Euler (1707—-1783) pointed out
the physical inconsistency of Newton’s model (Figure 1.1) consisting of a rectilinear
stream of particles impacting without warning on a surface. In contrast to this model,
Euler noted that the fluid moving toward a body “before reaching the latter, bends its
direction and its velocity so that when it reaches the body it flows past it along the
surface, and exercises no other force on the body except the pressure corresponding
to the single points of contact.” Euler went on to present a formula for resistance
which attempted to take into account the shear stress distribution along the surface,
as well as the pressure distribution. This expression became proportional to sin’ # for
large incidence angles, whereas it was proportional to sin 6 at small incidence angles.
Euler noted that such a variation was in reasonable agreement with the ship-hull
experiments carried out by d’ Alembert.

This early work in fluid dynamics has now been superseded by modern concepts
and techniques. (However, amazingly enough, Newton’s sine-squared law has found
new application in very high-speed acrodynamics, to be discussed in Chapter 14.)
The major point here is that the rapid rise in the importance of naval architecture after
the sixteenth century made fluid dynamics an important science, occupying the minds
of Newton, d’ Alembert, and Euler, among many others. Today, the modern ideas of
fluid dynamics, presented in this book, are still driven in part by the importance of
reducing hull drag on ships.

Consider a second historical example. The scene shifts to Kill Devil Hills, 4 mi
south of Kitty Hawk, North Carolina. It is summer of 1901, and Wilbur and Orville
Wright are struggling with their second major glider design, the first being a stunning
failure the previous year. The airfoil shape and wing design of their glider are based
on aerodynamic data published in the 1890s by the great German aviation pioneer
Otto Lilienthal (1848-1896) and by Samuel Pierpont Langley (1934—1906), secretary
of the Smithsonian Institution—the most prestigious scientific position in the United
States at that time. Because their first glider in 1900 produced no meaningful lift, the
Wright brothers have increased the wing area from 163 to 290 ft? and have increased
the wing camber (a measure of the airfoil curvature—the larger the camber, the more
“arched” is the thin airfoil shape) by almost a factor of 2. But something is still
wrong. In Wilbur’s words, the glider’s “lifting capacity seemed scarcely one-third
of the calculated amount.” Frustration sets in. The glider is not performing even
close to their expectations, although it is designed on the basis of the best available
aerodynamic data. On August 20, the Wright brothers despairingly pack themselves
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aboard a train going back to Dayton, Ohio. On the ride back, Wilbur mutters that
“nobody will fly for a thousand years.” However, one of the hallmarks of the Wrights
is perseverance, and within weeks of returning to Dayton, they decide on a complete
departure from their previous approach. Wilbur later wrote that “having set out
with absolute faith in the existing scientific data, we were driven to doubt one thing
after another, until finally after two years of experiment, we cast it all aside, and
decided to rely entirely upon our own investigations.” Since their 1901 glider was of
poor aerodynamic design, the Wrights set about determining what constitutes good
aerodynamic design. In the fall of 1901, they design and build a 6 ft long, 16 in
square wind tunnel powered by a two-bladed fan connected to a gasoline engine. An
original photograph of the Wrights’ tunnel in their Dayton bicycle shop is shown in
Figure 1.24. In this wind tunnel they test over 200 different wing and airfoil shapes,
including flat plates, curved plates, rounded leading edges, rectangular and curved
planforms, and various monoplane and multiplane configurations. A sample of their
test models is shown in Figure 1.2b. The aerodynamic data is taken logically and
carefully. It shows a major departure from the existing “state-of-the-art” data. Armed
with their new aerodynamic information, the Wrights design a new glider in the spring
of 1902. The airfoil is much more efficient; the camber is reduced considerably, and
the location of the maximum rise of the airfoil is moved closer to the front of the
wing. The most obvious change, however, is that the ratio of the length of the wing
(wingspan) to the distance from the front to the rear of the airfoil (chord length) is
increased from 3 to 6. The success of this glider during the summer and fall of 1902 is
astounding; Orville and Wilbur accumulate over a thousand flights during this period.
In contrast to the previous year, the Wrights return to Dayton flushed with success
and devote all their subsequent efforts to powered flight. The rest is history.

The major point here is that good aerodynamics was vital to the ultimate success
of the Wright brothers and, of course, to all subsequent successful airplane designs
up to the present day. The importance of aerodynamics to successful manned flight
goes without saying, and a major thrust of this book is to present the aerodynamic
fundamentals that govern such flight,

Consider a third historical example of the importance of aerodynamics, this time
as it relates to rockets and space flight. High-speed, supersonic flight had become a
dominant feature of aerodynamics by the end of World War II. By this time, aerody-
namicists appreciated the advantages of using slender, pointed body shapes to reduce
the drag of supersonic vehicles. The more pointed and slender the body, the weaker
the shock wave attached to the nose, and hence the smaller the wave drag. Conse-
quently, the German V-2 rocket used during the last stages of World War II had a
pointed nose, and all short-range rocket vehicles flown during the next decade fol-
lowed suit. Then, in 1953, the first hydrogen bomb was exploded by the United
States. This immediately spurred the development of long-range intercontinental
ballistic missiles (ICBMs) to deliver such bombs. These vehicles were designed to
fly outside the region of the earth’s atmosphere for distances of 5000 mi or more and
to reenter the atmosphere at suborbital speeds of from 20,000 to 22,000 ft/s. At such
high velocities, the aerodynamic heating of the reentry vehicle becomes severe, and
this heating problem dominated the minds of high-speed aerodynamicists. Their first
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(b)

Figure 1.2 {a) Wind tunnel designed, built, and used
by the Wright brothers in Dayton, Ohio,
during 1901-1902. [b) Wing models
tested by the Wright brathers in their wind
tunnel during 1901-1902.

thinking was conventional—a sharp-pointed, slender reentry body. Efforts to min-
imize aerodynamic heating centered on the maintenance of laminar boundary layer
flow on the vehicle’s surface; such laminar flow produces far less heating than turbu-
lent flow (discussed in Chapters 15 and 19). However, nature much prefers turbulent
flow, and reentry vehicles are no exception. Therefore, the pointed-nose reentry body
was doomed to failure because it would burn up in the atmosphere before reaching
the earth’s surface.
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However, in 1951, one of those major breakthroughs that come very infrequently
in engineering was created by H. Julian Allen at the NACA (National Advisory Com-
mittee for Aeronautics) Ames Aeronautical Laboratory—he introduced the concept
of the blunr reentry body. His thinking was paced by the following concepts. At the
beginning of reentry, near the outer edge of the atmosphere, the vehicle has a large
amount of kinetic energy due to its high velocity and a large amount of potential en-
ergy due to its high altitude. However, by the time the vehicle reaches the surface of
the earth, its velocity is relatively small and its altitude is zero; hence, it has virtually
no kinetic or potential energy. Where has all the energy gone? The answer is that it
has gone into (1) heating the body and (2) heating the airflow around the body. This
is illustrated in Figure 1.3. Here, the shock wave from the nose of the vehicle heats
the airflow around the vehicle; at the same time, the vehicle is heated by the intense
frictional dissipation within the boundary layer on the surface. Allen reasoned that
if more of the total reentry energy could be dumped into the airflow, then less would
be available to be transferred to the vehicle itself in the form of heating. In turn, the
way to increase the heating of the airflow is to create a stronger shock wave at the
nose, i.e., to use a blunt-nosed body. The contrast between slender and blunt reentry
bodies is illustrated in Figure 1.4. This was a stunning conclusion—to minimize
aerodynamic heating, you actually want a blunt rather than a slender body. The result
was so important that it was bottled up in a secret government document. Moreover,
because it was so foreign to contemporary intuition, the blunt-reentry-body concept
was accepted only gradually by the technical community. Over the next few years,
additional aerodynamic analyses and experiments confirmed the validity of blunt
reentry bodies. By 1955, Allen was publicly recognized for his work, receiving the
Sylvanus Albert Reed Award of the Institute of the Aeronautical Sciences (now the
American Institute of Aeronautics and Astronautics). Finally, in 1958, his work was
made available to the public in the pioneering document NACA Report 1381 entitled
“A Study of the Motion and Aerodynamic Heating of Ballistic Missiles Entering the

Hot boundary
layer

Heat transfer
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Very high~
speed flow

Figure 1.3 Energy aof reentry goes into heating bath the
bady and the air araund the body.
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speed flow of the body
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Figure 1.4 Contrast of aerodynamic heating for
slender and blunt reeniry vehicles. (a)
Slender reentry body. (b) Blunt reentry
body.

Earth’s Atmosphere at High Supersonic Speeds.” Since Harvey Allen’s early work,
all successful reentry bodies, from the first Atlas ICBM to the manned Apollo lunar
capsule, have been blunt. Incidentally, Allen went on to distinguish himself in many
other areas, becoming the director of the NASA Ames Research Center in 1965, and
retiring in 1970. His work on the blunt reentry body is an excellent example of the
importance of aerodynamics to space vehicle design.

In summary, the purpose of this section has been to underscore the importance
of aerodynamics in historical context. The goal of this book is to introduce the
fundamentals of aerodynamics and to give the reader a much deeper insight to many
technical applications in addition to the few described above. Aerodynamics is also
a subject of intellectual beauty, composed and drawn by many great minds over the
centuries. If you are challenged and interested by these thoughts, or even the least bit
curious, then read on.
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ﬂ.z AERODYNAMICS: CLASSIFICATION

AND PrRACTICAL OBJECTIVES

A distinction between solids, liquids, and gases can be made in a simplistic sense as
follows. Put a solid object inside a larger, closed container. The solid object will not
change; its shape and boundaries will remain the same. Now put a liquid inside the
container. The liquid will change its shape to conform to that of the container and
will take on the same boundaries as the container up to the maximum depth of the
liquid. Now put a gas inside the container. The gas will completely fill the container,
taking on the same boundaries as the container.

The word “fluid” 1s used to denote either a liquid or a gas. A more technical
distinction between a solid and a fluid can be made as follows. When a force is applied
tangentially to the surface of a solid, the solid will experience a finite deformation, and
the tangential force per unit area—the shear stress—will usually be proportional to
the amount of deformation. In contrast, when a tangential shear stress is applied to the
surface of a fluid, the fluid will experience a continuously increasing deformation, and
the shear stress usually will be proportional to the rate of change of the deformation.

The most fundamental distinction between solids, liquids, and gases is at the
atomic and molecular level. In a solid, the molecules are packed so closely together
that their nuclei and electrons form a rigid geometric structure, “glued” together by
powerful intermolecular forces. In a liquid, the spacing between molecules is larger,
and although intermolecular forces are still strong they allow enough movement of the
molecules to give the liquid its “fluidity.” In a gas, the spacing between molecules
is much larger (for air at standard conditions, the spacing between molecules is,
on the average, about 10 times the molecular diameter). Hence, the influence of
intermolecular forces is much weaker, and the motion of the molecules occurs rather
freely throughout the gas. This movement of molecules in both gases and liquids
leads to similar physical characteristics, the characteristics of a fluid-—quite different
from those of a solid. Therefore, it makes sense to classify the study of the dynamics
of both liquids and gases under the same general heading, called fluid dynamics. On
the other hand, certain differences exist between the flow of liquids and the flow of
gases; also, different species of gases (say, N2, He, etc.) have different properties.
Therefore, fluid dynamics is subdivided into three areas as follows:

Hydrodynamics—flow of liquids
Gas dynamics—flow of gases

Aerodynamics—flow of air

These areas are by no means mutually exclusive; there are many similarities and
identical phenomena between them. Also, the word “aerodynamics™ has taken on
a popular usage that sometimes covers the other two areas. As a result, this author
tends to interpret the word “aerodynamics” very liberally, and its use throughout this
book does not always limit our discussions just to air.

Aerodynamics is an applied science with many practical applications in engineer-
ing. No matter how elegant an aerodynamic theory may be, or how mathematically
complex a numerical solution may be, or how sophisticated an aerodynamic exper-
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iment may be, all such efforts are usually aimed at one or more of the following
practical objectives:

1.

The prediction of forces and moments on, and heat transfer to, bodies moving
through a fluid (usually air). For example, we are concerned with the generation
of lift, drag, and moments on airfoils, wings, fuselages, engine nacelles, and
most importantly, whole airplane configurations. We want to estimate the wind
force on buildings, ships, and other surface vehicles. We are concerned with
the hydrodynamic forces on surface ships, submarines, and torpedoes, We need
to be able to calculate the aerodynamic heating of flight vehicles ranging from
the supersonic transport to a planetary probe entering the atmosphere of Jupiter.
These are but a few examples.

Determination of flows moving internally through ducts. We wish to calculate
and measure the flow properties inside rocket and air-breathing jet engines and
to calculate the engine thrust. We need to know the flow conditions in the test
section of a wind tunnel. We must know how much fluid can flow through pipes
under various conditions. A recent, very interesting application of aerodynamics
is high-energy chemical and gas-dynamic lasers (see Reference 1), which are
nothing more than specialized wind tunnels that can produce extremely powerful
laser beams. Figure 1.5 is a photograph of an early gas-dynamic laser designed
in the late 1960s.

Figure 1.5 A CO,-N; gasdynamic laser, circa 1969, [Courtesy of the Avco-Everett
Research laboratory.)
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The applications in item 1 come under the heading of external aerodynamics since
they deal with external flows over a body. In contrast, the applications in item 2
involve internal aerodynamics because they deal with flows internally within ducts.
In external aerodynamics, in addition to forces, moments, and aerodynamic heating
associated with a body, we are frequently interested in the details of the flow field
away from the body. For example, the communication blackout experienced by the
space shuttle during a portion of its reentry trajectory is due to a concentration of free
electrons in the hot shock layer around the body. We need to calculate the variation of
electron density throughout such flow fields. Another example is the propagation of
shock waves in a supersonic flow; for instance, does the shock wave from the wing of
a supersonic airplane impinge upon and interfere with the tail surfaces? Yet another
example is the flow associated with the strong vortices trailing downstream from the
wing tips of large subsonic airplanes such as the Boeing 747. What are the properties
of these vortices, and how do they affect smaller aircraft which happen to fly through
them?

The above is just a sample of the myriad applications of aerodynamics. One
purpose of this book is to provide the reader with the technical background necessary
to fully understand the nature of such practical aerodynamic applications.

1.3 RoaD MAP FOR THIs CHAPTER

When learning a new subject, it is important for you to know where you are, where
you are going, and how you can get there. Therefore, at the beginning of each chapter
in this book, a road map will be given to help guide you through the material of
that chapter and to help you obtain a perspective as to how the material fits within
the general framework of aerodynamics. For example, a road map for Chapter 1 is
given in Figure 1.6. You will want to frequently refer back to these road maps as you
progress through the individual chapters. When you reach the end of each chapter,
look back over the road map to see where you started, where you are now, and what
you learned in between.

1.4 SoME FUNDAMENTAL AERODYNAMIC VARIABLES

A prerequisite to understanding physical science and engineering is simply learn-
ing the vocabulary used to describe concepts and phenomena. Aerodynamics is no
exception. Throughout this book, and throughout your working career, you will be
adding to your technical vocabulary list. Let us start by defining four of the most
frequently used words in aerodynamics: “pressure,” “density,” “temperature,” and
“flow velocity.”!

Consider a surface immersed in a fluid. The surface can be a real, solid surface
such as the wall of a duct or the surface of a bodys; it can also be a free surface which

we simply imagine drawn somewhere in the middle of a fluid. Also, keep in mind that

| 1 A basic introduction to these quantities is given on pages 54-59 of Reference 2.
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Some introductory aerodynamic concepts.

Definition of basic aerody namic

quantities; pressure, density, | Important to begin an
temperature, flow velocity, aerodynamic vocabulary
streamlines

The source of aerodynamic forces

and moments, and how to obtain A starting point for
them by integrating surface practical applications
] properties
Definition of lift, drag, and Some of the most frequently
moment coefficients used terms in aerodynamics

Where aerodynamic forces
act on a body

Center of pressure

A powerful instrument to
Dimensional analysis and define basic governing
flow similarity parameters; the crux of
wind-tunnel testing

Fluid statics What happens in a fluid
when there is no flow

Types of fluid flows:
continuum, inviscid/viscous,
incompressible/compressible, fe—————
subsonic, transonic,
supersonic, hypersonic

How the science of
aerodynamics is
subdivided and
categorized

Figure 1.6  Road map for Chapter 1.

the molecules of the fluid are constantly in motion, Pressure is the normal force per
unit area exerted on a surface due to the time rate of change of momentum of the gas
molecules impacting on (or crossing) that surface. It is important to note that even
though pressure is defined as force “per unit area,” you do not need a surface that is
exactly 1 ft? or | m? to talk about pressure. In fact, pressure is usually defined at a
point in the fluid or a point on a solid surface and can vary from one point to another.
To see this more clearly, consider a point B in a volume of fluid. Let

d A = clemental area at B
dF = force on one side of dA due to pressure

Then, the pressure at point B in the fluid is defined as

. dF
p = lim (—) dA — 0
dA

13
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The pressure p is the limiting form of the force per unit area, where the area of interest
has shrunk to nearly zero at the point B.2 Clearly, you can see that pressure is a point
property and can have a different value from one point to another in the fluid.

Another important aerodynamic variable is density, defined as the mass per unit
volume. Analogous to our discussion on pressure, the definition of density does not
require an actual volume of 1 ft* or | m®. Rather, it is a point property that can vary
from point to point in the fluid. Again, consider a point B in the fluid. Let

dv = elemental volume around B

dm = mass of fluid inside dv

Then, the density at point B is
d
p=1lim 2 du=0
dv

Therefore, the density p is the limiting form of the mass per unit volume, where the
volume of interest has shrunk to nearly zero around point B. (Note that dv cannot
achieve the value of zero for the reason discussed in the footnote concerning d A in
the definition of pressure.)

Temperature takes on an important role in high-speed aerodynamics (introduced
in Chapter 7). The temperature T of a gas is directly proportional to the average
kinetic energy of the molecules of the fluid. In fact, if KE is the mean molecular
kinetic energy, then temperature is given by KE = %kT, where k is the Boltzmann
constant. Hence, we can qualitatively visualize a high-temperature gas as one in
which the molecules and atoms are randomly rattling about at high speeds, whereas
in a low-temperature gas, the random motion of the molecules is relatively slow.
Temperature is also a point property, which can vary from point to point in the gas.

The principal focus of aerodynamics is fluids in motion. Hence, flow velocity
is an extremely important consideration. The concept of the velocity of a fluid is
slightly more subtle than that of a solid body in motion. Consider a solid object in
translational motion, say, moving at 30 m/s. Then all parts of the solid are simul-
taneously translating at the same 30 m/s velocity. In contrast, a fluid is a “squishy”
substance, and for a fluid in motion, one part of the fluid may be traveling at a different
velocity from another part. Hence, we have to adopt a certain perspective, as follows.
Consider the flow of air over an airfoil, as shown in Figure 1.7. Lock your eyes on a
specific, infinitesimally small element of mass in the gas, called a fluid element, and
watch this element move with time. Both the speed and direction of this fluid element
can vary as it moves from point to point in the gas. Now fix your eyes on a specific
fixed point in space, say, point B in Figure 1.7. Flow velocity can now be defined as
follows: The velocity of a flowing gas at any fixed point B in space is the velocity
of an infinitesimally small fluid element as it sweeps through B. The flow velocity
V has both magnitude and direction; hence, it is a vector quantity. This is in contrast
to p, p, and T, which are scalar variables. The scalar magnitude of V is frequently

2 Strictly speaking, dA can never achieve the limit of zero, because there would be no molecules at point
B in that case. The above limit should be interpreted as dA approaching a very small value, near zero in
terms of our macroscopic thinking, but sufficiently larger than the average spacing between molecules on a
microscopic basis.
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Fluid element
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Figure 1.7 lllusiration of flow velocity and streamlines.

used and is denoted by V. Again, we emphasize that velocity is a point property and
can vary from point to point in the flow.

Referring again to Figure 1.7, a moving fluid element traces out a fixed path in
space. As long as the flow is steady, i.c., as long as it does not fluctuate with time, this
path is called a streamline of the flow. Drawing the streamlines of the flow field is an
important way of visualizing the motion of the gas; we will frequently be sketching
the streamlines of the flow about various objects. A more rigorous discussion of
streamlines is given in Chapter 2.
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1.5 AERODYNAMIC FORCES AND MOMENTS

At first glance, the generation of the acrodynamic force on a giant Boeing 747 may
seem complex, especially in light of the complicated three-dimensional flow field over
the wings, fuselage, engine nacelles, tail, etc. Similarly, the aerodynamic resistance
on an automobile traveling at 55 mi/h on the highway involves a complex interaction
of the body, the air, and the ground. However, in these and all other cases, the
aerodynamic forces and moments on the body are due to only two basic sources:

1. Pressure distribution over the body surface

2. Shear stress distribution over the body surface

No matter how complex the body shape may be, the aerodynamic forces and moments
on the body are due entirely to the above two basic sources. The only mechanisms
nature has for communicating a force to a body moving through a fluid are pressure
and shear stress distributions on the body surface. Both pressure p and shear stress
T have dimensions of force per unit area (pounds per square foot or newtons per
square meter). As sketched in Figure 1.8, p acts normal to the surface, and 1 acts
tangential to the surface. Shear stress is due to the “tugging action” on the surface,
which is caused by friction between the body and the air (and is studied in great detail
in Chapters 15 to 20).

The net effect of the p and t distributions integrated over the complete body
surface is a resultant aerodynamic force R and moment M on the body, as sketched
in Figure 1.9. In turn, the resultant R can be split into components, two sets of which
are shown in Figure 1.10. In Figure 1.10, V,, is the relative wind, defined as the
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p = p(s) = surface pressure distribution
7 = 7(s) = surface shear stress distribution

Figure 1.8 Illustration of pressure and
shear siress on an
aeradynamic surface.

Figure 1.9 Resultant aerodynamic
force and moment on the

body.

Figure 1.10 Resultant aerodynamic farce
and the components inta which
it splits.

flow velocity far ahead of the body. The flow far away from the body is called the
freestream, and hence V. is also called the freestream velocity. In Figure 1.10, by
definition,
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L = lift = component of R perpendicular to V,
D = drag = component of R parallel to V.,

The chord c is the linear distance from the leading edge to the trailing edge of the
body. Sometimes, R is split into components perpendicular and parallel to the chord,
as also shown in Figure 1.10. By definition,

N = normal force = component of R perpendicular to ¢
A = axial force = component of R parallel to ¢

The angle of attack « is defined as the angle between ¢ and V... Hence, « is also the
angle between L and N and between D and A. The geometrical relation between
these two sets of components is, from Figure 1.10,

L=Ncosa — Asina [1.1]
D=Nsina + Acosa [1.2]

Let us examine in more detail the integration of the pressure and shear stress
distributions to obtain the aerodynamic forces and moments. Consider the two-
dimensional body sketched in Figure 1.11. The chord line is drawn horizontally, and
hence the relative wind is inclined relative to the horizontal by the angle of attack
o. An xy coordinate system is oriented parallel and perpendicular, respectively, to
the chord. The distance from the leading edge measured along the body surface to
an arbitrary point A on the upper surface is s,; similarly, the distance to an arbitrary
point B on the lower surface is s;. The pressure and shear stress on the upper surface
are denoted by p, and t,, respectively; both p, and 1, are functions of s,. Similarly,
pi and 1; are the corresponding quantities on the lower surface and are functions of

yA
‘ N
| [ Puls)
1
Leading edge (LE) Su A 6
T,8,)
- X
o 8 Trailing edge (TE)
B
Ver — — — Y — =
| 6
: 7(sp)
61
I
pilsy)
Figure 1.11 Nomenclature for the integration of pressure and shear stress distributions

over a twoa-dimensianal body surface.

17
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;. At a given point, the pressure is normal to the surface and is oriented at an angle
g relative to the perpendicular; shear stress is tangential to the surface and is oriented
at the same angle 8 relative to the horizontal. In Figure 1.11, the sign convention for
8 is positive when measured clockwise from the vertical line to the direction of p and
from the horizontal line to the direction of t. In Figure 1.11, all thetas are shown in
their positive direction. Now consider the two-dimensional shape in Figure 1.11 as
a cross section of an infinitely long cylinder of uniform section. A unit span of such
a cylinder is shown in Figure 1.12. Consider an elemental surface area dS of this
cylinder, where dS = (ds)(1) as shown by the shaded area in Figure 1.12, We are
interested in the contribution to the total normal force N’ and the total axial force A’
due to the pressure and shear stress on the elemental area dS. The primes on N’ and
A’ denote force per unit span. Examining both Figures 1.11 and 1.12, we see that the
elemental normal and axial forces acting on the elemental surface ¢S on the upper
body surface are

dN, = —puds, cos 8 — t,ds, sinf [1.3]
dA), = —puds, sin0 + 1,ds, cos 6 [1.4]
On the lower body surface, we have
dN; = pids;cos@ — rds; sin 6 [1.5]
dA; = pids; sin@ + nds; cos 0 [1.6]

In Equations (1.3) to (1.6), the positive directions of N’ and A’ are those shown in
Figure 1.10. In these equations, the positive clockwise convention for § must be
followed. For example, consider again Figure 1.11. Near the leading edge of the
body, where the slope of the upper body surface is positive, T is inclined upward,
and hence it gives a positive contribution to N’. For an upward inclined 7, 6 would

A
Voo

Figure 1.12  Aerodynamic force on an element of the body surface.
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be counterclockwise, hence negative. Therefore, in Equation (1.3), sinf would be
negative, making the shear stress term (the last term) a positive value, as it should be
in this instance. Hence, Equations (1.3) to (1.6) hold in general (for both the forward
and rearward portions of the body) as long as the above sign convention for & is
consistently applied.

The total normal and axial forces per unit span are obtained by integrating Equa-
tions (1.3) to (1.6) from the leading edge (LE) to the trailing edge (TE):

TE TE
N’:—f (p.cosO + 1,sinf) ds, + (picosO — 7 sin) ds; [1.7]
L

E LE
TE TE
A'=f (—pusinf + 1, c059)dsu+f (prsinB + 1 cos@)ds; [1.8]
LE LE

In turn, the total lift and drag per unit span can be obtained by inserting Equations
(1.7) and (1.8) into (1.1) and (1.2); note that Equations (1.1) and (1.2) hold for forces
on an arbitrarily shaped body (unprimed) and for the forces per unit span (primed).

The aerodynamic moment exerted on the body depends on the point about which
moments are taken. Consider moments taken about the leading edge. By convention,
moments which tend to increase o (pitch up) are positive, and moments which tend
to decrease o (pitch down) are negative. This convention is illustrated in Figure 1.13.
Returning again to Figures 1.11 and 1.12, the moment per unit span about the leading
edge due to p and t on the elemental area d S on the upper surface is

dM = (p,cosf + 1, sin@)x ds, + (—pu sinf + t, cos0)y ds, [1.9]
On the bottom surface,
dM| = (—p;cos8 + 7 sinf)x ds; + (p;sin@ + 1, cos 8)y ds; [1.10]

In Equations (1.9) and (1.10), note that the same sign convention for & applies as
before and that y is a positive number above the chord and a negative number below
the chord. Integrating Equations (1.9) and (1.10) from the leading to the trailing
edges, we obtain for the moment about the leading edge per unit span

TE
My = / [(pucosf + 1,8in0)x — (p, sin @ — 1, cosB)ylds, [1.11]
LE

TE
+ f [(—picos8 + 1ysinB)x + (pysinf + 1y cosB)ylds;
LE

(+) (=)

T (¢

Figure 1.13 Sign convention for aerodynamic moments.
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In Equations (1.7), (1.8), and (1.11), &, x, and y are known functions of s for a
given body shape. Hence, if p,, p;, T,, and 7; are known as functions of s (from theory
or experiment), the integrals in these equations can be evaluated. Clearly, Equations
(1.7), (1.8), and (1.11) demonstrate the principle stated earlier, namely, the sources of
the aerodynamic lift, drag, and moments on a body are the pressure and shear stress
distributions integrated over the body. A major goal of theoretical aerodynamics is
to calculate p(s) and t(s) for a given body shape and freestream conditions, thus
yielding the aerodynamic forces and moments via Equations (1.7), (1.8), and (1.11).

As our discussions of aerodynamics progress, it will become clear that there
are quantities of an even more fundamental nature than the aerodynamic forces and
moments themselves. These are dimensionless force and moment coefficients, defined
as follows. Let p and V,, be the density and velocity, respectively, in the freestream,
far ahead of the body. We define a dimensional quantity called the freestream dynamic
pressure as

Dynamic pressure: I = 3PV,

The dynamic pressure has the units of pressure (i.e., pounds per square foot or newtons
per square meter). In addition, let S be a reference area and ! be a reference length.
The dimensionless force and moment coefficients are defined as follows:

L
Lift coefficient: C = —
GooS
. D
Drag coefficient: Cp=—
GocS
) N
Normal force coefficient: Cy= —
4o
. . A
Axial force coefficient: Cp=—
GooS
. M
Moment coefficient: Cy=——
GooS!

In the above coefficients, the reference area S and reference length ! are chosen to
pertain to the given geometric body shape; for different shapes, § and !/ may be
different things. For example, for an airplane wing, S is the planform area, and /
is the mean chord length, as illustrated in Figure 1.14a. However, for a sphere, §
is the cross-sectional area, and / is the diameter, as shown in Figure 1.14b. The
particular choice of reference area and length is not critical; however, when using
force and moment coefficient data, you must always know what reference quantities
the particular data are based upon.

The symbols in capital letters listed above, i.e., Cr, Cp, Cy, and C4, denote
the force and moment coefficients for a complete three-dimensional body such as
an airplane or a finite wing. In contrast, for a two-dimensional body, such as given
in Figures 1.11 and 1.12, the forces and moments are per unit span. For these two-
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} e

S = planform area

@ ! = ¢ = chord length

78 . ad?
— S = cross-sectional area = -%

! = d = diameter

®

Figure 1.14 Some reference areas and lengths.

dimensional bodies, it is conventional to denote the acrodynamic coefficients by
lowercase letters; e.g.,
L D' M’

= — Cqg = — Cm = 3
UEY 4 C JocC

where the reference area § = ¢(1) = c.
Two additional dimensionless quantities of immediate use are

Pressure coefficient: C,= P~ P
qoo
. . e . T
Skin friction coefficient: cf=—
VRS

where p is the freestream pressure.

The most useful forms of Equations (1.7), (1.8), and (1.11) are in terms of the
dimensionless coetficients introduced above, From the geometry shown in Figure
1.15,

dx =dxcos@ [1.12]
dy = —(ds sin9) [1.13]
S=c(1) [1.14]

Substituting Equations (1.12) and (1.13) into Equations (1.7), (1.8), and (1.11), di-
viding by g, and further dividing by S in the form of Equation (1.14), we obtain the
following integral forms for the force and moment coefficients:

21
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dy

y

1
Figure 1.15 Geometrical relationship
of differential lengths.

1 ¢ ¢ dyy dyi
Cn == [/(; (Cpi—Cpu)dx +'/0. (Cf,u I -|—qu,{§) dx] [1.15]
1 ¢ dy, dy ¢
.= — Cou——C,;— }d u d 1.16
c C[fo ( pu—= = Cpi— x+f0 (Cru+cri)dx [1.16]
1 ¢ ¢ dyu dy]
CmLE=C—2—[/0 (pru—Cp,l)xdx—{—/o (Cf’”:j!; +Cf7ga-)xdx [1.17]

¢ dyu ¢ dyl
C,ou— 2 Vvd —C,1— d
+ /; ( P +cy, )y X+[0 ( p,zdx +Cf,1)}’l X]

The simple algebraic steps are left as an exercise for the reader. When evaluating
these integrals, keep in mind that y, is directed above the x axis, and hence is positive,
whereas y, is directed below the x axis, and hence is negative. Also, dy/dx on both
the upper and lower surfaces follow the usual rule from calculus, i.e., positive for
those portions of the body with a positive slope and negative for those portions with
a negative slope.

The lift and drag coefficients can be obtained from Equations (1.1) and (1.2) cast
in coefficient form:

€] = C, COSO — Cg SIN O [1.18]
¢y =cpSina + ¢, COsa [1.19]

Integral forms for ¢; and ¢, are obtained by substituting Equations (1.15) and (1.16)
into (1.18) and (1.19).

It is important to note from Equations (1.15) through (1.19) that the aerody-
namic force and moment coefficients can be obtained by integrating the pressure
and skin friction coefficients over the body. This is a common procedure in both
theoretical and experimental aerodynamics. In addition, although our derivations
have used a two-dimensional body, an analogous development can be presented for
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three-dimensional bodies—the geometry and equations only get more complex and
involved—the principle is the same.

23

Consider the supersonic flow over a 5° halt-angle wedge at zero angle of attack, as sketched
in Figure 1.16a. The freestream Mach number ahead of the wedge is 2.0, and the freestream
pressure and density are 1.01 x 10° N/m? and 1.23 kg/m*, respectively (this corresponds to
standard sea level conditions). The pressures on the upper and lower surfaces of the wedge
are constant with distance 5 and equal to each other, namely, p, = p; = 1.31 x 10° N/m?, as
shown in Figure 1.165. The pressure exerted on the base of the wedge is equal to p... As seen
in Figure |.16c, the shear stress varies over both the upper and lower surfaces as 7, = 431572,
The chord length, ¢, of the wedge is 2 m. Calculate the drag coefficient for the wedge.

Solution
We will carry out this calculation in two equivalent ways. First, we calculate the drag from
Equation (1.8), and then obtain the drag coefficient. In turn, as an illustration of an alternate
approach, we convert the pressure and shear stress to pressure coefficient and skin friction
coefficient, and then use Equation (1.16) to obtain the drag coefficient.

Since the wedge in Figure 1.16 is at zero angle of attach, then D" = A’. Thus, the drag
can be obtained from Equation (1.8) as

1= TE
D = / (—pusind + r,cos0)ds, + (p;sinf + 1,cos8) ds;
LE LE
Referring to Figure 1.16c, recalling the sign convention for €, and noting that integration over
the upper surface goes from s; to s, on the inclined surface and from s, to 53 on the base,
whereas integration over the bottom surface goes from s, to 54 on the inclined surface and from
54 to 53 on the base, we find that the above integrals become

TE $2
f —p.sind ds, :f —(1.31 x 10°) sin(—5°) ds,
1

_LE 5

83
+ f —(1.01 x 10%) 5in 90° ds,

(l

1.142 x 10*(s; — 5,) — 1.01 x 10°(s3 — 52)

1.142 x 10*( )4 1.01 x 10%(¢)(tan 5°)

cos 5°

1.142 x 10*(2.008) — 1.01 x 10°(0.175) = 5260 N

I

TE 34 53
f pisinf ds :/ (1.31 x 10°) sin(3°) d's —+—f (1.01 x 10’y sin(—90°) ds;
LE 8 Sa

1.142 x 10%(s4 — 57) + 1.01 x 10°(=1)(s3 — s4)

[l

= 1.142 x 10*( )— 1.01 x 10%(c)(tan 5°)

cos 5°

=12.293 x 10 — 1.767 x 10° = 5260 N

Example 1.1
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34.2° Wave angle

N
Pe = LOLX 10°N/m? 5

Poo = 1.23 kg/m?
J—— Flow Field
Piciure
M, =2
(@)
Pressure
Distribution
Poo = 1.01 % 10° N/m?
Shear Stress
Distribution
N
' c=2m —l
)]
Flgure 1.16 Illustratian for Example 1.1.

Note that the integrals of the pressure over the top and bottom surfaces, tespectively, yield the

same contribution to the drag—a result to be expected from the symmetry of the configuration
in Figure 1.16:
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TE R
f 1, co86 ds, = / 431572 cos(—5°) ds,
LE

5\

g (A
0.8

C

0.8 ]
:429( ) o =9365N

cos 5°

TE 7!
/ T cosfds = f 431572 cos(—5) ds
L} A

E
_ g (S8
0.8

20 ()" ! 365N
=4 — =936,
(cosS") 0.8

Again, itis nosurprise that the shear stress acting over the upper and lower surfaces, respectively,
give equal contributions to the drag; this is to be expected due to the symmetry of the wedge
shown in Figure 1.16. Adding the pressure integrals, and then adding the shear stress integrals,
we have for total drag

D' =1.052 x 10° +-0.1873 x 10" =| 1.24 x 10* N

pressure skin Iricion
drag drag

Note that, for this rather slender body, but at a supersonic speed, most of the drag is pressure
drag. Referring to Figure 1.16a, we see that this is due to the presence of an oblique shock
wave from the nose of the body, which acts to create pressure drag (sometimes called “‘wave
drag”). In this example, only 15 percent of the drag is skin friction drag; the other 85 percent
is the pressure drag (wave drag). This is typical of the drag of slender supersonic bodies. In
contrast, as we will see later, the drag of a slender body at subsonic speed, where there is no
shock wave, is mainly skin friction drag.

The drag coefficient is obtained as follows. The velocity of the freestream is twice the
sonic speed, which is given by

doe = V¥ RT = /(1.4)(287)(288) = 340.2 m/s

(See Chapter 8 for a derivation of this expression for the speed of sound.) Note that, in the
above, the standard sea level temperature of 288 K is used. Hence, V. = 2(340.2) = 680.4
m/s. Thus,

oo = 2P VE = (0.5)(1.23)(680.4)> = 2.847 x 10° N/m”

Also, S=c(1)=20 m’
D 1.24 x 10°
Hence, - = —| 0.022
enee TS T 2847 x 10M2) 2

An alternate solution to this problem is to use Equation (1.16), integrating the pressure
coefficients and skin friction coefficients to obtain directly the drag coefficient. We proceed as
follows:

~ px 131 % 10° = 1.01 x 10°

C — Du —
e G 2.847 x 108

= 0.1054

25
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On the lower surface, we have the same value for C), i.e.,
Cp1=Cpu=0.1054
Also,

Cf,u - -

oo G 2.847 x 105

On the lower surface, we have the same value for ¢y, 1.e.,

: 4315702 431 -02
tw Is ( al ) = 1.513 x 10 2x~02
cos 5°

cri= 1513 x 1073702

d u
Also, Yu _ (an5° = 0.0875
X
and D anse = —0.0875
dx

Inserting the above information into Equation (1.16), we have
1 r¢ dyu d 1 [
Cqg =Cp = —‘/0 (CP'ME — Cp']d—il) dx + E ‘[0 (Cf'“ +cf_,)dx
1 2
= Ef [(0.1054)(0.0875) — (0.1054)(—0.0875)1 dx
0

1 2
+ 5] 2(1.513 x 107)x %2 dx
0

= 0.009223x |2 +0.00189x%%;

= 0.01854 4+ 0.00329 =| 0.022

This is the same result as obtained earlier.

Example 1.2

Consider a cone at zero angle of attack in a hypersonic flow. (Hypersonic flow is very high-
speed flow, generally defined as any flow above a Mach number of 5; hypersonic flow is
further defined in Section 1.10.) The half-angle of the cone is 6., as shown in Figure 1.17.
An approximate expression for the pressure coefficient on the surface of a hypersonic body is
given by the newtonian sine-squared law (to be derived in Chapter 14):

C,=2 sin® 8,

Note that C, hence, p; is constant along the inclined surface of the cone. Along the base
of the body, we assume that p = p.,. Neglecting the effect of friction, obtain an expression
for the drag coefficient of the cone, where Cp is based on the area of the base Sj.

Soivtion

We cannot use Equations (1.15) to (1.17) here. These equations are expressed for a two-
dimensional body, such as the airfoil shown in Figure 1.15, whereas the cone in Figure 1.17
is a shape in three-dimensional space. Hence, we must treat this three-dimensional body as
follows. From Figure 1.17, the drag force on the shaded strip of surface area is

dr
sin 6,

(psinb.)(2mr) =2nrpdr
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Figure 1.17 [llustration for Example 1.2.

The total drag due to the pressure acting over the total surface area of the cone is
r/) V‘h
D:/ 27rrpdr—f 27 pe dr
0 0

The first integral is the horizontal force on the inclined surface of the cone, and the second
integral is the force on the base of the cone. Combining the integrals, we have

h
D= / 2nr(p — poo)dr = m(p — px)r,f
0
Referenced to the base area, zrr,%, the drag coefficient i3

D Tri(p — pa
Cp= = P p )ZC,J

2 2
AT, TFpl~
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(Note: The drag coefficient for a cone is equal to its surface pressure coefficient.) Hence, using
the newtonian sine-squared law, we obtain

Cp = 2sin® 6.

[ 1.6 CENTER OF PRESSURE

From Equations (1.7) and (1.8), we see that the normal and axial forces on the body
are due to the distributed loads imposed by the pressure and shear stress distributions.
Moreover, these distributed loads generate a moment about the leading edge, as given
by Equation (1.11). Question: If the aerodynamic force on a body is specified in
terms of a resultant single force R, or its components such as N and A, where on the
body should this resultant be placed? The answer is that the resultant force should be
located on the body such that it produces the same effect as the distributed loads. For
example, the distributed load on a two-dimensional body such as an airfoil produces
a moment about the leading edge given by Equation (1.11); therefore, N’ and A’ must
be placed on the airfoil at such a location to generate the same moment about the
leading edge. If A’ is placed on the chord line as shown in Figure 1.18, then N’ must
be located a distance x., downstream of the leading edge such that

MICE = —(xcp)N/

My
N

Xep = [1.20]

In Figure 1.18, the direction of the curled arrow illustrating M| is drawn in the
positive (pitch-up) sense. (From Section 1.5, recall the standard convention that
aerodynamic moments are positive if they tend to increase the angle of attack.) Ex-
amining Figure 1.18, we see that a positive N’ creates a negative (pitch-down) moment
about the leading edge. This is consistent with the negative sign in Equation (1.20).
Therefore, in Figure 1.18, the actual moment about the leading edge is negative, and
hence is in a direction opposite to the curled arrow shown.

AN

Mg

|
l‘" xcv"l

Figure 1.18  Center of pressure
for an airfail.



AERODYNAMICS: SOME INTRODUCTORY THOUGHTS

L ' XA
M
- e 7
Resultant force % Resultant force at
at leading edge center of pressure

Resultant force at
quarter-chord point

Figure 1.19 Equivalent ways of specifying the force-and-moment system on an airfoil.

In Figure 1.18 and Equation (1.20), x., is defined as the center of pressure.
It is the location where the resultant of a distributed load effectively acts on the
body. If moments were taken about the center of pressure, the integrated effect of
the distributed loads would be zero. Hence, an alternate definition of the center of
pressure 1s that point on the body about which the acrodynamic moment is zero.

In cases where the angle of attack of the body is small, sina ~ 0 and cosa =~ 1;
hence, from Equation (1.1), L’ & N'. Thus, Equation (1.20) becomes

Xep N —— [1.211]

Examine Equations (1.20) and (1.21). As N” and L’ decrease, x., increases. As
the forces approach zero, the center of pressure moves to infinity. For this reason, the
center of pressure is not always a convenient concept in aerodynamics. However, this
1s no problem. To define the force-and-moment system due to a distributed load on a
body, the resultant force can be placed at any point on the body, as long as the value
of the moment about that point is also given. For example, Figure 1.19 illustrates
three equivalent ways of specifying the force-and-moment system on an airfoil. In
the left figure, the resultant is placed at the leading edge, with a finite value of M ..
In the middle figure, the resultant is placed at the quarter-chord point, with a finite
value of M(’,/4. In the right figure, the resultant is placed at the center of pressure,
with a zero moment about that point. By inspection of Figure 1.19, the quantitative
relation between these cases is

’ 4 14 ’ 4

29

In low-speed, incompressible flow, the following experimental data are obtained for an NACA
4412 airfoil section at an angle of attack of 4°: ¢, = 0.85 and ¢, .,y = —0.09. Calculate the
location of the center of pressure.

Soivtion

From Equation (1.22),

<

('/4
L

RN

ch ==

1 Example 1.3
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fcﬂ — _]_ _ (MC/4/qOOcz) _ l . Cinerd
c 4 (L'/qo0c) 4 ¢
1 —0.
== (-0.09) =| 0.356
4 0.85

{Note: In Chapter 4, we will learn that, for a thin, symmetrical airfoil, the center of pressure
is at the quarter-chord location. However, for the NACA 4412 airfoil, which is not symmetric,
the center-of-pressure location is behind the quarter-chord point.)

1.7 DIMENSIONAL ANALYSIS: THE BUCKINGHAM
P1 THEOREM

The aerodynamic forces and moments on a body, and the corresponding force and
moment coefficients, have been defined and discussed in Section 1.5. Question: What
physical quantities determine the variation of these forces and moments? The answer
can be found from the powerful method of dimensional analysis, which is introduced
in this section.?

Consider a body of given shape at a given angle of attack, e.g., the airfoil sketched
in Figure 1.10. The resultant aerodynamic force is R. On a physical, intuitive basis,
we expect R to depend on:

1. Freestream velocity V.
2. Freestream density ppc.

3. Viscosity of the fluid. We have seen that shear stress T contributes to the aero-
dynamic forces and moments. In turn, in Chapter 15, we will see that 7 is
proportional to the velocity gradients in the flow. For example, if the velocity
gradient is given by du/dy, then T = wdu/dy. The constant of proportionality
is the viscosity coefficient w. Hence, let us represent the influence of viscosity
on aerodynamic forces and moments by the freestream viscosity coefficient fioo.

4. The size of the body, represented by some chosen reference length. In Figure
1.10, the convenient reference length is the chord length c.

5. The compressibility of the fluid. The technical definition of compressibility is
given in Chapter 7. For our present purposes, let us just say that compressibility
is related to the variarion of density throughout the flow field, and certainly the
aerodynamic forces and moments should be sensitive to any such variation. In
turn, compressibility is related to the speed of sound a in the fluid, as shown
in Chapter 8.* Therefore, let us represent the influence of compressibility on
acrodynamic forces and moments by the freestream speed of sound, ax.

3 For a more elementary treatment of dimensional analysis, see Chapter 5 of Reference 2.

4 Common experience tells us that sound waves propagate through air at some finite velocity, much slower
than the speed of light; you see a flash of lightning in the distance, and hear the thunder moments later. The
speed of sound is an important physical quantity in aerodynamics and is discussed in detail in Section 8.3.
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In light of the above, and without any a priori knowledge about the variation of R,
Wwe can use common sense to write

R = f(pDO! VOOv Cs g, aoc) [1'23]

Equation (1.23) is a general functional relation, and as such is not very practical for
the direct calculation of R. In principle, we could mount the given body in a wind
tunnel, incline it at the given angle of attack, and then systematically measure the
variation of R due to variations of ps, Ve, ¢, Hoo» and deo, taken one at a time.
By cross-plotting the vast bulk of data thus obtained, we might be able to extract a
precise functional relation for Equation (1.23). However, it would be hard work, and
it would certainly be costly in terms of a huge amount of required wind-tunnel time.
Fortunately, we can simplify the problem and considerably reduce our time and effort
by first employing the method of dimensional analysis. This method will define a set
of dimensionless parameters which governs the aerodynamic forces and moments;
this set will considerably reduce the number of independent variables as presently
occurs in Equation (1.23).

Dimensional analysis is based on the obvious fact that in an equation dealing with
the real physical world, each term must have the same dimensions. For example, if

vtnt+i=¢

is a physical relation, then ¥, n, £, and ¢ must have the same dimensions. Oth-
erwise we would be adding apples and oranges. The above equation can be made
dimensionless by dividing by any one of the terms, say, ¢:

£+E+_€_:1

These ideas are formally embodied in the Buckingham pi theorem, stated below
without derivation. (See Reference 3, pages 21-28, for such a derivation.)

Buckingham pi theorem. Let K equal the number of fundamental dimensions
required to describe the physical variables. (In mechanics, all physical variables can
be expressed in terms of the dimensions of mass, length, and fime; hence, K = 3.)
Let Py, P,, ..., Py represent N physical variables in the physical relation

fitP, Py .., Pyy=0 [1.24]

Then, the physical relation Equation (1.24) may be reexpressed as a relation of
(N — K) dimensionless products (called IT products),

LU ey Ty ) =0 [1.25]

where each IT product is a dimensionless product of a set of K physical variables plus
one other physical variable. Let Py, P,, ..., Px be the sclected set of K physical
variables. Then
My = fa(P1, Pay oo P Pryy) [1.26]
I = fi(P, Ps, ... P, Pxy2)
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The choice of the repeating variables, Py, P, ..., Px should be such that they include
all the K dimensions used in the problem. Also, the dependent variable [such as R
in Equation (1.23)] should appear in only one of the IT products.

Returning to our consideration of the aerodynamic force on a given body at a
given angle of attack, Equation (1.23) can be written in the form of Equation (1.24):

g(Ra pOOa VOO,Ca lu‘oo’aOO) =O [1'27]
Following the Buckingham pi theorem, the fundamental dimensions are

m = dimensions of mass
| = dimension of length

t = dimension of time

Hence, K = 3. The physical variables and their dimensions are

[R] = mlt—2
[Poc) = ml~3
[Vool = 117!

[c]l =1
(o] = mI~'t7!
[Goc] = t7]

Hence, N = 6, In the above, the dimensions of the force R are obtained from
Newton’s second law, force = mass x acceleration; hence, [R] = mir~2. The
dimensions of j are obtained from its definition, e.g., 4 = t/(du/dy), and from
Newton’s second law. (Show for yourself that [teo] = mi~'t~!.) Choose poo, Veo,
and ¢ as the arbitrarily selected sets of K physical variables. Then Equation (1.27)
can be reexpressed in terms of N — K = 6 — 3 = 3 dimensionless IT products in the
form of Equation (1.25):

f2(I1;, T, TI5) = 0 [1.28]

From Equation (1.26), these IT products are

H] = f3(p007 VOOv c, R) [|°2’¢]
Hz = f4(poo, Voo, C, Moo) [1.295]
I3 = f5(poos Voo, €5 Goo) [1.29¢]

For the time being, concentrate on [1,, from Equation (1.29a). Assume that
My = pd vEceR [1.30]

where d, b, and e are exponents to be found. In dimensional terms, Equation (1.30)
is

(] = ml H4AeHe O (mit™) [1.31]
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Because I1; is dimensionless, the right side of Equation (1.31) must also be dimen-
sionless. This means that the exponents of 7 must add to zero, and similarly for the
exponents of [ and . Hence,

For m: d+1=0
For [: —-3d+b+e+1=0
Fort: —bh—-2=0

Solving the above equations, we find thatd = —1,b = —2,and e = —2. Substituting
these values into Equation (1.30), we have

M, = Rp 'V c™? [1.32]
R

P VP

The quantity R/ po. V.2.¢? is a dimensionless parameter in which ¢? has the dimensions
of an area. We can replace ¢* with any reference area we wish (such as the planform
area of a wing 5), and I1; will still be dimensionless. Moreover. we can multiply IT,
by a pure number, and it will still be dimensionless. Thus, from Equation (1.32), I,
can be redefined as

R R

I, = = [1.33]
1 %,OOOVOZOS GocS

Hence, I1; is a force coefficient Cg. as defined in Section 1.5. In Equation (1.33), §
is a reference area germane to the given body shape.

The remaining IT products can be found as follows. From Equation (1.295),
assume

My = pa VEC 1/ [1.34]
Paralleling the above analysis, we obtain

[M,] = ml™HI Y O mt=" Y

Hence,

For m: 14;=0

For : —34+h4+i—-j=0
For 1: —h—7j=0

Thus, j = —1,/4 = 1,and i = 1. Substitution into Equation (1.34) gives

P Vool
Moc
The dimensionless combination in Equation (1.35) is defined as the freestream Rey-
nolds number Re = poo Voo €/ ih~. The Reynolds number is physically a measure of
the ratio of inertia forces to viscous forces in a flow and is one of the most powerful
parameters in fluid dynamics. Its importance is emphasized in Chapters 15 to 20.

I, [1.35]
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Returning to Equation (1.29¢), assume
I3 = Voo piecad [1.36]
[MT3] = (=Y (I ) A=Y

For m: k=0
For [: 1=-3k+r+4+s=0
For ¢: —1l—-—5=0

Hence, k = 0,5 = —1, and r = 0. Substituting Equation (1.36), we have

oo

Ie [1.37]
The dimensionless combination in Equation (1.37) is defined as the freestream Mach
number M = V. /ds. The Mach number is the ratio of the flow velocity to the speed
of sound; it is a powerful parameter in the study of gas dynamics. Its importance is
emphasized in subsequent chapters.

The results of our dimensionless analysis may be organized as follows. Inserting
Equations (1.33), (1.35), and (1.37) into (1.28), we have

fz( ul pooVooC’E.g) =0

%pooVoZoS’ Moo Ao

or fz(CR, Re, Moo) =0

or CR = f(,(Re, Moo) 1 .38]

This is an important result! Compare Equations (1.23) and (1.38). In Equation
(1.23), R is expressed as a general function of five independent variables. However,
our dimensional analysis has shown that:

. R can be expressed in terms of a dimensionless force coefficient,
Cr = R/3pocVS.
2. Cpis afunction of only Re and M, from Equation (1.38).

Therefore, by using the Buckingham pi theorem, we have reduced the number of
independent variables from five in Equation (1.23) to two in Equation (1.38). Now, if
we wish to run a series of wind-tunnel tests for a given body at a given angle of attack,
we need only to vary the Reynolds and Mach numbers in order to obtain data for the
direct formulation of R through Equation (1.38). With a small amount of analysis, we
have saved a huge amount of effort and wind-tunnel time. More importantly, we have
defined two dimensionless parameters, Re and M,,, which govern the flow. They
are called similarity parameters, for reasons to be discussed in the following section.
Other similarity parameters are introduced as our aerodynamic discussions progress.
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Since the lift and drag are components of the resultant force, corollaries to Equa-
tion (1.38) are

Ci = f7(Re, M) [1.39]
Cp = fs(Re, M) [1.401]

Moreover, a relation similar to Equation (1.23) holds for the aerodynamic moments,
and dimensional analysis yields

Cu = fo(Re, Moo) [1.41]

Keep in mind that the above analysis was for a given body shape at a given angle of
attack . If o is allowed to vary, then C;, Cp, and Cys will in general depend on the
value of @. Hence, Equations (1.39) to (1.41) can be generalized to

Cr = fio(Re, My, ) [1.42]
Cp = fii(Re, M, @) [1.43]
Cu = frz(Re, Moo, @) [1.44]

Equations (1.42) to (1.44) assume a given body shape. Much of theoretical and
experimental aerodynamics is focused on obtaining explicit expressions for Equations
(1.42) to (1.44) for specific body shapes. This is one of the practical applications of
aerodynamics mentioned in Section 1.2, and it is one of the major thrusts of this book.

For mechanical problems that also involve thermodynamics and heat transfer, the
temperature, specific heat, and thermal conductivity of the fluid, as well as the tem-
perature of the body surface (wall temperature), must be added to the list of physical
variables, and the unit of temperature (say, kelvin or degree Rankine) must be added
to the list of fundamental dimensions. For such cases, dimensional analysis yields
additional dimensionless products such as heat transfer coefficients, and additional
similarity parameters such as the ratio of specific heat at constant pressure to that
at constant volume c,/c,, the ratio of wall temperature to freestream temperature
T/ Too, and the Prandtl number Pr = puoocp/ koo, Where ko is the thermal conduc-
tivity of the freestream.’> Thermodynamics is essential to the study of compressible
flow (Chapters 7 to 14), and heat transfer is part of the study of viscous flow (Chapters
15 to 20). Hence, these additional similarity parameters will be emphasized when
they appear logically in our subsequent discussions. For the time being, however, the
Mach and Reynolds numbers will suffice as the dominant similarity parameters for
our present considerations.

5 The specific heat of a fluid is defined as the amount of heat added to a system, 3g, per unit increase in
temperature; ¢, = 8g/dT if 8q is added at constant volume, and similarly, for ¢, if 5q is added at constant
pressure. Specific heals are discussed in detail in Section 7.2. The thermal conductivity relates heat flux to
temperature gradients in the fluid. For example, if g, is the heat transferred in the x direction per second per
unit area and aT/ax is the tempetature gradient in the x direction, then thermal conductivity k is defined by
g, = —kla = T/ax). Thermal conductivity is discussed in detail in Section 15.3.
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1.8 FrLow SIMILARITY

Consider two different flow fields over two different bodies. By definition, different
flows are dynamically similar if:

1. The streamline patterns are geometrically similar.

2. The distributions of V/ V., p/ poc, T/ Teo, €tC., throughout the flow field are the
same when plotted against common nondimensional coordinates.

3. The force coefficients are the same.

Actually, item 3 is a consequence of item 2; if the nondimensional pressure and shear
stress distributions over different bodies are the same, then the nondimensional force
coefficients will be the same.

The definition of dynamic similarity was given above. Question: What are the
criteria to ensure that two flows are dynamically similar? The answer comes from
the results of the dimensional analysis in Section 1.7. Two flows will be dynamically
similar if:

1. The bodies and any other solid boundaries are geometrically similar for both
flows.

2. The similarity parameters are the same for both flows.

So far, we have emphasized two parameters, Re and M. For many aerodynamic
applications, these are by far the dominant similarity parameters. Therefore, in a lim-
ited sense, but applicable to many problems, we can say that flows over geometrically
similar bodies at the same Mach and Reynolds numbers are dynamically similar, and
hence the lift, drag, and moment coefficients will be identical for the bodies. This is a
key point in the validity of wind-tunnel testing. If a scale model of a flight vehicle is
tested in a wind tunnel, the measured lift, drag, and moment coefficients will be the
same as for free flight as long as the Mach and Reynolds numbers of the wind-tunnel
test-section flow are the same as for the free-flight case. As we will see in subse-
quent chapters, this statement is not quite precise because there are other similarity
parameters that influence the flow. In addition, differences in freestream turbulence
between the wind tunnel and free flight can have an important effect on Cp and the
maximum value of C;. However, direct simulation of the free-flight Re and M is
the primary goal of many wind-tunnel tests.

Example 1.4

Consider the flow over two circular cylinders, one having four times the diameter of the other,
as shown in Figure 1.20. The flow over the smaller cylinder has a freestream density, velocity
and temperature given by p,, V;, and T}, respectively. The flow over the larger cylinder has
a freestream density, velocity, and temperature given by ps, V2, and T, respectively, where
P2 = p1/4, Vo = 2Vy, and T, = 47;. Assume that both p and & are proportional to T2,
Show that the two flows are dynamically similar.
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Tl ’_’_\_”>\
e S o Geometrically

similar bodies

V=2
[

D
P2 =7 :)

Figure 1.20 Example of dynamic flow similarity. Nofe
that as part of the definition of dynamic
similarity, the streamlines (lines along which
the flow velacity is tangent at each point)
are geometrically similar between the two
flows.

Solution
Since @ «/Tand a o \/T, then

p_ B [
My T, T

[45) T

and 2 _ 122 _»9
a T
. v,
By definition, M, = —
a
Ve 2V, Vi
and Mg:—:—:—:Ml
a 2a, a

Hence, the Mach numbers are the same. Basing the Reynolds number on the diameter d of the
cylinder, we have by definition,

Vid
Re, = £r¥idy
i
Vad H2V ) 4d Vid
and Re, = P2V2d2 _ {0/ H(2V)(4d)) _ o Vid, = Re,
M2 24, M

Hence, the Reynolds numbers are the same. Since the two bodies are geometrically similar
and M, and Re are the same, we have satisfied all the criteria; the two flows are dynamically
similar. In turn, as a consequence of being similar flows, we know from the definition that:
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|20 2} Same curve for
Pooi’ Posy flows | and 2
5p 52
d;’ dy

Figure 1.21 One aspect of the definition of
dynamically similar flaws. The
nondimensional flow variable
distributions are the same.

The streamline patterns around the two cylinders are geometrically similar.

2. The nondimensional pressure, temperature, density, velocity, etc., distributions are the
same around two cylinders. This is shown schematically in Figure 1.21, where the nondi-
mensional pressure distribution p/ p is shown as a function of the nondimensional sur-
face distance s/d. It is the same curve for both bodies.

3. The drag coefficients for the two bodies are the same. Here, Cp = D/gwS, where
S = wd?/4. As aresult of the flow similarity, Cp; = Cp,. (Note: Examining Figure
1.20, we see that the lift on the cylinders is zero because the flow is symmetrical about
the horizontal axis through the center of the cylinder. The pressure distribution over the
top is the same as over the bottom, and they cancel each other in the vertical direction.
Therefore, drag is the only aecrodynamic force on the body.)

Consider a Boeing 747 airliner cruising at a velocity of 550 mi/h at a standard altitude of 38,000
ft, where the freestream pressure and temperature are 432.6 Ib/ft* and 390°R, respectively. A
one-fiftieth scale model of the 747 is tested in a wind tunnel where the temperature is 430°R.
Calculate the required velocity and pressure of the test airstream in the wind tunnel such that
the lift and drag coefficients measured for the wind-tunnel model are the same as for free flight.
Assume that both y and a are proportional to 7/2.

Solution
Let subscripts 1 and 2 denote the free-flight and wind-tunnel conditions, respectively. For

Cp1=Cr2and Cp = Cp, the wind-tunnel flow must be dynamically similar to free flight.
For this to hold, M, = M, and Re;, = Re;:

M, = Vi 0'd 4
1 4 \/Tl
V. V.
and M, = 2 —=
dr +/ T2
V2 Vi

Hence, — =
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1> 430 .
or V2 =V /== 550,/ — =} 577.5 mith
T 390
Re, = Vi - o1 Vie
! M VT
’JV1 ) h VU
and Re, = parata X patacs
2 A/ Tz

Vie Vaca
Hence, P1Via _ P2 V202

. =) N

However, since M, = M,, then
Vi T
v, D

Thus, P2 29— 5o
o (&)
The equation of state for a perfect gas is p = pRT, where R is the specific gas constant. Thus

. T 430
P2 5oy (222 =55
P p T 390

5
3

Hence, P2 = 55.1p, = (55.1)(432.6) = | 23.836 Ib/ft®

Since 1 atm = 2116 Ib/ft?, then p, = 23.836/2116 =| 11.26 atm |
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In Example 1.5, the wind-tunnel test stream must be pressurized far above atmo-
spheric pressure in order to simulate the proper free-flight Reynolds number. How-
ever, most standard subsonic wind tunnels are not pressurized as such, because of
the large extra financial cost involved. This illustrates a common difficulty in wind-
tunnel testing, namely, the difficulty of simulating both Mach number and Reynolds
number simultaneously in the same tunnel. It is interesting to note that the NACA
(National Advisory Committee for Aeronautics, the predecessor of NASA) in 1922
began operating a pressurized wind tunnel at the NACA Langley Memorial Labora-
tory in Hampton, Virginia. This was a subsonic wind tunnel contained entirely inside
a large tank pressurized to as high as 20 atm. Called the variable density tunnel (VDT),
this facility was used in the 1920s and 1930s to provide essential data on the NACA
family of airfoil sections at the high Reynolds numbers associated with free flight. A
photograph of the NACA variable density tunnel is shown in Figure 1.22; notice the
heavy pressurized shell in which the wind tunnel is enclosed. A cross section of the
VDT inside the pressure cell is shown in Figure 1.23. These figures demonstrate the
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Figure 1.22  The NACA variable density tunnel ,
the VDT was aperational in October 14
Laboratory at Hampten. Virainia. It i
tunnel entirely contained within an 8
atm. This tunnel was instrumental in the ¢
of NACA airfail shapes in the 1920s ar.
was decommissioned as a wind tunnel
storage tank. In 1983, due fo its age and o..
use was discantinued altogether. Today, H.
Langley Research Center; it has been official,
Histaric Land ’

Antiswirl vanes

Annular return passagc

Exit 15t 0in
cone

e B Annulardeadsp"‘: L

34t6in

Figure 1.23 Schematic af the variable density tunnel. {From Baals,
R., Wind Tunnels of NASA, NASA SP-440, 1981 )
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extreme measures sometimes taken in order to simulate simultaneously the free-flight
values of the important similarity parameters in a wind tunnel. Today, for the most
part, we do not attempt to simulate all the parameters simultaneously; rather, Mach
number simulation is achieved in one wind tunnel, and Reynolds number simulation
in another tunnel. The results from both tunnels are then analyzed and correlated
to obtain reasonable values for C; and Cp appropriate for free flight. In any event,
this example serves to illustrate the difficulty of full free-flight simulation in a given
wind tunnel and underscores the importance given to dynamically similar flows in
experimental aerodynamics.

DESIGN Box |

Lift and drag coefficients play a strong role in the preliminary design and performance analysis of airplanes, The
purpose of this design box is to enforce the importance of C, and Cj; in aeronautical engineering; they are much
more than just the conveniently defined terms discussed so far—they are fundamental quantities, which make the
difference between intelligent engineering and simply groping in the dark.

Consider an airplane in steady, level (horizontal) flight, as illustrated in Figure 1.24. For this case, the weight
W acts vertically downward. The lift L acts vertically upward, perpendicular to the relative wind V,,, (by definition).
In order to sustain the airplane in level flight,

L=W

The thrust 7' from the propulsive mechanism and the drag D are both parallel to V. For steady (unaccelerated)
flight,

T=D

Note that for most conventional flight situations, the magnitude of L and W is much larger than the magnitude of
T and D, as indicated by the sketch in Figure 1.23. Typically, for conventional cruising flight, L/D = 15 to 20.

For an airplane of given shape, such as that sketched in Figure 1.24, at given Mach and Reynolds number, C;,
and Cp are simply functions of the angle of attack, « of the airplane. This is the message conveyed by Equations
(1.42) and (1.43). Itis a simple and basic message—part of the beauty of nature—that the actual values of C, and
Cp for a given bedy shape just depend on the orientation of the body in the flow, i.e., angle of attack. Generic
variations for C; and Cj versus « are sketched in Figure 1.25. Note that C; increases linearly with o until an
angle of attack is reached when the wing stalls, the lift coefficient reaches a peak value, and then drops off as « is
further increased. The maximum value of the lift coefficient is denoted by C max, as noted in Figure 1.25.

The lowest possible velocity at which the airplane can maintain steady, level flight is the stalling velocity,
Vian; it is dictated by the value of €y pax, as follows.® From the definition of lift coefficient given in Section 1.5,
applied for the case of level flight where L = W, we have

L W 2w

C = = =
T GxS  qeS pwV2S

[1.45]

6 The lowest velacity may instead by dictated by the power required to maintain level flight exceeding the power available from the
powerplant. This occurs on the “back side of the power curve.” The velocity at which this occurs is usuclI?/ less than the stalling velocity,
or more details.

so is of academic interest only. See Anderson, Aircraft Performance and Design, McGraw-Hill, 1999,

(continued)
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LA

Wy

Figure 1.24  The four forces acting on an airplane in flight.

N

Angle of attack, o

Figure 1.25  Schematic of lift and drag coefficients versus angle of
attack; illustration of maximum lift coefficient and
minimum drag caefficient.

2w
PoeSCr

For a given airplane flying at a given altitude, W, p, and S are fixed values; hence from Equation (1.46) each value
of velocity corresponds to a specific value of C,. In particular, V., will be the smallest when C;. is a maximum.
Hence, the stalling velocity for a given airplane is determined by C; . from Equation (1.46)

Solving Equation (1.45) for Vi,

(continued)
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V. clad [1.47]
ll p:)cSCLJnuX )

For a given airplane, without the aid of any artificial devices, C, max 15 determined purely by nature, through the
physical laws for the aerodynamic flowfield over the airplane. However, the airplane designer has some devices
available that artificially increase C; .« beyond that for the basic airplane shape. These mechanical devices are
called high-lift devices; examples are flaps, slats, and slots on the wing which, when deployed by the pilot, serve
to increase C; max, and hence decrease the stalling speed. High-lift devices are usually deployed for landing and
take-off; they are discussed in more detail in Section 4.11.

On the other extreme of flight velocity, the maximum velocity for a given airplane with a given maximum
thrust from the engine is determined by the value of minimum drag coefficient, Cp, yin, Where Cp yin 1s marked in
Figure 1.25. From the definition of drag coefficient in Section 1.5, applied for the case of steady, level flight where
T = D, we have

D T 2T
U7 gxS T dnS  pV2S
Solving Equation (1.48) for V.,
2T
Ve = [1.49]
PSCp

For a given airplane flying at maximum thrust T, and a given altitude, from Equation (1.49) the maximum value
of V. corresponds to flight at Cp in

21‘]11'])(
Vo = | ——m [1.50]
e pr)cSCD,min

From the above discussion, it is clear that the aerodynamic coefficients are important engineering quantities
that dictate the performance and design of airplanes. For example, stalling velocity is determined in part by C max,
and maximum velocity is determined in part by C pin-

Broadening our discussion to the whole range of flight velocity for a given airplane, note from Equation (1.45)
that each value of V,, corresponds to a specific value of Cy. Therefore, over the whole range of flight velocity from
Vil 10 Vimax, the airplane lift coefficient varies as shown generically in Figure 1.26. The values of C, given by the
curve in Figure 1.26 are what are needed to maintain level flight over the whole range of velocity at a given altitude.
The airplane designer must design the airplane to achieve these values of C,, for an airplane of given weight and
wing area. Note that the required values of C;, decrease as V., increases. Examining the lift coefficient variation
with angle of attack shown in Figure |.20, note that as the airplane flies faster, the angle of attack must be smaller,
as also shown in Figure 1.26. Hence, at high speeds, airplanes are at low «, and at low speeds, airplanes are at high
«; the specific angle of attack which the airplane must have at a specific V. is dictated by the specific value of Cy,
required at that velocity.

Obtaining raw lift on a body is relatively easy—even a barn door creates lift at angle of attack. The name
of the game is to obtain the necessary lift with as fow a drag as possible. That is, the values of C required over
the entire flight range for an airplane, as represented by Figure 1.26, can sometimes be obtained even for the least
effective lifting shape—just make the angle of attack high enough. But Cj; also varies with V., as governed by
Equation (1.48); the generic variation of C;, with V., is sketched in Figure 1.27. A poor aerodynamic shape, even
though it generates the necessary values of C; shown in Figure 1.26, will have inordinately high values of Cp,

(continued )
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Lift coefficient, C,

Flight velocity, V. Vinax

oc

a Decreasing

S =

Figure 1.26 Schematic of the variation af [ift coefficient with flight
velocity for level flight.

i.e., the Cp curve in Figure 1.27 will ride high on the graph, as denoted by the dashed curve in Figure 1.27. An
acrodynamically efficient shape, however, will produce the requisite values of C; prescribed by Figure 1.26 with
much lower drag, as denoted by the solid curve in Figure 1.27. An undesirable by-product of the high-drag shape
is a lower value of the maximum velocity for the same maximum thrust, as also indicated in Figure 1.27.

Finally, we emphasize that a true measure of the aerodynamic efficiency of a body shape is its lift-to-drag
ratio, given by

L g.8C, C
=l L [1.51]

D - oo SCD - CD
Since the value of C necessary for flight at a given velocity and altitude is determined by the airplane’s weight
and wing area (actually, by the ratio of W/S, called the wing loading) through the relationship given by Equation
(1.45), the value of L/D at this velocity is controlled by Cp, the denominator in Equation (1.51), At any given
velocity, we want L/D to be as high as possible; the higher is L/D, the more aerodynamically efficient is the
body. For a given airplane at a given altitude, the variation of L/D as a function of velocity is sketched generically
in Figure 1.28. Note that, as V increases from a low value, L/D first increases, reaches a maXimum at some
intermediate velocity, and then decreases. Note that, as V., increases, the angle of attack of the airplane decreases,
as explained earlier. From a strictly aerodynamic consideration, L /D for a given body shape depends on angle of

(continued)
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Figure 1.27 Schematic af the variatian of drag caefficient with flight
velocity for level flight. Camparisan between high and
law drag aeradynamic bodies, with the consequent
effect on maximum velocity.

attack. This can be seen from Figure 1.25, where C; and Cp are given as a function of «. If these two curves are
ratioed, the result is L/D as a function of angle of attack, as sketched generically in Figure 1.29. The relationship
of Figure 1.28 to Figure 1.29 is that, when the airplane is flying at the velocity that corresponds to (L/D) . as
shown in Figure 1.28, it is at the angle of attack for (L /D) .z as shown in Figure 1.29.

In summary, the purpose of this design box is to emphasize the important role played by the aerodynamic
coefficients in the performance analysis and design of airplanes. In this discussion, what has been important is not
the lift and drag per se, but rather C; and Cp. These coefficients are a wonderful intellectual construct that helps
us to better understand the aerodynamic characteristics of a body, and to make reasoned, intelligent calculations.
Hence they are more than just conveniently defined quantities as might first appear when introduced in Section 1.5.

For more insight to the engineering value of these coefficients, see Anderson, Aircraft Performance and
Design, McGraw-Hill, 1999, and Anderson, Introduction to Flight, 4th edition, McGraw-Hill, 2000. Also, home-
work problem 1.15 at the end of this chapter gives you the opportunity to construct specific curves for C,, Cp,
and L / D versus velocity for an actual airplane so that you can obtain a feel for some real numbers that have been only

{continued)
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Figure 1.29  Schematic of the variation of lift-ta-drag ratia with
angle of attack.

generically indicated in the figures here. (In our present discussion, the use of generic figures has been intentional
for pedagogic reasons.) Finally, an historical note on the origins of the use of aerodynamic coefficients is given in

Section 1.13.
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Consider an executive jet transport patterned after the Cessna 560 Citation V shown in three-
view in Figure 1.30. The airplane is cruising at a velocity of 492 mph at an altitude of 33,000
ft, where the ambient air density is 7.9656 x 10~* slug/ft*. The weight and wing planform
areas of the airplane are 15,000 1b and 342.6 ft?, respectively. The drag coefficient at cruise is
0.015. Calculate the lift coefficient and the lift-to-drag ratio at cruise.

Solution

The units of miles per hour for velocity are not consistent units. In the English engineering
system of units, feet per second are consistent units for velocity (see Section 2.4 of Reference

2). To convert between mph and ft/s, it is useful to remember that 88 ft/s = 60 mph. For the
present example,

Voo = 492(58) = 721.6 ft/s

8
60

From Equation (1.45),

2w 2(15,000)

C = = =
" 0 V2AS  (7.9659 x 1074)(721.6)2(342.6)

0.21

From Equation (1.51),

L ¢ 021 _ »
D Cp 0015

Remarks: For a conventional airplane such as shown in Figure 1.30, almost all the lift at
cruising conditions is produced by the wing; the lift of the fuselage and tail are very small by
comparison. Hence, the wing can be viewed as an aerodynamic “lever.” In this example, the
lift-to-drag ratio is 14, which means that for the expenditure of one pound of thrust to overcome
one pound of drag, the wing is lifting 14 pounds of weight—quite a nice leverage.

Figure 1.30 Cessna 560 Citation V.
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Example 1.7

The same airplane as described in Example 1.6 has a stalling speed at sea level of 100 mph at
the maximum take-off weight of 15,900 Ib. The ambient air density at standard sea level is
0.002377 slug/ft>. Calculate the value of the maximum lift coefficient for the airplane.

Solution
Once again we have to use consistent units, so

Vean = 1008 = 146.7 ft/s
Solving Equation (1.47) for C; max, we have

W 2(15,900) _
Poo VS~ (0.002377)(146.7)2(342.6)

1.81

CL.max =

1.9 FLUID STATICS: BUOYANCY FORCE

In aerodynamics, we are concerned about fluids in motion, and the resulting forces
and moments on bodies due to such motion. However, in this section, we consider
the special case of no fluid motion, i.e., fluid statics. A body immersed in a fluid will
still experience a force even if there is no relative motion between the body and the
fluid. Let us see why.

To begin, we must first consider the force on an element of fluid itself. Consider
a stagnant fluid above the xz plane, as shown in Figure 1.31. The vertical direction
is given by y. Consider an infinitesimally small fluid element with sides of length
dx, dy, and dz. There are two types of forces acting on this fluid element: pressure
forces from the surrounding fluid exerted on the surface of the element, and the
gravity force due to the weight of the fluid inside the element. Consider forces in
the y direction. The pressure on the bottom surface of the element is p, and hence
the force on the bottom face is p(dx dz) in the upward direction, as shown in Figure

dp
(p+ dydy)dxdz
y O5—rih

| cx dy

pg(dx dy dz)

z

Figure 1.31 Forces on a fluid element in a stagnant
fluid.
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1.31. The pressure on the top surface of the element will be slightly different from
the pressure on the bottom because the top surface is at a different location in the
fluid. Let dp/dy denote the rate of change of p with respect to y. Then the pressure
exerted on the top surface will be p + (dp/dy) dy, and the pressure force on the top
of the element will be [p + (dp/dy) dy](dx dz) in the downward direction, as shown
in Figure 1.31. Hence, letting upward force be positive, we have

Net pressure force = p(dx dz) — (p + Z—pdy) (dx d2)
y
d

)
= —(dxdyd
dy(xyz)

Let p be the mean density of the fluid element. The total mass of the element is
pldx dydz). Therefore,

Gravity force = —p(dx dy dz)g

where g is the acceleration of gravity. Since the fluid element is stationary (in equi-
librium), the sum of the forces exerted on it must be zero:

d
—d—‘;' (dxdydz) — gp(dxdydz) =0

or dp = —gpdy [1.52]

Equation (1.52) is called the Hydrostatic equation; it is a differential equation which
relates the change in pressure dp in a fluid with a change in vertical height dy.

The net force on the element acts only in the vertical direction. The pressure
forces on the front and back faces are equal and opposite and hence cancel; the same
is true for the left and right faces. Also, the pressure forces shown in Figure 1.31 act
at the center of the top and bottom faces, and the center of gravity is at the center
of the elemental volume (assuming the fluid is homogeneous); hence, the forces in
Figure 1.31 are colinear, and as a result, there is no moment on the element.

Equation (1.52) governs the variation of atmospheric properties as a function of
altitude in the air above us. It is also used to estimate the properties of other planetary
atmospheres such as for Venus, Mars, and Jupiter. The use of Equation (1.52) in the
analysis and calculation of the “standard atmosphere” is given in detail in Reference
2; hence, it will not be repeated here.

Let the fluid be a liquid, for which we can assume o is constant. Consider points
1 and 2 separated by the vertical distance Ah as sketched on the right side of Figure
1.31. The pressure and y locations at these points are pj, k1, and p,, h», respectively.
Integrating Equation (1.52) between points 1 and 2, we have

P2 3
f dp = —pg f dy
P hy

or Pr— 1= —pglhy —h)) = pg Ah [1.53]
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where Ak = hy — h,. Equation (1.46) can be more conveniently expressed as

P2+ pghr = pr + pghi

or p + pgh = constant [1.54]

Note that in Equations (1.53) and (1.54), increasing values of A are in the positive
(upward) y direction.

A simple application of Equation (1.54) is the calculation of the pressure distri-
bution on the walls of a container holding a liquid, and open to the atmosphere at the
top. This is illustrated in Figure 1.32, where the top of the liquid is at a heght 4,. The
atmospheric pressure p, is impressed on the top of the liquid; hence, the pressure at
hy is simply p,. Applying Equation (1.54) between the top (where £ = A1) and an
arbitrary height /, we have

p+ pgh = py + pghy = ps + pghy
or p = pa+pglhy —h) [1.55]

Equation (1.55) gives the pressure distribution on the vertical sidewall of the container
as a function of . Note that the pressure is a linear function of 4 as sketched on the
right of Figure 1.32, and that p increases with depth below the surface.

Another simple and very common application of Equation (1.54) is the liquid-
filled U-tube manometer used for measuring pressure differences, as sketched in
Figure 1.33. The manometer is usually made from hollow glass tubing bent in the
shape of the letter U. Imagine that we have an aerodynamic body immersed in an
airflow (such as in a wind tunnel), and we wish to use a manometer to measure the
surface pressure at point b on the body. A small pressure orifice (hole) at point & is
connected to one side of the manometer via a long (usually flexible) pressure tube.
The other side of the manometer is open to the atmosphere, where the pressure p,
is a known value. The U tube is partially filled with a liquid of known density p.
The tops of the liquid on the left and right sides of the U tube are at points 1 and
2, with heights &, and &5, respectively. The body surface pressure p, is transmitted
through the pressure tube and impressed on the top of the liquid at point 1. The
atmospheric pressure p, is impressed on the top of the liquid at point 2. Because in
general p, # p,, the tops of the liquid will be at different heights; i.e., the two sides
of the manometer will show a displacement Ak = h; — hy of the fluid. We wish to

Pa P =po b Pq
Lore p=p,+
T Liquid pglhy ~ h)
_ . _j—r*
—pz,h2=0
Py * pghy

Figure 1.32 Hydrostatic pressure distribution
an the walls of a container.
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b

" ;
s Flexible pressure tube

. Ig_ Tube open to the
atmosphere

Liquid with density p
(frequently mercury
or silicone oil)

U-tube manometer (usually
made from glass tubing)

Figure 1.33 The use of @ U4ube manameter.

obtain the value of the surface pressure at point b on the body by reading the value
of Ah from the manometer. From Equation (1.54) applied between points 1 and 2,

Po + pgh1 = pa + pgh>
or Pb = Pa — pg(h1 — h2)
or Py = P, — p8 Ah [1.56]

In Equation (1.56), p,, p, and g are known, and A# is read from the U tube, thus
allowing p,, to be measured.

At the beginning of this section, we stated that a solid body immersed in a fluid
will experience a force even if there is no relative motion between the body and the
fluid. We are now in a position to derive an expression for this force, henceforth
called the buoyancy force. We will consider a body immersed in either a stagnant gas
or liquid, hence o can be a variable. For simplicity, consider a rectangular body of
unit width, length /, and height (2, — k), as shown in Figure 1.34. Examining Figure
1.34, we see that the vertical force F on the body due to the pressure distribution over
the surface is

F = (p, — pDI(D) [1.57]

There is no horizontal force because the pressure distributions over the vertical faces
of the rectangular body lead to equal and opposite forces which cancel each other.
In Equation (1.57), an expression for p» — p; can be obtained by integrating the
hydrostatic equation, Equation (1.52), between the top and bottom faces:

2 ha h|
m—m=f @=—f w®=f pgdy
” h| hz
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Solid or
hollow body

P, Element of fluid

"

z

Figure 1.34 Saurce af the buayancy force on a body
immersed in a fluid,

Substituting this result into Equation (1.57), we obtain for the buoyancy force
hy
F =1 pgdy [1.58]
ha
Consider the physical meaning of the integral in Equation (1.58). The weight of a
small element of fluid of height dy and width and length of unity as shown at the right
of Figure 1.34 is pg dy (1)(1). In turn, the weight of a column of fluid with a base of
unit area and a height (k; — h) is
i
f pgdy
ha

which is precisely the integral in Equation (1.58). Moreover, if we place / of these
fluid columns side by side, we would have a volume of fluid equal to the volume
of the body on the left of Figure 1.34, and the weight of this total volume of fluid

would be
h
! f pgdy
ha

which is precisely the right-hand side of Equation (1.58). Therefore, Equation (1.58)
states in words that

Buoyancy force _ weight of fluid
on body —displaced by body

We have just proved the well-known Archimedes principle, first advanced by the
Greek scientist, Archimedes of Syracuse (287-212 B.C.). Although we have used
a rectangular body to simplify our derivation, the Archimedes principle holds for
bodies of any general shape. (See Problem 1.14 at the end of this chapter.) Also, note
from our derivation that the Archimedes principle holds for both gases and liquids
and does not require that the density be constant.
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The density of liquids is usually several orders of magnitude larger than the
density of gases; e.g., for water p = 10° kg/m®, whereas for air p = 1.23 kg/m’.
Therefore, a given body will experience a buoyancy force a thousand times greater
in water than in air. Obviously, for naval vehicles buoyancy force is all important,
whereas for airplanes it is negligible. On the other hand, lighter-than-air vehicles,
such as blimps and hot-air balloons. rely on buoyancy force for sustenation; they
obtain sufficient buoyancy force simply by displacing huge volumes of air. For most
problems in aerodynamics, however, buoyancy force is so small that it can be readily
neglected.
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A hot-air balloon with an inflated diameter of 30 ft is carrying a weight of 800 Ib, which
includes the weight of the hot air inside the balloon. Calculate (¢) its upward acceleration
at sea level the instant the restraining ropes are released and (b) the maximum altitude it
can achieve. Assume that the variation of density in the standard atmosphere is given by
p =0.002377(1 — 7 x 107°h)*2!, where # is the altitude in feet and p is in slug/ft’.

{(a) At sea level, where h = 0, s = 0.002377 slug/ft’. The volume of the inflated balloon is
1m(15)> = 14,137 ft*. Hence,

Buoyancy force = weight of displaced air
=gpV
where g is the acceleration of gravity and V is the volume.

Buoyancy force = B = (32.2)(0.002377)(14,137) = 1082 1b

The net upward force at sea level is F = B — W, where W is the weight. From Newton’s
second law,

F=B—W=ma

where m is the mass, m = 3% = 24.8 sjug. Hence,
B—-W 1082 — 800
a = = =| 11.4 fus’
m 24 8

(b) The maximum altitude occurs when B = W = 800 Ib. Since B = gpV, and assuming the
balloon volume does not change,

_ B 800
T gV (32.2)(14.137)

From the given variation of p with altitude, £,

p = 0.00176 slug/ft’

p=0.002377(1 — 7 x 107°m)**' =0.00176

Solving for i, we obtain

1 0.00176 \ /**!
e 1o [ 2 =| 9842 ft
7 x 10-6 [ (0.002377)

Example 1.8
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1.10 TyPEs oF FLow

Anunderstanding of aerodynamics, like that of any other physical science, is obtained
through a “building-block™ approach—we dissect the discipline, form the parts into
nice polished blocks of knowledge, and then later attempt to reassemble the blocks
to form an understanding of the whole. An example of this process is the way
that different types of aerodynamic flows are categorized and visualized. Although
nature has no trouble setting up the most detailed and complex flow with a whole
spectrum of interacting physical phenomena, we must attempt to understand such
flows by modeling them with less detail, and neglecting some of the (hopefully) less
significant phenomena. As a result, a study of aerodynamics has evolved into a study
of numerous and distinct types of flow. The purpose of this section is to itemize
and contrast these types of flow, and to briefly describe their most important physical
phenomena.

1.10.1 ContTiINUUM VERSUS FREE MOLECULE FLOwW

Consider the flow over a body, say, e.g., a circular cylinder of diameter d. Also,
consider the fluid to consist of individual molecules, which are moving about in
random motion. The mean distance that a molecule travels between collisions with
neighboring molecules is defined as the mean-free path A. If A is orders of magnitude
smaller than the scale of the body measured by 4, then the flow appears to the body as
a continuous substance. The molecules impact the body surface so frequently that the
body cannot distinguish the individual molecular collisions, and the surface feels the
fluid as a continuous medium. Such flow is called confinuum flow. The other extreme
is where A is on the same order as the body scale; here the gas molecules are spaced so
far apart (relative to d) that collisions with the body surface occur only infrequently,
and the body surface can feel distinctly each molecular impact. Such flow is called free
molecular flow. For manned flight, vehicles such as the space shuttle encounter free
molecular flow at the extreme outer edge of the atmosphere, where the air density is so
low that A becomes on the order of the shuttle size. There are intermediate cases, where
flows can exhibit some characteristics of both continuum and free molecule flows;
such flows are generally labeled “low-density flows” in contrast to continuum flow.
By far, the vast majority of practical acrodynamic applications involve continuum
flows. Low-density and free molecule flows are just a small part of the total spectrum
of aerodynamics. Therefore, in this book we will always deal with continuum flow;
i.e., we will always treat the fluid as a continuous medium.

1.10.2 InvisciD VERSUS Viscous FLow

A major facet of a gas or liquid is the ability of the molecules to move rather freely, as
explained in Section 1.2. When the molecules move, even in a very random fashion,
they obviously transport their mass, momentum, and energy from one location to
another in the fluid. This transport on a molecular scale gives rise to the phenomena
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of mass diffusion, viscosity (friction), and thermal conduction. Such “transport phe-
nomena” will be discussed in detail in Chapter 15. For our purposes here, we need
only to recognize that all real flows exhibit the effects of these transport phenomena;
such flows are called viscous flows. In contrast, a flow that is assumed to involve no
friction, thermal conduction, or diffusion is called an inviscid flow. Inviscid flows do
not truly exist in nature; however, there are many practical aerodynamic flows (more
than you would think) where the influence of transport phenomena is small, and we
can model the flow as being inviscid. For this reason, more than 70 percent of this
book (Chapters 3 to 14) deals with inviscid flows.

Theoretically, inviscid flow is approached in the limit as the Reynolds number
goes to infinity (to be proved in Chapter 15). However, for practical problems,
many flows with high but finite Re can be assumed to be inviscid. For such flows, the
influence of friction, thermal conduction, and diffusion is limited to a very thin region
adjacent to the body surface (the boundary layer, to be defined in Chapter 17), and the
remainder of the flow outside this thin region is essentially inviscid. This division of
the flow into two regions is illustrated in Figure 1.35. Hence, the material discussed
in Chapters 3 to 14 applies to the flow outside the boundary layer. For flows over
slender bodies, such as the airfoil sketched in Figure 1.35, inviscid theory adequately
predicts the pressure distribution and lift on the body and gives a valid representation
of the streamlines and flow field away from the body. However, because friction
(shear stress) is a major source of aerodynamic drag, inviscid theories by themselves
cannot adequately predict total drag,

In contrast, there are some flows that are dominated by viscous effects. For
example, if the airfoil in Figure 1.35 is inclined to a high incidence angle to the flow
(high angle of attack), then the boundary layer will tend to separate from the top
surface, and a large wake is formed downstream. The separated flow is sketched at
the top of Figure 1.36; it is characteristic of the flow field over a “stalled” airfoil.
Separated flow also dominates the aerodynamics of blunt bodies, such as the cylinder
at the bottom of Figure 1.36. Here, the flow expands around the front face of the
cylinder, but separates from the surface on the rear face, forming a rather fat wake
downstream. The types of flow illustrated in Figure 1.36 are dominated by viscous

Flow outside the boundary

layer is inviscid Thin boundary layer of
viscous flow adjacent
to surface

Body surface

Figure 1.35  The divisian of a flow into two regions:
{1} the thin viscous boundary layer
adjacent to the body surface and (2] the
inviscid flow outside the boundary layer.
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Flow separation

Flow separation

Flow separation

Figure 1.36  Exomples of viscous-dominated
flow.

effects; no inviscid theory can independently predict the aerodynamics of such flows.
They require the inclusion of viscous effects, to be presented in Part 4.

1.10.3 INCOMPRESSIBLE VERSUS COMPRESSIBLE FLOWS

A flow in which the density p is constant is called incompressible. In contrast, a flow
where the density is variable is called compressible. A more precise definition of
compressibility will be given in Chapter 7. For our purposes here, we will simply note
that all flows, to a greater or lesser extent, are compressible; truly incompressible flow,
where the density is precisely constant, does not occur in nature. However, analogous
to our discussion of inviscid flow, there are a number of aerodynamic problems that
can be modeled as being incompressible without any detrimental loss of accuracy. For
example, the flow of homogeneous liquids is treated as incompressible, and hence
most problems involving hydrodynamics assume p — constant. Also, the flow of
gases at a low Mach number is essentially incompressible; for M < 0.3, it is always
safe to assume p = constant. (We will prove this in Chapter 8.) This was the flight
regime of all airplanes from the Wright brothers’ first flight in 1903 to just prior to
World War II. It is still the flight regime of most small, general aviation aircraft of
today. Hence, there exists a large bulk of aerodynamic experimental and theoretical
data for incompressible flows. Such flows are the subject of Chapters 3 to 6. On the
other hand, high-speed flow (near Mach 1 and above) must be treated as compressible;
for such flows p can vary over wide latitudes. Compressible flow is the subject of
Chapters 7 to 14.
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1.10.4 MacH NUMBER REGIMES

Of all the ways of subdividing and describing different aerodynamic flows, the dis-
tinction based on the Mach number is probably the most prevalent. If M is the local
Mach number at an arbitrary point in a flow field, then by definition the flow is locally:

Subsonicif M < 1
Sonicif M = |

Supersonic it M > 1

Looking at the whole field simultaneously, four different speed regimes can be iden-
tified using Mach number as the criterion:

1.

Subsonic flow (M < 1 everywhere). A flow field is defined as subsonic if the
Mach number is less than 1 at every point. Subsonic flows are characterized
by smooth streamlines (no discontinuity in slope), as sketched in Figure 1.37a.
Moreover, since the flow velocity is everywhere less than the speed of sound,
disturbances in the flow (say, the sudden deflection of the trailing edge of the
airfoil in Figure 1.37a) propagate both upstream and downstream, and are felt
throughout the entire flow field. Note that a freestream Mach number M, less
than 1 does not guarantee a totally subsonic flow over the body. Inexpanding over
an aerodynamic shape, the flow velocity increases above the freestream value,
and if M, is close enough to 1, the local Mach number may become supersonic
in certain regions of the flow. This gives rise to a rule of thumb that M, < 0.8
for subsonic flow over slender bodies. For blunt bodies, M., must be even lower
to ensure totally subsonic flow. (Again, emphasis is made that the above is justa
loose rule of thumb and should not be taken as a precise quantitative definition.)
Also, we will show later that incompressible flow is a special limiting case of
subsonic flow where M — 0.

Transonic flow (mixedregions where M < 1and M > 1). Asstated above, it Mo
is subsonic but is near unity, the flow can become locally supersonic (M > 1).
This is sketched in Figure 1.37b, which shows pockets of supersonic flow over
both the top and bottom surfaces of the airfoil, terminated by weak shock waves
behind which the flow becomes subsonic again. Moreover, if M is increased
slightly above unity, a bow shock wave is formed in front of the body; behind this
shock wave the flow is locally subsonic, as shown in Figure 1.37¢. This subsonic
flow subsequently expands to a low supersonic value over the airfoil. Weak
shock waves are usually generated at the trailing edge, sometimes in a “fishtail”
pattern as shown in Figure 1.37¢. The flow fields shown in Figure 1.37b and ¢
are characterized by mixed subsonic-supersonic flows and are dominated by the
physics of both types of flow. Hence, such flow fields are called transonic flows.
Again, as arule of thumb for slender bodies, transonic flows occur for freestream
Mach numbers in the range 0.8 < My < 1.2.

Supersonic flow (M > 1 everywhere). A flow field is defined as supersonic if the
Mach number is greater than 1 at every point. Supersonic flows are frequently
characterized by the presence of shock waves across which the flow properties
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(@) Subsonic flow

0.8< Mo < | (b) Transonic flow
—_— e T T M>1_T____>————" with Moo < 1

(¢) Transonic flow

Expansion wave

Moa>1.2 (d) Supersonic flow

= _Thin, hot
_mrmaw  shock layer
Moo>5 with viscous  (¢) Hypersonic flow
—

interaction
and chemical
reactions

Figure 1.37 Different regimes af flow.

and streamlines change discontinuously (in contrast to the smooth, continuous
variations in subsonic flows). This is illustrated in Figure 1.37d for supersonic
flow over a sharp-nosed wedge; the flow remains supersonic behind the oblique
shock wave from the tip. Also shown are distinct expansion waves, which are
common in supersonic flow. (Again, the listing of M,, > 1.2 is strictly a rule of
thumb. Forexample, in Figure 1.374, if 8 is made large enough, the oblique shock
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wave will detach from the tip of the wedge, and will form a strong, curved bow
shock ahead of the wedge with a substantial region of subsonic flow behind the
wave. Hence, the totally supersonic flow sketched in Figure 1.37d is destroyed
if 8 1s too large for a given M. This shock detachment phenomenon can
occur at any value of My, > 1, but the value of  at which it occurs increases
as My, increases. In turn, if 6 is made infinitesimally small, the flow field in
Figure 1.37d holds for M., > 1.0. These matters will be considered in detail
in Chapter 9. However, the above discussion clearly shows that the listing of
My > 1.2 in Figure 1.37d is a very tenuous rule of thumb, and should not be
taken literally.) In a supersonic flow, because the local flow velocity is greater
than the speed of sound, disturbances created at some point in the flow cannot
work their way upstream (in contrast to subsonic flow). This property is one of
the most significant physical differences between subsonic and supersonic flows.
Is is the basic reason why shock waves occur in supersonic flows, but do not
occur in steady subsonic flow. We will come to appreciate this difference more
fully in Chapters 7 to 14.

4. Hypersonic flow (very high supersonic speeds). Refer again to the wedge in Fig-
ure 1.37d. Assume 6 is a given, fixed value. As M, increases above 1, the shock
wave moves closer to the body surface. Also, the strength of the shock wave in-
creases, leading to higher temperatures in the region between the shock and the
body (the shock layer). If M, is sufficiently large, the shock layer becomes very
thin, and interactions between the shock wave and the viscous boundary layer
on the surface occur. Also, the shock layer temperature becomes high enough
that chemical reactions occur in the air. The O, and N; molecules are torn apart;
i.e., the gas molecules dissociate. When M., becomes large enough such that
viscous interaction and/or chemically reacting effects begin to dominate the flow
(Figure 1.37¢), the flow field is called hypersonic. (Again, a somewhat arbitrary
but frequently used rule of thumb for hypersonic flow is M. > 5.) Hypersonic
aerodynamics received a great deal of attention during the period 1955-1970
because atmospheric entry vehicles encounter the atmosphere at Mach numbers
between 25 (ICBMs) and 36 (the Apollo lunar return vehicle). Again during
the period 1985-1095, hypersonic flight received a great deal of attention with
the concept of air-breathing supersonic- combustion ramjet-powered transatmo-
spheric vehicles to provide single-stage-to-orbit capability. Today, hypersonic
aerodynamics is just part of the whole spectrum of realistic flight speeds. Some
basic elements of hypersonic flow are treated in Chapter 14.

In summary, we attempt to organize our study of aerodynamic flows according
to one or more of the various categories discussed in this section. The block diagram
in Figure 1.38 is presented to help emphasize these categories and to show how they
are related. Indeed, Figure 1.38 serves as a road map for this entire book. All the
material to be covered in subsequent chapters fits into these blocks, which are lettered
for easy reference. Forexample, Chapter 2 contains discussions of some fundamental
aerodynamic principles and equations which fit into both blocks C and D. Chapters
3 to 6 fit into blocks D and E, Chapter 7 fits into blocks D and F, etc. As we proceed
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Figure 1.38 Block diagram categarizing the types of
aerodynamic flows.

with our development of aerodynamics, we will frequently refer to Figure 1.38 in
order to help put specific, detailed material in proper perspective relative to the whole
of aerodynamics.

1.11 APPLIED AERODYNAMICS: THE AERODYNAMIC
COEFFICIENTS — THEIR MAGNITUDES
AND VARIATIONS

With the present section, we begin a series of special sections in this book under
the general heading of “applied aerodynamics.” The main thrust of this book is to
present the fundamentals of aerodynamics, as is reflected in the book’s title. How-
ever, applications of these fundamentals are liberally sprinkled throughout the book,
in the text material, in the worked examples, and in the homework problems. The
term applied aerodynamics normally implies the application of aerodynamics to the
practical evaluation of the aerodynamic characteristics of real configurations such as
airplanes, missiles, and space vehicles moving through an atmosphere (the earth’s,
or that of another planet). Therefore, to enhance the reader’s appreciation of such
applications, sections on applied aerodynamics will appear near the end of many of
the chapters. To be specific, in this section, we address the matter of the aerody-
namic coefficients defined in Section 1.5; in particular, we focus on lift, drag, and
moment coefficients. These nondimensional coefficients are the primary language of
applications in external aerodynamics (the distinction between external and internal
aerodynamics was made in Section 1.2). It is important for you to obtain a feeling for
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typical values of the aerodynamic coefficients. (For example, do you expect a drag
coefficient to be as low as 107>, or maybe as high as 1000—does this make sense?)
The purpose of this section is to begin to provide you with such a feeling, at least for
some common aerodynamic body shapes. As you progress through the remainder
of this book, make every effort to note the typical magnitudes of the aerodynamic
coefficients that are discussed in various sections. Having a realistic feel for these
magnitudes is part of your technical maturity.

Question: What are some typical drag coefficients for various acrodynamic con-
figurations? Some basic values are shown in Figure 1.39. The dimensional analysis
described in Section 1.7 proved that Cp = f(M,Re). In Figure 1.39, the drag-
coefficient values are for low speeds, essentially incompressible flow; therefore, the
Mach number does not come into the picture. (For all practical purposes, for an
incompressible flow, the Mach number is theoretically zero, not because the velocity
goes to zero, but rather because the speed of sound is infinitely large. This will be
made clear in Section 8.3.) Thus, for a low-speed flow, the acrodynamic coefficients
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Figure 1.39 Drag coefficients for various aerodynamic shapes. {Source:

Talay, T. A., Introduction to the Aerodynamics of Flight, NASA
SP367. 1975.)
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for a fixed shape at a fixed orientation to the flow are functions of just the Reynolds
number. In Figure 1.39, the Reynolds numbers are listed at the left and the drag-
coefficient values at the right. In Figure 1.394, a flat plate 1s oriented perpendicular to
the flow; this configuration produces the largest possible drag coefficient of any con-
ventional configuration, namely, Cp = D’/gsS = 2.0, where S is the frontal area per
unit span, 1.e., § = (d)(1), where d is the height of the plate. The Reynolds number
is based on the height d; i.e., Re = peo Vood/ oo = 10°. Figure 1.39b illustrates flow
over a circular cylinder of diameter d; here, Cpp = 1.2, considerably smaller than the
vertical plate value in Figure 1.39a. The drag coefficient can be reduced dramatically
by streamlining the body, as shown in Figure 1.39¢. Here, Cp = 0.12; this is an
order of magnitude smaller than the circular cylinder in Figure 1.395. The Reynolds
numbers for Figure 1.39a, b, and ¢ are all the same value, based on d (diameter).
The drag coefficients are all defined the same, based on a reference area per unit span
of (d)(1). Note that the flow fields over the configurations in Figure 1.394a, b, and
¢ show a wake downstream of the body; the wake is caused by the flow separating
from the body surface, with a low-energy, recirculating flow inside the wake. The
phenomenon of flow separation will be discussed in detail in Part 4 of this book,
dealing with viscous flows. However, it is clear that the wakes diminish in size as
we progressively go from Figure 1.39q, b, and ¢. The fact that Cp also diminishes
progressively from Figure 1.39a, b, and ¢ 1s no accident—it is a direct result of the
regions of separated flow becoming progressively smaller. Why is this so? Simply
consider this as one of the many interesting questions in aerodynamics—a question
that will be answered in due time in this book. Note, in particular that the physical
effect of the streamlining in Figure 1.39¢ results in a very small wake, hence a small
value for the drag coefficient.

Consider Figure 1.394, where once again a circular cylinder is shown, but of
much smaller diameter. Since the diameter here 15 0.14, the Reynolds number is now
10* (based on the same freestream Voo, poo, and iloe as Figure 1.39¢, b, and ¢). It
will be shown in Chapter 3 that Cp for a circular cylinder is relatively independent
of Re between Re = 10* and 10°. Since the body shape is the same between Figure
1.39d and b, namely, a circular cylinder, then Cp is the same value of 1.2 as shown
in the figure. However, since the drag is given by D’ = g,,SCp, and S is one-tenth
smaller in Figure 1.394, then the drag force on the small cylinder in Figure 1.394 is
one-tenth smaller than that in Figure 1.395.

Another comparison is illustrated in Figure 1.39¢ and 4. Here we are comparing
a large streamlined body of thickness d with a small circular cylinder of diameter
0.14. For the large streamlined body in Figure 1.39¢,

D' = qxSCp = 0.12¢9..d
For the small circular cylinder in Figure 1.394,
D' = g5oSCp = qoo(0.1d)(1.2) = 0.12q0d

The drag values are the same! Thus, Figure 1.3¢ and d illustrate that the drag on
a circular cylinder is the same as that on the streamlined body which is ten times
thicker—another way of stating the aerodynamic value of streamlining.
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As a final note in regard to Figure 1.39, the flow over a circular cylinder is again
shown in Figure 1.39¢. However, now the Reynolds number has been increased to
107, and the cylinder drag coefficient has decreased to 0.6—a dramatic factor of two
less than in Figure 1.395 and 4. Why has C, decreased so precipitously at the higher
Reynolds number? The answer must somehow be connected with the smaller wake
behind the cylinder in Figure 1.39¢ compared to Figure 1.395. What is going on
here? This is one of the fascinating questions we will answer as we progress through
our discussions of aerodynamics in this book—an answer that will begin with Section
3.18 and culminate in Part 4 dealing with viscous flow.

At this stage, pause for a moment and note the values of C p for the aerodynamic
shapes in Figure 1.39. With Cp based on the frontal projected area (S = d(1) per
unit span), the values of Cp range from a maximum of 2 to numbers as low as 0.12.
These are typical values of Cp for aerodynamic bodies.

Also, note the values of Reynolds number given in Figure 1.39. Consider a
circular cylinder of diameter 1 m in a flow at standard sea level conditions (0o, =
1.23 kg/m?® and pio = 1.789 x 107> kg/m - ) with a velocity of 45 m/s (close to 100
mi‘h). For this case,

d  (1.23)45)(1
_ PeVeod  (2HAHMD o 006
lioo 1.789 x 105

Note that the Reynolds number is over 3 million; values of Re in the millions are
typical of practical applications in aerodynamics. Therefore, the large numbers given
for Re in Figure 1.39 are appropriate.

Let us examine more closely the nature of the drag exerted on the various bodies
in Figure 1.39. Since these bodies are at zero angle of attack, the drag is equal to the
axial force. Hence, from Equation (1.8) the drag per unit span can be written as

Re

TE TE
D = f —pusinfds, + f p;sin6 ds; [1.591]
[ LE LE |

pressure drag

TE TE
+ f T, c080ds, + f T, cos 6 dsy
LE LE

L |

skin friction drag

That is, the drag on any aerodynamic body is composed of pressure drag and skin
friction drag; this is totally consistent with our discussion in Section 1.5, where it
is emphasized that the only two basic sources of aerodynamic force on a body are
the pressure and shear stress distributions exerted on the body surface. The division
of total drag onto its components of pressure and skin friction drag is frequently
useful in analyzing aerodynamic phenomena. For example, Figure 1.40 illustrates
the comparison of skin friction drag and pressure drag for the cases shown in Figure
1.39. InFigure 1.40, the bar charts at the right of the figure give the relative drag force
on each body; the cross-hatched region denotes the amount of skin friction drag, and
the blank region is the amount of pressure drag. The freestream density and viscosity
are the same for Figure 1.40a to ¢; however, the freestream velocity V. is varied by
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Figure 1.40 The relative comparison between skin friction drag and pressure drag
for various aerodynamic shapes. [Source: Talay, T. A., Introduction to
the Aerodynamics of Flight, NASA SP-367, 1975.)

the necessary amount to achieve the Reynolds numbers shown. That is, comparing
Figure 1.40b and e, the value of V, is much larger for Figure 1.40e. Since the drag
force is given by

D' = 1pVZSCp

then the drag for Figure 1.40¢ is much larger than for Figure 1.406. Also shown
in the bar chart is the equal drag between the streamlined body of thickness d and
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the circular cylinder of diameter 0.14d—a comparison discussed earlier in conjunction
with Figure 1.39. Of most importance in Figure 1.40, however, is the relative amounts
of skin friction and pressure drag for each body. Note that the drag of the vertical flat
plate and the circular ¢ylinders is dominated by pressure drag, whereas, in contrast,
most of the drag of the streamlined body is due to skin friction. Indeed, this type of
comparison leads to the definition of two generic body shapes in aerodynamics, as
follows:

Blunt body = a body where most of the drag is pressure drag
Streamlined body = a body where most of the drag is skin friction drag

In Figures 1.39 and 1.40, the vertical flat plate and the circular cylinder are clearly
blunt bodies.

The large pressure drag of blunt bodies is due to the massive regions of flow sep-
aration which can be seen in Figures 1.39 and 1.40. The reason why flow separation
causes drag will become clear as we progress through our subsequent discussions.
Hence, the pressure drag shown in Figure 1.40 is more precisely denoted as “pres-
sure drag due to flow separation”; this drag is frequently called form drag. (For an
elementary discussion of form drag and its physical nature, see Reference 2.)

Let us now examine the drag on a flat plate at zero angle of attack, as sketched
in Figure 1.41. Here, the drag is completely due to shear stress; there is no pressure
force in the drag direction. The skin friction drag coefficient is defined as

D’ D’

Cr=— =
! GocS gocc(1)

where the reference area is the planform area per unit span, i.e., the surface area
as seen by looking down on the plate from above. C; will be discussed further in
Chapter 16. However, the purpose of Figure 1.41 is to demonstrate that:
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Figure 1.41 Variatian of laminar and turbulent skin friction coefficient for a flat plate

as a function of Reynolds number based on the chard length of the plate.
The intermediate dashed curves are associated with various transitian
paths from laminar flow to turbulent flow.



66

FUNDAMENTALS OF AERODYNAMICS

1. Cyisastrong function of Re, where Re is based on the chord length of the plate,
Re = poo Voo€/ 1too. Note that C s decreases as Re increases.

2. The value of C; depends on whether the flow over the plate surface is laminar
or turbulent, with the turbulent C s being higher than the laminar C ¢ at the same
Re. What is going on here? What is laminar flow? What is turbulent flow? Why
does it affect Cs? The answers to these questions will be addressed in Chapters
15,17, and 18.

3. The magnitudes of C range typically from 0.001 to 0.01 over a large range of
Re. These numbers are considerably smaller than the drag coefficients listed in
Figure 1.39. This is mainly due to the different reference areas used. In Figure
1.39, the reference area is a cross-sectional area normal to the flow; in Figure
1.41, the reference area is the planform area.

A flat plate is not a very practical aerodynamic body—it simply has no volume.
Let us now consider a body with thickness, namely, an airfoil section. An NACA
63-210 airfoil section is one such example. The variation of the drag coefficient, cq,
with angle of attack is shown in Figure 1.42. Here, as usual, ¢, is defined as

D/

doo€

Cqg =
where I is the drag per unit span. Note that the lowest value of ¢, is about 0.0045.
The NACA 63-210 airfoil is classified as a “laminar-flow airfoil” because itis designed

to promote such a flow at small «. This is the reason for the “bucketlike” appearance
of the ¢, curve at low «; at higher «, transition to turbulent flow occurs over the airfoil

0.02—
0.016 -

¢ 0012
0.008 —

0.004 -

a, degrees

Flgure 1.42  Variatian of section drag coefficient far
an NACA 63-210 airfoil. Re = 3 x 10°.
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surface, causing a sharp increase in ¢,s. Hence, the value of ¢; = 0.0045 occurs in a
laminar flow. Note that the Reynolds number is 3 million. Once again, a reminder is
given that the various aspects of laminar and turbulent flows will be discussed in Part
4. The main point here is to demonstrate that typical airfoil drag-coefficient values
are on the order of 0.004 to 0.006. As in the case of the streamlined body in Figures
1.39 and 1.40, most of this drag is due to skin friction. However, at higher values of
o, flow separation over the top surface of the airfoil begins to appear and pressure
drag due to flow separation (form drag) begins to increase. This is why ¢, increases
with increasing ¢ in Figure 1.42.

Let us now consider a complete airplane. In Chapter 3, Figure 3.2 is a photograph
of the Seversky P-35, a typical fighter aircraft of the late 1930s. Figure 1.43 is a
detailed drag breakdown for this type of aircraft. Configuration 1 in Figure 1.43 is the
stripped-down, aerodynamically cleanest version of this aircraft; its drag coefficient
(measured at an angle of attack corresponding to a lift coefficient of C; = 0.15) is

Airplane condition

67

Condition Cp A ACp.
number | Description (C.=0.15) Co o
1 Completely faired condilion, 0.0166
long nose fairing
2 Completely faired condition, 0.0169
bluni nose fairing
3 Original cowling added, no 0.0186 0.0020 12.0
airflow through cowling
4 Landing-gear seals and 0.0188 0.0002 1.2
fairing removed
5 Oil cooler installed 0.0205 0.0017 10.2
6 Canopy fairing removed 0.0203 -0.0002 |-1.2
7 Carburetor air scoop added 0.0209 0.0006 36
8 Sanded walkway added 0.0216 0.0007 4.2
9 Ejecior chute added 0.0219 0.0003 1.8
10 Exhaust stacks added 0.0225 0.0006 3.6
11 Imercooler added 0.0236 0.0011 6.6
12 Cowling exit opened 0.0247 0.0011 6.6
13 Accessory exit opened 0.0252 0.0005 30
14 Cowling fairing and seals 0.0261 0.0009 54
removed
15 Cockpit ventilator opened 0.0262 0.0001 0.6
16 Cowling venturi installed 0.0264 0.0002 1.2
17 Blast tubes added 0.0267 0.0003 1.8
18 Anilenna inslatled 0.0275 0.0008 438
Total 0.0109

“Percentages based on complelely faired condition with long nose fairing.

Figure 1.43 The breakdown af various sources of drag on a late 1930s airplane, the Seversky XP-41 [derived from
the Seversky P-35 shown in Figure 3.2). [Source: Experimental data from Coe, Paul J., “Review of
Drag Cleanup Tests in Langley Full-Scale Tunnel (From 1935 to 1945} Applicable to Current General

Aviation Airplanes,” NASA TN-D-8206, 1976.]
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Cp = 0.0166. Here, Cp is defined as

C D
D 7S

where D is the airplane drag and S is the planform area of the wing. For configurations
2 through 18, various changes are progressively made in order to bring the aircraft to its
conventional, operational configuration. The incremental drag increases due to each
one of these additions are tabulated in Figure 1.43. Note that the drag coefficient is
increased by more than 65 percent by these additions; the value of Cp, for the aircraft
in full operational condition is 0.0275. This is a typical airplane drag-coefficient
value. The data shown in Figure 1.43 were obtained in the full-scale wind tunnel at
the NACA Langley Memorial Laboratory just prior to World War II. (The full-scale
wind tunnel has test-section dimensions of 30 by 60 ft, which can accommodate a
whole airplane—hence the name “full-scale.”)

The values of drag coefficients discussed so far in this section have applied to
low-speed flows. In some cases, their variation with the Reynolds number has been
illustrated. Recall from the discussion of dimensional analysis in Section 1.7 that
drag coefficient also varies with the Mach number. Question: What is the effect of
increasing the Mach number on the drag coefficient of an airplane? Consider the
answer to this question for a Northrop T-38A jet trainer, shown in Figure 1.44. The
drag coefficient for this airplane is given in Figure 1.45 as a function of the Mach
number ranging from low subsonic to supersonic. The aircraft is at a small negative
angle of attack such that the lift is zero, hence the Cp in Figure 1.45 is called the zero-
lift drag coefficient. Note that the value of Cp is relatively constant from M = 0.1 to
about 0.86. Why? At Mach numbers of about 0.86, the Cp rapidly increases. This
large increase in Cp near Mach one is typical of all flight vehicles. Why? Stay tuned;
the answers to these questions will become clear in Part 3 dealing with compressible
flow. Also, note in Figure 1.45 that at low subsonic speeds, Cp, isabout 0.015. This s
considerably lower than the 1930s-type airplane illustrated in Figure 1.43; of course,
the T-38 is a more modern, sleek, streamlined airplane, and its drag coefficient should
be smaller.

We now turn our attention to lift coefficient and examine some typical values,
As a complement to the drag data shown in Figure 1.42 for an NACA 63-210 airfoil,
the variation of lift coefficient versus angle of attack for the same airfoil is shown
in Figure 1.46. Here, we see ¢; increasing linearly with o until a maximum value
is obtained near ¢ = 14°, beyond which there is a precipitous drop in lift. Why
does ¢; vary with o in such a fashion—in particular, what causes the sudden drop
in ¢; beyond @ = 14°? An answer to this question will evolve over the ensuing
chapters. For our purpose in the present section, observe the values of ¢;; they vary
from about —1.0 to a maximum of 1.5, covering a range of « from —12 to 14°.
Conclusion: For an airfoil, the magnitude of ¢; is about a factor of 100 larger than cy.
A particularly important figure of merit in aerodynamics is the ratio of lift to drag, the
so-called L/ D ratio; many aspects of the flight performance of a vehicle are directly
related to the L/D ratio (see, e.g., Reference 2). Other things being equal, a higher
L /D means better flight performance. For an airfoil—a configuration whose primary
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Figure 1.44  Threeiew of the Northrop T-38 jet trainer. (Courtesy of the U.S. Air
Force.)

function is to produce lift with as little drag as possible—values of L/D are large.
For example, from Figures 1.42 and 1.46, at « = 4°, ¢; = 0.6 and ¢; = 0.0046,
yielding L/D = 535 = 130. This value is much larger than those for a complete
airplane, as we will soon see.

To illustrate the lift coefficient for a complete airplane, Figure 1.47 shows the
variation of C, with « for the T-38 in Figure 1.44. Three curves are shown, each for
a different flap deflection angle. (Flaps are sections of the wing at the trailing edge
which, when deflected downward, increase the lift of the wing. See Section 5.17 of
Reference 2 for a discussion of the aerodynamic properties of flaps.) Note that at a
given «, the deflection of the flaps increases Cy. The values of C; shown in Figure
1.47 are about the same as that for an airfoil—on the order of 1. On the other hand,
the maximum L /D ratio of the T-38 is about 10—considerably smaller than that for
an airfoil alone. Of course, an airplane has a fuselage, engine nacelles, etc., which
are elements with other functions than just producing lift, and indeed produce only
small amounts of lift while at the same time adding a lot of drag to the vehicle. Thus,

the L /D ratio for an airplane is expected to be much less than that for an airfoil alone.
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Moreover, the wing on an airplane experiences a much higher pressure drag than an
airfoil due to the adverse aerodynamic effects of the wing tips (a topic for Chapter
5). This additional pressure drag is called induced drag, and for short, stubby wings,
such as on the T-38, the induced drag can be large. (We must wait until Chapter 5
to find out about the nature of induced drag.) As a result, the L/ D ratio of the T-38
is fairly small as most airplanes go. For example, the maximum L /D ratio for the
Boeing B-52 strategic bomber is 21.5 (see Reference 48). However, this value is still
considerably smaller than that for an airfoil alone.

Finally, we turn our attention to the values of moment coefficients. Figure 1.48
1llustrates the variation of ¢, /4 for the NACA 63-210 airfoil. Note that this 1s a neg-
ative quantity; all conventional airfoils produce negative, or “pitch-down,” moments.
(Recall the sign convention for moments given in Section 1.5.) Also, notice that its
value is on the order of —0.035. This value is typical of a moment coefficient—on
the order of hundredths.
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Cri.c4

Figure 1.48 Variatian af sectian mament
caefficient about the quarter
chard for an NACA 63-210
airfoil. Re = 3 x 10°.

With this, we end our discussion of typical values of the aerodynamic coefficients
defined in Section 1.5. At this stage, you should reread this section, now from the
overall perspective provided by a first reading, and make certain to fix in your mind
the typical values discussed—it will provide a useful “calibration” for our subsequent
discussions.

1.12 HistoRICAL NOTE: THE ILLUSIVE CENTER
OF PRESSURE

The center of pressure of an airfoil was an important matter during the development
of aeronautics. It was recognized in the nineteenth century that, for a heavier-than-
air machine to fly at stable, equilibrium conditions (e.g., straight-and-level flight),
the moment about the vehicle’s center of gravity must be zero (see Chapter 7 of
Reference 2). The wing lift acting at the center of pressure, which is generally a
distance away from the center of gravity, contributes substantially to this moment.
Hence, the understanding and prediction of the center of pressure was felt to be
absolutely necessary in order to design a vehicle with proper equilibrium. On the
other hand, the early experimenters had difficulty measuring the center of pressure,
and much confusion reigned. Let us examine this matter further.

The first experiments to investigate the center of pressure of a lifting surface were
conducted by the Englishman George Cayley (1773-1857) in 1808, Cayley was the
inventor of the modern concept of the airplane, namely, a vehicle with fixed wings,
a fuselage, and a tail. He was the first to separate conceptually the functions of lift
and propulsion; prior to Cayley, much thought had gone into ornithopters—machines
that flapped their wings for both lift and thrust. Cayley rejected this idea, and in
1799, on a silver disk now in the collection of the Science Museum in London, he
inscribed a sketch of a rudimentary airplane with all the basic elements we recognize
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today. Cayley was an active, inventive, and long-lived man, who conducted numerous
pioneering aerodynamic experiments and fervently believed that powered, heavier-
than-air, manned flight was inevitable. (See Chapter 1 of Reference 2 for an extensive
discussion of Cayley’s contributions to aeronautics.)

In 1808, Cayley reported on experiments of a winged model which he tested as
a glider and as a kite. His comments on the center of pressure are as follows:

By an experiment made with a large kite formed of an hexagon with wings extended
from it, all so constructed as to present a hollow curve to the current, I found that
when loaded nearly to 1 1b to a foot and 1/2, it required the center of gravity to be
suspended so as to leave the anterior and posterior portions of the surface in the ratio
of 3 to 7. But as this included the tail operating with a double leverage behind, 1
think such hollow surfaces relieve about an equal pressure on each part, when they
are divided in the ratio of 5 to 12, 5 being the anterior portion. It is really surprising
to find so great a difference, and it obliges the center of gravity of flying machines
to be much forwarder of the center of bulk (the centroid) than could be supposed a
priori.

Here, Cayley is saying that the center of pressure is 5 units from the leading edge
and 12 units from the trailing edge; i.e., x;;, = 5/17c. Later, he states in addition: I
tried a small square sail in one plane, with the weight nearly the same, and I could
not perceive that the center-of-resistance differed from the center of bulk.” That is,
Cayley is stating that the center of pressure in this case is 1/2¢.

There is no indication from Cayley’s notes that he recognized that center of
pressure moves when the lift, or angle of attack, is changed. However, there is no
doubt that he was clearly concerned with the location of the center of pressure and its
effect on aircraft stability.

The center of pressure on a flat surface inclined at a small angle to the flow
was studied by Samuel P. Langley during the period 1887-1896. Langley was the
secretary of the Smithsonian at that time, and devoted virtually all his time and much
of the Smithsonian’s resources to the advancement of powered flight. Langley was a
highly respected physicist and astronomer, and he approached the problem of powered
flight with the systematic and structured mind of a scientist. Using a whirling arm
apparatus as well as scores of rubber-band powered models, he collected a large bulk
of aerodynamic information with which he subsequently designed a full-scale aircraft.
The efforts of Langley to build and fly a successful airplane resulted in two dismal
failures in which his machine fell into the Potomac River—the last attempt being just
0 days before the Wright brothers’ historic first flight on December 17, 1903. In spite
of these failures, the work of Langley helped in many ways to advance powered flight.
(See Chapter 1 of Reference 2 for more details.)

Langley’s observations on the center of pressure for a flat surface inclined to the
flow are found in the Langley Memoir on Mechanical Flight, Part I, 1887 to 1896, by
Samuel P. Langley, and published by the Smithsonian Institution in 1911—5 years
after Langley’s death. In this paper, Langley states:

The center-of-pressure in an advancing plane in soaring flight is always in advance of
the center of figure, and moves forward as the angle-of-inclination of the sustaining
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surfaces diminishes, and, to a less extent, as horizontal flight increases in velocity.
These facts furnish the elementary ideas necessary in discussing the problem of
equilibrium, whose solution is of the most vital importance to successful flight.

The solution would be comparatively simple if the position of the center-of-
pressure could be accurately known beforehand, but how difficult the solution is
may be realized from a consideration of one of the facts just stated, namely, that the
position of the center-of- pressure in horizontal flight shifts with velocity of the flight
itself.

Here, we see that Langley is fully aware that the center of pressure moves over
a lifting surface, but that its location is hard to pin down. Also, he notes the correct
variation for a flat plate, namely, x., moves forward as the angle of attack decreases.
However, he is puzzled by the behavior of x, for a curved (cambered) airfoil. In his
own words:

Later experiments conducted under my direction indicate that upon the curved sur-
faces I employed, the center-of-pressure moves forward with an increase in the angle
of elevation, and backward with a decrease, so that it may lie even behind the center
of the surface. Since for some surfaces the center-of-pressure moves backward, and
for others forward, it would seem that there might be some other surface for which
it will be fixed.

Here, Langley is noting the totally opposite behavior of the travel of the center of
pressure on a cambered airfoil in comparison to a flat surface, and is indicating ever
so slightly some of his frustration in not being able to explain his results in a rational
scientific way.

Three-hundred-fifty miles to the west of Langley, in Dayton, Ohio, Orville and
Wilbur Wright were also experimenting with airfoils. As described in Section 1.1,
the Wrights had constructed a small wind tunnel in their bicycle shop with which they
conducted aerodynamic tests on hundreds of different airfoil and wing shapes during
the fall, winter, and spring of 1801-1902. Clearly, the Wrights had an appreciation
of the center of pressure, and their successful airfoil design used on the 1903 Wright
Flyer is a testimonial to their mastery of the problem. Interestingly enough, in the
written correspondence of the Wright brothers, only one set of results for the center
of pressure can be found. This appears in Wilbur’s notebook, dated July 25, 1905, in
the form of a table and a graph. The graph is shown in Figure 1.49—the original form
as plotted by Wilbur. Here, the center of pressure, given in terms of the percentage
of distance from the leading edge, is plotted versus angle of attack. The data for
two airfoils are given, one with large curvature (maximum height to chord ratio =
1/12) and one with more moderate curvature (maximum height to chord ratio = 1/20).
These results show the now familiar travel of the center of pressure for a curved airfoil,
namely, x., moves forward as the angle of attack is increased, at least for small to
moderate values of «. However, the most forward excursion of x, in Figure 1.49
is 33 percent behind the leading edge—the center of pressure is always behind the
quarter-chord point.

The first practical airfoil theory, valid for thin airfoils, was developed by Ludwig
Prandtl and his colleagues at Gottingen, Germany, during the period just prior to and
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Figure 1.49  Wright brothers’ measurements of the center of pressure as a function of angle af
attack for a curved {cambered) airfoil. Center of pressure is plotted on the ordinate in
terms of percentage distance along the chord from the leading edge. This figure
shows the actual data as hand plotted by Wilbur Wright, which appears in Wilbur’s
notebook dated July 25, 1905.

during World War 1. This thin airfoil theory is described in detail in Chapter 4. The
result for the center of pressure for a curved (cambered) airfoil is given by Equation
(4.66), and shows that x, moves forward as the angle of attack (hence ¢;) increases,
and that itis always behind the quarter-chord point for finite, positive values of ¢;. This
theory, in concert with more sophisticated wind-tunnel measurements that were being
made during the period 1915-1925, finally brought the understanding and prediction
of the location of the center of pressure for a cambered airfoil well into focus.
Because x., makes such a large excursion over the airfoil as the angle of attack
is varied, its importance as a basic and practical airfoil property has diminished.
Beginning in the early 1930s, the National Advisory Committee for Aeronautics
(NACA), at its Langley Memorial Aeronautical Laboratory in Virginia, measured
the properties of several systematically designed families of airfoils—airfoils which
became a standard in aeronautical engineering. These NACA airfoils are discussed
in Sections 4.2 and 4.3. Instead of giving the airfoil data in terms of lift, drag, and
center of pressure, the NACA chose the alternate systems of reporting lift, drag, and
moments about either the quarter-chord point or the aerodynamic center. These are
totally appropriate alternative methods of defining the force-and-moment system on
an airfoil, as discussed in Section 1.6 and illustrated in Figure 1.19. As a result, the
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center of pressure is rarely given as part of modern airfoil data. On the other hand,
for three-dimensional bodies, such as slender projectiles and missiles, the location of
the center of pressure still remains an important quantity, and modern missile data
frequently include xcp. Therefore, a consideration of center of pressure still retains
its importance when viewed over the whole spectrum of flight vehicles.

1.13 HISTORICAL NOTE!
' AERODYNAMIC COEFFICIENTS

In Section 1.5, we introduced the convention of expressing aerodynamic force in
terms of an aerodynamic coefficient, such as

L =1pVisC,

and D = 1pVESCh

where L and D are lift and drag, respectively, and C; and Cp, are the lift coefficient and
drag coefficient, respectively. This convention, expressed in the form shown above,
dates from about 1920. But the use of some type of aerodynamic coefficients goes
back much further. In this section, let us briefly trace the genealogy of aerodynamic
coefficients. For more details, see the author’s recent book, A History of Aerodynamics
and Its Impact on Flying Machines (Reference 62).

The first person to define and use aerodynamic force coefficients was Otto Lilien-
thal, the famous German aviation pioneer at the end of the nineteenth century. Inter-
ested in heavier-than-flight from his childhood, Lilienthal carried out the first defini-
tive series of aerodynamic force measurements on cambered (curved) airfoil shapes
using a whirling arm. His measurements were obtained over a period of 23 years, cul-
minating in the publication of his book Der Vogelfiug als Grundlage der Fliegekunst
(Birdflight as the Basis of Aviation) in 1889, Many of the graphs in his book are
plotted in the form that today we identify as a drag polar, i.e., a plot of drag coeffi-
cient versus lift coefficient, with the different data points being measured at angles
of attack ranging from below zero to 90°. Lilienthal had a degree in Mechanical
Engineering, and his work reflected a technical professionalism greater than most at
that time. Beginning in 1891, he put his research into practice by designing several
gliders, and executing over 2000 successful glider flights before his untimely death
in a crash on August 9, 1896. At the time of his death, Lilienthal was working on the
design of an engine to power his machines. Had he lived, there is some conjecture
that he would have beaten the Wright brothers in the race for the first heavier-than-air,
piloted, powered flight.

In his book, Lilienthal introduced the following equations for the normal and axial
forces, which he denoted by N and T, respectively (for normal and “tangential’)

N =0.13nFV? [1.60]
and T =0.130 FV? [1.61]
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where, in Lilienthal’s notation, F was the reference planform area of the wing in m?,
V is the freestream velocity in m/s, and N and T are in units of kilogram force (the
force exerted on one kilogram of mass by gravity at sea level). The number 0.13 is
Smeaton’s coefficient, a concept and quantity stemming from measurements made in
the eighteenth century on flat plates oriented perpendicular to the flow. Smeaton’s
coetficient is proportional to the density of the freestream; its use is archaic, and it
went out of favor at the beginning of the twentieth century. By means of Equations
(1.60) and (1.61) Lilienthal introduced the “normal” and “tangential” coefficients, n
and 8 versus angle of attack. A copy of this table, reproduced in a paper by Octave
Chanute in 1897, is shown in Figure 1.50. This became famous as the “Lilienthal
Tables,” and was used by the Wright brothers for the design of their early gliders.
It is proven in Reference 62 that Lilienthal did not use Equations (1.60) and (1.61)
explicitly to reduce his experimental data to coefficient form, but rather determined
his experimental values for n and 6 by dividing the experimental measurements for
N and T by his measured force on the wing at 90° angle of attack. In so doing,
he divided out the influence of uncertainties in Smeaton’s coefficient and the veloc-
ity, the former being particularly important because the classical value of Smeaton’s
coefficient of 0.13 was in error by almost 40 percent. (See Reference 62 for more de-
tails.) Nevertheless, we have Otto Lilienthal to thank for the concept of aerodynamic
force coefficients, a tradition that has been followed in various modified forms to the
present time.

Following on the heals of Lilienthal, Samuel Langley at the Smithsonian Institu-
tion published whirling arm data for the resultant aerodynamic force R on a flat plate
as a function of angle of attack, using the following equation:

R =kSV?*F(x) [1.62]

where S is the planform area, k is the more accurate value of Smeaton’s coefficient
(explicitly measured by Langley on his whirling arm), and F («) was the correspond-
ing force coefficient, a function of angle of attack.

The Wright brothers preferred to deal in terms of lift and drag, and used expres-
sions patterned after Lilienthal and Langley to define lift and drag coefficients:

L =kSViC; [1.63]
D =kSVCp [1.64]

The Wrights were among the last to use expressions written explicitly in terms of
Smeaton’s coefficient k. Gustave Eiffel in 1909 defined a “unit force coefficient”
K; as

R=K;Sv? [1.65]

In Equation (1.65), Smeaton’s coefficient is nowhere to be seen; it is buried in the
direct measurement of K;. (Fiffel, of Eiffel Tower fame, built a large wind tunnel
in 1909, and for the next 14 years reigned as France’s leading aerodynamicist until
his death in 1923.) After Eiffel’s work, Smeaton’s coefficient was never used in the
aerodynamic literature—it was totally passé.
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TABLE OF NORMAL AND TANGENTIAL PRESSURES

Deduced by Lilienthal from the diagrams on Plate VI., in his
book “Bird-flight as the Basis of the Flying Art.”

+9°..... . 0.800 — o042 || 45°........ 0.888 <4 0020
10°..... o823 —o050 || 509........ 0.888 4 0023
1°..... 0.846 —0.058 || 55°...... .| o8go -+ o026
12°..... 0.864 — 0064 il 62°...... . 0.900 <4 0.028
13%..4.0 o.879 —0070 || 70 c000.2d 0.930 4 o030
14%..... o891 —o0074 || 8°....... J og6o == o013
15°..... 0.901 —0076 {| 90%....... 1.000 0.000

Figure 1.50  The Lilienthal Table of normal and axial farce caefficients. This is a
facsimile of the actual table that was published by Octave Chanute
in an article entitled “Sailing Flight,” The Aeronautical Annual,
1897, which was subsequently used by the Wright Brothers.

78



AERODYNAMICS: SOME INTRODUCTORY THOUGHTS

Gorrell and Martin, in wind tunnel tests carried out in 1917 at MIT on various
airfoil shapes, adopted Eiffel’s approach, giving expressions for lift and drag:

L=K,AV? [1.66]
D=K,AV? [1.67]

where A denoted planform area and K, and K, were the lift and drag coefficients,
respectively. For a short period, the use of K, and K, became popular in the United
States.

However, also by 1917 the density p began to appear explicitly in expressions
for force coefficients. In NACA Technical Report No. 20, entitled “Aerodynamic
Coefficients and Transformation Tables,” we find the following expression:

F=CpSV*®

where F is the total force acting on the body, p is the freestream density, and C is the
force coefficient, which was described as “an abstract number, varying for a given
airfoil with its angle of incidence, independent of the choice of units, provided these
are consistently used for all four quantities (F, p, S, and V).”

Finally, by the end of World War I, Ludwig Prandtl at Gottingen University in
Germany established the nomenclature that is accepted as standard today. Prandtl was
already famous by 1918 for his pioneering work on airfoil and wing aerodynamics,
and for his conception and development of boundary layer theory. (See Section 5.8
for a biographical description of Prandtl.) Prandtl reasoned that the dynamic pressure,
%pm VozO (he called it “dynamical pressure™), was well suited to describe aerodynamic
force. In his 1921 English-language review of works performed at Gottingen before
and during World War I (Reference 63), he wrote for the aerodynamic force,

W =cFg [1.68]

where W is the force, F is the area of the surface, g is the dynamic pressure, and ¢ is
a “pure number,” i.e., the force coefficient. It was only a short, quick step to express
lift and drag as

L =g.SCy [1.69]
and D:quCD [1.70]

where C; and Cp, are the “pure numbers” referred to by Prandtl (i.e., the lift and drag
coefficients). And this is the way it has been ever since.
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1.14 SUMMARY

Refer again to the road map for Chapter 1 given in Figure 1.6. Read again each
block in this diagram as a reminder of the material we have covered. If you feel
uncomfortable about some of the concepts, or if your memory is slightly “foggy” on
certain points, go back and reread the pertinent sections until you have mastered the
material.
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This chapter has been primarily qualitative, emphasizing definitions and basic
concepts. However, some of the more important quantitative relations are summarized
below:

The normal, axial, lift, drag, and moment coefficients for an aerodynamic body can be obtained by integrating
the pressure and skin friction coefficients over the body surface from the leading to the trailing edge. For a
two-dimensional body,

1 ¢ ¢ dy, dy,
C”_=;[]0 (Cpql—Cp,l,)dx—l—/O (Cf_uE —f—chla)dx [1.‘5]
1 ¢ dy, dy, ¢
Ca=-c— [L (CP'ME_CP'[Z)C— dx—f—](; (Cf,u —}—cf!,)dx [1.16]
1 ¢ ‘ dy, dy;
Cog = C_2 [fo (Cp'“ — Cp,,)x dx — ]0 (Cf'uE + ny[a xdx [1 .1 7]
¢ dy, /C dy;
C, .— w | Yud —C,,— : d
€} =, COSQ — Cg SINQ [1.18]
Cq =, SINY 4 ¢, COS & [1.19]

The center of pressure is obtained from

M M,
Xop= — 2~ [1.20] and [1.21]

The criteria for two or more flows to be dynamically similar are:
1. The bodies and any other solid boundaries must be geometrically similar.

2. The similarity parameters must be the same. Two important similarity parameters are Mach number M = V /a
and Reynolds number Re = pVe/pu.

If two or more flows are dynamically similar, then the force coefficients C,, Cp, etc., are the same.
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In fluid statics, the governing equation is the hydrostatic equation:

dp =—gpdy [1.52]
For a constant density medium, this integrates to
p + pgh = constant [1.54]
or Py + pgh = pr + pghs

Such equations govern, among other things, the operation of a manometer, and also lead to Archimedes’ principle
that the buoyancy force on a body immersed in a fluid is equal to the weight of the fluid displaced by the body.

PROBLEMS

1. For most gases at standard or near standard conditions, the relationship among
pressure, density, and temperature is given by the perfect gas equation of state:
p = pRT, where R is the specific gas constant. For air at near standard con-
ditions, R = 287 J/(kg - K) in the International System of Units and R =
1716 ft - 1b/(slug - °R) in the English Engineering System of Units. (More de-
tails on the perfect gas equation of state are given in Chapter 7.) Using the above
information, consider the following two cases:

(a) At a given point on the wing of a Boeing 727, the pressure and temperature
of the air are 1.9 x 10*N/m? and 203 K, respectively. Calculate the density at
this point.

(b) At a point in the test section of a supersonic wind tunnel, the pressure and
density of the air are 1058 Ib/ft* and 1.23 x 107? slug/ft’, respectively. Calculate
the temperature at this point.

2. Starting with Equations (1.7), (1.8), and (1.11), derive in detail Equations (1.15),
(1.16), and (1.17).

3. Consider an infinitely thin flat plate of chord ¢ at an angle of attack o in a
supersonic flow. The pressures on the upper and lower surfaces are different but
constant over each surface; i.e., p,(s) = ¢y and p;(s) = ¢, where ¢ and ¢, are
constants and ¢; > c¢;. Ignoring the shear stress, calculate the location of the
center of pressure.

4. Consider an infinitely thin flat plate with a 1 m chord at an angle of attack of
10° in a supersonic flow. The pressure and shear stress distributions on the
upper and lower surfaces are given by p, = 4 x 10*(x — 1)> + 5.4 x 10,
pro=2x 10%x — D? 4+ 1.73 x 10°, 7, = 288x7 %2 and 1y = 731x7%2,
respectively, where x is the distance from the leading edge in meters and p and
T are in newtons per square meter. Calculate the normal and axial forces, the
lift and drag, moments about the leading edge, and moments about the quarter
chord, all per unit span. Also, calculate the location of the center of pressure.
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5.

10.

Consider an airfoil at 12° angle of attack. The normal and axial force coefficients
are 1.2 and 0.03, respectively. Calculate the lift and drag coefficients.

Consider an NACA 2412 airfoil (the meaning of the number designations for
standard NACA airfoil shapes is discussed in Chapter 4). The following is a
tabulation of the lift, drag, and moment coefficients about the quarter chord for
this airfoil, as a function of angle of attack.

a(degrees) ct Cd Cm,c/d
-2.0 0.05 0.006 —0.042
0 0.25 0.006 —0.040
2.0 0.44 0.006 —0.038
4.0 0.64 0.007 —0.036
6.0 0.85 0.0075 —0.036
8.0 1.08 0.0092 —0.036
10.0 1.26 0.0115 —0.034
12.0 1.43 0.0150 —0.030
14.0 1.56 0.0186 —0.025

From this table, plot on graph paper the variation of x.,/c as a function of a.

. The drag on the hull of a ship depends in part on the height of the water waves

produced by the hull. The potential energy associated with these waves therefore
depends on the acceleration of gravity g. Hence, we can state that the wave drag
onthe hullis D = f(pso, Voo, ¢, g) Where ¢ is a length scale associated with
the hull, say, the maximum width of the hull. Define the drag coefficient as
Cp = D/qeoc?. Also, define a similarity parameter called the Froude number,
Fr = V/,/gc. Using Buckingham’s pi theorem, prove that Cp = f (Fr).

The shock waves on a vehicle in supersonic flight cause a component of drag
called supersonic wave drag D,,. Define the wave-drag coefficient as Cp ,, =
D, /9S8, where S is a suitable reference area for the body. In supersonic flight,
the flow is governed in part by its thermodynamic properties, given by the specific
heats at constant pressure ¢, and at constant volume ¢,. Define the ratio ¢, /¢, =
. Using Buckingham’s pi theorem, show that Cp ,, = f(Mx, y). Neglect the
influence of friction.

Consider two different flows over geometrically similar airfoil shapes, one airfoil
being twice the size of the other. The flow over the smaller airfoil has freestream
properties given by To, = 200 K, poo = 1.23 kg/m?, and V,, = 100 m/s. The
flow over the larger airfoil is described by T, = 800 K, poe = 1.739 kg/m>, and
Voo = 200 m/s. Assume that both i and a are proportional to 7'/2, Are the two
flows dynamically similar?

Consider a Lear jet flying at a velocity of 250 m/s at an altitude of 10 km, where the
density and temperature are 0.414 kg/m® and 223 K, respectively. Consider also a
one-fifth scale model of the Lear jet being tested in a wind tunnel in the laboratory.
The pressure in the test section of the wind tunnel is 1 atm = 1.01 x 10° N/m?,
Calculate the necessary velocity, temperature, and density of the airflow in the
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wind-tunnel test section such that the lift and drag coefficients are the same for the
wind-tunnel model and the actual airplane in flight. Note: The relation among
pressure, density, and temperature is given by the equation of state described in
Problem 1.1.

A U-tube mercury manometer is used to measure the pressure at a point on
the wing of a wind-tunnel model. One side of the manometer is connected to
the model, and the other side is open to the atmosphere. Atmospheric pressure
and the density of liquid mercury are 1.01 x 10° N/m? and 1.36 x 10% kg/m?,
respectively. When the displacement of the two columns of mercury is 20 cm,
with the high column on the model side, what is the pressure on the wing?

The German Zeppelins of World War I were dirigibles with the following typ-
ical characteristics: volume = 15,000 m* and maximum diameter = 14.0 m.
Consider a Zeppelin flying at a velocity of 30 m/s at a standard altitude of 1000
m (look up the corresponding density in any standard altitude table). The Zep-
pelin is at a small angle of attack such that its lift coefficient is 0.05 (based on
the maximum cross-sectional area). The Zeppelin is flying in straight-and-level
flight with no acceleration. Calculate the total weight of the Zeppelin.

. Consider a circular cylinder in a hypersonic flow, with its axis perpendicular to

the flow. Let ¢ be the angle measured between radii drawn to the leading edge
(the stagnation point) and to any arbitrary point on the cylinder. The pressure
coefficient distribution along the cylindrical surface is given by C, = 2cos? @
forO0 < ¢ <m/2and3n/2 < ¢ <27 and C, = 0 forn/2 < ¢ < 3m/2.
Calculate the drag coefficient for the cylinder, based on projected frontal area of
the cylinder.

Derive Archimedes’ principle using a body of general shape.

Consider a light, single-engine, propeller-driven airplane similar to a Cessna
Skylane. The airplane weight is 2950 Ib and the wing reference area is 174 ft>.
The drag coefficient of the airplane Cp is a function of the lift coefficient C;
for reasons that are given in Chapter 5; this function for the given airplane is
Cp = 0.025 4 0.054C3.

(a) For steady, level flight at sea level, where the ambient atmospheric density is
0.002377 slug/ft’, plot on a graph the variation of C;, Cp, and the lift-to-drag
ratio L/ D with flight velocity ranging between 70 ft/s and 250 ft/s.

(b) Make some observations about the variation of these quantities with velocity.
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AERODYNAMICS: SOME FUNDAMENTAL
PRINCIPLES AND EQUATIONS

There is so great a difference between a fluid and a collection of solid particles that the laws of pressure and
of equilibrium of fluids are very different from the laws of the pressure and equilibrium of solids.

Jean Le Rond d’ Alembert, 1768
The principle is most impottant, not the detail.

Theodore von Karman, 1954

2.1 INTRODUCTION AND ROAD MAP

To be a good craftsperson, one must have good tools and know how to use them
effectively. Similarly, a good aerodynamicist must have good aerodynamic tools and
must know how to use them for a variety of applications. The purpose of this chapter
is “tool-building™; we develop some of the concepts and equations that are vital to the
study of aerodynamic flows. However, please be cautioned: A craftsperson usually
derives his or her pleasure from the works of art created with the use of the tools; the
actual building of the tools themselves is sometimes considered a mundane chore.
You may derive a similar feeling here. As we proceed to build our aerodynamic tools,
you may wonder from time to time why such tools are necessary and what possible
value they may have in the solution of practical problems. Rest assured, however,
that every aerodynamic tool we develop in this and subsequent chapters is impottant
for the analysis and understanding of practical problems to be discussed later. So, as
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we move through this chapter, do not get lost or disoriented; rather, as we develop
each tool, simply put it away in the store box of your mind for future use.

To help you keep track of our tool building, and to give you some orientation, the
road map in Figure 2.1 is provided for your reference. As we progress through each
section of this chapter, use Figure 2.1 to help you maintain a perspective of our work.
You will note that Figure 2.1 is full of strange-sounding terms, such as “substantial
derivative,” “circulation,” and “velocity potential.” However, when you finish this
chapter, and look back at Figure 2.1, all these terms will be second nature to you.

Aerodynamic tools

Review of vector relations
— (for convenience in expressing‘
the aerodynamic tools)

I 1
Basic flow equations Useful concepts for the
(containing the fundamental implementation of the
physics of flows) basic flow equations
Continuity equation Substantial derivative
—{ Momentum equation Streamline |
Energy equation Vorticity o

Circulation  je

Stream function |

Velocity potential

1

The solution of
practical aerodynamic
problems

Figure 2.1 Road map for Chapter 2.
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2.2 REVIEW OF VECTOR RELATIONS

Aerodynamics is full of quantities that have both magnitude and direction, such as
force and velocity. These are vector quantities, and as such, the mathematics of
acrodynamics is most conveniently expressed in vector notation. The purpose of
this section is to set forth the basic relations we need from vector algebra and vector
calculus. If you are familiar with vector analysis, this section will serve as a concise
review. If you are not conversant with vector analysis, this section will help you
establish some vector notation, and will serve as a skeleton from which you can
fill in more information from the many existing texts on vector analysis (see, e.g.,
References 4 to 6).

2.2.1 SOME VECTOR ALGEBRA

Consider a vector quantity A; both its magnitude and direction are given by the arrow
labeled A in Figure 2.2. The absolute magnitude of A is |A[, and is a scalar quantity.
The unit vector n, defined by n = A/|A|, has a magnitude of unity and a direction
equal to that of A. Let B represent another vector. The vector addition of A and B
yields a third vector C,

A+B=C [2.1]

which is formed by connecting the tail of A with the head of B, as shown in Figure 2.2.
Now consider —B, which is equal in magnitude to B, but opposite in direction. The
vector subtraction of B and A yields vector D,

A—-—B=D [2.2]

A
B
/
C A
Vector Vector addition Vector subtraction
Scalar product Vector product

Figure 2.2  Vector diagrams.
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which is formed by connecting the tail of A with the head of —B, as shown in
Figure 2.2.

There are two forms of vector multiplication. Consider two vectors A and B at
an angle & to each other, as shown in Figure 2.2. The scalar product (dot product) of
the two vectors A and B is defined as

A-B=|A||B|cosb [2.3]
= magnitude of A x magnitude of the
component of B along the direction of A

Note that the scalar product of two vectors is a scalar. In contrast, the vector product
(cross product) of the two vectors A and B is defined as

A x B = (JA||B|sinf)e = G [2.4]

where G is perpendicular to the plane of A and B and in a direction which obeys the
“right-hand rule.” (Rotate A into B, as shown in Figure 2.2. Now curl the fingers of
your right hand in the direction of the rotation. Your right thumb will be pointing in
the direction of G.) In Equation (2.4), e is a unit vector in the direction of G, as also
shown in Figure 2.2. Note that the vector product of two vectors is a vector.

2.2.2 TyYPICAL ORTHOGONAL COORDINATE SYSTEMS

To describe mathematically the flow of fluid through three-dimensional space, we have
to prescribe a three-dimensional coordinate system. The geometry of some aerody-
namic problems best fits a rectangular space, whereas others are mainly cylindrical
in nature, and yet others may have spherical properties. Therefore, we have interest
in the three most common orthogonal coordinate systems: cartesian, cylindrical, and
spherical. These systems are described below. (An orthogonal coordinate system is
one where all three coordinate directions are mutually perpendicular. It is interesting
to note that some modern numerical solutions of fluid flows utilize nonorthogonal
coordinate spaces; moreover, for some numerical problems the coordinate system
is allowed to evolve and change during the course of the solution. These so-called
adaptive grid techniques are beyond the scope of this book. See Reference 7 for
details.)

A cartesian coordinate system is shown in Figure 2.3a. The x, y, and z axes
are mutually perpendicular, and i, j, and k are unit vectors in the x, y, and z direc-
tions, respectively. An arbitrary point P in space is located by specifying the three
coordinates (x, y, z). The point can also be located by the position vector r, where

r=xi+vj+zk
If A is a given vector in cartesian space, it can be expressed as
A= Axi+ ij + Azk

where A,, A,, and A; are the scalar components of A along the x, y, and z directions,
respectively, as shown in Figure 2,35,
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(@)

Figure 2.3 Cartesian coordinates.

A eylindrical coordinate system is shown in Figure 2.4a. A “phantom” cartesian
system is also shown with dashed lines to help visualize the figure. The location of
point P in space is given by three coordinates (, 8, z), where r and 6 are measured
in the xy plane shown in Figure 2.4g. The r coordinate direction is the direction of
increasing r, holding 6 and z constant; e, is the unit vector in the r direction. The
6 coordinate direction is the direction of increasing #, holding r and z constant; ey
is the unit vector in the § direction. The z coordinate direction is the direction of
increasing z, holding » and 6 constant; e_ is the unit vector in the 7 direction. If A 1s
a given vector in cylindrical space, then

A=A e + Apey + Ae.

where A,, Ag, and A, are the scalar components of A along the r, 6, and z directions,
respectively, as shown in Figure 2.4b. The relationship, or transformation, between
cartesian and cylindrical coordinates can be obtained from inspection of Figure 2.4a,
namely,

x=rcosf

y=rsind [2.5]

=z
or inversely,

F = /x2 + y2
f = arctan i [2.6]
X

=2

A spherical coordinate system is shown in Figure 2.5a. Once again, a phantom
cartesian system is shown with dashed lines. (However, for clarity in the picture, the
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@)

Figure 2.4  Cylindrical coordinates.

(@

Figure 2.5 Spherical coordinates.

z axis is drawn vertically, in contrast to Figures 2.3 and 2.4.) The location of point P
in space is given by the three coordinates (r, 8, @), where r is the distance of P from
the origin, 6 is the angle measured from the 7 axis and is in the rz plane, and ® is the
angle measured from the x axis and is in the xy plane. The r coordinate direction is
the direction of increasing r, holding ¢ and & constant; e, is the unit vector in the r
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direction. The § coordinate direction is the direction of increasing 6, holding r and
@ constant; € is the unit vector in the 8 direction. The @ coordinate direction is the
direction of increasing @, holding r and 0 constant; e¢ is the unit vector in the ®
direction. The unit vectors e, , €g, and e are mutually perpendicular. if A is a given
vector in spherical space, then

A= Arer + Al‘)e() + A(DE([)

where A,, Ay, and Ag are the scalar components of A along the r, 6, and @ directions,
respectively, as shown in Figure 2.5b. The transformation between cartesian and
spherical coordinates is obtained from inspection of Figure 2.5a, namely,

x =rsindcos ®
y =rsinf sin ® [2.7]
Z=rcosf

or inversely,

r=+vx2+y242?

z z
f = arccos — = arccos ———— [2.8]
r Va4 yr 422
X
® = arccos
.X'2 + yZ

2.2.3 SCALAR AND VECTOR FIELDS

A scalar quantity given as a function of coordinate space and time ¢ is called a scalar
field. For example, pressure, density, and temperature are scalar quantities, and

p=pi(x.y, 2. 0) = pp(r, 0,2, 1) = p3(r. 6, @, 1)
p=pi(x,y,z,1) = pa(r, 0,2z, 1) = p3(r, 0, P, 1)
T=T(x,y,z,) =Ta(r,0,z,1) = T(r, 0, P, 1)

are scalar fields for pressure, density, and temperature, respectively. Similarly, a

vector quantity given as a function of coordinate space and time is called a vector
field. For example, velocity is a vector quantity, and

V=Vi+V,j+ VK
where Vi =Vilx,y, 2,0
Vy=Vylx,y,2,1)
Ve=V(x,y, 2, 0)

is the vector field for V in cartesian space. Analogous expressions can be written
for vector fields in cylindrical and spherical space. In many theoretical aerodynamic
problems, the above scalar and vector fields are the unknowns to be obtained in a
solution for a flow with prescribed initial and boundary conditions.
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2.2.4 ScCALAR AND VECTOR PrRODUCTS

The scalar and vector products defined by Equations (2.3) and (2.4), respectively, can
be written in terms of the components of each vector as follows.

Carteslan Coordinates et

A=A+ Ayj+ Ak

and B = Bi+ B,j+ Bk
Then A-B=A,B,+ A,B, + A.B, [2.9]
and
i i k
AxB=| A, A, A, |=i(A,B,— A,B,)+j(A.B, — A,B,) + k(A B, — A,B,)
B, B, B,
[2.10]
Cylindrical Coordinates et
A =A,e, + Ageg + Ae,
and B = B,e, + Byey + B.e,
Then A-B=A,B, + AgBy + A,B, [2.11]
€, € €
and AxB=| A Ay A, [2.12]
B, By B,
Spherical Coordinates Lct
A=Ae + Agey + Agey
and B = B,e, + Byeg + Bgpeo
Then A-B=AB, + ApBy + Agp By [2.13]
e € e
and AxB=| A, Ay Ag [2.14]
B, By, Bo

2.2.5 GRADIENT OF A SCALAR FIELD
We now begin a review of some elements of vector calculus. Consider a scalar field
p=p1(x,y,2) = pa(r,0,2) = p3(r, 6, D)

The gradient of p, V p, at a given point in space is defined as a vector such that:

1. Its magnitude is the maximum rate of change of p per unit length of the coordinate
space at the given point.

2. Its direction is that of the maximum rate of change of p at the given point.
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For example, consider a two-dimensional pressure field in cartesian space as sketched
in Figure 2.6. The solid curves are lines of constant pressure; i.e., they connect points
in the pressure field which have the same value of p. Such lines are called isolines.
Consider an arbitrary point (x, y) in Figure 2.6. If we move away from this point in
an arbitrary direction, p will, in general, change because we are moving to another
location in space. Moreover, there will be some direction from this point along which
p changes the most over a unit length in that direction. This defines the direction of
the gradient of p and is identified in Figure 2.6. The magnitude of V p is the rate of
change of p per unit length in that direction. Both the magnitude and direction of
V p will change from one point to another in the coordinate space. A line drawn in
this space along which V p is tangent at every point is defined as a gradient line, as
sketched in Figure 2.6. The gradient line and isoline through any given point in the
coordinate space are perpendicular.

Consider Vp at a given point (x, y) as shown in Figure 2.7. Choose some
arbitrary direction s away from the point, as also shown in Figure 2.7. Let n be a unit
vector in the s direction. The rate of change of p per unit length in the s direction is

dp
— =Vp-n [2.15]
ds
G
/;.\‘30}-6 / Direction of the
v 7 Dag M maximum change in
, ! p at the point (x, y)
, /
/
/
/ > ; p3 = const
f / 4 Cx, ) Isolines of
’ po = const pressure
P3>py >p,
P = const
> x
Figure 2.6 llustration of the gradient of a scalar field.

Figure 2.7 Sketch for the

directional derivative.
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In Equation (2.15), dp/ds is called the directional derivative in the s direction. Note
from Equation (2.15) that the rate of change of p in any arbitrary direction is simply
the component of V p in that direction.

Expressions for V p in the different coordinate systems are given below:

Cartesian: p=px,y,2)

vp=Pip Py Ly [2.16]
X Z

Cylindrical: p=p(r6,2)

9 19 3
=P 4 P P [2.17]

Vp =
P= 5 T 736%™ 5,

Spherical: p=pr0,9P)

ap

1adp 1 dp
N Brer 36

— e 2.18
ra0  Fsnoao [2.18]

Vp

-+

2.2.6 DIVERGENCE OF A VECTOR FIELD

Consider a vector field
V=V&x,y,2) =V(r,8,2) =V, 0, D)

In the above, V can represent any vector quantity. However, for practical purposes,
and to aid in physical interpretation, consider V to be the flow velocity. Also, visualize
a small fluid element of fixed mass moving along a streamline with velocity V. As the
fluid element moves through space, its volume will, in general, change. In Section 2.3,
we prove that the time rate of change of the volume of a moving fluid element of fixed
mass, per unit volume of that element, is equal to the divergence of V, denoted by
V - V. The divergence of a vector is a scalar quantity; it is one of two ways that the
derivative of a vector field can be defined. In different coordinate systems, we have

Cartesian: V=V, y,2)=Vi+ Vj+ Vk

Ve BV, BV,

[2.19]
dx ay + 9z

V.-V=

Cylindrical: V=V(@06,z) = V,e, + Vyey + V,e,
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19 19V, 3V,
V.V=-— V)t -——2 4 2 2.20
v rar(rv)+r 89+Bz L ]
Spherical: V=V, 6, P) = Ve + Vyep + Vapeo
9 1 9 . 1 Ve
V-V= — — (V) )+ —— —(Vysinh -2 2.21
R R e vl O T [2.21]

2.2.7 CURL OF A VECTOR FIELD
Consider a vector field
V=V(,y,2)=V(,6,2)=V({,0, d)

Although V can be any vector quantity, again consider V to be the flow velocity. Once
again visualize a fluid element moving along a streamline. It is possible for this fluid
element to be rotating with an angular velocity w as it translates along the streamline.
In Section 2.9, we prove that @ is equal to one-half of the curl of V, where the curl of
V is denoted by V x V. The curl of V is a vector quantity; it is the alternate way that
the derivative of a vector field can be defined, the first being V - 'V (see Section 2.2.6,
Divergence of a Vector Field). In different coordinate systems, we have

Cartesian: V=Vi+ Vj+ Vk
i i) k
8 o9 0 ,(av; avv) _(avx av:) (avy avx)
VxV=| — — — |=il—=—-—)+ij - — ) +k| —=-—
dx Jdy Oz dy 0z 0z d0x 0x ay
Vi V_v v
[2.22]
Cylindrical: V=V + Vyey + Ve,
e, reg €,
1 d d
VxV=- i —  — [2.23]
r| dor 06 09z
V, rvyp V,

Spherical: V = V,e, + Vpey + Vypeg
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e reg (rsinf)eg
1 3 3 0
r2sind | ar 06 D
Vi, rVy (rsin®)Vy

2.2.8 LINE INTEGRALS
Consider a vector field
A=A, y, ) =A@, 0,2) =A(r, 0, D)

Also, consider a curve C in space connecting two points a and & as shown on the left
side of Figure 2.8. Let ds be an elemental length of the curve, and n be a unit vector
tangent to the curve. Define the vector ds = nds. Then, the line integral of A along
curve C from point a to point b is
b
% A-.ds
a

If the curve C is closed, as shown at the right of Figure 2.8, then the line integral is

given by
f A-ds
c

where the counterclockwise direction around C is considered positive. (The positive
direction around a closed curve is, by convention, that direction you would move such
that the area enclosed by C is always on your left.)

ds A

Figure 2.8 Sketch for line integrals.
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2.2.9 SURFACE INTEGRALS

Consider an open surface S bounded by the closed curve C, as shown in Figure 2.9,
At point P on the surface, let 45 be an elemental area of the surface and n be a unit
vector normal to the surface. The orientation of n is in the direction according to the
right-hand rule for movement along C. (Curl the fingers of your right hand in the
direction of movement around C; your thumb will then point in the general direction
of n.) Define a vector elemental area as dS = ndS. In terms of dS, the surface
integral over the surface S can be defined in three ways:

/ f p dS = surface integral of a scalar p over the
open surface S (the result is a vector)

s
f f A - dS = surface integral of a vector A over the
s open surface S (the result is a scalar)

f f A x dS = surface integral of a vector A over the
5 open surface S (the result is a vector)

If the surface S is closed (e.g., the surface of a sphere or a cube), n points out of
the surface, away from the enclosed volume, as shown in Figure 2.10. The surface
integrals over the closed surface are

#pds #A.ds #Axds
N S A

2.2.10 VOLUME INTEGRALS

Consider a volume V in space. Let p be a scalar field in this space. The volume
integral over the volume V of the quantity p is written as

ff# o dV = volume integral of a scalar p over the
v volume V (the result is a scalar)

5
/1’
/s

< g
C

Figure 2.9 Sketch for surface integrals. The
three-dimensional surface area S is
bounded by the closed curve C.
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Closed surface S
Volume V'

n

Figure 2.10 Volume V enclased by the

closed surface S.

Let A be a vector field in space. The volume integral over the volume V of the quantity
A is written as

f# A dV = volume integral of a vector A over the
v volume V (the result is a vector)

2.2.11 RELATIONS BETWEEN LINE, SURFACE, AND VOLUME
INTEGRALS

Consider again the open area S bounded by the closed curve C, as shown in Figure 2.9.
Let A be a vector field. The line integral of A over C is related to the surface integral
of A over S by Stokes’ theorem:

%A-ds:ff(VxA)-dS [2.25]
c
s

Consider again the volume V enclosed by the closed surface S, as shown in
Figure 2.10. The surface and volume integrals of the vector field A are related
through the divergence theorem:

#A.dszjéf?((v-mdv [2.26]
S \z

If p represents a scalar field, a vector relationship analogous to Equation (2.26) is
given by the gradient theorem:

# pdS =j£f§£ Vpdy [2.27]
A v
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2.2.12 SUMMARY

This section has provided a concise review of those elements of vector analysis which
we will use as tools in our subsequent discussions. Make certain to review these tools
until you feel comfortable with them, especially the relations in boxes.

2.3 MobpkeLs oF THE FLuUID: CONTROL VOLUMES
AND FLUID ELEMENTS

Aerodynamics is a fundamental science, steeped in physical observation. As you
proceed through this book, make every effort to gradually develop a “physical feel”
for the material. An important virtue of all successful aerodynamicists (indeed, of
all successful engineers and scientists) is that they have good “physical intuition,”
based on thought and experience, which allows them to make reasonable judgments
on difficult problems. Although this chapter is full of equations and (seemingly)
esoteric concepts, now is the time for you to start developing this physical feel.

With this section, we begin to build the basic equations of aerodynamics. There
is a certain philosophical procedure involved with the development of these equations,
as follows:

1. Invoke three fundamental physical principles which are deeply entrenched in our
macroscopic observations of nature, namely,
a. Mass is conserved, i.e., mass can be neither created nor destroyed.
b. Newton’s second law: force = mass x acceleration.
c. Energy is conserved; it can only change from one form to another.

2. Determine a suitable model! of the fluid. Remember that a fluid is a squishy
substance, and therefore it is usually more difficult to describe than a well-defined
solid body. Hence, we have to adopt a reasonable model of the fluid to which we
can apply the fundamental principles stated in item 1.

3. Apply the fundamental physical principles listed initem 1 to the model of the fluid
determined in item 2 in order to obtain mathematical equations which properly
describe the physics of the flow. In turn. use these fundamental equations to
analyze any particular aerodynamic flow problem of interest.

In this section, we concentrate on item 2; namely, we ask the question: What
is a suijtable model of the fluid? How do we visualize this squishy substance in
order to apply the three fundamental physical principles to it? There is no single
answer to this question; rather, three different models have been used successfully
throughout the modern evolution of aerodynamics. They are (1) finite control volume,
(2) infinitesimal fluid element, and (3) molecular. Let us examine what these models
involve and how they are applied.
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2.3.1 FINiTE CONTROL VOLUME APPROACH

Consider a general flow field as represented by the streamlines in Figure 2.11. Let
us imagine a closed volume drawn within a finite region of the flow. This volume
defines a control volume V, and a control surface S is defined as the closed surface
which bounds the control volume. The control volume may be fixed in space with the
fluid moving through it, as shown at the left of Figure 2.11. Alternatively, the control
volume may be moving with the fluid such that the same fluid particles are always
inside it, as shown at the right of Figure 2.11. In either case, the control volume is a
reasonably large, finite region of the flow. The fundamental physical principles are
applied to the fluid inside the control volume, and to the fluid crossing the control
surface (if the control volume is fixed in space). Therefore, instead of looking at the
whole flow field at once, with the control volume model we limit our attention to just
the fluid in the finite region of the volume itself.

2.3.2 INFINITESIMAL FLUID ELEMENT APPROACH

Consider a general flow field as represented by the streamlines in Figure 2.12. Let us
imagine an infinitesimally small fluid element in the flow, with a differential volume
dV. The fluid element is infinitesimal in the same sense as differential calculus:
however, it is large enough to contain a huge number of molecules so that it can be
viewed as a continuous medium. The fluid element may be fixed in space with the
fluid moving through it, as shown at the left of Figure 2.12. Alternatively, it may be
moving along a streamline with velocity V equal to the flow velocity at each point.
Again, instead of looking at the whole flow field at once, the fundamental physical
principles are applied to just the fluid element itself.

ﬂrd surface § //S/v

Control volume V'

—— T T T T —
— T

Finite contral volume moving

Finite control volume with the fluid such that the
fixed in space with the same fluid particles are always
fluid moving thraugh it in the same control volume

Figure 2.11 Finite contral volume approach.
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Volume d ¥
N ¢ R ay

r——»\\—n
Infinitesimal fluid element
moving along a streamline with

the velocity V equal to the
local flow velocity at each point

Infinitesimal fluid element
fixed in space with the fluid
moving through it

Figure 2.12  Infinitesimal fluid element approach.

2.3.3 MOLECULAR APPROACH

In actuality, of course, the motion of a fluid is a ramification of the mean motion of
its atoms and molecules. Therefore, a third model of the flow can be a microscopic
approach wherein the fundamental laws of nature are applied directly to the atoms and
molecules, using suitable statistical averaging to define the resulting fluid properties.
This approach is in the purview of kiretic theory, which is a very elegant method
with many advantages in the long run. However, it is beyond the scope of the present
book.

In summary, although many variations on the theme can be found in different
texts for the derivation of the general equations of fluid flow, the flow model can
usually be categorized under one of the approaches described above.

2.3.4 PuysicaL MEANING OF THE DIVERGENCE OF VELOCITY

In the equations to follow, the divergence of velocity, V -V, occurs frequently. Before
leaving this section, let us prove the statement made earlier (Section 2.2) that V - V
is physically the time rate of change of the volume of a moving fluid element of fixed
mass per unit volume of that element. Consider a control volume moving with the
fluid (the case shown on the right of Figure 2.11). This control volume is always
made up of the same fluid particles as it moves with the flow; hence, its mass is fixed,
invariant with time. However, its volume V and control surface S are changing with
time as it moves to different regions of the flow where different values of p exist. That
is, this moving control volume of fixed mass is constantly increasing or decreasing
its volume and is changing its shape, depending on the characteristics of the flow.
This control volume is shown in Figure 2.13 at some instant in time. Consider an
infinitesimal element of the surface dS moving at the local velocity V, as shown in
Figure 2.13. The change in the volume of the control volume AV, due to just the
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Figure 2.13  Moving conirol volume used for
the physical interpretation of the
divergence of velocity.

movement of 4.5 over a time increment A¢, is, from Figure 2.13, equal to the volume
of the long, thin cylinder with base area d§ and altitude (VA7) - n; ie.,

AY = [(VA) -n]dS = (VAL - dS [2.28]

Over the time increment Az, the total change in volume of the whole control volume
1s equal to the summation of Equation (2.28) over the total control surface. In the
limit as dS — 0, the sum becomes the surface integral

#(Vm) .ds
N

If this integral is divided by Ar, the result is physically the time rate of change of the
control volume, denoted by DV/Dr;ie.,

1
v _ _#(Vm) . ds =# V.dS [2.29]
Dt At
S

N

(The significance of the notation D/Dr is revealed in Section 2.9.) Applying the
divergence theorem, Equation (2.26), to the right side of Equation (2.29), we have

4 = % (V-W)dV [2.30]
Dt
1%

Now let us imagine that the moving control volume in Figure 2.13 is shrunk to a
very small volume §V, essentially becoming an infinitesimal moving fluid element as
sketched on the right of Figure 2.12. Then Equation (2.30) can be written as

D) _ L vy 2o
sV

D

Assume that §V is small enough such that V - V is essentially the same value through-
out 8. Then the integral in Equation (2.31) can be approximated as (V - V)§V. From
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Equation (2.31), we have

DY)
2 (V. V)S
D1 ( )%
I D@EV)
Vl - e— L]
or Vv Y [2.32]

Examine Equation (2.32). It states that V - V is physically the time rate of change of
the volume of a moving fluid element, per unit volume. Hence, the interpretation of
V -V first given in Section 2.2.6, Divergence of a Vector Field, is now proved.

2.3.5 SPECIFICATION OF THE FLow FIELD

In Section 2.2.3 we defined both scalar and vector fields. We now apply this concept
of a field more directly to an aerodynamic flow. One of the most straightforward
ways of describing the details of an aerodynamic flow is simply to visualize the flow
in three-dimensional space, and to write the variation of the aecrodynamic properties
as a function of space and time. For example, in cartesian coordinates the equations

p=px,y210) [2.334]
=p(x,y,2,1) [2.33b]
=T(x,y,2,1) [2.33¢]

and V=ui+vj+wk [2.344]
where u=u(x,v,z,1) [2.34b]
v=v(x,y,2,t) [2.34¢]
w=wlx,y, z,1) [2.34d]

represent the flow field. Equations (2.33a—c) give the variation of the scalar flow field
variables pressure, density, and temperature, respectively. (In equilibrium thermody-
namics, the specification of two state variables, such as p and p, uniquely defines the
values of all other state variables, such as T. In this case, one of Equations (2.33)
can be considered redundant.) Equations (2.34a—d) give the variation of the vector
flow field variable velocity V, where the scalar components of V in the x, y, and z
directions are u, v, and w, respectively.

Figure 2.14 illustrates a given fluid element moving in a flow field specified by
Equations (2.33) and (2.34). At the time 7;. the fluid element ig at point 1, located at
(x1, ¥1, 1) as shown in Figure 2.14.

At this instant, its velocity is V| and its pressure is given by

p=px,»n,a.0)

and similarly for its other flow variables.
By definition, an unsteady flow is one where the flow field variables at any given
point are changing with time. For example, if you lock your eyes on point 1 in
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Flow Field
p=pxyzt)
p=pxyz0
T=T(xy12,1)
Y =ui+vj+uk
u=u(xyzt)

y v =v(x,y2.1)
w=wXy,z,1)

b

Figure 2.14 A fluid element passing through
point 1 in a flaw field.

Figure 2.14, and keep them fixed on point 1, if the flow is unsteady you will observe
D, p, etc. fluctuating with time. Equations (2.33) and (2.34) describe an unsteady
flow field because time ¢ is included as one of the independent variables. In contrast,
a steady flow is one where the flow field variables at any given point are invariant
with time, that is, if you lock your eyes on point 1 you will continuously observe the
same constant values for p, p, V etc. for all time. A steady flow field is specified by
the relations

p=px,y,2)
p=pxy2)
etc.

The concept of the flow field, and a specified fluid element moving through it as
illustrated in Figure 2.14, will be revisited in Section 2.9 where we define and discuss
the concept of the substantial derivative.

Example 2.17

The subsonic compressible flow over a cosine-shaped (wavy) wall is illustrated in Figure 2.15.
The wavelength and amplitude of the wall are ! and A, respectively, as shown in Figure 2.15.
The streamlines exhibit the same qualitative shape as the wall, but with diminishing amplitude
as distance above the wall increases, Finally, as y — o0, the streamline becomes straight,
Along this straight streamline, the freestream velocity and Mach number are V,, and M,
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Figure 2.15 Subsonic compressible flow over a wavy wall; the streamline pattern.

respectively. The velocity field in cartesian coordinates is given by

h?2 2
U= Vs l:l + 5 Tﬂ (cos _J;_x) ez”ﬁ””:l [2.35]
2 2
and v = —th% (sin %) eI/t [2.36]
where g=1—-ML

Consider the particular flow that exists for the case where £ = 1.0 m, # = 0.0l m, V, =
240 m/s, and My, = 0.7. Also, consider a fluid element of fixed mass moving along a
streamline in the flow field. The fluid element passes through the point (x/¢, y/£) = (%, 1).
At this point, calculate the time rate of change of the volume of the fluid ¢lement, per unit
volume.

Solution
From Section 2.3.4, we know that the time rate of change of the volume of a moving fluid
element of fixed mass, per unit volume, is given by the divergence of the velocity V - V. In
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cartesian ccordinates, from Equation (2.19), we have

_ du Jv

V.-V=_——-4 = 2.37
P % [ 1
From Equation (2.35),
d h(2n\'( 2
M _ Ve — idd sin =% | g 2Byt [2.38]
ax AW ¢
and from Equation (2.36),
3 2m\? 2
Do von (Y p{sin ZZL ) 2ot [2.39]
ay £ £
Substituting Equation (2.38) and (2.39) into (2.37), we have
1 N\ . 2
V.V=|(B—=]Vh il sin 27X e 1B/t [2.40]
B ¢ ¢
Evaluating Equation (2.40) at the point x/£ = § and y /€ = 1,
1 27\ 2 _a
V.V= ,3—5 Vaoh - e mp [2.41]

Equation (2.41) gives the time rate of change of the volume of the fluid element, per unit
volume, as it passes through the point (x/¢, y/£) = (3, 1). Note that it is a finite (nonzero)
value; the volume of the fluid element is changing as it moves along the streamline. This is
consistent with the definition of a compressible flow, where the density is a variable and hence
the volume of a fixed mass must also be variable. Note from Equation (2.40) that V.V =0
only along vertical lines denoted by x /¢ = 0, %, 1, 1%, ..., where the sin(2w x /£) goes to zero.
This is a peculiarity associated with the cyclical nature of the flow field over the cosine-shaped
wall. For the particular flow considered here, where £ = 1.0 m, A = 0.01 m, Vo, = 240 nv/s,
and M, = 0.7, where

g=J1-M2 =/1—(©07)2=0714

Equation (2.41) yields

0.714

1
V.V = (0.714 - ——) (240)(0.01) (ZT”) 2O | 7327 ¢~

The physical significance of this result is that, as the fluid element is passing through the point
(%, 1) in the flow, it is experiencing a 73 percent rate of decrease of volume per second (the
negative quantity denotes a decrease in volume). That is, the density of the fluid element is
increasing. Hence, the point (%, 1) is in a compression region of the flow, where the fluid
element will experience a decrease in density. Expansion regions are defined by values of
x /£ which yield negative values of the sine function in Equation {2.40), which in turn yields
a positive value for V - V, which gives an increase in volume of the fluid element, hence a de-
crease in density. Clearly, as the fluid element continues its path through this flow field, it
experiences cyclical increases and decreases in density, as well as the other flow field properties.
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2.4 ConTINuITY EQUATION

In Section 2.3, we discussed several models which can be used to study the motion
of a fluid. Following the philosophy set forth at the beginning of Section 2.3, we now
apply the fundamental physical principles to such models. Unlike the above derivation
of the physical significance of V - V wherein we used the model of a moving finite
control volume, we now employ the model of a fixed finite control volume as sketched
on the left side of Figure 2.11. Here, the control volume is fixed in space, with the
flow moving through it. Unlike our previous derivation, the volume V' and control
surface S are now constant with time, and the mass of fluid contained within the
control volume can change as a function of time (due to unsteady fluctuations of the
flow field).

Before starting the derivation of the fundamental equations of aerodynamics, we
must examine a concept vital to those equations, namely, the concept of mass flow.
Consider a given area A arbitrarily oriented in a flow field as shown in Figure 2.16.
In Figure 2.16, we are looking at an edge view of area A. Let A be small enough such
that the flow velocity V is uniform across A. Consider the fluid elements with velocity
V that pass through A. In time dt after crossing A, they have moved a distance V dt
and have swept out the shaded volume shown in Figure 2.16. This volume is equal
to the base area A times the height of the cylinder V, dr, where V), is the component
of velocity normal to A; i.e.,

Volume = (V,, dt)A
The mass inside the shaded volume is therefore
Mass = p(V,dr)A [2.42]

This is the mass that has swept past A4 in time d7. By definition, the mass flow through
A is the mass crossing A per second (e.g., kilograms per second, slugs per second).
Let m: denote mass flow. From Equation (2.42).

. p(VudnA

"=

or m=pV,A [2.43]

6‘\.

gt \

A (edge view) \
i 2
e—V dr —+]

Figure 2.16 Sketch for discussion of mass flow
through area A in a flow field.
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Equation (2.43) demonstrates that mass flow through A is given by the product

Area x density x component of flow velocity normal to the area

A related concept is that of mass flux, defined as the mass flow per unit area.

m
Mass flux = i A [2.44]

Typical units of mass flux are kg/(s - m?) and slug/(s - ft?).

The concepts of mass flow and mass flux are important. Note from Equation
(2.44) that mass flux across a surface is equal to the product of density times the
component of velocity perpendicular to the surface., Many of the equations of aero-
dynamics involve products of density and velocity. For example, in cartesian coor-
dinates, V = V,i+ V,j + V.k = ul + vj + wk, where u, v, and w denote the x, y,
and z components of velocity, respectively. (The use of u, v, and w rather than V,,
V,, and V, to symbolize the x, y, and z components of velocity is quite common in
aerodynamic literature; we henceforth adopt the u, v, and w notation.) In many of
the equations of aerodynamics, you will find the products pu, pv, and pw; always
remember that these products are the mass fluxes in the x, v, and z directions, re-
spectively. In a more general sense, if V is the magnitude of velocity in an arbitrary
direction, the product pV is physically the mass flux (mass flow per unit area) across
an area oriented perpendicular to the direction of V.

‘We are now ready to apply our first physical principle to a finite control volume
fixed in space.

Physical principle Mass can be neither created nor destroyed.

Consider a flow field wherein all properties vary with spatial location and time, e.g.,
p = p(x,y,z t). Inthis flow field, consider the fixed finite control volume shown in
Figure 2.17. At a point on the control surface, the flow velocity is V and the vector
elemental surface area is dS. Also 4V is an elemental volume inside the control
volume. Applied to this control volume, the above physical principle means

Net mass flow out of control time rate of decrease of [2.454]
volume through surface §  mass inside control volume V :
or B=C [2.45b]

where B and C are just convenient symbols for the left and right sides, respectively,
of Equation (2.45a). First, let us obtain an expression for B in terms of the quantities
shown in Figure 2.17. From Equation (2.43), the elemental mass flow across the area
dSis

oV, dS = pV -dS

Examining Figure 2.17, note that by convention, dS always points in a direction our
of the control volume. Hence, when V also points out of the control volume (as shown
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Figure 2.17  Finite control volume fixed in
space.

in Figure 2.17), the product pV - dS is positive. Moreover, when V points out of the
control volume, the mass flow is physically leaving the control volume; i.e., it is an
outflow. Hence, a positive pV - dS denotes an outflow. In turn, when V points into
the control volume, pV - dS is negative. Moreover, when V points inward, the mass
flow is physically entering the control volume; i.e., it is an inflow. Hence, a negative
pV - dS denotes an inflow. The net mass flow out of the entire control surface S is the
summation over S of the elemental mass flows. In the limit, this becomes a surface
integral, which is physically the left side of Equations (2.45a and b); i.e.,

B= # pV - dS [2.46]

S

Now consider the right side of Equations (2.45a and b). The mass contained within
the elemental volume 4V is

pdV

Hence, the total mass inside the control volume is

fHfoo

1%

The time rate of increase of mass inside V is then
o
ot P
v

In turn, the time rate of decrease of mass inside V is the negative of the above; 1.e.,

0
L pav=c (2.47)
Vv
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Thus, substituting Equations (2.46) and (2.47) into (2.45b), we have

d
V.dS=-—— d
ff s fff o
s v
0
or af# pdV +# pV.dS =0 [2.48]
v s

Equation (2.48) is the final result of applying the physical principle of the conservation
of mass to a finite control volume fixed in space. Equation (2.48) is called the
continuity equation. It is one of the most fundamental equations of fluid dynamics.
Note that Equation (2.48) expresses the continuity equation in integral form. We
will have numerous opportunities to use this form; it has the advantage of relating
aerodynamic phenomena over a finite region of space without being concerned about
the details of precisely what is happening at a given distinct point in the flow. On the
other hand, there are many times when we are concerned with the details of a flow and
we want to have equations that relate flow properties at a given point. In such a case,
the integral form as expressed in Equation (2.48) is not particularly useful. However,
Equation (2.48) can be reduced to another form that does relate flow properties at
a given point, as follows. To begin with, since the control volume used to obtain
Equation (2.48) 1s fixed in space, the limits of integration are also fixed. Hence, the
time derivative can be placed inside the volume integral and Equation (2.48) can be

written as
dp
S VTP eV dS=0 [2.49]
1% N

Applying the divergence theorem, Equation (2.26), we can express the right-hand
term of Equation (2.49) as

# (pV) - dS = ﬁff V. (pV)dV [2.50]
S Vv

Substituting Equation (2.50) into (2.49), we obtain

dp
2o fff e v
% %
ap
or %# [E + V. (pV)] dv =20 [2.51]
v

Examine the integrand of Equation (2.51). If the integrand were a finite number, then
Equation (2.51) would require that the integral over part of the control volume be
equal and opposite in sign to the integral over the remainder of the control volume,
such that the net integration would be zero. However, the finite control volume is
arbitrarily drawn in space; there is no reason to expect cancellation of one region by
the other. Hence, the only way for the integral in Equation (2.51) to be zero for an
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arbitrary control volume is for the integrand to be zero at all points within the control
volume. Thus, from Equation (2.51), we have

ap

2, TV (V) =0 [2.52]

Equation (2.52) is the continuity equation in the form of a partial differential equation.
This equation relates the flow field variables at a point in the flow, as opposed to
Equation (2.48), which deals with a finite space.

It is important to keep in mind that Equations (2.48) and (2.52) are equally valid
statements of the physical principle of conservation of mass. They are mathematical
representations, but always remember that they speak words—they say that mass can
be neither created nor destroyed.

Note that in the derivation of the above equations, the only assumption about the
nature of the fluid is that it is a continuum. Therefore, Equations (2.48) and (2.52)
hold in general for the three-dimensional, unsteady flow of any type of fluid, inviscid
or viscous, compressible or incompressible. (Note: It is important to keep track of
all assumptions that are used in the derivation of any equation because they tell you
the limitations on the final result, and therefore prevent you from using an equation
for a situation in which it is not valid. In all our future derivations, develop the habit
of noting all assumptions that go with the resulting equations.)

It is important to emphasize the difference between unsteady and steady flows.
In an unsteady flow, the flow-field variables are a function of both spatial location
and time, e.g.,

p=pX, y2z1)

This means that if you lock your eyes on one fixed point in space, the density at
that point will change with time. Such unsteady fluctuations can be caused by time-
varying boundaries (e.g., an airfoil pitching up and down with time or the supply
valves of a wind tunnel being turned off and on). Equations (2.48) and (2.52) hold for
such unsteady flows. On the other hand, the vast majority of practical aerodynamic
problems involve steady flow. Here, the flow-field variables are a function of spatial
location only, e.g.,

p=px,y2)

This means that if you lock your eyes on a fixed point in space, the density at that
point will be a fixed value, invariant with time. For steady flow, 9/9¢ = 0, and hence
Equations (2.48) and (2.52) reduce to

s

and V.(pV)=0 [2.54]
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2.5 MoMENTUM EQUATION

Newton’s second law is frequently written as
F=ma [2.55]

where F is the force exerted on a body of mass m and a is the acceleration. However,
a more general form of Equation (2.55) is

d
F = E(mV) [2.56]

which reduces to Equation (2.55) for a body of constant mass. In Equation (2.56),
mV is the momentum of a body of mass m. Equation (2.56) represents the second
fundamental principle upon which theoretical fluid dynamics is based.

Physical principle Force = time rate of change of momentum

We will apply this principle [in the form of Equation (2.56)] to the model of a finite
control volume fixed in space as sketched in Figure 2.17. Our objective is to obtain
expressions for both the left and right sides of Equation (2.56) in terms of the familiar
flow-field variables p, p, V, etc. First, let us concentrate on the left side of Equation
(2.56), i.e., obtain an expression for F, which is the force exerted on the fluid as it
flows through the control volume. This force comes from two sources:

1. Body forces: gravity, electromagnetic forces, or any other forces which “act at a
distance” on the fluid inside V.

2. Surface forces: pressure and shear stress acting on the control surface S.

Let f represent the net body force per unit mass exerted on the fluid inside V. The
body force on the elemental volume dV in Figure 2.17 is therefore

pfdV

and the total body force exerted on the fluid in the control volume is the summation
of the above over the volume V:

Body force = ff# of dV [2.57]
v

The elemental surface force due to pressure acting on the element of area d.S 1s
—pdS

where the negative sign indicates that the force is in the direction opposite of dS. That
is, the control surface is experiencing a pressure force which is directed into the control
volume and which is due to the pressure from the surroundings, and examination of
Figure 2.17 shows that such an inward-directed force is in the direction opposite of
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dS. The complete pressure force is the summation of the elemental forces over the
entire control surface:

Pressure force = —# pdS [2.58]
S

In a viscous flow, the shear and normal viscous stresses also exert a surface force.
A detailed evaluation of these viscous stresses is not warranted at this stage of our
discussion. Let us simply recognize this effect by letting Fjous denote the total
viscous force exerted on the control surface. We are now ready to write an expression
for the left-hand side of Equation (2.56). The total force experienced by the fluid as it
is sweeping through the fixed control volume is given by the sum of Equations (2.57)
and (2.58) and F,iscous:

F = % pf dv —# P ds -+ Fviscous [2-59]
v S

Now consider the right side of Equation (2.56). The time rate of change of
momentum of the fluid as it sweeps through the fixed control volume is the sum of
two terms:

Net flow of momentum out

of control volume across surface § G [2.604]

and

Time rate of ghange of momenturp dge Fo —H [2.60b]
unsteady fluctuations of flow properties inside V

Consider the term denoted by G in Equation (2.60a). The flow has a certain momen-
tum as it enters the control volume in Figure 2.17, and, in general, it has a different
momentum as it leaves the control volume (due in part to the force F that is exerted on
the fluid as it is sweeping through V). The net flow of momentum out of the control
volume across the surface S is simply this outflow minus the inflow of momentum
across the control surface. This change in momentum is denoted by G, as noted
above. To obtain an expression for G, recall that the mass flow across the elemental
area d S is (pV - dS); hence, the flow of momentum per second across d.S is

(pV - dS)V

The net flow of momentum out of the control volume through § is the summation of
the above elemental contributions, namely,

G =#(pV -dS)V [2.61]
S

In Equation (2.61), recall that positive values of (oV - dS) represent mass flow out of
the control volume, and negative values represent mass flow into the control volume.
Hence, in Equation (2.61) the integral over the whole control surface is a combination
of positive contributions (outflow of momentum) and negative contributions (inflow

113
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of momentum), with the resulting value of the integral representing the net outflow
of momentum. If G has a positive value, there is more momentum flowing out of
the control volume per second than flowing in; conversely, if G has a negative value,
there is more momentum flowing into the control volume per second than flowing
out.

Now consider H from Equation (2.60b). The momentum of the fluid in the
elemental volume 4V shown in Figure 2.17 is

(pdV)V

The momentum contained at any instant inside the control volume is therefore

oo

Vv

and its time rate of change due to unsteady flow fluctuations is

d
H= E#f oVdy [2.62]

v

Combining Equations (2.61) and (2.62), we obtain an expression for the total
time rate of change of momentum of the fluid as it sweeps through the fixed control
volume, which in turn represents the right-hand side of Equation (2.56):

d 3
—(mV) =G +H :#(pv .dS)V + 575[# pVdV [2.63]
S v

Hence, from Equations (2.59) and (2.63), Newton’s second law,
d
—mV) =F
-, V)

applied to a fluid flow is

E
57(# pV dV +#(pv .dS)V = —# pdS +7€# Pt dV + Fuiscous
v S S v

[2.64]
Equation (2.64) is the momentum equation in integral form. Note that it is a vector
equation. Just as in the case of the integral form of the continuity equation, Equation
(2.64) has the advantage of relating aerodynamic phenomena over a finite region of
space without being concerned with the details of precisely what is happening at a
given distinct point in the flow. This advantage is illustrated in Section 2.6.
From Equation (2.64), we now proceed to a partial differential equation which
relates flow-field properties at a point in space. Such an equation is a counterpart
to the differential form of the continuity equation given in Equation (2.52). Apply
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the gradient theorem, Equation (2.27), to the first term on the right side of Equation

(2.64):
—# pdS = —ﬁ# VpdV [2.65]
$ v

Also, because the control volume is fixed, the time derivative in Equation (2.64) can
be placed inside the integral. Hence, Equation (2.64) can be written as

d(pV
7%# Mdv + # (pV - dS)V = 7%5 VpdV + f# oEdV + Fopone

A

[2.66]
Recall that Equation (2.66) is a vector equation. Itis convenient to write this equation
as three scalar equations. Using cartesian coordinates, where

V =ui+vj+wk

the x component of Equation (2.66) is

a a
j[# (apt”)dv + # (oV - dS)u = _ﬁ%( 8—pdV + #f pfs dV + (Fi)viscous
X
v s v v

[2.67]
[Note: In Equation (2.67), the product (pV - dS) is a scalar, and therefore has no
components.] Apply the divergence theorem, Equation (2.26), to the surface integral
on the left side of Equation (2.67):

#(pV -dS)u :#(puV) -dS :%# V. (puV)dV [2.68]
s s v

Substituting Equation (2.68) into Equation (2.67), we have

FH 52 49 o4 22— i~ P | av =0 L2.09)
v

where (F;)viscous denotes the proper form of the x component of the viscous shear

stresses when placed inside the volume integral (this form will be obtained explicitly

in Chapter 15). For the same reasons as stated in Section 2.4, the integrand in Equation

(2.69) is identically zero at all points in the flow; hence,

9 3
(;tu) + V- (puV) = —a—p 4 Dfe A (Foviscous [2.70a]
X

Equation (2.70a) is the x component of the momentum equation in differential form.
Returning to Equation (2.66), and writing the y and z components, we obtain in a
similar fashion

3 dJ
% + V.(pvV) = —£ + ,Ofy + (]:_v)viscous [2.70b]




FUNDAMENTALS OF AERODYNAMICS

and

d(pw 9
(g, ) + V. (pwV) = _£ + pf: + (F;)viscous [2.70¢]

where the subscripts y and z on f and F denote the y and z components of the
body and viscous forces, respectively. Equations (2.70a to ¢) are the scalar x, y, and
z components of the momentum equation, respectively; they are partial differential
equations that relate flow-field properties at any point in the flow.

Note that Equations (2.64) and (2.70a to ¢) apply to the unsteady, three-dimensional
flow of any fluid, compressible or incompressible, viscous or inviscid. Specialized to
a steady (3/97 = 0), inviscid (Fyicons = 0) flow with no body forces (f = 0), these

equations become
#(pV -dS)V = —# pdS [2.71]
s s

and
dp
V. (puV) = —— [2.7 2a]
dx
ap
V. (pvV) = —— [2.72b]
dy
ap
V. (pwV) = e [2.72¢]
Z

Since most of the material in Chapters 3 through 14 assumes steady, inviscid flow
with no body forces, we will have frequent occasion to use the momentum equation
in the forms of Equations (2.71) and (2.72a to ¢).

The momentum equations for an inviscid flow [such as Equations (2.72a to ¢)]
are called the Euler equations. The momentum equations for a viscous flow [such
as Equations (2.70a to ¢) are called the Navier-Stokes equations. We will encounter
this terminology in subsequent chapters.

2.6 AN APPLICATION OF THE MOMENTUM
EQUATION: DRAG OF A TwWo-DIMENSIONAL BODY

We briefly interrupt our orderly development of the fundamental equations of fluid
dynamics in order to examine an important application of the integral form of the
momentum equation. During the 1930s and 1940s, the National Advisory Commit-
tee for Aeronautics (NACA) measured the lift and drag characteristics of a series
of systematically designed airfoil shapes (discussed in detail in Chapter 4). These
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measurements were carried out in a specially designed wind tunnel where the wing
models spanned the entire test section; i.e., the wing tips were butted against both
sidewalls of the wind tunnel. This was done in order to establish two-dimensional
(rather than three-dimensional) flow over the wing, thus allowing the properties of
an airfoil (rather than a finite wing) to be measured. The distinction between the
aerodynamics of airfoils and that of finite wings is made in Chapters 4 and 5. The
important point here is that because the wings were mounted against both sidewalls of
the wind tunnel, the NACA did not use a conventional force balance to measure the 1ift
and drag. Rather, the lift was obtained from the pressure distributions on the ceiling
and floor of the tunnel (above and below the wing), and the drag was obtained from
measurements of the flow velocity downstream of the wing. These measurements
may appear to be a strange way to measure the aerodynamic force on a wing. Indeed,
how are these measurements related to lift and drag? What is going on here? The
answers to these questions are addressed in this section; they involve an application
of the fundamental momentum equation in integral form, and they illustrate a basic
technique that is frequently used in acrodynamics.

Consider a two-dimensional body in a flow, as sketched in Figure 2.18¢. A control
volume is drawn around this body, as given by the dashed lines in Figure 2.18a. The
control volume is bounded by:

1. The upper and lower streamlines far above and below the body (ab and hi,
respectively).

2. Lines perpendicular to the flow velocity far ahead of and behind the body (ai and
bh, respectively).

3. A cut that surrounds and wraps the surface of the body (cdefg).

The entire control volume is abcdefghia. The width of the control volume in the z
direction (perpendicular to the page) is unity. Stations 1 and 2 are inflow and outflow
stations, respectively.

Assume that the contour abhi is far enough from the body such that the pressure
is everywhere the same on abhi and equal to the freestream pressure p = ps.. Also,
assume that the inflow velocity 1, is uniform across ai (as it would be in a freestream,
or a test section of a wind tunnel). The outflow velocity u» is not uniform across bh,
because the presence of the body has created a wake at the outflow station. However,
assume thatboth 11| and 1 arein the x direction; hence, u; = constantandu, = f(v).

An actual photograph of the velocity profiles in a wake downstream of an airfoil
1s shown in Figure 2.185b.

Consider the surface forces on the control volume shown in Figure 2.184. They
stem from two contributions:

1. The pressure distribution over the surface abhi,

e

abhi

2. The surface force on def created by the presence of the body
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Uniform velocity

©

(@

Figure 2.18 (a} Contral volume far obta.
(b} Phatagraph of the velocity prafiles
are made visible in water flow by pu
perpendicular to the flow, thus ¢
subsequently move downsir
Nakayama, Tokai University, Japan.)
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In the list on page 117, the surface shear stress on ab and hi has been neglected.
Also, note that in Figure 2.18a the cuts ¢d and fg are taken adjacent to each other;
hence, any shear stress or pressure distribution on one 1s equal and opposite to that on
the other; i.e., the surface forces on cd and fg cancel each other. Also, note that the
surface force on def is the equal and opposite reaction to the shear stress and pressure
distribution created by the flow over the surface of the body. To see this more clearly,
examine Figure 2.19. On the left is shown the flow over the body. As explained in
Section 1.5, the moving fluid exerts pressure and shear stress distributions over the
body surface which create a resultant aerodynamic force per unit span R" on the body.
In turn, by Newton’s third law, the body exerts equal and opposite pressure and shear
stress distributions on the flow, i.e., on the part of the control surface bounded by
def. Hence, the body exerts a force —R’ on the control surface, as shown on the right
of Figure 2.19. With the above in mind, the total surface force on the entire control
volume is

Surface force = — [f pdS - R’ [2.73]

abhi

Moreover, this is the fotal force on the control volume shown in Figure 2.18a because
the volumetric body force is negligible.

Consider the integral form of the momentum equation as given by Equation
(2.64). The right-hand side of this equation is physically the force on the fluid moving
through the control volume. For the control volume in Figure 2.18a, this force is
simply the expression given by Equation (2.73). Hence, using Equation (2.64), with
the right-hand side given by Equation (2.73), we have

d
5 oVdv +#(pV-dS)V= —ffpdS—R’ [2.74]
v S abhi
R
b
r
> 4 (‘ T - -
~— - \\ -~ (1
—— ~\*
r
Flow exerts p and 7 R Equal and opposite
on the surface of the reaction; body exerts
body, giving a resultant a surface force on the
aerodynamic force R section of the control
volume def that equals
—R

Figure 2.19 Equal and opposite reactions on a body and adjacent
section of control surface.
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Assuming steady flow, Equation (2.74) becomes

R = —#(pV-dS)V— f/ pdS [2.75]
N

abhi

Equation (2.75) is a vector equation, Consider again the control volume in Fig-
ure 2.18a. Take the x component of Equation (2.75), noting that the inflow and
outflow velocities #; and u, are in the x direction and the x component of R’ is the
aerodynamic drag per unit span D’":

D = —#(pV - dS)u — f (pdS)y [2.76]
s

abhi

In Equation (2.76), the last term is the component of the pressure force in the x
direction. [The expression (p dS), is the x component of the pressure force exerted
on the elemental area 4.5 of the control surface.] Recall that the boundaries of the
control volume abhi are chosen far enough from the body such that p is constant
along these boundaries. For a constant pressure.

f (pdS), =0 [2.77]

abhi

because, looking along the x direction in Figure 2.18a, the pressure force on abhi
pushing toward the right exactly balances the pressure force pushing toward the left.
This is true no matter what the shape of abhi is, as long as p is constant along
the surface (for proof of this statement, see Problem 2.3). Therefore, substituting
Equation (2.77) into (2.76), we obtain

D = —# (pV - dS)u [2.78]
s

Evaluating the surface integral in Equation (2.78), we note from Figure 2.18a that:

1. The sections ab, hi, and def are streamlines of the flow. Since by definition V is
parallel to the streamlines and dS is perpendicular to the control surface, along
these sections V and dS are perpendicular vectors, and hence V- dS = 0. Asa
result, the contributions of ab, hi, and def to the integral in Equation (2.78) are
zZero.

2. The cuts cd and fg are adjacent to each other. The mass flux out of one is
identically the mass flux into the other. Hence, the contributions of c¢d and fg to
the integral in Equation (2.78) cancel each other.

As aresult, the only contributions to the integral in Equation (2.78) come from sections
ai and bh. These sections are oriented in the y direction. Also, the control volume
has unit depth in the z direction (perpendicular to the page). Hence, for these sections,
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dS§ = dy(1). The integral in Equation (2.78) becomes
d b
#(pV -dS)u = —f piud dy +[ paus dy [2.79]
i h
S

Note that the minus sign in front of the first term on the right-hand side of Equation
(2.79) is due to V and dS being in opposite directions along ai (station 1 is an inflow
boundary); in contrast, V and dS are in the same direction over Ab (station 2 is an
outflow boundary), and hence the second term has a positive sign.

Before going further with Equation (2.79), consider the integral form of the
continuity equation for steady flow, Equation (2.53). Applied to the control volume
in Figure 2.18a, Equation (2.53) becomes

d b
—[ pluldy+f pau2dy =0
i h

a b
or / pruydy = / otz dy [2.80]
i h

Multiplying Equation (2.80) by u,, which is a constant, we obtain

o b
/ pusdy = / Py dy [2.81]
i h

Substituting Equation (2.81) into Equation (2.79), we have

b b
#(pV «dS)u = —/ Pououy dy +f pzu% dy
h h

s
b
or #(pv -dS)u = —f o2ua(uy —up) dy [2.82]
h
s

Substituting Equation (2.82) into Equation (2.78) yields

b
D’ :/ pat2 (1 — up) dy [2.83]
h

Equation (2.83) is the desired result of this section; it expresses the drag of abody
in terms of the known freestream velocity 1, and the flow-field properties p2 and u,
across a vertical station downstream of the body. These downstream properties can be
measured in a wind tunnel, and the drag per unit span of the body D’ can be obtained
by evaluating the integral in Equation (2.83) numerically, using the measured data
for p; and u, as a function of y.

Examine Equation (2.83) more closely. The quantity u; — us is the velocity
decrement at a given y location. That is, because of the drag on the body, there is a
wake that trails downstream of the body. In this wake, there is a loss in flow velocity
uy — uy. The quantity p,u» is simply the mass flux; when multiplied by u; — u»,
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it gives the decrement in momentum. Therefore, the integral in Equation (2.83) is
physically the decrement in momentum flow that exists across the wake, and from
Equation (2.83), this wake momentum decrement is equal to the drag on the body.

For incompressible flow, p = constant and is known. For this case, Equation
(2.83) becomes

b
D = pf wr(uy —us)dy [2.84]
h

Equation (2.84) is the answer to the questions posed at the beginning of this section.
It shows how a measurement of the velocity distribution across the wake of a body
can yield the drag. These velocity distributions are conventionally measured with a
Pitot rake, such as shown in Figure 2.20. This is nothing more than a series of Pitot
tubes attached to a common stem, which allows the simultaneous measurement of
velocity across the wake. (The principle of the Pitot tube as a velocity-measuring
instrument is discussed in Chapter 3. See also pages 147-161 of Reference 2 for an
introductory discussion on Pitot tubes.)

The result embodied in Equation (2.84) illustrates the power of the integral form
of the momentum equation; it relates drag on a body located at some position in the
flow to the flow-field variables at a completely different location.

At the beginning of this section, it was mentioned that lift on a two-dimensional
body can be obtained by measuring the pressures on the ceiling and floor of a wind

Figure 2.20 A Pitat rake far wake surveys. (Courtesy of the
University of Maryland Aerodynamic laboratory.)
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tunnel, above and below the body. This relation can be established from the integral
form of the momentum equation in a manner analogous to that used to establish the
drag relation; the derivation is left as a homework problem.
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Consider an incompressible flow, laminar boundary layer growing along the surface of a flat
plate, with chord length ¢, as sketched in Figure 2.21. The definition of a boundary layer was
discussed in Section 1.10 and illustrated in Figure 1.35. The significance of a laminar flow is
discussed in Chapter 15; it is not relevant for this example. For an incompressible, laminar,
flat plate boundary Jayer, the boundary-layer thickness § at the trailing edge of the plate is

8 5

& +/Re,
and the skin friction drag coefficient for the plate is

D 1328
I~ guc() ~ Re,

where the Reynolds number is based on chord length

P Ve
P

Re..

[Note: Both 8/¢ and C; are functions of the Reynolds number—just another demonstration of
the power of the similarity parameters. Since we are dealing with a low-speed, incompressible
flow, the Mach number is not a relevant parameter here.] Let us assume that the velocity profile
through the boundary layer is given by a power-law variation

v V’)O (i’)”
)

Calculate the value of n, consistent with the information given above.

Streamline upper Ay
boundary of

— T 3
lé —
._ﬁ......_’| “goﬂ/\“/ - Velocity profile
| G 8 > u=uy)
%C -~
B
L

Figure 2.21 Sketch of @ boundary layer and the velocity profile at x = c. The

boundarylayer thickness § is exaggerated here for clarity.

Example 2.2
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Solution
From Equation (2.84)
D Poo 8
Cf: :—-——‘/ uz(ul—uz)dy
0

GoC  3pocV2e

where the integral is evaluated at the trailing edge of the plate. Hence,

cp=a [l (e (2
0 Voo \ Vg Voo c
However, in Equation (2.84), applied to the control volume in Figure 2.21, uy = V. Thus
8/c
szzf ﬂ(l_ﬂ)d(z)
0 Voo Voo C

Inserting the laminar boundary-layer result for C; as well as the assumed variation of velocity,
both given above, we can write this integral as

CEET
Re. 0 8/c 8/c c

Carrying out the integration, we obtain

1328 2 3 2 8
JRe, n+1\c 2n+1 \ ¢

Since 8/c = 5/+/Re,, then

1328 10 1Ly 10 1
Re. n+1\ J/Re. 2n+1 \ Re,
1 1 1.328

of n+1  2n41 10

or 0.2656n° — 0.6016n +0.1328 = 0
Using the quadratic formula, we have
n=2 or 0.25

By assuming a power-law velocity profile in the form of u/ V,, = (y/8)", we have found two
different velocity profiles that satisfy the momentum principle applied to a finite control volume.
Both of these profiles are shown in Figure 2.22 and are compared with an exact velocity profile
obtained by means of a solution of the incompressible, laminar boundary-layer equations for
a flat plate. (This boundary-layer solution is discussed in Chapter 18.) Note that the result
n = 2 gives a concave velocity profile which is essentially nonphysical when compared to
the convex profiles always observed in boundary layers. The result n = 0.25 gives a convex
velocity profile which is qualitatively physically correct. However, this profile is quantitatively
inaccurate, as can be seen in comparison to the exact profile. Hence, our eriginal asswmnption
of a power-law velocity profile for the laminar boundary layer in the form of u/ V. = (v/8)"
is not very good, in spite of the fact that when n = 2 or 0.25, this assumed velocity profile does
satisfy the momentum principle, applied over a large, finite control volume.
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Figure 2.22  Comparison of the actual laminar
boundary-layer profile with those
calculated from Example 2.2.
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2.6.1 COMMENT

In this section, we have applied the momentum principle (Newton’s second law) to
large, fixed control volumes in flows. On one hand, we demonstrated that, by know-
ing the detailed flow properties along the control surface, this application led to an
accurate result for an overall quantity such as drag on a body, namely, Equation (2.83)
for a compressible flow and Equation (2.84) for an incompressible flow. On the other
hand, in Example 2.2, we have shown that, by knowing an overall quantity such as the
net drag on a flat plate, the finite control volume concept by itself does not necessarily
provide an accurate calculation of detailed flow-field properties along the control sur-
face (in this case, the velocity profile), although the momentum principle is certainly
satisfied in the aggregate. Example 2.2 is designed specifically to demonstrate this
fact. The weakness here is the need to assume some form for the variation of flow
properties over the control surface; in Example 2.2, the assumption of the particular
power-law profile proved to be unsatisfactory.

2.7 ENERGY EQUATION

For an incompressible flow, where p is constant, the primary flow-field variables are
p and V. The continuity and momentum equations obtained earlier are two equations
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in terms of the two unknowns p and V. Hence, for a study of incompressible flow,
the continuity and momentum equations are sufficient tools to do the job.

However, for a compressible flow, p is an additional variable, and therefore we
need an additional fundamental equation to complete the system. This fundamental
relation is the energy equation, to be derived in this section. In the process, two
additional flow-field variables arise, namely, the internal energy e and temperature 7.
Additional equations must also be introduced for these variables, as will be mentioned
later in this section.

The material discussed in this section is germane to the study of compressible
flow. For those readers interested only in the study of incompressible flow for the
time being, you may bypass this section and return to it at a later stage.

Physical principle Energy can be neither created nor destroyed;
it can only change in form.

This physical principle is embodied in the first law of thermodynamics. A brief
review of thermodynamics is given in Chapter 7. Thermodynamics is essential to
the study of compressible flow; however, at this stage, we will only introduce the
first law, and we defer any substantial discussion of thermodynamics until Chapter 7,
where we begin to concentrate on compressible flow.

Consider a fixed amount of matter contained within a closed boundary. This
matter defines the system. Because the molecules and atoms within the system are
constantly in motion, the system contains a certain amount of energy. For simplicity,
let the system contain a unit mass; in turn, denote the internal energy per unit mass
by e.

The region outside the system defines the surroundings. Let an incremental
amount of heat 8¢ be added to the system from the surroundings. Also, let w be
the work done on the system by the surroundings. (The quantities 8¢ and §w are
discussed in more detail in Chapter 7.) Both heat and work are forms of energy, and
when added to the system, they change the amount of internal energy in the system.
Denote this change of internal energy by de. From our physical principle that energy
is conserved, we have for the system

8q +dw = de [2.85]

Equation (2.85) is a statement of the first law of thermodynamics.
Let us apply the first law to the fluid flowing through the fixed control volume
shown in Figure 2.17. Let

B; =rate of heat added to fluid inside control volume from surroundings
By = rate of work done on fluid inside control volume

B; = rate of change of energy of fluid as it flows through control volume
From the first law,

B+ B, =83 [2.86]
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Note that each term in Equation (2.86) involves the time rate of energy change;
hence, Equation (2.86) is, strictly speaking, a power equation. However, because it
is a statement of the fundamental principle of conservation of energy, the equation is
conventionally termed the “energy equation.” We continue this convention here.

First, consider the rate of heat transferred to or from the fluid. This can be visual-
ized as volumetric heating of the fluid inside the control volume due to absorption of
radiation originating outside the system or the local emission of radiation by the fluid
itself, if the temperature inside the control volume is high enough. In addition, there
may be chemical combustion processes taking place inside the control volume, such
as fuel-air combustion in a jet engine. Let this volumetric rate of heat addition per
unit mass be denoted by ¢g. Typical units for g are J/s - kg or ft - Ib/s - slug. Examining
Figure 2.17, the mass contained within an elemental volume is p dV; hence, the rate
of heat addition to this mass is ¢ (p V). Summing over the complete control volume,
we obtain

Rate of volumetric heating = ﬁ# qgpdy [2.871
%

In addition, if the flow is viscous, heat can be transterred into the control volume by
means of thermal conduction and mass diffusion across the control surface. At this
stage, a detailed development of these viscous heat-addition terms is not warranted;
they are considered in detail in Chapter 15. Rather, let us denote the rate of heat
addition to the control volume due to viscous effects simply by Qviscous. Therefore,
in Equation (2.86), the total rate of heat addition is given by Equation (2.87) plus

Quiscous:

Bl :\% quv + Q.ViSCOUS [2‘881
v

Before considering the rate of work done on the fluid inside the control volume,
consider a simpler case of a solid object in motion, with a force F being exerted on
the object, as sketched in Figure 2.23. The position of the object is measured from a
fixed origin by the radius vector r. In moving from position ry to r, over an interval

F Time ¢
dr

:] Later time, ¢ + dt

Figure 2.23 Schematic for the rate of
doing work by a force F
exerted on a moving body.
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of time dt, the object is displaced through dr. By definition, the work done on the
object in time dt is F - dr. Hence, the time rate of doing work is simply F - dr/d:.
However, dr/dt = V, the velocity of the moving object. Hence, we can state that

Rate of doing work on moving body = F -V

In words, the rate of work done on a moving body is equal to the product of its velocity
and the component of force in the direction of the velocity,

This result leads to an expression for B, as follows. Consider the elemental area
d S of the control surface in Figure 2.17. The pressure force on this elemental area is
—pdS. From the above result, the rate of work done on the fluid passing through 4.5
with velocity V is (—p dS) - V. Hence, summing over the complete control surface,
we have

V due to pressure force on S [2.89]

Rate of work done on fluid inside
—q4Pp(pdS)-V
s
In addition, consider an elemental volume &V inside the control volume, as shown in
Figure 2.17. Recalling that f is the body force per unit mass, the rate of work done
on the elemental volume due to the body force is (of dV) - V. Summing over the
complete control volume, we obtain

Rate of work done on fluid _ £dV) -V
inside V due to body forces ’ } ; ® [2.90]
v

If the flow is viscous, the shear stress on the control surface will also perform work
on the fluid as it passes across the surface. Once again, a detailed development of this
term is deferred until Chapter 15. Let us denote this contribution simply by inscous.
Then the total rate of work done on the fluid inside the control volume is the sum of
Equations (2.89) and (2.90) and Wiiscous:

B, = —# pV -dS —{—% p(f-V)dV+inscous [2.91]

N v

To visualize the energy inside the control volume, recall that in the first law of
thermodynamics as stated in Equation (2.85), the internal energy e is due to the random
motion of the atoms and molecules inside the system. Equation (2.85) is written for a
stationary system. However, the fluid inside the control volume in Figure 2.17 is not
stationary; it 1S moving at the local velocity V with a consequent kinetic energy per
unit mass of V2 /2. Hence, the energy per unit mass of the moving fluid is the sum of
both internal and kinetic energies e + V2/2. This sum is called the toral energy per
unit mass.

We are now ready to obtain an expression for Bi, the rate of change of total
energy of the fluid as it flows through the control volume. Keep in mind that mass
flows into the control volume of Figure 2.17 bringing with it a certain total energy; at
the same time mass flows out of the control volume taking with it a generally different
amount of total energy. The elemental mass flow across dS is pV - dS, and therefore
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the elemental flow of total energy across dS is (pV - dS)(e 4+ V?/2). Summing over
the complete control surface, we obtain

Net rate of flow of total (pV - dS v?
energy across control surface 1 © et 7 [2.92]
s
In addition, if the flow is unsteady, there is a time rate of change of total energy inside
the control volume due to the transient fluctuations of the flow-field variables. The

total energy contained in the elemental volume dV is p (e + V?/2) dV, and hence the
total energy inside the complete control volume at any instant in time is

ol )

Time rate of change of total energy

3 V2
inside V due to transient variations = 3 %# 0 (e + 7) dyv [2.93]
of flow-field variables Y

Therefore,

In turn, B is the sum of Equations (2.92) and (2.93):

By = 9 + v dVv # V.dS) i [2.94]
3= plet +q4Ppp ¢t .
v S

Repeating the physical principle stated at the beginning of this section, the rate
of heat added to the fluid plus the rate of work done on the fluid is equal to the rate
of change of total energy of the fluid as it flows through the control volume; i.c.,
energy is conserved. In turn, these words can be directly translated into an equation
by combining Equations (2.86), (2.88), (2.91), and (2.94):

W Clp dVv + Qviscous _# PV - dS +W ,O(f * V) dv + inscous

Vv S Vv
B v? V2
= = —\d — |Vv.dS
py p(e+2) V+#p(e+2)
% S

[2.95]
Equation (2.95) is the energy equation in integral form; it is essentially the first law
of thermodynamics applied to a fluid flow.

For the sake of completeness, note that if a shaft penetrates the control surface in
Figure 2.17, driving some power machinery located inside the control volume (say, a
compressor of a jet engine), then the rate of work delivered by the shaft, Wepatt, Must
be added to the left side of Equation (2.95). Also note that the potential energy does
not appear explicitly in Equation (2.95). Changes in potential energy are contained
in the body force term when the force of gravity is included in f. For the aerodynamic
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problems considered in this book, shaft work is not treated, and changes in potential
energy are always negligible.

Following the approach established in Sections 2.4 and 2.5, we can obtain a
partial differential equation for total energy from the integral form given in Equation
(2.95). Applying the divergence theorem to the surface integrals in Equation (2.95),
collecting all terms inside the same volume integral, and setting the integrand equal
to zero, we obtain

3 V2 v? :
al:p(e-l—?):l—i-V-I:p(e—l—?)V]=pq—V'(pV)+,0(f-V)

+ Qliscous + WL

viscous viscous

[2.96]
where Q'(,iscous and W‘jiscous represent the proper forms of the viscous terms, to be
obtained in Chapter 15. Equation (2.96) is a partial differential equation which relates
the flow-field variables at a given point in space.

If the flow is steady (8/9¢ = 0), inviscid (Quicous = 0 and Wyiseous = 0),
adiabatic (no heat addition, ¢ = 0), without body forces (f = (), then Equations

(2.95) and (2.96) reduce to

2
#p(e—l—%)V-dS:—#pV-dS [2.97]

N S

and

V2
V. [p (e«i—?) V] = -V .(pV) [2.98]

Equations (2.97) and (2.98) are discussed and applied at length beginning with
Chapter 7.

With the energy equation, we have introduced another unknown flow-field vari-
able e. We now have three equations, continuity, momentum, and energy, which
involve four dependent variables, p, p, V, and e. A fourth equation can be obtained
from a thermodynamic state relation for e (see Chapter 7). If the gas is calorically
perfect, then

e=c,T [2.99]

where ¢, is the specific heat at constant volume. Equation (2.99) introduces temper-
ature as yet another dependent variable. However, the system can be completed by
using the perfect gas equation of state

p=pRT [2.100]

where R is the specific gas constant. Therefore, the continuity, momentum, and energy
equations, along with Equations (2.99) and (2.100) are five independent equations
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for the five unknowns, p p, V, e, and T. The matter of a perfect gas and related
equations of state are reviewed in detail in Chapter 7, Equations (2.99) and (2.100)
are presented here only to round out our development of the fundamental equations
of fluid flow.
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2.8 INTERIM SUMMARY

At this stage, let us pause and think about the various equations we have developed.
Do not fall into the trap of seeing these equations as just a jumble of mathematical
symbols that, by now, might look all the same to you. Quite the contrary, these
equations speak words: e.g., Equations (2.48), (2.52), (2.53), and (2.54) all say
that mass is conserved; Equations (2.64), (2.70a to ¢), (2.71), and (2.72a to ¢) are
statements of Newton'’s second law applied to a fluid flow; Equations (2.95) to (2.98)
say that energy is conserved. It is very important to be able to see the physical
principles behind these equations. When you look at an equation, try to develop
the ability to see past a collection of mathematical symbols and, instead, to read the
physics that the equation represents.

The equations listed above are fundamental to all of aerodynamics. Take the time
to go back over them. Become familiar with the way they are developed, and make
yourself comfortable with their final forms. In this way, you will find our subsequent
aerodynamic applications that much easier to understand.

Also, note our location on the road map shown in Figure 2.1. We have finished
the items on the left branch of the map—we have obtained the basic flow equations
containing the fundamental physics of fluid flow. We now start with the branch on the
right, which 1s a collection of useful concepts helpful in the application of the basic
flow equations.

2.9 SUBSTANTIAL DERIVATIVE

Consider a small fluid element moving through a flow field, as shown in Figure 2.24.
This figure is basically an extension of Figure 2.14, in which we introduced the
concept of a fluid element moving through a specified flow field. The velocity field
is given by V = ui 4 vj + wk, where

u=u(x,y,z,t)

v=u(x,y.z, 1)

w=w(x,y 2,1)
In addition, the density field is given by

p=pxy.21)
At time ¢, the fluid element is located at point 1 in the flow (see Figure 2.24), and its
density is

pr=px,y.21.h)
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Figure 2.24 Fluid element moving in a flow field —illustration
for the substantial derivative.

At a later time ¢, the same fluid element has moved to a different location in the flow
field, such as point 2 in Figure 2.24. At this new time and location, the density of the
fluid element is

P2 = p(x2, ¥2, 22, 1)

Since p = p(x, v, z, ), we can expand this function in a Taylor series about point 1
as follows:

d d d
2 =p1+ (_p) (xz—x1)+(—p) 2 —y) + (_,0) (z2 — 21)
ox /, 9y /, 9z /,

d .
+ (a—/;) (t; — 1) + higher-order terms
1

Dividing by #; — 1, and ignoring the higher-order terms, we have

p2—Pr _ (8_,0 XX (8_;0) (yz—y1 +(3_p) 22— 2y +(8_p)
I — 1 Ix /), bh—1 ay ), \h—r1 az /| tbb—t ot /,
[2.101]
Consider the physical meaning of the left side of Equation (2.101). The term (p, —

p1)/(t2 — 1) is the average time rate of change in density of the fluid element as it
moves from point 1 to point 2. In the limit, as #, approaches 7, this term becomes

n—i ty—1t, Dt

Here, Dp/ Dt is a symbol for the instantaneous time rate of change of density of the
fluid element as it moves through point 1. By definition, this symbol is called the
substantial derivative D /Dt. Note that Dp/ Dt is the time rate of change of density
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of a given fluid element as it moves through space. Here, our eyes are locked on the
fluid element as it is moving, and we are watching the density of the element change
as it moves through point 1. This is different from (dp/9¢)1, which is physically the
time rate of change of density at the fixed point 1. For (dp/dt);, we fix our eyes
on the stationary point 1, and watch the density change due to transient fluctuations
in the flow field. Thus, Dp/Dt and dp/dt are physically and numerically different
quantities.
Returning to Equation (2.101), note that

. X2 — X

lim =u
L= b — 1

L Y2V

lim =v
=l I — 1

. Z2 — 21

lim =w
h=1n fy — 1

Thus, taking the limit of Equation (2.101) as 1, — 1, we obtain

D aJ d d )

[2.102]
D1 ax ay dz ot

Examine Equation (2.102) closely. From it, we can obtain an expression for the
substantial derivative in cartesian coordinates:

b d + 0 + ) + / [2.103]
— =—4u—+tv—+w— .
Dt or ax ay dz

Furthermore, in cartesian coordinates, the vector operator V is defined as
i +J ! +k ’
l —_— — —_—

dx J ay az

Hence, Equation (2.103) can be written as

V =

— = — 4+ (V-V) [2.104]

Equation (2.104) represents a definition of the substantial derivative in vector notation;
thus, it is valid for any coordinate system.

Focusing on Equation (2.104), we once again emphasize that D /Dt is the sub-
stantial derivative, which is physically the time rate of change following a moving
fluid element; 8/9¢ is called the local derivative, which 1s physically the time rate of
change at a fixed point; V - V is called the convective derivative, which is physically
the time rate of change due to the movement of the fluid element from one location
to another in the flow field where the flow properties are spatially different. The sub-
stantial derivative applies to any flow-field variable, e.g., Dp/Dt, DT /Dt, Du/Dz.
For example,

DT 9T VDT aT + oT n aT n aT
_—= . = —4u—+v—+w
Dr 9t ar dx dy az
local comeelive
dernalive dervative

[2.105]
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Again, Equation (2.105) states physically that the temperature of the fluid element
is changing as the element sweeps past a point in the flow because at that point the
flow-field temperature itself may be fluctuating with time (the local derivative) and
because the fluid element is simply on its way to another point in the flow field where
the temperature is different (the convective derivative).

Consider an example which will help to reinforce the physical meaning of the
substantial derivative. Imagine that you are hiking in the mountains, and you are
about to enter a cave. The temperature inside the cave is cooler than outside. Thus,
as you walk through the mouth of the cave, you feel a temperature decrease—this is
analogous to the convective derivative in Equation (2.105). However, imagine that,
at the same time, a friend throws a snowball at you such that the snowball hits you
just at the same instant you pass through the mouth of the cave. You will feel an
additional, but momentary, temperature drop when the snowball hits you—this is
analogous to the local derivative in Equation (2.105). The net temperature drop you
feel as you walk through the mouth of the cave is therefore a combination of both the
act of moving into the cave, where it is cooler, and being struck by the snowball at
the same instant—this net temperature drop is analogous to the substantial derivative
in Equation (2.105).

2.10 FuUNDAMENTAL EQUATIONS IN TERMS OF THE
SUBSTANTIAL DERIVATIVE

In this section, we express the continuity, momentum, and energy equations in terms
of the substantial derivative. In the process, we make use of the following vector
identity:

Ve(pV)=pV-V+V.Vp [2.106]
In words, this identity states that the divergence of a scalar times a vector is equal to
the scalar times the divergence of the vector plus the dot product of the vector and

the gradient of the scalar.
First, consider the continuity equation given in the form of Equation (2.52):

dp
at
Using the vector identity given by Equation (2.1006), Equation (2.52) becomes

+V.(pV)=0 [2.52]

ap
at

However, the sum of the first two terms of Equation (2.107) is the substantial derivative
of p [see Equation (2.104)]. Thus, from Equation (2.107),

+V.Vp+pV-V=0 [2.107]

Dp

V-V=0 2.108
Dz+'0 \Y% [ 1




AERODYNAMICS: SOME FUNDAMENTAL PRINCIPLES AND EQUATIONS

Equation (2.108) is the form of the continuity equation written in terms of the sub-
stantial derivative.

Next, consider the x component of the momentum equation given in the form of
Equation (2.70a):

a(pu)
ot

0
+V. (puV) = ’_8_1;: + pfx + (F)viscous [2.70al

The first terms can be expanded as

a(pu) du N dp
= o "u—
at p Jt at

[2.109]

In the second term of Equation (2.70a), treat the scalar quantity as u and the vector

quantity as pV. Then the term can be expanded using the vector identity in Equation
(2.106):

V.e(ouV) =V - u(pV)]=uV-(pV)+ (pV)) - Vu [2.110]
Substituting Equations (2.109) and (2.110) into (2.70a), we obtain

du ap

ap
p— +Uu—+ uv - (,OV) + (pV) «Vu = __1 + ,Of,r -+ (fx)viicous
ar at dx

or

d d 0
p—u+u £+V'(pV) +(pV)'VM:—“p+Pfr+(fx)viscous [2.111]
at ot ax

Examine the two terms inside the square brackets; they are precisely the left side of
the continuity equation, Equation (2.52). Since the right side of Equation (2.52) is
zero, the sum inside the square brackets is zero. Hence, Equation (2.11) becomes

ou ap
o— + PV Vu=——+ ,Of.r + (fx)viscous
at dx
d d
or 0 o +V.Vu)= —2 + pfc + (Fi)viscous [2.112]
ot 0x

Examine the two terms inside the parentheses in Equation (2.12); their sum is precisely
the substantial derivative Du/Dt. Hence, Equation (2.12) becomes

Du ap

-_ = - x x Jviscous 2.113
P Dy 8x+pf+(]:)‘ [ al

In a similar manner, Equations (2.706 and ¢) yield
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Dv dap

p_D[ = —a -+ pf) + (fy)viscous [2.113b]
Dw ap

P = I ot Pl [2.113¢]

Equations (2.113a to ¢) are the x, y, and z components of the momentum equation
written in terms of the substantial derivative. Compare these equations with Equations
(2.70a to ¢). Note that the right sides of both sets of equations are unchanged; only
the left sides are different.

In an analogous fashion, the energy equation given in the form of Equation
(2.96) can be expressed in terms of the substantial derivative. The derivation is left
as a homework problem; the result is

D(e+ V?%/2)
p——-_— =

Dt pq -V (pV) + p(f ’ V) + Q.:/l'SCOUS + W\//isc()us [2'1 1 4]

Again, the right-hand sides of Equations (2.96) and (2.114) are the same; only the
form of the left sides is different.

In modern aerodynamics, it is conventional to call the form of Equations (2.52),
(2.70a to ¢), and (2.96) the conservation form of the fundamental equations (some-
times these equations are labeled as the divergence form because of the divergence
terms on the left side). In contrast, the form of Equations (2.108), (2.1134 to ¢),
and (2.114), which deals with the substantial derivative on the left side, is called the
nonconservation form. Both forms are equally valid statements of the fundamental
principles, and in most cases, there is no particular reason to choose one form over the
other. The nonconservation form is frequently found in textbooks and in aerodynamic
theory. However, for the numerical solution of some aerodynamic problems, the con-
servation form sometimes leads to more accurate results. Hence, the distinction
between the conservation form and the nonconservation form has become important
in the modern discipline of computational fluid dynamics. (See Reference 7 for more
details.)

2.11 PATHLINES, STREAMLINES, AND STREAKLINES
oF A FLow

In addition to knowing the density, pressure, temperature, and velocity fields, in
aerodynamics we like to draw pictures of “where the flow is going.” To accomplish
this, we construct diagrams of pathlines and/or streamlines of the flow. The distinction
between pathlines and streamlines is described in this section.

Consider an unsteady flow with a velocity field givenby V = V(x, v, z, 7). Also,
consider an infinitesimal fluid element moving through the flow field, say, element A
as shown in Figure 2.25a. Element A passes through point 1. Let us trace the path
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Figure 2.25  Pathlines for two different fluid
elements passing through the same
point in space: unsteady flow.

of element A as it moves downstream from point 1, as given by the dashed line in
Figure 2.25a. Such a path is defined as the pathline for element A. Now, trace the
path of another fluid element, say, element B as shown in Figure 2.25b. Assume that
element B also passes through point 1, but at some different time from element A. The
pathline of element B is given by the dashed line in Figure 2.25b. Because the flow
is unsteady, the velocity at point 1 (and at all other points of the flow) changes with
time. Hence, the pathlines of elements A and B are different curves in Figure 2.25a
and b. In general, for unsteady flow, the pathlines for different fluid elements passing
through the same point are not the same.

In Section 1.4, the concept of a streamline was introduced in a somewhat heuristic
manner. Let us be more precise here. By definition, a streamline is a curve whose
tangent at any point is in the direction of the velocity vector at that point. Streamlines
are illustrated in Figure 2.26. The streamlines are drawn such that their tangents at
every point along the streamline are in the same direction as the velocity vectors at
those points. If the flow is unsteady, the streamline pattern is different at different
times because the velocity vectors are fluctuating with time in both magnitude and
direction.

In general, streamlines are different from pathlines. You can visualize a pathline
as atime-exposure photograph of a given fluid element, whereas a streamline patternis
like a single frame of a motion picture of the flow. In an unsteady flow, the streamline
pattern changes; hence, each “frame” of the motion picture is different.

However, for the case of steady flow (which applies to most of the applications in
this book), the magnitude and direction of the velocity vectors at all points are fixed,
invariant with time. Hence, the pathlines for different fluid elements going through
the same point are the same. Moreover, the pathlines and streamlines are identical.
Therefore, in steady flow, there is no distinction between pathlines and streamlines;
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Velocity vector

Streamline
Streamline
Figure 2.26  Streamlines.
¥y
x

fix.y,2)=0

Same pathline for all
fluid elements going
through point 1

Figure 2.27  For steady flow, sireamlines and pathlines are the same.

they are the same curves in space. This fact is reinforced in Figure 2.27, which illus-
trates the fixed, time-invariant streamline (pathline) through point 1. In Figure 2.27,
a given fluid element passing through point 1 traces a pathline downstream. All sub-
sequent fluid elements passing through point 1 at later times trace the same pathline.
Since the velocity vector is tangent to the pathline at all points on the pathline for
all times, the pathline is also a streamline. For the remainder of this book, we deal
mainly with the concept of streamlines rather than pathlines; however, always keep
in mind the distinction described above.

Question: Given the velocity field of a flow, how can we obtain the mathematical
equation for a streamline? Obviously, the streamline illustrated in Figure 2.27 is a
curve in space, and hence it can be described by the equation f(x, y, z) = 0. How
can we obtain this equation? To answer this question, let ds be a directed element of
the streamline, such as shown at point 2 in Figure 2.27. The velocity at point 2is 'V,
and by definition of a streamline, V is parallel to ds. Hence, from the definition of
the vector cross product [see Equation (2.4)],

dsx V=0 [2.115]

Equation (2.115) is a valid equation for a streamline. To put it in a more recognizable
form, expand Equation (2.115) in cartesian coordinates:
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ds = dxi+dyj+dzk
V =ui+ vj+ wk
i i k
ds xV=| dx dy dz

U v w

=i(wdy —vd) + jludz —wdx) + k(vdx —udy) =0 [2.116]

Since the vector given by Equation (2.116) is zero, its components must each be zero:

wdy —vdz =0 [2.117d]
udz —wdx =0 [2.1175b]
vdx —udy =0 [2.117¢]

Equations (2.117a to ¢) are differential equations for the streamline. Knowing u, v,
and w as functions of x, y, and z, Equations (2.117a to ¢) can be integrated to yield
the equation for the streamline: f(x, v, z) = 0.

To reinforce the physical meaning of Equations (2.117a to ¢), consider a stream-
line in two dimensions, as sketched in Figure 2.28a. The equation of this streamline
is ¥ = f(x). Hence, at point 1 on the streamline, the slope is dy/dx. However, V
with x and y components 1 and v, respectively, is tangent to the streamline at point
1. Thus, the slope of the streamline is also given by v/u, as shown in Figure 2.26.
Therefore,

d
a_t [2.118]
dx u

()

(@)

Figure 2.28 {a) Equation of a siream in two-dimensional
carfesian space. {b) Sketch of a streamtube in
three-dimensional space.
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Equation (2.118) is a differential equation for a streamline in two dimensions. From
Equation (2.118),

vdx —udy =0

which is precisely Equation (2.117¢). Therefore, Equations (2.117a to ¢) and (2.118)
simply state mathematically that the velocity vector is tangent to the streamline.

A concept related to streamlines is that of a streamtube. Consider an arbitrary
closed curve C in three-dimensional space, as shown in Figure 2.28b. Consider the
streamlines which pass through all points on C. These streamlines form a tube in
space as sketched in Figure 2.28b; such a tube is called a streamtube. For example,
the walls of an ordinary garden hose form a streamtube for the water flowing through
the hose. For a steady flow, a direct application of the integral form of the continuity
equation [Equation (2.53)] proves that the mass flow across all cross sections of a
streamtube is constant. (Prove this yourself.)

Example 2.3

Consider the velocity field given by u = y/(x* + ¥*) and v = —x/(x* + y?). Calculate the
equation of the streamline passing through the point (0, 5).

Solution
From Equation (2.118), dy/dx = v/u = —x/y, and
ydy = —xdx
Integrating, we obtain
2

y =-x’+¢

where ¢ is a constant of integration.
For the streamline through (0, 5), we have

52 =04c¢ or c=25

Thus, the equation of the streamline is

xZ4+y?=25

Note that the streamline is a circle with its center at the origin and a radius of 5 units,
Streamlines are by far the most common method used to visualize a fluid flow. In an
unsteady flow it is also useful to track the path of a given fluid element as it moves through
the flow field, i.e., to trace out the pathline of the fluid element. However, separate from the
ideas of a streamline and a pathline is the concept of a streakline. Consider a fixed point in
a flow field, such as point 1 in Figure 2.29. Consider all the individual fluid elements that
have passed through point 1 over a given time interval , — ¢,. These fluid elements, shown in
Figure 2.29, are connected with each other, like a string of elephants connected trunk-to-tail.
Element A is the fluid element that passed through point 1 at time #. Element B is the next
element that passed through point 1, just behind element A. Element C is the element that
passed through point 1 just behind element B, and so forth. Figure 2.29 is an illustration, made
at time f,, which shows all the fluid elements that have earlier passed through point 1 over
the time interval (z; — #;). The line that connects all these fluid elements is, by definition, a
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Time = b

Figure 2.29 lustration of a streakline through point 1.

streakline. We can more concisely define a streakline as the locus of fluid elements which have
carlier passed through a prescribed point. To help further visualize the concept of a streakline,
imagine that we are constantly injecting dye into the flow field at point 1. The dye will flow
downstream from point 1, forming a curve in the x, y, z space in Figure 2.29. This curve is
the streakline shown in Figure 2.29. A photograph of a streakline in the flow of water over
a circular cylinder is shown in Figure 3.48. The white streakline is made visible by white
particles that are constantly formed by electrolysis near a small anode fixed on the cylinder
surface. These white particles subsequently flow downstream forming a streakline.

For a steady flow, pathlines, streamlines, and streaklines are all the same curves. Only
in an unsteady flow are they different. So for steady flow, which is the type of flow mainly
considered in this book, the concepts of a pathline, streamline, and streakline are redundant.

141

2.12 ANGULAR VELOCITY, VORTICITY, AND STRAIN

In several of our previous discussions, we made use of the concept of a fluid element
moving through the flow field. In this section, we examine this motion more closely,
paying particular attention to the orientation of the element and its change in shape
as it moves along a streamline. In the process, we introduce the concept of vorticity,
one of the most powerful quantities in theoretical aerodynamics.

Consider an infinitesimal fluid element moving in a flow field. As it translates
along a streamline, it may also rotate, and in addition its shape may become distorted
as sketched in Figure 2.30. The amount of rotation and distortion depends on the
velocity field; the purpose of this section is to quantify this dependency.
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Same element
at time r,

I By,

Element at
time ¢,

Figure 2.30  The mofion of a fluid element along a
streamline is a combination of translation
and rotation; in addition, the shape of the
element can become distorted.

Consider a two-dimensional flow in the xy plane. Also, consider an infinitesimal
fluid element in this flow. Assume that at time ¢ the shape of this fluid element is
rectangular, as shown at the left of Figure 2.31. Assume that the fluid element is
moving upward and to the right; its position and shape at time ¢ + At are shown
at the right in Figure 2.31. Note that during the time increment At, the sides AB
and AC have rotated through the angular displacements — A8y and A6,, respectively.
(Counterclockwise rotations by convention are considered positive; since line AB is
shown with a clockwise rotation in Figure 2.31, the angular displacement is negative,
—AB,.) At present, consider just the line AC. It has rotated because during the time
increment Az, point C has moved differently from point A. Consider the velocity in
the y direction. At point A at time ¢, this velocity is v, as shown in Figure 2.31. Point
C is a distance dx from point A; hence, at time ¢ the vertical component of velocity
of point C is given by v + (dv/dx) dx. Hence,

Distance in v direction that A moves A
during time increment Az vat
Distance in y direction that C moves ( v )
. . . =|v+ —dx ) Ar
during time increment Az X

Net displacement in y direction + v dx ) Ar At
, = —dx —v
of C relative to A Y ox

av
= (—dx) At
dax

This net displacement is shown at the right of Figure 2.31. From the geometry of
Figure 2.31,
[(dv/dx)dx] At v

tan AG; = = —A? [2.119]
4 2 dx dx
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YA

dy

B
dy
v A4 C“ v+ @2 dx Fluid clement at
— 0x time, t + At
<

dx
Fluid element at time ¢

Figure 2.31 Rotation and distortion of a fluid element.

Since A6, is a small angle, tan A6, = A6,. Hence, Equation (2.119) reduces to

AG; = 8—vm [2.120]
d9x
Now consider line AB. The x component of the velocity at point A at time 1 1s u, as
shown in Figure 2.31. Because point B is a distance dy from point A, the horizontal
component of velocity of point B at time 7 is u + (du/dy) dy. By reasoning similar
to that above, the net displacement in the x direction of B relative to A over the time
increment At is [(du/9y) dv] At, as shown in Figure 2.31. Hence,

[(Qu/ay) dy] At _ a_um

tan(—A@8)) = [2.121]
ant ) dy dy
Since —A#, is small, Equation (2.121) reduces to
Ju
AG = —— At [2.122]
ay

Consider the angular velocities of lines AB and AC, defined as d6, /dr and d6,/dr,
respectively. From Equation (2.122), we have

dQ] . AQJ au
lim —

P lim = [2.123]
dt Ar—0 At y
From Equation (2.120), we have
do AG 0
2 = Jim =22 = 2Y [2.124]

pu— 1m _ —
dt Ar—>0 At dx
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By definition, the angular velocity of the fluid element as seen in the xy plane is the
average of the angular velocities of lines AB and AC. Let w, denote this angular
velocity. Therefore, by definition,

1 /d8y, db,
== — 4+ — [2.125
) ( ar d:) :
Combining Equations (2.123) to (2.125) yields
_Lov _ ou [2.126]
@ =32\x By :

In the above discussion, we have considered motion in the xy plane only. How-
ever, the fluid element is generally moving in three-dimensional space, and its an-
gular velocity is a vector @ that is oriented in some general direction, as shown in
Figure 2.32. In Equation (2.126), we have obtained only the component of @ in the z
direction; this explains the subscript z in Equations (2.125) and (2.126). The x and y
components of @ can be obtained in a similar fashion. The resulting angular velocity
of the fluid element in three-dimensional space is

® = wii+ wyj + ok

1 Jw Jdvy, du dw) .| v du K [2.127]
w‘z[(ay 8z)l+(8z 8x)'l+(8x ay) } -
Equation (2.127) is the desired result; it expresses the angular velocity of the fluid
element in terms of the velocity field, or more precisely, in terms of derivatives of the
velocity field.

The angular velocity of a fluid element plays an important role in theoretical
aerodynamics, as we shall soon see. However, the expression 2@ appears frequently,

and therefore we define a new quantity, vorticiry, which is simply twice the angular
velocity. Denote vorticity by the vector &:

£ =2w

Y-
L
-

4

Figure 2.32  Angulor velocity of a fluid element in
three-dimensional space.
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Hence, from Equation (2.127),

_(dw  dv it du  dw ,+(au du K [2.128]
“\% " a oz ax )T \ox T oy :

Recall Equation (2.22) for V x V in cartesian coordinates. Since u, v, and w denote the
x, y, and z components of velocity, respectively, note that the right sides of Equations
(2.22) and (2.128) are identical. Hence, we have the important result that

E=VxV [2.129]

In a velociry field, the curl of the velocity is equal to the vorticity.
The above leads to two important definitions:

l. IfV x V # 0atevery point in a flow, the flow is called rotarional. This implies
that the fluid elements have a finite angular velocity.

2. If VxV = 0atevery point in a flow, the flow is called irrotational. This implies
that the fluid elements have no angular velocity; rather, their motion through
space is a pure translation.

The case of rotational flow is illustrated in Figure 2.33, Here, fluid elements moving
along two different streamlines are shown in various modes of rotation. In contrast,
the case of irrotational flow is illustrated in Figure 2.34. Here, the upper streamline
shows a fluid element where the angular velocities of its sides are zero. The lower
streamline shows a fluid element where the angular velocities of two intersecting
sides are finite but equal and opposite to each other, and so their sum is identically
zero. In both cases, the angular velocity of the fluid element is zero; i.e., the flow is
irrotational.

If the flow is two-dimensional (say, in the xy plane), then from Equation (2.128),

P P
E=£tk= (—v———”)k [2.130]
' dx  dy

Figure 2.33 Fluid elements in a rotational flow.
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\ Ag

J-26

A +(—-4A8)=0

Figure 2.34 Fluid elements in an irrotational flow.

Also, if the flow is irrotational, £ = 0. Hence, from Equation (2.130),

du du
S [2.131]
dx  Jy

Equation (2.131) is the condition of irrotationality for two-dimensional flow. We will
have frequent occasion to use Equation (2.131).

Why is it so important to make a distinction between rotational and irrotational
flows? The answer becomes blatantly obvious as we progress in our study of aero-
dynamics; we find that irrotational flows are much easier to analyze than rotational
flows. However, irrotational flow may at first glance appear to be so special that
its applications are limited. Amazingly enough, such is not the case. There are a
large number of practical aerodynamic problems where the flow field is essentially
irrotational, e.g., the subsonic flow over airfoils, the supersonic flow over slender
bodies at small angle of attack, and the subsonic-supersonic flow through nozzles.
For such cases, there is generally a thin boundary layer of viscous flow immediately
adjacent to the surface; in this viscous region the flow is highly rotational. However,
outside this boundary layer, the flow is frequently irrotational. As a result, the study
of irrotational flow is an important aspect of aerodynamics,

Return to the fluid element shown in Figure 2.31. Let the angle between sides
AB and AC be denoted by «. As the fluid element moves through the flow field, «
will change. In Figure 2.31, at time 7, « is initially 90°. Attime ¢ + Az, & has changed
by the amount Ak, where

Ak = —AB, — (—AB) [2.132]

By definition, the strain of the fluid element as seen in the xy plane is the change in «,
where positive strain corresponds to a decreasing x. Hence, from Equation (2.132),

Strain = —Ax = A&y, — Ab [2.133]

In viscous flows (to be discussed in Chapters 15 to 20), the time rate of strain is an
important quantity. Denote the time rate of strain by &,,, where in conjunction with
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Equation (2.133)

dr _ d92 dgl

By = —— = —= — — 2.134
H dt — dr dr . ]
Substituting Equations (2.123) and (2.124) into (2.134), we have
o + ou [2.1354]
€y = — + — .
o dx  ay a
In the yz and zx planes, by a similar derivation the strain is, respectively,
dw  dv
Eye = — + — [2.135b]
: dy 9z
d Jw
and Ex = a + — [2.135¢]
dz 9x

Note that angular velocity (hence, vorticity) and time rate of strain depend solely
on the velocity derivatives of the flow field. These derivatives can be displayed in a
matrix as follows:

- du  du  du
ax 9y oz
v dv v
ax 8y 0z
Jw Jw Jw

L ox 3y 9z

The sum of the diagonal terms is simply equal to V - V, which from Section 2.3 is
equal to the time rate of change of volume of a fluid element; hence, the diagonal
terms represent the dilatation of a fluid element. The off-diagonal terms are cross
derivatives which appear in Equations (2.127), (2.128), and (2.135a to ¢). Hence, the
off-diagonal terms are associated with rotation and strain of a fluid element.

In summary, in this section, we have examined the rotation and deformation of
a fluid element moving in a flow field. The angular velocity of a fluid element and
the corresponding vorticity at a point in the flow are concepts which are useful in the
analysis of both inviscid and viscous flows; in particular, the absence of vorticity—
irrotational flow—greatly simplifies the analysis of the flow, as we will see. We
take advantage of this simplification in much of our treatment of inviscid flows in
subsequent chapters. On the other hand, we do not make use of the time rate of strain
until we discuss viscous flow, beginning with Chapter 15.
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Example 2.4

For the velocity field given in Example 2.3, calculate the vorticity.

Solution

i i k i i
] ] d
el ] el - - il
§=VxV= I 5 8_2 = 0x dy az
y —X
U v w

x2+y2 x2+y2
=i[0 - 0] — j{0 — 0]
2+ y)(=D) +x(2x) (7 +y) —y(2y)
+ k —
x2+y2 x2+y2
=0i+0j+0k=10

The flow field is irrotational at every point except at the origin, where x? + y* = 0.

Consider the boundary-layer velocity profile used in Example 2.2, namely, u/ Voo = (y/8)%%.
Is this flow rotational or irrotational?

Solution

For a two-dimensional flow, the irrotationality condition is given by Equation {2.131), namely
v du
ax 9y

Does this relation hold for the viscous boundary-layer flow in Example 2.2?7 Let us examine
this question. From the boundary-layer velocity profile given by

-0

ou Yoo (y )_0'75 [e.1]

we obtain — =0.25 3

ay ]

What can we say about dv/dx? In Example 2.2, the flow was incompressible. From the
continuity equation for a steady flow given by Equation (2.54), repeated below,

d(pu) n dpv) _

V. (pV) = 0
(pV) Py 2y
we have for an incompressible flow, where p = constant,
du v
i o [E.2]
0x + ay

Equation (E.2) will provide an expression for v as follows:

g_z - % [Vm (%)w] [E.3]
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However, from Example 2.2, we stated that

8 5

¢ JRe,
This equation holds at any x station along the plate, not just at x = c. Therefore, we can write
) 5
x  /Rex
Poc Vo X
e

where Re, x =

Thus, 8 is a function of x given by

and _:§
2

Substituting into Equation (E.3), we have

du J ¥\ 028 » e dd
—=|Vel7 = Vo3 (—0.25)87 1% —
dx  dx |: (6) :| i ) dx

N é Hoo 12
' 8 P Ve
2 -
— —§V 025 1 PR e I/wag/x
g8 5 P Vo

ou
Hence, — = CyAxR
ox

where C is a constant. Inserting this into Equation (E.2), we have

A = /498
ay '
Integrating with respect to y, we have
v+ C|y5/4x79/8 =+ C2 [Eo4]

where C, is a constant and C, can be a function of x. Evaluating Equation (E.4) at the wall,
where v = 0 and y = 0, we obtain C; = 0. Hence,

U= Cly5/4x~9/3
In turn, we obtain by differentiation
Jv
— = Gy [E.5]
ax

{(Note. v is finite inside a boundary layer; the streamlines within a boundary are deflected
upward. However, this “displacement” effect is usually small compared to the running length
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in the x direction, and v is of small magnitude in comparison to . Both of these statements
will be verified in Chapters 17 and 18.) Recasting Equation (E.1) in the same general form as
Equation (E.5), we have

u 1 0.25
— =0.25V,y ™07 (—)
ay )

1 0.25
=0.25Voey " | ————
=\ 5Vt [ Ve
du ~3/4_—~18
Hence, @ =Cyy PxTn [E.6]

From Equations (E.5) and (E.6), we can write
dv  du
a _ @ — C3y5/4x—17/8 _ C4y—3/4x71/9 ?é 0

Therefore, the irrotationality condition does not hold; the flow is rotational.

In Example 2.5, we demonstrated a basic result which holds in general for viscous
flows, namely, viscous flows are rotational. This is almost intuitive. For example,
consider an infinitesimally small fluid element moving along a streamline, as sketched
in Figure 2.35. If this is a viscous flow, and assuming that the velocity increases
in the upward direction (i.e., the velocity is higher on the neighboring streamline
above and lower on the neighboring streamline below), then the shear stresses on
the upper and lower faces of the fluid element will be in the directions shown. Such
shear stresses will be discussed at length in Chapter 15. Examining Figure 2.35,
we see clearly that the shear stresses exert a rotational moment about the center of
the element, thus providing a mechanism for setting the fluid element into rotation.
Although this picture is overly simplistic, it serves to emphasize that viscous flows are
rotational flows. On the other hand, as stated earlier in this section, there are numerous

Direction of
increasing velocity

Figure 2.35 Shear stress and the consequent rotation of a fluid
element.
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inviscid flow problems that are irrotational, with the attendant simplifications to be
explained later. Some inviscid flows are rotational, but there exists such a large number
of practical aerodynamic problems described by inviscid, irrotational flows that the
distinction between rotational and irrotational flow is an important consideration.

2.13 CIRCULATION

You are reminded again that this is a tool-building chapter. Taken individually, each
aerodynamic tool we have developed so far may not be particularly exciting. However,
taken collectively, these tools allow us to obtain solutions for some very practical and
exciting aerodynamic problems.

In this section, we introduce a tool which is fundamental to the calculation of
acrodynamic lift, namely, circulation. This tool was used independently by Frederick
Lanchester (1878-1946) in England, Wilhelm Kutta (1867-1944) in Germany, and
Nikolai Joukowski (1847—-1921) in Russia to create a breakthrough in the theory
of aerodynamic lift at the turn of the twentieth century. The relationship between
circulation and lift and the historical circumstances surrounding this breakthrough
are discussed in Chapters 3 and 4. The purpose of this section is only to define
circulation and relate it to vorticity.

Consider a closed curve C in a flow field, as sketched in Figure 2.36. Let V
and ds be the velocity and directed line segment, respectively, at a point on C. The
circulation, denoted by I, is defined as

E—%V-ds [2.136]
C

The circulation is simply the negative of the line integral of velocity around a closed
curve in the flow; itis a kinematic property depending only on the velocity field and the
choice of the curve C. As discussed in Section 2.2.8, Line Integrals, by mathematical
convention the positive sense of the line integral is counterclockwise. However, in
aerodynamics, it is convenient to consider a positive circulation as being clockwise.

-

=—$,V *ds

N~

Figure 2.36 Definition of circulation.
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Hence, a minus sign appears in the definition given by Equation (2.136) to account for
the positive-counterclockwise sense of the integral and the positive-clockwise sense
of circulation.’

The use of the word “circulation” to label the integral in Equation (2.136) may
be somewhat misleading because it leaves a general impression of something moving
around in a loop. Indeed, according to the American Heritage Dictionary of the
English Language, the first definition given to the word “circulation” is “movement
in a circle or circuit.” However, in aerodynamics, circulation has a very precise
technical meaning, namely, Equation (2.136). It does nor necessarily mean that the
fluid elements are moving around in circles within this flow field——a common early
misconception of new students of aerodynamics. Rather, when circulation exists in a
flow, it simply means that the line integral in Equation (2.136) is finite. For example,
if the airfoil in Figure 2.26 is generating lift, the circulation taken around a closed
curve enclosing the airfoil will be finite, although the fluid elements are by no means
executing circles around the airfoil (as clearly seen from the streamlines sketched in
Figure 2.26).

Circulation is also related to vorticity as follows. Refer back to Figure 2.9, which
shows an open surface bounded by the closed curve C. Assume that the surface is
in a flow field and the velocity at point P is V, where P is any point on the surface
(including any point on curve C). From Stokes’ theorem [Equation (2.25)],

E—fV'dS:—ff(VXV)'dS [2.137]
c
S

Hence, the circulation about a curve C is equal to the vorticity integrated over any
open surface bounded by C. This leads to the immediate result that if the flow is
irrotational everywhere within the contour of integration (i.e., if V. x ¥ = 0 over any
surface bounded by C), then I" = 0. A related result is obtained by letting the curve C
shrink to an infinitesimal size, and denoting the circulation around this infinitesimally
small curve by dI". Then, in the limit as C becomes infinitesimally small, Equation
(2.137) yields

dl = —=(VxV)-dS= —(V x V) -ndS

(VxV dr [2.138]
or ‘n=—— .
) ds

where 4.5 is the infinitesimal area enclosed by the infinitesimal curve C. Referring
to Figure 2.37, Equation (2.138) states that at a point P in a flow, the component of
vorticity normal to 4 S is equal to the negative of the “circulation per unit area,” where
the circulation is taken around the boundary of d.5.

1 Some books do not use the minus sign in the definition of circulation. In such cases, the positive sense of
both the line integral and T is in the same direction. This causes no problem as long as the reader is aware
of the convention used in a particular book or paper.
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ar
UXV)-n=_%%
( )n ds

Figure 2.37  Relation between vorticity and
circulation.
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For the velocity field given in Example 2.3, calculate the circulation around a circular path of
radius 5 m. Assume that u and v given in Example 2.3 are in units of meters per second.

Solution
Since we are dealing with a circular path, it is easier to work this problem in polar coordinates,
where x = rcos, y = rsinf, x> + y2 =%, V, = wcost + vsin6, and V, = —usin +

vcos 6. Therefore,

y rsinf  sinf

u_x2+y2 T
x rcosd cos b
_~x2+y2_r e

ing
V, = El——cos49 + (—COSQ) singd =0
r

r

sin @ 6 1
Vg =— ! sin@—f—(—cos )cos(—}:——
r r r

V.ds=(V,e, +V,&,) - (dre. +rdbe;)

1
:V,dr—{—rV;;dH:O—Fr(——)d():—d(i
r

2
Hence, F=—fV~ds=—/ —df =| 27 m?/s
c 0

Note that we never used the 5-m diameter of the circular path; in this case, the value of T is
independent of the diameter of the path.

Example 2.6

2.14 StTrREAM FUNCTION

In this section, we consider two-dimensional steady flow. Recall from Section 2.11
that the differential equation for a streamline in such a flow is given by Equation
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(2.118), repeated below

d

& _7 [2.118]
dx u

If # and v are known functions of x and y, then Equation (2.118) can be integrated

to yield the algebraic equation for a streamline:

fx,y)=c [2.139]

where ¢ is an arbitrary constant of integration, with different values for different
streamlines. In Equation (2.139), denote the function of x and y by the symbol .
Hence, Equation (2.139) is written as

Y(x,y)=c [2.140]

The function ¥ (x, y) is called the stream function. From Equation (2.140) we see
that the equation for a streamline is given by setting the stream function equal to a
constant, i.e., ¢, ¢a, ¢3, etc. Two different streamlines are illustrated in Figure 2.38;
streamlines ab and cd are given by ¢ = ¢, and ¢ = ¢, respectively.

There is a certain arbitrariness in Equations (2.139) and (2.140) via the arbitrary
constant of integration c. Let us define the stream function more precisely in order to
reduce this arbitrariness. Referring to Figure 2.38, let us define the numerical value
of ¥ such that the difference Ay between y = ¢, for streamline cd and ¥ = ¢ for
streamline ab is equal to the mass flow between the two streamlines. Since Figure 2.38
is a two-dimensional flow, the mass flow between two streamlines is defined per unit
depth perpendicular to the page. That is, in Figure 2,38 we are considering the mass
flow inside a streamtube bounded by streamlines ab and cd, with a rectangular cross-
sectional area equal to A times a unit depth perpendicular to the page. Here, An is
the normal distance between ab and c¢d, as shown in Figure 2.38. Hence, mass flow
between streamlines ab and ¢d per unit depth perpendicular to the page is

Ay =cy— ¢ [2.141]

The above definition does not completely remove the arbitrariness of the constant of
integration in Equations (2.139) and (2.140), but it does make things a bit more precise.
For example, consider a given two-dimensional flow field. Choose one streamline of

the flow, and give it an arbitrary value of the stream function, say, ¥ = ¢;. Then,
the value of the stream function for any other streamline in the flow, say, ¥ = c¢»,

a

Figure 2.38 Different streamlines are given by
different values of the stream functian.
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is fixed by the definition given in Equation (2.141). Which streamline you choose
to designate as ¥ = ¢; and what numerical value you give ¢, usually depend on the
geometry of the given flow field, as we see in Chapter 3.

The equivalence between ¥ = constant designating a streamline, and Ay equal-
ing mass flow (per unit depth) between streamlines, is natural. For a steady flow, the
mass flow inside a given streamtube is constant along the tube; the mass flow across
any cross section of the tube is the same. Since by definition A is equal to this mass
flow, then A+ itself is constant for a given streamtube. In Figure 2.38, if ¢, = ¢,
designates the streamline on the bottom of the streamtube, then ¥, = 2 = ¢ + Ay
is also constant along the top of the streamtube. Since by definition of a streamtube
(see Section 2.11) the upper boundary of the streamtube is a streamline itself, then
¥y = ¢; = constant must designate this streamline.

We have yet to develop the most important property of the stream function,
namely, derivatives of ¥ yield the flow-field velocities. To obtain this relationship,
consider again the streamlines ab and ¢d in Figure 2.38. Assume that these streamlines
are close together (i.e., assume An is small), such that the flow velocity V is a constant
value across An. The mass flow through the streamtube per unit depth perpendicular
to the page is

Ay = pV An(D)

Ad
or 4 =pV [2.142]
An
Consider the limit of Equation (2.142) as An — 0:
LAY Y
V=1 —_—= [2.143]
b Arltlllo An an

Equation (2.143) states that if we know v, then we can obtain the product (pV)
by differentiating ¥ in the direction normal to V. To obtain a practical form of
Equation (2.143) for cartesian coordinates, consider Figure 2.39. Notice that the
directed normal distance Ar is equivalent first to moving upward in the y direction
by the amount Ay and then to the left in the negative x direction by the amount —Ax.
Due to conservation of mass, the mass flow through An (per unit depth) is equal to
the sum of the mass flows through Ay and —Aux (per unit depth):

Mass flow = Ay = pV An = pu Ay + pv(—Ax) [2.144]
Letting cd approach ab, Equation (2.144) becomes in the limit
dyr = pudy — pvdx [2.145]

However, since ¥ = v (x, ¥), the chain rule of calculus states
7 3
dyr = Pdx + Ly [2.146]
X

Comparing Equations (2.145) and (2.146), we have
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Figure 2.39  Moss flow through An is the

sum of the mass flaws through

Ay and —Ax.
ou = 3_1,0 [2.147 al
dy
93
o= [2.147b]
dax

Equations (2.147a and b) are important. If  (x, y) is known for a given flow field,
then at any point in the flow the products pu and pv can be obtained by differentiating
¥ in the directions normal to « and v, respectively.

If Figure 2.39 were to be redrawn in terms of polar coordinates, then a similar
derivation yields

13y

v, = -2 [2.148a]
P =56
5l

oV = —2¥ [2.148b]
ar

Such a derivation is left as a homework problem.

Note that the dimensions of Y are equal to mass flow per unit depth perpendicular
to the page. That is, in SI units, ¥ is in terms of kilograms per second per meter
perpendicular to the page, or simply kg/(s - m).

The stream function v defined above applies to both compressible and incom-
pressible flow. Now consider the case of incompressible flow only, where p = con-
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stant. Equation (2.143) can be written as
_ 0¥ /p)
an

We define a new stream function, for incompressible flow only, as v = ¥ /p.
Then Equation (2.149) becomes

1%

[2.149]

d
v
dan
and Equations (2.147) and (2.148) become
0
WY [2.1504]
dy
a
V= __‘ﬁ [2.150bh]
dx
and
V, = 1oy [2.1514]
r 06
0
v, = o [2.151b]
ar

The incompressible stream function ¥ has characteristics analogous to its more gen-
eral compressible counterpart . For example, since ¥ (x, y) = ¢ is the equation
of a streamline, and since p is a constant for incompressible flow, then W (x, y) =
W/p = constant is also the equation for a streamline (for incompressible flow only).
In addition, since Ay is mass flow between two streamlines (per unit depth perpendic-
ular to the page), and since p is mass per unit volume, then physically Ay = Ay /p
represents the volume flow (per unit depth) between two streamlines. In SI units,
A is expressed as cubic meters per second per meter perpendicular to the page, or
simply m?/s.

In summary, the concept of the stream function is a powerful tool in aerodynam-
ics, for two primary reasons. Assuming that 1/_;(x, v) [or v (x, ¥)] is known through
the two-dimensional flow field, then:

1. ¥ = constant (or yy = constant) gives the equation of a streamline.

2. The flow velocity can be obtained by differentiating ¥ (or 1), as given by Equa-
tions (2.147) and (2. 148) for compressible flow and Equations (2.150) and (2.151)
for incompressible flow. We have not yet discussed how ¥ (x, y) [or ¥(x, v)]
can be obtained in the first place; we are assuming that it is known. The ac-
tual determination of the stream function for various problems is discussed in
Chapter 3.
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2.15 VELoOCITY POTENTIAL

Recall from Section 2.12 that an irrotational flow is defined as a flow where the
vorticity 18 zero at every point. From Equation (2.129), for an irrotational flow,

E=VxV=0 [2.152]
Consider the following vector identity: if ¢ is a scalar function, then
Vx (Ve)y=0 [2.153]

i.e., the curl of the gradient of a scalar function is identically zero. Comparing
Equations (2.152) and (2.153), we see that

V=vV¢ [2.154]

Equation (2.154) states that for an irrotational flow, there exists a scalar function ¢
such that the velocity is given by the gradient of ¢p. We denote ¢ as the velocity poten-
tial. ¢ is a function of the spatial coordinates; i.e., ¢ = ¢(x, ¥, z),0r ¢ = ¢(r, 6, 2),
or ¢ = ¢(r, 8, ). From the definition of the gradient in cartesian coordinates given
by Equation (2.16), we have, from Equation (2.154),

d¢. d¢. 3¢

ui+vj+wk=—i+ —j+ —k [2.155]
ox ay 9z

The coefficients of like unit vectors must be the same on both sides of Equation
(2.155). Thus, in cartesian coordinates,

3¢ ) 3¢
H=— V= - = -

— = w = [2.156]
dx ay 9z

In a similar fashion, from the definition of the gradient in cylindrical and spherical
coordinates given by Equations (2.17) and (2.18), we have, in cylindrical coordinates,

g 1 d¢ ¢
V=t Vo= - V, = — 2.157
ar Y- ¢ 9z L ]
and in spherical coordinates,
a3 18 1 3
V, = 3 Vo = %9 Vo = 4 [2.158]

= = - ® iy
ar r 90 rsing 9¢
The velocity potential is analogous to the stream function in the sense that deriva-

tives of ¢ yleld the flow-field velocities. However, there are distinct differences
between ¢ and v (or Y):

1. The flow-field velocities are obtained by differentiating ¢ in the same direction
as the velocities [see Equations (2.156) to (2.158)], whereas v (or /) is differ-
entiated normal to the velocity direction [see Equations (2.147) and (2.148), or
Equations (2.150) and (2.151)].
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2. The velocity potential is defined for irrotational flow only. In contrast, the stream
function can be used in either rotational or irrotational flows.

3. The velocity potential applies to three-dimensional flows, whereas the stream
function is defined for two-dimensional flows only.?

When a flow field is irrotational, hence allowing a velocity potential to be defined,
there 1s a tremendous simplification. Instead of dealing with the velocity components
(say, u, v, and w) as unknowns, hence requiring three equations for these three
unknowns, we can deal with the velocity potential as one unknown, therefore requiring
the solution of only one equation for the flow field. Once 3 is known for a given
problem, the velocities are obtained directly from Equations (2.156) to (2.158). This
is why, in theoretical aerodynamics, we make a distinction between irrotational and
rotational flows and why the analysis of irrotational flows is simpler than that of
rotational flows.

Because irrotational flows can be described by the velocity potential ¢, such
flows are called potential flows.

In this section, we have not yet discussed how ¢ can be obtained in the first place;
we are assuming that it is known. The actual determination of ¢ for various problems
is discussed in Chapters 3, 6, 11, and 12.

2.16 RELATIONSHIP BETWEEN THE STREAM
FUNCTION AND VELOCITY POTENTIAL

In Section 2.15, we demonstrated that for an irrotational flow V = V¢. At this stage,
take a moment and review some of the nomenclature introduced in Section 2.2.5 for
the gradient of a scalar field. We see that a line of constant ¢ is an isoline of ¢; since
¢ 1s the velocity potential, we give this isoline a specific name, equipotential line. In
addition, a line drawn in space such that V¢ is tangent at every point is defined as
a gradient line; however, since V¢ = V, this gradient line is a streamline. In turn,
from Section 2.14, a streamline is a line of constant 1/_f (for a two-dimensional flow).
Because gradient lines and isolines are perpendicular (see Section 2.2.5. Gradient of a
Scalar Field), then equipotential lines (¢) = constant) and streamlines (1 = constant)
are mutually perpendicular.

To illustrate this result more clearly, consider a two-dimensional, irrotational,
incompressible flow in cartesian coordinates. For a streamline, ¥ (x, y) = constant.
Hence, the differential of v along the streamline is zero; i.e.,

oy Ny

dy = —dx+ —dy =0 [2.159]
ax dy

From Equation (2.150a and b), Equation (2.159) can be written as
dyr = —vdx +udy =0 [2.160]

2 ¢ (or ¥) can be defined for axisymmetric flows, such as the flow over a cone at zero degrees angle of attack.
However, for such flows, only two spatial coordinates are needed to describe the flow field (see Chapter &).
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Solve Equation (2.160) for dy/dx, which is the slope of the ¥ = constant line, i.e.,
the slope of the streamline:

d
(_y) =Y [2.161]
dx Yr=const L
Similarly, for an equipotential line, ¢ (x, v) = constant. Along this line,
a d
do = —<bdx + —¢dy =0 [2.162]
dx a9y

From Equation (2.156), Equation (2.162) can be written as
dp =udx+vdy =20 [2.163]

Solving Equation (2.163) for dy/dx, which is the slope of the ¢ = constant line, i.e.,
the slope of the equipotential line, we obtain

d
(_«‘") =_1 [2.164]
dx ¢=const v

Combining Equations (2.161) and (2.164), we have

d 1
(_y) == [2.165]
dx Y¥r=const (dy/dx)¢=c0nst
Equation (2.165) shows that the slope of a iy = constant line is the negative reciprocal
of the slope of a ¢ = constant line, i.e., streamlines and equipotential lines are
mutually perpendicular.

2.17 How Do WE SOLVE THE EQUATIONS?

This chapter is full of mathematical equations—equations that represent the basic
physical fundamentals that dictate the characteristics of aerodynamic flow fields. For
the most part, the equations are either in partial differential form or integral form.
These equations are powerful and by themselves represent a sophisticated intellectual
construct of our understanding of the fundamentals of a fluid flow. However, the
equations by themselves are not very practical. They must be solved in order to
obtain the actual flow fields over specific body shapes with specific flow conditions.
For example, if we are interested in calculating the flow field around a Boeing 777
jet transport flying at a velocity of 800 ft/s at an altitude of 30,000 ft, we have to
obtain a solution of the governing equations for this case—a solution that will give
us the results for the dependent flow-field variables p, p, V, etc. as a function of the
independent variables of spatial location and time. Then we have to squeeze this
solution for extra practical information, such as lift, drag, and moments exerted on
the vehicle. How do we do this? The purpose of the present section is to discuss two
philosophical answers to this question. As for practical solutions to specific problems
of interest, there are literally hundreds of different answers to this question, many of
which make up the content of the rest of this book. However, all these solutions fall
under one or the other of the two philosophical approaches described next.
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2.17.1 THEORETICAL (ANALYTICAL) SOLUTIONS

Students learning any field of physical science or engineering at the beginning are
usually introduced to nice, neat analytical solutions to physical problems that are
simplified to the extent that such solutions are possible. For example, when Newton’s
second law 1s applied to the motion of a simple, frictionless pendulum, students in
elementary physics classes are shown a closed form analytical solution for the time
period of the pendulum’s oscillation, namely,

T =2nx E/g

where T is the period, € is the length of the pendulum, and g is the acceleration of
gravity. However, a vital assumption behind this equation is that of small amplitude
oscillations. Similarly, in studying the motion of a freely falling body in a gravitational
field, the distance y through which the body falls in time 1 after release is given by

y =381’

However, this result neglects any aerodynamic drag on the body as it falls through the
air. The above examples are given because they are familiar results from elementary
physics. They are examples of theoretical, closed-form solutions—straightforward
algebraic relations.

The governing equations of aerodynamics, such as the continuity, momentum,
and energy equations derived in Sections 2.4, 2.5, and 2.7, respectively, are highly
non-linear, partial differential, or integral equations; to date, no general analytical
solution to these equations has been obtained. In lieu of this, two different philoso-
phies have been followed in obtaining useful solutions to these equations. One of
these is the theoretical, or analytical, approach, wherein the physical nature of certain
aerodynamic applications allows the governing equations to be simplified to a suffi-
cient extent that analytical solutions of the simplified equations can be obtained. One
such example is the analysis of the flow across a normal shock wave, as discussed in
Chapter 8. This flow is one-dimensional, i.e., the changes in flow properties across
the shock take place only in the flow direction. For this case, the y and z derivatives
in the governing continuity, momentum, and energy equations from Sections 2.4, 2.5,
and 2.7 are identically zero, and the resulting one-dimensional equations, which are
still exact for the one-dimensional case being considered, lend themselves to a direct
analytical solution, which is indeed an exact solution for the shock wave properties.
Another example is the compressible flow over an airfoil considered in Chapters 11
and 12. If the airfoil is thin and at a small angle of attack, and if the freestream
Mach number is not near one (not transonic) nor above five (not hypersonic), then
many of the terms in the governing equations are small compared to others and can
be neglected. The resulting simplified equations are linear and can be solved ana-
lytically. This is an example of an approximate solution, where certain simplifying
assumptions have been made in order to obtain a solution.

The history of the development of aerodynamic theory is in this category—the
simplification of the full governing equations apropos a given application so that
analytical solutions can be obtained. Of course this philosophy works for only a
limited number of aerodynamic problems. However, classical acrodynamic theory is
built on this approach and, as such, is discussed at some length in this book. You can



162

FUNDAMENTALS OF AERODYNAMICS

expect to see a lot of closed-form analytical solutions in the subsequent chapters, along
with detailed discussions of their limitations due to the approximations necessary to
obtain such solutions. In the modern world of aerodynamics, such classical analytical
solutions have three advantages:

1. The act of developing these solutions puts you in intimate contact with all the
physics involved in the problem.

2. The results, usually in closed-form, give you direct information on what are the
important variables, and how the answers vary with increases or decreases in
these variables. For example, in Chapter 11 we will obtain a simple equation for
the compressibility effects on lift coefficient for an airfoil in high-speed subsonic
flow. The equation, Equation (11.52), tells us that the high-speed effect on lift
coefficient is governed by just M, alone, and that as M, increases, then the
lift coefficient increases. Moreover, the equation tells us in what way the lift
coefficient increases, namely, inversely with (1 — M2)'/2. This is powerful
information, albeit approximate.

3. Finally, the results in closed-form provide simple tools for rapid calculations,
making possible the proverbial “back of the envelope calculations™ so important
in the preliminary design process and in other practical applications.

2.17.2 NUMERICAL SOLUTIONS — COMPUTATIONAL FLUID
Dynamics (CFD)

The other general approach to the solution of the governing equations is numerical.
The advent of the modern high-speed digital computer in the last third of the twentieth
century has revolutionized the solution of aerodynamic problems and has given rise
to a whole new discipline—computational fluid dynamics. Recall that the basic
governing equations of continuity, momentum, and energy derived in this chapter
are either in integral or partial differential form. In Anderson, Computational Fluid
Dynamics: The Basics With Applications, McGraw-Hill, 1995, computational fluid
dynamics is defined as “the art of replacing the integrals or the partial derivatives (as
the case may be) in these equations with discretized algebraic forms, which in turn
are solved to obtain numbers for the flow field values at discrete points in time and/or
space.” The end product of computational fluid dynamics (frequently identified by
the acronym CFD) is indeed a collection of numbers, in contrast to a closed-form
analytical solution. However, in the long run, the objective of most engineering
analyses, closed form or otherwise, is a quantitative description of the problem, i.e.,
numbers.

The beauty of CFD is that it can deal with the full non-linear equations of con-
tinuity, momentum, and energy, in principle, without resorting to any geometrical or
physical approximations. Because of this, many complex aerodynamic flow fields
have been solved by means of CFD which had never been solved before. An example
of this is shown in Figure 2.40. Here we see the unsteady, viscous, turbulent, com-
pressible, separated flow field over an airfoil at high angle of attack (14° in the case
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Figure 2.40 Caleulated streamline pattern for separoted flow over an airfoil. Re =
300,000, M., = 0.5, angle of attack = 14°.

shown), as obtained from Reference 56. The freestream Mach number is 0.5, and
the Reynolds number based on the airfoil chord length (distance from the front to the
back edges) is 300,000. An instantaneous streamline pattern that exists at a certain
instant in time is shown, reflecting the complex nature of the separated, recirculating
flow above the airfoil. This flow is obtained by means of a CFD solution of the
two-dimensional, unsteady continuity, momentum, and energy equations, including
the full effects of viscosity and thermal conduction, as developed in Sections 2.4, 2.5,
and 2.7, without any further geometrical or physical simplifications. The equations
with all the viscosity and thermal conduction terms explicitly shown are developed in
Chapter 15; in this form, they are frequently labeled as the Navier-Stokes equations.
There is no analytical solution for the flow shown in Figure 2.40; the solution can
only be obtained by means of CFD.

Let us explore the basic philosophy behind CFD. Again, keep in mind that CFD
solutions are completely numerical solutions, and a high-speed digital computer must
be used to carry them out. In a CFD solution, the flow field is divided into a number
of discrete points. Coordinate lines through these points generate a grid, and the
discrete points are called grid points. The grid used to solve the flow field shown in
Figure 2.40 is given in Figure 2.41; here, the grid is wrapped around the airfoil, which
is seen as the small white speck in the center-left of the figure, and the grid extends a
very large distance out from the airfoil. This large extension of the grid into the main
stream of the flow is necessary for a subsonic flow, because disturbances in a subsonic
flow physically feed out large distances away from the body. We will learn why in
subsequent chapters. The black region near the airfoil is simply the computer graphics
way of showing a very large number of closely spaced grid points near the airfoil,
for better definition of the viscous flow near the airfoil. The flow field properties,
such as p, p, u, v, etc. are calculated just at the discrete grid points, and nowhere
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\\

Figure 2.41 The grid used for the numerical solution of the flow over the airfoil in Figure
2.40. The airfoil is the small speck in the middleleft of the figure.

else, by means of the numerical solution of the governing flow equations. This is
an inherent property that distinguishes CFD solutions from closed-form analytical
solutions. Analytical solutions, by their very nature, yield closed-form equations that
describe the flow as a function of continuous time and/or space. So we can pick
any one of the infinite number of points located in this continuous space, feed the
coordinates into the closed-form equations, and obtain the flow variables at that point.
Not so with CFD, where the flow-field variables are calculated only at discrete grid
points. For a CFD solution, the partial derivatives or the integrals, as the case may
be, in the governing flow equations are discretized, using the flow-field variables at
grid points only.

How is this discretization carried out? There are many answers to this equation.
We will look at just a few examples, to convey the ideas.

Let us consider a partial derivative, such as du/dx. How do we discretize this
partial derivative? First, we choose a uniform rectangular array of grid points as
shown in Figure 2.42. The points are identified by the index i in the x direction, and
the index j in the y direction. Point P in Figure 2.42 is identified as point (i, j).
The value of the variable 1 at point j is denoted by u; ;. The value of i at the point
immediately to the right of P is denoted by u;4, ; and that immediately to the left
of P by u;_y j. The values of u at the points immediately above and below point P
are denoted by u; ;4 and u; ;_;, respectively. And so forth. The grid points in the x
direction are separated by the increment Ax, and the y direction by the increment Ay.
The increments Ax and Ay must be uniform between the grid points, but Ax can be
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A‘x
Mi-1,j+1 Jij+1 i+l j+1
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i1-1]ij-1 Jli+t.j-1

Figure 2.42 An array of grid points in a
uniform, rectangular grid.

a different value than Ay. To obtain a discretized expression for du /dx evaluated at
point P, we first write a Taylors series expansion for u;. | ; expanded about point P
as:

+ du Ax + 9%u (Ax)’ N 9 u (Ax)?
Uip1; = Ui ; — X —
T e ) axr), 2 i) 6

N (84u (Ax)* N
axt), 24 '

[2.166]

Solving Equation (2.166) (du/dx); ;, we have

N wigrg iy '3214 Ax d;” (Ax)* t [2.1671
ox /. . Ax ax2}).. 2 ax¥ /.. 6
i . i ij

Forward difference

Truncation ervor

Equation (2.167) is still a mathematically exact relationship. However, if we choose
to represent (du/dx); ; just by the algebraic term on the right-hand side, namely,

du Uil — Ui
) =2 TR Borward difference [2.168]
dx ij Ax

then Equation (2.168) represents an approximation for the partial derivative, where the
error introduced by this approximation is the truncation error, identified in Equation
(2.167). Nevertheless, Equation (2.168) gives us an algebraic expression for the
partial derivative; the partial derivative has been discretized because it is formed by
the values i, | ; and u; ; at discrete grid points. The algebraic difference quotient in
Equation (2.168) is called a forward difference, because it uses information ahead of
joint (i, j), namely u,;;1 ;. Also, the forward difference given by Equation (2.168)
has first-order accuracy because the leading term of the truncation error in Equation
(2.167) has Ax to the first power.
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Equation (2.168) is not the only discretized form for (du/dx); ;. For example,
let us write a Taylors series expansion for u;_; ; expanded about point P as

o du (—Ax) 9%u (—Ax)? 83u (—Ax)3
uz—l,j—ul,j+ ax y X) + 8x2 y ) + 8x3 g 6 + -

WJ !
[2.169]

Solving Equation (2.169) for (du/dx); ;, we have

du i Ui n i‘i Ax (3 (Ax)” NI [2.170]
ax J, Ax ax2 ). . 2 ax?).. 6
. — e’ LX¥} it

Rearward difference )
Truncation error

Hence, we can represent the partial derivative by the rearward difference shown in
Equation (2.170), namely,

du Wij — Wiy, ;
— = ———2  Rearward difference [2.171]
ax /; ; Ax

Equation (2.171) is an approximation for the partial derivative, where the error is
given by the truncation error labeled in Equation (2.170). The rearward difference
given by Equation (2.171) has first-order accuracy because the leading term in the
truncation error in Equation (2.170) has Ax to the first power. The forward and
rearward differences given by Equations (2.168) and (2.171), respectively, are equally
valid representations of (du/3x); ;, each with first-order accuracy.

In most CFD solutions, first-order accuracy is not good enough; we need a
discretization of (du/dx); ; that has at least second-order accuracy. This can be
obtained by subtracting Equation (2.169) from Equation (2.166), yielding

u d*u (Ax)®
Uiyl — Ui—1,; = 2 (a)lj Ax + (5}3)1./ 3 + - [2.172]
Solving Equation (2.172) for (du/dx); ;j, we have
(a_u _ Mty mimng () (A [2.173]
ax /), ; 2Ax x>/, 3

Central difference .
Truncation error

Hence, we can represent the partial derivative by the central difference shown in
Equation (2.173), namely

(%—) Ly ML Central difference [2.174]
9x /. 2Ax
Examining Equation (2.173), we see that the central difference expression given in
Equation (2.174) has second-order accuracy, because the leading term in the trun-
cation error in Equation (2.173) has (Ax)2. For most CFD solutions, second-order
accuracy is sufficient,

So this is how it works—this is how the partial derivatives that appear in the gov-
erning flow equations can be discretized. There are many other possible discretized
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forms for the derivatives; the forward, rearward, and central differences obtained
above are just a few. Note that Taylor series have been used to obtain these discrete
forms. Such Taylors series expressions are the basic foundation of finite-difference
solutions in CFD. In contrast, if the integral form of the governing flow equations
are used, such as Equations (2.48) and (2.64), the individual integrals terms can
be discretized, leading again to algebraic equations that are the basic foundation of
Sfinite-volume solutions in CFD.

167

Consider a one-dimensional, unsteady flow, where the flow-field variables such as p, u, ¢tc. are
functions of distance x and time ¢. Consider the grid shown in Figure 2.43, where grid points
arrayed in the x direction are denoted by the index /. Two rows of grid points are shown, one
at time ¢ and the other at the later time t + Ar. In particular, we are interested in calculating
the unknown density at grid point i at time f + Ar, denoted by p/**’. Set up the calculation of
this unknown density.

Solution
Note in Figure 2.43 that the dashed loop (called the computational module) contain the grid
points i — |, i, and i + | at time ¢, where the flow field is known, and the grid point i at

time ¢t + At, where the flow field is unknown. From the continuity equation, Equation (2.52),
repeated below

3]
LV (pV) =0 [2.52]
written for unsteady, one-dimensional flow, we have
) d(pu
% e [2.175]
ot dx
: 1\
/r\\ unknown
t+ AL —— —% — - — [ o
i1 i i+l
/ \
Atr //// A\)?\\
P \ ~. known
P == 1 —= >~ ——
\\I:l i z/+/1/

>
Figure 2.43  Compulational module. The calculation
of unknown properties at point i at time
(t+ Ap from known properties at
points i— 1, i, i+ 1 attime t.

Example 2.7
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Rearranging Equation (2.175),
9 _ _ 3(pu)
atr dx
ap du ap
r = — = 2.176
© ot = Pox Mox L ]

In Equation (2.176), replace dp /8t with a forward difference in time, and du/9x and 9p/9x
with central differences in space, centered around grid point ¢

+Ar ¢ i 1 t !

: — 0 w . —ut o — o

P P _pr (B i) e (P — Py [2.177]
At 2Ax 2Ax

Equation (2.177) is called a difference equatior; it is an approximate representation of the
original partial differential equation, Equation (2.176), where the error in the approximation is
given by the sum of the truncation errors associated with each of the finite differences used to
obtain Equation (2.177). Solving Equation (2.177) for p}*4/

AL o F At "t — otut +rl I | [2178]

i =P T Ax (P Uy = Py F WP — U 05y) .

In Equation (2.178), all quantities on the right-hand side are known values at time ¢. Hence,
Equation (2.178) allows the direct calculation of the unknown value, p/t%, at time ¢ 4 Af.

This example is a simple illustration of how a CFD solution to a given flow can
be set up, in this case for an unsteady, one-dimensional flow. Note that the unknown
velocity and internal energy at grid point i at time ¢ 4+ At can be calculated in the
same manner, writing the appropriate difference equation representations for the x
component of the momentum equation, Equation (2.113a), and the energy equation,
Equation (2.114).

The above example looks very straightforward, and indeed it is. It is given here
only as an illustration of what is meant by a CFD technique. However, do not be
misled. Computational fluid dynamics is a sophisticated and complex discipline.
For example, we have said nothing here about the accuracy of the final solutions,
whether or not a certain computational technique will be stable (some attempts at
obtaining numerical solutions will go unstable—blow up—during the course of the
calculations), and how much computer time a given technique will require to obtain
the flow-field solution. Also, in our discussion we have given examples of some
relatively simple grids. The generation of an appropriate grid for a given flow problem
is frequently a challenge, and grid generation has emerged as a subdiscipline in its
own right within CFD. For these reasons, CFD is usually taught only in graduate-level
courses In most universities. However, in an effort to introduce some of the basic ideas
of CFD at the undergraduate level, I have written a book, Reference 64, intended to
present the subject at the most elementary level. Reference 64 is intended to be read
before students go on to the more advanced books on CFD written at the graduate
level. In the present book, we will, from time-to-time, discuss some applications of
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CFD as part of the overall fundamentals of aerodynamics. However, this book is not
about CFD; Reference 64 is.

2.17.3 THE BIGGER PICTURE

The evolution of our intellectual understanding of aerodynamics is over 2500 years
old, going all the way back to ancient Greek science. The aerodynamics you are
studying in this book is the product of this evolution. (See Reference 62 for an in-
depth study of the history of aerodynamics.) Relevant to our current discussion is
the development of the experimental tradition in fluid dynamics, which took place in
the middle of the seventeenth century, principally in France, and the introduction of
rational analysis in mechanics pioneered by Isaac Newton towards the end of the same
century. Since that time, up until the middle of the twentieth century, the study and
practice of fluid dynamics, including aerodynamics, has dealt with pure experiment
on one hand and pure theory on the other. If you were learning aerodynamics as
recently as, say 1960, you would have been operating in the “two-approach world” of
theory and experiment. However, computational fluid dynamics has revolutionized
the way we study and practice aerodynamics today. As sketched in Figure 2.44, CFD
is today an equal partner with pure theory and pure experiment in the analysis and
solution of aerodynamic problems. This is no flash in the pan—CFD will continue
to play this role indefinitely, for as long as our advanced human civilization exists.
Also, the double arrows in Figure 2.44 imply that today each of the equal partners
constantly interact with each other—they do not stand alone, but rather help each
other to continue to resolve and better understand the “big picture” of aerodynamics.

Pure experniment Pure theory

Computational
fluid dynamics

Figure 2.44 The three equal partners of modern
aeredynamics.
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] 2.18 SuMMARY

Return to the road map for this chapter, as given in Figure 2.1. We have now covered
both the left and right branches of this map and are ready to launch into the solution
of practical aerodynamic problems in subsequent chapters. Look at each block in

Figure 2.1; let your mind flash over the important equations and concepts represented

by each block. If the flashes are dim, return to the appropriate sections of this chapter

and review the material until you feel comfortable with these aerodynamic tools.

For your convenience, the most important results are summarized below:

Basic Flow Equations

Continuity equation

)
5?5% pdV—f—# pV-dS =0 [2.48]
% §
dp
or o +V-(pV)=0 [2.52]
D
or ZP vV =0 [2.108]
Dt
Momentum equation
]
v s s v
] ad
or (g’:‘) + V. (puV) = —EB + pfx + (Fu)viseous [2.704d]
x
d{pv ad
(EI;)T ) + V- (,OUV) = __5.‘;.2 + 'Ofy + (fv)viscous [2.70b]
a ]
(grw) + V- (PWV) = _B_IZ)- + ;sz + (fz)viscous [2'70‘]
Du ap
- —-_f - 2.113
Or p Dt ax + pfx + (‘7:)7)\11500115 [ I H]
Dv ap
-, = T L : Fy)viscous [2.113b]
Dy ay+pf)+( ¥)viscous

{continued)
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|
bw _ % o v 7 [2.113a]
IO Dr - 82 + pf: + ( I/viIscous - 1 ‘
Energy equation
3 Vi y?
- —VYd i . .
o ,o(e+ 2)cV+#p(€+ 2)V ds [2.95]
v s
= # C/P dy + Qviscous b # PV -dS
% s
+ ﬁ p(f ° V) dV + inscou>
%
B v?2 v? )
or A Che +V-lp et V|=pGg—V-(pV)+pf-V) [2.96]
+ Q.\’/i,scous + Wv’i.scous
D(e + V%/2) . . .
or p__—Dt/“ = pq - V : (pV) + p(f * V) + Qviscous + WViSCOUS [2.1 1 4]
Substantial derivative
D 0
_= V . V convectnve 2.' 09
Di =, YV : .

A streamline is a curve whose tangent at any point is in the direction of the velocity vector at that point. The

equation of a streamline is given by

dsx V=0
or, in cartesian coordinates,
wdy —vdz =0
udz: —wdx =0
vdx —udy =90

[2.115]

[2.117a]
[2.117b]
[2.117¢]

The vorticity & at any given point is equal to twice the angular velocity of a fluid element @, and both are

related to the velocity field by
E=20=VXxV

When V x V # 0, the flow is rotational. When V x V = 0, the flow is irrotational.

[2.129]
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Circulation I is related to lift and is defined as

Circulation is also related to vorticity via

rs—fv-dsz—ff(VxV)-ds
¢ S
d

r
or (VxV):n=——
ds

[2.136]

[2.137]

[2.138]

The stream function ¥ is defined such that y(x, y) = constant is the equation of a streamline, and the
difference in the stream function between two streamlines Ay is equal to the mass flow between the streamlines.

As a consequence of this definition, in cartesian coordinates,

34
o=
dy
v= oy
Py = dx
and in cylindrical coordinates,
13y
V, = -—
P r 96
Y
Vo = ———
PVy ar

[2.1474]

[2.147b]

[2.1484a]

[2.1485]

For incompressible flow, ¢ = ¥/ p is defined such that ¥ (x, y) = constant denotes a streamline and Ay between
two streamlines is equal to the volume flow between these streamlines. As a consequence of this definition, in

cartesian coordinates.
A4
“=
Dy
Tax

and in cylindrical coordinates

1 9y

r 960
ay
ar

V, =

Vo =

[2.1504a]

[2.150h]

[2.1514a]

[2.151b]

The stream function is valid for both rotational and irrotational flows, but it is restricted to two-dimensional flows

only.
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The velocity potential ¢ is defined for irrotational flows only, such that
V=V¢ [2.154]
In cartesian coordinates
a d aJ
u=22 20,0 [2.156]
9x dy az
In cylindrical coordinates,
d 19 d
v,:ﬁ v(,:--f v::—f’-5 [2.157]
ar r 96 az
In spherical coordinates,
A 1 3¢ 1 3¢
Vi=e— Vo=-— Vo= — 2.158
ar " rae rsingd . ]

An irrotational flow is called a potential flow.

A line of constant ¢ is an equipotential line. Equipotential lines are perpendicular to streamlines (for two-

dimensional irrotational flows).

PROBLEMS

L.

Consider a body of arbitrary shape. If the pressure distribution over the surface
of the body 1s constant, prove that the resultant pressure force on the body is zero.
[Recall that this fact was used in Equation (2.77).]

Consider an airfoil in a wind tunnel (i.e., a wing that spans the entire test section).
Prove that the lift per unit span can be obtained from the pressure distributions on
the top and bottom walls of the wind tunnel (i.e., from the pressure distributions
on the walls above and below the airfoil).

Consider a velocity field where the x and y components of velocity are given
by u = cx/(x? 4+ y?) and v = cy/(x? + y?) where ¢ is a constant. Obtain the
equations of the streamlines.

Consider a velocity field where the x and y components of velocity are given by
u=cy/(x*+y¥)and v = —ex/(x* + y?), where c is a constant. Obtain the
equations of the streamlines.
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5.

11.

12.

Consider a velocity field where the radial and tangential components of velocity
are V, = Oand Vy = cr, respectively, where ¢ is a constant. Obtain the equations
of the streamlines.

Consider a velocity field where the x and y components of velocity are given
by u = ¢x and v = —cy, where c is a constant. Obtain the equations of the
streamlines.

. The velocity field given in Problem 2.3 is called source flow, which will be

discussed in Chapter 3. For source flow, calculate:

(a) The time rate of change of the volume of a fluid element per unit volume.
(b) The vorticity.

Hinr: 1t is simpler to convert the velocity components to polar coordinates and
deal with a polar coordinate system.

. The velocity field given in Problem 2.4 is called vortex flow, which will be

discussed in Chapter 3. For vortex flow, calculate:

(a) The time rate of change of the volume of a fluid element per unit volume.
(b) The vorticity.

Hint: Again, for convenience use polar coordinates.

. Is the flow field given in Problem 2.5 irrotational? Prove your answer.
10.

Consider a flow field in polar coordinates, where the stream function is given as
Y = ¥ (r,0). Starting with the concept of mass flow between two streamlines,
derive Equations (2.148a and b).

Assuming the velocity field given in Problem 2.6 pertains to an incompressible
flow, calculate the stream function and velocity potential. Using your results,
show that lines of constant ¢ are perpendicular to lines of constant 1.

Consider a length of pipe bent into a U-shape. The inside diameter of the pipe
1s 0.5 m. Air enters one leg of the pipe at a mean velocity of 100 m/s and
exits the other leg at the same magnitude of velocity, but moving in the opposite
direction. The pressure of the flow at the inlet and exit is the ambient pressure
of the surroundings. Calculate the magnitude and direction of the force exerted
on the pipe by the airflow. The air density is 1.23 kg/m>.
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INVISCID, INCOMPRESSIBLE FLOW

I Part 2, we deal with the flow of a fluid that has constant density—incompressible flow. This applies to the
flow of liquids, such as water flow, and to low-speed flow of gases. The material covered here is applicable
to low-speed flight through the atmosphere—flight at a Mach number of about 0.3 or less.
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FUNDAMENTALS OF INVISCID,
INCOMPRESSIBLE FLOW

Theoretical fluid dynamics, being a difficult subject, is for convenience, commonly divided into two branches,
one treating of frictionless or perfect fluids, the other treating of viscous or imperfect fluids. The frictionless
fluid has no existence in nature, but is hypothesized by mathematicians in order to facilitate the investigation
of important laws and principles that may be approximately true of viscous or natural fluids.

Albert F. Zahm, 1912

(Professor of aeronautics, and
developer of the first acronautical
laboratory in a U.S. university, The
Catholic University of America)

3.1 INTRODUCTION AND ROAD MAP

The world of practical aviation was born on December 17, 1903, when, at 10:35 A.M,,
and in the face of cold, stiff, dangerous winds, Orville Wright piloted the Wright Flyer
on its historic 12-s, 120-ft first flight. Figure 3.1 shows a photograph of the Wright
Flyer at the instant of lift-off, with Wilbur Wright running along the right side of the
machine, supporting the wing tip so that it will not drag the sand. This photograph
is the most important picture in aviation history; the event it depicts launched the
profession of acronautical engineering into the mainstream of the twentieth century.’

| 1 See Reference 2 for historical details leading to the first flight by the Wright brothers.
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Figure 3.1 Historic photograph of the first successful heavierthan-air powered manned
flight, achieved by the Wright brothers on December 17, 1903.

The flight velocity of the Wright Flyer was about 30 mi/h. Over the ensuing
decades, the flight velocities of airplanes steadily increased. By means of more
powerful engines and attention to drag reduction, the flight velocities of airplanes rose
to approximately 300 mi/h just prior to World War II. Figure 3.2 shows a typical fighter
airplane of the immediate pre-World War II era. From an aerodynamic point of view,
at air velocities between 0 and 300 mi/h the air density remains essentially constant,
varying by only a few percent. Hence, the aerodynamics of the family of airplanes
spanning the period between the two photographs shown in Figures 3.1 and 3.2 could
be described by incompressible flow. As a result, a huge bulk of experimental and
theoretical aerodynamic results was acquired over the 40-year period beginning with
the Wright Flyer—results that applied to incompressible flow. Today, we are still very
interested in incompressible aerodynamics because most modern general aviation
aircraft still fly at speeds below 300 mi/h; a typical light general aviation airplane is
shown in Figure 3.3. In addition to low-speed aeronautical applications, the principles
of incompressible flow apply to the flow of fluids, for example, water flow through
pipes, the motion of submarines and ships through the ocean, the design of wind
turbines (the modern term for windmills), and many other important applications.

For all the above reasons, the study of incompressible flow is as relevant today as it
was at the time of the Wright brothers. Therefore, Chapters 3 to 6 deal exclusively with
incompressible flow. Moreover, for the most part, we ignore any effects of friction,
thermal conduction, or diffusion; that is, we deal with inviscid incompressible flow in
these chapters.? Looking at our spectrum of aerodynamic flows as shown in Figure
1.38, the material contained in Chapters 3 to 6 falls within the combined blocks D
and E.

2 An inviscid, incompressible fluid is sometimes called an ideal fluid, or perfect fluid. This terminology will
not be used here because of the confusion it sometimes causes with “ideal gases” or “perfect gases” from
thermodynamics. This author prefers to use the more precise descriptor “inviscid, incompressible flow,” rather
than ideal fluid or perfect fluid.
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Figure 3.2  The Seversky P-35. {Courtesy of the U.S. Air Force.)

Figure 3.3 The Beechcraft Bonanza F33A. (Courtesy of Beechcraft.)

The purpose of this chapter is to establish some fundamental relations applicable
to inviscid, incompressible flows and to discuss some simple but important flow fields
and applications. The material in this chapter is then used as a launching pad for the
airfoil theory of Chapter 4 and the finite wing theory of Chapter 5.

A road map for this chapter is given in Figure 3.4. There are three main avenues:
(1) a development of Bernoulli’s equation, with some straightforward applications;
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Basic aspects of inviscid, incompressible flow
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General
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bodies; source
panel numerical
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Figure 3.4 Road map for Chapter 3.

(2) a discussion of Laplace’s equation, which is the governing equation for inviscid,
incompressible, irrotational flow; (3) the presentation of some elementary flow pat-
terns, how they can be superimposed to synthesize both the nonlifting and lifting flow
over acircular cylinder, and how they form the basis of a general numerical technique,
called the panel technique, for the solution of flows over bodies of general shape. As
you progress through this chapter, occasionally refer to this road map so that you can
maintain your orientation and see how the various sections are related.

| 3.2 BERNOULLI’S EQUATION

As will be portrayed in Section 3,19, the early part of the eighteenth century saw
the flowering of theoretical fluid dynamics, paced by the work of Johann and Daniel
Bernoulli and, in particular, by Leonhard Euler. It was at this time that the relation
between pressure and velocity in aninviscid, incompressible flow was first understood.
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The resulting equation is
P+ %pv2 = const

This equation is called Bernoulli’s equation, although it was first presented in the
above form by Euler (see Section 3.19). Bernoulli’s equation is probably the most
famous equation in fluid dynamics, and the purpose of this section is to derive it from
the general equations discussed in Chapter 2.

Consider the x component of the momentum equation given by Equation (2.113a).
For an inviscid flow with no body forces, this equation becomes

Du ap
i T ax
ou ou du ou ap
or pgr-+pua+pv5;+pwa—zz—~a; [3.1]
For steady flow, du /3t = 0. Equation (3.1) is then written as
uB_u+v8_uy+w8_u:_lB_p [3.2]

Multiply Equation (3.2) by dx:

a a J 13
u—udx—}—vidx—i—w—zdx = ——ldx [3.3]
dx dy 9z 0 dx
Consider the flow along a streamline in three-dimensional space. The equation of a
streamline is given by Equations (2.117a to ¢). In particular, substituting

udz —wdx =0 [2.117b]
and vdx —udy =20 [2.117¢]
into Equation (3.3), we have
ad a 0 13
ul dx + u—udy + u—udz = ——ldx [3.4]
dx ay az p ox
du du du 1 ap
—d —dy+ —dz ) =——-—d [3.5]
or ”(ax x+8y )+az Z) p ox *

Recall from calculus that given a function u = u(x, y, z), the differential of u is
ou ou du

du = —d —dy + —dz

U Py X + 3)’ y+ 9z Z

This is exactly the term in parentheses in Equation (3.5). Hence, Equation (3.5) is
written as

10
udu = ———p—a’x
0 0x
1 14
or —du?) = =y [3.6]
2 0 0x
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In a similar fashion, starting from the y component of the momentum equation given
by Equation (2.113b), specializing to an inviscid, steady flow, and applying the result
to flow along a streamline, Equations (2.117a and c¢), we have
1 1a
—dw?) = —= gy [3.7]
2 p ay
Similarly, from the z component of the momentum equation, Equation (2.113¢), we
obtain

1 1a
—d(w?) = ——ﬁdz [3.8]
2 p 0z
Adding Equations (3.6) through (3.8) yields
1 1 /3 d d
—du* + v +uw?) = —— ~pdx + —p—dy + —p-dz [3.9]
2 p \ox ay dz
However,
ur v+ w? =2 [3.10]
ad ad d
and —pdx—l— ﬁdy%— —pdz =dp [3.11]
ax ay 0z
Substituting Equations (3.10) and (3.11) into (3.9), we have
1 dp
—d(VY) = ——+—
2 V) p
or dp=—pvdV [3.12]

Equation (3.12) is called Euler’s equation. It applies to an inviscid flow with no body
forces, and it relates the change in velocity along a streamline d V to the change in
pressure dp along the same streamline.

Equation (3.12) takes on a very special and important form for incompressible
flow. In such a case, p = constant, and Equation (3.12) can be easily integrated
between any two points 1 and 2 along a streamline. From Equation (3.12), with p =

constant, we have
P2 V2
/ dp = —p/ vdv
14 Vi

v vy
or A e s Y
or P+ %lez =p2t %Pvzz [3.13]

Equation (3.13) is Bernoulli's equation, which relates p; and V; at point 1 on a
streamline to p; and V, at another point 2 on the same streamline. Equation (3.13)
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can also be written as

p+ %sz = const along a streamline [3.14]

In the derivation of Equations (3.13) and (3.14), no stipulation has been made
as to whether the flow 1s rotational or irrotational—these equations hold along a
streamline in either case. For a general, rotational flow, the value of the constant in
Equation (3.14) will change from one streamline to the next. However, if the flow
is irrotational, then Bernoulli’s equation holds between any two points in the flow,
not necessarily just on the same streamline. For an irrotational flow, the constant in
Equation (3.14) is the same for all streamlines, and

p+ %,oV2 = const throughout the flow [3.15]

The proof of this statement is given as Problem 3.1.

The physical significance of Bernoulli’s equation is obvious from Equations
(3.13) to (3.15); namely, when the velocity increases, the pressure decreases, and
when the velocity decreases, the pressure increases.

Note that Bernoulli’s equation was derived from the momentum equation; hence,
it is a statement of Newton’s second law for an inviscid. incompressible flow with
no body forces. However, note that the dimensions of Equations (3.13) to (3.15)
are energy per unit volume (3pV? is the kinetic energy per unit volume). Hence,
Bernoulli’s equation is also a relation for mechanical energy in an incompressible
flow; it states that the work done on a fluid by pressure forces is equal to the change
in kinetic energy of the flow. Indeed, Bernoulli’s equation can be derived from the
general energy equation, such as Equation (2.114). This derivation is left to the reader.
The fact that Bernoulli’s equation can be interpreted as either Newton’s second law
or an energy equation simply illustrates that the energy equation is redundant for
the analysis of inviscid, incompressible flow. For such flows, the continuity and
momentum equations suffice. (You may wish to review the opening comments of
Section 2.7 on this same subject.)

The strategy for solving most problems in inviscid, incompressible flow is as
follows:

1. Obtain the velocity field from the governing equations. These equations, appro-
priate for an inviscid, incompressible flow, are discussed in detail in Sections 3.6
and 3.7.

2. Once the velocity field is known, obtain the corresponding pressure field from
Bernoulli’s equation.

However, before treating the general approach to the solution of such flows (Section
3.7), several applications of the continuity equation and Bernoulli’s equation are made
to flows in ducts (Section 3.3) and to the measurement of airspeed using a Pitot tube
(Section 3.4).
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Example 3.1

Consider an airfoil in a flow at standard sea level conditions with a freestream velocity of 50
m/s. At a given point on the airfoil, the pressure is 0.9 x 10° N/m?. Calculate the velocity at
this point.

Solution

At standard sea level conditions, p, = 1.23 kg/m® and p,, = 1.01 x 10° N/m?2. Hence,

Poo + 3pVE =p+3pV?

2(Poo — 2(1.01 —0.9) x 10°
V:\/m ”)+v;=\/( ) 10 sy
Je 1.23

V =142.8 m/s

3.3 INCOMPRESSIBLE FLoOW IN A DucT: THE
VENTURI AND LOW-SPEED WIND TUNNEL

Consider the flow through a duct, such as that sketched in Figure 3.5. In general, the
duct will be a three-dimensional shape, such as a tube with elliptical or rectangular
cross sections which vary in area from one location to another. The flow through
such a duct is three-dimensional and, strictly speaking, should be analyzed by means
of the full three-dimensional conservation equations derived in Chapter 2. However,
in many applications, the variation of area A = A(x) is moderate, and for such
cases it is reasonable to assumie that the flow-ficld properties are uniform across any
cross section, and hence vary only in the x direction. In Figure 3.5, uniform flow is
sketched at station 1, and another but different uniform flow is shown at station 2.
Such flow, where the area changes as a function of x and all the flow-field variables
are assumed to be functions of x only, thatis, A = A(x), V = V(x), p = p(x), etc.,
is called quasi-one-dimensional flow. Although such flow is only an approximation
of the truly three-dimensional flow in ducts, the results are sufficiently accurate for
many aerodynamic applications. Such quasi-one-dimensional flow calculations are
frequently used in engineering. They are the subject of this section.

Figure 3.5 Quasi-one-dimensianal flaw in a duct.
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Consider the integral form of the continuity equation written below:

9
m[#pdv +# pV-dS=0 [2.48]
% S

For steady flow, this becomes
#pV-dS:O [3.16]

S

Apply Equation (3.16) to the duct shown in Figure 3.5, where the control volume is
bounded by A on the left, A, on the right, and the upper and lower walls of the duct.
Hence, Equation (3.16) is

/fpV-dS+/fpV-dS—+—//pV-dS:0 [3.17]
An

A wall

Along the walls, the flow velocity is tangent to the wall. Since by definition dS is
perpendicular to the wall, then along the wall, V . dS = 0, and the integral over the
wall surface is zero; that is, in Equation (3.17),

ffpV-dS:() [3.18]

wall

At station 1, the flow is uniform across A;. Noting that dS and V are in opposite
directions at station 1 (dS always points out of the control volume by definition), we
have in Equation (3.17)

ff pV.-dS=—p A1V [3.19]
A

At station 2, the flow is uniform across A;, and since dS and V are in the same
direction, we have, in Equation (3.17),

ff oV -dS = p,As V5 [3.20]
An

Substituting Equations (3.18) to (3.20) into (3.17), we obtain
—0 AtV + p2A Vo +0=0

or ,O|A1V1 =,02A2V2 [3.21]

Equation (3.21) is the quasi-one-dimensional continuity equation; it applies to both
compressible and incompressible flow.® In physical terms, it states that the mass flow

3 For a simpler, more rudimentary derivation of Equation (3.21], see chapter 4 of Reference 2. In the present
discussion, we have established a more rigorous derivation of Equation (3.21), consistent with the general
integral form of the continuity equation.
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through the duct is constant (i.e., what goes in must come out). Compare Equation
(3.21) with Equation (2.43) for mass flow.

Consider incompressible flow only, where p = constant. In Equation (3.21),
p1 = p2, and we have

AV =AW [3.22]

Equation (3.22) is the quasi-one-dimensional continuity equation for incompressible
flow. In physical terms, it states that the volume flow (cubic feet per second or cubic
meters per second) through the duct is constant. From Equation (3.22), we see that if
the area decreases along the flow (convergent duct), the velocity increases; conversely,
if the area increases (divergent duct), the velocity decreases. These variations are
shown in Figure 3.6; they are fundamental consequences of the incompressible con-
tinuity equation, and you should fully understand them. Moreover, from Bernoulli’s
equation, Equation (3.15), we see that when the velocity increases in a convergent
duct, the pressure decreases; conversely, when the velocity decreases in a divergent
duct, the pressure increases. These pressure variations are also shown in Figure 3.6.
Consider the incompressible flow through a convergent-divergent duct, shown in
Figure 3.7. The flow enters the duct with velocity V| and pressure p;. The velocity
increases in the convergent portion of the duct, reaching a maximum value V; at the
minimum area of the duct. This minimum area is called the throat. Also, in the
convergent section, the pressure decreases, as sketched in Figure 3.7. At the throat,
the pressure reaches a minimum value p;. In the divergent section downstream of the
throat, the velocity decreases and the pressure increases. The duct shown in Figure
3.7 is called a venruri; it is a device that finds many applications in engineering, and its
use dates back more than a century. Its primary characteristic is that the pressure p,
is lower at the throat than the ambient pressure p, outside the venturi. This pressure
difference p; — p, is used to advantage in several applications. For example, in the
carburetor of an automobile engine, there is a venturi through which the incoming air
is mixed with fuel. The fuel line opens into the venturi at the throat. Because p, is
less than the surrounding ambient pressure p, the pressure difference p; — p; helps
to force the fuel into the airstream and mix it with the air downstream of the throat.
In an application closer to aerodynamics, a venturi can be used to measure air-
speeds. Consider a venturi with a given inlet-to-throat area ratio A;/A,, as shown in
Figure 3.7. Assume that the venturi is inserted into an airstream that has an unknown

Voo 2>N Vi V2 <n
Uy — —_— >
Dy 1 Ip,< py Py | P2 >P)
| |
% %
Convergent duct Divergent duct

Figure 3.6  Incompressible flow in a duct.
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Figure 3.7  Flow through a venturi.

velocity V). We wish to use the venturi to measure this velocity. With regard to the
venturi itself, the most direct quantity that can be measured is the pressure differ-
ence p| — p». This can be accomplished by placing a small hole (a pressure tap) in
the wall of the venturi at both the inlet and the throat and connecting the pressure
leads (tubes) from these holes across a differential pressure gage, or to both sides
of a U-tube manometer (see Section 1.9). In such a fashion, the pressure difference
P1 — p2 can be obtained directly. This measured pressure difference can be related
to the unknown velocity Vy as follows. From Bernoulli’s equation, Equation (3.13),

we have
, 2 )
V= ;(Pz —p)+V;

From the continuity equations, Equation (3.22), we have

v= Ay
2 = A, 1
Substituting Equation (3.24) into (3.23), we obtain
2 A
Vi= Z(p)— — ) v
i p(P- P1)+(A7) I

Solving Equation (3.25) for V;, we obtain

Vi — 2(p1 — p2)
= 2
pl(A/A)" — 1]

[3.23]

[3.24]

[3.25]

[3.26]
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Equation (3.26) is the desired result; it gives the inlet air velocity V; in terms of the
measured pressure difference p; — p, and the known density p and arearatio A,/ A,.
In this fashion, a venturi can be used to measure airspeeds. Indeed, historically the
first practical airspeed indicator on an airplane was a venturi used by the French
Captain A. Eteve in January 1911, more than 7 years after the Wright brothers’ first
powered flight. Today, the most common airspeed-measuring instrument is the Pitot
tube (to be discussed in Section 3.4); however, the venturi is still found on some
general aviation airplanes, including home-built and simple experimental aircraft.

Another application of incompressible flow in a ductis the low-speed wind tunnel.
The desire to build ground-based experimental facilities designed to produce flows
of air in the laboratory which simulate actual flight in the atmosphere dates back
to 1871, when Francis Wenham in England built and used the first wind tunnel in
history.4 From that date to the mid-1930s, almost all wind tunnels were designed to
produce airflows with velocities from 0 to 250 mi/h. Such low-speed wind tunnels
are still much in use today, along with a complement of transonic, supersonic, and
hypersonic tunnels. The principles developed in this section allow us to examine the
basic aspects of low-speed wind tunnels, as follows.

In essence, a low-speed wind tunnel is a large venturi where the airflow is driven
by a fan connected to some type of motor drive. The wind-tunnel fan blades are similar
to airplane propellers and are designed to draw the airflow through the tunnel circuit.
The wind tunnel may be open circuit, where the air is drawn in the front directly
from the atmosphere and exhausted out the back, again directly to the atmosphere, as
shown in Figure 3.8a; or the wind tunnel may be closed circuit, where the air from
the exhaust is returned directly to the front of the tunnel via a closed duct forming a
loop, as shown in Figure 3.85. In either case, the airflow with pressure p, enters the
nozzle at a low velocity Vi, where the area is A;. The nozzle converges to a smaller
area A, at the test section, where the velocity has increased to V, and the pressure has
decreased to p,. After flowing over an aerodynamic model (which may be a model
of a complete airplane or part of an airplane such as a wing, tail, engine, or nacelle),
the air passes into a diverging duct called a diffuser, where the area increases to As,
the velocity decreases to V3, and the pressure increases to ps. From the continuity
equation (3.22), the test-section air velocity is

A
Vi =—W [3.27]
A
In turn, the velocity at the exit of the diffuser is
A
V3 = 22 V) [3.28]
Aj

The pressure at various locations in the wind tunnel is related to the velocity by
Bernoulli’s equation:

pr+3oVE=prt+3pVE=pi+5pV4 [3.29]

| 4 For a discussion on the history of wind tunnels, see chapter 4 of Reference 2.
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Figure 3.8 {a} Open-circuit tunnel. (b} Closed<ircuit tunnel.

The basic factor that controls the air velocity in the test section of a given low-
speed wind tunnel is the pressure difference p, — p,. To see this more clearly, rewrite

Equation (3.29) as

2 2 2
V; = ;(Pl —p2)+ Vi

[3.30]

From Equation (3.27), V| = (A,/A,)V>. Substituting into the right-hand side of

Equation (3.30), we have

2= 2 )+ (22 2v2
= — — D _ ”
2 ppl P2 A, 3

Solving Equation (3.31) for V,, we obtain

Vs — 2(py — p2)
2 p—
pll — (A2/AD?

[3.31]

[3.32]
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The area ratio Az/A; is a fixed quantity for a wind tunnel of given design. More-
over, the density is a known constant for incompressible flow. Therefore, Equation
(3.32) demonstrates conclusively that the test-section velocity V, is governed by the
pressure difference p; — p2. The fan driving the wind-tunnel flow creates this pres-
sure difference by doing work on the air. When the wind-tunnel operator turns the
“control knob” of the wind tunnel and adjusts the power to the fan, he or she is es-
sentially adjusting the pressure difference p; — p; and, in turn, adjusting the velocity
via Equation (3.32).

In low-speed wind tunnels, a method of measuring the pressure difference p; — p»,
hence of measuring V> via Equation (3.32), is by means of a manometer as discussed
in Section 1.9. In Equation (1.56), the density is the density of the liquid in the
manometer (not the density of the air in the tunnel). The product of density and
the acceleration of gravity g in Equation (1.56) is the weight per unit volume of the
manometer fluid. Denote this weight per unit volume by w. Referring to Equation
(1.56), if the side of the manometer associated with p, is connected to a pressure tap
in the settling chamber of the wind tunnel, where the pressure is p;, and if the other
side of the manometer (associated with p;) is connected to a pressure tap in the test
section, where the pressure is py, then, from Equation (1.56),

P —pzzwAh

where A#h is the difference in heights of the liquid between the two sides of the
manometer, In turn, Equation (3.32) can be expressed as

Vo = 2wAh
27 ol = (A2/AD2]

In many low-speed wind tunnels, the test section is vented to the surrounding
atmosphere by means of slots in the wall; in others, the test section is not a duct at all,
but rather, an open area between the nozzle exit and the diffuser inlet. In both cases,
the pressure in the surrounding atmosphere is impressed on the test-section flow;
hence, p» = 1 atm. (In subsonic flow, a jet that is dumped freely into the surrounding
air takes on the same pressure as the surroundings; in contrast, a supersonic free jet
may have completely different pressures than the surrounding atmosphere, as we see
in Chapter 10.)

Keep in mind that the basic equations used in this section have certain limita-
tions—we are assuming a quasi-one-dimensional inviscid flow. Such equations can
sometimes lead to misleading results when the neglected phenomena are in reality
important. For example, if A3 = A, (inlet area of the tunnel is equal to the exit
area), then Equations (3.27) and (3.28) yield V3 = Vj. In turn, from Equation (3.29),
p3 = pi; that is, there is no pressure difference across the entire tunnel circuit. If
this were true, the tunnel would run without the application of any power—we would
have a perpetual motion machine. In reality, there are losses in the airflow due to
friction at the tunnel walls and drag on the aerodynamic model in the test section.
Bernoulli’s equation, Equation (3.29), does not take such losses into account. (Review
the derivation of Bernoulli’s equation in Section 3.2; note that viscous effects are
neglected.) Thus, in an actual wind tunnel, there is a pressure loss due to viscous
and drag effects, and p3 < p;. The function of the wind-tunnel motor and fan is to
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add power to the airflow in order to increase the pressure of the flow coming out of
the diffuser so that it can be exhausted into the atmosphere (Figure 3.8a) or returned
to the inlet of the nozzle at the higher pressure p; (Figure 3.8b). Photographs of a
typical subsonic wind tunnel are shown in Figure 3.9q and b.

Consider a venturi with a throat-to-inlet area ratio of 0.8 mounted in a flow at standard sea level
conditions. If the pressure difference between the inlet and the throat is 7 Ib/ft”, calculate the
velocity of the flow at the inlet.

Solution

At standard sea level conditions, p = 0.002377 slug/ft*. Hence,

_ 2(p) — p2) 2(7

v, = \/ = = | 102.3 fts
pl(A /A2y — 1] (0.002377) (557 — 11

Example 3.2
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Figure 3.9 () Test section of a large subsonic wind tunnel; the Glenn L. Martin Wind
Tunnel at the University of Maryland. (Courtesy of Dr. Jewel Barlow,
University of Maryland.)
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)

Figure 3.9 {continued) {b) The power fan drive section of the Glenn
Tunnel. (Courtesy of Dr. Jewel Barlaw, University
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“~~nnic wind tunnel with a 12/1 contraction ratio for the nozzle. If the Example 3.3
standard sea level conditions with a velocity of 50 m/s, calculate
fube mercury manometer with one side connected to the nozzle

~ection.

:g/m’. From Eauation (3.32),

q

)2
= <10V) \1.45)| 1 — (Tj) j| = 1527 N/m’

~

ensitv of liquid mercury is 1.36 x 10* kg/m*. Hence.

1= 1.33 x 10° N/'m’

. . 001148 m
]

Example 3.4

“~unted in a subsonic wind tunnel, such as shown in Figure
7-10-1 contraction ratio. The maximum lift coefficient of

model installation in the test section of a large wind tunnel. The

i at the University of Maryland.
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the airplane model is 1.3. The wing planform area of the model is 6 ft2. The lift is measured
with a mechanical balance that is rated at a maximum force of 1000 lb; that is, if the lift of
the airplane model exceeds 1000 Ib, the balance will be damaged. During a given test of this
airplane model, the plan is to rotate the model through its whole range of angle of attack,
including up to that for maximum C, . Calculate the maximum pressure difference allowable
between the wind-tunnel settling chamber and the test section, assuming standard sea level
density in the test section (1.¢., p = 0.002377 slug/ft®).

Solution
Maximum lift occurs when the model is at its maximum lift coefficient. Since the maximum
allowable lift force is 1000 Ib, the freestream velocity at which this occurs is obtained from

Lmax = %poo V;SCL,max

26,
or Voo = Lo _ (2)(1000) = 328.4 fus
00:SC max (0.002377)(6)(1.3)

From Equation (3.32),

| A2\°
— —0 V21— -
P P2 2p oc[ (AI)}

1 1\*
z(0.002377)(328.4)2 [1 - (ﬁ) } =| 117.5 Ib/ft?

3.4 Piror TUBE: MEASUREMENT OF AIRSPEED

In 1732, the Frenchman Henri Pitot was busy trying to measure the flow velocity of
the Seine River in Paris. One of the instruments he used was his own invention—a
strange-looking tube bent into an L shape, as shown in Figure 3.11. Pitot oriented one
of the open ends of the tube so that it faced directly into the flow. In turn, he used the
pressure inside this tube to measure the water flow velocity. This was the first time in
history that a proper measurement of fluid velocity was made, and Pitot’s invention
has carried through to the present day as the Pitor tube—one of the most common
and frequently used instruments in any modern aerodynamic laboratory. Moreover,
a Pitot tube is the most common device for measuring flight velocities of airplanes.
The purpose of this section is to describe the basic principle of the Pitot tube.’
Consider a flow with pressure p; moving with velocity V|, as sketched at the
left of Figure 3.11. Let us consider the significance of the pressure p; more closely.
In Section 1.4, the pressure is associated with the time rate of change of momentum
of the gas molecules impacting on or crossing a surface; that is, pressure is clearly
related to the motion of the molecules. This motion is very random, with molecules
moving in all directions with various velocities. Now imagine that you hop on a fluid

5 See chapter 4 of Reference 2 for a detailed discussion of the history of the Pitot tube, how Pitot used it to
overturn a basic theory in civil engineering, how it created some controversy in engineering, and how it finally
found application in aeronautics.



FUNDAMENTALS OF INVISCID, INCOMPRESSIBLE FLOW 195

Pressure
gage

C
.

" . T

Total pressure

measured here
NG
- - - B

D
Py — -
Pp =Py Pitot tube
Static pressure\\
/i/ measured here
% Static-pressure orifice
'’
Figure 3.11 Pitot tube and a static pressure orifice.

element of the flow and ride with it at the velocity Vi. The gas molecules, because
of their random motion, will still bump into you, and you will feel the pressure p;
of the gas. We now give this pressure a specific name: the staric pressure. Static
pressure is a measure of the purely random motion of molecules in the gas; it is the
pressure you feel when you ride along with the gas at the local flow velocity. All
pressures used in this book so far have been static pressures; the pressure p appearing
in all our previous equations has been the static pressure. In engineering, whenever a
reference is made to “pressure” without further qualification, that pressure is always
interpreted as the static pressure. Furthermore, consider a boundary of the flow, such
as a wall, where a small hole is drilled perpendicular to the surface. The plane of
the hole is parallel to the flow, as shown at point A in Figure 3.11. Because the flow
moves over the opening, the pressure felt at point A is due only to the random motion
of the molecules; that is, at point A, the static pressure is measured. Such a small
hole in the surface is called a static pressure orifice, or a static pressure tap.

In contrast, consider that a Pitot tube is now inserted into the flow, with an open
end facing directly into the flow. That is, the plane of the opening of the tube is
perpendicular to the flow, as shown at point B in Figure 3.11. The other end of the
Pitot tube is connected to a pressure gage, such as point C in Figure 3.11 (i.e., the
Pitot tube is closed at point C). For the first few milliseconds after the Pitot tube
is inserted into the flow, the gas will rush into the open end and will fill the tube.
However, the tube is closed at point C; there is no place for the gas to go, and hence
after a brief period of adjustment, the gas inside the tube will stagnate; that is, the
gas velocity inside the tube will go to zero. Indeed, the gas will eventually pile up



196

FUNDAMENTALS OF AERODYNAMICS

and stagnate everywhere inside the tube, including at the open mouth at point B.
As a result, the streamline of the flow that impinges directly at the open face of the
tube (streamline D B in Figure 3.11) sees this face as an obstruction to the flow. The
fluid elements along streamline DB slow down as they get closer to the Pitot tube
and go to zero velocity right at point B. Any point in a flow where V = 0 is called
a stagnation point of the flow; hence, point B at the open face of the Pitot tube is
a stagnation point, where Vp = 0. In turn, from Bernoulli’s equation we know the
pressure increases as the velocity decreases. Hence, pp > p;. The pressure at a
stagnation point is called the sragnation pressure, or total pressure, denoted by po.
Hence, at point B, pg = po.

From the above discussion, we see that two types of pressure can be defined
for a given flow: static pressure, which is the pressure you feel by moving with
the flow at its local velocity Vy, and total pressure, which is the pressure that the
flow achieves when the velocity is reduced to zero. In aerodynamics, the distinction
between total and static pressure is important; we have discussed this distinction at
some length, and you should make yourself comfortable with the above paragraphs
before proceeding further. (Further elaboration on the meaning and significance of
total and static pressure will be made 1n Chapter 7.)

How is the Pitot tube used to measure flow velocity? To answer this question,
first note that the total pressure p, exerted by the flow at the tube inlet (point B) is
impressed throughout the tube (there is no flow inside the tube; hence, the pressure
everywhere inside the tube is py). Therefore, the pressure gage at point C reads
po. This measurement, in conjunction with a measurement of the static pressure p;
at point A, yields the difference between total and static pressure, pg — py, and it
is this pressure difference that allows the calculation of V; via Bernoulli’s equation.
In particular, apply Bernoulli’s equation between point A, where the pressure and
velocity are p; and Vy, respectively, and point B, where the pressure and velocity are
po and V = 0, respectively:

Pa+3pVi=rps+3pV3
or pi+3pVEi=po+0 [3.33]

Solving Equation (3.33) for V|, we have

vy = /Z(_Pip__f’l) [3.34]

Equation (3.34) allows the calculation of velocity simply from the measured difference
between total and static pressure. The total pressure pg is obtained from the Pitot
tube, and the static pressure p, is obtained from a suitably placed static pressure tap.

It is possible to combine the measurement of both total and static pressure in
one instrument, a Pitof-static probe, as sketched in Figure 3.12. A Pitot-static probe
measures pg at the nose of the probe and p; at a suitably placed static pressure tap
on the probe surface downstream of the nose.

In Equation (3.33), the term { p V{ is called the dynamic pressure and is denoted

by the symbol g,. The grouping %sz is called the dynamic pressure by definition
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Figure 3.12  Pitot-static probe.

and is used in all flows, incompressible to hypersonic:
q=3pV?

However, for incompressible flow, the dynamic pressure has special meaning; it is
precisely the difference between total and static pressure. Repeating Equation (3.33),
we obtain

| 2 _
P+ 50V = o
static dynamic 1otal
pressure pressure pressure
or Pr+4q1 = po
or g1 = Po— P [3.351]

It is important to keep in mind that Equation (3.35) comes from Bernoulli’s equation,
and thus holds for incompressible flow only. For compressible flow, where Bernoulli’s
equation 1s not valid, the pressure difference py — p; is not equal to ;. Moreover,
Equation (3.34) is valid for incompressible flow only. The velocities of compressible
flows, both subsonic and supersonic, can be measured by means of a Pitot tube, but
the equations are different from Equation (3.34). (Velocity measurements in subsonic
and supersonic compressible flows are discussed in Chapter 8.)

At this stage, it is important to repeat that Bernoulli’s equation holds for incom-
pressible flow only, and therefore any result derived from Bernoulli’s equation also
holds for incompressible flow only, such as Equations (3.26), (3.32), and (3.34). Ex-
perience has shown that some students when first introduced to aerodynamics seem
to adopt Bernoulli’s equation as the gospel and tend to use it for all applications,
including many cases where it is not valid. Hopefully, the repetitive warnings given
above will squelch such tendencies.
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An airplane is flying at standard sea level. The measurement obtained from a Pitot tube mounted
on the wing tip reads 2190 Ib/ft?. What is the velocity of the airplane?

Solution
Standard sea level pressure is 2116 Ib/ft?. From Equation (3.34), we have

2 — 2(2190 — 2116
v, = {po— pv) _ | ( ) — | 950 fus
Ie) 0.002377 L |

Example 3.5
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Example 3.6

In the wind-tunnel flow described in Example 3.4, a small Pitot tube is mounted in the flow just
upstream of the model. Calculate the pressure measured by the Pitot tube for the same flow
conditions as in Example 3.4.

Solution
From Equation (3.35),

Po = P+ (o = P + %Poovozc
=2116 + 21(0.002377)(328.4)2

=2116 + 128.2 =| 2244 1b/f¢°

Note in this example that the dynamic pressure is % poo VE = 128.2 Ib/ft. This
is only 8 percent larger than the pressure difference (p; — p2), calculated in Example
3.4, that is required to produce the test-section velocity in the wind tunnel. Why
is (p1 — p2) so close to the test-section dynamic pressure? Answer: Because the
velocity in the settling chamber V| is so small that p; is close to the total pressure of
the flow. Indeed, from Equation (3.22),

Vi= %Vg = (%) (328.4) = 27.3 ft/s

Compared to the test-section velocity of 328.4 ft/s, V, is seen to be small. In regions
of a flow where the velocity is finite but small, the local static pressure is close to
the total pressure. (Indeed, in the limiting case of a fluid with zero velocity, the local
static pressure is the same as the total pressure; here, the concepts of static pressure
and total pressure are redundant. For example, consider the air in the room around
you. Assuming the air is motionless, and assuming standard sea level conditions,
the pressure is 2116 1b/ft2, namely, 1 atm. Is this pressure a static pressure or a total
pressure? Answer: It is both. By the definition of total pressure given in the present
section, when the local flow velocity is itself zero, then the local static pressure and
the local total pressure are exactly the same.)

DESIGN Box

The configuration of the Pitot-static probe shown in Figure 3.12 is a schematic only. The design of an actual
Pitot-static probe is an example of careful engineering, intended to provide as accurate an instrument as possible.
Let us examine some of the overall features of Pitot-static probe design.

Above all, the probe should be a long, streamlined shape such that the surface pressure over a substantial
portion of the probe is essentially equal to the free stream static pressure. Such a shape is given in Figure 3.13q.
The head of the probe, the nose at which the total pressure is measured, is usually a smooth hemispherical shape in
order to encourage smooth, streamlined flow downstream of the nose. The diameter of the tube is denoted by d. A
number of static pressure taps are arrayed radially around the circumference of the tube at a station that should be
from 8d to 164 downstream of the nose, and at least 164 ahead of the downstream support stem. The reason for

(continued)
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Figure 3.13 {a) Pitat-static tube. {b) Schematic of the pressure distributian alang

the outer surface of the tube.

this is shown in Figure 3.13b, which gives the axial distribution of the pressure coefficient along the surface of the
tube. From the definition of pressure coefficient given in Section 1.5, and from Bernoulli’s equation in the form of
Equation (3.35), the pressure coefficient at a stagnation point for incompressible flow is given by

) — 0 —
Cp:[ Ix:!() px:gl:LO

4~ 4 G~

Hence, in Figure 3.13b the C,, distribution starts out at the value of 1.0 at the nose, and rapidly drops as the flow
expands around the nose. The pressure decreases below p.. yielding a minimum value of C, =~ —1.25 just
downstream of the nose. Further downstream the pressure tries to recover and approaches a value nearly equal to
Psc at some distance (typically about 8¢) from the nose. There follows a region where the static pressure along
the surface of the tube is very close to p, illustrated by the region where C, = 0 in Figure 3.13b. This is the
region where the static pressure taps should be located, because the surface pressure measured at these taps will
be essentially equal to the freestream static pressure p-. Further downstream, as the flow approaches the support
stem, the pressure starts to increase above p... This starts at a distance of about 16d ahead of the support stem.
In Figure 3.13a, the static pressure taps are shown at a station 14d downstream of the nose and 204 ahead of the
support stem.

The design of the static pressure taps themselves is critical. The surface around the taps should be smooth
to insure that the pressure sensed inside the tap is indeed the surface pressure along the tube. Examples of
poor design as well as the proper design of the pressure taps are shown in Figure 3.14. In Figure 3.14a, the
surface has a burr on the upstream side; the local flow will expand around this burr, causing the pressure sensed at
pointa inside the tap to be less than p... In 3.145, the surface has a burr on the downstream side; the local flow will be

(continued)
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Figure 3.14 Schematic of static pressure taps. [a} and (b) Poar design.
(c) Proper design.

slowed in this region, causing the pressure sensed at point b inside the tap to be greater than ps. The correct design
is shown in Figure 3.14c; here, the opening of the tap is exactly flush with the surface, allowing the pressure sensed
at point ¢ inside the tap to be equal to pn..

When a Pitot-static tube is used to measure the speed of an airplane, it should be located on the airplane in
a position where it is essentially immersed in the freestream flow, away from any major influence of the local
flow field around the airplane itself. An example of this can be seen in Figure 3.2, where a Pitot-static probe can
be seen mounted near the right wing tip of the P-35, extending into the freestream ahead of the wing. A similar
wing-mounted probe is shown in the planview (top view) of the North American F-86 in Figure 3.15.

Today, many modern airplanes have a Pitot tube mounted at some location on the fuselage, and the measurement
of po is obtained independently from a properly placed static pressure tap somewhere else on the fuselage. Figure
3.16 illustrates a fuselage-mounted Pitot tube in the nose region of the Boeing Stratoliner, a 1940s vintage airliner.
When only a Pitot measurement is required, the probe can be much shorter than a Pitot-static fube, as can be seen
in Figure 3.16. In this type of arrangement, the location of the static pressure tap on the surface of the fuselage is
critical; it must be located in a region where the surface pressure on the fuselage is equal to p,,. We have a pretty
good idea where to locate the static pressure taps on a Pitot-static tube, as shown in Figure 3.13a. But the proper
location on the fuselage of a given airplane must be found experimentally, and it is different for different airplanes.
However, the basic idea is illustrated in Figure 3.17, which shows the measured pressure coefficient distribution
over a streamlined body at zero angle of attack. There are two axial stations where C, = 0 (i.e., where the surface
pressure on the body equals p). If this body were an airplane fuselage, the static pressure tap should be placed
at one of these two locations. In practice, the forward location, near the nose, is usually chosen.

Finally, we must be aware that none of these instruments, no matter where they are located, are perfectly
accurate. In particular, misalignment of the probe with respect to the freestream direction causes an error which
must be assessed for each particular case. Fortunately, the measurement of the total pressure by means of a Pitot
tube is relatively insensitive to misalignment. Pitot tubes with hemispherical noses, such as shown in Figure 3.13a,
are insensitive to the mean flow direction up to a few degrees. Pitot tubes with flat faces, such as illustrated in Figure
3.12, are least sensitive. For these tubes, the total pressure measurement varies only 1 percent for misalignment as
large as 20°. For more details on this matter, see Reference 65.

(continued)




FUNDAMENTALS OF INVISCID, INCOMPRESSIBLE FLOW 201

- 0 000
= (o {0 20000
0

D‘*ég

Figure 3.15

——

Three-view of the Narth American F-86H. Nate the
wing-maunted Pitat-static tube.

(continued )
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Pitot tube

Figure 3.16

f

|

Nase-maunted Pitot tube an the Boeing Strataliner. (Strataliner detail
courtesy of Paul Matt, Alan and Drina Abel, and Aviatian Heritage, Inc.,
with permission.)
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Figure 3.17 Experimentally measured pressure coefficient distribution over a streamlined bady with a fineness
ratio (length-ta-diameter ratia) of 3. Zero angle af attack. Law-speed flow.
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3.5 PRrRESSURE COEFFICIENT

Pressure, by itself, is a dimensional quantity (e.g., pounds per square foot, newtons
per square meter). However, in Sections 1.7 and 1.8, we established the usefulness
of certain dimensionless parameters such as M, Re, C;. It makes sense, therefore,
that a dimensionless pressure would also find use in aerodynamics. Such a quantity
is the pressure coefficient C,, first introduced in Section 1.5 and defined as

D —p
c,=2"P= [3.36]
Goo
1 2
where Yoo = 5000 Vg

The definition given in Equation (3.36) is just that—a definition. It is used throughout
aerodynamics, from incompressible to hypersonic flow. In the aecrodynamic literature,
it is very common to find pressures given in terms of C, rather than the pressure itself.
Indeed, the pressure coefficient is another similarity parameter that can be added to
the list started in Sections 1.7 and 1.8.

For incompressible flow, C, can be expressed in terms of velocity only. Consider
the flow over an aerodynamic body immersed in a freestream with pressure p, and
velocity V.. Pick an arbitrary point in the flow where the pressure and velocity are
p and V, respectively. From Bernoulli's equation,

Poo + 3pVE =p+ipV?
or P = P = %,{)(Vozo —V? [3.37]
Substituting Equation (3.37) into (3.36), we have

1 2 2
P—Px _3p(Vg =V
Cp,= =

G 3pVA

5

T
or ¢ =1-(+) [a.38]
Ve

Equation (3.38) is a useful expression for the pressure coefficient; however, note that
the form of Equation (3.38) holds for incompressible flow only.

Note from Equation (3.38) that the pressure coefficient at a stagnation point
(where V = 0) in an incompressible flow is always equal to 1.0. This is the highest
allowable value of C,, anywhere in the flow field. (For compressible flows, C, at a
stagnation point is greater than 1.0, as shown in Chapter 14.) Also, keep in mind that
in regions of the flow where V > V., or p < po,, C, will be a negative value.

Another interesting property of the pressure coefficient can be seen by rearranging
the definition given by Equation (3.36), as follows:

p=px+t C]ocCp
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Clearly, the value of C, tells us how much p differs from ps, in multiples of the
dynamic pressure. That is, if C, = 1 (the value at a stagnation point in an incom-
pressible flow), then p = po + g0, or the local pressure is “one times” the dynamic
pressure above freestream static pressure. If C, = —3, then p = py — 3¢, or the
local pressure is three times the dynamic pressure below freestream static pressure.

Example 3.7

Consider an airfoil in a flow with a freestream velocity of 150 ft/s. The velocity at a given point
on the airfoil is 225 ft/s. Calculate the pressure coefficient at this point.

C,=1 V2—1 2252— 1.25
r v ) 150/ — '

Example 3.8

Consider the airplane model in Example 3.4. When it is at a high angle of attack, slightly
less than that when C, becomes a maximum, the peak (negative) pressure coefficient which
occurs at a certain point on the airfoil surface is ~5.3. Assuming inviscid, incompressible flow,
calculate the velocity at this point when (a) V. = 80 ft/s and (b) V,. = 300 ft/s.

Solution

Using Equation (3.38), we have

(@ V=,VI(1-C,) =(80)72[1—(-53)]=| 2008 ft/s

b)) V=/VI1~-C,) =+(3002[1 —(=53)1=| 753 fus

The above example illustrates two aspects of such a flow, as follows:

1. Consider a given point on the airfoil surface. The C, is given at this point
and, from the statement of the problem. C,, is obviously unchanged when the
velocity is increased from 80 to 300 ft/s. Why? The answer underscores part of
our discussion on dimensional analysis in Section 1.7, namely, C,, should depend
only on the Mach number, Reynolds number, shape and orientation of the body,
and location on the body. For the low-speed inviscid flow considered here, the
Mach number and Reynolds number are not in the picture. For this type of flow,
the variation of C, 1s a function ¢nly of location on the surface of the body, and
the body shape and orientation. Hence, C, will not change with Ve O poo as
long as the flow can be considered inviscid and incompressible. For such a flow,
once the C, distribution over the body has been determined by some means, the
same C,, distribution will exist for all freestream values of Ve and pec.

2. Inpart (b) of Example 3.8, the velocity at the point where C,, is a peak (negative)

value is a large value, namely, 753 ft/s. Is Equation (3.38) valid for this case?
The answer is essentially no. Equation (3.38) assumes incompressible flow. The
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speed of sound at standard sea level is 1117 ft/s; hence, the freestream Mach
number is 300/1117 = 0.269. A flow where the local Mach number is less
than 0.3 can be assumed to be essentially incompressible. Hence, the freestream
Mach number satisfies this criterion. On the other hand, the flow rapidly expands
over the top surface of the airfoil and accelerates to a velocity of 753 ft/s at the
point of minimum pressure (the point of peak negative Cp). In the expansion,
the speed of sound decreases. (We will find out why in Part 3.) Hence, at the
point of minimum pressure, the local Mach number is greater than ff—f; = 0.674.
That is, the flow has expanded to such a high local Mach number that it is no
longer incompressible. Therefore, the answer given in part (b) of Example 3.8
is not correct. (We will learn how to calculate the correct value in Part 3.) There
is an interesting point to be made here. Just because a model is being tested
in a low-speed, subsonic wind tunnel, it does not mean that the assumption of
incompressible flow will hold for all aspects of the flow field. As we see here,
in some regions of the flow field around a body, the flow can achieve such high

local Mach numbers that it must be considered as compressible.
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3.6 CoNDITION ON VELOCITY FOR INCOMPRESSIBLE
FLow

Consulting our chapter road map in Figure 3.4, we have completed the left branch
dealing with Bernoulli’s equation. We now begin a more general consideration of
incompressible flow, given by the center branch in Figure 3.4. However, before intro-
ducing Laplace’s equation, it is important to establish a basic condition on velocity
in an incompressible flow, as follows.

First, consider the physical definition of incompressible flow, namely, p = con-
stant. Since p is the mass per unit volume and p is constant, then a fluid element of
fixed mass moving through an incompressible flow field must also have a fixed, con-
stant volume. Recall Equation (2.32), which shows that V - V is physically the time
rate of change of the volume of a moving fluid element per unit volume. However,
for an incompressible flow, we have just stated that the volume of a fluid element is
constant [e.g., in Equation (2.32), D(§V)/Dt = 0]. Therefore, for an incompressible
flow,

V.-V=0 [3.39]

The fact that the divergence of velocity is zero for an incompressible flow can
also be shown directly from the continuity equation, Equation (2.52):

2
a—€+v-pV:0 [2.52]

For incompressible flow, p = constant. Hence, dp/d7 = 0and V « (pV) = pV . V.
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Equation (2.52) then becomes
0+pV-V=0
or V-¥=0

which is precisely Equation (3.39).

3.7 GOVERNING EQUATION FOR IRROTATIONAL,
INCOMPRESSIBLE FLOW: LAPLACE’S EQUATION

We have seen in Section 3.6 that the principle of mass conservation for an incom-
pressible flow can take the form of Equation (3.39):

V.-V=0 [3.39]

In addition, for an irrotational flow we have seen in Section 2.15 that a velocity
potential ¢ can be defined such that [from Equation (2.154)]

V=V¢ [2.154]

Therefore, for a flow that is both incompressible and irrotational, Equations (3.39)
and (2.154) can be combined to yield

V. (Vg)=10

or V=0 [3.40]

Equation (3.40) is Laplace’s equation—one of the most famous and extensively stud-
ied equations in mathematical physics. Solutions of Laplace’s equation are called
harmonic functions, for which there is a huge bulk of existing literature. Therefore,
it is most fortuitous that incompressible, irrotational flow is described by Laplace’s
equation, for which numerous solutions exist and are well understood.

For convenience, Laplace’s equation is written below in terms of the three com-
mon orthogonal coordinate systems employed in Section 2.2:

Cartesian coordinates: ¢ = ¢(x,y,2)

2 2 2
a¢+a_¢+a_¢_0 [3.41]

Ve = — =
¢ ax2  9y?  9z?

Cylindrical coordinates: ¢ = ¢(r, 8, 2)

13 [/ 3¢ 1 3% 9%
Vip=—— (r— ——— 4 2 =0 [3.42]
¢ r or (rar)+r2892+322
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Spherical coordinates: ¢ = ¢(r, 0, P)

I [0 /,. 86\ 9/ 96\ & [ | dd
Vip = — (rsing—= ) + — 0— |+ — — )=
?= g [ar ('" o Br) LT (Sm ae) LT (sinH acp) 0

[3.43]
Recall from Section 2.14 that, for a two-dimensional incompressible flow, a

stream function ¥ can be defined such that, from Equations (2.150a and b),

d
w= ¥ [2.1500]
dy
d
- [2.150b]
dx
The continuity equation, V - V = 0, expressed in cartesian coordinates, is
du  Jv
V-V=—4+-—=0 [3.44]
dx  dy
Substituting Equations (2.150a and &) into (3.44), we obtain
3 (3 3 ] 9° 3
(3N, O (WY _9V Y, [3.45]
dx \ dy Ay dx dx dy  dy dx

Since mathematically 8% /8x 3y = 0%y/dy dx, we see from Equation (3.45) that
¥ automatically satisfies the continuity equation. Indeed, the very definition and use
of ¥ 1s a statement of the conservation of mass, and therefore Equations (2.150a
and b) can be used in place of the continuity equation itself. If, in addition, the
incompressible flow is irrotational, we have, from the irrotationality condition stated
in Equation (2.131),

v du

— — =0 [2.131]
dx  dy

Substituting Equations (2.150a and b) into (2.131), we have

O (B8N B (BYN _
ax(_ax)_ﬁ(ay)“

52 92
or PV 9, [3.46]
dx* = 9y?

which is Laplace’s equation. Therefore, the stream function also satisfies Laplace’s
equation, along with ¢.

From Equations (3.40) and (3.46), we make the following obvious and important
conclusions:

1. Anyirrotational, incompressible flow has a velocity potential and stream function
(for two-dimensional flow) that both satisfy Laplace’s equation.
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2. Conversely, any solution of Laplace’s equation represents the velocity potential
or stream function (two-dimensional) for an irrotational, incompressible flow.

Note that Laplace’s equation is a second-order linear partial differential equation.
The fact that it is linear is particularly important, because the sum of any particular
solutions of a linear differential equation is also a solution of the equation. For
example, if ¢, @2, @3, ..., ¢, represent n separate solutions of Equation (3.40), then
the sum

p=¢r+d+ -+

is also a solution of Equation (3.40). Since irrotational, incompressible flow is gov-
erned by Laplace’s equation and Laplace’s equation is linear, we conclude that a
complicated flow pattern for an irrotational, incompressible flow can be synthesized
by adding together a number of elementary flows that are also irrotational and in-
compressible. Indeed, this establishes the grand strategy for the remainder of our
discussions on inviscid, incompressible flow. We develop flow-field solutions for
several different elementary flows, which by themselves may not seem to be practical
flows in real life. However, we then proceed to add (i.e., superimpose) these elemen-
tary flows in different ways such that the resulting flow fields do pertain to practical
problems.

Before proceeding further, consider the irrotational, incompressible flow fields
over different aerodynamic shapes, such as a sphere, cone, or airplane wing. Clearly,
each flow is going to be distinctly different; the streamlines and pressure distribution
over a sphere are quite different from those over a cone. However, these different
flows are all governed by the same equation, namely, V2¢ = 0. How, then, do we
obtain different flows for the different bodies? The answer is found in the boundary
conditions. Although the governing equation for the different flows is the same, the
boundary conditions for the equation must conform to the different geometric shapes,
and hence yield different flow-field solutions. Boundary conditions are therefore
of vital concern in aerodynamic analysis. Let us examine the nature of boundary
conditions further.

Consider the external aerodynamic flow over a stationary body, such as the airfoil
sketched in Figure 3.18. The flow is bounded by (1) the freestream flow that occurs
(theoretically) an infinite distance away from the body and (2) the surface of the body
itself. Therefore, two sets of boundary conditions apply as follows.

3.7.1 INFINITY BOUNDARY CONDITIONS

Far away from the body (toward infinity), in all directions, the flow approaches the
uniform freestream conditions. Let V4, be aligned with the x direction as shown in
Figure 3.18. Hence, at infinity,

0 _ v _

= = =V [3.474l
! ax ay >
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Figure 3.18 Boundary conditions at infinity and on a body; inviscid
flow.

L0 _ 8y _
N ay T oax
Equations (3.47a and b) are the boundary conditions on velocity at infinity. They

apply at an infinite distance from the body in all directions, above and below, and to
the left and right of the body, as indicated in Figure 3.18.

0 [3.47b]

3.7.2 WaLL BounDARY CONDITIONS

If the body in Figure 3.18 has a solid surface, then it is impossible for the flow to
penetrate the surface. Instead, if the flow is viscous, the influence of friction between
the fluid and the solid surface creates a zero velocity at the surface. Such viscous
flows are discussed in Chapters 15 to 20. In contrast, for inviscid flows the velocity
at the surface can be finite, but because the flow cannot penetrate the surface, the
velocity vector must be tangent to the surface. This “wall tangency” condition is
illustrated in Figure 3.18, which shows V tangent to the body surface. If the flow is
tangent to the surface, then the component of velocity normal to the surface must be
zero. Let n be a unit vector normal to the surface as shown in Figure 3.18. The wall
boundary condition can be written as

V.n=(Vg)-n=0 [3.484]
or %9 =0 [3.485]
on

Equation (3.48a or b) gives the boundary condition for velocity at the wall; it is
expressed in terms of ¢, If we are dealing with ¥ rather than ¢, then the wall
boundary condition is

9
W _y [3.48¢]
as
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where s is the distance measured along the body surface, as shown in Figure 3.18.
Note that the body contour is a streamline of the flow, as also shown in Figure 3.18.
Recall that iy = constant is the equation of a streamline. Thus, if the shape of the
body in Figure 3.18 is given by y, = f(x), then

Ysurface = w_y:_yb = const [3.48d1

is an alternative expression for the boundary condition given in Equation (3.48¢).

If we are dealing with neither ¢ nor v, but rather with the velocity components
u and v themselves, then the wall boundary condition is obtained from the equation
of a streamline, Equation (2.118), evaluated at the body surface; that is,

v

v
= (—) [3.48¢]
dx surface

U

Equation (3.48¢) states simply that the body surface is a streamline of the flow. The
form given in Equation (3.48¢) for the flow tangency condition at the body surface is
used for all inviscid flows, incompressible to hypersonic, and does not depend on the
formulation of the problem in terms of ¢ or 4 (or ).

3.8 INTERIM SUMMARY

Reflecting on our previous discussions, the general approach to the solution of irro-
tational, incompressible flows can be summarized as follows:

1. Solve Laplace’s equation for ¢ [Equation (3.40)] or ¢y [Equation (3.46)] along
with the proper boundary conditions [such as Equations (3.47) and (3.48)]. These
solutions are usually in the form of a sum of elementary solutions (to be discussed
in the following sections).

Obtain the flow velocity from V = V¢ oru = 9vy//dy and v = — 0y /dx.
3. Obtain the pressure from Bernoulli’s equation, p + %p V= poot %p V2, where
Poo and Vo, are known freestream conditions.

Since V and p are the primary dependent variables for an incompressible flow, steps 1
to 3 are all that we need to solve a given problem as long as the flow is incompressible
and irrotational.

3.9 UNIFOrRM FLOW: OUR FIRST ELEMENTARY
FLow

In this section, we present the first of a series of elementary incompressible flows
which later will be superimposed to synthesize more complex incompressible flows.
For the remainder of this chapter and in Chapter 4, we deal with two-dimensional
steady flows; three-dimensional steady flows are treated in Chapters 5 and 6.
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Consider a uniform flow with velocity V., oriented in the positive x direction,
as sketched in Figure 3.19. It is easily shown (see Problem 3.8) that a uniform flow
is a physically possible incompressible flow (i.e., it satisfies V - V = 0) and that it is
irrotational (i.e., it satisfies V x V = 0). Hence, a velocity potential for uniform flow
can be obtained such that V¢p = V. Examining Figure 3.19, and recalling Equation
(2.156), we have

]
W = Vio [3.494l
ax
B
and —¢ =v=0 [3.49b]
ay

Integrating Equation (3.494a) with respect to x, we have
¢ = Voo + f(¥) [3.50]

where f(vy) is a function of y only. Integrating Equation (3.49b) with respect to y,
we obtain

¢ = const + g(x) [3.51]

where g(x) is a function of x only. In Equations (3.50) and (3.51), ¢ is the same
function; hence, by comparing these equations, g(x) must be V,x, and f(y) must
be constant. Thus,

¢ = Vaox -+ const [3.52]

Note that in a practical aerodynamic problem, the actual value of ¢ is not significant;
rather, ¢ is always used to obtain the velocity by differentiation; that is, V¢ = V.
Since the derivative of a constant is zero, we can drop the constant from Equation
(3.52) without any loss of rigor. Hence, Equation (3.52) can be written as

¢ = Veox [3.53]
!
JOJrveC |
L | I
—t >
L——_J " 0 S
i ;Voo § 1 g1
T x
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|
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|
;\}/ = const _ \
|
|
1
|

Figure 3.19  Uniform flow.
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Equation (3.53) is the velocity potential for a uniform flow with velocity V oriented
in the positive x direction. Note that the derivation of Equation (3.53) does not depend
on the assumption of incompressibility; it applies to any uniform flow, compressible
or incompressible.

Consider the incompressible stream function . From Figure 3.19 and Equations
(2.150a and b), we have

d
w_ u="Vy [3.544]
dy

and 8_1,0 =—v=0 [3.54b]
Ix

Integrating Equation (3.54a) with respect to y and Equation (3.54b) with respect to
x, and comparing the results, we obtain

Y= Vey [3.55]

Equation (3.55) is the stream function for an incompressible uniform flow oriented
in the positive x direction.

From Section 2.14, the equation of a streamline is given by iy = constant.
Therefore, from Equation (3.55), the streamlines for the uniform flow are given by
¥ = Vaoy = constant. Because Vo is itself constant, the streamlines are thus given
mathematically as y = constant (i.e., as lines of constant y). This result is consistent
with Figure 3.19, which shows the streamlines as horizontal lines (i.e., as lines of
constant y). Also, note from Equation (3.53) that the equipotential lines are lines of
constant x, as shown by the dashed line in Figure 3.19. Consistent with our discussion
in Section 2.16, note that the lines of ¢ = constant and ¢ = constant are mutually
perpendicular.

Equations (3.53) and (3.55) can be expressed in terms of polar coordinates, where
x =rcosf and y = rsin 8, as shown in Figure 3.19. Hence,

¢ = Vioorcosf [3.56]

and Y = Voor sinf [3.57]

Consider the circulation in a uniform flow. The definition of circulation is given
by

E—fV'dS [2.136]
c

Let the closed curve C in Equation (2.136) be the rectangle shown at the left of Figure
3.19; h and [ are the lengths of the vertical and horizontal sides, respectively, of the

rectangle. Then

fV-dS=—Vool—0(h)+vool+0(h)=0
C
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or =0 [3.58]

Equation (3.58) is true for any arbitrary closed curve in the uniform flow. To show
this, note that Vg is constant in both magnitude and direction, and hence

F:—fV-ds:*Vw-fds=Voo-0:0
c C

because the line integral of ds around a closed curve is identically zero. Therefore,
from Equation (3.58), we state that circulation around any closed cuive in g uniform
flow is zero.

The above result 1s consistent with Equation (2.137), which states that

F:—ff(VxV)-dS [2.137]
S

We stated earlier that a uniform flow is irrotational; that is, V x V = 0 everywhere.
Hence, Equation (2.137) yields T" = 0.

Note that Equations (3.53) and (3.55) satisfy Laplace’s equation [see Equation
(3.41)], which can be easily proved by simple substitution. Therefore, uniform flow
is a viable elementary flow for use in building more complex flows.
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3.10 SoURCE FLoOW: OUR SECOND ELEMENTARY
FLow

Consider a two-dimensional, incompressible flow where all the streamlines are
straight lines emanating from a central point O, as shown at the left of Figure 3.20.
Moreover, let the velocity along each of the streamlines vary inversely with distance
from point Q. Such a flow is called a source flow. Examining Figure 3.20, we see
that the velocity components in the radial and tangential directions are V, and Vj,
respectively, where V; = 0. The coordinate system in Figure 3.20 is a cylindrical

X
&

Discrete
sink

Discrete
source

Source flow Sink flow

Figure 3.20  Source and sink flows.
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coordinate system, with the z axis perpendicular to the page. (Note that polar co-
ordinates are simply the cylindrical coordinates r and 6 confined to a single plane
given by z = constant.) It is easily shown (see Problem 3.9) that (1) source flow is
a physically possible incompressible flow, that is, V - V = 0, at every point except
the origin, where V + V becomes infinite, and (2) source flow is irrotational at every
point.

In a source flow, the streamlines are directed away from the origin, as shown at
the left of Figure 3.20. The opposite case is that of a sink flow, where by definition
the streamlines are directed foward the origin, as shown at the right of Figure 3.20.
For sink flow, the streamlines are still radial lines from a common origin, along which
the flow velocity varies inversely with distance from point O. Indeed, a sink flow is
simply a negative source flow.

The flows in Figure 3.20 have an alternate, somewhat philosophical interpreta-
tion. Consider the origin, point O, as a discrete source or sink. Moreover, interpret
the radial flow surrounding the origin as simply being induced by the presence of
the discrete source or sink at the origin (much like a magnetic field is induced in the
space surrounding a current-carrying wire). Recall that, for a source flow, V.V = ()
everywhere except at the origin, where it is infinite. Thus, the origin is a singular
point, and we can interpret this singular point as a discrete source or sink of a given
strength, with a corresponding induced flow field about the point. This interpreta-
tion is very convenient and is used frequently. Other types of singularities, such as
doublets and vortices, are introduced in subsequent sections. Indeed, the irrotational,
incompressible flow field about an arbitrary body can be visualized as a flow induced
by a proper distribution of such singularities over the surface of the body. This concept
is fundamental to many theoretical solutions of incompressible flow over airfoils and
other aerodynamic shapes, and it is the very heart of modern numerical techniques for
the solution of such flows. You will obtain a greater appreciation for the concept of
distributed singularities for the solution of incompressible flow in Chapters 4 through
6. At this stage, however, simply visualize a discrete source (or sink) as a singularity
that induces the flows shown in Figure 3.20.

Let us look more closely at the velocity field induced by a source or sink. By
definition, the velocity is inversely proportional to the radial distance r. As stated
earlier, this velocity variation is a physically possible flow, because it yields V -« V =
0. Moreover, it is the only such velocity variation for which the relation V-V = 0 is
satisfied for the radial flows shown in Figure 3.20. Hence,

| &

V, = [3.594a]

~

and Vo =0 [3.50b]

where ¢ is constant. The value of the constant is related to the volume flow from
the source, as follows. In Figure 3.20, consider a depth of length / perpendicular to
the page, that is, a length [ along the z axis. This is sketched in three-dimensional
perspective in Figure 3.21. In Figure 3.21, we can visualize an entire line of sources
along the z axis, of which the source O is just part. Therefore, in a two-dimensional
flow, the discrete source, sketched in Figure 3.20, is simply a single point on the line
source shown in Figure 3.21. The two-dimensional flow shown in Figure 3.20 is the
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Figure 3.21 Volume flow rate from a line source.

same in any plane perpendicular to the z axis, that is, for any plane given by z =
constant. Consider the mass flow across the surface of the cylinder of radius r and
height [ as shown in Figure 3.21. The elemental mass flow across the surface element
dS shown in Figure 3.21 is pV - dS = pV,(rd6)(). Hence, noting that V, is the
same value at any 6 location for the fixed radius r, the total mass flow across the
surface of the cylinder is

2T 2w
o= f pV,(rdé)l = per,f dé = 2nripV, [3.601]
0 0

Since p is defined as the mass per unit volume and rz is mass per second, then m/p
is the volume flow per second. Denote this rate of volume flow by ©. Thus, from
Equation (3.60), we have

b="1 = 2mrtv, [3.61]

0

Moreover, the rate of volume flow per unit length along the cylinder is v//. Denote
this volume flow rate per unit length (which is the same as per unit depth perpendicular
to the page in Figure 3.20) as A. Hence, from Equation 3.61, we obtain

A= % =211V,

or V, = — [3.62]
2mr

Hence, comparing Equations (3.59a) and (3.62), we see that the constant in Equation
(3.59a)is c = A/2m. In Equation (3.62). A defines the source length; it is physically
the rate of volume flow from the source, per unit depth perpendicular to the page
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of Figure 3.20. Typical units of A are square meters per second or square feet per
second. In Equation (3.62), a positive value of A represents a source, whereas a
negative value represents a sink.

The velocity potential for a source can be obtained as follows. From Equations
(2.157), (3.59b), and (3.62),

—— =V, = — [3.63]
or 2nr
10

and ———-‘E =V, =0 [3.64]
r 36

Integrating Equation (3.63) with respect to r, we have

A
¢ =—1Inr+ f(O) [3.65]
2
Integrating Equation (3.64) with respect to 8, we have

¢ = const+ f(r) [3.661

Comparing Equations (3.65) and (3.66), we see that f(r) = (A/2m)Inr and f(8) =
constant. As explained in Section 3.9, the constant can be dropped without loss of
rigor, and hence Equation (3.65) yields

A
¢ - i-j;lnr [3-67]

Equation (3.67) is the velocity potential for a two-dimensional source flow.
The stream function can be obtained as follows. From Equations (2.151a and &),
(3.595), and (3.62),

1 0y A
—— =V = [3.68]
r a6 2nr
9
and __W_ =V =0 [3.69]
ar
Integrating Equation (3.68) with respect to 8, we obtain
A
¥=-—0+f0) [3.70]
2
Integrating Equation (3.69) with respect to r, we have
Y = const + f(6) [3.71]
Comparing Equations (3.70) and (3.71) and dropping the constant, we obtain
A
Y =-——0 [3.72]
2

Equation (3.72) is the stream function for a two-dimensional source flow.
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The equation of the streamlines can be obtained by setting Equation (3.72) equal
to a constant:

A
¥ = —6 = const [3.73]
2

From Equation (3.73), we see that & = constant, which, in polar coordinates, is the
equation of a straight line from the origin. Hence, Equation (3.73) is consistent with
the picture of the source flow sketched in Figure 3.20. Moreover, Equation (3.67)
gives an equipotential line as r = constant, that is, a circle with its center at the origin,
as shown by the dashed line in Figure 3.20. Once again, we see that streamlines and
equipotential lines are mutually perpendicular.

To evaluate the circulation for source flow, recall the V x V = 0 everywhere. In
turn, from Equation (2.137),

F:—f](VxV)-dS:O
N

for any closed curve C chosen in the flow field. Hence, as in the case of uniform flow
discussed in Section 3.9, there is no circulation associated with the source flow.

It is straightforward to show that Equations (3.67) and (3.72) satisfy Laplace’s
equation, simply by substitution into V2¢ = 0 and V>¢ = 0 written in terms of
cylindrical coordinates [see Equation (3.42)]. Therefore, source flow is a viable
elementary flow for use in building more complex flows.
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3.11 CoMBINATION OF A UNIFORM FLOW WITH A
SOURCE AND SINK

Consider a polar coordinate system with a source of strength A located at the origin.
Superimpose on this flow a uniform stream with velocity V.. moving from left to
right, as sketched in Figure 3.22. The stream function for the resulting flow is the
sum of Equations (3.57) and (3.72):

) A
Y = Vrsind + —60 [3.74]

2
Since both Equations (3.57) and (3.72) are solutions of Laplace’s equation, we know
that Equation (3.74) also satisfies Laplace’s equation; that is, Equation (3.74) de-

scribes a viable irrotational, incompressible flow. The streamlines of the combined
flow are obtained from Equation (3.74) as

_ A
Y = Vorsing + 2—0 = const [3.75]
T

The resulting streamline shapes from Equation (3.75) are sketched at the right of
Figure 3.22. The source is located at point D. The velocity field is obtained by
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_—
R —— + =
Uniform stream Source
Y = Voor sin @ w=7A—0 A
" Y = Voorsin @ + 270
Figure 3.22 Superposition of a uniform flaw and a source; flow over
a semi-infinite body.
differentiating Equation (3.75):
1 9y A
Vi =—-— =Vyxcos6 + — [3.76]
r 36 > + 2nr
d
and Ve = —a—w = —Vy sinb [3.77]
r

Note from Section 3.10 that the radial velocity from a source is A/2nr, and from
Section 3.9 the component of the freestream velocity in the radial direction is Vi, cos 6.
Hence, Equation (3.76) is simply the direct sum of the two velocity fields—a result
which is consistent with the linear nature of Laplace’s equation. Therefore, not only
can we add the values of ¢ or ¥ to obtain more complex solutions, we can add their
derivatives, that is, the velocities, as well.

The stagnation points in the flow can be obtained by setting Equations (3.76) and
(3.77) equal to zero:

A
Voocos + — =0 [3.78]
2mr
and Voo sinh = 0 [3.79]

Solving for r and 8, we find that one stagnation point exists, located at (r,8) =
(A /27 Vy, ), which is labeled as point B in Figure 3.22. That is, the stagnation
point is a distance (A /25 V) directly upstream of the source. From this result, the
distance D B clearly grows smaller if V, is increased and larger if A is increased—
trends that also make sense based on intuition. For example, looking at Figure 3.22,
you would expect that as the source strength is increased, keeping Vi, the same, the
stagnation point B will be blown further upstream. Conversely, if V. is increased,
keeping the source strength the same, the stagnation point will be blown further
downstream.

If the coordinates of the stagnation point at B are substituted into Equation
(3.75), we obtain

1//:

V. A inT + A const
sin — T = COons
2TV 2
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p=2 t
= — = COns
2

Hence, the streamline that goes through the stagnation point is described by ¢ = A /2.
This streamline is shown as curve ABC in Figure 3.22.

Examining Figure 3.22, we now come to an important conclusion. Since we are
dealing with inviscid flow, where the velocity at the surface of a solid body is tangent
to the body, then any streamline of the combined flow at the right of Figure 3.22
could be replaced by a solid surface of the same shape. In particular, consider the
streamline ABC. Because it contains the stagnation point at B, the streamline ABC is
a dividing streamline; that is, it separates the fluid coming from the freestream and
the fluid emanating from the source. All the fluid outside ABC is from the freestream,
and all the fluid inside ABC is from the source. Therefore, as far as the freestream is
concerned, the entire region inside ABC could be replaced with a solid body of the
same shape, and the external flow, that is, the flow from the freestream, would not feel
the difference. The streamline v = A /2 extends downstream to infinity, forming a
semi-infinite body. Therefore, we are led to the following important interpretation.
If we want to construct the flow over a solid semi-infinite body described by the
curve ABC as shown in Figure 3.22, then all we need to do is take a uniform stream
with velocity V. and add to it a source of strength A at point D. The resulting
superposition will then represent the flow over the prescribed solid semi-infinite body
of shape ABC. This illustrates the practicality of adding elementary flows to obtain
a more complex flow over a body of interest.

The superposition illustrated in Figure 3.22 results in the flow over the semi-
infinite body ABC. This is a half-body that stretches to infinity in the downstream
direction (i.e., the body is not closed). However, if we take a sink of equal strength
as the source and add it to the flow downstream of point D, then the resulting body
shape will be closed. Let us examine this flow in more detail.

Consider a polar coordinate system with a source and sink placed a distance b to
the left and right of the origin, respectively, as sketched in Figure 3.23. The strengths
of the source and sink are A and — A, respectively (equal and opposite). In addition,
superimpose a uniform stream with velocity V., as shown in Figure 3.23. The stream
function for the combined flow at any point P with coordinates (r, 6) is obtained from
Equations (3.57) and (3.72):

A A
Y = Veorsind + —6;, — —6,
2 27
. A
or Y = Vorsing + 2—(91 — 67) [3.80]
s

The velocity field is obtained by differentiating Equation (3.80) according to Equa-
tions (2.151a and b). Note from the geometry of Figure 3.23 that 8; and 6, in Equation
(3.80) are functions of r, @, and b. In turn, by setting V = 0, two stagnation points
are found, namely, points A and B in Figure 3.23. These stagnation points are located
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Figure 3.23 Superpasition af a uniform flow and a
source-sink pair; flow over a Rankine oval.

such that (see Problem 3.13)

Ab
OA=0B= |2+ — [3.81]
T Vs

The equation of the streamlines is given by Equation (3.80) as

A
Y = Vyorsinf + 2—(91 — &) = const [3.82]
T

The equation of the specific streamline going through the stagnation points is obtained
from Equation (3.82) by noting that6 = ¢, = 6, = watpoint Aand8 =6; =6, =0
at point B. Hence, for the stagnation streamline, Equation (3.82) yields a value of
zero for the constant. Thus, the stagnation streamline is given by v = 0, that is,

A
Voor Sin @ + 2—(91 —6,) =90 [3.83]
T

the equation of an oval, as sketched in Figure 3.23. Equation (3.83) is also the
dividing streamline; all the flow from the source is consumed by the sink and is
contained entirely inside the oval, whereas the flow outside the oval has originated
with the uniform stream only. Therefore, in Figure 3.23, the region inside the oval can
be replaced by a solid body with the shape given by ¢ = 0, and the region outside
the oval can be interpreted as the inviscid, potential (irrotational), incompressible
flow over the solid body. This problem was first solved in the nineteenth century by
the famous Scottish engineer W. J. M. Rankine; hence, the shape given by Equation
(3.83) and sketched in Figure 3.23 is called a Rankine oval.
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3.12 DouBLET FLOW: OUR THIRD ELEMENTARY
Frow

There is a special, degenerate case of a source-sink pair that leads to a singularity
called a doublet. The doublet is frequently used in the theory of incompressible flow;
the purpose of this section is to describe its properties.

Consider a source of strength A and a sink of equal (but opposite) strength — A
separated by a distance /, as shown in Figure 3.24a. At any point P in the flow, the
stream function is

A A

Y=—(0 —6)=——A0 [3.84]
27 27

where AG = 6, — 6 as seen from Figure 3.24a. Equation (3.84) is the stream func-

tion for a source-sink pair separated by the distance /.

Now in Figure 3.244, let the distance / approach zero while the absolute magni-
tudes of the strengths of the source and sink increase in such a fashion that the product
[ A remains constant. This limiting process is shown in Figure 3.24b. In the limit,
as I — 0 while /A remains constant, we obtain a special flow pattern defined as a
doubler. The strength of the doublet is denoted by « and is defined as «k = /A. The
stream function for a doublet is obtained from Equation (3.84) as follows:

=0
x=l A=const

¥ = lim (—Ade) [3.85]

27
where in the limit A§ — 40 — 0. (Note that the source strength A approaches an
infinite value in the limit.) In Figure 3.24b, let r and b denote the distances to point
P from the source and sink, respectively. Draw a line from the sink perpendicular to
r, and denote the length along this line by «. For an infinitesimal d6, the geometry

=0
{A = const
Source A "Sink _A
[
(@) Source-sink pair (b) Limiting case for a doublet

Figure 3.24  How a source-sink pair approaches a doublet in the
limiting case.
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of Figure 3.24b yields

a=1[sin0
b=r—lcost
a
do = —
b
a /sin @

H , dd = — = ——— [3.86
ence b r—lcos@ ]

Substituting Equation (3.86) into (3.85), we have
. A Isin@
Y = lim (——--——~)

[>0 2rr —1lcos@

K =const

o 4= lim (_L_ﬂ_)

[>0 2nr —1lcos@
K=const

Kk sing
or Uo=—— [3.87]
27 r

Equation (3.87) is the stream function for a doublet. In a similar fashion, the velocity
potential for a doublet is given by (see Problem 3.14)

cosf
o= [3.88]
27 r

The streamlines of a doublet flow are obtained from Equation (3.87):

V=—-— =const =¢

or r =———siné [3.89]

Equation (3.89) gives the equation for the streamlines in doublet flow. Recall from
analytic geometry that the following equation in polar coordinates

r=dsiné [3.90]

is a circle with a diameter d on the vertical axis and with the center located d/2
directly above the origin. Comparing Equations (3.89) and (3.90), we see that the
streamlines for a doublet are a family of circles with diameter « /27 c, as sketched
in Figure 3.25. The different circles correspond to different values of the parameter
c¢. Note that in Figure 3.24 we placed the source to the left of the sink; hence, in
Figure 3.25 the direction of flow is out of the origin to the left and back into the
origin from the right. In Figure 3.24, we could just as well have placed the sink to the
left of the source. In such a case, the signs in Equations (3.87) and (3.88) would be
reversed, and the flow in Figure 3.25 would be in the opposite direction. Therefore, a
doublet has associated with it a sense of direction—the direction with which the flow
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L Discrete doublet

K
2wc

K

Figure 3.25  Doublet flow with
strength «.

moves around the circular streamlines. By convention, we designate the direction
of the doublet by an arrow drawn from the sink to the source, as shown in Figure
3.25. In Figure 3.25, the arrow points to the left, which is consistent with the form
of Equations (3.87) and (3.88). If the arrow would point to the right, the sense of
rotation would be reversed, Equation (3.87) would have a positive sign, and Equation
(3.88) would have a negative sign.

Returning to Figure 3.24, note that in the limit as [ — 0, the source and sink
fall on top of each other. However, they do not extinguish cach other, because the
absolute magnitude of their strengths becomes infinitely large in the limit, and we
have a singularity of strength (0o — oc); this is an indeterminate form which can have
a finite value.

As in the case of a source or sink, it is useful to interpret the doublet flow shown
in Figure 3.25 as being induced by a discrete doublet of strength « placed at the origin.
Therefore, a doublet is a singularity that induces about it the double-lobed circular
flow pattern shown in Figure 3.25.
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3.13 NONLIFTING FLow OVER A CIRCULAR
CYLINDER

Consulting our road map given in Figure 3.4, we see that we are well into the third
column, having already discussed uniform flow, sources and sinks, and doublets.
Along the way, we have seen how the flow over a semi-infinite body can be simulated
by the combination of a uniform flow with a source, and the flow over an oval-shaped
body can be constructed by superimposing a uniform flow and a source-sink pair. In
this section, we demonstrate that the combination of a uniform flow and a doublet
produces the flow over a circular cylinder. A circular cylinder is one of the most
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basic geometric shapes available, and the study of the flow around such a cylinder is
a classic problem in aerodynamics.

Consider the addition of a uniform flow with velocity V. and a doublet of strength
«, as shown in Figure 3.26. The direction of the doublet is upstream, facing into the
uniform flow. From Equations (3.57) and (3.87), the stream function for the combined
flow is

. kK sinf
Y= Versing — —
2 r
. K
or 1// = Vol sin @ (1 — W) [3.91]

Let R? = k /27 V4. Then Equation (3.91) can be written as

RZ
Y = (Vyor sin 8) (1 — ——) [3.92]

r2

Equation (3.92) is the stream function for a uniform flow-doublet combination; it is
also the stream function for the flow over a circular cylinder of radius R as shown in
Figure 3.26 and as demonstrated below.

The velocity field is obtained by differentiating Equation (3.92), as follows:

19y 1 R?
V, = ~a = ;(Voorcose) (1 — 72—)

R2

A
S

Uniform flow Doublet Flow over a cylinder
= Voor sin 6 —K Si . 1
¥ =Yoo k}1=7;:_51r;(9 ¢=Vwr51n0-%51r;6

Figure 3.26 Superpasition of a uniform flow and a daublet; nonlifting flow
over a circular cylinder.
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Ay . 2R? R* ,
Vo=———=—1(Veorsinf)— + [ 1 = — ) (Vx sin )
or r re
R2
To locate the stagnation points, set Equations (3.93) and (3.94) equal to zero:
RZ
(1 — 7) Voo cosf =0 [3.95]
2
R’ ,
(1 + —2) Voo 8inf =0 (3.96]
r

Simultaneously solving Equations (3.95) and (3.96) for » and 6, we find that there
are two stagnation points, located at (r, 6) = (R, 0) and (R, 7). These points are
denoted as A and B, respectively, in Figure 3.26.

The equation of the streamline that passes through the stagnation point B is
obtained by inserting the coordinates of B into Equation (3.92). For r = R and
8 = m, Equation (3.92) yields ¥y = 0. Similarly, inserting the coordinates of point
A into Equation (3.92), we also find that ¢ = 0. Hence, the same streamline goes
through both stagnation points. Moreover, the equation of this streamline, from
Equation (3.92), is

. R?
Y = (Vor sinf) (l — —7) =0 [(3.907]
2

Note that Equation (3.97) is satisfied by r = R for all values of 6. However, recall that
R =« /27 Voo, which is a constant. Moreover, in polar coordinates, » = constant =
R is the equation of a circle of radius R with its center at the origin. Therefore,
Equation (3.97) describes a circle with radius R, as shown in Figure 3.26. Moreover,
Equation (3.97) is satisfied by # = m and 8 = 0 for all values of r; hence, the
entire horizontal axis through points A and B, extending infinitely far upstream and
downstream, is part of the stagnation streamline.

Note that the 3y = 0 streamline, since it goes through the stagnation points, is
the dividing streamline. That is, all the flow inside ¥ = O (inside the circle) comes
from the doublet, and all the flow outside vy = 0 (outside the circle) comes from the
uniform flow. Therefore, we can replace the flow inside the circle by a solid body, and
the external flow will not know the difference. Consequently, the inviscid irrotational,
incompressible flow over a circular cylinder of radius R can be synthesized by adding
a uniform flow with velocity V., and a doublet of strength «, where R is related to

Voo and « through
R= [— [3.98]
27 Voo

Note from Equations (3.92) to (3.94) that the entire flow field is symmetrical
about both the horizontal and vertical axes through the center of the cylinder, as
clearly seen by the streamline pattern sketched in Figure 3.26. Hence, the pressure
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distribution is also symmetrical about both axes. As a result, the pressure distribution
over the top of the cylinder is exactly balanced by the pressure distribution over the
bottom of the cylinder (i.e., there is no net lift). Similarly, the pressure distribution
over the front of the cylinder is exactly balanced by the pressure distribution over the
back of the cylinder (i.e., there is no net drag). Inreal life, the result of zero lift is easy
to accept, but the result of zero drag makes no sense. We know that any aerodynamic
body immersed in a real flow will experience a drag. This paradox between the
theoretical result of zero drag, and the knowledge that in real life the drag is finite,
was encountered in the year 1744 by the Frenchman Jean Le Rond d’ Alembert—and
ithas been known as d’Alembert’s paradox ever since. For d’ Alembert and other fluid
dynamic researchers during the eighteenth and nineteenth centuries, this paradox was
unexplained and perplexing. Of course, today we know that the drag is due to viscous
effects which generate frictional shear stress at the body surface and which cause the
flow to separate from the surface on the back of the body, thus creating a large wake
downstream of the body and destroying the symmetry of the flow about the vertical
axis through the cylinder. These viscous effects are discussed in detail in Chapters 15
through 20. However, such viscous effects are not included in our present analysis of
the inviscid flow over the cylinder. As a result, the inviscid theory predicts that the
flow closes smoothly and completely behind the body, as sketched in Figure 3.26. It
predicts no wake, and no asymmetries, resulting in the theoretical result of zero drag.

Let us quantify the above discussion. The velocity distribution on the surface of
the cylinder is given by Equations (3.93) and (3.94) with r = R, resulting in

V., =0 [3.99]
and Vo = =2V, siné [3.1001]

Note that at the surface of the cylinder, V, is geometrically normal to the surface;
hence, Equation (3.99) is consistent with the physical boundary condition that the
component of velocity normal to a stationary solid surface must be zero. Equation
(3.100) gives the tangential velocity, which is the full magnitude of velocity on the
surface of the cylinder, that is, V = Vy = —2V, sin 6 on the surface. The minus
sign in Equation (3.100) is consistent with the sign convention in polar coordinates
that Vj is positive in the direction of increasing 8, that is, in the counterclockwise
direction as shown in Figure 3.27. However, in Figure 3.26, the surface velocity for

Vp is positive in the
direction of increasing

Figure 3.27 Sign convention for
Vg in polar
coordinates.
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0 < 6 < & is obviously in the opposite direction of increasing 6; hence, the minus
sign in Equation (3.100) is proper. For 7 < 6 < 2, the surface flow is in the same
direction as increasing 8, but sin 6 is itself negative; hence, once again the minus sign
in Equation (3.100) is proper. Note from Equation (3.100) that the velocity at the
surface reaches a maximum value of 2V, at the top and the bottom of the cylinder
(where 6 = 7 /2 and 37 /2, respectively), as shown in Figure 3.28. Indeed, these are
the points of maximum velocity for the entire flow field around the cylinder, as can
be seen from Equations (3.93) and (3.94).
The pressure coefficient is given by Equation (3.38):

1% 2
Cr=1—|— .
p (v) [3.38]

o0

Combining Equations (3.100) and (3.38), we find that the surface pressure coefficient
over a circular cylinder is

C,=1—4sin’0 [3.101]

Note that C,, varies from 1.0 at the stagnation points to —3.0 at the points of maximum
velocity. The pressure coefficient distribution over the surface is sketched in Figure
3.29. The regions corresponding to the top and bottom halves of the cylinder are
identified at the top of Figure 3.29. Clearly, the pressure distribution over the top half
of the cylinder is equal to the pressure distribution over the bottom half, and hence
the lift must be zero, as discussed earlier. Moreover, the regions corresponding to
the front and rear halves of the cylinder are identified at the bottom of Figure 3.29.
Clearly, the pressure distributions over the front and rear halves are the same, and
hence the drag is theoretically zero, as also discussed previously. These results are
confirmed by Equations (1.15) and (1.16). Since ¢y = 0 (we are dealing with an
inviscid flow), Equations (1.15) and (1.16) become, respectively,

L [*

Chp = — (Cp_/ - Cp_u)dX [3.102]
¢ Jo
1 TE

Co =~ f (Cpu — Cp‘l)dy [3.103]
¢ JLE

2Voo
Veo
e e ]

2V

Figure 3.28 Maximum velocity in the flow
over a circular cylinder.
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G4
Bottom half Top half of

‘ of cylinder cylinder ‘

——————— — 30
- ole
! Rear half of Front half |
cylinder of cylinder
Figure 3.29 Pressure coefficient distribution aver the surface of a circular

cylinder; theoretical results for inviscid, incampressible flow.

For the circular cylinder, the chord c is the horizontal diameter. From Figure 3.29,
C,; = C,. for corresponding stations measured along the chord, and hence the
integrands in Equations (3.102) and (3.103) are identically zero, yielding ¢, = ¢, = 0.
In turn, the lift and drag are zero, thus again confirming our previous conclusions.

Example 3.9

Consider the nonlifting flow over a circular cylinder. Calculate the locations on the surface of
the cylinder where the surface pressure equals the freestream pressure.

Solution
When p = po, then C, = 0. From Equation (3.101),

C,=0=1—4sin’0

Hence, sinf = +1

6 = 30°, 150°, 210°, 330°

These points, as well as the stagnation points and points of minimum pressure, are illustrated
in Figure 3.30. Note that at the stagnation point, where C, = 1, the pressure is po + ¢oo;
the pressure decreases to p, in the first 30° of expansion around the body, and the minimum
pressure at the top and bottom of the cylinder, consistent with C,, = =3, is poo — 3¢c-
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Poo= 3qc0

—® = Pt (w

Figure 3.30  Values of pressure at various locations on the surface of a circular
cylinder; nonlifting case.
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3.14 VORTEX FLoOW: OUR FOURTH ELEMENTARY
FrLow

Again, consulting our chapter road map in Figure 3.4, we have discussed three ele-
mentary flows—uniform flow, source flow, and doublet flow—and have superimposed
these elementary flows to obtain the nonlifting flow over several body shapes, such
as ovals and circular cylinders. In this section, we introduce our fourth, and last,
elementary flow: vortex flow. In turn, in Sections 3.15 and 3.16, we see how the
superposition of flows involving such vortices leads to cases with finite lift.

Consider a flow where all the streamlines are concentric circles about a given
point, as sketched in Figure 3.31. Moreover, let the velocity along any given circular
streamline be constant, but let it vary from one streamline to another inversely with
distance from the common center. Such a flow is called a vorrex flow. Examine Figure
3.31; the velocity components in the radial and tangential directions are V, and Vy,
respectively, where V, = 0 and V, = constant/r. It is easily shown (try it yourself)
that (1) vortex flow is a physically possible incompressible flow, thatis, V-V =0
at every point, and (2) vortex flow is irrotational, that is, V x V = 0, at every point
except the origin.

From the definition of vortex flow, we have

const C

Vy = = — [3.104]
¥ r
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Yo

Figure 3.31 Vortex flow.

To evaluate the constant C, take the circulation around a given circular streamline of
radius r:

r = _?Q V-ds = —Vy(27r)
C

I’
or Vg = ——E [3.105]

Comparing Equations (3.104) and (3.105), we see that

r
C=—— [3.106]

2
Therefore, for vortex flow, Equation (3.106) demonstrates that the circulation taken
about all streamlines is the same value, namely, ' = —27C. By convention, I is

called the strengrh of the vortex flow, and Equation (3.105) gives the velocity field
for a vortex flow of strength I". Note from Equation (3.105) that Vj is negative when
I" is positive; that is, a vortex of positive strength rotates in the clockwise direction.
(This is a consequence of our sign convention on circulation defined in Section 2.13,
namely, positive circulation is clockwise.)

We stated earlier that vortex flow is irrotational except at the origin. What happens
at r = 0?7 What is the value of V x V at r = 0? To answer these questions, recall
Equation (2.137) relating circulation to vorticity:

Fz—/f(VxV)-dS [2.137]
N

Combining Equations (3.106) and (2.137), we obtain

2nC = //(V x V)-dS [3.107]
S
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Since we are dealing with two-dimensional flow, the flow sketched in Figure 3.31
takes place in the plane of the paper. Hence, in Equation (3.107), both V x V and dS
are in the same direction, both perpendicular to the plane of the flow. Thus, Equation
(3.107) can be written as

2nC=[/(VxV)-dS=/f|VxV:dS [3.108]
S N

In Equation (3.108), the surface integral is taken over the circular area inside the
streamline along which the circulation I' = —27 C is evaluated. However, I" is the
same for all the circulation streamlines. In particular, choose a circle as close to the
origin as we wish (i.e., let r — 0). The circulation will still remain I' = —27C.
However, the area inside this small circle around the origin will become infinitesimally
small, and

/fleVldS—> |V x V|dS [3.109]
h)

Combining Equations (3.108) and (3.109), in the limit as r — 0O, we have
27C = |V x V|dS
27 C
ds

However, as r — 0, dS — 0. Therefore, in the limit as r — 0, from Equation
(3.110), we have

or IV xV|= [3.110]

[V x VI - oc

Conclusion: Vortex flow is irrotational everywhere except at the point r = 0, where
the vorticity is infinite. Therefore, the origin, r = 0, is a singular point in the flow
field. We see that, along with sources, sinks, and doublets, the vortex flow contains
a singularity, Hence, we can interpret the singularity itself, that is, point O in Figure
3.31, to be a point vortex which induces about it the circular vortex flow shown in
Figure 3.31.

The velocity potential for vortex flow can be obtained as follows:

d
—¢)=V,.:0 [3.1114a]
ar
1 3¢ r
—— =V = —— 3.111b]
r 06 ¢ 2mr L
Integrating Equations (3.111a and b), we find
r
¢ =—="0 [3.112]
2

Equation (3.112) is the velocity potential for vortex flow.
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Table 3.1

Type of flow Velocity ¢ ¥

Uniform flow in

x direction =V VooX Vooy
A A A
So _ —1 —f
urce Vr 7y T nr 27
Vortex Ve L r 6 2 In
(o) = —— —_ - r
¢ 21r 2T 2
K cosf K cosé K sinf
Doublet Vi=—— - -5
" 21 r2 27 2T
Vo = « sinf
o= 27 2

10

r 06
Ay T

—_—— =V = —— [3.113b
or o 2nr ]

Integrating Equations (3.113a and &), we have

r
Y =—Inr [3.114]
2

Equation (3.114) is the stream function for vortex flow. Note that since ¥ = constant
is the equation of the streamline, Equation (3.114) states that the streamlines of vortex
flow are given by » = constant (i.e., the streamlines are circles). Thus, Equation
(3.114) is consistent with our definition of vortex flow. Also, note from Equation
(3.112) that equipotential lines are given by 6§ = constant, that is, straight radial
lines from the origin. Once again, we see that equipotential lines and streamlines are
mutually perpendicular.

At this stage, we summarize the pertinent results for our four elementary flows
in Table 3.1.

3.15 LirtrinGg FLow OVER A CYLINDER

In Section 3.13, we superimposed a uniform flow and a doublet to synthesize the flow
over a circular cylinder, as shown in Figure 3.26. In addition, we proved that both
the lift and drag were zero for such a flow. However, the streamline pattern shown
at the right of Figure 3.26 is not the only flow that is theoretically possible around a
circular cylinder. It is the only flow that is consistent with zero lift. However, there
are other possible flow patterns around a circular cylinder—different flow patterns
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which result in a nonzero lift on the cylinder. Such lifting flows are discussed in this
section.

Now you might be hesitant at this moment, perplexed by the question as to how
a lift could possibly be exerted on a circular cylinder. Is not the body perfectly
symmetric, and would not this geometry always result in a symmetric flow field with
a consequent zero lift, as we have already discussed? You might be so perplexed that
you run down to the laboratory, place a stationary cylinder in a low-speed tunnel,
and measure the lift. To your satisfaction, you measure no lift, and you walk away
muttering that the subject of this section is ridiculous—there is no lift on the cylinder.
However, go back to the wind tunnel, and this time run a test with the cylinder spinning
about its axis at relatively high revolutions per minute. This time you measure a finite
lift. Also, by this time you might be thinking of other situations: spin on a baseball
causes it to curve, and spin on a golfball causes it to hook or slice. Clearly, in real
life there are nonsymmetric aerodynamic forces acting on these symmetric, spinning
bodies. So, maybe the subject matter of this section is not so ridiculous after all.
Indeed, as you will soon appreciate, the concept of lifting flow over a cylinder will
start us on a journey which leads directly to the theory of the lift generated by airfoils,
as discussed in Chapter 4.

Consider the flow synthesized by the addition of the nonlifting flow over acylinder
and a vortex of strength I, as shown in Figure 3.32. The stream function for nonlifting
flow over a circular cylinder of radius R is given by Equation (3.92):

R2

Y] = (VooF sin6) (1 - —2) [3.92]
F

The stream function for a vortex of strength I is given by Equation (3.114). Recall

that the stream function is determined within an arbitrary constant; hence, Equation

(3.114) can be written as

r
Y, = — Inr + const [3.1151]
2

Nonlifting flow Vortex of

over a cylinder strength T’ Liftir_1g flow over
a cylinder

Figure 3.32  The synthesis of lifting flow over a circular cylinder.
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Since the value of the constant is arbitrary, let

r
Const = ——1n R [3.116]
2m

Combining Equations (3.115) and (3.116), we obtain

r r
=—1In— [3.117]
V2 2nnR

Equation (3.117) is the stream function for a vortex of strength I and is just as valid
as Equation (3.114) obtained earlier; the only difference between these two equations
is a constant of the value given by Equation (3.116).

The resulting stream function for the flow shown at the right of Figure 3.32 is

Y=Y+
. R? r r
or Y = (Vool sinB) 1—r—2 +Eln§ [3.118]

From Equation (3.118), if » = R, then ¢ = 0 for all values of 6. Since
Y = constant is the equation of a streamline, r = R is therefore a streamline of
the flow, but » = R is the equation of a circle of radius R. Hence, Equation (3.118) is
a valid stream function for the inviscid, incompressible flow over a circular cylinder
of radius R, as shown at the right of Figure 3.32. Indeed, our previous result given
by Equation (3.92) is simply a special case of Equation (3.118) with I" = 0.

The resulting streamline pattern given by Equation (3.118) is sketched at the right
of Figure 3.32. Note that the streamlines are no longer symmetrical about the hori-
zontal axis through point O, and you might suspect (correctly) that the cylinder will
experience a resulting finite normal force. However, the streamlines are symmetrical
about the vertical axis through O, and as a result the drag will be zero, as we prove
shortly. Note also that because a vortex of strength I' has been added to the flow, the
circulation about the cylinder is now finite and equal to T".

The velocity field can be obtained by differentiating Equation (3.118). Anequally
direct method of obtaining the velocities is to add the velocity field of a vortex to the
velocity field of the nonlifting cylinder. (Recall that because of the linearity of the
flow, the velocity components of the superimposed elementary flows add directly.)
Hence, from Equations (3.93) and (3.94) for nonlifting flow over a cylinder of radius
R, and Equations (3.111a and &) for vortex flow, we have, for the lifting flow over a
cylinder of radius R,

R2
V, = (l — —2) Voo COS 8 [3.119]
¥
R? . r
Vo=—|1+ — ) Veosinf — — [3.120]
r2 2y

To locate the stagnation points in the flow, set V, = V3 = 0 in Equations (3.119)
and (3.120) and solve for the resulting coordinates (r, 8):
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RZ
Vrz(l——z-) VOOCOQHZO [3.12‘]
r
R? , r
r Tr

From Equation (3.121), r = R. Substituting this result into Equation (3.122) and
solving for 6, we obtain

, r
8 = arcsin (— ) [3.123]
4r Vo R

Since I' is a positive number, from Equation (3.123) 6 must be in the third and
fourth quadrants. That is, there can be two stagnation points on the bottom half
of the circular cylinder, as shown by points 1 and 2 in Figure 3.33a. These points
are located at (R, 6), where 6 is given by Equation (3.123). However, this result is
valid only when I'/47 VR < 1. If T /4n VR > 1, then Equation (3.123) has no
meaning. If I'/4m V. R = 1, there is only one stagnation point on the surface of the
eylinder, namely, point (R, —m/2) labeled as point 3 in Figure 3.33b. For the case
of I'/4n Vo R > 1, return to Equation (3.121). We saw earlier that it is satisfied by
r = R; however, it is also satisfied by 6 = 7/2 or —n /2. Substituting § = —m /2
into Equation (3.122), and solving for r, we have

2
r= r + r — R2 [3.124]
47T Voo 4 Ve

Hence, for I'/4n Voo R > 1, there are two stagnation points, one inside and the other
outside the cylinder, and both on the vertical axis, as shown by points 4 and 5 in Figure
3.33¢. [How does one stagnation point fall inside the cylinder? Recall that r = R, or
Y = 0, is just one of the allowed streamlines of the flow. There is a theoretical flow

i ;

(b) T = 47VR /\

(€) ' >4nVeR

Y
i
2

@) I'<4nVeR

Figure 3.33 Stagnation points for the lifting flow over a circular cylinder.
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inside the cylinder—flow that is issuing from the doublet at the origin superimposed
with the vortex flow for r < R. The circular streamline r = R is the dividing
streamline between this flow and the flow from the freestream. Therefore, as before,
we can replace the dividing streamline by a solid body—our circular cylinder—and
the external low will not know the difference. Hence, although one stagnation point
falls inside the body (point 5), we are not realistically concerned about it. Instead,
from the point of view of flow over a solid cylinder of radius R, point 4 is the only
meaningful stagnation point for the case I'/4m Voo R > 1.]

The results shown in Figure 3.33 can be visualized as follows. Consider the
inviscid incompressible flow of given freestream velocity V. over a cylinder of given
radius R. If there is no circulation (i.e., if ' = 0), the flow is given by the sketch
at the right of Figure 3.26, with horizontally opposed stagnation points A and B.
Now assume that a circulation is imposed on the flow, such that ' < 47V R. The
flow sketched in Figure 3.33a will result; the two stagnation points will move to the
lower surface of the cylinder as shown by points 1 and 2. Assume that I is further
increased until I' = 47V R. The flow sketched in Figure 3.33b will result, with
only one stagnation point at the bottom of the cylinder, as shown by point 3. When
I" is increased still further such that I' > 47 VR, the flow sketched in Figure 3.33¢
will result. The stagnation point will lift from the cylinder’s surface and will appear
in the flow directly below the cylinder, as shown by point 4.

From the above discussion, I' is clearly a parameter that can be chosen freely.
There is no single value of I" that “solves” the flow over a circular cylinder; rather,
the circulation can be any value. Therefore, for the incompressible flow over a
circular cylinder, there are an infinite number of possible potential flow solutions,
corresponding to the infinite choices for values of I'. This statement is not limited
to flow over circular cylinders, but rather, it is a general statement that holds for the
incompressible potential flow over all smooth two-dimensional bodies. We return to
these ideas in subsequent sections.

From the symmetry, or lack of it, in the flows sketched in Figures 3.32 and 3.33,
we intuitively concluded earlier that a finite normal force (lift) must exist on the body
but that the drag is zero; that is, d’ Alembert’s paradox still prevails. Let us quantify
these statements by calculating expressions for lift and drag, as follows.

The velocity on the surface of the cylinder is given by Equation (3.120) with
r=R:

. I
V=V= —2V00 sin@ — m [3.125]

In turn, the pressure coefficient is obtained by substituting Equation (3.125) into
Equation (3.38):

2T sing roy
or Cp=1—[4sin29+ o +( )} [3.126]
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In Section 1.5, we discussed in detail how the aerodynamic force coefficients can
be obtained by integrating the pressure coefficient and skin friction coefficient over
the surface. For inviscid flow, ¢; = 0. Hence, the drag coefficient ¢, is given by
Equation (1.16) as

TE
Cg = Cq = "f (Cp,u - Cp.l)dy
¢ JLE

1 TE 1 TE
or cy = —f Cpudy— —f Cpidy [3.1271
C JLE C JLE

Converting Equation (3.127) to polar coordinates, we note that
y = Rsinf® dy = Rcosfdf [3.128]

Substituting Equation (3.128) into (3.127), and noting that ¢ = 2R, we have

1 0 1 2
cd:——/ C,,_ucosﬂdt?—‘/ C, cos6 db [3.1291]
2 )z 2 Jx

The limits of integration in Equation (3.129) are explained as follows. In the first
integral, we are integrating from the leading edge (the front point of the cylinder),
moving over the rop surface of the cylinder. Hence, 6 is equal to m at the leading
edge and, moving over the top surface, decreases to 0 at the trailing edge. In the
second integral, we are integrating from the leading edge to the trailing edge while
moving over the bortom surface of the cylinder. Hence, @ is equal to 7 at the leading
edge and, moving over the bottom surface, increases to 2 at the trailing edge. In
Equation (3.129), both C,, , and C p.1 are given by the same analytic expression for
C,. namely, Equation (3.126). Hence, Equation (3.129) can be written as

1 b4 ] 2
C[/Z——E/ C!,c056d9—§/ C,cos6df
0 b

1 21
or g == C,cos6df [3.130]
24, 7

Substituting Equation (3.126) into (3.130), and noting that

2m
f cos@do =0 [3.1314]
0
f sin @ cosHdd =0 [3.1315]
0
27
f sinfcosfdd =0 [3.131¢]
0

we immediately obtain

g =0 [3.132]
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Equation (3.132) confirms our intuitive statements made earlier. The drag on a cylin-
der in an inviscid, incompressible flow is zero, regardless of whether or not the flow
has circulation about the cylinder.

The lift on the cylinder can be evaluated in a similar manner as follows. From
Equation (1.15) with ¢; = 0,

1 [¢ 1 [¢
cl:cn:—/ Cp,ldx——/‘ C,.dx [3.133]
€ Jo ¢ Jo
Converting to polar coordinates, we obtain
x=Rcosf® dx=—Rsin0dé [3.134]
Substituting Equation (3.134) into (3.133), we have
1 2n 1 0
c[=——/ Cpgsin9d6‘+—] C,usind do [3.135]
2 T ' 2 n

Again, noting that C,; and C,, are both given by the same analytic expression,
namely, Equation (3.126), Equation (3.135) becomes

1 2m
¢ = ——f C, sin0 db [3.136]
2 Jo
Substituting Equation (3.126) into (3.136), and noting that
2
f sinf df =0 [3.137al
0
27
f sin®@d6 =0 [3.137b]
0
27
f sinf6dé =n [3.137¢]
0
we immediately obtain
r
= [3.1381]
= RV,

From the definition of ¢; (see Section 1.5), the lift per unit span L’ can be obtained
from

L' = gooScr = 3pscVEScy [3.139]
Here, the planform area S = 2R(1). Therefore, combining Equations (3.138) and
(3.139), we have
r

1
L' = — V22R———
2P Voot By

Equation (3.140) gives the lift per unit span for a circular cylinder with circulation
", It is a remarkably simple result, and it states that rhe lift per unit span is directly
proportional to circulation. Equation (3.140) is a powerful relation in theoretical
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acrodynamics. It is called the Kutra-Joukowski theorem, named after the German
mathematician M. Wilheim Kutta (1867-1944) and the Russian physicist Nikolai E.
Joukowski (1847-1921), who independently obtained it during the first decade of
this century. We will have more to say about the Kutta-Joukowski theorem in Section
3.16.

What are the connections between the above theoretical results and real life? As
stated earlier, the prediction of zero drag is totally erroneous—viscous effects cause
skin friction and flow separation which always produce a finite drag, as will be dis-
cussed in Chapters 15 to 20. The inviscid flow treated in this chapter simply does
not model the proper physics for drag calculations. On the other hand, the predic-
tion of lift via Equation (3.140) is quite realistic. Let us return to the wind-tunnel
experiments mentioned at the beginning of this chapter. If a stationary. nonspinning
cylinder is placed in a low-speed wind tunnel, the flow field will appear as shown in
Figure 3.34a. The streamlines over the front of the cylinder are similar to theoretical
predictions, as sketched at the right of Figure 3.26. However, because of viscous
effects, the flow separates over the rear of the cylinder, creating a recirculating flow in
the wake downstream of the body. This separated flow greatly contributes to the finite
drag measured for the cylinder. On the other hand, Figure 3.34a shows a reasonably

(e

Figure 3.34  These flowfield pictures were obtained in water, where aluminum filings
were scattered on the surface to show the direction of the streamlines.
(a) Shown above is the case for the nonspinning cylinder. (Source: Prandtl
and Tietjens, Reference 8.)
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(b)

(©

Figure 3.34 [continued) These flaw-field pictures were obtained in water, where
aluminum filings were scattered on the surface to show the directian of the
streamlines. (b} Spinning cylinder: peripheral velocity of the surface =
3V [c} Spinning cylinder: peripheral velocity of the surface = 6V .
(Source: Prandtl and Tietjens, Reference 8.)

symmetric flow about the horizontal axis, and the measurement of lift is essentialns
zero. Now let us spin the cylinder in a clockwise direction about its axis. The resulting
flow fields are shown in Figure 3.34b and ¢. For a moderate amount of spin (Figur:
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3.34b), the stagnation points move to the lower part of the cylinder, similar to the
theoretical flow sketched in Figure 3.33a. If the spin is sufficiently increased (Figure
3.34¢), the stagnation point lifts off the surface, similar to the theoretical flow sketched
in Figure 3.33¢. And what is most important, a finite lift is measured for the spinning
cylinder in the wind tunnel. What is happening here? Why does spinning the cylinder
produce lift? In actuality, the friction between the fluid and the surface of the cylinder
tends to drag the fluid near the surface in the same direction as the rotational motion.
Superimposed on top of the usual nonspinning flow, this “extra’ velocity contribution
creates a higher-than-usual velocity at the top of the cylinder and a lower-than-usual
velocity at the bottom, as sketched in Figure 3.35. These velocities are assumed to
be just outside the viscous boundary layer on the surface. Recall from Bernoulli’s
equation that as the velocity increases, the pressure decreases. Hence, from Figure
3.35, the pressure on the top of the cylinder is lower than on the bottom. This pressure
imbalance creates a net upward force, that is, a finite lift. Therefore, the theoretical
prediction embodied in Equation (3.140) that the flow over a circular cylinder can
produce a finite lift is verified by experimental observation.

The general 1deas discussed above concerning the generation of lift on a spinning
circular cylinder in a wind tunnel also apply to a spinning sphere. This explains why a
baseball pitcher can throw a curve and how a golfer can hit ahook or slice—all of which
are due to nonsymmetric flows about the spinning bodies, and hence the generation
of an aerodynamic force perpendicular to the body’s angular velocity vector. This
phenomenon is called the Magnus effect, named after the German engineer who first
observed and explained it in Berlin in 1852,

It is interesting to note that a rapidly spinning cylinder can produce a much higher
lift than an airplane wing of the same planform area; however, the drag on the cylinder
is also much higher than a well-designed wing. As a result, the Magnus effect is not
employed for powered flight. On the other hand, in the 1920s, the German engineer
Anton Flettner replaced the sail on a boat with a rotating circular cylinder with its axis
vertical to the deck. In combination with the wind, this spinning cylinder provided
propulsion for the boat. Moreover, by the action of two cylinders in tandem and
rotating in opposite directions, Flettner was able to turn the boat around. Flettner’s
device was a technical success, but an economic failure because the maintenance
on the machinery to spin the cylinders at the necessary high rotational speeds was
too costly. Today, the Magnus effect has an important influence on the performance
of spinning missiles; indeed, a certain amount of modern high-speed aerodynamic
research has focused on the Magnus forces on spinning bodies for missile applications.

Low pressure

High pressure

Figure 3.35 Creation of lift on a spinning
cylinder.
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Example 3.10

Consider the lifting flow over a circular cylinder. The lift coefficient is 5. Calculate the peak
(negative) pressure coefficient.

Solution

Examining Figure 3.32, note that the maximum velocity for the ronlifting flow over a cylinder
is 2V, and that it occurs at the top and bottom points on the cylinder. When the vortex in Figure
3.32 is added to the flow field, the direction of the vortex velocity is in the same direction as the
flow on the top of the cylinder, but opposes the flow on the bottom of the cylinder. Hence, the
maximum velocity for the lifting case occurs at the fop of the cylinder and is equal to the sum
of the nonlifting value, —2V,,, and the vortex, —T'/2x R. (Note: We are still following the
usual sign convention; since the velocity on the top of the cylinder is in the opposite direction
of increasing ¢ for the polar coordinate system, the velocity magnitudes here are negative.)
Hence,

r
V=="2Ve— — E.1
*  27R [ ]
The lift coefficient and T are related through Equation (3.138):
T
=——=39
RV
r
Hence, — =5V, [E.2]
R
Substituting Equation (E.2) into (E.1), we have
5
V=="2Vy — — Vo = =2.796V [E.3]

2
Substituting Equation (E.3) into Equation (3.38), we obtain

oo

1% 2
C,=1- (V—) =1—(2.796)* =| —6.82

This example is designed in part to make the following point. Recall that, for
an inviscid, incompressible flow, the distribution of C,, over the surface of a body
depends only on the shape and orientation of the body—the flow properties such as
velocity and density are irrelevant here. Recall Equation (3.101), which gives C), as
a function of 6 only, namely, C, = 1 —4sin* §. However, for the case of lifting flow,
the distribution of C,, over the surface is a function of one additional parameter—
namely, the lift coefficient. Clearly, in this example, only the value of ¢; is given.
However, this is powerful enough to define the flow uniquely; the value of C, at any
point on the surface follows directly from the value of lift coefficient, as demonstrated
in the above problem.

Example 3.11

For the flow field in Example 3.10, calculate the location of the stagnation points and the points
on the cylinder where the pressure equals freestream static pressure.
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Solution
From Equation (3.123), the stagnation points are given by

. T
6 = arcsin [ —
( dm VwR)

From Example 3.10,

5
Thus, ¢ = arcsin (mr) =| 203.4° and 336.6°
T

To find the locations where p = p., first construct a formula for the pressure coefficient on

the cylinder surface:
V 2
()
Ve

r
where V ==-2V.sing — —
27 R
r \2
Thus, C,=1—1|—-2sint — —
27 R
2T si r
:1—4Sin26— blne_
TRV, 27 RV,
From Example 3.10, T'/RV,, = 5. Thus,
) 10 5\°
C,=1-43in"6 — —sinf — (*)
T 2n

=0.367 — 3.183sin6 — 4sin’ 6

A check on this equation can be obtained by calculating C, at § = 90° and seeing if it agrees
with the result obtained in Example 3.10. For 8 = 90°, we have

C,=0367-3183—-4=| —6.82

This is the same result as in Example 3.10; the equation checks.
To find the values of & where p = p,,set C, = 0:

0=10.367 —3.183sin# — 4sin* 9

From the quadratic formula,

. 3.183 + ,/(3.183)2 4 5.872
sing = 2 =

—0.897 or 0.102

Hence, 6 =243.8° and 296.23°

Also, 6 =5.85° and 174.1°
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Points A — stagnation
points

Points B—p = p..

Point C— minimum
pressure

Point D — local minimum
pressure on the
bottom surface

Values of pressure at various lacations on the surface of a circular cylinder; lifting case

with finite circulation. The values of pressure correspond to the case discussed in
Example 3.10.

There are four points on the circular cylinder where p = p.,. These are sketched in Figure
3.36, along with the stagnation point locations. As shown in Example 3.10, the minimum
pressure occurs at the top of the cylinder and is equal to po, — 6.82¢g. A local minimum
pressure occurs at the bottom of the cylinder, where § = 37 /2. This local minimum is given
by

, 3w

3
C, =0.367 — 3.183sin 7” - 4sin® =

=0.367 +3.183 —4=| —045

Hence, at the bottom of the cylinder, p = po — 0.45¢x-

3.16 THE KuTrTA-JOUKOWSKI THEOREM AND THE
GENERATION OF LIFT

Although the result given by Equation (3.140) was derived for a circular cylinder,
it applies in general to cylindrical bodies of arbitrary cross section. For example,
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consider the incompressible flow over an airfoil section, as sketched in Figure 3.37.
Let curve A be any curve in the flow enclosing the airfoil. If the airfoil is producing
lift, the velocity field around the airfoil will be such that the line integral of velocity
around A will be finite, that is, the circulation

FE%V-dS
A

is finite. In turn, the lift per unit span L’ on the airfoil will be given by the Kutta-
Joukowski theorem, as embodied in Equation (3.140):

LL’ = po Vol [3.140]

This result underscores the importance of the concept of circulation, defined in Section
2.13. The Kutta-Joukowski theorem states that lift per unit span on a two-dimensional
body is directly proportional to the circulation around the body. Indeed, the concept
of circulation is so important at this stage of our discussion that you should reread
Section 2.13 before proceeding further.

The general derivation of Equation (3.140) for bodies of arbitrary cross section
can be carried out using the method of complex variables. Such mathematics isbeyond
the scope of this book. (It can be shown that arbitrary functions of complex variables
are general solutions of Laplace’s equation, which in turn governs incompressible
potential flow. Hence, more advanced treatments of such flows utilize the mathematics
of complex variables as an important tool. See Reference 9 for a particularly lucid
treatment of inviscid, incompressible flow at a more advanced level.)

In Section 3.15, the lifting flow over a circular cylinder was synthesized by
superimposing a uniform flow, a doublet, and a vortex. Recall that all three elementary
flows are irrotational at all points, except for the vortex, which has infinite vorticity
at the origin. Therefore, the lifting flow over a cylinder as shown in Figure 3.33 1s

B
SN §,Veds=T

Figure 3.37  Circulation around a lifting airfoil.
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irrotational at every point except at the origin. If we take the circulation around any
curve not enclosing the origin, we obtain from Equation (2.137) the result that ' = 0.
It is only when we choose a curve that encloses the origin, where V x V is infinite,
that Equation (2.137) yields a finite I', equal to the strength of the vortex. The same
can be said about the flow over the airfoil in Figure 3.37. As we show in Chapter 4,
the flow outside the airfoil is irrotational, and the circulation around any closed curve
not enclosing the airfoil (such as curve B in Figure 3.37) is consequently zero. On
the other hand, we also show in Chapter 4 that the flow over an airfoil is synthesized
by distributing vortices either on the surface or inside the airfoil. These vortices have
the usual singularities in V x V, and therefore, if we choose a curve that encloses
the airfoil (such as curve A in Figure 3.37), Equation (2.137) yields a finite value of
I", equal to the sum of the vortex strengths distributed on or inside the airfoil. The
important point here is that, in the Kutta-Joukowski theorem, the value of I used in
Equation (3.140) must be evaluated around a closed curve that encloses the body; the
curve can be otherwise arbitrary, but it must have the body inside it.

At this stage, let us pause and assess our thoughts. The approach we have dis-
cussed above—the definition of circulation and the use of Equation (3.140) to obtain
the lift—is the essence of the circulation theory of lift in aerodynamics. Its devel-
opment at the turn of the twentieth century created a breakthrough in aerodynamics.
However, let us keep things in perspective. The circulation theory of lift is an alter-
native way of thinking about the generation of lift on an aerodynamic body. Keep
in mind that the true physical sources of aerodynamic force on a body are the pres-
sure and shear stress distributions exerted on the surface of the body, as explained
in Section 1.5. The Kutta-Joukowski theorem is simply an alternative way of ex-
pressing the consequences of the surface pressure distribution; it is a mathematical
expression that is consistent with the special tools we have developed for the analysis
of inviscid, incompressible flow. Indeed, recall that Equation (3.140) was derived in
Section 3.15 by integrating the pressure distribution over the surface. Therefore, it is
not quite proper to say that circulation “causes” lift. Rather, lift is “caused” by the
net imbalance of the surface pressure distribution, and circulation is simply a defined
quantity determined from the same pressures. The relation between the surface pres-
sure distribution (Which produces lift L.') and circulation is given by Equation (3.140).
However, in the theory of incompressible, potential flow, it is generally much easier
to determine the circulation around the body rather than calculate the detailed surface
pressure distribution. Therein lies the power of the circulation theory of lift.

Consequently, the theoretical analysis of lift on two-dimensional bodies in in-
compressible, inviscid flow focuses on the calculation of the circulation about the
body. Once I is obtained, then the lift per unit span follows directly from the Kutta-
Joukowski theorem. As a result, in subsequent sections we constantly address the
question: How can we calculate the circulation for a given body in a given incom-
pressible, inviscid flow?
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3.17 NONLIFTING FLOWS OVER ARBITRARY
BODIES: THE NUMERICAL SOURCE PANEL
METHOD

In this section, we return to the consideration of nonlifting flows. Recall that we
have already dealt with the nonlifting flows over a semi-infinite body and a Rankine
oval and both the nonlifting and the lifting flows over a circular cylinder. For those
cases, we added our elementary flows in certain ways and discovered that the dividing
streamlines turned out to fit the shapes of such special bodies. However, this indirect
method of starting with a given combination of elementary flows and seeing what
body shape comes out of it can hardly be used in a practical sense for bodies of
arbitrary shape. For example, consider the airfoil in Figure 3.37. Do we know in
advance the correct combination of elementary flows to synthesize the flow over this
specified body? The answer is no. Rather, what we want is a direct method; that s, let
us specify the shape of an arbitrary body and solve for the distribution of singularities
which, in combination with a uniform stream, produce the flow over the given body.
The purpose of this section is to present such a direct method, limited for the present
to nonlifting flows. We consider a numerical method appropriate for solution on
a high-speed digital computer. The technique is called the source panel method,
which, since the late 1960s, has become a standard aerodynamic tool in industry
and most research laboratories. In fact, the numerical solution of potential flows by
both source and vortex panel techniques has revolutionized the analysis of low-spead
flows. We return to various numerical panel techniques in Chapters 4 through 6. As
a modern student of aerodynamics, it 1s necessary for you to become familiar with
the fundamentals of such panel methods. The purpose of the present section is to
introduce the basic ideas of the source panel method, which is a technique for the
numerical solution of nonlifting flows over arbitrary bodies.

First, let us extend the concept of a source or sink introduced in Section 3.10.
In that section, we dealt with a single line source, as sketched in Figure 3.21. Now
imagine that we have an infinite number of such line sources side by side, where the
strength of each line source is infinitesimally small. These side-by-side line sources
form a source sheet, as shown in perspective in the upper left of Figure 3.38. If
we look along the series of line sources (looking along the z axis in Figure 3.38),
the source sheet will appear as sketched at the lower right of Figure 3.38. Here, we
are looking at an edge view of the sheet; the line sources are all perpendicular to
the page. Let s be the distance measured along the source sheet in the edge view.
Define A = X(s) to be the source strength per unit length along s. [To keep things
in perspective, recall from Section 3.10 that the strength of a single line source A
was defined as the volume flow rate per unit depth, that is, per unit length in the z
direction. Typical units for A are square meters per second or square feet per second.
In turn, the strength of a source sheet A(s) is the volume flow rate per unit depth (in
the z direction) and per unit length (in the s direction). Typical units for A are meters
per second or feet per second.] Therefore, the strength of an infinitesimal portion ds
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Source sheet
in perspective

)_/ s Edge view of sheet

Figure 3.38  Source sheet.

of the sheet, as shown in Figure 3.38, is A ds. This small section of the source sheet
can be treated as a distinct source of strength A ds. Now consider point P in the flow,
located a distance r from ds; the cartesian coordinates of P are (x, y). The small
section of the source sheet of strength A ds induces an infinitesimally small potential
d¢ at point P. From Equation (3.67), d¢ is given by

Ads

d¢p = — Inr [3.141]
27

The complete velocity potential at point P, induced by the entire source sheet from
a to b, is obtained by integrating Equation (3.141):

b ds
P(x,y) = ——1Inr [3.142]
e 27

Note that, in general, A(s) can change from positive to negative along the sheet; that
is, the “source” sheet is really a combination of line sources and line sinks.

Next, consider a given body of arbitrary shape in a flow with freestream velocity
Voo» as shown in Figure 3.39. Let us cover the surface of the prescribed body with a
source sheet, where the strength A (s) varies in such a fashion that the combined action
of the uniform flow and the source sheet makes the airfoil surface a streamline of the
flow. Our problem now becomes one of finding the appropriate A(s). The solution
of this problem is carried out numerically, as follows.

Let us approximate the source sheet by a series of straight panels, as shown in
Figure 3.40. Moreover, let the source strength A per unit length be constant over a
given panel, but allow it to vary from one panel to the next. That is, if there are a
total of n panels, the source panel strengths per unitlengthare Ay, Az, ..., A; ..., A,
These panel strengths are unknown; the main thrust of the panel technique is to solve
for A;, j = 1 to i, such that the body surface becomes a streamline of the flow. This
boundary condition is imposed numerically by defining the midpoint of each panel
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Uniform flow  Source sheet on surface Flow over the bedy
of body, with As) of given shape

calculated to make the
body surface a streamline

Figure 3.39 Superposition of a uniform flow and a source sheet on a
body of given shape, to produce the flow over the body.

Pane] 2

Panel 1
mth panel

Boundary
points

Control
points

Figure 3.40  Source panel distribution over the surface of a body of arbitrary shape.

to be a control point and by determining the A;’s such that the normal component of
the flow velocity is zero at each control point. Let us now quantify this strategy.

Let P be a point located at (x, y) in the flow, and let r; be the distance from any
point on the jth panel to P, as shown in Figure 3.40. The velocity potential induced
at P due to the jth panel A¢; is, from Equation (3.142),

)\‘.
Ag; = ﬁ /lnrm ds, [3.143]
7

In Equation (3.143), A; is constant over the jth panel, and the integral is taken over
the jth panel only. Inturn, the potential at P due to all the panels is Equation (3.143)
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summed over all the panels:

$(P) = Ay, =Zz’;flnrw-dsj [3.144]
j=1 j=1 4

In Equation (3.144), the distance r,; is given by

rpj=\/(x—xj)2+(y—yj)2 [3.145]

where (x;, y;) are coordinates along the surface of the jth panel. Since point P is
just an arbitrary point in the flow, let us put P at the control point of the ith panel.
Let the coordinates of this control point be given by (x;, y;), as shown in Figure 3.40.
Then Equations (3.144) and (3.145) become

v) = =L 'lnr;; ds; [3.146]
o (xi, ¥i) jzzlzzﬂfjnr; ¥
and Fij = \/(xi —Xx)% 4 (i — y)? [3.1471]

Equation (3.146) is physically the contribution of all the panels to the potential at the
control point of the ith panel.

Recall that the boundary condition is applied at the control points; that is, the
normal component of the flow velocity is zero at the control points. To evaluate this
component, first consider the component of freestream velocity perpendicular to the
panel. Let n; be the unit vector normal to the ith panel, directed out of the body,
as shown in Figure 3.40. Also, note that the slope of the ith panel is (dy/dx);. In
general, the freestream velocity will be at some incidence angle o to the x axis, as
shown in Figure 3.40. Therefore, inspection of the geometry of Figure 3.40 reveals
that the component of V4, normal to the ith panel is

Voo,n =V N = Vycos ,Bi [3.148]

where f; is the angle between V4, and n;. Note that V, , is positive when directed
away from the body, and negative when directed toward the body.

The normal component of velocity induced at (x;, y;) by the source panels is,
from Equation (3.146),

9
Vi = — o (xi, yi)l [3.149]
al’l,'

where the derivative is taken in the direction of the outward unit normal vector, and
hence, again, V, is positive when directed away from the body. When the derivative
in Equation (3.149) is carried out, r;; appears in the denominator. Consequently, a
singular point arises on the ith panel because when j = i, at the control point itself
ri; = 0. It can be shown that when j = i, the contribution to the derivative is simply
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Ai /2. Hence, Equation (3.149) combined with Equation (3.146) becomes

i o A 3
Vi = E‘FZ;ﬁ/,a—m(lnr,J)dsl [3.150]
G#ED

In Equation (3.150), the first term %, /2 is the normal velocity induced at the i th control
point by the ith panel itself, and the summation is the normal velocity induced at the
ith control point by all the other panels.

The normal component of the flow velocity at the ith control point is the sum
of that due to the freestream [Equation (3.148)] and that due to the source panels
[Equation (3.150)]. The boundary condition states that this sum must be zero:

Voo_n + Vn =0 [3.1 5‘]

Substituting Equations (3.148) and (3.150) into (3.151), we obtain

Ai Y 0
§+;ﬁfjﬁ(ln’u)d&ﬁ%cowi =0 [3.152]
(#D

Equation (3.152) is the crux of the source panel method. The values of the integrals
in Equation (3.152) depend simply on the panel geometry; they are not properties of
the flow. Let /; ; be the value of this integral when the control point is on the ith panel
and the integral is over the jth panel. Then Equation (3.152) can be written as

Moo A
34—2'51—[,"]'4—‘/00008,8,' =0 [3.1531]
D
Equation (3.153) is a linear algebraic equation with # unknowns Ay, Az, ..., A, It

represents the flow boundary condition evaluated at the control point of the ith panel.
Now apply the boundary condition to the control points of all the panels; that is, in
Equation (3.153),leti = 1.2, ..., n. Theresults will be a system of n linear algebraic
equations with n unknowns (Aj, Az, ..., A,), which can be solved simultaneously by
conventional numerical methods.

Look what has happened! After solving the system of equation represented by
Equation (3.153) withi = 1, 2, ..., n, we now have the distribution of source panel
strengths which, in an appropriate fashion, cause the body surface in Figure 3.40
to be a streamline of the flow. This approximation can be made more accurate by
increasing the number of panels, hence more closely representing the source sheet
of continuously varying strength A(s) shown in Figure 3.39. Indeed, the accuracy
of the source panel method is amazingly good; a circular cylinder can be accurately
represented by as few as 8 panels, and most airfoil shapes, by 50 to 100 panels. (For
an airfoil, it is desirable to cover the leading-edge region with a number of small
panels to represent accurately the rapid surface curvature and to use larger panels
over the relatively flat portions of the body. Note that, in general, all the panels in
Figure 3.40 can be different lengths.)
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Once the A;’s (i = 1, 2, ..., n) are obtained, the velocity tangent to the surface
at each control point can be calculated as follows. Let s be the distance along the
body surface, measured positive from front to rear, as shown in Figure 3.40. The
component of freestream velocity tangent to the surface is

Voo.s = Voo 8in B; [3.154]

The tangential velocity Vi at the control point of the ith panel induced by all the
panels is obtained by differentiating Equation (3.146) with respect to s:

3 ~—Ar; [ 8
Vi=— = =L | —(Inr;)ds, 3.155
: as ;211/1-&?(“”) % . ]

[The tangential velocity on a flat source panel induced by the panel itself is zero;
hence, in Equation (3.155), the term corresponding to j = i is zero. This is easily
seen by intuition, because the panel can only emit volume flow from its surface in
a direction perpendicular to the panel itself.] The total surface velocity at the ith
control point V; is the sum of the contribution from the freestream [Equation (3.154)]
and from the source panels [Equation (3.155)]:

. n 5 5
Vi = Voo,s"|"vs= VOOSIH,BI'—}-Zﬁ‘/jEE(IHr”)dSJ‘ [3.1561
J=1 /

In turn, the pressure coefficient at the ith control point is obtained from Equation

(3.38):
2

‘/’.

Cpi=1-[—-

== ()

In this fashion, the source panel method gives the pressure distribution over the surface
of a nonlifting body of arbitrary shape.

When you carry out a source panel solution as described above, the accuracy of
your results can be tested as follows. Let S; be the length of the jth panel. Recall
that A; 1s the strength of the jth panel per unit length. Hence, the strength of the jth
panelitselfis A; S;. For a closed body, such as in Figure 3.40, the sum of all the source
and sink strengths must be zero, or else the body itself would be adding or absorbing
mass from the flow—an impossible situation for the case we are considering here.
Hence, the values of the X ;’s obtained above should obey the relation

D a8 =0 [3.157]
j=1

Equation (3.157) provides an independent check on the accuracy of the numerical
results,

Example 3.1 2—[

Calculate the pressure coefficient distribution around a circular cylinder using the source panel
technique.
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Solution

We choose to cover the body with eight panels of equal length, as shown in Figure 3.41. This
choice is arbitrary; however, experience has shown that, for the case of a circular cylinder. the
arrangement shown in Figure 3.4] provides sufficient accuracy. The panels are numbered from
I to 8, and the control points are shown by the dots in the center of each panel.

Let us evaluate the integrals /, ; which appear in Equation (3.153). Consider Figure 3.42,
which iflustrates two arbitrary chosen panels. In Figure 3.42, (x,. v,) are the coordinates of the

g
2
Voo 1
P ~ X
8 6
,
Figure 3.41 Source pane! distribution around
circular cylinder.
X, ¥)

(X,‘+1,Y;'+1) -0

KXo, Y )

jth panel x fth panel

Figure 3.42 Geometry required for the evaluation of ;.
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control point of the i th panel and (x;, y;) are the running coordinates over the entire jth panel.
The coordinates of the boundary points for the ith panel are (X;, ¥;) and (X; .1, ¥;1); similarly,
the coordinates of the boundary points for the jth panel are (X;, ¥;) and (X ;;1, ¥;11). In this
problem, V, is in the x direction; hence, the angles between the x axis and the unit vectors
n; and n; are 8; and B;, respectively. Note that, in general, both 8; and g; vary from O to 2.
Recall that the integral /; ; is evaluated at the ith control point and the integral is taken over
the complete jth panel:

d
;= _[J 3—1_(111"5,‘)61'5,' [3.158]
Since rij = \/(—"i —x;)2 4+ (v — y)?
1 ory
then —{Inr;) = i)
an; Fij an;
= i_l_[(x — x‘)2 + (v — y_)l]—I/Z
tij 2 ! I o 1
dx,- dy‘
A2 — V2D 2y, — )
[ (x; xj)dni + 2(y: y’)dn,v:|
or i“(In rij) = (o = 2y cos '32[ kb yj)zsm 2 [3.159]
an; (i —x;)° + (v~ ¥))

Note in Figure 3.42 that @; and ®; are angles measured in the counterclockwise direction from
the x axis to the bottom of each panel. From this geometry,

T

Bi =@ + 5
Hence, sin 8; = cos ¥, [3.1604]
cos B; = — sin ¥, [3.160b]

Also, from the geometry of Figure 3.38, we have
x;j =X, +5s;c08®; [3.1614]
and y; =Y; +s;sin ®; [3.161b]
Substituting Equations (3.159) to (3.161) into (3.158), we obtain
5
I = fo ’ ;?%L'Aisi’%—édsj [3.162]
where A=—(;—~X;)cosd; —(y, —Y;))sind;
B=(x—X)"+(~—1)
C =sin(P; — ;)
D= (y; —Y)cos®; — (x; — X;) sin P,
S, =V X =X+ (Y —¥,)?
Letting E=VB—-AT=(x;— X)) sin®, — (y; — ¥;) cos &,
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we obtain an expression for Equation {3.162) from any standard table of integrals:

C [SI+248;+B
Iij=5 | +——7 [3.163]
D - AC S, +A A
+ — (tanI [y —tan”! E)

Equation (3.163) is a general expression for two arbitrarily oriented panels; it is not restricted
to the case of a circular cylinder.

We now apply Equation (3.163) to the circular cylinder shown in Figure 3.4 1. For purposes
of illustration, let us choose panel 4 as the /th panel and panel 2 as the jth panel; that is, let us
calculate /4,. From the geometry of Figure 3.41, assuming a unit radius for the cylinder, we
see that

X, =-09239 X,,, =-03827 Y, =0.3827
Y =0.9239 P, =315° b, =45°
x; =0.6533 v, =0.6533
Hence, substituting these numbers into the above formulas, we obtain

A=—13065 B=25607 C=—1 D =13065
S, =0.7654 E =0.9239

Inserting the above values into Equation (3.163), we obtain
I, =04018

Return to Figures 3.41 and 3.42. If we now choose panel 1 as the jth panel, keeping panel
4 as the fth panel, we obtain, by means of a similar calculation, I, = 0.4074. Similarly,
I3 =0.3528, 1,5 =0.3528, I, , = 0.4018, 1, ; = 0.4074, and [, ; = 0.4084.

Return to Equation (3.153), which is evaluated for the ith panel in Figures 3.40 and 3.42.
Written for panel 4, Equation (3.153) becomes (after multiplying each term by 2 and noting
that 8, = 45° for panel 4)

0.4074h, 4 0.40184; + 0.3528A3 + Ay + 0.352845

+ 0.4018%, + 0.4074%7 4+ 0.408445 = —0.7071 27V, [3.164]
Equation {3.164) is a linear algebraic equation in terms of the eight unknowns, &, 4. ..., Ag.
If we now evaluate Equation (3.1353) for each of the seven other panels, we obtain a total of

eight equations, including Equation (3.164), which can be solved simultaneously for the eight
unknown A’s. The results are

M2 Ve = 03765 Ay/27V,, =0.2662  A3/27V. =0
haf2m Ve = —0.2662 As/2m Ve = —0.3765 Ao/2nV,, = —0.2662
A7/2aVe =0 Ay /21 Vo = 0.2602
Note the symmetrical distribution of the A’s, which is to be expected for the nonlifting circular

cylinder. Also, as a check on the above solution, return to Equation (3.157). Since each panel
in Figure 3.41 has the same length, Equation (3.157) can be written simply as

=1
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G
1.0
T
751 L4 37 2w
-1.0 -
—— Analytic result [Eq. (3.101)]
a0k
A  Numerical result
(source panel)

3.0 -
Figure 3.43 Pressure distribution over a circular cylinder; comparison of the

saurce panel results and theory.

Substituting the values for the L’s obtained into Equation (3.157), we see that the equation is
identically satisfied.

The velocity at the control point of the ith panel can be obtained from Equation (3.156).
In that equation, the integral over the jth panel is a geometric quantity which is evaluated in a
similar manner as before. The result is

P D—AC S*+2A8;+B
—(Inr;)ds; = In - [3.165]
fjas(“r’) VT TE B
S:+A A
—Cfan 2L g £
E E
With the integrals in Equation (3.156) evaluated by Equation (3.165), and with the values
for Ay, Xz, ..., Az obtained above inserted into Equation (3.156), we obtain the velocities
Vi, V2, ..., Vg. In turn, the pressure coefficients Cp i, Cp2, ..., Cp g are obtained directly
from

V. 2
C ,'=l—- —l
#=1-(v2)

Results for the pressure coefficients obtained from this calculation are compared with the exact
analytical result, Equation (3.101) in Figure 3.43. Amazingly enough, in spite of the relatively
crude paneling shown in Figure 3.41, the numerical pressure coefficient results are excellent.

3.18 APPLIED AERODYNAMICS: THE FLOW OVER A
CIRCULAR CYLINDER—THE REAL CASE

The inviscid, incompressible flow over a circular cylinder was treated in Section 3.13.
The resulting theoretical streamlines are sketched in Figure 3.26, characterized by a
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symmetrical pattern where the flow “closes in” behind the cylinder. As a result,
the pressure distribution over the front of the cylinder is the same as that over the
rear (see Figure 3.29). This leads to the theoretical result that the pressure drag is
zero—d’ Alembert’s paradox.

The real flow over a circular cylinder is quite different from that studied in Section
3.13, the difference due to the influence of friction. Moreover, the drag coetficient for
the real flow over a cylinder is certainly not zero. For a viscoiuts incompressible flow,
the results of dimensional analysis (Section 1.7) clearly demonstrate that the drag
coefficient is a function of the Reynolds number. The variation of C;, = f(Re) for a
circular cylinder is shown in Figure 3.44, which is based on a wealth of experimental
data. Here, Re = (05 Vood)/ th0o. Where d is the diameter of the cylinder. Note that
Cp is very large for the extremely small values of Re < 1, but decreases monotonically
until Re ~ 300, 000. At this Reynolds number, there 1s a precipitous drop of Cp
from a value near 1 to about 0.3, then a slight recovery to about 0.6 for Re = 107,
(Note: These results are consistent with the comparison shown in Figure 1.39d and e,
contrasting Cp for a circular cylinder at low and high Re.) What cause this precipitous
drop in Cp when the Reynolds number reaches about 300,000? A detailed answer
must await our discussion of viscous flow in Part 4. However, we state now that the
phenomenon is caused by a sudden transition of laminar flow within the boundary
layer at the lower values of Re to a turbulent boundary layer at the higher values of
Re. Why does a turbulent boundary layer result in a smaller C; for this case? Stay
tuned; the answer is given in Part 4.

102
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Figure 3.44  Varigtion of cylinderdrag coefficient with Reynolds number.
{Source: Experimental data as compiled in Panton, Ronald,
Incompressible Flow, Wiley-Interscience, New York, 1984.)
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The variation of Cj, shown in Figure 3.44 across a range of Re from 107! to 10’
is accompanied by tremendous variations in the qualitative aspects of the flow field,
as itemized, and as sketched in Figure 3.45.

(e

Figure 3.45 Various types of flow over a circular cylinder.
{Source: Panton, Ronald, Incompressible
Flow, Wiley-Interscience, New York, 1984.)
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1. For very low values of Re, say, 0 < Re < 4, the streamlines are almost (but not
exactly) symmetrical, and the flow is attached, as sketched in Figure 3.454. This
regime of viscous flow is called Srokes flow; it is characterized by a near balance
of pressure forces with friction forces acting on any given fluid element; the flow
velocity is so low that inertia effects are very small. A photograph of this type
of flow is shown in Figure 3.46, which shows the flow ot water around a circular
cylinder where Re = 1.54. The streamlines are made visible by aluminum
powder on the surface, along with a time exposure of the film.

2. For 4 < Re < 40, the flow becomes separated on the back of the cylinder,
forming two distinct, stable vortices that remain in the position shown in Figure
3.45b. A photograph of this type of flow is given in Figure 3.47, where Re = 26.

3. AsReisincreased above 40, the flow behind the cylinder becomes unstable; the
vortices which were in a fixed position in Figure 3.45b now are alternately shed
from the body in a regular fashion and flow downstream. This flow is sketched in
Figure 3.45¢. A photograph of this type of flow is shown in Figure 3.48, where
Re = 140. This is a water flow where the streaklines are made visible by the
electrolytic precipitation method. (In this method, metal plating on the cylinder

Figure 3.46 Flow over a circular cylinder. Re = 1.54. (Source: Photograph by
Sadatoshi Taneda, from Van Dyke, Milton, An Album of Fluid Motion, The
Parobolic Press, Stanford, Calif., 1982)
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Figure 3.47

Flow over a circular cylinder. Re = 26. (Source: Photograph by Sadatoshi
Taneda, from Van Dyke, Milton, An Album of Fluid Motion, The Parabolic
Press, Stanford, Calif., 1982.)

surface acts as an anode, white particles are precipitated by electrolysis near the
anode, and these particles subsequently flow downstream, forming a streakline.
The definition of a streakline is given in Section 2.11) The alternately shed vortex
pattern shown in Figures 3.45¢ and 3.48 is called a Karman vortex street, named
after Theodore von Karman, who began to study and analyze this patternin 1911
while at Géttingen University in Germany. (von Karman subsequently had a long
and very distinguished career in aerodynamics, moving to the California Institute
of Technology in 1930, and becoming America’s best-known aerodynamicist in
the mid-twentieth century. An autobiography of von Karman was published in
1967; see Reference 49. This reference is “must” reading for anyone interested
in a riveting perspective on the history of aerodynamics in the twentieth century.)

As the Reynolds number is increased to large numbers, the Karman vortex street
becomes turbulent and begins to metamorphose into a distinct wake. The laminar
boundary layer on the cylinder separates from the surface on the forward face,
at a point about 80° from the stagnation point. This is sketched in Figure 3.454.
The value of the Reynolds number for this flow is on the order of 10°. Note, from
Figure 3.44, that Cp is a relatively constant value near unity for 10° < Re <
3 x 103,

For 3 x 10° < Re < 3'x 108, the separation of the laminar boundary layer still
takes place on'the forward face of the cylinder. However, in the free shear layer
over the top of the separated region, transition to turbulent flow takes place. The
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Figure 3.48 Flow over a circular cylinder. Re = 140. A Karman vortex streer ...
behind the cylinder ot this Reynolds number. {Source: Photograpn -
Sadatoshi Taneda, from Van Dyke, Milton, An Album of Fluid Motion, 1ne
Parabolic Press, Stanford, Calif., 1982.)

flow then reattaches on the back face of the cylinder, but separates again at about
120° around the body measured from the stagnation point. This flow is sketched
in Figure 3.45¢. This transition to turbulent flow. and the corresponding thinner
wake (comparing Figure 3.45¢ with Figure 3.45d), reduces the pressure drag on
the cylinder and is responsible for the precipitous drop in C, at Re = 3 x 10°
shown in Figure 3.44. (More details on this phenomenon are covered in Part 4.)

6. ForRe < 3 x 10°% the boundary layer transits directly to turbulent flow at some
point on the forward face, and the boundary layer remains totally attached over
the surface until it separates at an angular location slightly less than 120° on
the back surface. For this regime of flow, €y actually increases slightly with
increasing Re because the separation points on the back surface begin to move
closer to the top and bottom of the cylinder, producing a fatter wake. and hence
larger pressure drag.

In summary, from the photographs and sketches in this section, we see that the real
flow over a circular cylinder is dominated by friction effects, namely, the separation
of the flow over the rearward face of the cylinder. In turn, a finite pressure drag is
created on the cylinder, and d' Alembert’s paradox is resolved.

Let us examine the production of drag more closely. The theoretical pressure
distribution over the surface of a cylinder in an inviscid, incompressible flow was given
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Figure 3.49 Pressure distribution over a circular cylinder in low-speed flow. Comparison

of the theoretical pressure distribution with two experimental pressure
distributions—one for a subcritical Re and the other for a supercritical Re.

in Figure 3.29. In contrast, several real pressure distributions based on experimental
measurements for different Reynolds numbers are shown in Figure 3.49, and are
compared with the theoretical inviscid flow results obtained in Section 3.13. Note
that theory and experiment agree well on the forward face of the cylinder, but that
dramatic differences occur over the rearward face. The theoretical results show the
pressure decreasing around the forward face from the initial total pressure at the
stagnation point, reaching a minimum pressure at the top and bottom of the cylinder
(6 = 90° and 270°), and then increasing again over the rearward face, recovering to
the total pressure at the rear stagnation point. In contrast, in the real case where flow
separation occurs, the pressures are relatively constant in the separated region over
the rearward face and have values slightly less than freestream pressure. (In regions
of separated flow, the pressure frequently exhibits a nearly constant value.) In the
separated region over the rearward face, the pressure clearly does not recover to the
higher values that exist on the front face. There is a net imbalance of the pressure
distribution between the front and back faces, with the pressures on the front being
higher than on the back, and this imbalance produces the drag on the cylinder.
Return to Figure 3.44, and examine again the variation of Cp as a function of Re.
The regimes associated with the very low Reynolds numbers, such as Stokes flow for
Re & 1, are usually of no interest to aeronautical applications. For example, consider
a circular cylinder in an airflow of 30 m/s (about 100 ft/s, or 68 mi/h) at standard
sea level conditions, where ps = 1.23 kg/m® and oo = 1.79 x 1073 kg/(m - s).
The smaller the diameter of the cylinder, the smaller will be the Reynolds number.
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Question: What is the required cylinder diameter in order to have Re = 1? The
answer is obtained from

4 Vad _
M~

Mo 1.79 x 107
Hence, d = =

To have Re = | for the above conditions, the diameter of the cylinder would have to
be extremely small; note that the value of d = 4 x 10~ "m is only slightly larger than
the mean free path at standard sea level, which is 6.6 x 107* m. (See Section 1.10
for the definition of the mean free path.) Clearly, Reynolds numbers on the order of
unity are of little practical acrodynamic importance.

If this 1s so, then what values of Re for the flow over cylinders are of practical
importance? For one such example, consider the wing wires between the upper and
lower wings on a World War 1 biplane, such as the SPAD XI1II shown in Figure 3.50.
The diameter of these wires is about % in, or 0.0024 m. The top speed of the SPAD

was 130 mi/h, or 57.8 m/s. For this velocity at standard sea level, we have

 paVad  (123)(57.8)(0.0024)
T fee 179 x 10-5

With this value of Re, we are beginning to enter the world of practical aerodynamics

Re |

=4 %107 m

Re = 9532

Figure 3.50 The French SPAD XllI, an example of a strutond-wire biplane from World
War |. Captain Eddie Rickenbacker is shown at the front of the airplane.
[Courtesy of U.S. Air Force.]
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for the flow over cylinders. It is interesting to note that, from Figure 3.44, Cp = 1
for the wires on the SPAD. In terms of airplane aerodynamics, this is a high drag
coefficient for any component of an aircraft. Indeed, the bracing wires used on
biplanes of the World War I era were a source of high drag for the aircraft, so much
so that early in the war, bracing wire with a symmetric airfoil-like cross section was
utilized to help reduce this drag. Such wire was developed by the British at the Royal
Aircraft Factory at Farnborough, and was first tested experimentally as early as 1014
on an SE-4 biplane. Interestingly enough, the SPAD used ordinary round wire, and
in spite of this was the fastest of all World War I aircraft.

This author was struck by another example of the effect of cylinder drag while
traveling in Charleston, South Carolina, shortly after hurricane Hugo devastated the
area on September 28, 1989. Traveling north out of Charleston on U.S. Route 17,
near the small fishing town of McClellanville, one passes through the Francis Marion
National Forest. This forest was virtually destroyed by the hurricane; 60-ft pine trees
were snapped off near their base, and approximately 8 out of every 10 trees were
down. The sight bore an eerie resemblance to scenes from the battlefields in France
during World War 1. What type of force can destroy an entire forest in this fashion?
To answer this question, we note that the Weather Bureau measured wind gusts as
high as 175 mi/h during the hurricane. Let us approximate the wind force on a typical
60-ft pine tree by the aerodynamic drag on a cylinder of a length of 60 ft and a
diameter of 5 ft. Since V = 175 mi/h = 256.7 ft/s, peo = 0.002377 slug/ft}, and
Moo = 3.7373 x 1077 slug/(ft - s), then the Reynolds number is

_ PxVeod  (0.002377)(256.7)(5)

= = 8.16 x 10°
. 3.7373 x 10~ x

Re

Examining Figure 3.44, we see that Cp = 0.7. Since Cp is based on the drag per
unit length of the cylinder as well as the projected frontal area, we have for the total
drag exerted on an entire tree that is 60 ft tall

D = gSCp = 3 poo Vb (d)(60)Cp
= 1(0.002377)(256.7)*(5)(60)(0.7) = 16,446 1b

a 16,000 Ib force on the tree—it is no wonder a whole forest was destroyed. (In the
above analysis, we neglected the end effects of the flow over the end of the vertical
cylinder. Moreover, we did not correct the standard sea level density for the local
reduction in barometric pressure experienced inside a hurricane. However, these
are relatively small effects in comparison to the overall force on the cylinder.) The
aerodynamics of a tree, and especially that of a forest, are more sophisticated than
discussed here. Indeed, the aerodynamics of trees have been studied experimentally
with trees actually mounted in a wind tunnel.®

6 For more details, see the interesting discussion on forest aerodynamics in the book by John E. Allen entitled
Aerodynamics, The Science of Air in Motion, McGraw-Hill, New York, 1982.
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3.19 HisTORICAL NOTE: BERNOULLI AND
EULER—THE ORIGINS OF THEORETICAL
FLUID DYNAMICS

Bernoulli’s equation, expressed by Equations (3.14) and (3.15), 1s historically the most
famous equation in fluid dynamics. Moreover, we derived Bernoulli’s equation from
the general momentum equation in partial differential equation form. The momentum
equation is just one of the three fundamental equations of fluid dynamics—the others
being continuity and energy. These equations are derived and discussed in Chapter
2 and applied to an incompressible flow in Chapter 3. Where did these equations
first originate? How old are they, and who is responsible for them? Considering the
fact that all of fluid dynamics in general, and aerodynamics in particular, is built on
these fundamental equations, it is important to pause for a moment and examine their
historical roots.

As discussed in Section 1.1, Isaac Newton, in his Principia of 1687, was the
first to establish on a rational basis the relationships between force, momentum, and
acceleration. Although he tried, he was unable to apply these concepts properly to
a moving fluid. The real foundations of theoretical fluid dynamics were not laid
until the next century—developed by a triumvirate consisting of Daniel Bernoulli,
Leonhard Euler, and Jean Le Rond d’ Alembert.

First, consider Bernoulli. Actually, we must consider the whole family of
Bernoulli’s because Daniel Bernoulli was a member of a prestigious family that dom-
inated European mathematics and physics during the early part of the eighteenth
century. Figure 3.51 is a portion of the Bernoulli family tree. It starts with Nikolaus
Bernoulli, who was a successful merchant and druggist in Basel, Switzerland, during
the seventeenth century. With one eye on this family tree, let us simply list some of
the subsequent members of this highly accomplished family:

Nikolaus Bernoulli

(1) Jakob Nikolaus (2) Johann
(1654-1705) (1667-1748)
(3} Nikolaus (4) Nikolaus (5) Daniel (6) Johann
(1687-1759) (1695-1726) (1700-1782) (l710|—l790)
(7) Iohann (8) Jakob
(1744-1807) (1759-1789)

Figure 3.51 Bernoulli’s family tree.
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1. Jakob—Daniel’s uncle. Mathematician and physicist, he was professor of math-
ematics at the University of Basel. He made major contributions to the develop-
ment of calculus and coined the term “integral.”

2. Johann—Daniel’s father. He was a professor of mathematics at Groningen,
Netherlands, and later at the University of Basel. He taught the famous French
mathematician ['Hospital the elements of calculus, and after the death of
Newton in 1727 he was considered Europe’s leading mathematician at that time.

3. Nikolaus—Daniel’s cousin, He studied mathematics under his uncles and held
a master’s degree in mathematics and a doctor of jurisprudence.

4. Nikolaus—Daniel’s brother. He was Johann’s favorite son. He held a master of
arts degree, and assisted with much of Johann’s correspondence to Newton and
Liebniz concerning the development of calculus.

5. Daniel himself—to be discussed below.

Johann—Daniel’s other brother. He succeeded his father in the Chair of Math-
ematics at Basel and won the prize of the Paris Academy four times for his
work.

7. Johann—Daniel’s nephew. A gifted child, he earned the master of jurisprudence
at the age of 14. When he was 20, he was invited by Frederick II to reorganize
the astronomical observatory at the Berlin Academy.

8. Jakob—Daniel’s other nephew. He graduated in jurisprudence but worked in
mathematics and physics. He was appointed to the Academy in St. Petersburg,
Russia, but he had a promising career prematurely ended when he drowned in
the river Neva at the age of 30.

With such a family pedigree, Daniel Bernoulli was destined for success.

Daniel Bernoulli was born in Groningen, Netherlands, on February 8, 1700. His
father, Johann, was a professor at Groningen but returned to Basel, Switzerland, in
1705 to occupy the Chair of Mathematics which had been vacated by the death of
Jacob Bernoulli. At the University of Basel, Daniel obtained a master’s degree in
1716 in philosophy and logic. He went on to study medicine in Basel, Heidelburg,
and Strasbourg, obtaining his Ph.D. in anatomy and botany in 1721. During these
studies, he maintained an active interest in mathematics. He followed this interest
by moving briefly to Venice, where he published an important work entitled Exerci-
tationes Mathematicae in 1724. This earned him much attention and resulted in his
winning the prize awarded by the Paris Academy—the first of 10 he was eventually
to receive. In 1725, Daniel moved to St. Petersburg, Russia, to join the academy.
The St. Petersburg Academy had gained a substantial reputation for scholarship and
intellectual accomplishment at that time. During the next 8 years, Bernoulli experi-
enced his most creative period. While at St. Petersburg, he wrote his famous book
Hydrodynamica, completed in 1734, but not published until 1738. In 1733, Daniel
returned to Basel to occupy the Chair of Anatomy and Botany, and in 1750 moved
to the Chair of Physics created exclusively for him. He continued to write, give very
popular and well-attended lectures in physics, and make contributions to mathematics
and physics until his death in Basel on March 17, 1782.



FUNDAMENTALS OF INVISCID, INCOMPRESSIBLE FLOW

Daniel Bernoulli was famous in his own time. He was a member of virtually all
the existing learned societies and academies, such as Bologna, St. Petersburg, Berlin,
Paris, London, Bern, Turin, Zurich, and Mannheim. His importance to fluid dynamics
is centered on his book Hydrodynamica (1738). (With this book, Daniel introduced
the term “hydrodynamics” to the literature.) In this book, he ranged over such topics
as jet propulsion, manometers, and flow in pipes. Of most importance, he attempted
to obtain a relationship between pressure and velocity. Unfortunately, his derivation
was somewhat obscure, and Bernoulli’s equation, ascribed by history to Daniel via his
Hydrodynamica, is not to be found in this book, at least not in the form we see it today
[such as Equations (3.14) and (3.15)]. The propriety of Equations (3.14) and (3.15) is
further complicated by his father, Johann, who also published a book in 1743 entitled
Hydraulica. 1t is clear from this latter book that the father understood Bernoulli’s
theorem better than his son; Daniel thought of pressure strictly in terms of the height
of a manometer column, whereas Johann had the more fundamental understanding
that pressure was a force acting on the fluid. (It is interesting to note the Johann
Bernoulli was a person of some sensttivity and irritability, with an overpowering
drive for recognition. He tried to undercut the impact of Daniel’s Hydrodynamica by
predating the publication date of Hydraulica to 1728, to make it appear to have been
the first of the two. There was little love lost between son and father.)

During Daniel Bernoulli’s most productive years, partial differential equations
had not yet been introduced into mathematics and physics; hence, he could not ap-
proach the derivation of Bernoulli’s equation in the same fashion as we have in Section
3.2. The introduction of partial differential equations to mathematical physics was
due to d’ Alembert in 1747. d’ Alembert’s role in fluid mechanics is detailed in Section
3.20. Suffice it to say here that his contributions were equally if not more important
than Bernoulli’s, and d’ Alembert represents the second member of the triumvirate
which molded the foundations of theoretical fluid dynamics in the eighteenth century.

The third and probably pivotal member of this triumvirate was Leonhard Euler.
He was a giant among the eighteenth-century mathematicians and scientists. As a
result of his contributions, his name is associated with numerous equations and tech-
niques, for example, the Euler numerical solution of ordinary differential equations,
eulerian angles in geometry, and the momentum equations for inviscid fluid flow [see
Equation (3.12)].

Leonhard Euler was born on April 15, 1707, in Basel, Switzerland. His father
was a Protestant minister who enjoyed mathematics as a pastime. Therefore, Euler
grew up in a family atmosphere that encouraged intellectual activity. At the age of
13, Euler entered the University of Basel which at that time had about 100 students
and 19 professors. One of those professors was Johann Bernoulli, who tutored Euler
in mathematics. Three years later, Euler received his master’s degree in philosophy.

It is interesting that three of the people most responsible for the early develop-
ment of theoretical fluid dynamics—Johann and Daniel Bernoulli and Euler—Ilived
in the same town of Basel, were associated with the same university, and were con-
temporaries. Indeed, Euler and the Bernoulli’s were close and respected friends—so
much that, when Daniel Bernoulli moved to teach and study at the St. Petersburg
Academy in 1725, he was able to convince the academy to hire Euler as well. At this

267



268

FUNDAMENTALS OF AERODYNAMICS

invitation, Euler left Basel for Russia; he never returned to Switzerland, although he
remained a Swiss citizen throughout his life.

Euler’s interaction with Daniel Bernoulli in the development of fluid mechanics
grew strong during these years at St. Petersburg. It was here that Euler conceived
of pressure as a point property that can vary from point to point throughout a fluid
and obtained a differential equation relating pressure and velocity, that is, Euler’s
equation given by Equation (3.12). In turn, Euler integrated the differential equation
to obtain, for the first time in history, Bernoulli’s equation in the form of Equations
(3.14) and (3.15). Hence, we see that Bernoulli’s equation is really a misnomer; credit
for it is legitimately shared by Euler.

When Daniel Bernoulli returned to Basel in 1733, Euler succeeded him at St.
Petersburg as a professor of physics. Euler was a dynamic and prolific man; by 1741 he
had prepared 90 papers for publication and written the two-volume book Mechanica.
The atmosphere surrounding St. Petersburg was conducive to such achievement. Euler
wrote in 1749: “I and all others who had the good fortune to be for some time with the
Russian Imperial Academy cannot but acknowledge that we owe everything which
we are and possess to the favorable conditions which we had there.”

However, in 1740, political unrest in St. Petersburg caused Euler to leave for the
Berlin Society of Sciences, at that time just formed by Frederick the Great. Euler
lived in Berlin for the next 25 years, where he transformed the society into a major
academy. In Berlin, Euler continued his dynamic mode of working, preparing at least
380 papers for publication. Here, as a competitor with d’ Alembert (see Section 3.20),
Euler formulated the basis for mathematical physics.

In 1766, after a major disagreement with Frederick the Great over some financial
aspects of the academy, Euler moved back to St. Petersburg. This second period of his
life in Russia became one of physical suffering. In that same year, he became blind
in one eye after a short illness. An operation in 1771 resulted in restoration of his
sight, but only for a few days. He did not take proper precautions after the operation,
and within a few days, he was completely blind. However, with the help of others,
he continued his work. His mind was sharp as ever, and his spirit did not diminish,
His literary output even increased——about half of his total papers were written after
1765!

On September 18, 1783, Euler conducted business as usual—giving a mathe-
matics lesson, making calculations of the motion of balloons, and discussing with
friends the planet of Uranus, which had recently been discovered. At about 5 p.M.,
he suffered a brain hemorrhage. His only words before losing consciousness were “I
am dying.” By 11 p.M., one of the greatest minds in history had ceased to exist.

With the lives of Bernoulli, Euler, and d’Alembert (see Section 3.20) as back-
ground, let us now trace the geneology of the basic equations of fluid dynamics. For
example, consider the continuity equation in the form of Equation (2.52). Although
Newton had postulated the obvious fact that the mass of a specified object was con-
stant, this principle was not appropriately applied to fluid mechanics until 1749. In
this year, d’Alembert gave a paper in Paris, entitled “Essai d’une nouvelle theorie
de la resistance des fluides,” in which he formulated differential equations for the
conservation of mass in special applications to plane and axisymmetric flows. Euler
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took d’Alembert’s results and, 8 years later, generalized them in a series of three
basic papers on fluid mechanics. In these papers, Euler published, for the first time
in history, the continuity equation in the form of Equation (2.52) and the momentum
equations in the form of Equations (2.113« and ¢), without the viscous terms. Hence,
two of the three basic conservation equations used today in modern fluid dynamics
were well established long before the American Revolutionary War—such equations
were contemporary with the time of George Washington and Thomas Jefferson!

The origin of the energy equation in the form of Equation (2.96) without viscous
terms has its roots in the development of thermodynamics in the nineteenth century.
Its precise first use is obscure and is buried somewhere in the rapid development of
physical science in the nineteenth century.

The purpose of this section has been to give you some feeling for the historical
development of the fundamental equations of fluid dynamics. Maybe we can appre-
ciate these equations more when we recognize that they have been with us for quite
some time and that they are the product of much thought from some of the greatest
minds of the eighteenth century.
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3.20 HisTORICAL NOTE: D’ALEMBERT AND HiIs
PARADOX

You can well imagine the frustration that Jean le Rond d” Alembert felt in 1744 when,
in a paper entitled “Traite de I’equilibre et des mouvements de fluids pour servir
de siute au traite de dynamique,” he obtained the result of zero drag for the inviscid,
incompressible flow over a closed two-dimensional body. Using different approaches,
d’ Alembert encountered this result again in 1752 in his paper entitled “Essai sur la
resistance” and again in 1768 in his “Opuscules mathematiques.” In this last paper
can be found the quote given at the beginning of Chapter 15; in essence, he had given
up trying to explain the cause of this paradox. Even though the prediction of fluid-
dynamic drag was a very important problem in d’Alembert’s time, and in spite of the
number of great minds that addressed it, the fact that viscosity is responsible for drag
was not appreciated. Instead, d’Alembert’s analyses used momentum principles in
a frictionless flow, and quite naturally he found that the flow field closed smoothly
around the downstream portion of the bodies, resulting in zero drag. Who was this
man, d’Alembert? Considering the role his paradox played in the development of
fluid dynamics, it is worth our time to take a closer look at the man himself.
d’Alembert was born illegitimately in Paris on November 17, 1717. His mother
was Madame De Tenun, a famous salon hostess of that time, and his father was Cheva-
lier Destouches-Canon, a cavalry officer. d’Alembert was immediately abandoned
by his mother (she was an ex-nun who was afraid of being forcibly returned to the
convent). However, his father quickly arranged for a home for d’ Alembert—with
a family of modest means named Rousseau. d’Alembert lived with this family for
the next 47 years. Under the support of his father, d’Alembert was educated at the
College de Quatre-Nations, where he studied law and medicine, and later turned to
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mathematics. For the remainder of his life, d’Alembert would consider himself a
mathematician. By a program of self-study, d’ Alembert learned the works of Newton
and the Bernoullis. His early mathematics caught the attention of the Paris Academy
of Sciences, of which he became a member in 1741. d’Alembert published frequently
and sometimes rather hastily, in order to be in print before his competition. However,
he made substantial contributions to the science of his time. For example, he was
(1) the first to formulate the wave equation of classical physics, (2) the first to express
the concept of a partial differential equation, (3) the first to solve a partial differential
equation—he used separation of variables—and (4) the first to express the differential
equations of fluid dynamics in terms of a field. His contemporary, Leonhard Euler (see
Sections 1.1 and 3.18) later expanded greatly on these equations and was responsible
for developing them into a truly rational approach for fluid-dynamic analysis.

During the course of his life, d’ Alembert became interested in many scientific and
mathematical subjects, including vibrations, wave motion, and celestial mechanics.
In the 1750s, he had the honored position of science editor for the Encyclopedia—
a major French intellectual endeavor of the eighteenth century which attempted to
compile all existing knowledge into a large series of books. As he grew older, he also
wrote papers on nonscientific subjects, mainly musical structure, law, and religion.

In 1765, d’ Alembert became very ill. He was helped to recover by the nursing of
Mlle. Julie de Lespinasse, the woman who was d’ Alembert’s only love throughout
his life. Although he never married, d’Alembert lived with Julie de Lespinasse until
she died in 1776. d’ Alembert had always been a charming gentleman, renowned for
his intelligence, gaiety, and considerable conversational ability. However, after Mlle.
de Lespinasse’s death, he became frustrated and morose—living a life of despair. He
died in this condition on October 29, 1783, in Paris.

d’Alembert was one of the great mathematicians and physicists of the eighteenth
century. He maintained active communications and dialogue with both Bernoulli and
Euler and ranks with them as one of the founders of modern fluid dynamics. This,
then, is the man behind the paradox, which has existed as an integral part of fluid
dynamics for the past two centuries.

3.21 SUMMARY

Return to the road map given in Figure 3.4. Examine each block of the road map
to remind yourself of the route we have taken in this discussion of the fundamentals
of inviscid, incompressible flow. Before proceeding further, make certain that you
feel comfortable with the detailed material represented by each block, and how each
block is related to the overall flow of ideas and concepts.

For your convenience, some of the highlights of this chapter are summarized
next:
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Bernoulli’s equation
p + 3pV? = const
(a) Applies to inviscid, incompressible flows only.
{b) Holds along a streamline for a rotational flow.
{c) Holds at every point throughout an irrotational flow.

{d) In the form given above, body forces (such as gravity) are neglected, and steady flow is assumed.

Quasi-one-dimensional continuity equation

pAV =const  (for compressible flow)

AV =const  (for incompressible flow)

From a measurement of the Pitot pressure po and static pressure p,, the velocity of an incompressible flow is

given by
2 —
y, = |2 Py [3.34]
0

Pressure coefficient

Definition: C, = [3.361]

where dynamic pressure is go. = 1 poo V2 -
For incompressible steady flow with no friction:

2
C,=1- (—) [3.381]
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Governing equations

V.V=0 (condition of incompressibility) [3.39]
V¢ =0  (Laplace’s equation; holds for irrotational, [3.40]
incompressible flow)
or Vi =0 [3.46]
Boundary conditions
dJ
U = —¢ = % = Voo
dx ay

d¢ vy at infinity
V== ——-— = 0
ay dx

V.-n=0 atbody (flow tangency condition)

Elementary flows
(@) Uniform flow: ¢ = Voox = Vorcost [3.53]
Y = Vooy = Viorsinf [3.55]
(b) Source flow: ¢ = ZA Inr [3.67]
T
A
Y= 2—0 [3.72]
i
A
¥
(¢) Doublet flow: ¢ = ZL cos® [3.88]
Tor
kK sin®
N — [3.87]
27 r
(d) Vortex flow: ¢ = _ZLG [3.112]
4
r
1,{r=2—lnr [3.114]
n
r
V”:_Zr—r V, =0 [3.105]
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Inviscid flow over a cylinder

{a) Nonlifting (uniform flow and doublet)

where R = radius of cylinder = « /27 V..

Surface velocity:

Surface pressure coefficient:

{b) Lifting (uniform flow + doublet + vortex)

Surface velocity:

R2
Y = (Voor sin 8) (1 - 72—) [3.92]
Ve = =2V sind [3.100]
C,=1—4sin’0 [3.101]

L=D=0
R? I r
= (Vorsin®) |1 — — —In— 3.118
¥ (‘rsm)( r2)+2ﬂnR [ |
v, 2V, sing r [3.125]
= -2V, sl - — .

? n 27 R

L' = p V. I'  (lift per unit span) [3.140]

D=0

Kutta-Joukowski theorem

For a closed two-dimensional body of arbitrary shape, the lift per unit spanis L' = po. Vs I

Source panel method

This is a numerical method for calculating the nonlifting flow over bodies of arbitrary shape. Governing equations:

n )“ 8 ‘
+§:Z{[—_/j_ﬁfin,x(lnri'l)dsj-l.Vmcosﬁi:0 G=1.2,....n) [3.152]

£
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PROBLEMS

Note: All the following problems assume an inviscid, incompressible flow. Also,
standard sea level density and pressure are 1.23 kg/m* (0.002377 slug/ft}) and 1.01 x
10° N/m? (2116 Ib/ft?), respectively.

1.

10.

11.

12.

For an irrotational flow, show that Bernoulli’s equation holds between any points
in the flow, not just along a streamline.

Consider a venturi with a throat-to-inlet area ratio of 0.8, mounted on the side of
an airplane fuselage. The airplane is in flight at standard sea level. If the static
pressure at the throat is 2100 1b/ft>, calculate the velocity of the airplane.

. Consider a venturi with a small hole drilled in the side of the throat. This hole is

connected via a tube to a closed reservoir. The purpose of the venturi is to create a
vacuum in the reservoir when the venturi is placed in an airstream. (The vacuum
is defined as the pressure difference below the outside ambient pressure.) The
venturi has a throat-to-inlet area ratio of 0.85. Calculate the maximum vacuum
obtainable in the reservoir when the venturi is placed in an airstream of 90 m/s
at standard sea level conditions.

Consider a low-speed open-circuit subsonic wind tunnel with an inlet-to-throat
area ratio of 12. The tunnel is turned on, and the pressure difference between
the inlet (the settling chamber) and the test section is read as a height difference
of 10 cm on a U-tube mercury manometer. (The density of liquid mercury is
1.36 x 10* kg/m>.) Calculate the velocity of the air in the test section.

. Assume that a Pitot tube is inserted into the test-section flow of the wind tunnel

in Problem 3.4. The tunnel test section is completely sealed from the outside
ambient pressure. Calculate the pressure measured by the Pitot tube, assuming
the static pressure at the tunnel inlet is atmospheric.

. A Pitot tube on an airplane flying at standard sea level reads 1.07 x 10° N/m”.

What is the velocity of the airplane?

. At a given point on the surface of the wing of the airplane in Problem 3.6, the

flow velocity is 130 m/s. Calculate the pressure coefficient at this point.

. Consider a uniform flow with velocity V... Show that this flow is a physically

possible incompressible flow and that it is irrotational.

Show that a source flow is a physically possible incompressible flow everywhere
except at the origin. Also show that it is irrotational everywhere.

Prove that the velocity potential and the stream function for a uniform flow,
Equations (3.53) and (3.55), respectively, satisfy Laplace’s equation.

Prove that the velocity potential and the stream function for a source flow, Equa-
tions (3.67) and (3.72), respectively, satisfy Laplace’s equation. /

Consider the flow over a semi-infinite body as discussed in Section 3.11. If V4
is the velocity of the uniform stream, and the stagnation point is 1 ft upstream of
the source:



13.

14.

15.

16.

17.

18.

19.

20.
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(a) Draw the resulting semi-infinite body to scale on graph paper.
(D) Plot the pressure coefficient distribution over the body; that is, plot C,, versus
distance along the centerline of the body.

Derive Equation (3.81). Hint: Make use of the symmetry of the flow field shown
in Figure 3.18; that is, start with the knowledge that the stagnation points must
lie on the axis aligned with the direction of V..

Derive the velocity potential for a doublet; that is, derive Equation (3.88). Hint:
The easiest method is to start with Equation (3.87) for the stream function and
extract the velocity potential.

Consider the nonlifting flow over a circular cylinder. Derive an expression for
the pressure coefficient at an arbitrary point (r, 8) in this flow, and show that it
reduces to Equation (3.101) on the surface of the cylinder.

Consider the nonlifting flow over a circular cylinder of a given radius, where
Voo = 20 ft/s. If V, is doubled, that is, V,, = 40 ft/s, does the shape of the
streamlines change? Explain.

Consider the lifting flow over a circular cylinder of a given radius and with a
given circulation. If V.. 1s doubled, keeping the circulation the same, does the
shape of the streamlines change? Explain.

The lift on a spinning circular cylinder in a freestream with a velocity of 30 m/s
and at standard sea level conditions is 6 N/m of span. Calculate the circulation
around the cylinder.

A typical World War [ biplane fighter (such as the French SPAD shown in Fig-
ure 3.50) has a number of vertical interwing struts and diagonal bracing wires.
Assume for a given airplane that the total length for the vertical struts (summed
together) is 25 ft, and that the struts are cylindrical with a diameter of 2 in. As-
sume also that the total length of the bracing wires is 80 ft, with a cylindrical
diameter of % in. Calculate the drag (in pounds) contributed by these struts
and bracing wires when the airplane is flying at 120 mi/h at standard sea level.
Compare this component of drag with the total zero-lift drag for the airplane, for

which the total wing area is 230 ft? and the zero-lift drag coefficient is 0.036.

The Kutta-Joukowski theorem, Equation (3.140), was derived exactly for the case
of the lifting cylinder. In Section 3.16 it is stated without proof that Equation
(3.140) also applies in general to a two-dimensional body of arbitrary shape.
Although this general result can be proven mathematically, it also can be accepted
by making a physical argument as well. Make this physical argument by drawing
a closed curve around the body where the closed curve is very far away from the
body, so far away that in perspective the body becomes a very small speck in the
middle of the domain enclosed by the closed curve.
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INCOMPRESSIBLE FLOW OVER AIRFOILS

O the many problems now engaging attention, the following are considered of immediate importance and
will be considered by the committee as rapidly as funds can be secured for the purpose . . . . The evolution of
more efficient wing sections of practical form, embodying suitable dimensions for an economical structure,
with moderate travel of the center-of-pressure and still affording a large range of angle-of-attack combined
with efficient action.

From the first Annual Report of the
NACA, 1915

4.1 INTRODUCTION

With the advent of successful powered flight at the turn of the twentieth century, the
importance of aerodynamics ballooned almost overnight. In tumn, interest grew in
the understanding of the aerodynamic action of such lifting surfaces as fixed wings
on airplanes and, later, rotors on helicopters. In the period 1912-1918, the analy-
sis of airplane wings took a giant step forward when Ludwig Prandtl and his col-
leagues at Gottingen, Germany, showed that the aerodynamic consideration of wings
could be split into two parts: (1) the study of the section of a wing—an airfoil—and
(2) the modification of such airfoil properties to account for the complete, finite wing.
This approach is still used today; indeed, the theoretical calculation and experimental
measurement of modern airfoil properties have been a major part of the acronautics
research carried out by the National Aeronautics and Space Administration (NASA)
in the 1970s and 1980s. (See Chapter 5 of Reference 2 for a historical sketch on
airfoil development and Reference 10 for a description of modern airfoil research.)
Following Prandtl’s philosophy, the present chapter deals exclusively with airfoils,
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Veo

Airfoil section

Figure 4.1 Definition of an airfoil.

whereas Chapter 5 treats the case of a complete, finite wing. Therefore, in this chapter
and Chapter 5, we make a major excursion into aerodynamics as applied to airplanes.

What is an airfoil? Consider a wing as drawn in perspective in Figure 4.1. The
wing extends in the y direction (the span direction). The freestream velocity V, is
parallel to the xz plane. Any section of the wing cut by a plane parallel to the xz plane
is called an airfoil. The purpose of this chapter is to present theoretical methods for
the calculation of airfoil properties. Since we are dealing with inviscid flow, we are
not able to predict airfoil drag; indeed, d’ Alembert’s paradox says that the drag on an
airfoil is zero—clearly not a realistic answer. We will have to wait until Chapter 15
and a discussion of viscous flow before predictions of drag can be made. However,
the lift and moments on the airfoil are due mainly to the pressure distribution, which
(below the stall) is dictated by inviscid flow. Therefore, this chapter concentrates on
the theoretical prediction of airfoil lift and moments.

The road map for this chapter is given in Figure 4.2. After some initial discussion
on airfoil nomenclature and characteristics, we present two approaches to low-speed
airfoil theory. One is the classical thin airfoil theory developed during the period
1910-1920 (the right-hand branch of Figure 4.2). The other is the modern numerical
approach for arbitrary airfoils using vortex panels (the left-hand branch of Figure 4.2).
Please refer to this road map as you work your way through this chapter.

4.2 AIRFOIL NOMENCLATURE

The first patented airfoil shapes were developed by Horatio F. Phillips in 1884. Phillips
was an Englishman who carried out the first serious wind-tunnel experiments on
airfoils. In 1902, the Wright brothers conducted their own airfoil tests in a wind
tunnel, developing relatively efficient shapes which contributed to their successful
first flight on December 17, 1903 (see Section 1.1). Clearly, in the early days of
powered flight, airfoil design was basically customized and personalized. However,
in the early 1930s, the National Advisory Committee for Aeronautics (NACA)—the
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Incompressible flow over airfoils

A rational approach

Airfoil A rational
nomenclature o specilying

airfoil shapes
Aijrfoil

. Experimental data
characteristics

Singularity
distribution

over the
airfoil surface

Philosophy of
low-speed
airfoil theory:
vortex sheet

Singularity
distribution along
the camber line
or the chord line

Kutta condition

Kelvin's theorem
and the starting
vortex

Aijrfoils of Classical thin
arbitrary shape airfoil theory
and thickness:
vortex panel
numerical method

Sy mmetric airfoil

Cambered airfoil

Figure 4.2 Road map for Chapter 4.

forerunner of NASA—embarked on a series of definitive airfoil experiments using
airfoil shapes that were constructed rationally and systematically. Many of these
NACA airfoils are in common use today. Therefore, in this chapter we follow the
nomenclature established by the NACA; such nomenclature is now a well-known
standard.

Consider the airfoil sketched in Figure 4.3. The mean camber line is the locus of
points halfway between the upper and lower surfaces as measured perpendicular to the
mean camber line itself. The most forward and rearward points of the mean camber
line are the leading and trailing edges, respectively. The straight line connecting the
leading and trailing edges is the chord line of the airfoil, and the precise distance from
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Leading edge

Thickness

Mean camber line
Chord line %
—— - ee—— I —— — —
}4—————7 Chord c————»‘ Trailing

edge

Figure 4.3 Airfoil nomenclature.

the leading to the trailing edge measured along the chord line is simply designated the
chord c of the airfoil. The camber is the maximum distance between the mean camber
line and the chord line, measured perpendicular to the chord line. The thickness is
the distance between the upper and lower surfaces, also measured perpendicular to
the chord line. The shape of the airfoil at the leading edge is usually circular, with a
leading-edge radius of approximately 0.02¢. The shapes of all standard NACA airfoils
are generated by specifying the shape of the mean camber line and then wrapping a
specified symmetrical thickness distribution around the mean camber line.

The force-and-moment system on an airfoil was discussed in Section 1.5, and the
relative wind, angle of attack, lift, and drag were defined in Figure 1.10. You should
review these considerations before proceeding further.

The NACA identified different airfoil shapes with a logical numbering system.
For example, the first family of NACA airfoils, developed in the 1930s, was the “four-
digit” series, such as the NACA 2412 airfoil. Here, the first digit is the maximum
camber in hundredths of chord, the second digit is the location of maximum camber
along the chord from the leading edge in tenths of chord, and the last two digits give
the maximum thickness in hundredths of chord. For the NACA 2412 airfoil, the
maximum camber is 0.02¢ located at 0.4¢ from the leading edge, and the maximum
thickness is 0.12¢. It is common practice to state these numbers in percent of chord,
that is, 2 percent camber at 40 percent chord, with 12 percent thickness. An airfoil
with no camber, that is, with the camber line and chord line coincident, is called a
symmetric airfoil. Clearly, the shape of a symmetric airfoil is the same above and
below the chord line, For example, the NACA 0012 airfoil is a symmetric airfoil with
a maximum thickness of 12 percent,

The second family of NACA airfoils was the “five-digit” series, such as the
NACA 23012 airfoil. Here, the first digit when multiplied by % gives the design
lift coefficient' in tenths, the next two digits when divided by 2 give the location
of maximum camber along the chord from the leading edge in hundredths of chord,
and the final two digits give the maximum thickness in hundredths of chord. For
the NACA 23012 airfoil, the design lift coefficient is 0.3, the location of maximum
camber is at 0.15¢, and the airfoil has 12 percent maximum thickness.

One of the most widely used family of NACA airfoils is the “6-series” laminar
flow airfoils, developed during World War II. An example is the NACA 65-218. Here,

1 The design lift coefficient is the theoretical lift coefficient for the airfoil when the angle of attack is such that
the slope of the mean camber line at the leading edge is parallel to the freestream velocity.
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the first digit simply identifies the series, the second gives the location of minimum
pressure in tenths of chord from the leading edge (for the basic symmetric thickness
distribution at zero lift), the third digit is the design lift coefficient in tenths, and the
last two digits give the maximum thickness in hundredths of chord. For the NACA
65-218 airfoil, the 6 is the series designation, the minimum pressure occurs at 0.5¢
for the basic symmetric thickness distribution at zero lift, the design lift coefficient is
0.2, and the airfoil is 18 percent thick.

The complete NACA airfoil numbering system is given in Reference 11. Indeed,
Reference 11 is a definitive presentation of the classic NACA airfoil work up to 1949.
It contains a discussion of airfoil theory, its application, coordinates for the shape of
NACA airfoils, and a huge bulk of experimental data for these airfoils. This author
strongly encourages you to read Reference 11 for a thorough presentation of airfoil
characteristics.

As a matter of interest, the following is a short partial listing of airplanes currently
in service which use standard NACA airfoils.

Airplane Airfoil

Beechcraft Sundowner NACA 63A415

Beechcraft Bonanza NACA 23016.5 (at root)
NACA 23012 (at tip)

Cessna 150 NACA 2412

Fairchild A-10 NACA 6716 (at root)
NACA 6713 (at tip)

Gates Learjet 24D NACA 64A109

General Dynamics F-16 NACA 64A204

Lockheed C-5 Galaxy NACA 0012 (modified)

In addition, many of the large aircraft companies today design their own special-
purpose airfoils; for example, the Boeing 727, 737, 747, 757, and 767 all have spe-
cially designed Boeing airfoils. Such capability is made possible by modern airfoil
design computer programs utilizing either panel techniques or direct numerical finite-
difference solutions of the governing partial differential equations for the flow field.
(Such equations are developed in Chapter 2.)
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4.3 AIRFOIL CHARACTERISTICS

Before discussing the theoretical calculation of airfoil properties, let us examine
some typical results. During the 1930s and 1940s, the NACA carried out numerous
measurements of the lift, drag, and moment coefficients on the standard NACA air-
foils. These experiments were performed at low speeds in a wind tunnel where the
constant-chord wing spanned the entire test section from one sidewall to the other.
In this fashion, the flow “sees” a wing without wing tips—a so-called infinite wing,
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which theoretically stretches to infinity along the span (in the y direction in Fig-
ure 4.1). Because the airfoil section is the same at any spanwise location along the
infinite wing, the properties of the airfoil and the infinite wing are identical. Hence,
airfoil data are frequently called infinite wing data. (In contrast, we see in Chapter 5
that the properties of a finite wing are somewhat different from its airfoil properties.)

The typical variation of lift coefficient with angle of attack for an airfoil is
sketched in Figure 4.4. Atlow-to-moderate angles of attack, ¢; varies linearly with o,
the slope of this straight line is denoted by ag and is called the lift slope. In this region,
the flow moves smoothly over the airfoil and is attached over most of the surface,
as shown in the streamline picture at the left of Figure 4.4. However, as o becomes
large, the flow tends to separate from the top surface of the airfoil, creating a large
wake of relatively “dead air” behind the airfoil as shown at the right of Figure 4.4,
Inside this separated region, the flow is recirculating, and part of the flow is actually
moving in a direction opposite to the freestream—so-called reversed flow. (Refer
also to Figure 1.36.) This separated flow is due to viscous effects and is discussed
in Chapter 15. The consequence of this separated flow at high « is a precipitous
decrease in lift and a large increase in drag; under such conditions the airfoil is said to
be stalled. The maximum value of ¢;, which occurs just prior to the stall, is denoted
by ¢/ max; 1t 1s one of the most important aspects of airfoil performance, because it
determines the stalling speed of an airplane. The higher is ¢; max, the lower is the
stalling speed. A great deal of modern airfoil research has been directed toward in-
creasing ¢; max. Again examining Figure 4.4, we see that ¢; increases linearly with o
until flow separation begins to have an effect. Then the curve becomes nonlinear, ¢
reaches a maximum value, and finally the airfoil stalls. At the other extreme of the
curve, noting Figure 4.4, the lift at « = 0 is finite; indeed, the lift goes to zero only
when the airfoil is pitched to some negative angle of attack. The value of o when
lift equals zero is called the zero-lift angle of attack and is denoted by o;—g. For a

Stall due to
flow separation

o Cl, max
———————— ‘%—‘

dC[

a9 = Go = lift slope

Figure 4.4  Schematic of liftcoefficient variation with angle af attack
far an airfoil.
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symmetric airfoil, a; ¢ = 0, whereas for all airfoils with positive camber (camber
above the chord line), a; ¢ 1S a negative value, usually on the order of —2 or —3°.
The inviscid flow airfoil theory discussed in this chapter allows us to predict the
lift slope ag and orf _ for a given airfoil. It does not allow us to calculate ¢y, which
1s a difficult viscous flow problem, to be discussed in Chapters 15 to 20.
Experimental results for lift and moment coefficients for the NACA 2412 airfoil
are given in Figure 4.5. Here, the moment coefficient is taken about the quarter-chord
point. Recall from Section 1.6 that the force-and-moment system on an airfoil can be
transferred to any convenient point; however, the quarter-chord point is commonly
used. (Refresh your mind on this concept by reviewing Section 1.6, especially Fig-
ure 1.19.) Also shown in Figure 4.5 are theoretical results to be discussed later. Note
that the experimental data are given for two ditferent Reynolds numbers. The lift
slope ay is not influenced by Re; however, ¢; . i8 dependent upon Re. This makes
sense, because ¢; max 18 governed by viscous effects, and Re is a similarity parameter
that governs the strength of inertia forces relative to viscous forces in the flow. [See

[
T ———
NACA 2412 airfoil
Eq. (4.57)
¢ 2.0+
1.6 —
1.2 —
Lift coefficient
0.8 —
0.4 —

0 0 Cm,cl4
—0.4 }— Eq. (4.64) 4 -0.]
Moment
-0.81— coefficient — -0.2
12+ — -0.3

@ Re=3.1X10°
B Re=89X10° — -04
] | ] |

-8 0 8 1l 24

«, degrees

Figure 4.5  Experimental data for lift coefficient and moment
coefficient about the quarter-chord point for an NACA
2412 qirfoil. (Source: Data obtained from Abbott and
von Doenhoff, Reference 11.) Also shown is a
comparison with theory described in Section 4.8
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Cq
0.024 — o
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Figure 4.6 Experimental data for profile drag coefficient and
moment coefficient about the aerodynamic center for
the NACA 2412 qirfoil. {Source: Abbott and von
Doenhoff, Reference 11.)

Section 1.7 and Equation (1.35).] The moment coefficient is also ingensitive to Re
except at large o. The NACA 2412 airfoil is a commonly used airfoil, and the results
given in Figure 4.5 are quite typical of airfoil characteristics. For example, note from
Figure 4.5 that oy g = —2.1°, ¢ max = 1.6, and the stall occurs at o =~ 16°.

This chapter deals with airfoil theory for an inviscid, incompressible flow; such
theory is incapable of predicting airfoil drag, as noted earlier. However, for the sake
of completeness, experimental data for the drag coefficient ¢, for the NACA 2412
airfoil are given in Figure 4.6 as a function of the angle of attack.? The physical
source of this drag coefficient is both skin friction drag and pressure drag due to
flow separation (so-called form drag). The sum of these two effects yields the profile
drag coefficient ¢, for the airfoil, which is plotted in Figure 4.6. Note that ¢, is
sensitive to Re, which is to be expected since both skin friction and flow separation
are viscous effects. Again, we must wait until Chapters 15 to 20 to obtain some tools
for theoretically predicting c,.

2 In many references, such as Reference 11, it is common to plot ¢y versus ¢, rather than versus . A plot of
cg versus ¢; Is called a drag polar. For the sake of consistency with Figure 4.5, we choose to plot ¢y versus
a here.
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Also plotted in Figure 4.6 is the moment coefficient about the acrodynamic center
Cm.ac- In general, moments on an airfoil are a function of o. However, there is one
point on the airfoil about which the moment is independent of angle of attack; such
a point is defined as the aerodynamic center. Clearly, the data in Figure 4.6 illustrate
a constant value for ¢,, ,. over a wide range of «.

For an elementary but extensive discussion of airfoil and wing properties, see
Chapter 5 of Reference 2.
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Consider an NACA 2412 airfoil with a chord of 0.64 m in an airstream at standard sea level
conditions. The freestream velocity is 70 m/s. The lift per unit span is 1254 N/m. Calculate
the angle of attack and the drag per unit span.

Soiution
At standard sea level, p = 1.23 kg/m*:
doe = 3P V2 = 1(1.23)(70)> = 3013.5 N/m’
L L’ 1254

4SS  gooc(1)  3013.5(0.64)

C; =

From Figure 4.5, for ¢; = 0.65, we obtain| « = 4°

To obtain the drag per unit span, we must use the data in Figure 4.6. However, since
ca = f(Re), let us calculate Re. At standard sea level, u = 1.789 x 107 kg/(m - s). Hence,

Ve 1.23(70)(0.64)

R = =3.08 x 10°
= T 1789 x 105 x

Therefore, using the data for Re = 3.1 x 10° in Figure 4.6, we find ¢, = 0.0068. Thus,

D' = gnScy = guee()e, = 3013.5(0.64)(0.0068) =| 13.1 N/m

Example 4.1

4.4 PHILOSOPHY OF THEORETICAL SOLUTIONS
FOR LOW-SPEED FLOW OVER AIRFOILS:
THE VORTEX SHEET

In Section 3.14, the concept of vortex flow was introduced; refer to Figure 3.31 for
a schematic of the flow induced by a point vortex of strength I" located at a given
point O. (Recall that Figure 3.31, with its counterclockwise flow, corresponds to a
negative value of I'. By convention, a positive [" induces a clockwise flow.) Let us
now expand our concept of a point vortex. Referring to Figure 3.31, imagine a straight
line perpendicular to the page, going through point O, and extending to infinity both
out of and into the page. This line is a straight vorrex filament of strength I'. A straight
vortex filament is drawn in perspective in Figure 4.7. (Here, we show a clockwise
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flow, which corresponds to a positive value of I'.) The flow induced in any plane
perpendicular to the straight vortex filament by the filament itself is identical to that
induced by a point vortex of strength I"; that is, in Figure 4.7, the flows in the planes
perpendicular to the vortex filament at O and O’ are identical to each other and are
identical to the flow induced by a point vortex of strength I'. Indeed, the point vortex
described in Section 3.14 is simply a section of a straight vortex filament.

In Section 3.17, we introduced the concept of a source sheet, which is an infinite
number of line sources side by side, with the strength of each line source being
infinitesimally small. For vortex flow, consider an analogous situation. Imagine an
infinite number of straight vortex filaments side by side, where the strength of each
filament is infinitesimally small. These side-by-side vortex filaments form a vortex
sheet, as shown in perspective in the upper left of Figure 4.8. If we look along the
series of vortex filaments (looking along the y axis in Figure 4.8), the vortex sheet
will appear as sketched at the lower right of Figure 4.8. Here, we are looking at an
edge view of the sheet; the vortex filaments are all perpendicular to the page. Let s
be the distance measured along the vortex sheet in the edge view. Define y = y(s)
as the strength of the vortex sheet, per unit length along s. Thus, the strength of an
infinitesimal portion ds of the sheet is y ds. This small section of the vortex sheet
can be treated as a distinct vortex of strength y ds. Now consider point P in the flow,

/i

Ol

Figure 4.7  Vortex filament.
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Vortex sheet in
perspective

“d “

Edge view of sheet

Figure 4.8 Vortex sheet.

located a distance r from ds; the Cartesian coordinates of P are (x, z). The small
section of the vortex sheet of strength y ds induces an infinitesimally small velocity
dV at point P. From Equation (3.105), dV is given by

yds

= 4.1
av =22 [4.1]

and 1s 1n a direction perpendicular to r, as shown in Figure 4.8. The velocity at P
induced by the entire vortex sheet is the summation of Equation (4.1) from point a
to point b. Note that 4V, which is perpendicular to r, changes direction at point P
as we sum from a to b; hence, the incremental velocities induced at £ by different
sections of the vortex sheet must be added vectorally. Because of this, it is sometimes
more convenient to deal with the velocity potential. Again referring to Figure 4.8, the
increment in velocity potential d¢ induced at point P by the elemental vortex v ds
is, from Equation (3.112),

dp = —"——0 [4.2]
2n

In turn, the velocity potential at P due to the entire vortex sheet from a to b is

L
o(x,z) = ———/ Oy ds [4.3]
27 J,

Equation (4.1) is particularly useful for our discussion of classical thin airfoil theory,
whereas Equation (4.3) is important for the numerical vortex panel method.

Recall from Section 3.14 that the circulation ' around a point vortex is equal
to the strength of the vortex. Similarly, the circulation around the vortex sheet in
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Figure 4.8 is the sum of the strengths of the elemental vortices; that is

b
r =f yds [4.4]
a

Recall that the source sheet introduced in Section 3.17 has a discontinuous change
in the direction of the normal component of velocity across the sheet (from Fig-
ure 3.38, note that the normal component of velocity changes direction by 180° in
crossing the sheet), whereas the tangential component of velocity is the same im-
mediately above and below the source sheet. In contrast, for a vortex sheet, there
is a discontinuous change in the tangential component of velocity across the sheet,
whereas the normal component of velocity is preserved across the sheet. This change
in tangential velocity across the vortex sheet is related to the strength of the sheet as
follows. Consider a vortex sheet as sketched in Figure 4.9. Consider the rectangular
dashed path enclosing a section of the sheet of length ds. The velocity components
tangential to the top and bottom of this rectangular path are u; and u,, respectively,
and the velocity components tangential to the left and right sides are v; and vy, re-
spectively. The top and bottom of the path are separated by the distance dn. From the
definition of circulation given by Equation (2.36), the circulation around the dashed
path is

[ =—(vadn —uyds —vydn+ urds)
or M= (4, —ux)ds + (v, —vr)dn [4.5]

However, since the strength of the vortex sheet contained inside the dashed path is
y ds, we also have

I'=yds [4.6]
Therefore, from Equations (4.5) and (4.6),
yds = (uy —u2)ds + (v —vy) dn [4.7]

Let the top and bottom of the dashed line approach the vortex sheet; that is, let
dn — 0. In the limit, «; and u) become the velocity components tangential to the

Lo e N
I —4

Figure 4.9 Tangential velacity jump acrass
a vorfex sheet.
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vortex sheet immediately above and below the sheet, respectively, and Equation (4.7)
becomes

yds = (uy —uy)ds

or Y =uy — Uy [4.8]

Equation (4.8) is important; it states that the local jump in rangential velocity across
the vortex sheet is equal 1o the local sheet strength.

We have now defined and discussed the properties of a vortex sheet. The concept
of a vortex sheet is instrumental in the analysis of the low-speed characteristics of an
airfoil. A philosophy of airfoil theory of inviscid, incompressible flow is as follows.
Consider an airfoil of arbitrary shape and thickness in a freestream with velocity
Voo. as sketched in Figure 4.10. Replace the airfoil surface with a vortex sheet of
variable strength y (s), as also shown in Figure 4.10. Calculate the variation of y as
a function of s such that the induced velocity field from the vortex sheet when added
to the uniform velocity of magnitude V,, will make the vortex sheet (hence the airfoil
surface) a streamline of the flow. In turn, the circulation around the airfoil will be

given by
r :fyds

where the integral is taken around the complete surface of the airfoil. Finally, the
resulting lift is given by the Kutta-Joukowski theorem:

L' = po Vo T

This philosophy is not new. It was first espoused by Ludwig Prandtl and his col-
leagues at Gottingen, Germany, during the period 1912-1922. However, no general
analytical solution for y = y (s) exists for an airfoil of arbitrary shape and thickness.
Rather, the strength of the vortex sheet must be found numerically, and the practical
implementation of the above philosophy had to wait until the 1960s with the advent of
large digital computers. Today, the above philosophy is the foundation of the modern
vortex panel method, to be discussed in Section 4.9.

The concept of replacing the airfoil surface in Figure 4.10 with a vortex sheet is
more than just a mathematical device; it also has physical significance. In real life,
there is a thin boundary layer on the surface, due to the action of friction between

Yis)

Airfoil of
arbitrary shape
and thickness

Figure 4.10 Simulation of an arbitrary airfoil by distributing
a vortex sheet over the airfail surface.
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Vortex sheet on
camber line

Voo Veo

Thin airfoil \ s 7(.5')

Figure 4.11 Thin airfoil approximation.

the surface and the airflow (see Figure 1.35). This boundary layer is a highly viscous
region in which the large velocity gradients produce substantial vorticity; that is,
V x V is finite within the boundary layer. (Review Section 2.12 for a discussion
of vorticity.) Hence, in real life, there is a distribution of vorticity along the airfoil
surface due to viscous effects, and our philosophy of replacing the airfoil surface with
a vortex sheet (such as in Figure 4.10) can be construed as a way of modeling this
effect in an inviscid flow.?

Imagine that the airfoil in Figure 4.10 is made very thin. If you were to stand
back and look at such a thin airfoil from a distance, the portions of the vortex sheet
on the top and bottom surface of the airfoil would almost coincide. This gives rise
to a method of approximating a thin airfoil by replacing it with a single vortex sheet
distributed over the camber line of the airfoil, as sketched in Figure 4.11. The strength
of this vortex sheet y (s) is calculated such that, in combination with the freestream,
the camber line becomes a streamline of the flow. Although the approach shown in
Figure 4.11 is approximate in comparison with the case shown in Figure 4.10, it has
the advantage of yielding a closed-form analytical solution. This philosophy of thin
airfoil theory was first developed by Max Munk, a colleague of Prandtl, in 1922 (see
Reference 12). It is discussed in Sections 4.7 and 4.8.

4.5 THE KurTA CONDITION

The lifting flow over a circular cylinder was discussed in Section 3.15, where we ob-
served that an infinite number of potential flow solutions were possible, corresponding
to the infinite choice of I'. For example, Figure 3.28 illustrates three different flows
over the cylinder, corresponding to three different values of I'. The same situation
applies to the potential flow over an airfoil; for a given airfoil at a given angle of
attack, there are an infinite number of valid theoretical solutions, corresponding to an

3 It is interesting to note that some recent research by NASA is hinting that even as complex a problem as
flow separation, heretofore thought to be a completely viscous-dominated phenomenon, may in reality be an
inviscid-dominated flow which requires only a rofational flow. For example, some inviscid How-field numerical
solutions for flow over a circular eylinder, when vorticity is introduced either by means of a nonuniform
freestream or a curved shock wave, are accurately predicting the separated flow on the rearward side of the
cylinder. However, as exciting as these results may be, they are too preliminary to be emphasized in this book.
We continue to talk about flow separation in Chapters 15 to 20 as being a viscous-dominated effect, until
definitely proved otherwise. This recent research is mentioned here only as another example of the physical
connection between vorticity, vortex sheets, viscosity, and real life.
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infinite choice of I'. For example, Figure 4.12 illustrates two different flows over the
same airfoil at the same angle of attack but with different values of I". At first, this
may seem to pose a dilemma. We know from experience that a given airfoil at a given
angle of attack produces a single value of lift (e.g., see Figure 4.5). So, although
there is an infinite number of possible potential flow solutions, nature knows how to
pick a particular solution. Clearly, the philosophy discussed in the previous section
is not complete—we need an additional condition that fixes " for a given airfoil at a
given «.

To attempt to find this condition, let us examine some experimental results for
the development of the flow field around an airfoil which is set into motion from an
initial state of rest. Figure 4.13 shows a series of classic photographs of the flow over
an airfoil, taken from Prandtl and Tietjens (Reference 8). In Figure 4.134, the flow
has just started, and the flow pattern is just beginning to develop around the airfoil. In
these early moments of development, the flow tries to curl around the sharp trailing
edge from the bottom surface to the top surface, similar to the sketch shown at the left
of Figure 4.12. However, more advanced considerations of inviscid, incompressible
flow (see, e.g., Reference 9) show the theoretical result that the velocity becomes
infinitely large at a sharp corner. Hence, the type of flow sketched at the left of
Figure 4.12, and shown in Figure 4.13a, is not tolerated very long by nature. Rather,
as the real flow develops over the airfoil, the stagnation point on the upper surface
(point 2 in Figure 4.12) moves toward the trailing edge. Figure 4.13b shows this
intermediate stage. Finally, after the initial transient process dies out, the steady flow
shown in Figure 4.13c is reached. This photograph demonstrates that the flow is
smoothly leaving the top and the bottom surfaces of the airfoil at the trailing edge.
This flow pattern is sketched at the right of Figure 4.12 and represents the type of
pattern to be expected for the steady flow over an airfoil.

Reflecting on Figures 4.12 and 4.13, we emphasize again that in establishing the
steady flow over a given airfoil at a given angle of attack, nature adopts that particular
value of circulation (T"; in Figure 4.12) which results in the flow leaving smoothly at
the trailing edge. This observation was first made and used in a theoretical analysis
by the German mathematician M. Wilhelm Kutta in 1902. Therefore, it has become
known as the Kurta condition.

Figure 4.12 Effect of different values of circulation on the potential flow over
a given airfoil at a given angle of attack. Points 1 ond 2 are
stagnation points.
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(b)

Figure 4.13 The development of steady flow over an airfoil; the airto.
started from rest and attains a steady velocity through t
moment just after starting. {b) An intermediate time. [Source
Tiejens, Reference 8.)

In order to apply the Kutta condition in a theoreticar anaivsis. we
more precise about the nature of the flow at the trailing edge. ... ...
have a finite angle, as shown in Figures 4.12 and 4.13 and as sketchea ar
Figure 4.14, or it can be cusped, as shown at the right of Figure 4.14. Firs.
the trailing edge with a finite angle, as shown at the left of Figure 4.14. e
velocities along the top surface and the bottom surface as V and V,, respecnv
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Figure 4.13 {continued) The development of steady flow over an airfoil; the airfoil is
impulsively started from rest and ottains o steady velocity through the fluid.
{c) The final steady flow. {Source: Prandt and Tiejens, Reference 8.)

Finite angle Cusp
Vo _
a’,—’
= a
=~ -~ SO 5
B e N
PN
7R
Atpointa; W, =¥, =0 At pointa: ¥y =V, #0

Figure 4.14 Different possible shapes of the trailing
edge and their relation to the Kutta
condition.

is parallel to the top surface at point a, and V; is parallel to the bottom surface at point
a. For the finite-angle trailing edge, if these velocities were finite at point a, then we
would have two velocities in two different directions at the same point, as shown at
the left of Figure 4.14. However, this is not physically possible, and the only recourse
is for both V; and V5 to be zero at point @. That is, for the finite trailing edge, point
a is a stagnation point, where V; = V5> = (. In contrast, for the cusped trailing edge
shown at the right of Figure 4.14, V| and V> are in the same direction at point «, and
hence both V, and V; can be finite. However, the pressure at point @, p, is a single,
unique value, and Bernoulli’s equation applied at both the top and bottom surfaces
immediately adjacent to point ¢ yields

Pa+1oVi=p,+1pV3
or V] = V2
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Hence, for the cusped trailing edge, we see that the velocities leaving the top and
bottom surfaces of the airfoil at the trailing edge are finite and equal in magnitude
and direction.

We can summarize the statement of the Kutta condition as follows:

1. For a given airfoil at a given angle of attack, the value of I" around the airfoil is
such that the flow leaves the trailing edge smoothly.

If the trailing-edge angle is finite, then the trailing edge is a stagnation point.

3. If the trailing edge is cusped, then the velocities leaving the top and bottom
surfaces at the trailing edge are finite and equal in magnitude and direction,

Consider again the philosophy of simulating the airfoil with vortex sheets placed
either on the surface or on the camber line, as discussed in Section 4.4. The strength of
such a vortex sheet is variable along the sheet and is denoted by y (s). The statement
of the Kutta condition in terms of the vortex sheet is as follows, At the trailing edge
(TE), from Equation (4.8), we have

Y(TE) =y@) =V, — WV, [4a.9]

However, for the finite-angle trailing edge, V| = V, = 0; hence, from Equation (4.9),
v (TE) = 0. For the cusped trailing edge, V; = V» # 0; hence, from Equation (4.9),
we again obtain the result that y (TE) = 0. Therefore, the Kutta condition expressed
in terms of the strength of the vortex sheet is

y(TE) = 0 [4.10]

4.5.1 Without FrictioN CouLp WE HAVE LirT?

In Section 1.5 we emphasized that the resultant acrodynamic force on a body immersed
in a flow is due to the net integrated effect of the pressure and shear stress distributions
over the body surface. Moreover, in Section 4.1 we noted that lift on an airfoil is
primarily due to the surface pressure distribution, and that shear stress has virtually
no effect on lift. It is easy to see why. Look at the airfoil shapes in Figures 4.12
and 4.13, for example. Recall that pressure acts normal to the surface, and for these
airfoils the direction of this normal pressure is essentially in the vertical direction,
that is, the lift direction. In contrast the shear stress acts tangential to the surface, and
for these airfoils the direction of this tangential shear stress is mainly in the horizontal
direction, that is, the drag direction. Hence, pressure is the dominant player in the
generation of lift, and shear stress has a negligible effect on lift. It is for this reason
that the lift on an airfoil below the stall can be accurately predicted by inviscid theories
such as that discussed in this chapter.

However, if we lived in a perfectly inviscid world, an airfoil could not produce
lift. Indeed, the presence of friction is the very reason why we have lift. These
sound like strange, even contradictory statements to our discussion in the preceding
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paragraph. What 1s going on here? The answer is that in real life, the way that nature
insures that the flow will leave smoothly at the trailing edge, that is, the mechanism
that nature uses to choose the flow shown in Figure 4.13c, is that the viscous boundary
layer remains attached to the surface all the way to the trailing edge. Narure enforces
the Kutta condition by means of friction. If there were no boundary layer (i.e., no
friction), there would be no physical mechanism in the real world to achieve the Kutta
condition.

So we are led to the most ironic situation that lift, which is created by the surface
pressure distribution—-an inviscid phenomenon, would not exist in a frictionless (in-
viscid) world. In this regard, we can say that without friction we could not have lift.
However, we say this in the informed manner as discussed above.
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4.6 KEeLVIN’S CIRCULATION THEOREM AND THE
STARTING VORTEX

In this section, we put the finishing touch to the overall philosophy of airfoil theory
before developing the quantitative aspects of the theory itself in subsequent sections.
This section also ties up a loose end introduced by the Kutta condition described
in the previous section. Specifically, the Kutta condition states that the circulation
around an airfoil is just the right value to ensure that the flow smoothly leaves the
trailing edge. Question: How does nature generate this circulation? Does it come
from nowhere, or is circulation somehow conserved over the whole flow field? Let
us examine these matters more closely.

Consider an arbitrary inviscid, incompressible flow as sketched in Figure 4.15.
Assume that all body forces f are zero. Choose an arbitrary curve Cy and identify the
fluid elements that are on this curve at a given instant in time ;. Also, by definition
the circulation around curve C is I'y = — [ 'V - ds. Now let these specific fluid
elements move downstream. At some later time, #, these same fluid elements will
form another curve C,, around which the circulation is ', = — f& V - ds. For
the conditions stated above, we can readily show that I'y = I[';. In fact, since we
are following a set of specific fluid elements, we can state that circulation around a
closed curve formed by a set of contiguous fluid elements remains constant as the
fluid elements move throughout the flow. Recall from Section 2.9 that the substantial
derivative gives the time rate of change following a given fluid element. Hence, a
mathematical statement of the above discussion is simply

Dr
— =9 [4.11]
Dt

which says that the time rate of change of circulation around a closed curve consisting
of the same fluid elements is zero. Equation (4.11)along with its supporting discussion
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Fluid elements
along a curve C;
at time £,.

The same fluid elements
at a later time #,. The
fluid elements now form
a different curve C,.

Figure 4.15 Kelvin's theorem.

is called Kelvin’s circulation theorem.* Iis derivation from first principles is left as
Problem 4.3. Also, recall our definition and discussion of a vortex sheet in Section 4.4.
An interesting consequence of Kelvin’s circulation theorem is proof that a stream
surface which 1s a vortex sheet at some instant in time remains a vortex sheet for all
times.

Kelvin’s theorem helps to explain the generation of circulation around an airfoil,
as follows. Consider an airfoil in a fluid at rest, as shown in Figure 4.16a. Because
V = 0 everywhere, the circulation around curve C, is zero. Now start the flow
in motion over the airfoil. Initially, the flow will tend to curl around the trailing
edge, as explained in Section 4.5 and illustrated at the left of Figure 4.12. In so
doing, the velocity at the trailing edge theoretically becomes infinite. In real life, the
velocity tends toward a very large finite number. Consequently, during the very first
moments after the flow is started, a thin region of very large velocity gradients (and
therefore high vorticity) is formed at the trailing edge. This high-vorticity region
is fixed to the same fluid elements, and consequently it is flushed downstream as
the fluid elements begin to move downstream from the trailing edge, As it moves
downstream, this thin sheet of intense vorticity is unstable, and it tends to roll up and
form a picture similar to a point vortex. This vortex is called the starting vortex and
is sketched in Figure 4.16b. After the flow around the airfoil has come to a steady
state where the flow leaves the trailing edge smoothly (the Kutta condition), the high
velocity gradients at the trailing edge disappear and vorticity is no longer produced at
that point. However, the starting vortex has already been formed during the starting
process, and it moves steadily downstream with the flow forever after. Figure 4.16b

4 Kelvin's theorem also holds for an inviscid compressible flow in the special case where p = p{p); that is, the
density is some single-valued function of pressure. Such is the case for isentropic flow, to be treated in later
chapters.
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(b) Picture some moments after the start of the flow '

Figure 4.16  The credfion of the starling vortex and the
resulting generation of circulation around the
airfoil.

shows the flow field sometime after steady flow has been achieved over the airfoil,
with the starting vortex somewhere downstream. The fluid elements that initially
made up curve C; in Figure 4.16a have moved downstream and now make up curve
(>, which is the complete circuit abcda shown in Figure 4.165. Thus, from Kelvin’s
theorem, the circulation 'y around curve Cy (which encloses both the airfoil and the
starting vortex) is the same as that around curve C;, namely, zero. I'>» = I'y = 0.
Now let us subdivide C;, into two loops by making the cut bd, thus forming curves
C; (circuit bedb) and Cy (circuit abda). Curve C5 encloses the starting vortex, and
curve Cy encloses the airfoil. The circulation I'; around curve Cj is due to the starting
vortex; by inspecting Figure 4.16b, we see that I'; is in the counterclockwise direction
(i.e., a negative value). The circulation around curve C, enclosing the airfoil is I'y4.
Since the cut &d is common to both C3 and Cy, the sum of the circulations around C;
and C, is simply equal to the circulation around C»:

[34+Ts=T
However, we have already established that 'y = 0. Hence,
[y=-T73

that is, the circulation around the airfoil is equal and opposite to the circulation around
the starting vortex.

This brings us to the summary as well as the crux of this section. As the flow over
an airfoil is started, the large velocity gradients at the sharp trailing edge result in the
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formation of a region of intense vorticity which rolls up downstream of the trailing
edge, forming the starting vortex. This starting vortex has associated with it a coun-
terclockwise circulation. Therefore, as an equal-and-opposite reaction, a clockwise
circulation around the airfoil is generated. As the starting process continues, vorticity
from the trailing edge is constantly fed into the starting vortex, making it stronger
with a consequent larger counterclockwise circulation. In turn, the clockwise circu-
lation around the airfoil becomes stronger, making the flow at the trailing edge more
closely approach the Kutta condition, thus weakening the vorticity shed from the
trailing edge. Finally, the starting vortex builds up to just the right strength such that
the equal-and-opposite clockwise circulation around the airfoil leads to smooth flow
from the trailing edge (the Kutta condition is exactly satisfied). When this happens,
the vorticity shed from the trailing edge becomes zero, the starting vortex no longer
grows in strength, and a steady circulation exists around the airfoil.

4.7 CrassicAL THIN AIRFOIL THEORY: THE
SYMMETRIC AIRFOIL

Some experimentally observed characteristics of airfoils and a philosophy for the
theoretical prediction of these characteristics have been discussed in the preceding
sections. Referring to our chapter road map in Figure 4.2, we have now completed the
central branch. Inthis section, we move to the right-hand branch of Figure 4.2, namely
a quantitative development of thin airfoil theory. The basic equations necessary for
the calculation of airfoil lift and moments are established in this section, with an
application to symmetric airfoils. The case of cambered airfoils will be treated in
Section 4.8.

For the time being, we deal with thin airfoils; for such a case, the airfoil can be
simulated by a vortex sheet placed along the camber line, as discussed in Section 4.4,
Our purpose is to calculate the variation of y(s) such that the camber line becomes
a streamline of the flow and such that the Kutta condition is satisfied at the trailing
edge; that is, ¥ (TE) = 0 [see Equation (4.10)]. Once we have found the particular
¥ (s) that satisfies these conditions, then the total circulation I' around the airfoil is
found by integrating y (s) from the leading edge to the trailing edge. In turn, the lift
is calculated from I' via the Kutta-Joukowski theorem.

Consider a vortex sheet placed on the camber line of an airfoil, as sketched in
Figure 4.17a. The freestream velocity is Vi, and the airfoil is at the angle of attack
o. The x axis is oriented along the chord line, and the z axis is perpendicular to the
chord. The distance measured along the camber line is denoted by s. The shape of
the camber line is given by z = z(x). The chord length is ¢. In Figure 4.17a, w’
is the component of velocity normal to the camber line induced by the vortex sheet;
w’ = w'(s). For a thin airfoil, we rationalized in Section 4.4 that the distribution of a
vortex sheet over the surface of the airfoil, when viewed from a distance, looks almost
the same as a vortex sheet placed on the camber line. Let us stand back once again and
view Figure 4.17a from a distance. If the airfoil is thin, the camber line is close to the
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Camber line, z = z(x)

w
s — X
L3 D ~ i
Voo 0 Chord line c

(@) Vortex sheet on the camber line

Camber line, z = z(x)

Chord line

() Vortex sheet on the chord line

Figure 4.17 Placement of the vortex sheet for thin airfoil analysis.

chord line, and viewed from a distance, the vortex sheet appears to fall approximately
on the chord line. Therefore, once again, let us reorient our thinking and place the
vortex sheet on the chord line, as sketched in Figure 4.175. Here, y = y (x). We still
wish the camber line to be a streamline of the flow, and y = y(x) is calculated to
satisfy this condition as well as the Kutta condition y (¢) = 0. That is, the strength
of the vortex sheet on the chord line is determined such that the camber line (not the
chord line) is a streamline.

For the camber line to be a streamline, the component of velocity normal to the
camber line must be zero at all points along the camber line. The velocity at any point
in the flow is the sum of the uniform freestream velocity and the velocity induced by
the vortex sheet. Let V, , be the component of the freestream velocity normal to the
camber line. Thus, for the camber line to be a streamline,

Voon +w'(s) =0 [4.12]

at every point along the camber line.
An expression for V., , in Equation (4.12) is obtained by the inspection of Fig-
ure 4.18. At any point P on the camber line, where the slope of the camber line is
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Figure 4.18 Determinatian of the component of freestream
velocity normal to the camber line.

dz/dx, the geometry of Figure 4.18 yields
, - dz
Voo.n = Vo Sin | & + tan - [4.13]

For a thin airfoil at small angle of attack, both « and tan~! (—dz/dx) are small values.
Using the approximation that sin¢ = tan6 = 6 for small 8, where 6 is in radians,
Equation (4.13) reduces to
Voon = Voo (a - ﬂ) [4.14]
dx
Equation (4.14) gives the expression for V, , to be used in Equation (4.12). Keep in
mind that, in Equation (4.14), « is in radians.

Returning to Equation (4.12), let us develop an expression for w’(s) in terms of
the strength of the vortex sheet. Refer again to Figure 4.17b. Here, the vortex sheet
is along the chord line, and w’(s) is the component of velocity normal to the camber
line induced by the vortex sheet. Let w(x) denote the component of velocity normal
to the chord line induced by the vortex sheet, as also shown in Figure 4.175. If the
airfoil is thin, the camber line is close to the chord line, and it is consistent with thin
airfoil theory to make the approximation that

w'(s) ~ w(x) [4.15]

An expression for w(x) in terms of the strength of the vortex sheet is easily obtained
from Equation (4.1), as follows, Consider Figure 4.19, which shows the vortex sheet
along the chord line. We wish to calculate the value of w (x) at the location x. Consider
an elemental vortex of strength y d& located at a distance £ from the origin along the
chord line, as shown in Figure 4.19. The strength of the vortex sheet y varies with
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dt
o b
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x —

Figure 4.19  Calculation of the induced velocity ot the
chord line.

the distance along the chord; that is, y = y(§). The velocity dw at point x induced
by the elemental vortex at point & is given by Equation (4.1) as

_ v)ds
2m(x —§)

In turn, the velocity w(x) induced at point x by «!l the elemental vortices along the
chord line is obtained by integrating Equation (4.16) from the leading edge (¢ = 0)

to the trailing edge (¢ = ¢):
__[f v@&)ds
w(x) = fo 6 [4.17]

dw = [4.16]

Combined with the approximation stated by Equation (4.15), Equation (4.17) gives
the expression for w’'(s) to be used in Equation (4.12),

Recall that Equation (4.12) is the boundary condition necessary for the camber
line to be a streamline. Substituting Equations (4.14), (4.15), and (4.17) into (4.12),

we obtain
Voo(o,_ii)_fl(_f)_‘ﬁ_:o
dx 0 2m(x —§&)
1 [y@ds (0 dz
or . ﬁ](; ﬁ = Vy ((1’ d_x) [4-18]

the fundamental equation of thin airfoil theory; itis simply a statement that the camber
line 1s a streamline of the flow.

Note that Equation (4.18) is written at a given point x on the chord line, and that
dz/dx is evaluated at that point x. The variable & is simply a dummy variable of
integration which varies from 0 to ¢ along the chord line, as shown in Figure 4.19.
The vortex strength ¥ = y(£) is a variable along the chord line. For a given airfoil
at a given angle of attack, both o and dz/dx are known values in Equation (4.18).
Indeed, the only unknown in Equation (4.18) is the vortex strength y (£). Hence,
Equation (4.18) is an integral equation, the solution of which yields the variation of
v (&) such that the camber line is a streamline of the flow. The central problem of
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thin airfoil theory is to solve Equation (4.18) for y (£), subject to the Kutta condition,
namely, y (¢) = 0.

In this section, we treat the case of a symmetric airfoil. As stated in Section 4.2,
a symmetric airfoil has no camber; the camber line is coincident with the chord line.
Hence, for this case, dz/dx = 0, and Equation (4.18) becomes

I [Cy@E)ds
E;[{) x_g = Voot [4.19]

In essence, within the framework of thin airfoil theory, a symmetric airfoil is treated
the same as a flat plate; note that our theoretical development does not account for the
airfoil thickness distribution. Equation (4.19) is an exact expression for the inviscid,
incompressible flow over a flat plate at angle of attack.

To help deal with the integral in Equations (4.18) and (4.19), let us transform &
into 6 via the following transformation:

£ = %(1 — cos) [4.20]

Since x is a fixed point in Equations (4.18) and (4.19), it corresponds to a particular

value of 6, namely, 6y, such that
x= %(1 — c0s60) [4.21]

Also, from Equation (4.20),
dt = % sin 6 d6 [4.22]

Substituting Equations (4.20) to (4.22) into (4.19), and noting that the limits of inte-
gration become 6 = 0 at the leading edge (where & = 0) and 6 = m at the trailing
edge (where & = ¢), we obtain

1 /” y(0)sin0do
2 Jo cos® —cosby

A rigorous solution of Equation (4.23) for y (6) can be obtained from the mathematical
theory of integral equations, which is beyond the scope of this book. Instead, we
simply state that the solution is

Voot [4.23]

(1 +cos8)

- [4.24]
sin 6

y(@) = 2O(Voo

We can verify this solution by substituting Equation (4.24) into (4.23) yielding
1 T y(6)sinf db Vot T (1 +cosB)do
27 Jo cosB —cosfy w Jy cosf —cosby

[4.25]

The following standard integral appears frequently in airfoil theory and is derived in
Appendix E of Reference 9:

f” cosng do 7T sin nfy
0

= - [4.261]
cos 8 — cos Gy sin &
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Using Equation (4.26) in the right-hand side of Equation (4.25), we find that

Voot [* (1 4+ cos@)db _ Voot (fﬂ deé fﬂ cos@ do
7 J, cos@ —cosby 0 o cosb —cos by

cos8 — cos Oy

Voot
= : 0+ 7) = Voo [4.27]

Substituting Equation (4.27) into (4.25), we have

| T v(0)sin8 do

- = Vet
2x Jo cosf —cosy

which is identical to Equation (4.23). Hence, we have shown that Equation (4.24)

is indeed the solution to Equation (4.23). Also, note that at the trailing edge, where
0 = =, Equation (4.24) yields

(m) =2aV, 0
=20V, —
Y 0

which is an indeterminant form. However, using L' Hospital’s rule on Equation (4.24),

—sin

v(m) =20V =0

Cos T
Thus, Equation (4.24) also satisfies the Kutta condition.

We are now in a position to calculate the lift coefficient for a thin, symmetric
airfoil. The total circulation around the airfoil is

= f y(E) dE [4.28]
0
Using Equations (4.20) and (4.22), Equation (4.28) transforms to
c T
r= 5/ y(8)sinf do [4.29]
0

Substituting Equation (4.24) into (4.29), we obtain
= OlCVoof (1 4+cos0)dd = macVy [4.30]
0

Substituting Equation (4.30) into the Kutta-Joukowski theorem, we find that the lift
per unit span is

L = poo Vool = macpee V2, [4.31]

The lift coefficient is
Ll
0= — [4.32]
Goos

where S=c(l)
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Substituting Equation (4.31) into (4.32), we have

or

and

TOCPso V2

Cp =
1 pocVZe(1)

¢ =2ne

d
Lift slope = @ 2
do

[4.33]

[4.34]

Equations (4.33) and (4.34) are important results; they state the theoretical result that
the lift coefficient is linearly proportional to angle of attack, which is supported by
the experimental results discussed in Section 4.3. They also state that the theoret-

ical lift slope is equal to 27 rad™!, which is 0.11 degree

-1

. The experimental lift

coefficient data for an NACA 0012 symmetric airfoil are given in Figure 4.20; note
that Equation (4.33) accurately predicts ¢; over a large range of angle of attack. (The
NACA 0012 airfoil section is commonly used on airplane tails and helicopter blades.)

i
24
o

O
2 NACA 001? airfoil Eq. (4.33)
1.6
1.2+
08—

0.4 Eq. (4.41) Con. el
0 0
-0.4 ol
—0.8 0.2
—1.2 ® Re=3.0X 105—-0.3

@ Re=9.0 X 106
16 —{ -0.4
| I I IR R

-24 -16 -8 0 8 16 24 32

Figure 4.20

o, degrees

Comparisan between theory and
experiment far the lift and mament
coefficients for an NACA 0012 airfoil.
[Source: Abbott and von Daenhoff,
Reference 11.)
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The moment about the leading edge can be calculated as follows. Consider the
elemental vortex of strength y (£) d§ located a distance & from the leading edge, as
sketched in Figure 4.21. The circulation associated with this elemental vortex is
dl' = y (&) d&. In turn, the increment of lift 4. contributed by the elemental vortex
is dL = po; Voo dI'. This increment of lift creates a moment about the leading edge
dM = —E(dL). The total moment about the leading edge (LE) (per unit span) due
to the entire vortex sheet is therefore

M= - fO E(dL) = —pxc Vo fo £y (£) d [4.35]

Transforming Equation (4.35) via Equations (4.20) and (4.22), and performing the
integration, we obtain (the details are left for Problem 4.4);

[04
Mg = —qnc® 5 [4.36]
The moment coefficient is
Mf
Cmle = LE
' JooSC
where S = ¢(1). Hence,
M To
Cmle = E _ __—— [4.37]
ool 2
However, from Equation (4.33),
T = a [4.38]
2
Combining Equations (4.37) and (4.38), we obtain
¢
Cmte = —— [4.39]
4
dL
Leading edge AT = W(£) dE
L \ e dg—»]
| £ )

Figure 4.21 Caleulation of moments about the leading
edge.
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From Equation (1.22), the moment coefficient about the quarter-chord point is

C

Cmc/d = Cm le + Z [4-401
Combining Equations (4.39) and (4.40), we have
Cm,c/4 = 0 [4.41]

In Section 1.6, a definition is given for the center of pressure as that point about which
the moments are zero. Clearly, Equation (4.41) demonstrates the theoretical result
that the center of pressure is at the quarter-chord point for a symmetric airfoil.

By the definition given in Section 4.3, that point on an airfoil where moments are
independent of angle of attack is called the aerodynamic center. From Equation (4.41),
the moment about the quarter chord is zero for all values of &. Hence, for a symmetric
airfoil, we have the theoretical result that the quarter-chord point is both the center
of pressure and the aerodynamic center.

The above theoretical result for ¢, .74 = 0is supported by the experimental data
given in Figure 4.20. Also, note that the experimental value of ¢, /4 is constant over
a wide range of o, thus demonstrating that the real aerodynamic center is essentially
at the quarter chord.

Let us summarize the above results. The essence of thin airfoil theory is to find
a distribution of vortex sheet strength along the chord line that will make the camber
line a streamline of the flow while satisfying the Kutta condition y (TE) = 0. Such
a vortex distribution is obtained by solving Equation (4.18) for y (£), or in terms of
the transformed independent variable 6, solving Equation (4.23) for y () [recall that
Equation (4.23) is written for a symmetric airfoil]. The resulting vortex distribution
v (8) for a symmetric airfoil is given by Equation (4.24). In turn, this vortex distribu-
tion, when inserted into the Kutta-Joukowski theorem, gives the following important
theoretical results for a symmetric airfoil:

1. cp = 2.
2. Lift slope = 27.

3. The center of pressure and the aerodynamic center are both located at the quarter-
chord point.

4.8 Tue CAMBERED AIRFOIL

Thin airfoil theory for a cambered airfoil is a generalization of the method for a
symmetric airfoil discussed in Section 4.7. To treat the cambered airfoil, return to

Equation (4.18):
1 [ y@)ds dz
Efo ﬁ = Ve (Ot d_x) [4.18]
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For a cambered airfoil, dz/dx is finite, and this makes the analysis more elaborate
than in the case of a symmetric airfoil, where dz /dx = 0. Once again, let us transform
Equation (4.18) via Equations (4.20) to (4.22), obtaining
1 T y(0)sinf db dz
= o

— = [4.42]
27 Jy cosf — cosb

o — —

dx
We wish to obtain a solution for y (6) from Equation (4.42), subject to the Kutta
condition y () = 0. Such a solution for y (8) will make the camber line a streamline
of the flow. However, as before a rigorous solution of Equation (4.42) for y(0) is
beyond the scope of this book. Rather, the result is stated below:

| +cosf _
y(0) =2V | Ap———— + > _ A, sinnd [4.43]
sinfg o

Note that the above expression for y (8) consists of a leading term very similar to
Equation (4.24) for a symmetric airfoil, plus a Fourier sine series with coefficients
A,. The values of A, depend on the shape of the camber line dz/d x, and Ay depends
on both dz/dx and «, as shown below.

The coefficients Ag and A,(n = 1.2, 3,...) in Equation (4.43) must be specific
values in order that the camber line be a streamline of the flow. To find these specific
values, substitute Equations (4.43) into Equation (4.42):

1 (™ Ag(l4+cosB)ds 1 O ™ A,sinnfsin do dz
53
0 T 0

T cos 8 — cos by cosf — cosfy dx

n=1
The first integral can be evaluated from the standard form given in Equation (4.26).
The remaining integrals can be obtained from another standard form, which is derived
in Appendix E of Reference 9, and which is given below:
/” sinn@ sin 6 do
0

e . _ncosnb, [4.45]
cosf — cos 90

Hence, using Equations (4.26) and (4.45), we can reduce Equation (4.44) to

it daz
Ao — ;A,,COSHH() = — E
dz i
or T = (¢ — Ag) + Z A, cos ngy [4.46]

n=1

Recall that Equation (4.46) was obtained directly from Equation (4.42), which is
the transformed version of the fundamental equation of thin airfoil theory, Equa-
tion (4.18). Furthermore, recall that Equation (4.18) is evaluated at a given point x
along the chord line, as sketched in Figure 4.19. Hence, Equation (4.46) is also eval-
uated at the given point x; here, dz /dx and 6 correspond to the same point x on the
chord line. Also, recall that dz/dx is a function of 6y, where x = (¢/2)(1 — cos )
from Equation (4.21).
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Examine Equation (4.46) closely. It is in the form of a Fourier cosine series ex-
pansion for the function of dz /dx. In general, the Fourier cosine series representation
of a function f(8) over an interval 0 < 8 < m is given by

o0
f(0) =By +)_ Bycosnf [4.47]

n=]

where, from Fourier analysis, the coefficients By and B, are given by

1 b1
By = — / f(0)do [4.48]
T Jo

2 I
and B, = ;r-f f(B)cosnb do [4.49]
0

(See, e.g., page 217 of Reference 6.) In Equation (4.46), the function dz/dx is analo-
gous to f(#) inthe general form given in Equation (4.47). Thus, from Equations (4.48)
and (4.49), the coefficients in Equation (4.46) are given by

1 [ dz
o — Ay = — — dby
T Jo d.x
1 [*d
or Ap = — —/ —Z—d9() [4.50]
T Jo dx
2 {*d
and A, = —/ —Z" COSI’lQ()dQ() [4-51]
T Jo dx

Keep in mind that in the above, dz/dx is a function of 6y. Note from Equation (4.50)
that Ay depends on both o and the shape of the camber line (through dz/dx), whereas
from Equation (4.51) the values of A,, depend only on the shape of the camber line.

Pause for a moment and think about what we have done. We are considering the
flow over a cambered airfoil of given shape dz/dx at a given angle of attack «. In order
to make the camber line a streamline of the flow, the strength of the vortex sheet along
the chord line must have the distribution y (¢) given by Equation (4.43), where the
coefficients Ay and A,, are given by Equations (4.50) and (4.51), respectively. Also,
note that Equation (4.43) satisfies the Kutta condition ¥ (7r) = 0. Actual numbers
for Ap and A, can be obtained for a given shape airfoil at a given angle of attack
simply by carrying out the integrations indicated in Equations (4.50) and (4.51). For
an example of such calculations applied to an NACA 2412 airfoil, see pages 120-
125 of Reference 13. Also, note that when dz/dx = 0, Equation (4.43) reduces to
Equation (4.24) for a symmetric airfoil. Hence, the symmetric airfoil is a special case
of Equation (4.43).

Let us now obtain expressions for the aerodynamic coefficients for a cambered
airfoil. The total circulation due to the entire vortex sheet from the leading edge to
the trailing edge is

C

l":/ y(‘g‘)d&':—f y(0)sin 6 d6 [4.52]
0 2/
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Substituting Equation (4.43) for y (6) into Equation (4.52), we obtain

. 00
I=cV. Aof (1+cos6)do + Y A,
w[ 0 5

n=1

f sin né sinﬁdﬂ] [4.53]
0

From any standard table of integrals,

f (1 +cosé)db =n
0
" 2 =
and f sinnf sin @ d6 = 7/2 forn =1
0 0 forn #£ 1

Hence, Equation (4.53) becomes

[ =V, (nAo + %A,) [4.54]

From Equation (4.54), the lift per unit span is
14
L' = poo Vo' = pOOVDzoc (JTA() + EAl) [4.55]
In turn, Equation (4.55) leads to the lift coefficient in the form
LI
a=T TN
3 Poo VQOC( D

Recall that the coefficients Ap and A, in Equation (4.56) are given by Equations (4.50)
and (4.51), respectively. Hence, Equation (4.56) becomes

= 7'[(2A0 + Al) [4.56]

1 (7 dz
=27 o+ — —(cos by — 1)d6, [4.57]
T Jo dx
d
and Lift slope = ! = 2 [4.58]
da

Equations (4.57) and (4.58) are important results. Note that, as in the case of the
symmetric airfoil, the theoretical lift slope for a cambered airfoil is 2. It is a general
result from thin airfoil theory that de;/do = 27 for any shape airfoil. However,
the expression for ¢; itself differs between a symmetric and a cambered airfoil, the
difference being the integral term in Equation (4.57). This integral term has physical
significance, as follows. Return to Figure 4.4, which illustrates the lift curve for an
airfoil. The angle of zero lift is denoted by «;—¢ and is a negative value. From the
geometry shown in Figure 4.4, clearly

d
c = —2(0{ — Oj=0) [4.59]
do
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Substituting Equation (4.58) into (4.59), we have
¢ = 27(0 — arp—g) [4.601]

Comparing Equations (4.60) and (4.57), we see that the integral term in Equa-
tion (4.57) is simply the negative of the zero-lift angle; that is

1 (" d
Or—g = ——f —Z(COS Gy — 1) dby [4.61]
T Jo dx

Hence, from Equation (4.61), thin airfoil theory provides a means to predict the angle
of zero lift. Note that Equation (4.61) yields «y—o = 0 for a symmetric airfoil, which
is consistent with the results shown in Figure 4.20. Also, note that the more highly
cambered the airfoil, the larger will be the absolute magnitude of oy .

Returning to Figure 4.21, the moment about the leading edge can be obtained
by substituting y (8) from Equation (4.43) into the transformed version of Equa-
tion (4.35). The details are left for Problem 4.9. The result for the moment coefficient
18

/4 A
Cmle = —5 (AO + A - 72) [4.62]
Substituting Equation (4.56) into (4.62), we have
Cy JT
Chile = — l:z + Z(Al - A2):| [4.63]

Note that, for dz/dx = 0, A, = A; = 0 and Equation (4.63) reduces to Equa-
tion (4.39) for a symmetric airfoil.

The moment coefficient about the quarter chord can be obtained by substituting
Equation (4.63) into (4.40), yielding

T
Crc/a = Z(Az —Ay) [4.64]

Unlike the symmetric airfoil, where ¢, .4 = 0, Equation (4.64) demonstrates that
Cm,cs4 1s finite for a cambered airfoil. Therefore, the quarter chord is not the center
of pressure for a cambered airfoil. However, note that A; and A; depend only on
the shape of the camber line and do not involve the angle of attack. Hence, from
Equation (4.64), ¢y ¢4 is independent of a. Thus, the quarter-chord point is the
theoretical location of the aerodynamic center for a cambered airfoil.

The location of the center of pressure can be obtained from Equation (1.21):

M, Cn 1eC
Xop = — LL/E = - F [4.65]
<
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Substituting Equation (4.63) into (4.65), we obtain

xeo = < |14 Z¢a, — Ay [4.66]
P 4 8]

Equation (4.66) demonstrates that the center of pressure for a cambered airfoil varies
with the lift coefficient. Hence, as the angle of attack changes, the center of pressure
also changes. Indeed, as the lift approaches zero, x., moves toward infinity; that is,
it leaves the airfoil. For this reason, the center of pressure is not always a convenient
point at which to draw the force system on an airfoil. Rather, the force-and-moment
system on an airfoil is more conveniently considered at the acrodynamic center. (Re-
turn to Figure 1.19 and the discussion at the end of Section 1.6 for the referencing of
the force-and-moment system on an airfoil.)
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Consider an NACA 23012 airfoil. The mean camber line for this airfoil is given by Example 4.2

3 2

£ =2.6595 [(f) ~0.6075 () +0.1147 (f)] for 0 < = < 0.2025

¢ : ¢ ¢ c
and £ =0.02208(1- f) for 0.2025 < =~ < 1.0

& c c

Calculate (@) the angle of attack at zero lift, (b) the lift coefficient when o = 4°, (¢) the moment
coefficient about the quarter chord, and () the location of the center of pressure in terms of
Xep/c, when o = 4°. Compare the results with experimental data.

Solution
We will need dz/dx. From the given shape of the mean camber line, this is

dz xy\2 x X
%y YV C1215(5) 400147 foro < T < 02025
= 26595[3(6) 15(%) +0 7] or0< =<0

dz

and ZI—_ = —-0.02208 for0.2025 < - < 1.0

A=

Transforming from x to 6, where x = (¢/2)(] — cos 8), we have

dz 3
= 2.6595 [Z(l —2cos8 + cos” 8) — 0.6075(1 — cos @) + 0.1 147]
x
or = 0.6840 —2.3736¢cos 6 + 1.995¢c0os’8  for 0 <6 < 0.9335 rad
and = —-0.02208 for09335 <8 <m

(a) From Equation (4.61),

1 (" d:
a,,zoz—;f £ (cosh — 1)d8
7 Jy dx

(Note: For simplicity, we have dropped the subscript zero from 6+ in Equation (4.61), 6, is the
variable of integration—it can just as well be symbolized as 6 for the variable of integration.)
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Substituting the equation for dz /dx into Equation (4.61), we have

1 0.9335
arg=—— / (—0.6840 + 3.0576cos & — 4.3686cos? 6 + 1.995cos’ 0) d6  [E.1]
0

l T
—— / (0.02208 — 0.02208 cos ) déd
T J0.9335

From a table of integrals, we see that

fcos@d() =sind
fc0526d9 = Lsinfcosf + 16

fcos39d9 = Lsinfd(cos? 6 +2)
Hence, Equation (E.1) becomes

1
o9 = ——[—2.86830 + 3.0576sind — 2.1843 sin 6 cos
bid

+ 0.665sin6(cos? 6 + 2)15-935

1
- [0.022080 — 0.02208 sin 817 335

1
Hence, I —;(—0.0065 + 0.0665) = —0.0191 rad

or &y = —1.09° J

(b) « = 4° = 0.0698 rad
From Equation (4.60),

¢ =27 (o — ap—g) = 27(0.0698 + 0.0191) = 0.559

(c) The value of ¢/, is obtained from Equation (4.64). For this, we need the two Fourier
coefficients A; and A,. From Equation (4.51),

2 (7 d
A1=—/ —Zcoseda
b4 i} dx

0.9335
A=~ f (0.6840 cos 6 — 2.3736 cos* 6 + 1.995cos® 6) d6
0

2 b3
+ — / (—0.02208 cos 8) d6
T J0.9335

2
= =[0.6840sin 6 — 1.1868 sin @ cos & — 1.18686 + 0.665 sin H(cos? 6 + 2)19°**
w

2
+ ; [—~0.02208 sin 9]3_09335

2
= ~(0.1322+0.0177) = 0.0954
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From Equation (4.51),

2 ("d 2 [7dz
Az:—f —Z-COSZGJHZ—/ —i(2cos29—1)d9
wJy dx wJy dx
5 09335
== / (—0.6840 + 2.3736cos§ — 0.627 cos® @
0

— 4.747 cos® 6 + 3.99 cos* 6) d6

2 n
+ = (0.02208 — 0.0446 cos? ) do
T J0.9335
Note:
f cos*0df = | cos®§sinf + 2 (sinf cos b + 6)
Thus,

2 1
A, = - { —0.68400 + 2.3736sin9 — 0,628 (-2—) (sinf cos6 + 6)

0.9335

1 1 3
— 4.747 (5) sinf(cos® 6 + 2) + 3.99 [Z cos’ sin @ + —g(sinﬁ cosf + 9)”
0

2 1
+ = [0.022089 — 0.0446 (5) {(sin® cos6 + 0)]
4

0.9335
2
= ;(0.1 1384 + 0.01056) = 0.0792
From Equation (4.64)

Cn,c/a = %(AZ - A]) = %(00792 - 00954)

l C,,,'C/4 = —0.0127 |

(d) From Equation (4.66)

c i
Xep =~ |1+ = (A — Ap)
&}

4
Hence Yo _ 1 [1 - (0.0954 —0 0792)] —0.273
’ c ~al Toss9" ‘ =

313

Comparison with Experimental Data The datafor the NACA 23012 airfoil
are shown in Figure 4.22. From this, we make the following tabulation:

Calculated Experiment
=g —1.09° -1.1°
 (ata = 4°) 0.559 0.55

Cm.c/a -0.0127 ~0.01
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comparison with the theoretical results obtained in Example 4.2.
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Note that the results from thin airfoil theory for a cambered airfoil agree very well with
the experimental data. Recall that excellent agreement between thin airfoil theory
for a symmetric airfoil and experimental data has already been shown in Figure 4.20.
Hence, all of the work we have done in this section to develop thin airfoil theory is
certainly worth the effort. Moreover, this illustrates that the development of thin airfoil
theory in the early 1900s wag a crowning achievement in theoretical aerodynamics
and validates the mathematical approach of replacing the chord line of the airfoil with
a vortex sheet, with the flow tangency condition evaluated along the mean camber
line.

This brings to an end our introduction to classical thin airfoil theory. Returning
to our road map in Figure 4.2, we have now completed the right-hand branch.
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4.9 THE AERODYNAMIC CENTER: ADDITIONAL
CONSIDERATIONS

The definition of the aerodynamic center is given in Section 4.3; it is that point on a
body about which the aerodynamically generated moment is independent of angle of
attack. At first thought, it is hard to imagine that such a point could exist. However,
the moment coefficient data in Figure 4.6, which is constant with angle of attack,
experimentally proves the existence of the aerodynamic center. Moreover, thin airfoil
theory as derived in Sections 4.7 and 4.8 clearly shows that, within the assumptions
embodied in the theory, not only does the aerodynamic center exist but that it is located
at the quarter-chord point on the airfoil. Therefore, to Figure 1.19 which illustrates
three different ways of stating the force and moment system on an airfoil, we can
now add a fourth way, namely, the specification of the lift and drag acting through
the aerodynamic center, and the value of the moment about the aerodynamic center.
This is illustrated in Figure 4.23.

1} L

' ac

N
B—

Figure 4.23 Lift, drag, and moments about the

aerodynamic center.
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Figure 4.24 Lift and moments about the
quarterchord point, and a sketch useful
for locating the aerodynamic center.

For most conventional airfoils, the aerodynamic center is close to, but not neces-
sarily exactly at, the quarter-chord point. Given data for the shape of the lift coefficient
curve and the moment coefficient curve taken around an arbitrary point, we can calcu-
late the location of the aerodynamic center as follows. Consider the lift and moment
system taken about the quarter-chord point, ag shown in Figure 4.24. We designate
the location of the aerodynamic center by cx,. measured from the leading edge. Here,
Xae 18 the location of the aerodynamic center as a fraction of the chord length ¢. Taking
moments about the aerodynamic center designated by ac in Figure 4.24, we have

Mz;c = L/(C-iac - C/4) + Mé/4 [4.67]

Dividing Equation (4.67) by g, S¢, we have

M, L’ M,
B = L (eRy — 0.25) + —£&
CIooSC qooS qooSc
or Cm,ac = C] (Xac — 0.25) + Cm,c74 [4.68]

Daifferentiating Equation (4.68) with respect to angle of attack o, we have

dc dc
mac ’(-xac — 0.25) + Some/t dcy, GCm,c/4
do

However, in Equation (4.69), dc,,,,ac /do is zero by definition of the aerodynamic
center. Hence, Equation (4.69) becomes

d
0= %G _025) 4 Lomert
da

[4.69]

Cm GCm,c/4
do

For airfoils below the stalling angle of attack, the slopes of the lift coefficient and

[4.70]
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moment coefficient curves are constant. Designating these slopes by

dC] _ . d(:m.t'/-l
— =4y,
o do

= My
Equation (4.70) becomes
0 = ag(x,c — 0.25) + iy

ng
or Xye = —— +0.25 [(4.71]
ap

Hence, Equation (4.71) proves that, for a body with linear lift and moment curves,
that is, where ay and m are fixed values, the aerodynamic center exists as a fixed
point on the airfoil. Moreover, Equation (4.71) allows the calculation of the location
of this point.

Consider the NACA 23012 airfoil studied in Example 4.2. Experimental data for this airfoil T Example 4.3
is plotted in Figure 4.22, and can be obtained from Reference 11. 1t shows that, at & = 4°,
¢; = 0.55 and ¢, ..« = —0.005. The zero-lift angle of attack is —1.1°. Also, at o = —4°,
Cmess = —0.0125. (Note that the “experimental” value of ¢, 4 = —0.01 tabulated at the end
of Example 4.2 is an average value over a range of angle of attack. Since the calculated value
of ¢, ;4 from thin airfoil theory states that the quarter-chord point is the aerodynamic center,
it makes sense in Example 4.2 to compare the calculated ¢,, .,4 with an experimental value
averaged over a range of angle of attack. However, in the present example, becausc ¢, ;4 In
reality varies with angle of attack, we use the actual data at two different angles of attack.)
From the given information, calculate the location of the aerodynamic center for the NACA
23012 airfoil.

Solution
Since ¢; = 0.55at « = 4° and ¢; = 0 at @« = —1.1°, the lift slope is
0.55-0
ap = D = 0.1078 per degree

The slope of the moment coefficient curve is

—0.005 — (—0.012
my = 00(3 (( 2)01 5) = 9.375 x 10~ per degree

From Equation (4.71),

_ My 9.375 x 107*
= 025 =~ = 025 =] 0241
x o 01078

The result agrees exactly with the measured value quoted on page 183 of Abbott and Von
Doenhoff (Reference 11).




318 FUNDAMENTALS OF AERODYNAMICS

DESIGN Box

The result of Example 4.3 shows that the aerodynamic center for the NACA 23012 airfoil is located ahead of, but
very close to, the quarter-chord point. For some other families of airfoils, the aerodynamic center is located behind,
but similarly close to, the quarter-chord point. For a given airfoil family, the location of the aerodynamic center
depends on the airfoil thickness, as shown in Figure 4.25. The variation of x,. with thickness for the NACA 230XX
family is given in Figure 4.25q. Here, the aerodynamic center is ahead of the quarter-chord point, and becomes
progressively farther ahead as the airfoil thickness is increased. In contrast, the variation of x,. with thickness
for the NACA 64-2XX family is given in Figure 4.25b. Here, the aecrodynamic center is behind the quarter-chord
point, and becomes progressively farther behind as the airfoil thickness is increased.

From the point of view of purely aerodynamics, the existence of the aerodynamic center is interesting, but
the specification of the force and moment system on the airfoil by placing the lift and drag at the aerodynamic
center and giving the value of M/, as illustrated in Figure 4.23, is not more useful than placing the lift and drag at
any other point on the airfoil and giving the value of M’ at that point, such as shown in Figure 1.19. However, in flight

0.26

T 024 JL -

\\
j.
0.22
0 4 8 12 16 20 24
Airfoil thickness, percent of chord
(@) NACA 230XX Airfoil
0.28
-
_ /d/
x,. 0.26 L/d
<
0.24 .
0 4 8 12 16 20 24

Airfoil thickness, percent of chord
(by NACA 64-2XX Airfoil

Figure 4.25 Variatian of the lacation of the aerodynamic center with airfail
thickness. {a) NACA 230XX airfoil. (b} NACA 64-2XX airfoil.

(continued )
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Aircraft Performance and Design, McGraw-Hill, Boston, 1999.

dynamics, and in particular the consideration of the stability and contro! of flight vehicles, placing the lift and drag
at, and dealing with the moment about, the aerodynamic center, is particularly convenient. The fact that M, for
a flight vehicle is independent of angle of attack simplifies the analysis of the stability and control characteristics,
and the use of the aerodynamic center theretore becomes important in airplane design. In the design process, it is
important to know where the aerodynamic centers of the various components of the aircraft (wing, tail, fuselage,
etc.) are located, and above all the location of the aerodynamic center for the complete flight vehicle. It is for
this reason that we have placed extra emphasis on the acrodynamic center in Section 4.9. For an introduction to
stability and control see Chapter 7 of the author’s book Introduction to Flight, 4th edition, McGraw-Hill, Boston,
2000. For more information about the aerodynamic center, and its use in airplane design, see the author’s book

4.10 LirTING FLOWS OVER ARBITRARY BODIES:
THE VORTEX PANEL NUMERICAL METHOD

The thin airfoil theory described in Sections 4.7 and 4.8 is just what it says—it ap-
plies only to thin airfoils at small angles of attack. (Make certain that you understand
exactly where in the development of thin airfoil theory these assumptions are made
and the reasons for making them.) The advantage of thin airfoil theory is that closed-
form expressions are obtained for the aerodynamic coefficients. Moreover, the results
compare favorably with experimental data for airfoils of about 12 percent thickness or
less. However, the airfoils on many low-speed airplanes are thicker than 12 percent.
Moreover, we are frequently interested in high angles of attack, such as occur during
takeoff and landing. Finally, we are sometimes concerned with the generation of
aerodynamic lift on other body shapes, such as automobiles or submarines. Hence,
thin airfoil theory is quite restrictive when we consider the whole spectrum of aero-
dynamic applications. We need a method that allows us to calculate the aerodynamic
characteristics of bodies of arbitrary shape, thickness, and orientation. Such a method
is described in this section. Specifically, we treat the vortex panel method, which is
a numerical technique that has come into widespread use since the early 1970s. In
reference to our road map in Figure 4.2, we now move to the left-hand branch. Also,
since this chapter deals with airfoils, we limit our attention to two-dimensional bodies.

The vortex panel method is directly analogous to the source panel method de-
scribed in Section 3.17. However, because a source has zero circulation, source panels
are useful only for nonlifting cases. In contrast, vortices have circulation, and hence
vortex panels can be used for lifting cases. (Because of the similarities between source
and vortex panel methods, return to Section 3.17 and review the basic philosophy of
the source panel method before proceeding further.)

The philosophy of covering a body surfuce with a vortex sheet of such a strength
to make the surface a streamline of the flow was discussed in Section 4.4 We then
went on to simplify this idea by placing the vortex sheet on the camber line of the
airfoil as shown in Figure 4.11, thus establishing the basis for thin airfoil theory. We
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now return to the original idea of wrapping the vortex sheet over the complete surface
of the body, as shown in Figure 4.10. We wish to find y (s) such that the body surface
becomes a streamline of the flow. There exists no closed-form analytical solution for
v (s); rather, the solution must be obtained numerically. This is the purpose of the
vortex panel method.

Let us approximate the vortex sheet shown in Figure 4.10 by a series of straight
panels, as shown earlier in Figure 3.40. (In Chapter 3, Figure 3.40 was used to discuss
source panels; here, we use the same sketch for discussion of vortex panels.) Let the
vortex strength y (s) per unit length be constant over a given panel, but allow it to vary
from one panel to the next. That is, for the n panels shown in Figure 3.40, the vortex
panel strengths per unit length are vy, v, ..., ¥, ..., v». These panel strengths are
unknowns; the main thrust of the panel technique is to solve for y;, j = 1 to n,
such that the body surface becomes a streamline of the flow and such that the Kutta
condition is satisfied. As explained in Section 3.17, the midpoint of each panel is a
control point at which the boundary condition is applied; that is, at each control point,
the normal component of the flow velocity is zero.

Let P be a point located at (x, y) in the flow, and let r,; be the distance from
any point on the jth panel to P, as shown in Figure 3.40. The radius r,; makes the
angle 6,; with respect to the x axis. The velocity potential induced at P due to the
jth panel, A¢;, is, from Equation (4.3),

1
Ap; = - fG,,jy,- ds; [4.72]
J

In Equation (4.72), y; is constant over the jth panel, and the integral is taken over
the jth panel only. The angle 6,; 1s given by

[4a.73]

In turn, the potential at P due to all the panels is Equation (4.72) summed over all
the panels:

$(P) =) ¢ = —Z;—]’T /% ds, [4.74]
j=1 J=1 J

Since point P is just an arbitrary point in the flow, let us put P at the control point of
the ith panel shown in Figure 3.40. The coordinates of this control point are (x;, v;).
Then Equations (4.73) and (4.74) become

x[-—xj
n )/
and Xiy Vi =—§ L g ds; [4.75]
n o (xi, ¥i) j—;zﬂjfj jas;

Equation (4.75) is physically the contribution of all the panels to the potential at the
control point of the ith panel.
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Atthe control points, the normal component of the velocity is zero; this velocity is
the superposition of the uniform flow velocity and the velocity induced by all the vortex
panels. The component of V, normal to the ith panel is given by Equation (3. 148):

Voo = Ve €08 B [3.148]
The normal component of velocity induced at (x;, y;) by the vortex panels is
a3
n = —‘—[Gb(xiq yi)] [4-76]
an;

Combining Equations (4.75) and (4.76), we have

V, = f " ds, [4.77]
J

an;

where the summation is over all the panels. The normal component of the flow velocity
at the ith control point is the sum of that due to the freestream [Equation (3.148)] and
that due to the vortex panels [Equation (4.77)]. The boundary condition states that
this sum must be zero:

Voo.n + Vn =0 [4-78]
Substituting Equations (3.148) and (4.77) into (4.78), we obtain

Vo COS B — f an” ds [4.79]
I

Equation (4.79) is the crux of the vortex panel method. The values of the integrals in
Equation (4.79) depend simply on the panel geometry; they are not properties of the
flow. Let J; ; be the value of this integral when the control point is on the ith panel.
Then Equation (4.79) can be written as

1
Vacosfi = 3 ;’—J’T J;=0 [4.80]
Jj=1
Equation (4.80) is a linear algebraic equation with n unknowns, y;, v, . ... V. It
represents the flow boundary condition evaluated at the control point of the ith panel.
If Equation (4.80) is applied to the control points of a// the panels, we obtain a system
of n linear equations with » unknowns.

To this point, we have been deliberately paralleling the discussion of the source
panel method given in Section 3.17; however, the similarity stops here. For the source
panel method, the n equations for the 7 unknown source strengths are routinely solved,
giving the flow over a nonlifting body. In contrast, for the lifting case with vortex
panels, in addition to the n equations given by Equation (4.80) applied at all the
panels, we must also satisfy the Kutta condition. This can be done in several ways.
For example, consider Figure 4.26, which illustrates a detail of the vortex panel
distribution at the trailing edge. Note that the length of each panel can be different;
their length and distribution over the body are up to your discretion. Let the two
panels at the trailing edge (panels i and i — 1 in Figure 4.26) be very small. The
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Figure 4.26  Voriex panels at the trailing edge.

Kutta condition is applied precisely at the trailing edge and is given by y (TE) = 0.
To approximate this numerically, if points 7 and i — 1 are close enough to the trailing
edge, we can write

Vi = — Vi [4.81]

such that the strengths of the two vortex panels i and i — 1 exactly cancel at the point
where they touch at the trailing edge. Thus, in order to impose the Kutta condition
on the solution of the flow, Equation (4.81) (or an equivalent expression) must be
included. Note that Equation (4.80) evaluated at all the panels and Equation (4.81)
constitute an overdetermined system of n unknowns with n + 1 equations. Therefore,
to obtain a determined system, Equation (4.80) is not evaluated at one of the control
points on the body. That is, we choose to ignore one of the control points, and we
evaluate Equation (4.80) at the other n — 1 control points. This, in combination with
Equation (4.81), now gives a system of # linear algebraic equations with n unknowns,
which can be solved by standard techniques.

At this stage, we have conceptually obtained the values of yy, y2, ..., ¥, which
make the body surface a streamline of the flow and which also satisfy the Kutta
condition, In turn, the flow velocity tangent to the surface can be obtained directly
from y. To see this more clearly, consider the airfoil shown in Figure 4.27. We are
concerned only with the flow outside the airfoil and on its surface. Therefore, let the
velocity be zero at every point inside the body, as shown in Figure 4.27. In particular,
the velocity just inside the vortex sheet on the surface is zero. This corresponds to
up = 0 in Equation (4.8). Hence, the velocity just outside the vortex sheet is, from
Equation (4.8),

y=u—uy=u; —0=u

In Equation (4.8), u denotes the velocity tangential to the vortex sheet. In terms of the
picture shown in Figure 4.27, we obtain V,, = y, at point a, V, = y; at point b, etc.
Therefore, the local velocities tangential to the airfoil surface are equal to the local
values of y. In turn, the local pressure distribution can be obtained from Bernoulli’s
equation.

The total circulation and the resulting lift are obtained as follows. Let s; be the
length of the jth panel. Then the circulation due to the jth panelis y;s;. In turn, the
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Voo Ys

Inside airfoil, ¥V = 0

Figure 4.27  Ajrfoil as a solid body, with zero velocity
inside the profile.

total circulation due to all the panels is

I'= Z)/','SI' [4a.82]

j=l

Hence, the lift per unit span is obtained from

L = Poo Voo Z VS [4a.83]

j=t1

The presentation in this section is intended to give only the general flavor of the
vortex panel method. There are many variations of the method in use today, and
you are encouraged to read the modern literature, especially as it appears in the ATAA
Journal and the Journal of Aircraft since 1970. The vortex panel method as described
in this section is termed a “first-order” method because it assumes a constant value
of y over a given panel. Although the method may appear to be straightforward,
its numerical implementation can sometimes be frustrating. For example, the results
for a given body are sensitive to the number of panels used, their various sizes, and
the way they are distributed over the body surface (i.e., it is usually advantageous to
place a large number of small panels near the leading and trailing edges of an airfoil
and a smaller number of larger panels in the middle). The need to ignore one of the
control points in order to have a determined system in # equations for # unknowns
also introduces some arbitrariness in the numerical solution. Which control point do
you ignore? Different choices sometimes yield different numerical answers for the
distribution of y over the surface. Moreover, the resulting numerical distributions
for y are not always smooth, but rather, they have oscillations from one panel to
the next as a result of numerical inaccuracies. The problems mentioned above are
usually overcome in different ways by different groups who have developed relatively
sophisticated panel programs for practical use. For example, what is more common
today is to use a combination of both source and vortex panels (source panels to
basically simulate the airfoil thickness and vortex panels to introduce circulation) in
a panel solution. This combination helps to mitigate some of the practical numerical
problems just discussed. Again, you are encouraged to consult the literature for more
information.

Such accuracy problems have also encouraged the development of higher-order
panel techniques. For example, a “second-order” panel method assumes a linear
variation of y over a given panel, as sketched in Figure 4.28. Here, the value of y at
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the edges of each panel is matched to its neighbors, and the values y, y;, 33, etc. at
the boundary points become the unknowns to be solved. The flow-tangency boundary
condition is still applied at the control point of each panel, as before. Some results
using a second-order vortex panel technique are given in Figure 4.29, which shows

"

Y2
73

4

Control point Boundary points

Figure 4.28 linear distribution of y over each panel—a second-order panel

method.
NACA 0012 airfoil
o a=9°
9
. O Upper surface 2 order
Voo panel
O Lower surface method

= (lassical solution
(from Reference 11}

Figure 4.29 Pressure caefficient distributian over an NACA 0012 airfoil; comparisan
between second-order voriex panel method and NACA theoretical results from
Reference 11. The numerical panel results were obtained by one of the author’s

graduate students, Mr. Tae-Hwan Cha.
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the distribution of pressure coefficients over the upper and lower surfaces of an NACA
0012 airfoil at a 9° angle of attack. The circles and squares are numerical results from
a second-order vortex panel technique developed at the University of Maryland, and
the solid lines are from NACA results given in Reference 11. Excellent agreement is
obtained.

Again, you are encouraged to consult the literature before embarking on any
serious panel solutions of your own. For example, Reference 14 is a classic paper
on panel methods, and Reference 15 highlights many of the basic concepts of panel
methods along with actual computer program statement listings for simple applica-
tions. Reference 66 is a modern compilation of papers, several of which deal with
current panel techniques. Finally, Katz and Plotkin (Reference 67) give perhaps the
most thorough discussion of panel techniques and their foundations to date.
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4.11 MODERN LOW-SPEED AIRFOILS

The nomenclature and aerodynamic characteristics of standard NACA airfoils are
discussed in Sections 4.2 and 4.3; before progressing further, you should review
these sections in order to reinforce your knowledge of airfoil behavior, especially in
light of our discussions on airfoil theory. Indeed, the purpose of this section is to
provide a modern sequel to the airfoils discussed in Sections 4.2 and 4.3.

During the 1970s, NASA designed a series of low-speed airfoils that have perfor-
mance superior to the earlier NACA airfoils. The standard NACA airfoils were based
almost exclusively on experimental data obtained during the 1930s and 1940s. In con-
trast, the new NAS A airfoils were designed on a computer using a numerical technique
similar to the source and vortex panel methods discussed earlier, along with numerical
predictions of the viscous flow behavior (skin friction and flow separation). Wind-
tunnel tests were then conducted to verify the computer-designed profiles and to obtain
the definitive airfoil properties. QOut of this work first came the general aviation—
Whitcomb [GA(W) — 1] airfoil, which has since been redesignated the LS(1)-0417
airfoil. The shape of this airfoil is given in Figure 4.30, obtained from Reference 16.
Note that it has alarge leading-edge radius (0.08¢ in comparison to the standard 0.02¢)
in order to flatten the usual peak in pressure coefficient near the nose. Also, note that
the bottom surface near the trailing edge is cusped in order to increase the camber and

Figure 4.30  Profile for the NASA LS(1)0417 airfoil.
When first introduced, this airfoil was
labeled the GA (W)-1 airfoil, a
nomenclature which has now been
superseded. {From Reference 16.)
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hence the aerodynamic loading in that region. Both design features tend to discourage
flow separation over the top surface at high angle of attack, hence yielding higher
values of the maximum lift coefficient. The experimentally measured lift and moment
properties (from Reference 16) are given in Figure 4.31, where they are compared
with the properties for an NACA 2412 airfoil, obtained from Reference 11. Note that
¢7.max for the NASA LS(1)-0417 is considerably higher than for the NACA 2412.

The NASA LS(1)-0417 airfoil has a maximum thickness of 17 percent and a
design lift coefficient of 0.4. Using the same camber line, NASA has extended this
airfoil into a family of low-speed airfoils of different thicknesses, for example, the
NASA LS(1)-0409 and the LS(1)-0413. (See Reference 17 for more details.) In
comparison with the standard NACA airfoils having the same thicknesses, these new
LS(1)-04xx airfoils all have:

1. Approximately 30 percent higher ¢; max.

2. Approximately a 50 percent increase in the ratio of lift to drag (L/D) at a lift
coefficient of 1.0. This value of ¢; = 1.0 is typical of the climb lift coefficient
for general aviation aircraft, and a high value of L /D greatly improves the climb

® NASA LS(1)0417 (ref. 16), Re = 6.3 X 10°
B NACA 2412 (ref, 11), Re = 5.7 X 1 0®

4]
24
2.0
. o %o
1
1.6 |- ©g 9 B
N\ O
1.2 ® @®
® O]
0.8 I~ ® [ﬂ
0.4 U]
@$ Cm,c/4
0 SOt 0
10} lojlo|
o oRoRoNC
0.4 L B 5 — -00s5
g m o e ®
- ® 0]
-0.8 @0 ®® — 0.1
® e
— —0.15%
O]
] 1 | 1 1 | | —0.20
—16 —-12 -8 —4 0 4 8 12 16 20
«, degrees

Figure 4.31 Comparison of the modern NASA L5(1)-0417 airfoil with
the standard NACA 2412 airfoil.
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performance. (See Reference 2 for a general introduction to airplane performance
and the importance of a high L/ D ratio to airplane efficiency.)

It is interesting to note that the shape of the airfoil in Figure 4.30 is very similar
to the supercritical airfoils to be discussed in Chapter 11. The development of the
supercritical airfoil by NASA aerodynamicist Richard Whitcomb in 1965 resulted in
a major improvement in airfoil drag behavior at high subsonic speeds, near Mach 1.
The supercritical airfoil was a major breakthrough in high-speed aerodynamics. The
LS(1)-0417 low-speed airfoil shown in Figure 4.30, first introduced as the GA(W)-1
airfoil, was a later spin-off from supercritical airfoil research. It is also interesting
to note that the first production aircraft to use the NASA LS(1)-0417 airfoil was the
Piper PA-38 Tomahawk, introduced in the late 1970s.

In summary, new airfoil development is alive and well in the aeronautics of the
late twentieth century. Moreover, in contrast to the purely experimental development
of the earlier airfoils, we now enjoy the benefit of powerful computer programs using
panel methods and advanced viscous flow solutions for the design of new airfoils.
Indeed, in the 1980s NASA established an official Airfoil Design Center at The Ohio
State University, which services the entire general aviation industry with over 30 dif-
ferent computer programs for airfoil design and analysis. For additional information
on such new low-speed airfoil development, you are urged to read Reference 16,
which is the classic first publication dealing with these airfoils, as well as the concise
review given in Reference 17.
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DESIGN Box

This chapter deals with incompressible flow over airfoils. Moreover, the analytical thin airfoil theory and the
numerical panel methods discussed here are techniques for calculating the aerodynamic characteristics for a given
airfoil of specified shape. Such an approach is frequently called the direct problem, wherein the shape of the body
is given, and the surface pressure distribution (for example) is calculated. For design purposes, it is desirable to turn
this process inside-out; it is desirable to specify the surface pressure distribution—a pressure distribution that will
achieve enhanced airfoil performance—and calculate the shape of the airfoil that will produce the specified pressure
distribution. This approach is called the inverse problem. Before the advent of the high-speed digital computer,
and the concurrent rise of the discipline of computational fluid dynamics in the 1970s (see Section 2.17.2), the
analytical solution of the inverse problem was difficult, and was not used by the practical airplane designer.
Instead, for most of the airplanes designed before and during the twentieth century, the choice of an airfoil shape
was based on reasonable experimental data (at best), and guesswork (at worst). This story is told in some detail
in Reference 62. The design problem was made more comfortable with the introduction of the various families
of NACA airfoils, beginning in the early 1930s. A logical method was used for the geometrical design of these
airfoils, and definitive experimental data on the NACA airfoils were made available (such as shown in Figures 4.5,
4.6, and 4.22). For this reason, many airplanes designed during the middle of the twentieth century used standard
NACA airfoil sections. Even today, the NACA airfoils are sometimes the most expeditious choice of the airplane
designer, as indicated by the tabulation (by no means complete) in Section 4.2 of airplanes using such airfoils.

(continued)
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However, today the power of computational fluid dynamics (CFD) is revolutionizing airfoil design and anal-
ysis. The inverse problem, and indeed the next step—the overall automated procedure that results in a completely
optimized airfoil shape for a given design point—are being made tractable by CFD. An example of such work
is illustrated in Figures 4.32 and 4.33, taken from the recent work of Kyle Anderson and Daryl Bonhaus (Refer-
ence 68). Here, CFD solutions of the continuity, momentum, and energy equations for a compressible, viscous flow
(the Navier-Stokes equations, as denoted in Section 2.17.2) are carried out for the purpose of airfoil design. Using
a finite volume CFD technique, and the grid shown in Figure 4.32, the inverse problem is solved. The specified
pressure distribution over the top and bottom surfaces of the airfoil is given by the circles in Figure 4.33a. The
optimization technique is iterative and requires starting with a pressure distribution that is not the desired, specified
one; the initial distribution is given by the solid curves in Figure 4.334, and the airfoil shape corresponding to this
initial pressure distribution is shown by the solid curve in Figure 4.335. (In Figure 4.33b, the airfoil shape appears
distorted because an expanded scale is used for the ordinate.) After 10 design cycles, the optimized airfoil shape

/

Figure 4.32 Unstructured mesh for the numerical calculatian of the flaw aver an airfail.
{Source: Andersan and Bonhaus, Reference 68.)

(continued)
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airfoil shape is also shown in constant scale in Figure 4.32.

will always be there as a partner with the modern CFD techniques.
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(b) Airfoil shapes

Figure 4.33 An example af airfoil aptimized design using computational fluid

that supports the specified pressure distribution is obtained, as given by the circles in Figure 4.33b. The initial

The results given in Figures 4.32 and 4.33 are shown here simply to provide the flavor of modern airfoil design
and analysis. This is reflective of the wave of future airfoil design procedures, and you are encouraged to read the
contemporary literature in order to keep up with this rapidly evolving field. However, keep in mind that the simpler
analytical approach of thin airfoil theory discussed in the present chapter, and especially the simple practical results
of this theory, will continue to be part of the whole “toolbox” of procedures to be used by the designer in the future.
The fundamentals embodied in thin airfoil theory will continue to be part of the fundamentals of aerodynamics and

4.12 APPLIED AERODYNAMICS: THE FLOW OVER AN

AIRFOIL— THE REAL CASE

In this chapter, we have studied the inviscid, incompressible flow over airfoils. When
compared with actual experimental lift and moment data for airfoils in low-speed
flows, we have seen that our theoretical results based on the assumption of inviscid
flow are quite good—with one glaring exception. In the real case, flow separation
occurs over the top surface of the airfoil when the angle of attack exceeds a certain
value—the “stalling” angle of attack. As described in Section 4.3, this is a viscous
effect. AsshowninFigure 4.4, the lift coefficient reaches alocal maximum denoted by
€1 max. and the angle of attack at which ¢; . is achieved is the stalling angle of attack.
An increase in « beyond this value usually results in a (sometimes rather precipitous)
drop in lift. At angles of attack well below the stalling angle, the experimental data
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clearly show a linear increase in ¢; with increasing «—a result that is predicted by
the theory presented in this chapter. Indeed, in this linear region, the inviscid flow
theory is in excellent agreement with the experiment, as reflected in Figure 4.5 and
as demonstrated by Example 4.2. However, the inviscid theory does not predict flow
separation, and consequently the prediction of ¢; max and the stalling angle of attack
must be treated in some fashion by viscous flow theory. Such viscous flow analyses
are the purview of Part 4. On the other hand, the purpose of this section is to examine
the physical features of the real flow over an airfoil, and flow separation is an inherent
part of this real flow. Therefore, let us take a more detailed look at how the flow field
over an airfoil changes as the angle of attack is increased, and how the lift coefficient
is affected by such changes.

The flow fields over an NACA 4412 airfoil at different angles of attack are
shown in Figure 4.34. Here, the streamlines are drawn to scale as obtained from
the experimental results of Hikaru Ito given in Reference 50. The experimental
streamline patterns were made visible by a smoke wire technique, wherein metallic
wires spread with oil over their surfaces were heated by an electric pulse and the
resulting white smoke creates visible streaklines in the flow field. In Figure 4.34, the
angle of attack is progressively increased as we scan from Figure 4.34a to e; to the
right of each streamline picture is an arrow, the length of which is proportional to the
value of the lift coefficient at the given angle of attack. The actual experimentally
measured lift curve for the airfoil is given in Figure 4.34f. Note that at low angle
of attack, such as o = 2° in Figure 4.344, the streamlines are relatively undisturbed
from their freestream shapes and ¢; is small. As « is increased to 5°, as shown in
Figure 4.34b, and then to 10°, as shown in Figure 4.34¢, the streamlines exhibit a
pronounced upward deflection in the region of the leading edge, and a subsequent
downward deflection in the region of the trailing edge. Note that the stagnation
point progressively moves downstream of the leading edge over the bottom surface
of the airfoil as « is increased. Of course, ¢; increases as « is increased, and, In
this region, the increase is linear, as seen in Figure 4.34f. When « is increased to
slightly less than 15°, as shown in Figure 4.34d, the curvature of the streamlines is
particularly apparent. In Figure 4.34d, the flow field is still attached over the top
surface of the airfoil. However, as « is further increased slightly above 15°, massive
flow-field separation occurs over the top surface, as shown in Figure 4.34¢. By
slightly increasing « from that shown in Figure 4.344 to that in Figure 4.34¢, the flow
quite suddenly separates from the leading edge and the lift coefficient experiences a
precipitous decrease, as seen in Figure 4.34f.

The type of stalling phenomenon shown in Figure 4.34 is called leading-edge
stall; it is characteristic of relatively thin airfoils with thickness ratios between 10
and 16 percent of the chord length. As seen above, flow separation takes place rather
suddenly and abruptly over the entire top surface of the airfoil, with the origin of this
separation occurring at the leading edge. Note that the lift curve shown in Figure 4.34f
is rather sharp-peaked in the vicinity of ¢; max with a rapid decrease in ¢; above the
stall.

A second category of stall is the frailing-edge stall. This behavior is character-
istic of thicker airfoils such as the NACA 4421 shown in Figure 4.35. Here, we see
a progressive and gradual movement of separation from the trailing edge toward the
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Figure 4.34 Example of leading-edge stall. Streamline patterns for an NACA 4412 airfoil ot different angles of
attack. (The streamlines are drawn to scale from experimental data given by Hikaru fto in
Reference 50.) Re = 2.1 x 10% and V., = 8 m/s in air. The corresponding experimentally
measured lift coefficients are indicated by arrows at the right of each streamline picture, where the
length of each arrow indicates the relative magnitude of the lift. The lift coefficient is also shown in
part (f).
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Figure 4.35 Example of irailing-edge stall. Streamline patterns for an NACA 4421 qirfoil at different angles
of attack. (The streamlines are drawn fo scale from the experimental results of Hikaro Ito in
Reference 50.) Re = 2.1 x 10° and V,, = 8 m/s in air.

leading edge as « is increased. The lift curve for this case is shown in Figure 4.36.
The solid curve in Figure 4.36 is a repeat of the results for the NACA 4412 airfoil
shown earlier in Figure 4.34f—an airfoil with a leading-edge stall. The dot-dashed
curve is the lift curve for the NACA 4421 airfoil—an airfoil with a trailing-edge stall.
In comparing these two curves, note that:

1.

The trailing-edge stall yields a gradual bending-over of the lift curve at maximum
lift, in contrast to the sharp, precipitous drop in ¢; for the leading-edge stall. The
stall is “soft” for the trailing-edge stall,

The value of ¢; max 1s not so large for the trailing-edge stall.

For both the NACA 4412 and 4421 airfoils, the shape of the mean camber line
is the same. From the thin airfoil theory discussed in this chapter, the linear lift
slope and the zero-lift angle of attack should be the same for both airfoils; this is
confirmed by the experimental data in Figure 4.36. The only difference between
the two airfoils is that one is thicker than the other. Hence, comparing results
shown in Figures 4.34 to 4.36, we conclude that the major effect of thickness
of the airfoil is its effect on the value of ¢; max, and this effect is mirrored by
the leading-edge stall behavior of the thinner airfoil versus the trailing-edge stall
behavior of the thicker airfoil.

There is a third type of stall behavior, namely, behavior associated with the

extreme thinness of an airfoil. This is sometimes labeled as “thin airfoil stall.” An
extreme example of a very thin airfoil is a flat plate; the lift curve for a flat plate is
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Figure 4.36 lificoefficient curves for three airfoils with different
aerodynamic behavior: trailing-edge stall [NACA 4421
airfoil), leading-edge stall (NACA 4412 irfail), thin
airfail stall (flat plate).

shown as the dashed curve in Figure 4.36 labeled “thin airfoil stall.” The streamline
patterns for the flow over a flat plate at various angles of attack are given in Figure 4.37.
The thickness of the flat plate is 2 percent of the chord length. Inviscid, incompressible
flow theory shows that the velocity becomes infinitely large at a sharp convex corner;
the leading edge of a flat plate at an angle of attack is such a case. In the real
flow over the plate as shown in Figure 4,37, nature addresses this singular behavior
by having the flow separate at the leading edge, even for very low values of «.
Examining Figure 4.37a, where o = 3°, we observe a small region of separated flow
at the leading edge. This separated flow reattaches to the surface further downstream,
forming a separation bubble in the region near the leading edge. As « is increased, the
reattachment point moves further downstream; that is, the separation bubble becomes
larger. This is illustrated in Figure 4.37b where o = 7°. At o = 9° (Figure 4.37¢),
the separation bubble extends over almost the complete flat plate. Referring back
to Figure 4.36, we note that this angle of attack corresponds to ¢; max for the flat
plate. When « is increased further, total flow separation is present, such as shown in
Figure 4.37d. The lift curve for the flat plate in Figure 4.36 shows an early departure
from its linear variation at about @ = 3°; this corresponds to the formation of the
leading-edge separation bubble. The lift curve gradually bends over as « is increased
further and exhibits a very gradual and “soft” stall. This is a trend similar to the
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Example of thin airfail stall. Streamline patterns far a flat plate at angle of attack. (The
streamlines are drawn to scale from the experimental data of Hikaru lto in Reference 50.)

case of the trailing-edge stall, although the physical aspects of the flow are quite
different between the two cases, Of particular importance is the fact that ¢; max for
the flat plate is considerably smaller than that for the two NACA airfoils compared
in Figure 4.36. Hence, we can conclude from Figure 4.36 that the value of ¢; qax is
critically dependent on airfoil thickness. In particular, by comparing the flat plate
with the two NACA airfoils, we see that some thickness is vital to obtaining a high
value of ¢; max. However, beyond that, the amount of thickness will influence the
type of stall (leading-edge versus trailing-edge), and airfoils that are very thick tend
to exhibit reduced values of ¢; nmax as the thickness increases. Hence, if we plot
¢1.max versus thickness ratio, we expect to see a local maximum. Such is indeed the
case, as shown in Figure 4.38. Here, experimental data for ¢; ma« for the NACA 63-
2XX series of airfoils is shown as a function of the thickness ratio. Note that as the
thickness ratio increases from a small value, ¢; max first increases, reaches a maximum
value at a thickness ratio of about 12 percent, and then decreases at larger thickness
ratios. The experimental data in Figure 4.38 is plotted with the Reynolds number as a
parameter. Note that ¢; max for a given airfoil is clearly a function of Re, with higher
values of ¢; max corresponding to higher Reynolds numbers. Since flow separation is
responsible for the lift coefficient exhibiting a local maximum, since flow separation
is a viscous phenomenon, and since a viscous phenomenon is governed by a Reynolds
number, it is no surprise that ¢; myx exhibits some sensitivity to Re.

When was the significance of airfoil thickness first understood and appreciated?
This question is addressed in the historical note in Section 4.13, where we will see
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Figure 4.38 Effect of airfoil thickness on maximum lift
coefficient for the NACA 63-2XX series of
airfoils. {Source: Abbott and von Doenhoff,
Reference 11}

that the aerodynamic properties of thick airfoils even transcended technology during
World War I and impacted the politics of the armistice.

Let us examine some other aspects of airfoil aerodynamics—aspects that are not
always appreciated in a first study of the subject. The simple generation of lift by an
airfoil is not the prime consideration in its design—even a barn door at an angle of
attack produces lift. Rather, there are two figures of merit that are primarily used to
judge the quality of a given airfoil:

1. The lift-to-drag ratio L/ D. An efficient airfoil produces lift with a minimum of
drag; that is, the ratio of lift-to-drag is a measure of the aerodynamic efficiency of
an airfoil. The standard airfoils discussed in this chapter have high L/ D ratios—
much higher than that of a barn door. The L/ D ratio for a complete flight vehicle
has an important impact on its flight performance; for example, the range of
the vehicle is directly proportional to the L/D ratio. (See Reference 2 for an
extensive discussion of the role of L/D on flight performance of an airplane.)

2. The maximum lift coefficient ¢; max. An effective airfoil produces a high value of
¢1.max—much higher than that produced by a barn door.

The maximum lift coefficient is worth some additional discussion here. For a
complete flight vehicle, the maximum lift coefficient C;, o determines the stalling
speed of the aircraft as discussed in the Design Box at the end of Section 1.8. From
Equation (1.47), repeated below:

2W
Vslall = BV [1 .47]

pooSCL.max
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Therefore, a tremendous incentive exists to increase the maximum lift coefficient of
an airfoil, in order to obtain either lower stalling speeds or higher payload weights
at the same speed, as reflected in Equation (1.47). Moreover, the maneuverability of
an airplane (i.e., the smallest possible turn radius and the fastest possible turn rate)
depends on a large value of Cy ax (see Section 6.17 of Reference 2). On the other
hand, for an airfoil at a given Reynolds number, the value of ¢; nax is a function
primarily of its shape. Once the shape is specified, the value of ¢ x is what nature
dictates, as we have already seen. Therefore, to increase ¢; myx beyond such a value,
we must carry out some special measures. Such special measures include the use of
flaps and/or leading-edge slats to increase ¢; max above that for the reference airfoil
itself. These are called high-lift devices, and are discussed in more detail below.

A trailing-edge flap is simply a portion of the trailing-edge section of the airfoil
that is hinged and which can be deflected upward or downward, as sketched in the
insert in Figure 4.39a. When the flap is deflected downward (a positive angle § in
Figure 4,394, the lift coefficient is increased, as shown in Figure 4.304. This increase
is due to an effective increase in the camber of the airfoil as the flap is deflected

5=0°
a:oo V
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Figure 4.39

(c)

(a}

Effect of flap deflection on streamline shapes. (The streamlines are drawn fo scale from
the experimental data of Hikaru Ito in Reference 50.) {a) Effect of flap deflection on lift
caefficient. {b} Streamline pattern with no flap deflection. (¢} Streamline pattern with a
15° flap deflection.
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downward. The thin airfoil theory presented in this chapter clearly shows that the
zero-lift angle of attack is a function of the amount of camber [see Equation (4,61)],
with oj—¢ becoming more negative as the camber is increased. In terms of the lift
curve shown in Figure 4.394, the original curve for no flap deflection goes through the
origin because the airfoil is symmetric; however, as the flap is deflected downward.
this lift curve simply translates to the left because a; —( is becoming more negative. In
Figure 4.39¢, the results are given for flap deflections of +10°. Comparing the case
for § = 10° with the no-deflection case, we see that, at a given angle of attack, the lift
coefficient is increased by an amount Ac¢; due to flap deflection. Moreover, the actual
value of ¢; nax 1S increased by flap deflection, although the angle of attack at which
¢;.max Occurs is slightly decreased. The change in the streamline pattern when the flap
is deflected is shown in Figure 4.39b and c. Figure 4.395 is the case for & = 0 and
8 = 0 (i.e., a symmetric flow). However, when ¢ is held fixed at zero, but the flap is
deflected by 15°, as shown in Figure 4.39¢, the flow field becomes unsymmetrical and
resembles the lifting flows shown (e.g., in Figure 4.34). That is, the streamlines in
Figure 4.39¢ are deflected upward in the vicinity of the leading edge and downward
near the trailing edge, and the stagnation point moves to the lower surface of the
airfoil—just by deflecting the flap downward.

High-lift devices can also be applied to the leading edge of the airfoil, as shown
in the insert in Figure 4.40. These can take the form of a leading-edge slat, leading-
edge droop, or a leading-edge flap. Let us concentrate on the leading-edge slat,
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Figure 4.40 Effect of leading-edge flap on lift
coefficient.
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which is simply a thin, curved surface that is deployed in front of the leading edge.
In addition to the primary airflow over the airfoil, there is now a secondary flow
that takes place through the gap between the slat and the airfoil leading edge. This
secondary flow from the bottom to the top surface modifies the pressure distribution
over the top surface; the adverse pressure gradient which would normally exist over
much of the top surface is mitigated somewhat by this secondary flow, hence delaying
flow separation over the top surface. Thus, a leading-edge slat increases the stalling
angle of attack, and hence yields a higher ¢; max, as shown by the two lift curves in
Figure 4.40, one for the case without a leading-edge device and the other for the slat
deployed. Note that the function of a leading-edge slat is inherently different from
that of a trailing-edge flap. There is no change in oy _; rather, the lift curve is simply
extended to a higher stalling angle of attack, with the attendant increase in ¢; yax. The
streamlines of a flow field associated with an extended leading-edge slat are shown
in Figure 4.41. The airfoil is in an NACA 4412 section. (Note: The flows shown
in Figure 4.41 do not correspond exactly with the lift curves shown in Figure 4.40,
although the general behavior is the same.) The stalling angle of attack for the NACA
4412 airfoil without slat extension is about 15°, but increases to about 30° when the
slat is extended. In Figure 4.41q, the angle of attack is 10°. Note the flow through
the gap between the slat and the leading edge. In Figure 4.41b, the angle of attack is
25° and the flow is still attached. This prevails to an angle of attack slightly less than
30°, as shown in Figure 4.41c. At slightly higher than 30° flow separation suddenly
occurs and the airfoil stalls.

a=10°

!

(a) b

a =30°C-)

L

_ - f’—

Figure 4.41

() (d)

Effect of a leading-edge slat on the streamline pattern over an NACA 4412 airfoil.
[The streamlines are drawn lo scale from the experimental data in Reference 50.)
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The high-lift devices used on modern, high-performance aircraft are usually a
combination of leading-edge slats (or flaps) and multielement trailing-edge flaps.
Typical airfoil configurations with these devices are sketched in Figure 4.42. Three
configurations including the high-lift devices are shown: A—the cruise configuration,
with no deployment of the high-lift devices; B—a typical configuration at takeoff,
with both the leading- and trailing-edge devices partially deployed; and C—a typical
configuration at landing, with all devices fully extended. Note that for configuration
C, there is a gap between the slat and the leading edge and several gaps between the
different elements of the multielement trailing-edge flap. The streamline pattern for
the flow over such a configuration is shown in Figure 4.43. Here, the leading-edge
slat and the multielement trailing-edge flap are fully extended. The angle of attack is
25°. Although the main flow over the top surface of the airfoil is essentially separated,
the local flow through the gaps in the multi-element flap is locally attached to the top
surface of the flap; because of this locally attached flow, the lift coefficient is still
quite high, on the order of 4.5.

With this, we end our discussion of the real flow aver airfoils. In retrospect, we
can say that the real flow at high angles of attack is dominated by flow separation—a
phenomenon that is not properly modeled by the inviscid theories presented in this
chapter. On the other hand, at lower angles of attack, such as those associated with the
cruise conditions of an airplane, the inviscid theories presented here do an excellent
job of predicting both lift and moments on an airfoil. Moreover, in this section,
we have clearly seen the importance of airfoil thickness in determining the angle of

A: Cruise configuration

B: Takeoff configuration

T

€ Landing configuration

Figure 4.42  Airfoil with leading-edge and trailing-edge high-lift
mechanisms. The trailing-edge device is a
multi-element flap.
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é
—

o =25°

Figure 4.43 Effect of leading-edge and multi-element flaps an the
streamline pattern around an airfail at angle of attack of 25°.
{The streamlines are drawn to scale from the experimental

data of Reference 50.)

attack at which flow separation will occur, and hence greatly affecting the maximum
lift coefficient.

4.13 HistoricAL NOTE: EARLY AIRPLANE DESIGN
AND THE ROLE OF AIRFOIL THICKNESS

In 1804, the first modern configuration aircraft was conceived and built by Sir George
Cayley in England—it was an elementary hand-launched glider, about a meter in
length, and with a kitelike shape for a wing as shown in Figure 4.44. (For the pivotal
role played by George Cayley in the development of the airplane, see the exten-
sive historical discussion in chapter 1 of Reference 2.) Note that right from the
beginning of the modern configuration aircraft, the wing sections were very thin—
whatever thickness was present, it was strictly for structural stiffness of the wing.
Extremely thin airfoil sections were perpetuated by the work of Horatio Phillips in
England. Phillips carried out the first serious wind-tunnel experiments in which the
aerodynamic characteristics of a number of different airfoil shapes were measured.
(See section 5.20 of Reference 2 for a presentation of the historical development
of airfoils.) Some of Phillips airfoil sections are shown in Figure 4.45—note that
they are the epitome of exceptionally thin airfoils. The early pioneers of aviation
such as Otto Lilienthal in Germany and Samuel Pierpont Langley in America (see



INCOMPRESSIBLE FLOW GVER AIRFOILS

Figure 4.44  The first modern configuration airplane
in history: George Cayley’s model
glider of 1804.

Figure 4.45 Double-surface airfoil sections by Horatio
Phillips. The six upper shapes were
patented by Phillips in 1884; the lower
airfoil was patented in 1891. Nofe the thin
profile shapes.

chapter 1 of Reference 2) continued this thin airfoil tradition. This was especially true
of the Wright brothers, who in the period of 19011902 tested hundreds of different
wing sections and planform shapes in their wind tunnel in Dayton, Ohio (recall our
discussion in Section 1.1 and the models shown in Figure 1.2). A sketch of some
of the Wrights’ airfoil sections is given in Figure 4.46—for the most part, very thin
sections. Indeed, such a thin airfoil section was used on the 1903 Wright Flyer, as
can be readily seen in the side view of the Flyer shown in Figure 4.47. The important
point here is that all of the early pioneering aircraft, and especially the Wright Flyer,
incorporated very thin airfoil sections—airfoil sections that performed essentially like
the flat plate results discussed in Section 4.12, and as shown in Figure 4.36 (the dashed
curve) and by the streamline pictures in Figure 4.37. Conclusion; These early airfoil
sections suffered flow-field separation at small angles of attack and, consequently,
had low values of ¢; m.x. By the standards we apply today, these were simply very
poor airfoil sections for the production of high lift.
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W
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Figure 4.46  Some typical airfoil shapes tested by
the Wright brothers in their wind tunnel
during 1902-1903.
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Figure 4.47  Frant and side views of the 1903 Wright Flyer. Nate the thin airfoil sections.
[Courtesy of the National Air and Space Museum.)

This situation carried into the early part of World War I. In Figure 4.48, we see four
airfoil sections that were employed on World War [ aircraft. The top three sections had
thickness ratios of about 4 to 5 percent and are representative of the type of sections
used on all aircraft until 1917. For example, the SPAD XIII (shown in Figure 3.50),
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?—7 Eiffel 4, French o~

RAF 14, Brilish

Albatros, German

Gottingen 298, German

Figure 4.48  Some examples of different airfoil shapes used on World War |
aircraft. (Source: Loftin, Reference 48.)

the fastest of all World War I fighters, had a thin airfoil section like the Eiffel section
shown in Figure 4.48. Why were such thin airfoil sections considered to be the
best by most designers of World War I aircraft? The historical tradition described
above might be part of the answer—a tradition that started with Cayley. Also, there
was quite clearly a mistaken notion at that time that thick airfoils would produce
high drag. Of course, today we know the opposite to be true; review our discussion
of streamlined shapes in Section 1.11 for this fact. Laurence Loftin in Reference 48
surmises that the mistaken notion might have been fostered by early wind-tunnel tests.
By the nature of the early wind tunnels in use—small sizes and very low speeds—the
data were obtained at very low Reynolds numbers, less than 100,000 based on the
airfoil-chord length. These Reynolds numbers are to be compared with typical values
in the millions for actual airplane flight. Modern studies of low Reynolds number
flows over conventional thick airfoils (e.g., see Reference 51) clearly show high-drag
coefficients, in contrast to the lower values that occur for the high Reynolds number
associated with the flight of full-scale aircraft. Also, the reason for the World War 1
airplane designer’s preference for thin airfoils might be as simple as the tendency to
follow the example of the wings of birds, which are quite thin. In any event, the design
of all English, French, and American World War I aircraft incorporated thin airfoils
and, consequently, suffered from poor high-lift performance. The fundamentals of
airfoil aerodynamics as we know them today (and as being presented in this book)
were simply not sufficiently understood by the designers during World War 1. In turn,
they never appreciated what they were losing.

343



344

FUNDAMENTALS OF AERODYNAMICS

This situation changed dramatically in 1917. Work carried out in Germany at
the famous Gottingen aerodynamic laboratory of Ludwig Prandtl (see Section 5.8
for a biographical sketch of Prandtl) demonstrated the superiority of a thick airfoil
section, such as the Géttingen 298 section shown at the bottom of Figure 4.48. This
revolutionary development was immediately picked up by the famous designer An-
thony Fokker, who incorporated the 13-percent-thick Gottingen 298 profile in his new
Fokker Dr-1—the famous triplane flown by the “Red Baron,” Rittmeister Manfred
Freiher von Richthofen. A photograph of the Fokker Dr-1 is shown in Figure 4.49.
The major benefits derived from Fokker’s use of the thick airfoil were:

1. The wing structure could be completely internal; that is the wings of the Dr-
1 were a cantilever design, which removed the need for the conventional wire
bracing that was used in other aircraft. This, in turn, eliminated the high drag
associated with these interwing wires, as discussed at the end of Section 1.11.
For this reason, the Dr-1 had a zero-lift drag coefficient of 0.032, among the
lowest of World War I airplanes. (By comparison the zero-lift drag coefficient
of the French SPAD XIII was 0.037.)

2. The thick airfoil provided the Fokker Dr-1 with a high maximum lift coefficient.
Its performance was analogous to the upper curves shown in Figure 4.36. This
in turn, provided the Dr-1 with an exceptionally high rate-of-climb as well as
enhanced maneuverability—characteristics that were dominant in dog-fighting
combat.

Anthony Fokker continued the use of a thick airfoil in his design of the D-VII,
as shown in Figure 4.50. This gave the D-VII a much greater rate-of-climb than its
two principal opponents at the end of the war—the English Sopwith Camel and the

Figure 4.49  The World War | Fokker Dr-1 friplane, the first fighter aircraft to use a thick

airfoil. {Source: Loftin, Reference 48.)
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Figure 4.50  The World War | Fokker D-VII, one of the most effective fighters of the war,
due in part to its superior aerodynamic performance allowed by a thick
airfoil section.

French SPAD XIII, both of which still used very thin airfoil sections. This rate-of-
climb performance, as well as its excellent handling characteristics, singled out the
Fokker D-VII as the most effective of all German World War [ fighters. The respect
given by the Allies to this machine is no more clearly indicated than by a paragraph
in article IV of the armistice agreement, which lists war material to be handed over
to the Allies by Germany. In this article, the Fokker D-VII is specifically listed—the
only airplane of any type to be explicitly mentioned in the armistice. To this author’s
knowledge, this is the one and only time where a breakthrough in airfoil technology
1s essentially reflected in any major political document, though somewhat implicitly.

4.14 HistoricAL NOTE: KUTTA, JOUKOWSKI, AND W
THE CIRCULATION THEORY OF LIFT

Frederick W. Lanchester (1868-1946), an English engineer, automobile manufacturer,
and self-styled aerodynamicist, was the first to connect the idea of circulation with lift.
His thoughts were originally set forth in a presentation given before the Birmingham
Natural History and Philosophical Society in 1894 and later contained in a paper
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submitted to the Physical Society, which turned it down. Finally, in 1907 and 1908,
he published two books, entitled Aerodynamics and Aerodonetics, where his thoughts
on circulation and lift were described in detail. His books were later translated into
German in 1909 and French in 1914. Unfortunately, Lanchester’s style of writing
was difficult to read and understand; this is partly responsible for the general lack of
interest shown by British scientists in Lanchester’s work. Consequently, little positive
benefit was derived from Lanchester’s writings. (See Section 5.7 for a more detailed
portrait of Lanchester and his work.)

Quite independently, and with total lack of knowledge of Lanchester’s thinking,
M. Wilhelm Kutta (1867-1944) developed the idea that lift and circulation are related.
Kutta was born in Pitschen, Germany, in 1867 and obtained a Ph.D. in mathematics
from the University of Munich in 1902, After serving as professor of mathematics
at several German technical schools and universities, he finally settled at the Tech-
nische Hochschule in Stuttgart in 1911 until his retirement in 1935, Kutta’s interest
in aerodynamics was initiated by the successful glider flights of Otto Lilienthal in
Berlin during the period 1890-1896 (see chapter 1 of Reference 2). Kutta attempted
theoretically to calculate the lift on the curved wing surfaces used by Lilienthal. In
the process, he surmised from experimental data that the flow left the trailing edge of
a sharp-edged body smoothly and that this condition fixed the circulation around the
body (the Kutta condition, described in Section 4.5). At the same time, he was con-
vinced that circulation and lift were connected. Kutta was reluctant to publish these
ideas, but after the strong insistence of his teacher, S. Finsterwalder, he wrote a paper
entitled “Auftriebskrafte in Stromenden Flussigkecten™ (Lift in Flowing Fluids). This
was actually a short note abstracted from his longer graduation paper in 1902, but it
represents the first time in history where the concepts of the Kutta condition as well as
the connection of circulation with lift were officially published. Finsterwalder clearly
repeated the ideas of his student in a lecture given on September 6, 1909, in which
he stated:

On the upper surface the circulatory motion increases the translatory one, therefore
there is high velocity and consequently low pressure, while on the lower surface the
two movements are opposite, therefore there is low velocity with high pressure, with
the result of a thrust upward.

However, in his 1902 note, Kutta did not give the precise quantitative relation
between circulation and lift. This was left to Nikolai Y. Joukowski (Zhukouski).
Joukowski was born in Orekhovo in central Russia on January 5, 1847. The son
of an engineer, he became an excellent student of mathematics and physics, grad-
uating with a Ph.D. in applied mathematics from Moscow University in 1882. He
subsequently held a joint appointment as a professor of mechanics at Moscow Uni-
versity and the Moscow Higher Technical School. It was at this latter institution
that Joukowski built in 1902 the first wind tunnel in Russia. Joukowski was deeply
interested in aeronautics, and he combined a rare gift for both experimental and
theoretical work in the field. He expanded his wind tunnel into a major aerodynam-
ics laboratory in Moscow. Indeed, during World War I, his laboratory was used
as a school to train military pilots in the principles of aerodynamics and flight.
When he died in 1921, Joukowski was by far the most noted aerodynamicist in
Russia.



INCOMPRESSIBLE FLOW OVER AIRFOILS

Much of Joukowski’s fame was derived from a paper published in 1906, wherein
he gives, for the first time in history, the relation L' = p,, Voo '—the Kutta-Joukowski
theorem. In Joukowski’s own words:

If an irrotational two-dimensional fluid current, having at infinity the velocity V.
surrounds any closed contour on which the circulation of velocity is I', the force
of the aerodynamic pressure acts on this contour in a direction perpendicular to the
velocity and has the value

L' = p VT

The direction of this force is found by causing to rotate through a right angle the
vector V. around its origin in an inverse direction to that of the circulation.

Joukowski was unaware of Kutta’s 1902 note and developed his ideas on circu-
lation and lift independently. However, in recognition of Kutta’s contribution, the
equation given above has propagated through the twentieth century as the “Kutta-
Joukowski theorem.”

Hence, by 1906—just 3 years after the first successful flight of the Wright
brothers—the circulation theory of lift was in place, ready to aid aerodynamics in
the design and understanding of lifting surfaces. In particular, this principle formed
the cornerstone of the thin airfoil theory described in Sections 4.7 and 4.8. Thin airfoil
theory was developed by Max Munk, a colleague of Prandtl in Germany, during the
first few years after World War 1. However, the very existence of thin airfoil theory,
as well as its amazingly good results, rests upon the foundation laid by Lanchester,
Kutta, and Joukowski a decade earlier.
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4.15 SUMMARY

Return to the road map given in Figure 4.2. Make certain that you feel comfortable
with the material represented by each box on the road map and that you understand
the flow of ideas from one box to another. If you are uncertain about one or more
aspects, review the pertinent sections before progressing further.

Some important results from this chapter are itemized below:

point (x, v) by a vortex sheet that extends from point ¢ to point b is

1 b
Px.y) = ——f By (s)ds
27 J,

The circulation associated with this vortex sheet is

b
F:/ yi(s)ds

€

Across the vortex sheet, there is a tangential velocity discontinuity, where

Y = Uy — Uy

A vortex sheet can be used to synthesize the inviscid, incompressible flow over an airfoil. If the distance along
the sheet is given by s and the strength of the sheet per unit length is y (s), then the velocity potential induced at

[4.3]

[4.4]

[4.8]
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The Kutta condition is an observation that for a lifting airfoil of given shape at a given angle of attack, nature
adopts that particular value of circulation around the airfoil which results in the flow leaving smoothly at the trailing
edge. If the trailing-edge angle is finite, then the trailing edge is a stagnation point. If the trailing edge is cusped,
then the velocities leaving the top and bottom surfaces at the trailing edge are finite and equal in magnitude and
direction. In either case,

y(TE) =0 [4.10]

Thin airfoil theory is predicated on the replacement of the airfoil by the mean camber line. A vortex sheet
is placed along the chord line, and its strength adjusted such that, in conjunction with the uniform freestream, the
camber line becomes a streamline of the flow while at the same time satisfying the Kutta condition. The strength
of such a vortex sheet is obtained from the fundamental equation of thin airfoil theory:

Lo [fy©ds (0 dz
271/0 Los _voo(a dx) [4.18]

Results of thin airfoil theory:
Symmetric airfoil

1. ¢=2ra.
2. Liftslope = dc¢;/da = 2m.
3. The center of pressure and the aerodynamic center are both at the quarter-chord point.

4. Cme/4 = Cmac = 0.

Cambered airfoil

1 (" dz
1. =2 |a+ — —Z (cos 8y — 1)d8, [4.57]
T Jo dx
Lift slope = d¢/da = 2m.

2
3. The aerodynamic center is at the quarter-chord point.
4

The center of pressure varies with the lift coefficient.

The vortex panel method is an important numerical technique for the solution of the inviscid, incompressible
flow over bodies of arbitrary shape, thickness, and angle of attack. For panels of constant strength, the governing
equations are

z Vj 301'1' )
Vi COs B — = | —ds; =0 =12,...,
os f glﬂ[ani $; (i n)
and Vi =Y

which is one way of expressing the Kutta condition for the panels immediately above and below the trailing edge.
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PROBLEMS

1.

Consider the data for the NACA 2412 airfoil given in Figure 4.5. Calculate the
lift and moment about the quarter chord (per unit span) for this airfoil when the
angle of attack 1s 4° and the freestream is at standard sea level conditions with a
velocity of 50 ft/s. The chord of the airfoil is 2 ft.

Consider an NACA 2412 airfoil with a 2-m chord in an airstream with a velocity
of 50 m/s at standard sea level conditions. If the lift per unit span is 1353 N, what
is the angle of attack?

Starting with the definition of circulation, derive Kelvin’s circulation theorem,
Equation (4.11).

Starting with Equation (4.35), derive Equation (4.36).

5. Consider a thin, symmetric airfoil at 1.5° angle of attack. From the results of

thin airfoil theory, calculate the lift coefficient and the moment coefficient about
the leading edge.

The NACA 4412 airfoil has a mean camber line given by

2
0.25 [0.8{; - (%) } for0 <= <04

C C C

[ et

2
0.111[0.2+O.8£—(£)j| for 0.4 < = <1
C C C

Using thin airfoil theory, calculate
(@) ;-0 (b)c, wheno = 3°

For the airfoil given in Problem 4.6, calculate ¢, .4 and xp/c when o = 3°.

8. Compare the results of Problems 4.6 and 4.7 with experimental data for the NACA

10.

4412 airfoil, and note the percentage difference between theory and experiment.
(Hint: A good source of experimental airfoil data is Reference 11.)

Starting with Equations (4.35) and (4.43), derive Equation (4.62).

For the NACA 2412 airfoil, the lift coefficient and moment coefficient about the
quarter-chord at —6° angle of attack are —0.39 and —0.045, respectively. At 4°
angle of attack, these coefficients are 0.65 and —0.037, respectively. Calculate
the location of the aerodynamic center.






INCOMPRESSIBLE FLOW
OVER FINITE WINGS

The one who has most carefully watched the soaring birds of prey sees man with wings and the faculty of
using them.

James Means, Editor of
the Aeronautical Annual, 1895

5.1 INTRODUCTION: DOWNWASH AND INDUCED
DRrAG

In Chapter 4 we discussed the properties of airfoils, which are the same as the proper-
ties of a wing of infinite span; indeed, airfoil data are frequently denoted as “infinite
wing” data. However, all real airplanes have wings of finite span, and the purpose of
the present chapter is to apply our knowledge of airfoil properties to the analysis of
such finite wings. This is the second step in Prandtl’s philosophy of wing theory, as
described in Section 4.1. You should review Section 4.1 before proceeding further.
Question: Why are the aerodynamic characteristics of a finite wing any different
from the properties of its airfoil sections? Indeed, an airfoil is simply a section of a
wing, and at first thought, you might expect the wing to behave exactly the same as the
airfoil. However, as studied in Chapter 4, the flow over an airfoil is two-dimensional.
In contrast, a finite wing is a three-dimensional body, and consequently the flow
over the finite wing is three-dimensional; that is, there is a component of flow in the
spanwise direction. To see this more clearly, examine Figure 5.1, which gives the
top and front views of a finite wing. The physical mechanism for generating lift on
the wing is the existence of a high pressure on the bottom surface and a low pressure
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Streamline over
the top surface

Voo

1
t
pe— Streamline over the bottom surface

3 T
Top view 8 ) ~
(planform) ) Wing area =S ¢,
g 4
I Wing span b
Front Low pressure
view < —

High pressure

Figure 5.1 Finite wing. In this figure, the curvature of the
streamlines over the top and bottom of the wing is
exaggerated for clarity.

on the top surface. The net imbalance of the pressure distribution creates the lift,
as discussed in Section 1.5. However, as a by-product of this pressure imbalance,
the flow near the wing tips tends to curl around the tips, being forced from the high-
pressure region just underneath the tips to the low-pressure region on top. This flow
around the wing tips is shown in the front view of the wing in Figure 5.1. As aresult,
on the top surface of the wing, there is generally a spanwise component of flow from
the tip toward the wing root, causing the streamlines over the top surface to bend
toward the root, as sketched on the top view shown in Figure 5.1. Similarly, on the
bottom surface of the wing, there is generally a spanwise component of flow from the
root toward the tip, causing the streamlines over the bottom surface to bend toward
the tip. Clearly, the flow over the finite wing is three-dimensional, and therefore you
would expect the overall aerodynamic properties of such a wing to differ from those
of its airfoil sections.

The tendency for the flow to “leak” around the wing tips has another important
effect on the aerodynamics of the wing. This flow establishes a circulatory motion
that trails downstream of the wing; that is, a trailing vortex is created at each wing tip.
These wing-tip vortices are sketched in Figure 5.2 and are illustrated in Figure 5.3.
The tip vortices are essentially weak “tornadoes” that trail downstream of the finite
wing. (For large airplanes such as a Boeing 747, these tip vortices can be powerful
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Figure 5.2  Schematic of wingtip vortices.

Figuyre 5.3 WingHip vortices from a rectangular wing. The wing is in o smoke tunnel,
where individual streamtubes are made visible by means of smoke filaments.
{Source: Head, M. R., in Flow Visuahzation I, W. Merzkirch (Ed ),
Hemisphere Publishing Co., New York, 1982, pp. 399-403. Also avoilable
in Van Dyke, Milton, An Album of Fluid Motion, The Parabolic Press,
Stanford, CA, 1982))

enough to cause light airplanes following too closely to go out of control. Such
accidents have occurred, and this is one reason for large spacings between aircraft
landing or taking off consecutively at airports.) These wing-tip vortices downstream
of the wing induce a small downward component of air velocity in the neighborhood
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of the wing itself. This can be seen by inspecting Figure 5.3; the two vortices tend
to drag the surrounding air around with them, and this secondary movement induces
a small velocity component in the downward direction at the wing. This downward
component is called downwash, denoted by the symbol w. In turn, the downwash
combines with the freestream velocity V, to produce a local relative wind which is
canted downward in the vicinity of each airfoil section of the wing, as sketched in
Figure 5.4.

Examine Figure 5.4 closely. The angle between the chord line and the direction
of V4 is the angle of attack «, as defined in Section 1.5 and as used throughout our
discussion of airfoil theory in Chapter 4. We now more precisely define « as the
geometric angle of attack. In Figure 5.4, the local relative wind is inclined below the
direction of V4, by the angle ¢;, called the irduced angle of attack. The presence
of downwash, and its effect on inclining the local relative wind in the downward
direction, has two important effects on the local airfoil section, as follows:

1. The angle of attack actually seen by the local airfoil section is the angle between
the chord line and the local relative wind. This angle is given by s in Figure
5.4 and is defined as the effective angle of attack. Hence, although the wing is at
a geometric angle of attack «, the local airfoil section is seeing a smaller angle,
namely, the effective angle of attack . From Figure 5.4,

Oeff = O — @ [5.1]

2. The local lift vector is aligned perpendicular to the local relative wind, and
hence is inclined behind the vertical by the angle «;, as shown in Figure 5.4.

D;
e
L a — Geometric angle of attack
«; — Induced angle of attack
. — Effective angle of attack
Qeff = & ~

Figure 5.4 Effect of downwash on the local flow over a local airfoil section of a finite
wing.
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Consequently, there is a component of the local lift vector in the direction of V,;
that is, there is a drag created by the presence of downwash. This drag is defined
as induced drag, denoted by D; in Figure 5.4.

Hence, we see that the presence of downwash over a finite wing reduces the angle
of attack that each section effectively sees, and moreover, it creates a component of
drag—the induced drag D;. Keep in mind that we are still dealing with an inviscid,
incompressible flow, where there is no skin friction or flow separation. For such a
flow, there is a finite drag—the induced drag—on a finite wing. D’ Alembert’s paradox
does not occur for a finite wing,.

The tilting backward of the lift vector shown in Figure 5.4 is one way of visual-
izing the physical generation of induced drag. Two alternate ways are as follows:

1. The three-dimensional flow induced by the wing-tip vortices shown in Figures
5.2 and 5.3 simply alters the pressure distribution on the finite wing in such a
fashion that a net pressure imbalance exists in the direction of V., (i.e., drag is
created). In this sense, induced drag is a type of “pressure drag.”

2. The wing-tip vortices contain a large amount of translational and rotational ki-
netic energy. This energy has to come from somewhere; indeed, it is ultimately
provided by the aircraft engine, which is the only source of power associated
with the airplane. Since the energy of the vortices serves no useful purpose, this
power is essentially lost. In effect, the extra power provided by the engine that
goes into the vortices is the extra power required from the engine to overcome
the induced drag.

Clearly, from the discussion in this section, the characteristics of a finite wing
are not identical to the characteristics of its airfoil sections. Therefore, let us proceed
to develop a theory that will enable us to analyze the acrodynamic properties of finite
wings. In the process, we follow the road map given in Figure 5.5—keep in touch
with this road map as we progress through the present chapter.

In this chapter, we note a difference in nomenclature. For the two-dimensional
bodies considered in the previous chapters, the lift, drag, and moments per unit span
have been denoted with primes, for example, L', D', and M’, and the correspond-
ing lift, drag, and moment coefficients have been denoted by lowercase letters, for
example, ¢;, ¢y, and ¢,,. In contrast, the lift, drag, and moments on a complete three-
dimensional body such as a finite wing are given without primes, for example, L, D,
and M, and the corresponding lift, drag, and moment coefficients are given by capital
letters, for example, C;, Cp, and Cy. This distinction has already been mentioned
in Section 1.5.

Finally, we note that the total drag on a subsonic finite wing in real life is the
sum of the induced drag D;, the skin friction drag D, and the pressure drag D,
due to flow separation. The latter two contributions are due to viscous effects, which
are discussed in Chapters 15 to 20. The sum of these two viscous-dominated drag
contributions is called profile drag, as discussed in Section 4.3. The profile drag
coefficient ¢; for an NACA 2412 airfoil was given in Figure 4.6. At moderate angle
of attack, the profile drag coefficient for a finite wing is essentially the same as for its
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General features of

finite-wing aerodynamics:
downwash, effective angle
of attack, and induced drag

Additional tools needed for finite

wing analysis:

1. Curved vortex filament

2. Biot-Savart Law

3. Helmbholtz’s vortex theorems

Method of analysis

Prandtl’s classicat
lifting-line theory

Figure 5.5

airfoil sections. Hence, defining the profile drag coefficient as

Modern numerical
lifting-line
method

Lifting
surface
theory

Modern vortex
lattice numerical
method

Road map for Chapter 5.

and the induced drag coefficient as

the total drag coefficient for the finite wing Cp is given by

Cqg = —""-—
GocS
D,

CD,f = —=
GooS

Cp=cg+Cp,;

[5.2]

[5.3]

[5.4]

In Equation (5.4), the value of ¢, is usually obtained from airfoil data, such as given
in Figure 4.6. The value of Cp ; can be obtained from finite-wing theory as presented
in this chapter. Indeed, one of the central objectives of the present chapter is to
obtain an expression for induced drag and to study its variation with certain design
characteristics of the finite wing. (See Chapter 5 of Reference 2 for an additional
discussion of the characteristics of finite wings.)
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5.2 THE VORTEX FILAMENT, THE B1IO0T-SAVART LaAw,
AND HELMHOLTZ’S THEOREMS

To establish a rational aerodynamic theory for a finite wing, we need to introduce
a few additional aerodynamic tools. To begin with, we expand the concept of a
vortex filament first introduced in Section 4.4. In Section 4.4, we discussed a straight
vortex filament extending to £00. (Review the first paragraph of Section 4.4 before
proceeding further.)

In general, a vortex filament can be curved, as shown in Figure 5.6. Here,
only a portion of the filament is illustrated. The filament induces a flow field in the
surrounding space. If the circulation is taken about any path enclosing the filament,
a constant value I' is obtained. Hence, the strength of the vortex filament is defined
as ['. Consider a directed segment of the filament dl, as shown in Figure 5.6. The
radius vector from dl to an arbitrary point P in space is r. The segment dl induces a
velocity at P equal to

Fdlxr

= — [5.5]
47 |r)?

Equation (5.5) is called the Bior-Savart law and is one of the most fundamental re-
lations in the theory of inviscid, incompressible flow. Its derivation is given in more
advanced books (see, e.g., Reference 9). Here, we must accept it without proof. How-
ever, you might feel more comfortable if we draw an analogy with electromagnetic
theory. If the vortex filament in Figure 5.6 were instead visualized as a wire carrying
an electrical current 7, then the magnetic field strength dB induced at point P by a
segment of the wire dl with the current moving in the direction of dl is

_oul dl xr
~4r |r?
where w1 is the permeability of the medium surrounding the wire. Equation (5.6) is

identical in form to Equation (5.5). Indeed, the Biot-Savart law is a general result
of potential theory, and potential theory describes electromagnetic fields as well as

[5.6]

Vortex filament
of strength I

dv

Figure 5.6 Vartex filament and illustration
af the Biot-Savart law.
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inviscid, incompressible flows. In fact, our use of the word “induced” in describing
velocities generated by the presence of vortices, sources, etc. is a carry-over from
the study of electromagnetic fields induced by electrical currents. When developing
their finite-wing theory during the period 1911-1918, Prandtl and his colleagues
even carried the electrical terminology over to the generation of drag, hence the term
“induced” drag.

Return again to our picture of the vortex filament in Figure 5.6. Keep in mind
that this single vortex filament and the associated Biot-Savart law [Equation (5.5)] are
simply conceptual aerodynamic tools to be used for synthesizing more complex flows
of an inviscid, incompressible fluid. They are, for all practical purposes, a solution
of the governing equation for inviscid, incompressible flow—Laplace’s equation (see
Section 3.7)—and, by themselves, are not of particular value. However, when a
number of vortex filaments are used in conjunction with a uniform freestream, it is
possible to synthesize a flow which has a practical application. The flow over a finite
wing is one such example, as we will soon see.

Let us apply the Biot-Savart law to a straight vortex filament of infinite length,
as sketched in Figure 5.7. The strength of the filament is I'. The velocity induced at
point P by the directed segment of the vortex filament d! is given by Equation (5.5).
Hence, the velocity induced at P by the entire vortex filament is

S dm 1P )

From the definition of the vector cross product (see Section 2.2), the direction of V
is downward in Figure 5.7. The magnitude of the velocity, V = | V|, is given by

I (% sin@

—dl [5.8]

1%

4 J_o 1

In Figure 5.7, let & be the perpendicular distance from point P to the vortex filament.

.
2wh

14

Figure 5.7  Velocity induced at point P
by an infinite, straight
vartex filament.
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Then, from the geometry shown in Figure 5.7,

h
= 5.9
r oy [5.94]
h
| = —— [5.9b]
tan g
n
dl = ——=—db [5.9¢]
sin“ 0
Substituting Equations (5.9« to ¢) in Equation (5.8), we have
yo L [~sing r [°. 0 d6
= — =—-——1 si
4t J_ oo F? drh J, "
I
V=— 5.10
or 5T | 1

Thus, the velocity induced at a given point P by an infinite, straight vortex filament
at a perpendicular distance / from P is simply ['/27 h, which is precisely the result
given by Equation (3.105) for a point vortex in two-dimensional flow. [Note that the
minus sign in Equation (3.105) does not appear in Equation (5.10); this is because V
in Equation (5.10) is simply the absolute magnitude of V, and hence it is positive by
definition. ]

Consider the semi-infinite vortex filament shown in Figure 5.8. The filament
extends from point A to co. Point A can be considered a boundary of the flow. Let
P be a point in the plane through A perpendicular to the filament. Then, by an
integration similar to that above (try it yourself), the velocity induced at P by the
semi-infinite vortex filament is

V= — [5.11]

We use Equation (5.11) in the next section.

The great German mathematician, physicist, and physician Hermann von Helm-
holtz (1821-1894) was the first to make use of the vortex filament concept in the
analysis of inviscid, incompressible flow. In the process, he established several

Figure 5.8  Velocity induced at point P by a
semi-infinite straight vortex
filament.
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Front view L'=L'(y) = poolel ()

of wing
4 ,
v

Figure 5.9 Sketch of the lift distribution
along the span of a wing.
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basic principles of vortex behavior which have become known as Helmholtz’s vortex
theorems:

1. The strength of a vortex filament is constant along its length.

2. A vortex filament cannot end in a fluid; it must extend to the boundaries of the
fluid (which can be £00) or form a closed path.

We make use of these theorems in the following sections.

Finally, let us introduce the concept of lift distribution along the span of a finite
wing. Consider a given spanwise location y|, where the local chord is ¢, the local
geometric angle of attack is «, and the airfoil section is a given shape. The lift
per unit span at this location is L'(y;). Now consider another location y, along the
span, where ¢, o, and the airfoil shape may be different. (Most finite wings have a
variable chord, with the exception of a simple rectangular wing. Also, many wings
are geometrically twisted so that « is different at different spanwise locations—so-
called geometric twist. If the tip is at a lower « than the root, the wing is said to have
washout; if the tip is at a higher @ than the root, the wing has washin. In addition, the
wings on a number of modern airplanes have different airfoil sections along the span,
with different values of oy _g; this is called aerodynamic twist.) Consequently, the
lift per unit span at this different location, L'(y;), will, in general, be different from
L'(y1). Therefore, there is a distribution of lift per unit span along the wing, that is,
L' = L'(y), as sketched in Figure 5.9. In turn, the circulation is also a function of y,
['(y) = L'(¥)/poo Voo Note from Figure 5.9 that the lift distribution goes to zero at
the tips; that is because there is a pressure equalization from the bottom to the top of
the wing precisely at y = —b/2 and b /2, and hence no lift is created at these points.
The calculation of the lift distribution L(y) [or the circulation distriution I'(v)] is one
of the central problems of finite-wing theory. Itis addressed in the following sections.

In summary, we wish to calculate the induced drag, the total lift, and the lift
distribution for a finite wing. This is the purpose of the remainder of this chapter.

5.3 PRrRANDTL’S CLASSICAL LIFTING-LINE THEORY

The first practical theory for predicting the aerodynamic properties of a finite wing
was developed by Ludwig Prandtl and his colleagues at Géttingen, Germany, during
the period 1911-1918, spanning World War 1. The utility of Prandtl’s theory is so great
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that it is still in use today for preliminary calculations of finite-wing characteristics.
The purpose of this section is to describe Prandtl’s theory and to lay the groundwork
for the modern numerical methods described in subsequent sections.

Prandt| reasoned as follows. A vortex filament of strength T that is somehow
bound to a fixed location in a flow—a so-called bound vortex—will experience a force
L = poo Voo I from the Kutta-Joukowski theorem. This bound vortex 1sin contrasttoa

free vortex, which moves with the same fluid elements throughout a flow. Therefore,
let us replace a finite wing of span b with a bound vortex, extending from y = —b/2 to
vy = b/2, as sketched in Figure 5.10. However, due to Helmholtz’s theorem, a vortex
filament cannot end in the fluid. Therefore, assume the vortex filament continues as
two free vortices trailing downstream from the wing tips to infinity, as also shown in
Figure 5.10. This vortex (the bound plus the two free) is in the shape of a horseshoe,
and therefore is called a horseshoe vortex.

A single horseshoe vortex is shown in Figure 5.11. Consider the downwash w
induced along the bound vortex from —b /2 to b/2 by the horseshoe vortex. Examining
Figure 5.11, we see that the bound vortex induces no velocity along itself; however,
the two trailing vortices both contribute to the induced velocity along the bound
vortex, and both contributions are in the downward direction. Consistent with the
xyz coordinate system in Figure 5.11, such a downward velocity is negative; that is,
w (which is in the g direction) is a negative value when directed downward and a
positive value when directed upward. If the origin is taken at the center of the bound
vortex, then the velocity at any point y along the bound vortex induced by the trailing
semi-infinite vortices is, from Equation (5.11),

I I
dnb/2+y) 4nb/2—y)
In Equation (5.12), the first term on the right-hand side is the contribution from the

left trailing vortex (trailing from —b&/2), and the second term is the contribution from
the right trailing vortex (trailing from b/2). Equation (5.12) reduces to

r b
dr (b/2)? — 2

w(y) = — [5.12]

w(y) = — [5.13]

% Free-trailing vortex
=t )
— Y= 73 \
Vm
D ——

Replace finite
wing with
bound vortex

—_—Y=-3 -
Free-trailing vortex

Finite wing Horseshoe vortex

Figure 5.10 Replacement of the finite wing with a bound vortex.
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Trailing vortex

Figure 5.11 Downwash distribution along the y axis
for a single horseshoe vertex.

This variation of w(y) is sketched in Figure 5.11. Note that w approaches —oo as y
approaches —b/2 or b/2.

The downwash distribution due to the single horseshoe vortex shown in Figure
5.11 does not realistically simulate that of a finite wing; the downwash approaching
an infinite value at the tips is especially disconcerting. During the early evolution of
finite-wing theory, this problem perplexed Prandt] and his colleagues. After several
years of effort, a resolution of this problem was obtained which, in hindsight, was
simple and straightforward. Instead of representing the wing by a single horseshoe
vortex, let us superimpose a large number of horseshoe vortices, each with a different
length of the bound vortex, but with all the bound vortices coincident along a single
line, called the lifting line. This concept is illustrated in Figure 5.12, where only three
horseshoe vortices are shown for the sake of clarity. In Figure 5.12, a horseshoe vortex
of strength 41", is shown, where the bound vortex spans the entire wing from —b/2
to b/2 (from point A to point F). Superimposed on this is a second horseshoe vortex
of strength dT",, where its bound vortex spans only part of the wing, from point B to
point E. Finally, superimposed on this is a third horseshoe vortex of strength dT';,
where its bound vortex spans only the part of the wing from point C to point D. Asa
result, the circulation varies along the line of bound vortices—the lifting line defined
above. Along AB and E F, where only one vortex is present, the circulation is dT7;.
However, along BC and DE, where two vortices are superimposed, the circulation
is the sum of their strengths dT'; + dTy. Along C D, three vortices are superimposed,
and hence the circulation is dI"y + dT"y + dI'3. This variation of I" along the lifting
line is denoted by the vertical bars in Figure 5.12. Also, note from Figure 5.12 that
we now have a series of trailing vortices distributed over the span, rather than just
two vortices trailing downstream of the tips as shown in Figure 5.11. The series of
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Figure 5.12  Superposition of a finite number of horseshoe vortices along the lifting
line.

trailing vortices in Figure 5.12 represents pairs of vortices, each pair associated with
a given horseshoe vortex. Note that the strength of each trailing vortex 1s equal to the
change in circulation along the lifting line.

Let us extrapolate Figure 5.12 to the case where an infinite number of horseshoe
vortices are superimposed along the lifting line, each with a vanishingly small strength
dT'. This case is illustrated in Figure 5.13. Note that the vertical bars in Figure 5.12
have now become a continuous distribution of I'(y) along the lifting line in Figure
5.13. The value of the circulation at the origin is I'y. Also, note that the finite number
of trailing vortices in Figure 5.12 have become a continuous vortex sheer trailing
downstream of the lifting line in Figure 5.13. This vortex sheet is parallel to the
direction of V. The total strength of the sheet integrated across the span of the wing
is zero, because it consists of pairs of trailing vortices of equal strength but in opposite
directions.

Let us single out an infinitesimally small segment of the lifting line dy located
at the coordinate y as shown in Figure 5.13. The circulation at y is I'(y), and the
change in circulation over the segment dy is dI" = (dI"/dy) dy. In turn, the strength
of the trailing vortex at y must equal the change in circulation dT" along the lifting
line; this is simply an extrapolation of our result obtained for the strength of the finite
trailing vortices in Figure 5.12. Consider more closely the trailing vortex of strength
dT" which intersects the lifting line at coordinate y, as shown in Figure 5.13. Also
consider the arbitrary location yg along the lifting line. Any segment of the trailing
vortex dx will induce a velocity at y, with a magnitude and direction given by the
Biot-Savart law, Equation (5.5). In turn, the velocity dw at yy induced by the entire
semi-infinite trailing vortex located at y is given by Equation (5.11), which in terms
of the picture given in Figure 5.13 yields

_(dl'/dy)dy

[5.14]
4 (yo — )

dw =
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Figure 5.13 Superposition of an infinite number of horseshoe vortices along the lifting
line.

The minus sign in Equation (5.14) is needed for consistency with the picture shown
in Figure 5.13; for the trailing vortex shown, the direction of dw at yy is upward
and hence is a positive value, whereas I" is decreasing in the y direction, making
dT'/dy a negative quantity. The minus sign in Equation (5.14) makes the positive dw
consistent with the negative dT"/dy.

The total velocity w induced at yq by the entire trailing vortex sheet is the summa-
tion of Equation (5.14) over all the vortex filaments, that is, the integral of Equation
(5.14) from —b/2 to b/2:

1 (%2 (dT/dy)dy
=—— _— [5.15]
w00 a7 J pp Yoy

Equation (5.15) is important in that it gives the value of the downwash at yy due to
all the trailing vortices. (Keep in mind that although we label w as downwash, w is
treated as positive in the upward direction in order to be consistent with the normal
convention in an xyz rectangular coordinate system.)

Pause for a moment and assess the status of our discussion so far. We have
replaced the finite wing with the model of a lifting line along which the circulation
I"(y) varies continuously, as shown in Figure 5.13. In turn, we have obtained an ex-
pression for the downwash along the lifting line, given by Equation (5.15). However,
our central problem still remains to be solved; that is, we want to calculate I'(y) fora
given finite wing, along with its corresponding total lift and induced drag. Therefore,
we must press on.

Return to Figure 5.4, which shows the local airfoil section of a finite wing.
Assume this section is located at the arbitrary spanwise station yp. From Figure 5.4,
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the induced angle of attack ¢; is given by

a;(yo) = tan™' (_L‘i(yﬂ)) [5.16]

o0

[Note in Figure 5.4 that w is downward, and hence is a negative quantity. Since
«; in Figure 5.4 is positive, the negative sign in Equation (5.16) is necessary for
consistency.] Generally, w is much smaller than V,,, and hence «; is a small angle,
on the order of a few degrees at most. For small angles, Equation (5.16) yields

w
o (yo) = — (o) [5.17]
Voo
Substituting Equation (5.15) into (5.17), we obtain
1 12 (dr/dy)d
& (Vo) = ——— l/dy) dy [5.18]
AnVoo J b Yo— ¥

that is, an expression for the induced angle of attack in terms of the circulation
distribution I'(y) along the wing.

Consider again the effecrive angle of attack o, as shown in Figure 5.4. As
explained in Section 5.1, o.g is the angle of attack actually seen by the local airfoil
section. Since the downwash varies across the span, then . is also variable; oo =
e (vo). The lift coefficient for the airfoil section located at v = vy is

¢; = aplAese (Yo) — atp=0] = 21 [Aeir (Vo) — O p=0] [5.19]

In Equation (5.19), the local section lift slope ap has been replaced by the thin airfoil
theoretical value of 27 (rad'). Also, for a wing with aerodynamic twist, the angle
of zero lift &7 _o in Equation (5.19) varies with yg. If there is no aerodynamic twist,
oy —o 1s constant across the span. In any event, a;_q is a known property of the local
airfoil sections. From the definition of lift coefficient and from the Kutta-Joukowski
theorem, we have, for the local airfoil section located at vy,

L'= %Poc V2 c(ya)er = pso VoI () [5.20]

From Equation (5.20), we obtain

2r
o = 200 [5.21]
Voo (o)
Substituting Equation (5.21) into (5.19) and solving for ., we have
r
Seoff = —(yg}‘— + adr—q [5.22]
7T Voo (¥0)

The above results come into focus if we refer to Equation (5.1):

Oeff = O — O [5.1]
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Substituting Equations (5.18) and (5.22) into (5.1), we obtain

I'(yo) 1 [”/2 (dl'/dy)dy [5.23]

a(yg) = Ve (50) +ap—o(yo) + FESval A —

the fundamental equation of Prandtl’s lifting-line theory; it simply states that the
geometric angle of attack is equal to the sum of the effective angle plus the induced
angle of attack. In Equation (5.23), a.sr is expressed in terms of I', and o is expressed
in terms of an integral containing dI"/dy. Hence, Equation (5.23) is an integro-
differential equation, in which the only unknown is I'; all the other quantities, «, c,
Vo, and & —p, are known for a finite wing of given design at a given geometric angle
of attack in a freestream with given velocity. Thus, a solution of Equation (5.23)
yields I = I"(yo), where y, ranges along the span from —b/2 to b/2.

The solution I' = I'(yy) obtained from Equation (5.23) gives us the three main
aerodynamic characteristics of a finite wing, as follows:

1. The lift distribution is obtained from the Kutta-Joukowski theorem:
L'(v0) = poo VoI (Y0) [5.24]
2. The total lift is obtained by integrating Equation (5.24) over the span:

b/2
L= f L' dy

b2

b2
or L= pmvoof C(y)dy [5.25]
2

(Note that we have dropped the subscript on y, for simplicity.) The lift coefficient
follows immediately from Equation (5.25):

L 2 b/2
C, =

=" =" I'(y)dy [5.26]
9SS VoS Jpp2

3. The induced drag is obtained by inspection of Figure 5.4. The induced drag per
unit span is

.
D! = L;sinw;
Since ¢; is small, this relation becomes
D = Lo, [5.27]

The total induced drag is obtained by integrating Equation (5.27) over the span:

b/2
D; =] L' (Ma;(y)dy [5.28]
—h/2

b2
or D; = peo Voo f I'(y)a;(y)dy [5.291]
2
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In turn, the induced drag coefficient is

Di 2 b2
Cpi=—3

= — C(VMa; (v)dy [5.30]
as - vos ., (V)i (y) d)

In Equations (5.27) to (5.30), «; (v) is obtained from Equation (5.18).

Therefore, in Prandtl’s lifting-line theory the solution of Equation (5.23) for I'(y) is
clearly the key to obtaining the aerodynamic characteristics of a finite wing. Before
discussing the general solution of this equation, let us consider a special case, as
outlined below.

5.3.1 ELLrrTicAL LIFT DISTRIBUTION

Consider a circulation distribution given by

[(y) =Tg/1— (%) [5.31]

In Equation (5.31), note the following:
I'p is the circulation at the origin, as shown in Figure 5.13.

2. The circulation varies elliptically with distance y along the span; hence, it is
designated as an elliptical circulation distribution. Since L'(y) = pao VoI (),
we also have

2 2
, y
L'(y) = psc Voo o,/ 1 — (7)

Hence, we are dealing with an elliptical lift distribution.

3. ['(b/2) =T'(—b/2) = 0. Thus, the circulation, hence lift, properly goes to zero
at the wing tips, as shown in Figure 5.13. We have not obtained Equation (5.31)
as a direct solution of Equation (5.23); rather, we are simply stipulating a lift
distribution that is elliptic. We now ask the question, What are the aerodynamic
properties of a finite wing with such an elliptic lift distribution?

First, let us calculate the downwash. Differentiating Equation (5.31), we obtain

dr 4T )
a__ o Y [5.32]
dy b2 (1 —4y2/b2H112
Substituting Equation (5.32) into (5.15), we have
r h/2
w(yg) = — y [5.33]

— - d
702 | =42 /) P (e — 1)

The integral can be evaluated easily by making the substitution

—b‘ 6 dy = b 6 db
y—ELOS y——ism
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Hence, Equation (5.33) becomes

r 0 0
w(Bo) = Of cOSY g

27b cosby —cos
Iy i cos b
Gy) = — d6 5.34
or w(t) 2 b [0 cos @ — cos by L ]

The integral in Equation (5.34) is the standard form given by Equation (4.26) for
n = 1. Hence, Equation (5.34) becomes

r
w(8;) = —2—2 [5.35]

which states the interesting and important result that the downwash is constant over
the span for an elliptical lift distribution. In turn, from Equation (5.17), we obtain,
for the induced angle of attack,

w _ r()

Voo 2bVo
For an elliptic lift distribution, the induced angle of attack is also constant along the
span. Note from Equations (5.35) and (5.36) that both the downwash and induced
angle of attack go to zero as the wing span becomes infinite—which is consistent
with our previous discussions on airfoil theory.

A more useful expression for o; can be obtained as follows. Substituting Equation
(5.31) into (5.25), we have

b/2 4y2 1/2
L= poovoorof (1 — -—) dy [5.37]
—b/2

o = [5.36]

Again, using the transformation y = (b/2) cos @, Equation (5.37) readily integrates
to

b (" . b
0
Solving Equation (5.38) for I'g, we have
4L
o= ——— [5.39]
Poo Voo b7t
However, L = %poo V2 SC;. Hence, Equation (5.39) becomes
2V SC
rp= =2~k [5.a0]
br
Substituting Equation (5.40) into (5.36), we obtain
o 2V SCp 1
T T 2V
SC
or o; = L [5.41]

T b
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An important geometric property of a finite wing is the aspect ratio, denoted by AR
and defined as

Hence, Equation (5.41) becomes

[5.42]

Equation (5.42) is a useful expression for the induced angle of attack, as shown below.
The induced drag coefficient is obtained from Equation (5.30), noting that «; is
constant:

20(,‘ b12 2(1/,‘F0 b 7 .2 To Fob
Cpi=— T(v)ydy = - sin“ 8 d6 — [5.424]
VoS J_b2 VS 2 Jo 2V S

Substituting Equations (5.40) and (5.42) into (5.42a), we obtain

nh CL 2VQCSCL
Cp;i=
2V S \ AR bm
C2
Cp; = —= [5.431
o Di= AR

Equation (5.43) is an important result. It states that the induced drag coefficient is
directly proportional to the square of the lift coefficient. The dependence of induced
drag on the lift is not surprising, for the following reason. In Section 5.1, we saw
that induced drag is a consequence of the presence of the wing-tip vortices, which
in turn are produced by the difference in pressure between the lower and upper wing
surfaces. The lift is produced by this same pressure difference. Hence, induced drag
is intimately related to the production of lift on a finite wing; indeed, induced drag
is frequently called the drag due to lift. Equation (5.43) dramatically illustrates this
point. Clearly, an airplane cannot generate lift for free; the induced drag is the price
for the generation of lift. The power required from an aircraft engine to overcome the
induced drag is simply the power required to generate the lift of the aircraft. Also,
note that because Cp; o« C7, the induced drag coefficient increases rapidly as C;,
increases and becomes a substantial part of the total drag coefficient when C; is
high (e.g., when the airplane is flying slowly such as on takeoff or landing). Even at
relatively high cruising speeds, induced drag is typically 25 percent of the total drag.

Another important aspect of induced drag is evident in Equation (5.43); that is,
Cp; is inversely proportional to aspect ratio. Hence, to reduce the induced drag,
we want a finite wing with the highest possible aspect ratio. Wings with high and
low aspect ratios are sketched in Figure 5.14. Unfortunately, the design of very high
aspect ratio wings with sufficient structural strength is difficult. Therefore, the aspect
ratio of a conventional aircraft 1s a compromise between conflicting aerodynamic and
structural requirements. Itis interesting to note that the aspectratio of the 1903 Wright
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High AR (low
induced drag)

I b [

Low AR (high
induced drag)

S

Figure 5.14  Schemdtic of high- and

low-aspect-ratio wings.

Flyer was 6 and that today the aspect ratios of conventional subsonic aircraft range
typically from 6 to 8. (Exceptions are the Lockheed U-2 high-altitude reconnaissance
aircraft with AR = 14.3 and sailplanes with aspect ratios in the 10 to 22 range.)

Another property of the elliptical lift distribution is as follows. Consider a wing
with no geometric twist (i.e., o is constant along the span) and no aerodynamic twist
(1.e., ap—g is constant along the span). From Equation (5.42), we have seen that «; is
constant along the span. Hence, wer = o — w; is also constant along the span. Since
the local section lift coefficient ¢; is given by

cr = ag(Qeff — ¢¢=0)

then assuming that gy is the same for each section (a@p = 27 from thin airfoil theory),
¢; must be constant along the span. The lift per unit span is given by

L'(y) = guccr [5.44]
Solving Equation (5.44) for the chord, we have

_L'dm
7]

[5.45]

c(y)

In Equation (5.45), g and ¢; are constant along the span. However, L'(y) varies
elliptically along the span. Thus, Equation (5.45) dictates that for such an elliptic lift
distribution, the chord must vary elliptically along the span; that is, for the conditions
given above, the wing planform is elliptical.

The related characteristics—the elliptic lift distribution, the elliptic planform,
and the constant downwash—are sketched in Figure 5.15. Although an elliptical lift
distribution may appear to be a restricted, isolated case, in reality it gives a reasonable
approximation for the induced drag coefficient for an arbitrary finite wing. The form
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Elliptic wing

b -~
Figure 5.15 llustration of the related quantities: an elliptic lift
distribution, elliptic planform, and constant
downwash.

of Cp; given by Equation (5.43) is only slightly modified for the general case. Let
us now consider the case of a finite wing with a general lift distribution.

5.3.2 GENERAL LIFT DISTRIBUTION

Consider the transformation
b
y=—3 cosd [5.46]

where the coordinate in the spanwise direction is now given by 8, with 0 < 0 < 7.
In terms of 8, the elliptic lift distribution given by Equation (5.31) is written as

['(@)=Tgysinb [5.47]

Equation (5.47) hints that a Fourier sine series would be an appropriate expression
for the general circulation distribution along an arbitrary finite wing. Hence, assume
for the general case that

N
[(@) = 2bVe A, sinnd [5.48]
|

where as many terms N in the series can be taken as we desire for accuracy. The
coefficients A, (where n = 1, ..., N) in Equation (5.48) are unknowns; however,
they must satisfy the fundamental equation of Prandtl’s lifting-line theory; that is, the
A,’s must satisfy Equation (5.23). Differentiating Equation (5.48), we obtain

N
dl" dU' do de
b 1A A, cosnf — [5.49]
Frialri " 21 nA,cosn m
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Substituting Equations (5.48) and (5.49) into (5.23), we obtain

N

Z A, sinnfy + ap_o(6y) +
|

2b
JTC(Q())

1 /™ Z?] nA, cosnb

— do [s.501
T Jy cosf —cosby

a(fp) =

The integral in Equation (5.50) is the standard form given by Equation (4.26). Hence,
Equation (5.50) becomes

N N

Z Ay sinnbp + o —0(6) + Z nA,
l 1

2b
tclly)

sin nBy

a(By) = [5.51]

sin Gy

Examine Equation (5.51) closely. Itis evaluated at a given spanwise location; hence,
By is specified. In turn, b, ¢(6p), and oy —o(6) are known quantities from the geometry
and airfoil section of the finite wing. The only unknowns in Equation (5.51) are the
A,’s. Hence, written at a given spanwise location (a specified 6p), Equation (5.51) is
one algebraic equation with N unknowns, A|, A,, ..., A,. However, let us choose
N different spanwise stations, and let us evaluate Equation (5.51) at each of these
N stations. We then obtain a system of N independent algebraic equations with
N unknowns, namely, A, A3,..., Ay. In this fashion, actual numerical values
are obtained for the A,’s—numerical values that ensure that the general circulation
distribution given by Equation (5.48) satisfies the fundamental equation of finite-wing
theory, Equation (5.23).

Now that I'(6) is known via Equation (5.48), the lift coefficient for the finite
wing follows immediately from the substitution of Equation (5.48) into (5.26):

b/2

C 2 r(yd 2b2§_:A fﬂ sin n6 sin6 do [5.52]
= = — n n n .
LT Vs —b2 Y S 4 0

In Equation (5.52), the integral is

T n/2 forn=1
innfsinf8 do =
/0 sin n@ sin {0 forn # 1

Hence, Equation (5.52) becomes

b2
Ct =A17T§ :AIJTAR [5.53]

Note that C; depends only on the leading coefficient of the Fourier series expan-
sion. (However, although C; depends on A; only, we must solve for all the A,’s
simultaneously in order to obtain A;.)

The induced drag coefficient is obtained from the substitution of Equation (5.48)
into Equation (5.30) as follows:

b2

T VS o

2b2 T N
=5/ };AnsinnB a; () sin 6 d6

Cp.i T(o; (y)dy [5.54]
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The induced angle of attack «;(#) in Equation (5.54) is obtained from the substitution
of Equations (5.46) and (5.49) into (5.18), which yields

1 f”/?- dT/dy) dy
daVy J_

1< T cos né
= — E nA, —df [5.55]
m | 0

cos — cos by

a;(yo) = y Ny
h/2 Yo — |

The integral in Equation (5.55) is the standard form given by Equation (4.26). Hence,
Equation (5.55) becomes

N .

sin nd,

o (9()) = nA . [5.56]
Z]: " sin 6y

In Equation (5.56), 6 is simply a dummy variable which ranges from 0 to 7 across
the span of the wing; it can therefore be replaced by 8, and Equation (5.56) can be
written as

N )
sin n@
i(0) = A, — [5.57]
(9 21:11 sin @

Substituting Equation (5.57) into (5.54), we have
2b2 b4

N N
Cp;i=— A, sinnd nA, sinnd | do [5.58]

Examine Equation (5.58) closely; it involves the product of two summations. Also,
note that, from the standard integral,

T , 0 form # k
] sinm@ sin k6 = [5.59]
0 n/2 form=k

Hence, in Equation (5.58), the mixed product terms involving unequal subscripts
(such as A A,, A>Ay) are, from Equation (5.59), equal to zero. Hence, Equation
(5.58) becomes

2% (& ™ N
Coi=— (Zmﬁ) 5= nARXI:nA,%
N
— 7AR (A% + ZnAg)
2
, N A,, 2
= TAR A} {1 + szn (A_l) } [5.601]

Substituting Equation (5.53) for C; into Equation (5.60), we obtain

2

CL
R(l +8) [5.61]

Cpi =
D, TA
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where § = Z;’ n(A,/A)?. Note that § > 0; hence, the factor 1 + § in Equation
(5.61) is either greater than 1 or at least equal to 1. Let us define a span efficiency
factor, e, as ¢ = (1 4+ 8)~'. Then Equation (5.61) can be written as

C2
Cpi=—=

= [5.62
’ TeAR 1

where ¢ < 1. Comparing Equations (5.61) and (5.62) for the general lift distribution
with Equation (5.43) for the elliptical lift distribution, note that 8 = O and ¢ = 1
for the elliptical lift distribution. Hence, the lift distribution which yields minimum
induced drag is the elliptical lift distribution. This is why we have a practical interest
in the elliptical lift distribution.

Recall that for a wing with no aerodynamic twist and no geometric twist, an
elliptical lift distribution is generated by a wing with an elliptical planform, as sketched
at the top of Figure 5.16. Several aircraft have been designed in the past with elliptical
wings; the most famous, perhaps, being the British Spitfire from World War II, shown
in Figure 5.17. However, elliptic planforms are more expensive to manufacture than,
say, a simple rectangular wing as sketched in the middle of Figure 5.16. On the other
hand, arectangular wing generates a lift distribution far from optimum. A compromise
is the tapered wing shown at the bottom of Figure 5.16. The tapered wing can be
designed with a taper ratio, that is, tip chord/root chord = ¢, /c,, such that the lift
distribution closely approximates the elliptic case. The variation of § as a function
of taper ratio for wings of different aspect ratio is illustrated in Figure 5.18. Such
calculations of § were first performed by the famous English aerodynamicist, Hermann
Glauert and published in Reference 18 in the year 1926. Note from Figure 5.18 that
a tapered wing can be designed with an induced drag coefficient reasonably close
to the minimum value. In addition, tapered wings with straight leading and trailing

Elliptic wing

Rectangular wing

¢y

o

Tapered wing

Figure 5.16  \Various planforms for
straight wings.
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e o B /75
N,

Figure 5.17  Three views of the Supermarine Spitfire, a famous British
World War Il fighter.

edges are considerably easier to manufacture than elliptic planforms. Therefore, most
conventional aircraft employ tapered rather than elliptical wing planforms.

5.3.3 EFFECT OF ASPECT RATIO

Returning to Equations (5.61) and (5.62), note that the induced drag coefficient for a
finite wing with a general lift distribution is inversely proportional to the aspect ratio,
as was discussed earlier in conjunction with the case of the elliptic lift distribution.
Note that AR, which typically varies from 6 to 22 for standard subsonic airplanes
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Taper ratio, ¢, /c,

Figure 5.18 Induced drag factor 8 as a function of taper
ratia. {Source: McCormick, B. W.,
Aerodynamics, Aeronautics, and Flight
Mechanics, Jahn Wiley & Sans, New York,
1979)

and sailplanes, has a much stronger effect on Cp ; than the value of 8, which from
Figure 5.18 varies only by about 10 percent over the practical range of taper ratio.
Hence, the primary design factor for minimizing induced drag is not the closeness to
an elliptical lift distribution, but rather, the ability to make the aspect ratio as large
as possible. The determination that Cp ; is inversely proportional to AR was one of
the great victories of Prandtl’s lifting-line theory. In 1915, Prandtl verified this result
with a series of classic experiments wherein the lift and drag of seven rectangular
wings with different aspect ratios were measured. The data are given in Figure 5.19.
Recall from Equation (5.4), that the total drag of a finite wing is given by

2

C
Cp = L [5.63]
D= et TeAR

The parabolic variation of Cp with C as expressed in Equation (5.63) is reflected
in the data of Figure 5.19. If we consider two wings with different aspect ratios AR,
and AR;, Equation (5.63) gives the drag coefficients Cp 1 and Cp ; for the two wings
as

c
Cp,=c L [5.644al
DI =T AR, “
and C + Ci [5.64b]
TX = C .
b2 ? JTeARz

Assume that the wings are at the same C;. Also, since the airfoil section is the same
for both wings, ¢, 1s essentially the same. Moreover, the variation of e between the



INCOMPRESSIBLE FLOW OVER FINITE WINGS

Ca
R A
7 - e o
/0G} V/éj/lz// ~
VAL
-
) 19280 =
60 4 "4, a1
A L

ol 4/
20 %
05 Cw

-20 23

3

Figure 5.19 Prandtl’s classic rectangular wing data
for seven different aspect ratios from 1
to 7; variation of lift coefficient versus
drag coefficient. For historical interest,
we reproduce here Prandil’s actual
graphs. Note that, in his n