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SYMBOLS AND ACRONYMS (PARTS 1 AND II)

Symbols and Acronyms

Symbel Description Unit(s)
Regular
A Moment arm of bobweight (see Figure 4.41)
a4, Moment arm of downspring (see Figure 4.41)
a Element of control surface distribution matrix —_—
a; Tab spring moment arm ft
A Aspect ratio, also a combination function of
hingemoment coefficients: see Eqn (4.160)  —
AB,CD Coefficients for control surface hingemoment rates ——
A Inlet area ft2
A, Also: input amplitude —_—
Ay Output amplitude R
Coefficient in denominator of longitudinal
- Ay transfer function 8 ft/sec
A Coefficient in denominator of lateral-directional  f/cac
2 transfer function
Element of the aerodynamic influence
Ai} coefficient matrix y ft2/rad
Coefficient in numerator of angie-of-attack—to—
Aqg elevator transfer function & ft/sec2
Coefficient in numerator of angle—of—sideslip to
AB aileron or mdder transfer function P ft/sec2
Coefficient in numerator of speed—-to—elevator
Ay transfer function ft2/sec3
Coefficient in numerator of pitch—attitude—to—
Ag elevator transfer function P ft/sec3
Coefficient in numerator of bank—angle to
Ag aileron o rudder transter function. & fi/sec3
Coefficient in numerator of heading--angle to
Ay aileron or rudder transfer function §-ang ft/sec3
[A] System matrix as defined in Eqn (4.228) See Eqn
(4.228)
olumn matrix as defined in Eqn (4. ee Egn
B Col i defined in Eqn (4.228) See Eq
(4.228)
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Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)

[B] Matrix as defined in Eqn (7.52) D
b Span ft

B, gggg%‘i%lltl éltll ggnominator of longitudinal ft/sec2
B, ggggg&nﬁ éﬁ c()1:;,n0mina\tor of lateral-directional  f/c.00
B Gocfficient in numerator of angle-of-aftack—to-  fygecs
By Sheficen i merr o o desp 0 s
B, ggggécl:‘i%ag (]:Itll ggmefator of speed-to—elevator ft2/secd
B, Goefficient in numerator o pich-atitudeto- fysecs
B, Ei?é:g:fioc;nltuigd%gmerator of bank-angle to ft/secd
B,, gli?eerfglcioern;u igdxél;merator of heading—angle to ft/secd
c chord ft

c viscous damping constant Ibs/ft/sec
T Mean geometric chord ft

Cq Section drag coefficient —
Cs Flap or control surface chord ft

C(s) Laplace transform of system output  —
o ggggg_i%lﬁ cl:Itll ggnominator of longitudinal ft/sec3
C,; Inertia ratio defined by Eqn (5.180)

c, gggsffgi%lltl értll ggnominator of lateral-directional  g/cec3
J Fleent of e sructurl infhuence radbs
Ca ovator Tohnster Ranction | Anglerofatacktom - fy/secs
Cﬁ gjtl)grfgg:gnlt_u igdrél:merator of angle—of-sideslip to ft/secs

Symbols and Acronyms



Symbols and Acronyms

Symbol Description

1]

Cp,
CDu = GCD/BO.

Cp, = 9Cp/a(&T/2U )
Cp, = 3Cp/diy

Cp, = ICp/28

Cp, = 9Cp/a(qe/2U,)
Cp, = 3Cp/8(u/U))

Cf
Ch
Chu = (')Chfaa

Chﬂv = achr/ﬂﬁ
Cy, = 9C,/3

Chﬂt = GCh/aﬁt

Cthbt = aCht/fiat

Symbols and Acronyms

Unit(s)

Coefficient in nurerator of speed—to—elevator
transfer function

Coefficient in numerator of pitch—attitude—to—
elevator transfer function

Coefficient in numerator of bank—angle to
aileron or rudder

Coefficient in numerator of heading—angle to
aileron or rudder

Drag coefficient (airplane)
Drag coefficient (airplane) for zero angle of attack
Drag coefficient (airplane) for zero lift coefficient

Variation of airplane drag coefficient with
angle of attack

Variation of airplane drag coefficient with
dimensionless rate of change of angle of attack

Variation of airplane drag coefficient with
stabilizer incidence angle

Variation of airplane drag coefficient with
elevator deflection angle

Variation of airplane drag coefficient with
dimensionless pitch rate

Variation of airplane drag coefficient with
dimensionless speed

Airplane equivalent skin friction coefficient
Control surface hingemoment coefficient

Variation of ¢bntrol surface hingemoment
coefficient with angle of attack

Variation of rudder hingemoment coefficient
with angle of sideslip _

Variation of control surface hingemoment

- coefficient with control surface deflection

Variation of control surface hingemoment

- coefficient with control surface tab deflection

Variation of control surface tab hingemoment coef-
cient about the tab hingeline with respect to tab
deflection

ft2/sech

ft/sech

ft/sech

ft/secS

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad



Symbol Description

Regular (Continued)
Cp, = 3Cy/a(u/Uy)

Cy, = 9Cy/3(qE/2U))
Cp, = aC,,/3(deTe/2U,)

Cp, = 9C,/8(8;be/2U )

!

¢, = dc)/da

¢y, = dc;/ad

G

C,

Cy, = 3Cy/oB
C, = oC/op

C, = aC,/a(Bb/2U )

Clb = acl/aaa

C, = 8C,/a(pb/2U)

CITB = aClT/aB

Symbols and Acronyms

Symbols and Acronyms

Variation of control surface hingemoment coefficient

with respect to speed

Variation of control surface hingemoment
coefficient with respect to pitchate

Variation of elevator hingemoment coefficient
with respect to elevator rate

Variation of rudder hingemoment coefficient
with respect to rudder rate

Section lift coefficient

Variation of section lift coefficient with angle
of attack '

Variation of section lift coefficient with control
control surface deflection angle

Rolling moment coefficient (airplane)

Rolling moment coefficient for zero sideslip angle

and zero control surface deflections

Variation of airplane rolling moment coefficient
with angle of sideslip

Variation of airplane component rolling moment
coefficient with sideslip angle, but based on
component reference geometry

Variation of airplane rolling moment coefficient
with dimensionless rate of change of angle of
sideslip

Variation of airplane rolling moment coefficient
with aileron deflection angle

Variation of ailt'flan_e rolling moment coefficient
with rudder deflection angle

Variation of ajrplane rolling moment coefficient
with differen%ilﬂ) stabilizer gngle

Variation of airplane rolling moment coefficient
with dimensionless rate of change of roll rate

Variation of airplane rolling moment coefficient
with dimensionless rate of change of yaw rate

Variation of airplane rolling moment coefficient
due to thrust with sideslip angle

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

I/rad

1/rad

1/rad

1/rad

1/rad
1/rad
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Symbols and Acronyms

Symbol - Description Unit(s)
Regular (Continued)

CL Lift coefficient (airplane) _—
C, Lift coefficient (airplane) for zero angle of attack ——
aCp/on | X)gn&a}_t;gl% lgf airplane lift coefficient with —_
Cp, = 9C./da Znagg%%naggc ali(rplane lift coefficient with 1/rad
Cp. = aC, /a(aE/2U Variatign of airplane lift coefficient with

L L/3(a&/2Uy) dimens?orﬁesasnl-'%te of change of angle of attack 1/rad
CL = 0dC,/ai Variation of airplane lift coefficient with 1/rad

Ly L/ iy stabilizer inc?dnglce angle _
Cp.. = adCp /00 Variation of airplane lift coefficient with 1/rad

La. /38 elevator deﬂéacl:rt?on angle '
Cp. = 0C,/d(qE/2U Variation of airplane lift coefficient with

La L/3(GE/2U) dimens?o esasl?itch rate 1/rad
Cp = aCr/é(u/U Variation of airplane lift coefficient with

Lu L/3(u/Uy) dimcns?on?cs?él?pee '
Cm Section pitching moment coefficient —
Cm, Section pitching moment coefficient about the a.c. —
Crm, Section pitching moment coefficient at zero angle

of attack —

T, Section pitching moment coefficient at zero lift
Cm, = dcp/o0 Variation of gection pitching moment coefficient 1/rad

Ma o/ with anglie ots attzllck P g coethet
Cm Pitching moment coefficient (airplane) S
C Pitching moment coefficient (airplane) for zero -

Mo angle o% attack (airplane)
Ch, Pitching moment coefficient (airplane) for zero lift —
dCp/dn }g%n&%t;g& (rJf airplane pitching moment coefficient = ——r-
Cm, = 8Cm/da Variation of me pitching moment coefficient  1/rad

Cpm, = 8Cm/(aT/2U))

Symbols and Acronyms

with angle o

Variation of airplane pitching moment coefficient
with djmensiorl;fess ralge of change of!1

angle of attack 1/rad



Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)
C,. = dC,/0i Variation of airplane pitching moment coefficient  1/rad
iy m/ 3in with stabilizérmﬁ)lciderll)ce angle
Cp. = 8C,,/00 Variation of airplane pitching moment coefficient  1/rad
Mae m/ 08¢ with eievatora%irgﬂectign angle
Cm, Pitching moment coefficient due to thrust S
Cm, Pitching moment coefficient due to propeller normal
Np force coefficient _—

Cm, = dCm/d(qc/2U,)
Cm, = acm/a(u/ul)

Cm

T

= 8Cp, /00

Cm-,-lI = aCmT/a(u/U1)

Cp, = 9C,/3p

Cn, = 3C,o/3(Bb/2U))

Cn = aCn/aardlu

B¢ drag

Ca = 3C,/di,
Cnar = 6Cn/&6r

Cno“ = aCn/aas

Symbols and Acronyms

Variation of airplane pitching moment coefficient
with pitch rate

Variation of airplane pitching moment coefficient
with dimensionless speed

Variation of airplane pitching moment coefficient
due to thrust with angle of a

Variation of airplane pitching moment coefficient
due to thrust with dimensionless speed

deing moment coefficient (airplane)

Yawing moment coefficient for zero sideslip angle

and zero control surface deflections

Propeller normal force coefficient |

Variation of airplane yawing moment coefficient
with angle of sideslip

Variation of airplane yawing moment coefficient
with dimensionless rate of change of angle

of sideslip

Variation of airplane yawing moment coefficient
with aileron deflection angle

Variation of airplane yawing moment coefficient
with drag rudder deflection angle

Variation of airplane yawing moment coefficient
with differential stabilizer angle

Variation of airplane yawing moment coefficient
with rudder deflection angle

Variation of airplane yawing moment coefficient
with spoiler deflection angle

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

1/rad

i/rad

1/rad
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Symbols and Acronyms

Symbol Description . __Unit(s)

Regular (Continued)
Cp, = 9Ca/a(pb/2U))
Cp, = 3Co/3(rb/2U )
Ca, = 9Cn, /0P
CT
Cr, = 8Cy/3(u/U))

CTxu = aCT"/aa

Cr

xyorz
CTln = aCT:/B(lJ/Ul)

CTza = GCTt/ aa

Cr,, = aCr /3P
Cx

Cy, = 9Cx/da

a

Cx, = 3Cx/3(qT/2Uy)
Cy, = 3Cy/d(u/U))

CY
CYn

Cy, = 3Cy/3p

Cy, = aCy/a(Bb/2U,)

CyBl = aCy/aaa

Symbols and Acronyms

Variation of airplane yawing moment coefficient
with dimensionless rate of change of roll rate 1/rad

Variation of airplane yawing moment coefficient
with dimensionless rate of change of yaw rate l/rad

Variation of airplane yawing moment coefficient 1/rad
due to thrusta\#i'gh sidéslip aiglgle

Thrust coefficient —_

Variation of airplane thrust coefficient in the X—axis
direction w.r.t. dimensionless speed _—

Variation of airplane thrust coefficient in the 1/rad
X-axis direction with angle of attack

Thrust coefficient component in the X,Y or Z axis direction

Variation of airplane thrust coefficient in the Z-axis
direction w.r.t. dimensionless speed —

Variation of airplane thrust coefficient in the 1/rad
Z—axis direction with angle of attack

Variation of airplane thrust coefficient in the 1/rad
Y-axis direction with sideslip angle

Force coefficient along the stability X—axis  —

Variation of ai‘{?i?ﬂe X-axis force coefficient

with angle of a 1/rad

Variation of airplane X-axis force coefficient with
dimensionless pitch rate 1/rad

V,ariation‘ of ajrplang X-axis force coefficient with
dimensionless spee

Side force coefficient (airplane) _

Side force coefficient for zero sideslip angle
and zero control surface deflections _—

Variation of airplane side force coefficient 1/rad
with sideslip angle

Variation of ajﬁlane side force coefficient
with dimensionless rate of change of angle

of sideslip

Variation of airplane side force coefficient 1/rad
with aileron angle

1/rad
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Symbols and Acronyms

Symbois and Acronyms

Symbol Description Unit(s)
Regular (Continued)
C, = aC,/abd Variation of airplane side force coefficient i/rad
Yor v/ 30 with rudder zﬁgie ! :
Cy, = 8Cy/3(pb/2U) Variation of airplane side force coefficient
with dimensioniess rate of change of roll rate l/rad
Cy, = 8Cy/a(tb/2U ) Variation of airplane side force coefficient
with dimensionless rate of change of yaw rate Urad
Cx Force coefficient along the stability Z—axis —
C, = aC,/a(ac/2U Variation of airplane Z—axis force coefficient with
o =/ 3(68/2U)) dimens(i,onles%u;'%te of change opaengle o% attack 1/rad
C, = 3C./d(qc/2U Variation of airplane Z-axis force coefficient with
% 2/ 4(qe/2U) dimens?onless itch rate t/rad
C, = 3C,/a(w/U Variation of airplane Z~axis force coefficient
o 2/30/Uy) dimens?onles%u’sppeed | |
dm Airplane mass element slugs
Coefficient in denominator of longitudinal
D, transfer function & fifsect
D, Inertia ratio defined by Eqn (5.180)
Coefficient in denominator of lateral-directional
D, transfer function f/sec4
Coefficient in numerator of angle—of-attack—to
Dq elevator transfer function el ft/secs
Coefficient in numerator of angle—of—sideslip to
Dfs aileron or rudder transfer function P - ft/secS
Coefficient in numerator of speed-to—elevator
Dy transfer function pe ft2/secB
Coefficient in numerator of heading—angle to
Dy aileron or rudder g-ang ft2/sect
D Drag (airplane) Ibs
D, Denominator of lbngitudinal transfer functions ftrad4/sec5
ﬁz Denominator of lateral—directional transfer functions ftrad5/sec6
Dp Propeller diameter ft
ds Airplane surface area element ft2



Symbols and Acronyms

Symbol Description Unit(s)

Regular (Continued)

dp Distance of a thrust line projection onto the ft
XZ-plane to the c.g.

dv Atrplane volume element ft3

e = 2.7183 Napierian logarithm constant  —

e Oswald’s efficiency factor _

e Also: Factor defined in Figure 7.1 _—

E Factor defined in Figure 7.1 e
Coefficient in denominator of longitudinal

E, transfer function g ft/secS
Coefficient in denominator of lateral-directional

E, transfer function fi/secS

f Equivalent parasite area of the airplane ft2

f(t) Function of time Ibs

for Preload of downspring Ibs

F Force per unit area (aerodynamic and/or thrust) ibs/ft2

F A Total aérodynamic force vector Ibs

fa, » fa, » fa, Perturbed values of Fs, . Fp and Fy Ibs

g, Perturbed value of gravity forces Ibs

f, Perturbed value of inertial forces lbs

Fp, » Fa, » Fa, Aerodynamic force components along XYZ Ibs

Fog; Factor which accounts for drag induced yawing
moment E—

F, -Aileron wheel or stick force Ibs

F; Rudder pedal force Ibs

F, Stick force (or wheel force) ibs

Symbols and Acronyms



Symbols and Acronyms

Symbol Description Unit(s)

Regular (Continued)
fr, , fr, . fr, Perturbed values of Fr, , Fr, and Fy, 1bs
Fr . Fp, ., Fy Thrust force components along XYZ lbs
F.T Total thrust force vector lbs
g Acceleration of gravity ft/sec?
& > & » &2 Acceleration of gravity components along XYZ ft/sec?
G Gearing ratio for a flight control surface rad/ft
GM Gain margin db
G(s) Open loop transfer function varies
G(s) Operi loop transfer function (forward path) varies
h Altitude ft
heare Altitude at which flare is initiated ft
h Angular momentum vector for spinning rotor(s) slugft?/sec
hy , hy , h, Components of h along XYZ slugft2/sec
H(s) Open loop transfer function (feedback path) varies
HM Hinge moment about control surface hingeline ftlbs
ic Canard incidence angle deg or rad
iy, Horizontal tail (stabilizer) incidence angle deg or rad
Iy Vertical tail (stabilizer) incidence angle deg or rad
i, j, k Unit vectors along XYZ _—
Lix » Lyy , Iz Airplane moments of inertia about XYZ slugsft2
Ly » Iyz , Ixz Airplane products of inertia about XYZ slugsft?2
Iz Rotor moment of inertia about its spin axis slugsft?

Symbols and Acronyms



Symbols and Acronyms

Symbol Description - Unit(s)
Regular (Continued)

J = U/nD, Propeller advance ratio _

k Spring constant Ibs/ft

Kq , kq l-("'gclglllggﬁli_ aﬁgjn constant w.r.t. angle—of—attack degldeg
K Feedback gain constant varies

K through 7 Constants used in Eqn (4.225) or (4.239) or (4.240) see Eqns
Ko or s Geaging sonstant between cockpit control wheelor . o
Ky Downspring constant Ibs/ft

Kq Angle—of-attack—to—elevator feedback gain rad/rad
K. Coupler gain varies
K, Altitude~-to—elevator feedback gain rad/ft

Ko Also: wing torsional stiffness constant ftibs/rad
Kq Pitch—rate—to—elevator feedback gain rad/rad/sec
K, Yaw-rate—to~rudder feedback gain rad/rad/sec
K, Tab spring constant Ibs/ft

Ky Speed—to—elevator feedback gain rad/ft/sec
K, Acceleration error constant
K Pilot gain varies
Kp Position error constant —_—
Kt Engine~to—throttle gain varies
Ky Velocity error constant _—
Kay, glecl;?a{(r)%(}}l:l?sc ergfa&gcitl}otge angle—of-attack-to —_—
Ky, Zero frequency gain in the speed—to—elevator ft/sec

Symbols and Acronyms

transfer function
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Symbols and Acronyms

Symbel Description Unit(s)
Regular (Continued)
Ky Zero frequency gain in the pitch-attitude—to-
Be elevator transfer function  ——
K Zero frequency gain in the angle—of-sideslip to
L aileror{e(%' rudc}'mg transfer function P —_—
K Zero frequcncalc'ga.in in the bank-angle to
Baore aileron or rudder transfer function —_—
Zero frequency gain in the heading—angle to
Kw““" aileron élr rudti,erg transfer fl.mctiong ¢ e
1 Characteristic length ft
I, , my , ny Perturbed valuesof L., , M, and N, ftlbs
l¢ Distance from the canard a.c. to the'c. g ft
1y Distance from hor. tail a.c. to the c.g. ft
Ig Moment arm of stick (see Figure 4.41) ft
L Lift Ibs
L also: overall airplane length ft
L' - Lift per unit span Ibs/ft
Ly, My, N, Aerodynamic moment components about XYZ ftlbs
= qleCls Roll angular acceleration per unit sideslip rad/sec2/rad
I angle :
- qlechp Roll angular acceleration per unit roll 1/sec
21xxU1 rate
= qleZClr Roll angular acceleration per unit yaw 1/sec
I 214U, rate
L. = 4,5G,,, Roll angular acceleration per unit aileron rad/sec2/rad
5, T angle
L. = q,5bC L, Roll angular acceleration per unit rudder rad/sec2/rad
8, Tox angle
It , mp , ng Perturbed values of Ly , My and Ny ftlbs
Lt , My, Ny Thrust moment components about XYZ ftlbs

Symbols and Acronyms



Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)
m Airplane mass (or just mass) slugs
m; Mass associated with element i slugs
m’ Mass flow rate through an engine slugs/sec
M Mach number _—_
M Also: amplitude ratio e
M’ Pitching moment per unit span ftlbs/ft
MM Maneuver margin fraction m.g.c.
MP Maneuver point fraction m.g.c.
= §,5¢Cm, Pitch angular acceleration per unit angle 1/sec?
a I of attack
qlggcm'r '
My =——-° Pitch angular acceleration per unit angle of attack  1/sec2
Ta Ly (due to t%‘i]'ust) P gl
Se(Cyy, + 2C '
M, = ;5% II:;UI m,) }’étgll)lcgﬂgular acceleration per unit change rad/sec/ft
4;5¢%(Cp. + 2Chy)
T = ! kL o Pitch andgular acceleration per unit change rad/sec/ft
" ) IyyUy in speed (due to thrust)
M. = 9,5¢ Cm& Pitch angular acceleration per unit 1/sec
2lyyU h f angle of attack
- w1 change of angle o
M, = 9,5¢"Cn, Pit 1 lerati it 1/
i) | plltgﬁ angular acceleration per uni sec
8:5%m, Pitch angular accelerati it 1/sec2
=—_ & cce on per s
Oe Iyy ellesratgrrl%gafea eraton per o o
M, Aecrodynamic moment scalar ftlbs
M, Total aerodynamic moment vector ftlbs
M, Moment about tab hingeline due to spring pre-load ftlbs
lﬁ-r Total thrust moment vector ftlbs
M.p Tab moment about its own hingeline ftlbs

Symbols and Acronyms
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Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)
n Real part of complex root 1/sec
Also: load factor _
n Fraction number, also load factor, n = L/W  —
Dyt Limit load factor o
il Quantity defined in Eqn (4.218) _—
n Quantity defined on page 283 _—
ng = nfa = gg— Variation of load factor with angle of attack l/rad
n; Number of jet engines per airplane —
np Number of propellers per airplane —_
fppm Propeller r.p.m. 1/min
Npps Propeller r.p.s. 1/sec
Np Drag induced yawing moment due to O.E.L ftlbs
Neutral point fraction m.g.c.
N; Inlet normal force lbs
Np Propeller normal force lbs
N, Numerator of speed—to—elevator transfer function  ft2rad2/sec6
Na Numerator of angle—of-attack—to-elevator
transfer function : ftrad2/sec5
Ng Numerator of sideslip to aileron or rudder
transfer function ftrad 3/secb
Ny Numerator of pitch~attitude~to-elevator
transfer function ftrad2/sec5
Nq, Numerator of bank angle to aileron or rudder
transfer function ' ftrad3/secb
Ny Numerator of heading angle to aileron or rudder
transfer function ftrad3/secb
N, = q;5bCo, Yaw angular acceleration per unit sideslip rad/sec2/rad
p i angle

Symbols and Acronyms
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Symbols and Acronyms

Symbol _ Description Unit(s)
Regular (Continued)
SbC '
No = 9 "1y Yaw an(Fular acceleration per unit sideslip rad/sec2/rad
T~ T 1, angle (due to thrust)
N. = qIszcnp Yaw angular acceleration per unit roll 1/sec
p 21U, rate
N, = q,S8b2Cy, Yaw angular acceleration per unit yaw 1/sec
T 20U, rate
— q;5bCn,, Yaw angular acceleration per unit aileron rad/sec2/rad
Ba T angle
N. = q;SbC, Yaw angular acceleration per unit rudder rad/sec2/rad
8, I, angle
PM Phase margin deg
P, q, T Perturbed values of P, Q and R rad/sec
P,Q.,R Airplane angular velocity components about XYZ  rad/sec
g = 0.50V3 = 1,4828M? Airplane dynamic pressure Ibs/ft2
T Vector which connects the c.g. with a mass element ft
T Vector which connects the origin of X'Y’Z’ with  ft
an airplane-mass element
' Vector which connects the origin of X’Y'Z’ with  ft
airplane c.g.
R Electrical resistance Ohm
R also: Slant range ft
R(s) Laplace transform of system input ——
Ry = # Reynolds number  —
Ry Dimensionless radius of gyration about the Y-axis

Symbols and Acronyms
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Symbols and Acronyms

Symbol ~  Description Unit(s)
Regular (Continued)

s Laplace domain variable rad/sec
S Area ft2

SM Static margin fraction mgc
Sp Propeller disk area ft2

Sw, Flapped wing area ft2

S wet Airplane wetted area ft2

t Thickness ft

T Thrust Ibs

T also: Sampling time sec

T, 2 Time to half amplitude sec

T, Time to double amplitude sec
Tiag Pilot lag time constant sec
Tiead Pilot lead time constant sec

Ta Pilot neuromuscular time constant sec

Ts, T Time constant of spiral and roll mode respectively sec

Th = 21t/wy Normalized time sec

(t/C¢) max ‘Maximum thickness ratio _
u, v, w Perturbed value of U, V and W ft/sec

u Also: nondimensional frequency —_—
a, vV, W Accelerations in X,Y and Z directions ft/sec2
U, VvV, Ww Components of Vpalong XYZ fifsec
U Forward acceleration along the ground ft/sec?
U(S) Laplace transform of system external disturbance input—

Symbols and Acronyms
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Symbols and Acronyms

Symbol =~ Description Unit(s)
Regular (Continued)

Vi o v Horizontal or vertical tail volume coefficient D
Ve Minimum control speed (engine out) ft/sec
\7'1; Airplane velocity (true airspeed) ft/sec
Vs Stall speed ft/sec
Viow Stall speed with one engine inoperative ft/sec
w w—Domain transform _—
w Airplane weight Ibs
W(s) Closed loop system transfer function varies
Wow Weight of bobWeight Ibs
X, V¥, Z Components of r along XYZ ft
X,y , 7 Components of ‘Tfp along X’Y'Z’ ft/sec
Xac A.C. location relative to l.e. of chord ft

Xac Aerodynamic center location as fraction of mgc —_—
Xep C.P. location relative to Le. of chord ft

X ggtﬁggg gl?:ﬁx ttal-ﬁ 2{:4 mgc point on the wing to ft
Xacy, Distance defined in Figure 4.51 ft
Xy, Distance defined in Figure 4.51 ft

Xeg, Distance defined in Figure 4.51 ft
Xmg, Distance defined in Figure 4.51 ft

* P o e P Sty s O o e g 1
X Distance from a thrust line attachment point to the  ft

Symbols and Acronyms

c.g. measured along the stability X~axis
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Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)
Xac, Aerodynamic center location as a fraction of the
mgc and measured from the leading edge
of the mgc, positive aft _
Xcg Center of gravity location as a fraction of the
mgc and measured from the leading edge
of the mgc, positive aft —_—
Kot Reference point location relative to l.e. of chord ft
Xy, Distance between the vertical tail a.c. and the c.g.  ft
measured along the stability x—axis
—q;5(Cp, —Cp) , :
o = m Forward acceleration per unit angle of attack ft/sec2/rad
- q;3(Cp, + 2Cp) . . :
u = mI“.T L Forward acceleration per unit change in speed 1/sec
1
q,;8(Cy, +2Cr) . . .
X1 = - L Forward acceleration per unit change in speed 1/sec
¢ mlJ; (due to thrust)
~ 45Cp, Forward acceleration per unit
X, =—m elevator angle pe ft/sec2/rad
Va Distance from aileron center of load to the ft
airplane centerline
Yar " Distance between the drag rudder c.p. and the c.g.  ft
measured along the stability y—axis
YT Distance from a thrust line attachment point to the  ft
c¢.g. measured along the stability Y-axis
= q;5Cy, . o
B — Lateral acceleration per unit sideslip angle ft/sec2/rad
— q,SbC
Y, = ZA Lateral acceleration per unit roll rate ft/sec/rad
szl
Y, also: Human pilot transfer function _—
Y, = :2%11‘—81& Lateral acceleration per unit yaw rate fi/sec/rad
1
— q;8Gy, : .
Y. =—mw— Lateral acceleration per unit aileron angle ft/sec2/rad
- qISCYa . .
Ys. =—m— Lateral acceleration per unit rudder angle ft/sec2/rad

Symbols and Acronyms
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Symbols and Acfonyms

Symbols and Acronyms

Symbol Description Unit(s)
Regular (Continued)
z Z—domain transform
Zeg, Distance defined in Figure 4.51 ft
Zp, Distance defined in Figure 4.51 ft
Zmg, Distance defined in Figure 4.51 ft
Zy, Distance defined in Figure 4.51
Zy, Distance between the vertical tail a.c. and the
stability x—axis '
= qS(C, + Cp) : o, ) '
a = o Vertical acceleration per unit angle of attack ft/sec2/rad
- qls(CLu + 2CL1) . . . .
n = mU, Vertical acceleration per unit change in speed 1/sec
5 - &Sy, . . .
= amu Vertical acceleration per unit rate of change of ft/sec/rad
mt angle of attack
- qlsECLq . . I
Zg= ——mi Vertical acceleration per unit pitch rate ft/sec/rad
1
- q1SCL6e . ) )
Zy =—m — Vertical acceleration per unit elevator angle ft/sec2/rad
Greek
a Angle of attack deg or rad
a Rate of change of angle of attack rad/sec
¢ Y Angle of attack at zero lift (section) deg or rad
Qg Angle of attack at zero lift (planform or airplane)  deg or rad
Ol Tilt angle of a rate gyro: positive aft deg or rad
a* Angle of attack value at end of linear range deg or rad
as = do/ad Angle of attack effectiveness derivative _—
U, Angle of attack at maximum lift coefficient deg or rad
B Angle of sideslip deg or rad
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Symbols and Acronyms

Symbol Description Unit(s)
Greek (Continued)
v Flight path angle deg or rad
I Geometric dihedral angle deg or rad
I' also: Glideslope error angle deg or rad
) Control surface deflection angle deg or rad
O, Control surface tab deflection angle deg or rad
By, z(\:goﬁgs(il :gfe%cheax:llag acllgtt‘galc):tion angle when up deg or rad
A Determinant of a matrix or increment of a parameter ———
A, SHil in wingfuelagescrodynamic cepor fom he
Ay Leading edge shape parameter  —
£ Downwash angle deg or rad
e(s) Laplace transform of system error varies
£7(s) Pulse Laplace transform of €(s) varies
£(t) Time domain functioﬁ varies
€p Downwash angle at zero angle of attack deg or rad
E; Upwash angle at inlet deg or rad
Ep Upwash angle at propeller disk deg or rad
Ep Twist angle deg or rad
1 Spanwise station in fraction of b/2 _—
Ny Nv Ne Dynamic pressure ratio at h.t., v.t. or canard resp. —_
Np Propeller efficiency —_—
0 Perturbed value of © rad
® Airplane pitch attitude angle (See Figure 1.6) rad
© Angle in s—plane, see Fig. 5.7 rad
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Symbols and Acronyms

Symbol Description Unit(s)
Greek (Continued)

A Taper ratio _—

A Root of characteristic equation 1/sec

A also: Localizer error angle deg or rad
A Sweep angle deg or rad
1 Coefficient of viscosity Ibs—sec/ft2
e Wheel-to—ground ﬁiction coefficient 1/1bs

C Damping ratio | _—

Ca Damping ratio of an airplane free fo oscillate

in pitch only : E—
Cﬂ Damping ratio of an airplane free to oscillate
in yaw only —

T 3.14 _—

0 Air density slugs/ft3
04 Airplane mass density slugs/ft3
o; Air density in inlet slugs/ft3
g Sidewash angle deg or rad
T Pilot reaction time delay constant | sec

T also: Washout circuit time constant sec

Ty o f = 00780, Angle of attack effectiveness factor

¢ Perturbed value of @ rad

¢1E Trailing edge anglé deg

(1] Airplane bank angle (See Figure 1.6) rad

O Thrust line inclination angle w.rdt. YX-plane rad

O(w) Phase angle at frequency @ rad

{1 Perturbed value of W rad

Symbols and Acronyms
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Symbols and Acronyms

Note: A, S, band ¢ without a subscript indicates a wing property!

1

a
ac or a.c. or A.C.
artificial

A

B

c

cg

c/4

cp or c.p. or C.P.
CAP

d

dr

e

E

e.a.

Symbols and Acronyms

Steady state quantity

Aileron
Acrodynamic center
Quantity obtained artificially (for example, in control forces)
Aerodynamic or airplane
Body-fixed axes

Canard

Center of gravity
Relative to the quarter chord

Center

of pressure

Control anticipation parameter
Dutch roll

Drag rudder

Elevator

Elastic
Elastic

axis

Symbol Description Unit(s)
Greek (Continued)
y Airplane heading angle (See Figure 1.6) rad
Y Inclination angle of the prg%ection of a thrust line  rad
on the XZ—plane w.r.t the XY—plane
0 Airplane angular velocity vector rad/sec
® Frequency rad/sec
Wy Undamped natural frequency rad/sec
Wn, Undamped natural fre%uency of an airplane rad/sec
free to oscillate in pitch only
®p Undamped natural frequency of an airplane rad/sec
P free to oscillate in yaw only
g Angular velocity of rotor about its spin axis rad/sec
Ws Sampling frequency rad/sec
ubscri
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Symbols and Acronyms

Subscripts (Continued)
f Fuselage

FOH First order hold

ff Fowler flap

fix Stick (or controls) fixed

fk Krueger flap

free Stick (or controls) free

fus Fuselage

g Gust, also: gravity

ground Quantity determined in ground effect
h Horizontal tail

i Item number i

I Inertial

iy Horizontal tail (stabilizer) incidence angle
inb’d Inboard

] Jet

J Jig shape

max Maximum

mcf Magnitude crossover frequency
mg Main gear, about or relative to main gear
min Minimum

1 Left

L Landing

LE Leading edge

M At some Mach number

M=0 At zero Mach number

MP Maneuver point

n Normal to

outb’d Outboard

OWE Operating weight empty

p Pylon, also: propeller

pef Phase crossover frequency

ph Phugoid

PA Powered Approach

r Right or rudder

reqd Required

t Tip or tab

trim trimmed

T Thrust

r Root or rudder or roll

rs Roll-spiral

Symbols and Acronyms
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Sp
ss
TO

wi
X,yorz

Acronyms

acora.c.or AC.
AD

AFCS

APU

BPR

c.g.
cporc.p.orCP
CSS

CWwWSs

DA

EMP

FAA

FBL

FBW

GPS

HDG

h.t.

irrev.

ILS

le.

le.r

Lh.s.

mgc or MGC
MM

NP

O.EL
PEC.S.

r.h.s.

Lp.S.

S.AS.

Symbols and Acronyms

Symbois and Acronyms

Spiral, store or spoiler or stability axes

Short period

Steady state

Takeoff

Vertical tail

Wing

Wing+fuselage

In the x, y or z—direction

Aerodynamic center

Analog to digital

Automatic flight control system
Auxiliary power unit

Bypass ratio

Center of gravity

Center of pressure

Control stick steering

Control wheel steering
Digital to analog
Electromagnetic pulse
Federal aviation administration
Fly—by-light

Fly-by—wire

Global positioning system
Heading

Horizontal tail

Irreversible

Instrument landing system
Leading edge

Leading edge radius (ft)
Left hand side

Mean geometric chord (ft)
Maneuver margin

Neutral point

One engine inoperative
Primary flight control system
Right hand side

Rotations per second

Stability augmentation system
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Symbols and Acronyms

Acronyms (Continued)
SM Static margin
SSSA Separate surface stability augmentation
TFF Transfer function
VOR Very high frequency omnidirectional range
v.t. Vertical tail
W.IL, With respect to
YD Yaw damper
ZOH Zero order hold

00

——
b
00 00

@mmmm [F oacooooosoooooosng e —
—
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Introduction

INTRODUCTION

In this two—part textbook, methods are presented for analysis and synthesis of the steady state
and perturbed state (open and closed loop) stability and control of fixed wing aircraft.

Part I contains Chapters 1-6 and Appendices A~D. Part Il contains Chapters 7-12 as well
as Appendix E.

The book is aimed at junior, senior and first level graduate students of aeronautical engineer-
ing. Aeronautical engineers working in the aircraft industry will also find this book useful.

Throughout this text the practical (design) applications of the theory are stressed with many
examples. Aircraft stability and control characteristics are all heavily regulated by civil as well as
by military airworthiness authorities for reasons of safety. The role of these safety regulations in
the application of the theory is therefore stressed throughout.

Many of the examples used to illustrate the application of the theory were generated with
the help of a computer program called: AAA (Advanced Aircraft Analysis). This program is com-
patible with most Apollo, Sun, Silicon Graphics, IBM and DEC work~stations as well as with certain
types of personal computers. The AAA program can be purchased from DARCorporation, 120 East
Ninth Street, Suite 2, Lawrence, Kansas 66044, USA. _

In Chapter 1 the general equations of motion are developed for arigid airplane. These equa-
tions are then specialized into sets which apply to steady state and perturbed state flight conditions
respectively. Before these equations can be used to help in the analysis and design of airplanes it
is necessary to develop mathematical models for the aerodynamic and thrust forces and moments
which act on an airplane.

Chapter 2 provides an overview of aerodynamic fundamentals needed to understand and use
aerodynamic force and moment models. Several important properties of airfoils and lifting surfaces
are reviewed. The effect of the fuselage on aerodynamic center is discussed and some fundamental
aspects of control surface and flap characteristics are covered.

The actual modelling of aerodynamic and thrust forces and moments is discussed in Chapter
3. The reader is introduced to the concept and use of stability and control derivatives. Physical ex-
planations and examples of signs and magnitudes of these derivatives are given.

Chapter 4 contains a discussion of the steady state equations of motion of airplanes. Solu-
tions and applications are presented particularly from a viewpoint of how this material is used in
airplane analysis and design. The relationship to handling quality regulations is pointed out. The
airplane trim problem, take-off rotation problem and engine—out control problem are given signifi-
cant emphasis.
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In Chapter 5 the perturbed equations of motion of airplanes are discussed. The reader is
introduced to the concept of airplane open loop transfer functions. The fundamental dynamic modes
of airplanes (phugoid, short period, roll, spiral and dutch roll) are analyzed. Approximations to these
modes are derived and typical "drivers’ of good and bad dynamic stability properties are identified.
The idea of equivalent stability derivatives is introduced and the relation to automatic control of un-
stable airplanes is pointed out. Derivative sensitivity analyses are also discussed.

In Chapter 6 an introduction is given to the subject of airplane flying qualities. The reader
is introduced to the Cooper-Harper scale and to various civil and military regulations for flying qual-
ities. The relationship to airplane design is pointed out.

The subject of elastic airplane stability and control is taken up in Chapter 7 (in Part IT). Finite
element methods are used to determine stability and control coefficients and derivatives for elastic
airplanes. A method for determining the equilibrium and jig (i.e. manufacturing) shape of an elastic
airplane is also presented. Several numerical examples of the effect of aeroelasticity on stability and
control derivatives are given for a subsonic and for a supersonic transport.

Chapter 8 presents an introduction to the c'onstn‘lction and interpretation of Bode plots with
open and closed loop airplane applications. An important inverse application is also given.

In Chapter 9 an overview is given of so—called classical control theory. The use of the root—
locus method and the Bode method are illustrated with examples.

It is shown in Chapter 10 that classical control theory can be used to predict whether or not
an airplane can be controlled by a human pilot. This is done with the aid of human pilot transfer
functions for compensatory situations.

In Chapter 11 the reader is introduced to various aspects of automatic control of airplanes.
It is shown why certain airplanes require stability augmentation. Pitch dampers, yaw dampers and
roll dampers are discussed. The reader is familiarized with the basic synthesis concepts of antomatic
flight control modes such as: control-stick steering, various auto—pilot hold modes, speed control,
navigation modes and automatic landing modes. Applications to various airplane types are also in-
cluded.

In Chapter 12 a brief introduction to digital control systems using classical control theory
is provided. Applications of the Z-transformation method are also included.
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CHAPTER 7: EFFECTS OF AEROELASTICITY ON STABILITY
- AND CONTROL

In this chapter, the effects of aeroelasticty on the stability and control of an airplane are dis-
cussed from a finite element viewpoint. In Section 7.1 several examples of aeroelastic behavior are
presented with a simple mathematical model to illustrate the major problems. In Section 7.2 the
reader is introduced to a finite element model which employs influence coefficient matrices. The
resulting aerodynamic and structural influence coefficient matrices are then used in the development
of closed form solutions for the longitudinal stability and control derivatives of elastic airplanes.
This is done in Sections 7.3 and 7.4 for steady state and perturbed state applications respectively.
Applications of these derivatives to various airplane performance, stability and control problems are
also discussed. h

Elastic airplanes must be manufactured to a shape different than the intended design cruise
shape. How the manufacturing shape (called the jig—shape) can be determined from a desired
(known) cruise shape to produce a given cruise lift-to—drag ratio is discussed in Section 7.5.

Applications of the influence coefficient method to lateral-directional derivatives are pres-

ented in Section 7.6. Numerical examples of elastic airplane derivatives (longitudinal and lateral-
directional) are given in Section 7.7.

7.1 E ES OF AER A

In this section, three examples of qeroelastic behavior are discussed:
* Aileron reversal

* Wing divergence

* Loss of longitudinal control power due to aft fuselage bending

1.1 AIL

Figure 7.1 shows a cross section of an unswept wing taken at one of the aileron wing stations.

When the aileron is deflected downward, an upward lift is created. This lift in turn will cause
a moment about the elastic axis. That moment will rotate the wing section in a nose—down direction.
In turn, this elastic rotation will induce a down lift on the wing section. The question is: will the
commanded up-lift (due to the aileron deflection) exceed the down-lift due to the aeroelastic rota-
tion? If that happens, the aileron is said to have reversed. Clearly, such aileron reversal is not accept-
able within the normal flight envelope of an airplane.
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The following simple analysis shows how the dynamic pressure at which aileron reversal
occurs can be predicted for an unswept, slender wing.

Section values for the incremental lift and pitching moment coefficients can be expressed
as follows:

= Cmo + Cmaaaﬂ (7'2)

C ot the ac.
where: ag is the elastic twist angle

8, is the aileron deflection angle

For a two—dimensional airfoil in incompressible flow, it can be shown that the following ex-
pressions hold for the sectional lift coefficient and pitching moment coefficient due to aileron deriv-
atives:

¢, = %[arccos(l ~ 2E) + 2/E(I - B)] (1.3)
Cc
Cmy, = — w2(1 — E)/E(1 — E) (7.4)
where: E is defined in Figure 7.1.

Per unit length of span, the incremental lift can be written as:
L' = ge(c, ap + 01;‘63) (1.5

At the reversal speed this incremental lift will be equal to zero:
L'=0= -q-mvmalC(CluaE + Clanaa) (7.6)

From this result it follows that at the reversal speed the following relation holds between the
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elastic twist angle and the aileron deflection angle:

aaE —
36, ~ i/ X))

Because of the aileron deflection, 53\, and the lift which acts at the aerodynamic center, the
wing will experience a pitching moment (= torsion moment) about its elastic axis equal to:

M = qcz(ecl + cmbuﬁa + ¢m,) (7.8)

The wing torsional stiffness is assumed to be represented by a torsional spring with stiffness
constant, K, . Asaresult, the wing will resist any torsional deformation, o , about the elastic axis
by an elastic restoring moment equal to: agKq . At equilibrium (i.e. at the reversal dynamic pres-
sure) the elastic restoring moment will equal the aerodynamic moment:

0Ka = Tpeyersai© (€€ Op + eclbﬂ&a + cm, 8a + ¢m,) (7.9)

In writing this equation, use was made of Eqn (7.1). Differentiation of Eqn (7.9) with respect
to the aileron angle, 8, , resuits in:

00 _ _ 2 dag
KQE - qreversalc (eclu—a'_sz + mlal + Cmal) (7.10)

Substitution of Eqn (7.7) into Eqn (7.10) yields:

3|
— Kuﬁ' = Tooversal€ 2 — ec;, + ey, + Cm,) = Treversal© (Cmy ) (7.11)

Therefore, the reversal dynamic pressure can be expressed as:

Trovesat = 5“5 (~ ©my) ™ (7.12)

As expected, the dynamic pressure at reversal will be large if the torsional stiffness, Kq, is

| large. An unexpected result is that the dynamic pressure at reversal is NOT dependent on the dis-
tance, ec, between the elastic axis and the acrodynamic center. This result is correct only for unswept
wings. For swept wings, the dynamic pressure at reversal depends significantly on the quantity ec.

Note that the size of the aileron, Ec, does have an effect on the dynamic pressure at reversal:
Ec is a factor in both aileron derivatives, <), and Cm,, -

An example of aileron control power degradation due to aeroelasticity is shown in Figure
7.2 for a swept wing transport. Note, that at a typical cruise flight condition (point A) the ailerons
have lost much of their effectiveness! At lower altitudes this problem is seen to get worse. This is
why outboard ailerons are frequently ’locked in place’ during cruise in several jet transports.
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7.1.2  WING DIVERGENCE

The phenomenon of wing divergence is a design problem which tends to occur either in un-
swept or in swept forward wings. Figure 7.3 shows a cross section of an unswept wing taken at one
outboard wing station. When the wing is flying at an angle of attack, a, the lift vector which acts
at the aerodynamic center will cause a nose—up pitching moment. This in turn will cause an elastic
deformation angle, ag . The torsional stiffness of the wing as expressed by the constant, K, , will

attempt to resist this deformation. If the wing has insufficient torsional stiffness, it will diverge,

= A

Elastic axis

- A

Section AA

* . - . -
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To start the analysis of this wing divergence phenomenon, consider the lift per unit span:
L'=c¢Gc = gccy (o + ag) (7.13)

Next, consider the pitching moment (per unit span) about the aerodynamic center:
M’y = ¢ Gc? - (7.14)

The torsion moment about the elastic axis can now be written as:

M'eq = M'sc + L'ec = Gccm, + ec, (@ + ap)] (7.15)

This applied torsion moment is resisted by the torsional stiffness so that:

KoOf = qcz[cm_c + ec) (o + aE)} | . (7.16)
This equation can be solved for the equilibrium elastic twist angle:
qu(cm + ecp_ )

Ko — GeZec),
It is seen that a finite solution for the equ1hbnum twist angle, ag , does not exist when the

(7.17)

(].]._:‘=

. denominator of Eqn (7.17) approaches zero. That occurs at the dynalmc pressure for wing diver-
gence which is found by setting the denominator of Eqn (7.17) equal to zero:

_ Ko (7.18)

qdivergenoé - C2601
As expected, if the stiffness K is high, the divergence dynamic pressure is high. Also, the

divergence dynarnic pressure is high if the distance, ec, between the aerodynamic center and the elas-
tic axis is small. Clearly, the dynamic pressure for wing divergence must be well outside the normal
flight envelope of an airplane.

The analysis presented here rests on the so—called "rigid clamp” assumption: the wing is
assumed to be clamped to the fuselage which in turn is assumed to stay "put” in inertial space.

In the real world, airplanes will start to accelerate up if wing divergence sets in. The result
is acoupling of wing divergence into the so—called "rigid body degrees of freedom”. A phenomenon
called wing—body—freedom flutter then sets in. The current analysm is only a crude approximation
for wing divergence. :

113 ELEVATOR CONTROL POWER REDUCTION DUE TO AFT FUSELAGE
BENDING - -

As a final example of aeroelastic effects, consider Figure 7.4 where the aft fuselage of an
airplane is considered to be a flexible beam, clamped at the wing-fuselage intersection.

If the horizontal tail experiences an up load, L, the fuselage will bend upward such that an
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Note: K is a negative constant
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elastically induced angular deflection, KL,, is produced. As shown in Figure 7.4, the structural

flexibility constant, K, is negative. This means that an up load on the tail will produce a negative
change in tail angle of attack. The total aerodynamic load on the horizontal tail may be written as:

Ly, = C, (@w + iy — & + T, + KL,)qS - (7.19)

Note that the tail load, L, is a function of itself. That is a typical feature of nearly all steady

state, aeroelastic problems. Solving Eqn (7.19) for the tail load and rearranging:

€, @yt iy — & +TBTS
by = (I - Ci, Kgs)
Because K is a negative number, the denominator cannot become zero. However, at high

dynamic pressure, the denominator will grow very large so that the tail load will diminish. To obtain

the pitching moment coefficient contribution of the tail it is necessary to multiply Eqn (7.20) by the
tail moment arm, 1, , and divide by gSc. This yields:

(7.20)

Cm, = (1 - C._KaS)
h

Differentiation with respect to the elevator deflection, 8. , yields the elevator control power

(7.21)

derivative for the elastic airplane:

- CLuhtelh
e (1 — CLuthS)E
As the dynamic pressure increases, the control power derivative will decrease. Figure 7.5

shows an example of this effect for a subsonic jet transport. Observe, that at the cruise condition,
point P, about 50% of the 'rigid airplane’ control power has been lost due to fuselage bending!

Cn (7.22)
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7.2 INTRODUCTI AER A A ' T L
I E COEFF] MAT

Before discussing the meaning and use of aerodynamic and structurat influence coefficients,
it is desirable to point out several aspects of the equilibrium state of highly elastic airplanes.

Consider first Figure 7.6. In this figure an exaggerated view is given of an elastic airplane
in an equilibrium state. Observe that the center of gravity (Point P?) does not necessarily correspond
to a specific point on the structure of the airplane. The reader will remember that the center of gravity
was used until now to draw a body—fixed coordinate system (X'YZ) in which the airplane equations
of motion were derived. As long as P is not a fixed point on the structure this represents a problem.

To solve this problem the idea of undeformed shape (also called jig shape) is introduced.

In Figure 7.6 the airplane is held in its elastic equilibrium shape by an equilibrium load dis-
tribution which consists of the sum of all forces and moments which act on the airplane. The mo-
ments about the center of gravity are assumed to be zero in the equilibrium state. The forces are
assumed to consist of gravity forces, acrodynamic forces and thrust forces. It is also assumed that
the airplane is elastically deformed in its equilibrium state. That means that a certain amount of
strain energy is “pent up” in its structure. According to Newton’s Laws, when a system of equilibri-
um loads is removed from an elastically deformed airplane two things happen:

1) the center of gravity continues its motion in space without change
2) the airpiane shape springs back” into its undeformed shape

After the system of equilibrium loads has been removed from the airplane the situation de-
picted in Figure 7.7 prevails. Note that the center of gravity (point P) is now a fixed point on the
structure of the airplape in its undeformed (or jig) shape. In the deformed shape, point P simply
becomes point Pg. The axis system in which the equations of motion are written is now XgYoZg.
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Undeformed or jig shape  Yg

Figure 7.8 shows an example of a panelled airplane. Ateach panel a control point is assumed

to exist. The panel is assumed to be sufficiently small so that the net aecrodynamic pressure force
which acts perpendicular to each panel also acts at the control point with no net moment about the
control point. The coordinate system XYZ is the usual body—fixed coordinate system introduced
in Figure 1.1 of Chapter 1. The panels in Figure 7.8 will be numbered from 1ton. The aerodynamic
force acting on panel i is called F A;

Figure 7.9 shows a cut through the éirplane of Figure 7.8 parallel to its XZ plane. The signifi-

cance of the various angles and other quantities in Figure 7.9 will now be explained.

oy

is the airplane angle of attack, normally called a. The subscript J is included to indicate

that this is associated with the airplane jig shape.
is the airplane pitch attitude angle, normally called 8. The subscript J is included to indicate

that this is associated with the airplane jig shape.
is the airplane flight path angle. Asusual: ¥ + 0; = a; = o .

is the so—called jig shape of the airplane. ©; represents the camber/twist distribution which

is "built into” the airplane in its assembly jigs. .
is the control surface deflection angle required to trim the mrplane

is an element of the (nx1) so—called control surface distribution 1_1_1atr1x, [ai} . If panel iis
part of a control surface, the numerical value of the corresponding element of [a;} will be

1.0. If panel i is not part of a control surface, the value of the corresponding element
of [a;} will be zero. The column matrix {a;} is usually filled with zeros except for those

elements which are part of the control surface.
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CONTROL POINTS

8 + Bea; Fy., Fy, _ _
' Note: Y asdrawn is negative!
X N ) F Ae, . -
i Qay ‘ Horizon
Ll WSS AT
Vp
Xs
Z Zs

is the angle of attack of panel i. It differs from «; by the sum of ad¢, and 9 .
is the moment arm of panel i about the Y—axis.

F,  is the acrodynamic pressure force which acts on panel i at its control point.

is the component of F, in the stability X-axis direction.

is the component of F,_in the stability Z-axis direction.
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The aerodynamic influence coefficient matrix [A] is defined as a nxn matrix with ele-
ments a;;. Bachelement has the following physical meaning: a;; represents the aerodynamic force

induced on panel i as a result of a unit change in angle of attack on pagel j, With this definition the
following equation relates the column matrix of aerodynamic forccsaTF Ai] to the aerodynamic in-

fluence coefficient matrix [A;;] and the airplane angle of attack distribution as represented by the

column matrix {aJi} :

(Fa) = dlag{e) (7.23)

The reader is asked to show that the elements of the aerodynamic influence coefficient ma-
trix, A;;have the physical unit of ft2 /rad. One way of interpreting this is to think of A;;as the prod-

uct of local panel lift~curve-slope and local panel area! A discussion of methods for calculating the
numerical magnitudes of the elements of the acrodynamic influence coefficient matrix, A , is be-

yond the scope of this text. Such methods are considered part of the theory and application of com-
putational acrodynamics. It will be assumed here that a computer program for evaluating the ele-
ments Ay at any Mach number and for any reasonable panelling scheme is available. Reference

ij »

7.1 provides an example of one method for determining aerodynamic influence coefficients.

It will now be shown how Eqn (7.23) can be used as the cornerstone for determining longitu-
dinal stability and control derivatives for a rigid airplane. After introducing the idea of structural
influence coefficients in Sub—section 7.2.2 it will be shown in Sections 7.3 and 7.4 that the method
is easily extended to the calculation of elastic airplane stability and control derivatives.

If an airplane is in a steady state maneuvering flight condition, the angle of attack column
matrix, a; ,can be written as follows:

{ajl] = {y + 0, + 0 + 8ea, + Ql\};—i} (7.24)
1 ] Pl
where: Q1 is the steady state pitch rate.
Substituting Eqn (7.24) into Eqn (7.23) yields:
[FAi} = q{AU]{Y + BJ + BJi + 6eai + QIV—PI} | (7.243.)

By using Eqn (7.23) and taking the components in the stability X and Z axis directions while
also taking the moments about point P, it follows that: :

[FA%] = —gfay) [ sin @] {oy)] - (7.25)

[FA%} = - fag][ eos s {a) - (7.26)
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[MAy‘i] =[x J[ag]fes) (7.27)

In the expression for the pitching moment, it has been assumed that the forces F, are essen-

tially perpendicular to the stability X—axis (small angle assumption).

The drag, lift and pitching moment acting on the airplane can be written as:

D = CpgS = ~ F, = q(1}7]Ay][ sin &, ] {oy) o
L=Cgs = -F,_= q{l}T[ Aij]E cos a,;| [a,i] (7.29)
M, = Cu3St = qlx;} [ illes) (7.30)

By substituting Eqn (7.24) into Eqns (7.28) through (7.30) and partial differentiation the
steady state coefficients and derivatives of Table 7.1 can be found. The subscript 1 in Table 7.1 indi-
cates that the coefficients and derivatives have been evaluated in the steady state. The steady state

angle of attack distribution, {a]il] , is defined by analogy to Eqn (7.24) as:
[U.J. ] = {CIJ] + BJ. + Ge]ai + QI-V)-('L} (7_31)
11 1 Pl
The reader is asked to verify that the Equations (7.33) through (7;44) in Table 7.1 are correct.

To assist in carrying out the differentiation process, the following sequence shows how Eqn (7.32)
was derived. Starting with Eqn (7.28):

Cp, = {I}T[A,J] E ;l [a, } 1{1}T[A ]E sin aJi;I (1) =
g agl{e, ) 132

It is well known that particularly wing camber and twist distributions have a significant ef-
fect on the sign and magnitude of the coefficients CL0 and Cp, . Equations (7.37) and (7.41) in

Table 7.1 reflect this clearly because of the presence of the matrix ;. which represents the total

airplane camber and twist distribution!

In the following it will be assumed that a linear relationship exists between a force acting

‘at some control point j on the airplane structure and the linear or angular deflection at some other
control point i on the structure. Figure 7.10 illustrates this property for co-located points in terms
of the relationship between force and linear deflection. The coefficient C is called a structural influ-

ence coefficient. Figure 7.11 illustrates this property for a force at point j and an angular deflection

at point i. The structural influence coefficient, [Cij], is defined as the angular rotation about the Y-

axis of the panel represented by control point i as a result of a unit force acting at a panel represented
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by control point j. Therefore, the column matrix of elastic deflection angles about the Y—axis is writ-
ten as:

(Aag) = [cy]{F} - | (7.45)
A discussion of methods for calculating the numerical magnitudes of the elements of the
structural influence coefficient matrix, C;; » isbeyond the scope of this text. Such methods are con-

sidered part of the theory and application of the theory of structural panelling and finite element
- methods. It will be assumed here that a computer program for evaluating the elements of C; for

any reasonable panelling scheme is available. References 7.2 through 7.6 contain methods for ana-
lyzing aeroelastic effects with structural matrix methods.

The method of aerodynamic and structural influence coefficients can be combined to deter-
mine the stability and control properties of an elastic airplane in steady state and in perturbed flight.
This is discussed in Sections 7.3 and 7.4 respectively.
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ol .34
Cp, = 2{1)7A -]{a-a ] (7.35)
D S ij | i '[11 _ |
Cp, = {11 Ayix;} = 0 for most airplanes (1.36)
cy, = 2117 ag)ey) - (137)
c,d; = S TAgf (1.38)
Cp, = $11) Al (7.39)
Cr, = 21 Al (7.40)
Cp, = glé{xl]T:Aij:[eJi] (7.41)
- T- '..- T
Crna = bl [Aa]1) 742
. |
Cim,, = g=ixi) [Ag)fad : (743
Crnq'“':.g‘lgz'[xi} [Aij]{xi} | (7.44)
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7.3 STABIL AND CONTROL CHARACT TI F ELASTI
AIRPLANES IN STEADY STATE FLIGHT

To determine the relationship between elastic angular deflection of a panel on an elastic air-
plane, consider Figure 7.12.

FAE‘% | FAEi mmmems Panel i
\ / 8; + Oea; + Aag
FAE
i Note: vy asdrawn is negative!
ag l’ » Deformed sh
; ormed shape
\ m;g \ _
Ny S » Panel i
Cref ! S F Horizon
Y e
X; /
VP Xs

Undeformed shape

The elastic airplane aerodynamic force distribution as represented by the column ma-

trix [F AEi} can be determined by analogy to Eqn (7.23) as follows:

{FAEi} = g Ayl (7.46)

where: ag_is the elastic airplane panel angle of attack at panel i. According to Figure 7.12 this

angle can be written as:

{ag) = {awr + 85, + 8ea; + Aag) (1.47)

where: Aag is the actual elastic deformation of panel i. This deformation can be computed with
the help of Eqn (7.45):
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{AaEJ = [Cij]{mig co8(Beg) + F, cos(B, + Oty + AaEi)} | (7.48)

In the latter equation it has been assumed that there are no significant vertical components
due to thrust which assist in deforming the airplane. By substituting Eqn (7.48) into Eqn (7.47) and
then substituting the result into Eqn (7.46) while also assuming that the cosine in Eqn (7.48) is
approximately equal to 1.0, it is found that:

[FAEi] = q[Aij][[aref +0; + ﬁeai} + [Cij][mig cos(B,) + FAsi}} (7.49)
Note that at this point there was no reason to restrict the angle 8, to smallness. By inspec-

tion of Eqn (7.49), it is seen that the elastic airplane aerodynamic force distribution, {FAE.}’ isa

function of itself. The reader will do well to bear this typical characteristic of elastic airplane
problems in mind! With some matrix manipulation it is possible to rewrite Eqn (7.49) as follows:

1] - M) - Fof )+ [ msnsal 5

In turn, this can be written as follows:

[[ 1]~ q[Aij][Cij]]{FAEi} = q[Aij}{{arcf + 6, + Beay) + |Cifimie cos(B,cf)]} (7.51)

Next, the so—called B—matrix 1s introduced:

B] = [[ 1] - q[Aij][cij]]_I (7.52)

Note, that the B matrix is simply the inverse of the large square matrix which pre-multiplies
the matrix {F AE-} in Eqn (7.51). By multiplying Eqn (7.51) by this B—matrix, an explicit solution

for the elastic airplane aerodynamic force distribution matrix is obtained:

{FAEi} = ﬁ[B][Aij][{amf + 0 + Eaeai] + [Cij][migco.s(ﬂmf)}] (7.53)

The reader is asked to observe that for a rigid airplane the [Cij] is densely filled with zero’s

because arigid airplane does not deform. Also, in that case, the B—matrix is equal to the unit—matrix!
It is seen that in such a case Eqn (7.24a) is recovered for the case of zero pitch rate!

*By analogy to Eqns (7.28) through (7.30), the following expressions can now be used to ob-
tain the elastic airplane drag, lift and pitching moments:
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D= -F, = [sin aEJ-T[FAEi} | (7.54)
L= ~Fy, =~ [cosaEi]T{FAEi] (1.55)
M, ~ [xi}T[F Asi} (7.56)

where the quantity [FAE] is determined by Eqn (7.53).

To find the steady state, elastic airplane coefficients and stability and control derivatives, it is first
necessary to write Eqns (7.54) through (7.56) in coefficient form. At the same time it will be as-
sumed that the matrix ag, contains only small angles. As a consequence:

T
_D_1 -
Co=R = q—s[aﬁi} {F Aei] (7.57)
_L _ LT -
a=-L-Lm {FAEi} (7.58)
Cm = ﬁ = @{Xi} [FAEi} _ (759)

To find the elastic airplane coefficients for zero angle of attack, the values for o ; and & in

Eqns (7.57) through (7.59), after substitution of Eqn (7.53), are set equal to zero. To find the deriva-
tives with respect to angle of attack and elevator angle, Eqns (7.57) through (7.59) are simply differ-
entiated (partially) with respect to these quantities. The results of these operations are presented in
Table 7.2: Eqns (7.60) through (7.68). The reader should observe the fact that the B—matrix of Eqn
(7.52) depends on the dynamic pressure. This implies that all elastic airplane derivatives, at any
given Mach number, are still a function of altitude.

The problem of determining stability and control derivatives of elastic airplanes in perturbed
flight is discussed in Section 7.4.

Another important problem in the design and manufacturing of highly elastic airplanes is the
so—called jig-shape problem. An elastic airplane must be assembled to a shape (the jig-shape)
which is different than the intended design cruise shape. How the jig shape can be determined is
discussed in Section 7.5.

Note that if the B-matrix in Eqn (7.53) does not exist (this can happen if its inverse is singu-

lar!) the airplane can be considered as having diverged. The dynamic pressure at which this occurs
is referred to as the dynamic pressure for airplane divergence.
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o

T
Cp, = é{aEi,} [B[A][BJi + [C]imyg cos(Bref)}] Note: no friction drag included! (7.60)

T

Co, = Hon, | BIAII 761)
Cp,, = é[aa,l] BlA]a; (7.62)
Cy, = & (11"BJAJ[8), + [Cl{m;gcos(8,.)} | C(1.63)
Cy, = {1 [BJAJ1] (1.64)
1 T

C, = 1(1)BJA)a) (7.65)
= S—IE[xi]T[B][}!L]{(':!Ji + [C]{migcos(Bmf)]} (7.66)
Cor, = =[x BIAJ1) | (7.67)
Cng, = %[xi]T[B][A]{ai} | (7.68)

Note: indices ij omitted from

o e -1
Note : [B] = [[ l;l qlAIC]] A, B and C matrices
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7.4 __STABILITY AND CONTROL CHARACTERISTICS OF ELASTIC
AIRPLANES IN PERT D STATE FLIGHT

For rigid airplanes, in Chapter 1, the so—called perturbation substitution was used in deriving
the equations of motion for airplanes in perturbed state flight. A similar technique will be used here
to find the stability and control derivatives for a perturbed elastic airplane. Consider Eqn (7.46) and
perform the perturbation substitution The result is:

IF, +f, t=@ +7 )A..+ﬁ&‘-u {a +a (7.69)
Ac, Ag 1 perturbed’ | X T “GM T, E;, E :

s$ ps s$ ps ss ps $S Ps

where: the subscripts ss and ps indicate steady state and perturbed state respectively
{FAE-} is the steady state aerodynamic force distribution over the elastic airplane

{fAB‘} is the perturbed state acrodynamic force distribution over the elastic airplane
q; is the steady state dynamic pressure

Tperturbed is the perturbed state increment in dynamic pressure

[Aij] is the (steady state) aerodynamic influence coefficient matrix

aAile . . . . . .

MO is the perturbed state increment of the aerodynamic influence coefficient matrix
1

[aEn} is the steady state elastic airplane angle of attack distribution. This distribution is
assumed to be known. It can be computed with a method shown in Section 7.3.

{GEJ is the perturbed state increment in elastic airplane angle of attack distribution

1t can be shown with Eqn (3.102) in Chapter 3 that the perturbed dynamic pressure can be
written as:

Tpoes = 21 .70

The perturbed state increment in the aerodynamic influence coefficient matrix is most readi-
ly determined by evaluating the A—matrix at two close but different Mach numbers and then using

a difference equation to determine the perturbed increment.

By expanding Eqn (7.69), eliminating the steady state terms and eliminating higher order
perturbed state terms, the following linearized version of Eqn (7.69) is obtained:
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{fAEi} = QI[U%[A“-] + %d—:[%ﬂ]]{a&l}u +.ql[Aij][aEi} | (7.71)

Observe that the perturbed aerodynamic force distribution depends on the steady state angle
of attack distribution matrix. How this matrix may be determined is discussed in Section 7.5. In
the analysis to follow the assumption is made that this matrix is known.

The matrix of the perturbed state increment in elastic airplane angle of attack distribution,

[Ggi} follows from:
g} = af1) - Uil{xi] + {6g) . . (7.72)

where: « is the perturbed reference angle of attack of the airplane
q is the perturbed pitch rate of the airplane
X; is the moment arm from the reference point P to the control point of panel i

Bg, is the perturbed elastic deformation of the airplane. By definition of the influence

coefficient matrix, [Ci,-] , this elastic deformation is interpreted as a rotation of a panel

about an axis parallel to the Y-axis.

The elastic deformation of the airplane is cansed by three types of perturbed force distribu-
tions acting on the airplane: aerodynamic, gravitational and inertial. These perturbed force distribu-

tions are given the following designations: [fAE_] , {fgi] and [fli] respectively.
The perturbed elastic deformation of the airplane, 8g , may be determined from:
(6g) = [Cij][fAEi ~f, — fli} : (1.73)

This relationship applies only as long as the cosines of the angles between panel normal vec-
tors and the airplane stability X—axis system are approximately equal to 1.0. Also, the equation as-
sumes that the loads acting on the panels and the panel deformations are perfectly in phase with each
other. This is referred to as the quasi—steady—state assumption. '

By analogy to Eqn (1.81c) it follows that the distribution matrix of perturbed gravitational
forces can be written as:

(fe} = [mj}gBsin(8,.p) | (1.74)

By analogy to Eqn (1.81c) the perturbed inertial force distribution can be expressed as:
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ff = [ m]{ine - 4 - xa) (1.75)

The next operation is to substitute Eqn (7.73) into Eqn (7.72). Next, substitute Eqn (7.72)
into Eqn (7.71). The resuit of these substitutions is:

) = oo+ 3 3 o o
+ ﬁl[Aij]{a{l] - U‘.l;{xi] + [cij]{fABi —fg — fli}] (7.76)

This equation can be solve for the perturbed acrodynamic force distribution matrix, {fAE]
by using the B—matrix introduced in Eqn (7.52). The reader is asked to show that the result is:

[t - ql[B,J][Ul[Au]JF [3;[]]{aﬂl]u+

v fm[aglfatn - ghix + o -t~ ) a7

After substituting Eqns (7.74) and (7.75) into Eqn (7.77) it is found that:

o] = alouf I+ %‘:[‘Zid]][asi,}w
+q,[ByJ[A; ]{a{l] - o-xi = [Cy]lmi) ngm(Gmf)]

- qy[By][Ag] ][ mi] (v — qUy - {xi4) (1.78)

Observe that the perturbed panel force matrix, {fAB,] depends on the following motion vari-
ables: u, @, g, 8, w and q . Observe also that for a rigid airplane the matrix [Cij] is densely

filled with zero’s and that the B—matrix equals the unit matrix. Therefore, in the case of a rigid air-
plane the only motion variables involved in its aerodynamic force distribution matrix
are: u, ¢ and q.

Also notice that perturbation forces due to the variables 6, W and q are all associated with
the mass distribution matrix, (m;}. For that reason, those force components are referred to as inertial

forces.
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At this point the drag, lift and pitching moment coefficients for the perturbed elastic airplane
are found by analogy to Eqns (7.57) through (7.59):

Cp = — q_fs‘{“EiI}T{fAsi} | (7.79)
C = - ﬁ:‘—s-{l}'r{f Asi} | | (7.80)
Con = als‘é["i]T[fAsi} (7.81)

The next step is to carry out the partial differentiation process which leads to the stability
derivatives of the perturbed elastic airplane. This partial differentiation is done with respect to the
following variables:

dimensionless: a, =%, 9€ nd @
U, 20,

dimensional: © and w

The results are summarized in Table 7.3. In this table, the subscripts ij have been omitted
from the A, B and C matrices. In this table the perturbed airplane derivatives are given for the elastic
airplane in two components:

1) thosenotassociated with the mass matrix, {my}, are called the zero—mass derivatives

or derivative components

2) those associated with the mass matrix, {mj}, are called the inertial derivatives or

derivative components.

Note that the rigid airplane derivatives can be obtained from the elastic airplane derivatives
by setting the C-matrix equal to zero and by setting the B-matrix equal to the unit matrix.

Clearly, in the case of an elastic airplane several "new” derivatives or derivative components
occur, all associated with the mass distribution. This obviously adds additional complexity to the
analysis of stability and control of elastic airplanes.

It would be desirable to have a mathematical model which does account for the effects of
Table 7.3 but which does not require a change in the formulation of the mathematical model used
to analyze rigid airplane stability and control. It is shown in Sub—section 7.4.2 how this can be
achieved by using the so—called "equivalent elastic airplane derivative model”.
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Elastic Airplane Airplan
Zero Mass Inertial
T
|4 E][BHA]{l} Co, [ ) 1a101)
T U T T
N -?2[% } BIIAl{x;} Cp,, -sl[agil} [BHAJIC{m;}| Cp, —};Ez{a:i] [Al{x;)
T T
e oo ) o [t Tom il
ey | 511 BIAN (1} C., [$117AIN)
Cryy | T2 (11 BIIANX) Cy, | S BIAICHm) | c |Z201TAlx)
C, | L) [B][ZIA] +Ml[§§;”{au | ¢, |4 [2{A] + M| ][a:i]
o | 55 (%) TBIAN(1) Cra | g5 x1 A1)
o | o (i} BIATX) Cog, | 2 10 BIANICHm) | Cay | S2(1TAI(x
o |3 [B][Z[A] +M [gﬁ ]{a ] Co, | g2ixi} [Z[A] +M [gﬁ”[u,i]
T
Note: 1) The subscript E indicates CDﬂ; {aﬁi;} [BI[AJIC]{m,}gsind,
zero mass, i.e. independence — 1T ‘
of the mass distribution CLa, —5 {1} [BIIAI[C]{m,} gsin®,
-1 .
Note: 2) The subscript I indicates | Cmo, | g5 (1} TBHANC]{m, }gsin6,
inertial (including mass), . T
i.e. independence of the Co, g[usil] [(BI[A][C}{mx;}
mass distribution '
Ci, |§{(1}BIANCTm,x,)
1
-1
B] = [[1] - g,[AlIC]] Cng |55 (il BHANCH X}
I
T
=1
Co,, [T, | BULANCIm
O.Eil = a] + eJi + AaBil le 8 E'l
Cy,, [Tt (1 IBIANCHm)
o =ay + 06, ._
e Cn,, | S (' BIAICHm,)
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It was shown in Sub-section 7.4.1 that elastic airplanes have fundamentally different stabil-
ity derivatives than do rigid airplanes. The reasons for this are:

1) there are two types of loads which act on an airplane: aerodynamic and inertial (including
gravitational). The inertial loads cause the structure to deform. That in turn causes changes in the
aerodynamic loading, etc.

2) at any given Mach number, elastic airplane derivatives also depend on the steady state dy-
namic pressure. The B-matrix contains steady state dynamic pressure as a variable. In a rigid air-
plane there is no such dependence. As a result, at any given Mach number, elastic airplane stability
derivatives will vary with altitude!

In general, airplane stability derivatives are caused by the change in aerodynamic loading
due to a change in the motion variables. For that reason there will be stablhty derivatives due to
aerodynamic effects associated with: a, u, q, and & .

In the formulation of Table 7.3 the stability derivatives were split into two categories:

1) those due to aeroelastic effects in the absence of inertial forces. These were called zero—
mass derivatives or derivative components '

2) those due to aeroelastic effects which-are solely caused by inertial forces. These were
called inertial derivatives or derivative components.

As a general rule the following inertial effects should be accounted for:

® linear accelerations

@ angular accelerations

® changes in pitch attitude which alter the airplane orientation relative to the field of gravity

Therefore, stability derivatives due to: u, w, q (centrifugal), q (angular acceleration)
anddueto O (orientation w.r.t. gravity) canalsobeexpected to occur. Ex¢ept for forward accel-

eration, 1, all other effects are accounted for in Table 7.3. The effect of forward accelerations on

elastic airplane distortions are assumed to be negligible. Therefore, no derivatives due to 1 will
appear.

Based on Table 7.3 it is now possible to formulate the longitudinal aerodynamic force and
moment model of an elastic airplane shown in Table 7.4. Note that six derivatives in the ”drag” equa-
tion Eqn (7.82) are considered negligible. Note also the "boxed” derivatives associated with pitch
angular acceleration. These derivatives do not have a “mathematical home” in the rigid airplane
force and moment formulation of Table 3.7 in Part I. Practical experience shows that the drag and
lift effects due to pitch angular accelerations are quite negligible.  However, the
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= - & € |-
foSB [CDaEa + CD"HZU + (C + ZCD) + CD 2Ul}qls +
f—— Zero Mass Derivatives ————3»
—_ {CD w + Cqu + CDBB + CD?D!B }qlS (7.82)
*1 I 1 ]
-« Negligible Inertial Derivatives -3
fA'sE = [CL a + CL 2U + (CL I}l + 2CL) + CL 2(.1U. ]qls +

—— Zero Mass Derivatives ——————»

— {CLWIW + Cquq + CLBIG + CL- v ]'(']'IS (783)

-—— Inertial Derivatives ——3»

E

_ q

-—— Zero Mass Derivatives —P

+ [me;""’ + Cm,q + Cm,8 +| C, 0 ]qlse (7.84)
<#— [Inertial Derivatives ———

pitching moment due to pitch angular acceleration may not always be negligible. It is observed, that
in the perturbed pitching moment equation (Eqn 1.82b) the pitch angular acceleration occurs as a
multiplier of the pitching moment of inertia. It is therefore possible to consider the deriva-
tive Cmé] as one which appears to “alter” the pitching moment of inertia of the airplane. How this

can be done is shown in Section 7.6.

The aerodynamic lift force and pitching moment formulation of Table 7.4 has the disadvan-
tage of being mathematically dissimilar to that of Table 3.7 (Part I) for the rigid airplane. It is pos-

sible to cast the aerodynamic lift force and pitching moment in a form very similar to that of Table

" 7 aC acm
3.7. That is done by introducing the so—called “load factor” derivatives, Fr L and -

Equations (7.85) and (7.86) define the perturbed elastic airplane lift coefficient and pitching
moment coefficient in terms of these load factor derivatives:
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- oK u Qe 9C, 5
Cmeumed CLuEa + CL“EZUI + CL + CL"BZUI 3n npel.ml.bed + CLéB (7.85)
——— Zero Mass — - - Inertial ——»
T , oCp ‘
Crtprans = Cima + Cmﬂgzul + Cm"zU + Cm, 2%1 + S et + Cmg  (7.86)

®— Zero Mass —"' “¢— nertial —»

Comparing this formulation with the corresponding equations in Table 7.4 it is seen that evi-
dently the inertial effects due to w, q and 6 have been lumped together in the perturbed load fac-

101, Djerpurbed» Which itself is defined by:

(CL, + CLWM)(EII + qperturbed)s

n=1+n = — 7.87
perturbed CL.‘hS ( )

Expanding the right hand side and neglecting higher order terms yields:

pesbed (7.88)

By comparison to Eqn (5.1b) in Part [ it is seen that the perturbed load factor can also be
written as:

Operturbed = — (-‘gE - % + Bsinﬁl) (7.89)

Now compare Eqns (7.83) and (7.85) and observe that the following identity must always
be satisfied:

an g g

From this identity it is found that the inertial lift coefficient derivatives are related to their
corresponding load factor derivatives as follows:

CL W+CL q+CL a(:L'( -W-+P—Lq—93in91) (7.90)

= - 19C, |

CL. = ~ &% (7.91a)
_ UeCy

Ly =2 3 (7.91b)

CLe, = - %sinﬁ, (7.91c)

aC
Any one of Equations (7.91) can be used to evaluate a_nL in a practical case. By analogy
to Eqn (7.90) it may be shown that:
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. . aC i Ulq .
melw + Cmqlq + C“‘B; = ﬁm(— % + < - Bsmﬂl) (7.92)

From this idcntit)} it is found that the inertial pitching moment coefficient derivatives are re-
lated to their corresponding load factor derivatives as follows:

= _19Cy
T (7.93a)
Cmy = Z on (7.93b)
Cn, = — Zmsing, (7.93¢)

Any one of Equations (7.93) can be used to evaluate %%'B in a practical case. By substituting
M perturbed from Eqn (7.88) into Eqn (7.85) and solving for CLputurbed it is found that:

- |1 @ ) o o4
CLpemrbed . aC. 1 [CLnEﬂ + CL“!2U| + (CL"B + 2 3n )Ul + CL"EZUI + CLé[B
an C,_ : (7.94)
At this point the following new notation is introduced:

= ‘e '
CL. = |3, (7.95)

Cr, = | e (7.96)

o "E '
Cu, = [~ (7.97)

CL, = a0 7 (7.98)

P!
-
It

% | - 0C. 1 (7.99)

dJn C.,m"u

These derivatives are called the equivalent elastic airplane lift coefficient derivatives.
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It is now possible to cast the perturbed lift coefficient expression for an elastic airplane in

the following format:

_ qc .
CLppus = CLo, 0 + Cp, -+ Cp, &+ Cp o 777 *{Cu B

(7.100)

The E—subscripted derivatives in Eqn (7.100) are those of Eqns (7.95) through (7.99). The
boxed term in Eqn (7.100) can usually be neglected. The remaining terms, except for their physical
meaning, are mathematically the same as the one for the rigid airplane in Eqn (3.162).

It is left to the reader to carry out a similar derivation for the aerodynamic pitching moment
equation. By substituting Nperurbed from Eqn (7.88) and Eqn (7.94) into Eqn (7.86) it is found that:

-

C C
= dCm Log 9Crm Ly ac
Conpernes = {Cmay + - ~aC, o+ Cmﬂg+ I — 5, 2U1+
L Lvw  9n Lem  9n
( ac
+4c +29Cm 4 3Cu| T T 20 ||y
Mug on  on 6C U, (7.101)
CLm on
( C - C..
3Cm Log qc 3Cm 5 .
+ <C'“=h; an c, — aC. || 2U; + C"’él * on aC, °
_ Lim  “9n Lom  dn
At this point the following new notation is introduced:
r C )
— A L“E
Cmg, = Cmah. n P 3C. (7.102)
. L'ﬁm all y
- C L.
- A Lag
Cde C“‘dz + = oG (7.103)
[ ~Lorim dan J
- aCpm , Cm| "o an
C"‘"a = Cm"z + 2 ==+ = o 3C. (7.104)
Lum — “@n
C
= Cm L"E
Crmg, Cqu 5 —ac, (7.105)
Leim  “dn
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Cp.

=C, +%m i
Mo Mo dn CL _ g___Q
rim an

C

(7.106)

These derivatives are called the equivalent elastic airplane pitching moment coefficient de-
rivatives.

It is now possible to cast the perturbed pitching moment coefficient expression for an elastic
airplane in the following format:

T e, 6 (7.107)

= A
Cing & + Con, 7 2U1 + Con,, - + Cm"E2U1 i

Cmpermbed

The formulation for perturbed lift and pitching moment coefficients for rigid and for elastic
airplanes are therefore seen to be quite similar. The boxed term in Eqn (7.107) can be viewed as
an apparent modification of the airplane pitching moment of inertia. The numerical consequence
of that to example airplanes will be discussed in Section 7.6.

The following physical interpretation is offered to allow the reader to distinguish between
the elastic airplane derivatives with subscripts E and E respectively. For example:

L The derivative CL“]g represents the lift—curve slope of the elastic airplane for zero
mass distribution. This is equivalent to saying that this derivative is the lift—curve
slope at constant load factor.

®  Thederivative C;,  represents the lift—curve slope of the elastic airplane for

E
varying load factor: in that case the mass distribution does matter!

The numerical examples of Section 7.6 show that significant numerical differences exist be-
tween these to derivatives.

For perturbed state flight conditions (varying load factor) the reader should use the deriva-
tives with subscript E: these include the effect of the mass distribution.

For steady state flight conditions (constant load factor) the reader should use the derivatives
with subscript E.
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7.5 DETERMINING THE JIG-SHAPE OF ELASTIC AIRPLANES

Most airplanes with a significant cruise range requirement must have a high value for the
trimmed lift-to—drag ratio in the design cruise condition. For a given amount of wetted area, the
trimmed lift-to—drag ratio depends on the following factors:

® the center of gravity location
® the type and size of control surfaces used
® the camber and twist distribution (primarily of the lifting surfaces)

Designers of cruise vehicles pay much attention to assuring that, in the design cruise condi-
tion, the camber and twist distribution of the airplane is such that the trimmed lift-to—drag ratio is
as high as possible. This is normally achieved with a mix of computational aerodynamics and checks
in various windtunnel facilities. An important outcome of this work is a definition of the desired
cruise shape (= cruise camber and twist distribution) of these airplanes.

Now recall the comments made in Section 7.2 about the equilibrium shape of an elastic air-
plane. That shape "’springs back” to the unloaded or ”jig shape”, [B Ji] , once the equilibrium load

conditions in cruise are removed from the airplane. It is now assumed that when an airplane is as-
sembled in its jigs, it is continually supported such that no strain energy is "pent up” in its structure.
In that case, the jigs have to be set so that the airplane is assembled to its ”jig shape’ as previously
defined. It will then deform into its desired cruise shape under the equilibrium Ioad condition in
cruising flight.

The first objective of this Section is to show how the jig shape of an elastic airplane can be
derived from a known cruise shape. This is done in Sub—section 7.5.1.

In the derivation of the elastic airplane coefficients and derivatives for steady state flight,
the equilibrium matrix of angles of attack, [U-Eil}, was an important input. The second objective

of this Section is to show how this matrix can be determined. This is done in Sub—section 7.5.2.

7.5.1 DETERMINING THE JIG SHAPE

In Section 7.3 it was shown (Eqn 7.48) that the elastic deformation matrix can be written in
the following format:

[AaE,} = [Cij]{mig cos(0,.p) + Fp_cos(8;, + bea; + AaE,)} (7.108)
il i ] 1

Making the small angle assumption this is rewritten as:

{Aag) = [Cij]{mig cos(B 1) + F AE_} (7.109)
Next, substitute Eqns (7.46) and (7.47) into Eqn (7.109). The result is:
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(Aag) = [Cij]{migcos(ﬁref) + QlAJ{aer + 0, + 8e; + AaEi]} (7.110)

It is assumed that the design cruise shape is known. Introducing the symbol {Bi ] for the

design cruise shape it follows that:

{eim} = [8), + 8ea; + Aag) (7.111)

Presumably, in a trimmed cruise flight condition the elevator angle to trim will also be
known. The jig shape can therefore be solved from Eqn (7 111) as:

{Bfa] = {eim — Oet; — Aasi} | (7.112)

This equation still contains the unknown elastic twist distribution matrix [A‘IEJ . The most

expedient way to find the jig shape is to proceed as follows. Solve Eqn (7.112) for {AaEi} :
{Aag) = {8, — 8t = 0y, (7.113)

Substitute this result into Eqn (7.110):

[eicruise — dea; — B,i] = [Cij]{migcos(ﬂmf) + ﬁ[A]{amf +0; +8ea; + 6, — 8a - B,i}]
' (7.114)

Note that the as yet unknown jig shape terms, {B ,i] , on the right hand side of Eqn (7.114) cancel
each other. It follows that the jig shape can be solve from Eqn (7.114) as:

{ﬁli} = {E'im= - Beai] - [Cij]{migCOS(ercf) + q[A]{amf + B;mi”}} | (7.115)

The column matrix {B Ji] is the desired jig shape of the elastic airplane. The elements of this

matrix must then be translated into ”jigging points” for the assembly jigs.

The equilibrium angle of attack distribution matrix, {aEi]} , appears as a required input in

anumber of stability derivatives in Table 7.3. This matrix may be obtained from Eqn (7.47) by defin-
ing each quantity as a steady state quantity:
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i i i

It will be assumed in the following analysis that the steady state angle of attack, o1 , and the
steady state elevator angle, ael , are known. In that case the distribution of the elastic deformation

angles, [AaEi,}’ may be determined from Eqn (7.48) as:

{Aaﬁil} = [Cij][mig +F,, } | -0

The matrix of steady state aecrodynamic forces, {F Ag ] , may be found from Eqn (7.46) by
l‘ :

again introducing steady state notation:

{FA*%I] = q[Aij][“Bi.} | | | (7.118)

By substituting Eqn (7.118) into Eqn (7.117) and then substituting the result into Eqn (7.116)
it follows that:

[qul} = [al + 6y + 8c,a; + [Cij]{mig + ‘C‘]l[Aij][aEi'}}} (7.119)

The desired equilibrium angle of attack distribution matrix, [ aEi,} , can be solved from this

equation by introducing the following matrix:

B = ([ 1] - des]a]

Note that the matrix of Eqn (7.120) is not the same as the B—matrix of Eqn (7.52). Thereason
is that in matrix algebra, AC and CA do not have the same meaning!

-1
(7.120)

With the introduction of the B4—matrix of Eqn (7.120) the solution for {GlEi 1] becomes:

[“Eil} = Blfo, + 6, + 8., + [C]fms)} (7.121)
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7.6 DETERMINI ERAL-DIRECTIONAL DERIVAT FOR
E TIC A

At the time of publication of this text there still are no readily available, validated methods
for estimating aerodynamic influence coefficient matrices for generai lateral-directional applica-
tions. However, there are relatively easy ways around this problem. Some of these are discussed
in this Section. Specifically, the following topics are addressed: in Sub-section 7.6.1 the determina-
tion of the elastic airplane roll damping derivative is discussed. In Sub-section 7.6.2 the effect of
aeroelasticity on the directional stability derivative is presented. To simplify the matrix notation,
the influence coefficient matrices Ay and By; will be written as A and B respectively.

By far the largest contribution to roll damping normally is that of the wing. Consider the
panelled wing of Figure 7.13.

Right wing
shown only

As aresult of a positive roll rate, p an additional aerodynamic force distribution, {fAE_} , de-

velops which can be written as:

| [fAEi} = /a){Aq; + Aoy} (7.122)
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where: Aaip is the additional angle of attack induced onto panel i due to the roll rate p

Aag is the elastic deformation caused by the additional aerodynamic force distribution,

{fAE_} . The vector diagram insert in Figure 7.13 shows this angle.

The additional angle of attack matrix induced by roll rate may be expressed as:

(Aa; } = TJE][“] (7.123)

The elastic deformation angles due to the roli rate induced forces [fAE_} can be determined

from:

[Aag) = [C]{fAE_l] (7.124)

By substituting Eqns (7.124) and (7.123) into Eqn (7.122) it is found that:
{fAE] = ql[A][ yil + [C][fAE}} | (7.125)

By using the B-matrix of Eqn (7.52) it is possible to solve for the additional aerodynamic

force distribution, fAE.] , as follows:
[fAsi} =q UP'I‘{BIA]{Yi} (7.126)
The aerodynamic force matrix, {fAE_] , yields a total rolling moment which is expressed as:
p

Mgt =~ b’i}T[fAsi] B —qu_][Yi}T[BIA][Yi] | (7.127)

This rolling moment due to roll rate can be expressed in terms of an equivalent elastic air-
plane roll damping derivative as:

pb
W smtre = Ctog 775, 1150 (7.128)

By setting Eqns (7.127) and ( 7.128) equal to each other the equivalent elastic roll damping
derivative is found as:

C,, = 5:2lv) BIAYy) (7.129)

Note that if the B—matrix does not exist (this can happen if its inverse is singular!) the wing
can be considered as having diverged. The dynamic pressure at which this occurs is referred to as
the dynamic pressure for wing divergence.
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The directional stability of airplanes is made up primarily of a wing—fuselage contribution
(usually unstable) and a vertical tail contribution (usually stable). In this Sub-section only the verti-
cal tail contribution is considered. Figure 7.14 shows the geometric layout of a vertical tail. As
shown in Figure 7.14 the fuselage is assumed to be rigid.

f Ay,
on panel i

As a result of the airplane sideslip angle, B, an aerodynamic force distribution develops on
the vertical tail which in turn causes an elastic deformation, ABg_, of the panels. The equilibrium

aerodynamic force distribution, {f A, } , can be written as:
E; .

{fm.} = —q[A][B(1} + ABg) o (1130
The elastic deformation matrix, ABEi , folldws from:

(885} = [C]{fAyEi} (7.131)

Substitution of Eqn (7.131) into Eqn (7.130) leads to:
{fA,E} = - ql[A]{B[” + [C][fA,E_” (1.132)
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The {f Ay } matrix can be solved for by introducing a new type of B—matrix, the B matrix:

B]=1[1] +galcn™ (7.133)

{f“*si} = - q‘l[ﬁ][A]{i]ﬁ . (7.134)

The column matrix of side forces, { f A, } , gives rise to a column matrix of yawing moments
E;

which is written as:
{n As.] = [ x {fAyEi] = - [x] [Blajup (7.135)

The total yawing moment which acts on the airplane is the sum of the elements of

{n Ag } which can be written as:

n, = - q,{1}" E xi] [E][A][l}ﬂ[ xi;l | (7.136)
= —3,8x{ [BJAlY (7137

This yawing moment can also be written in terms of the equivalent elastic directional stabil-
ity derivative, Cnﬁ :
E

ny, = Cn, BGSH (7.138)

From the latter it is possible to solve for Cn’3 and find:
E

Cay, = S5 (%) "[BJAl) (7.139)

Because aft located vertical tails have negative moment arms, X; , the vertical tail contribu-
tion to directional stability will usually come out as a positive number. Note that if the B matrix
does not exist, the vertical tail will have diverged.
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7,7 ERICA F ELASTIC AIRPLANE STABILITY
AND CONTROL DERIVATIVES

In this Section several numerical examples are given of elastic airplane stability and control
derivatives. The examples were taken from Reference 7.7 and were determined for the Boeing
707-320B long range subsonic transport and the Boeing 2707 supersonic transport design.

LRIVA

Figures 7.15 through 7.18 show numerical examples for the following longitudinal deriva-
tives: Cp , Cm, Cm, and Cm&e for the subsonic Boeing Model 707-320B. Note the significant
effect of the mass distribution on the derivatives CLa, Cm, and Cmq . Also observe the large loss
in elevator control power in Figure 7.18. This is caused mostly by aft fuselage bending!

Observe that for the M=0.82, 35,000 ft cruise case, the Prandtl-Glauert effect on lift—curve
slope and on static longitudinal stability is apparently “washed out” by the effects of aeroelasticity.

It was seen in Eqn (7.107) and in Table 7.3 that an elastic airplane has a new type of inertial

derivative called, Cpy, - This derivative can be thought of as an effective medification of the air-
1
Cum, 3,52
plane pitching moment of inertia. Therefore, it makes sense to consider the ratio: —-——I’— .
- yy

Table 7.5 shows some numerical examples for this ratio as computed for the Boeing
707-320B and the Boeing 2707 (variable swept wing SST design of the 70’s). It is seen that the
effect of this derivative is not negligible for several important flight conditions.

Figures 7.19 through 7.22 show numerical examples for the following longitudinal deriva-
tives: Cp, Cm, Cm, and Cm, for the supersonic Boeing Model 2707. Note again the significant

effect of the mass distribution on the derivatives C, , Cp, and Cy, .

Figure 7.23 shows the effect of aeroelasticity on the computed location of the short period
and phugoid roots for the Boeing Model 707-320B. For the flight case shown, the effect on these
modes is not very dramatic.

Figures 7.24 and 7.25 show numerical examples for the roll-damping derivative, Cl,, ,and
the directional stability derivative, C,, , again for the Boeing Model 707-320B. The effects of
aeroclasticity are seen to be very important. The effect on Clp is caused by lack of torsional stiff-

ness. The effect on Cy is caused mostly by aft fuselage side bending.
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Table 7.5 Comparison of Cy, with Pitching Moment of Inertia
- by

707-320B |Cm51|
MACH NO. ALT;gUDE Iyy WO
—ER. 108SLUG+ FT2 v
{Approximate)
.255 10,000 5.025 .027
.365 | | - .052
.548 .105
.800 35,000 .094
.850 .106
.900 ' v 121
SST |
| Cui_|
MACH NO. ALE;:UDE gggz:T wrufnggnsp 1yy T 735 %
: ZLBS. * 108swvgeFr2 Y ¥
(Approximate)
.3 8,500 370,000 30 40.2 .0080
.5 9,600 | l : 0248
.7 11,000 1 .0217
.5 32,500 675,000 42 47.2 .0050
.7 26,000 l .0125
.9 23,500 ) .0198
.7 47,500 668,000 72 48.3 .0020
.9 37,000 .0031
1.1 33,000 l | | .0097
1.3 30,000 520,000 47.6 .0425
1.5 24,000 .182
2.2 60,500 - .0939
2.7 49,000 1 .263
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7.8 SUMMARY FOR CHAPTER 7

In this chapter the reader was introduced to matrix methods for determining the stability and
control derivatives of rigid and elastic airplanes. This was done through the use of aerodynamic and
structural influence coefficient matrices which both use the same panelling scheme.

It was shown that in the case of elastic airplanes, the stability derivatives for steady state and
for perturbed state flight conditions are fundamentally different. The main reason for the difference
was shown to be the appearance of inertial effects (through the airplane mass distribution) which
participate in the elastic deformation process and thereby alter the aerodynamic loading on the air-
plane.

Since elastic airplanes are kept in their cruise shape by a system of equilibrium load distribu-
tions, a question which occurs is how to manufacture an airplane in its assembly jigs so that it attains
the correct shape in cruise. This led to the definition of the airplane jig shape.

The methodology used applies mostly to longitudinal stability and control cases. Examples

‘were shown where the methods can also be used to determine certain lateral-directional stability and

control derivatives. Finally, a series of numerical examples were presented to give the reader a feel
for the magnitude of aeroelastic effects on stability and control.

For further study of aeroelastic effects on airplane stability and control, References 7.7 -

7.10 are recommended. Methods for using elastic windtunnel models in evaluating acroelastic ef-
fects on stability and control are presented in References 7.11 and 7.12.
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EMS F PTER 7

Derive a matrix expression for the lift—to—pressure—drag ratio of a rigid airplane which has
a known aerodynamic influence coefficient matrix [A], a known jig shape, [9 Ji} ,and a

known reference angle of attack, o ;.
Derive a matrix expression for the aerodynamic center location of a rigid airplane which has
the same characteristics as the airplane of problem 1 while the panel moment arms relative
to the center of gravity are given by the matrix {x;}. The center of gravity location is given

as Xcg and the mean geometric chord as © .

An airplane has a vertical tail with a known aerodynamic influence coefficient matrix [A]
and a known structural influence coefficient matrix [C]. The vertical tail geometry relative
to the c.g. is given in Figure 7.26. The airplane has a wing area of S and a wing span of b.
a) Derive a matrix expression for the vertical tail contribution to the

derivative C;_= ac,/aifl‘;—1

b) Assume that the vertical tail itself is rigid but that the fuselage is elastically deformed such

that a side load of [f A,_] leads to an effective change in sideslip angle, f§; , such
that: B, = Kf A, * The flexibility constant, k, should be assumed to be valid for all vertical
tail panelsi. See Figure 7.27. Derive a matrix expression for the vertical tail contribution

to the same derivative C; = aC,/ a% :
I’E 1
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7.4  An airplane wing has a known aerodynamic influence coefficient matrix [A] and a known

structural influence coefficient matrix [C]. The full span ailerons are mounted at the trailing edge

as shown in Figure 7.28. The airplane has a wing area of S and a wing span of b. Derive a matrix

expression for the aileron control power derivative, Cl6 . Hint: the reader should introduce a con-
B

trol surface distribution matrix, {a;], for these ailerons.

Full span ailerons

Fi Wing Geo ry for Calculation of Elastic Ai i n Control Pow:

7.5  The vertical tail of an airplane wing has a known aerodynamic influence coefficient matrix
[A] and a known structural influence coefficient matrix [C]. The full span rudder is mounted at the
trailing edge as shown in Figure 7.29. The airplane has a wing area of S and a wing span of b. Derive
a matrix expression for the rudder control power derivative, Cn%. Hints:

1) the reader should introduce a control surface distribution matrix, {a;}, for this rudder.

2) the reader should introduce appropriate panel moment arms

Assume that the fuselage is elastic as
defined in Problem 7.3b.
Fi rtical Geometry for Determining Elastic Airplane Rud ntrol Power
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7.6 A flying wing has a known aerodynamic influence coefficient matrix [A], and a known struc-
tural influence coefficient matrix [C]. The mass distribution matrix is [mi]. Derive expressions

for: Clp and C“‘fz; . Note: neither of these derivatives exist in the case of rigid airplanes!
1

7.7 Repeat problem 7.7 for the vertical tail contribution of Cn.rI and C, .
B
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Theory and Applications of Bode Plots

CHAPTER 8: THEORY AND APPLICATIONS OF BODE PLOTS

Inthis chapter, the theory and applications of Bode Plots are discussed. Bode plots are aloga-
rithmic representation of the frequency response characteristics of airplanes or airplane components,
such as control system loops and control system actuators.

Consider an airplane in a steady state flight condition. Assume that the airplane has a longitu-
dinal control system as sketched in Figure 8.1.

input - in AFCS
voltage El ic Valv
i
/] .
7
//’- _ ekevator
deflecti

; ‘ outpe:t >
7z

Hori ilizer r1r7r7r7rri 8e(+ as. shown)

Hydraulic lines are not shown

The elevator deflection angle, 8. ,responds to an electrical command signal, e; , which may

originate in a flight control computer and which is sent to an electro—magnetically controlled valve
which in turn sends high pressure hydraulic fluid to one side of the piston. The piston, in turn, is
linked to the elevator. Clearly, there will be some time delay (1ag) between the creation of signal, e, ,

and the elevator deflection, .. This delay (or lag) should be as small as possible.

In the real world, the signal, e, , changes continually because turbulence in the air will per-

turb the airplane, while the automatic flight control system (or the pilot) attempts to maintain
constant pitch attitude. Therefore, it is of great interest to be able to predict how the elevator deflec-
tion, 8. (output), will respond to the electrical input signal, e, .

It was shown in Chapter 5 that airplane responses to control deflections can be predicted with

the help of airplane transfer functions. Examples of such transfer function were: u(s)/d.(s),

a(s)/0¢(s) and B(s)/d¢(s). These transfer functions can be used to predict how perturbed speed, u,
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angle of attack, o , and pitch attitude, @, vary with time, following some elevator input. The gener-

al idea of this was illustrated in Figure 5.10. Here again, a definite output, in this case the quanti-
ties (u, o and 0), are related to an input quantity, . . The delay (lag) between output and input

must not be too large.

It is well known that any signal, which varies with time, can be expanded in a Fourier series.
As an example, the input signal, e, , of Figure 8.1 can be written as follows:

1

e; = _EOAisin(wi t) + Z B;cos(w; t) (8.1)
i= 1=0

The number of terms to be carried in this Fourier series depends on the desired accuracy.
Theoretically, if the input signal, e; , is a step input, an infinite number of terms are required. It is

said on that basis, that the signal, e, , contains an infinite amount of frequencies which range from

zero to infinity.

In linear systems (i.e. systems which can be described by linear differential equations) the
total output signal resulting from the input signal, e, , can always be considered as the sum of output

signals resulting from the individual input signals on the Lh.s. of Eqn (8.1). For this reason it is of
interest to study the response behavior of the output signal in response to an input signal of constant
amplitude, but of varying frequency. Such a response is called a frequency response. For airplanes
this is of great importance because they fly in a turbulent environment. The response of the airplane
to turbulence must be such that the crew and passengers are not endangered. They must also be rea-
sonably comfortable.

The purpose of this chapter then is to discuss a method for predicting the frequency response
of the airplane and its flight control system. A general method for computing frequency responses
is developed in Sections 8.1 through 8.3. Applications of this method to the frequency response be-
havior of airplanes is discussed in Section 8.4. A powerful inverse application of the frequency re-
sponse method is given in Section 8.5.

Frequency response methods are commonly used in determining airplane response to turbu-
lence. A mathematical model for atmospheric turbulence as well as a method for assessing airplane
response to turbulence is discussed in Reference 8.1.

@““““““m”@mmnmmm, . B
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8.1 INTRODUCTION TO THE FREQUENCY RESPONSE OF LINEAR
SYSTEMS

Assume, that a linear system, which is not unstable, is driven by a sinusoidal input signal:
€ = Agsin(w; t) (8.2)

Further assume that this signal is switched on to the system at time t=0. The output of the

system will be similar to that shown in Figure 8.2. Note that both input and output in Figure 8.2 are
to be measured in the same units, volts in this case.

e (VOI'?S) de (deg) de (volts)

Input Output |transducer Output
e (O
volts

Note: output
‘ - Al lags input:
’phase lag”
Input > 1
de (1) T
volts
Output \/ >
‘
Transient Response g

Steady State Response

Fi 2 i inear s_tem i idal In

During the time period immediately after t=0 the system output will not be purely sinusoidal.
Instead, there will be a transient component to the response which dies out (vanishes) as time goes
by, provided the system is not unstable. After some time, the output will "settle’ to a pure sinusoidal
oscillation with the same frequency as the input but not necessarily in phase with the input. In gener-

al, the amplitude of the output will be different from that of the input. The steady state output of
such a linear system may be written as:

Chapter 8 629



Theory and Applications of Bode Plots

de = Aysin(wt + @) ‘ | (8.3)
where: A, is the output amplitude
w is the input=output frequency

¢ is the so—called phase angle

Assuming that the transient response component of the system output dies out rapidly, the
steady state component of the output as modelled by Eqn (8.3) is of great interest to system design-
ers. The so—called real frequency response of a system is concerned only with the steady state com-
ponents of the system output. In a practical situation, the real frequency response of a system can
be measured by switching an input of given amplitude and frequency to the system. The output, once
settled to its steady state, can be measured in terms of its amplitude and phase angle. In this manner
it is possible to measure 8.(w)/e,(w) and ¢Xw) for arange of input frequencies. The ratio of output

amplitude to input amplitude, Ag(w)/A,(w), is called the system amplitude ratio, while ¢(w) is
called the phase shift. ' |

The real frequency response of a linear system is defined as the amplitude ratio,
Agw)/A(w) and the phase -shift, ¢(w), for the following range of input frequencies:
0 < w < ». Plotsof Ay(w)/A;(w) and ¢{(w) over arange of frequencies can be made in a vari-

ety of ways. One way is illustrated in Figure 8.3.

Ay(w)
[ A
| ]
¢ ()
Ay(w
A‘I’E m; . (deg)
T \ A
_ * \
=5 N (no scale
'(no scale >~ intended)
intended) ~ S
&-
- ..--.-
Mm)\;
(Dl 0)2 (1)3 (04 (05 (1)6 (1)7
Input Frequency, ~ ® ~ rad/sec 3
Fi ical Plotof a M

A frequently used method of plotting real frequency response in the design and analysis of
airplane systems is the so—called Bode chart or Bode plot. In a Bode plot the frequency is plotted
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as the 10-based logarithm of frequency. The amplitude ratio is plotted as twenty times the 10-based
logarithm of the amplitude ratio, also called decibels. In control system analysis and design it is
customary to use the following definition:

Agw) | _ Ag() |
A0 g 20log,q —Al(w) (8.4)

The symbol |y, indicates that the amplitude ratio is measured in decibels. A typical example
of a Bode plot is shown in Figure 8.4.

(amplitude ratio or - Ag(w) (phase angle
magnitiude scale) [ A scale)
0 J 0
S
A.o(m)l : ."// \(\ Pw)
A(w -
1( )2%;) )P g \ » (deg)
* ‘,/’ \\ \\\ A
T | \J'r\
o _
40 S~ -90
\'\-
’: ‘“"L-
()
—60 -135
0.01 0.1 1.0 10.0 100.0 1000.0 10000.0
e————»| Input Frequency, ~ @ ~ rad/sec
(one decade) Fi i Pl

Observe, that the frequency in a Bode plot does not start at zero. For practical purposes, fre-
quencies below 0.0001 rad/sec are considered to be close enough to zero. Typical airplane system
frequencies range from 0.01 to 100 rad/sec., which is a frequency span of four decades. From here
on, only the Bode plot method of representing frequency response behavior of linear systems will
be used. There are two important reasons why frequency responses are plotted in a Bode format:

1) The amplitude ratios and the phase angles on a Bode plot can be conveniently approxi-
mated by a series of straight lines. A method for doing this very rapidly, the so—called method of
asymptotic approximations, is discussed in Section 8.3.

2) The frequency response of asystem which consists of a series of cascaded elements (which
is the case in most airplane systems) can be found by graphical addition of the frequency response
of the individual elements of that system.- _

To illustrate the second property, consider the system in Figure 8.5, which consists of two
cascaded elements with transfer functions G,(s) and G,(s) respectively.
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X Y X
((5) 6. S o)

Fi tem with Tw ed Elements

If the input to the first system is given by: X,(t) = A,sin(wt), the steady state output of the
first system may be written as:
Y(t) = Ysin(wt + ¢;) (8.5)

where: ¢, is the phase shift associated with the first element.

Note, that Y/A, is the amplitude ratio associated with the first system. For the second sys-
tem, the steady state output can be written as:
Xot) = Agsin(wt + ¢ + ) (8.6)

where: ¢, is the phase shift associated with the second element.

Note, that Ay/Y isthe amplitude ratio associated with the second system. Clearly, the over-
all system phase shift is (¢, + ¢,). Also, the overall system amplitude ratio is:

Ay _ (Y V(Ao

2= (3)()

It is now clear that for a system which consists of n cascaded elements, the total phase shift
can be written as:

. i=n
System phase shift = _2:1¢i =@+ Oy + Py + .. (8.8)
5 .
where: ¢, is the phase shift associated with element 1.
Similarly, for the overall system amplitude ratio:

' i=n
M = System amplitude ratio = IIM; = M\M,M,......... M, 8.9

i=1
where: M, is the amplitude ratio associated with element i.
In the Bode plot, the phase contributions, ¢, , are plotted linearly and therefore, the ¢; val-

ues can simply be added together. However, the amplitude ratios are plotted on a logarithmic scale
so that: :

20log;,M = 20log,;,M, + 20log, M, + .... + 20log, M, (8.10)
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Therefore, on the Bode plot the amplitude ratios can also be simply added together.

An important application will now be discussed. For this application the so—called lag net-
work of Figure 8.6 will be used. Such networks find many applications in airplane flight control.
systems as will be seen in Chapters 10 and 11. Before showing how a lag network responds to a
_smusmdal input it is desirable to show how such a network rcsponds toastep mput The discussion
is therefore presented in two steps:

1) the response of a lag network to a step input

2) the response of the same lag network to a sinusoidal input’

R (Resistance in Ohms) . N
o —MWA— \;t) o
010 — e®
input C (Capacitance in Farads) ~ Output

1) the response of a lag network to a step input

The lag network of Figure 8.6 will be given a step input of magnitude E volts. The time do-
main representation of this step input is given in Figure 8.7.

.volts
et et g

input output

A A

Accordmg to Kirchhoff’s Law the followmg equatlons dcscnbe the time domam behavior
of input voltage, output voltage and current: L

input: e,(t) = Ri(t) +é Iidt ' ' - (8.11)

-0
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t
output : () = & Iidt (8.12)

By applying the Laplace transformation these equations become:
input : Ey(s) = Ri(s) + i(s) | (8.13)

output : Ey(s) = :i(s) (8.14)

By eliminating i(s) from these equations it is found that:

Eos) _ _1/RC_ _ 4
E) s+ 1/RC s+

3= G(s) (8.15)

where: G(s) is called the open loop transfer function of the lag network. Since the input to
the systermn was a step input with a magnitude of ¢(t) = E volts, the output can be written as:

(8.16)

__Ba _A1, A
EO(S)_S(s+a)—_s"+s+a

where the coefficients A, and A, are the coefficients of the so—called partial fraction expansion of

the output Laplace transform of the system. By application of the Theorem of Residues (consult
Reference 8.2, pages 522--529) these coefficients are found as:

Therefore, the output Laplace transform becomes:

Es) = %~ - E - (8.18)

The time domain inverse of the system output (see Appendix C, Part I) can be expressed as:

eq® = E — Be~® = E(1 — e~ %) = [e,(O}(1 — e~ (8.19)

It is seen from Eqn (8.19) that the output, e(t) ,lags behind the input, e,(t) , but eventually

catches up and becomes identical with the input. Figure 8.7 also illustrates this behavior. It is said
that the output follows the input. Electro-hydraulic actuators have transfer functions very much like
Eqn (8.15). Those actuators therefore produce a control surface deflection which lags the input sig-
nal. Such a lag must be as small as possible. It is seen from Eqn (8.19) that the lag will be small,
as long as the constant ’a’ is large. In Section 8.2, the constant *a’ is referred to as the open loop
system ’break frequency’. It is shown in Figure 8.7, that the higher the break frequency, a, the faster
the response of a system. However, actuators with a high break frequency tend to be more expensive
than actuators with a low break frequency.

It is seen from Eqns (8.15) and (8.19) that the ratio of output-to—input can be written as:
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Eos) _ 4
EG G+a

and ey)/e,()=(1=-e"®H (8.20)
The reader is encouraged to compare these results with the smgle-degree—of—freedom roll
rate response to a step input aileron deflection of Eqn (5.133) in Part I of this text.
2) the response of a lag network to a sinusoidal input

Next, cons1dcr the case of a smusmdal input which is written as: _
e,(t) = E,sin (o,t) o S (8.21)

The Laplace transform of this ihput signal is:

E,w,

- The Laplace transform of the output signal is:

E - L . . (82
of) = (s + a)(s2 + 0,2 ) - ‘ S -, 323
Employing the partial fraction expansion method, this output becomes: ' -

st+a s+jo; s—jo; . (8.24)

Bq(s) =

The coefficients, K, , K, and K; can be found by applymg the Theorem of Residues (see
Ref. 8.2, pages 522-529). This yields:

K, = {(a)(sTi%;?)} _‘ - o (8.25)
s=—a ' . . S
- a Eo \| |
Ky = {(s + a)(s - jm,)} _ . _ . - (8.26)
' §= —jw, . :
_ _J{_a | E 0, -
Ks = {(s + a)(s + jwl)} . __ - @2
_ 5= +jw, : '

. By substxtuhng Eqns (8. 25) through (8.27) into Eqn (8, 24) and rearranging it follows that:
351“31 \_1\ sta \(_2Eo B

- L ta | ~} o 8.28

Eo(®) {(a2 + o2 )(S + a)} {(s2 + o2 f\a? + 0,2 . | ‘(_ )
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By using the appropriate Laplace transform pairs of Appendix C, Part I is can be shown that
the time domain inverse of Eqn (8.28) is:

— | _8E0; —at _ aE, ,
Eq(t) (—-——a2 n (012) e [——m] sin(wt + ¢) (8.29)
where: :
o= - arctan(ga-l-) ' (8.30)

The first term in Eqn (8.29) is the transient response component of the output of the system.
As long as the system is stable (a>0), this term will gradually vanish. The second term in Eqn (8.29)
is the steady state response term. Note that it has the same frequency as the input! This steady
state response term has an amplitude and phase angle given by:

aE,

Steady state amplitude = |————"ier
Jaz + w,?

Observe that the output amplitude, for a low input frequency, approaches the input ampli-
tude. Also observe, that for a very high input frequency, the output amplitude will vanish.

phase § = — an:tan(%l—) (831)

Observe further that for a low input frequency, the phase angle approaches zero. Also ob-
serve that for a very high input frequency, the phase angle will tend toward —90 degrees.

The amplitude ratio of the steady state response of the lag network is found from Eqn (8.29);

B .
Amplitude ratio = (—0) = —2 (8.32)
E, a? + w,?

At this point the following observation is made: by substituting (s = Jw;) into the open

loop transfer function of the system {see Eqn (8.15)} and finding the absolute magnitude and phase
angle of the result of that substitution, it is found that;

. o= _a - a
P G(s) IS=_](IJ1 | jwl + 2 | [m] (8.33)

and:

= = — el
4{GO)} =0, = "'(jm—f‘n) = ~ arctan( ) (8.34)

It therefore appears that the amplitude ratio and the phase angle of a stable, linear system can
be found directly by substituting (s = jw,) into the open loop transfer function of the system

instead of deriving these quantities from the time domain response. A general proof of this extreme-
ly useful property is given in Section 8.2.
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Consider the arbitrary linear system with open loop. transfer function G(s) of Figure 8.8.

M\ % G p—

- Sinusoidal t=0
Function' o
Generator

Figure 8.8

~ This system is driven by a sinusoidal signal. It will be assumed, that the transfer function
- G{(s) consists of the ratio of a numerator polynomlal in s to a denominator polynomial in s. Such
a ratio can be thought of as ‘consisting of a series of first order numerator factors (s + Z) with j

running from 1 to m and a series of denommator factors (s + Py with i runnmg from1lton. In

addition, there will generally exist some remaining constant K. Therefore:

K6+ Z)(s + Zp).ouuuenene. (s+Zm)
) = (s+ PI)ES F P s+ Py | . - (8.35)

.The numerator characteristic equation roots, — Z,, — Z, thrOugh — Zn, are called the
open loop system zeres. The denominator characteristic equation roots, — P, - P, through
— P, are called the open loop system poles. If all poles are posmve (so that the corrcSpondmg
characteristic equation roots are all negatlve) the system is called stable The poles in ‘that case are
in the left side of the s—plane.

Assume, that the input signal of Figure 8.8 is modelled-as: . - .

| X:(®) = Asin(w t) (8.36)
with the Laplace transform:
Aw
Xi(8) = — 8.3
1( ) 82 + 0)2 ( 7)

The output Laplace transform of the system can now be expressed as:
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AOK(s + Z)(s + Zo)ooroo. 6+ Zy)

Xy(s) = 3
ol®) (52 + 0 + P + Pvverererennn, (s + Pp) (8.38)
By expanding Eqn (8.38) in partial fractions:
- K, Ko K, K, K,
XO(S)—s+j0)+s——jml+ls+Pl+s+P2+ ......... +5+Pn (8.39)

Steady state Transient state

If the system has only stable poles, the time domain inverses of the transient terms will van-
ish, whether the poles are real or complex! Therefore, when considering the steady state (ss) fre-
quency response of the system, only the two steady state terms need to be considered:

K
Xo(8)lss = < f‘}m e (840)

where: K is the residue of X(s) at the point s = jw, while K, is the residue of Xo(s) at the
point s = — jw. Also, according to the theory of complex variables, K, is the complex conjugate
of K. The residue, K, , may be determined from Eqn (8.38). It is found that:

Ko = (4K ) ot lodot TGO b 2 - (Bl D)
where:

G(jw) = G(s)ls—y, (8.42)

Since K, will in general be a complex number, it can be expressed with a real and iméginary
part as: |

Ko =a+ib (8.43)

Because K| is the complex conjugate of K it can be written as:
Kp=a-jb (8.44)
With the help of Eqns (8.43) and (8.44) it is now possible to rewrite Eqn (8.40) as:

stjo  s—jo  §2+ @l s2 + m2

Xo($)lss =

—=_2a _ _2bw
2+ 0?2 s24 w? (8:49)

From the latter and from the appropriate transform pairs of Appendix C, Part I it is found
that:
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X(Dlss = 2acos(wt) — 2bsin(wt) = v4a? + 4b2sin(wt + ¢) (8.46)
with: ' - ' | '
= arctan|~2_)
b= m'm(z__ b) | (8.47)
The output-to—-input amplitude ratio and phase angle can therefore be written as:
A + 4oz R - o
M = _‘La__g_‘& (8.48)
= JF: U
¢ = arctan(—2;) | o 849)
Note from Eqn (8.43) that a and b are related to K, by:
V4a® + 4b? = 2/a% + b? = 2K, | (8.50)
-~ Also note from Eqn (8.41) that: | | , _ o , .
Ky = .%IG(im)l - I ) . @®SsD
When substituting Eqns (8.50) and (8.51) into Eqn (8.48) it follows that:
M(w) = IG(jw)l (8.52)

For the system phase shift, consider Figure 8.9 and Eqn (8.49).

+ .
. jb . 4K, = arctan(b/a)
oy (N A e

8 Real component  ———m-

With Figure 8.9, Eqn (8.49) and Eqn (8.41) it follows that:

¢ = arctan{a/(— b)} = ~ arctan(a/b) = - (3K, - 7900) = |
= - &(Ke/j) = - 4{-—%(%)0(@)} = 4G(w) (8.53)
From Eqn (8.53) it fqllows that:
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¢ = 4 G(jw) (8.54)

Equations (8.52) and (8.54) demonstrate the very useful fact that the steady state amplitude
ratio and phase shift of a linear system can be obtained directly from the system transfer function
G(s). The procedure is simply to substitute s = jw into the transfer function and evaluate the abso-

lute magnitude and phase angle of the result.
At this point, three examples will be discussed:
Example 1) Frequency response of a first order lag
Example 2)  Frequency response of a first order lead-lag
Example 3) Frequency response of a second order lag

As the reader progresses through the material of Chapters 8, 9 and 10 it will become clear
that all these systems have direct applications to the study of airplane open and closed loop dynamics.

Example 1) Frequency response of a first order lag

The open loop transfer function of a first order lag can be written as:

G(s) = _Ifa (8.55)

This system has one pole and no zeros. A so—called pole—zero plot of this system is shown
in Figure 8.10.

STABLE J'i’ ' UNSTABLE
o+ a s = jw X (jo + a) = arctan(w/a)
/
- K +
P -
—a a Real component, 0 ——3»

Figure 8.10 Pole—Zero Plot for the Transfer Function G(s) = K/(s+a)

The amplitude ratio of this system is found by applying Eqn (8.52) to Eqn (8.55):

M = IG(jw)l ljm ey fo+d  Jor g (8.56)

The phase shift of this system is found by applying Eqn (8.54) to Eqn (8.55):
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& = 460m)=41{—'4(j£4a) —4(1w+a) "--arctanﬂ"' 857

~ From Eqn (8 5'7) and from Figure 8.10 it is clear that when the input frequency, w, is very
small, the phase angle, ¢, is close to zero degrees. When the frequency, ®, approaches infinity, the
phase angle ¢, wﬂl approach -90 degrees

From Eqn (8 56) itis also clear that when the i mput frequency, w, is very small, the amphtude
ratio, M, will be M=K/a. On the other hand, for very high input frequency, w, the amplitude ratio
will approach zero: the system no longer reacts to input signals of very hlgh frequency

These behav_iors are _graphmally_ _1llust_rateg in the Bode plot of Figure 8.11.

e

2(211:)’8me(‘-°)] o Output Amp]itude:= Input Amplitude (q;(e‘”;

: : . — — - : - g

— _‘_‘!‘ e 2010g10% e CE - C Cra
201og_,0§-i M(w) Bl

Note that (— o )db on the Bode magnitude sca.le nnphes that the system output amphtude
vanishes i m relanon to the system mput amphtudc

_ .Se_ve_ral observations are in order'

a) | At a frequency w=a, the so—called break—frequency of the system the amplitude
ratio is exactly 0.707 of what the amplitude ratio would be at zero frequency.

: ..b) : A_lso, at the !s_ystem break fre_quency, _the phase_ angle is exgc_tly —450,
c)  Whenthe on'iput amplitude equals i:he-'input amplitude, M = 1.0 and therefore,

M(w) =0db. The frequency for s occurs is called the magnitude cross—over
frequency: wmagn cross—over = VKZ — 32 o

The reader shou‘ld. memorize these facts,
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Example 2) Frequency response of a first order lead-lag

The open loop transfer function of a lead—lag system can be expressed by:

G(s) = K(s +b)

=+ (8.58)

This system has one pole and one zero. A so—called pole—zero plot of this system is shown
in Figure 8.12.

4 (jo + a) = arctan(w/a)

jo+b
jo +a A(Go +b) = arctan{w/b)
- K +
-
-a b 0 Real component, 0 ——p»

The amplitude ratio of this systcm. is found by applying Eqn (8.52) to Eqn (8.58):

| KGe +b} KiGo +0) _ . Jw? + b2

The phase shift of this system is found by applying Eqn (8.54) to Eqn (8.58):

¢ = AG(jw) = 4K+ A(Gw +b) — X(jo +a) =

= arctan% - arctanD (8.60)

From Eqn (8.59) and from Figure 8.12 it is clear that when the input frequency, w, is very
small, the phase angle, ¢, is close to zero degrees. As the frequency approaches the value b (which
in this example is assumed to be smaller than the value a), the phase angle increases positively (this
is called ’lead’). For frequencies between b and a the phase angle peaks out and gradually becomes
less positive. When the frequency, w, approaches infinity, the phase angle, ¢, will again approach
zero degrees. '

From Eqn (8.60) it is also clear that when the input frequency, w, is very small, the amplitude
ratio, M, will be M=Kb/a. On the other hand, for very high frequency, the amplitude ratio will ap-
proach the value K: at very high frequencies (s+b) and (s+a) tend to become the same.

These behaviors are graphically illustrated in the Bode plot of Figure 8.13.

The reader is asked to determine at what frequency the phase angle "peaks out’ and what the
phase angle is at that frequency. Both should be expressed as functions of a and b.
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Example 3) Frequency response of a second order lag -
The open loop transfer function of a second order lag can-be written as: ..

G(s) = _K | | » | 8.61
© = T Hos ol o s (8.61)

This system has two poles (complex con]ugates) and no zeros. A pole~zero plot of this sys-
tem is shown in Figure 8.14.

~ Real component, 0 .

on G) T2+ 2Cwgs + 0312_,_
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The amplitude ratio of this system is found by applying Eqn (8.52) to Eqn (8.61);

M = IG(jw)l = K e (8.62)
{(@2 - 0)? + 2tw.0)?]

The phase shift of this system is found by applying Eqn (8.54) to Eqn (8.61):

20w

¢ = AG(jo) = — a.rctan((10121 — oD

(8.63)

From Eqn (8.63) and from Figure 8.14 it is clear that when the input frequency, w, is very
small, the phase angle, @, is close to zero degrees. Asthe frequency approaches the value w, (which

is the undamped natural frequency of the system), the phase angle decreases toward —90 degrees.
Atafrequency exactly equal to wy , the phase angle is exactly equal to -90 degrees. As the frequen-

cy increases toward infinity, the phase angle continues to decrease toward a value of —180 degrees.

From Eqn (8.62) it is also clear that when the input frequency, , is very small, the amplitude
ratio, M, willbe M = K/w3 . As the frequency increases, the amplitude ratio approaches a maxi-

mum. This maximum occurs exactly at a frequency of:
- = / 2
Wpeak magnitude = W (esonance) = Wn 1 -2 (8.64)

The amplitude ratio at & = w, (= resonance frequency) is given by:

M L= Mo = o) = K _ < 0.707 8.65

These behaviors are graphically illustrated in the Bode plot of Figure 8.15.

_ Because nearly all airplane and airplane system transfer functions can be thought of as com-
binations of first order lags (or leads) and/or second order lags (or leads) the behavior of these funda-
mental transfer functions is very important.

To plot the actual magnitude and phase lines on a Bode plot requires that a range of frequency
values be substituted in the appropriate transfer functions and that the result of those substitutions
be evaluated for absolute magnitude and for phase angle. To do this by hand is a lot of work. Com-
puters can carry out this task, including the plotting, very rapidly. However, it is possible to approxi-
mate any transfer function in the Bode plot by a series of straight lines. Such an approximation is
referred to as the *asymptotic approximation’. Knowledge of the asymptotic approximation method
is very useful, even when using computers/computer graphics to determine the Bode plots of system
transfer functions. The asymptotic approximation method is discussed in Section 8.3.
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The purpose of this section is to discuss a method by which itis possible to repidly determine
the real frequency response of linear systems in a Bode plot format. The discussion starts with very
simple cases and gradually builds up to actual airplane applications. -

Consider the transfer function of a differentiator:

Gs)=s - | . (8:66)

The frequency response of such a differentiator is found from:

M(w) = IG(jw)l = » | : (8.67)

Pw) = %G(jw) = + 90° ‘ (8.68)

A change in frequency of a factor 10 is referred to as one decade For a frequency of 1.0
rad/sec, the magnitude is 1.0, which amounts to 0 db on the Bode magnitude scale. For a frequency
of 10.0 rad/sec, the magnitude is 10.0, which amounts to 20 db on the Bode magnitude scale. There-
fore, it follows that the magnitude plot of the differentiator G(s)=s passes through 0 db at w=1 rad/sec
and through 20 db at w=10 rad/sec. It has a slope of +20 db/decade. The phase angle of the differen-
tiator is independent of frequency and always equal to + 90 degrees Flgure 8.16 shows the Bode
plot for the transfer function of Eqn (8.66).
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Next, consider the following transfer function:
G(s) = Ks (8.69)
where: K is an arbitrary, positive constant. Note that, for positive K:
20log,oKw = 20log,oK + 20log q0 and: ¢(Kjw) = ¢jw) (8.70)

If K=1/5, the Bode plot for Eqn (8.69) is obtained from that of Eqn (8.66) by merely shifting
the magnitude plot down over the amount of {201og 10 (1/5)} = 13.98 db: see Figure 8.16. The phase
plot stays th_e same. '

Next, consider the transfer function of an integrator:

G(s) = & (8.71)
The frequency response of such an integrator is found from:

M(w) = IGGo)! = & | (8.72)
Hw) = 4G(w) = 4K - % (jo) = — 90° (8.73)

Figure 8.17 shows the Bode plot for the transfer function of Eqn (8.71) for K=1 and for K=6.
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Note that the magnitude of 1/s passes through 1 rad/sec at 0 db while it has a slope of ~20
db/dec. The magnitude plot of 6/s is simply shifted upward over {20 log10 (6)} = 15 56 db. The
phase plot for K/s is a constant -90 deg line. '

Next, consider the transfer function of a double integrator:

Gis) = % - o N L ‘ | o .
_ s . . , S

The reader is asked to use the properties of Eqns (8.8) and (8;9) to show that the deé plot

for the cases K=1.0 and K=9.0 are as shown in Figure 8.18. Observe, that the phase angle, for posi-
tive K, is always —180 degrees. Also observe, that the magnitude plot now has aslope of —40 db/dec.

The reader is asked to generalize this to the case of:
Gs) =X . ' : T (8.75)
when n>0 and when n<0 as well as for K>0 and K<0. '

In the next developmcnt which deals with a first order lead and lag u'ansfer function, the
propemes of the dxfferentxator and mtegrator functlons will be used.

Chapter 8 : - 647



Theory and Applications of Bode Plots

20log o M(w)

dbglo (@) —LOIQL l: lopL q;(w),

T + 40 _ . : €g
+20 ' ' + 45

Mo 19.98/db
0 ) : 0
— 40 ‘ — 90
— 60 — 135
v tal ) — 180
0.01 0.1 1 10 100 1000
Frequency, ® rad/sec ——=
Figure 8.18 Bode Plot for G(s) = 1/s? and G(s) = 9/s?

Consider the transfer function of a first order lead:

Gs) = £+3 (8.76)
The real frequency response for this transfer function follows from:
Gy = 42+ 2 (8.77)

Applying Eqns (8.52) and (8.54) it is seen that:

M) = 1Vo? + a2 (8.78)

and:

¢(w) = arctan($) (8.79)

Observe from Eqn (8.77) that for very low frequencies, i.e. for @ <€ a, the amplitude ratio

of this lead transfer function is approximately 1.0. On the Bode plot that means O db. For high fre-
quencies, i.e, for w > a, the amplitude ratio is approximately w/a. According to Figure 8.16, the

Bode plot of that approximation is a straight line passing through w=a and having a slope of +20
db/dec. These characteristics are illustrated in Figure 8.19. The actual frequency response differs
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| [from the asymptotic approximation to a significant extent only in the 'viciﬁity of w=a. Note, that
_’exacﬂy at w=a the difference is exactly /i = 0,707, In decibels this amounts to 3.01 db. Atw=2a

i

. gaﬂgat w=a/2 the difference is exactly equal to J1.25 = 1.118 - In decibels this equals 0.97 db.
§A§°°d Mnemonic is to refer to this as the 1-3-1 Rule. | | '

h6og s M(w){
| db |
_’ T | |20 db/dec
1.1 +20 :
. o 097 gb __
97 db =l 3.01fb
SO B | _
__20 | S | : .
1 1-3-1-Rule
00la  0la O05a-a 2a  10a 100a’ 1000a

The phasé-énglé'beh:iirior; acdbrding to Eqn(879), is,plotted in Figuie 820 At the system
break frequency, w=a (point P in Figure 8.20), a tangent is drawn to the actual phase curve, p(w).
That tangent line has a'slope of 65.96 deg/decade. This tangent intersects the zero degrees phase
line at w=0.208a: It intersects the +90 degrees phase line at 4.81a. Note, that the actual phase
plot, ¢(w), can be reasonably approximated by three straight lines: line AB for frequencies below

0.2084, line BC for frequencies ranging from 0.208a to 4.81a and finally, line CD for frequencies
above 4.81a. The reader is.asked to check the numbers in Figure 8.20. The straight line segments

approximation according to these observations is referred to as the 1/5-1-5 Rule.
These _i'deas'_w__i\'l'l now be extended to the following lead-lag -,t'rz:insifer function:

9(8)--‘#-%%))“ . o S . (880)
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Note: Line BC is tangent to ¢(w) at point P
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It is convenient to first write this transfer function in its so—called standard format:
_ 500x10(s + 10 100\ _ s + 10 100
G) = 00 ( 10 )(s ¥ 100) 50( 10 )(s ¥ 100) (8.81)

If s=0 is substituted in the standard format of a transfer function, all transfer function compo-
nents take on the value of 1.0 (or 0 db), except for the pre~multiplying constant.

The construction of the asymptotic approximations to the Bode magnitude and phase plots
are shown in Figures 8.21 and 8.22 respectively. '

The asymptotic approximations to the first order lead and lag magnitudes are indicated in
Figure 8.21 by the dashed straight lines. The overall transfer function magnitude starts out at 20
log1p 50 = 34 db. With the 1-3-1 rule, the curved (and dashed) line was sketched in. It is seen that
the asymptotic approximations are pretty good.

The asymptotic approximations to the first order lead and lag phase angles are indicated in
Figure 8.22 by the dashed straight lines. The 1/5-1-5 rule was used in their construction. The line
segments ABCDEEF represent the sum of the asymptotic contributions and therefore the asymptotic
approximation to the total phase angle behavior of the transfer function of Egn (8.80).

Figure 8.23 shows an actual Bode plot of this system. Comparing the actual plot with the
asymptotic approximation plots, it is seen that they are very close, except at the break frequencies.
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As a final example in the discussion of ﬁrst order lead-lag transfer functzons, consider the
following:

__1600(s + 0.1)(s + 30)
OO = G+ 26 + 10)G + 120)

(8.82)

This transfer function can be Wntten in the following standard format ,
6 = 2((8 -'(;f 1))((s fZ))((s + 10))('(s ;()30))((3 + 120)) o (883

A Bode phase and magmtude plot of this transfer function is shown in Figure 8.24. The
associated asymptotic approxnna'ﬁons are also shown It is seen that the approximations are good.

Itwasseénin Chaptet 5 that airplane open loop transfer functions contain not only first order
‘leads and lags but also second order (quadratlc) leads and lags. Consider the followmg second order

transfer function: )
Wy

s2 + 2§mn& + 032

G(s) = (8.84)

This equation also represents the so-called standard format for this transfer function. The
reader will have observed that in the standard format, when the mput frequency is set equal to zero,
the transfer functlon has the value of 1.0.

The frequency response of this system is similar to that of Eqn (8.61) but with: K = w?2.
Because the frequency response of a second order depends on two parameters ( W, and T ) it has
‘been found convenient to ’normalize’ the input frequency, w by d1v1d1ng by the undamped natural

frequency, wy, . This is done by mtroducmg the normahzed freqnency, u, defined as:

=2 _F S . (8.85)

Subst(intlliting u into Eqn (8.84) and applying Equs (8.52) and (8.54) yields:

M(u) = ' 8.86

R uz) e o
- O = - arctan( i 2_:_;‘:2) ; | S | (8.87)

The consequence of normalizing the input frequency in this manner is that the amplitude ra-
tio and phase angle now depend on one variable only: u. Figures 8.25 and 8.26 present plots of M(u)
and ¢(u) respectively for a range of values of the damping ratio, C.

Now consider the asymptot_lc behavior of this second .order__t.ran&sfer function.

First, consider the magnitude. At very low frequencies, the magnitude is seen to be 1.0.
Therefore, the O db line in the Bode plot is the low frequency asymptote. At very high frequencies,
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the transfer function tends to behave like a double i mtegrator Companng with Flgurc 8.18 the reader
- is asked to show that the high frequency asymptote to the magnitude plot is a straight line with a slope
~of 40 dbldecade and passing through u=1.0 which means through W= . The low and high fre-

_quency asymptotes are indicated irr Fxgure 8 25,

Note that for frequenmes close to the undamped natural frequency (u=1) the actual magni-
tude behavior differs significantly from that of the asymptotes. The difference bétween the - asymp-
‘totes and the actual magmtude plot is seen to be strongly dependent on the damptng ratio, {. -

Second consider the phase angles. Eqn (8. 87) suggests that at very low frequencies the

i phase angle of the second order transfer function approaches zero degrees. For very high frequen-

cies, the phase angles approach — 180 degrees. This is consistent with the bekavior of the double

integrator of Figure 8.18. Again, for frequencies close to the undamped natural frequency, the actual
phase behavior depends strongly on the damping ratio, € .

By drawmg a straight line tangent to any one of the second order phase plots, an intermediate
“phase asymptote can be constructed according to the rules 111ustrated in Figure 8.27.

00

NOTE : valid only for £ > 0

T ®O) 4y frequency asymptote
Intermediate frequency asymptote

slope : — 1—31%9—2 deg/decade

~ 900

— 180°

| i k& \
With a calculator, it is easy to determine the break—points € *T and €”T onthe frequency
scale for any value of damping ratio, § . Nevertheless, Figure 8.28 which shows the numerical value

of these break-points for damping ratios ranging from 0 to 1.0 may be useful to some readers.

Fmally, consider an example apphcatton for acombined first and second order transfer func-
tion transfer function:

s+ L o '_
GO = 57 + 45 + 100) (8.88)
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In the standard format this becomes:

_ 51} 1+ 2) 100
Gls) = 2(5)( 2 )((s2 + 4s + 100)) (8.882)

The actual and asymptotic magnitude and phase plots for this transfer function are given in
Figure 8.29. Observe the following facts:

1) The magnitude plot at very low frequencies is the integrator, 1/s shifted upward
over 20log1p02 =6.02 db

2) The phase plot at very low frequencies starts at 90 degrees. The phase plot, at
very high frequencies approaches —180 degrees because the transfer function in
Eqn (8.88) has three poles and one zero.

In the next Sub—section a summary is given of the ampﬁtude and phase angle properties of
first and second order transfer functions.
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It is useful to summarize the amplitude ratio and phase angle properties of first and second
order transfer functions. Figure 8.30 portrays the low and high frequency amplitude (magnitude)
characteristics of first and second order transfer functions in relation to their asymptotes. Note that
the high frequency asymptotes have been rotated about the break frequency such that they are
aligned with the low frequency asymptotes. This rotation was done in'a manner such that the vertical
distance between the actual magnitude and the asymptotic magnitude is retained at each frequency
above the break frequency. Note that all magnitude plots when rcpresentcd in thls manner are sym-
metncal about a vertical line through the break frequcncy '
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‘InFigure 8.31 the magnitude behavior of an arbitrary second arder lag is summarized in rela-
tion to its asymptotes. The reader is asked to prove that the expressions given in Figure 8.31 are
correct.

In Flgure 8.32 the phase angle charaetenstlcs of first and second order lags are presented.
The intermediate phase angle asymptotes are also-shown. For the second order lag only the inter--
medxa!se phase angle asymptote for a damping ratio of 0.2is shown

8.4 P' A= F BO EP) TT 'A

: In this section, several apphcatlons and 1nterpretatlons of Bode plots for a.lrplanes will be
discussed. ‘Before showing how the method applies to the complete airplane transfer functions of
Chapter 5FPartDa sxmple appllcauon to the case of airplane bank angIe response to an aileron input
will be presented :

Assume that an airplane is in level cruising flight and that the airplane is continually per-
turbed by turbulence. The pilot (or auto—pilot) will try to keep the wings level by applying a counter-
ing aileron deflection whenever the bank angle deviates from level flight. The pilot input to the aile-
rons can be thought of as a signal with a large ﬁequency content Therefore, the ﬁbquency response
of the bank angle to the alleron input is of i mterest SR

Cons1der the business jet data of Table 5 10 and assume that the smgle degree of freedom.
approximation to the rolling mode of the airplane is an aocurate one. From Table 5.10the open loop
bank—angle—to—alleron transfer function is: :

G(s) = o ___68 1545( :)(—-O—i‘-‘—-) | - (8.89)

da(s) S(s + 0.44) s + 0.44

The actual and appro:umate Bode plot for this system is shown in Flgure 8.33.

. The frequency at which the magnitude (=amplitude ratio) plot Crosses the 0 db line is called
the magmtude crossover frequency. For the airplane of Figure 8.33 this magnitude crossover fre-
quency is about 2.6 rad/sec. It will be shown that typical pilot bandwidths range up to about 4 rad/
sec. Within hlS own bandw1dth the pllot will therefore obtain good bank angle response by using
the ailerons.

An autopﬂot has a wider bandwndth than do human pilots. Assume that the auto—pilot has -
a a bandwidth of say 20 rad/sec. The amplitude ratio of bank angle to aileron at that frequency is a
little better than —40 db. At-40 db, the bank angle to aileron amplitude ratio is only 0.01! In other
words, the airplane no longer responds to aileron inputs ata frequency level of 20 rad/sec. That may
not be bad as ‘Tong as the frequency content of lateral atmosphenc dtsturbances is not 31gn1ﬁcant in
that same ﬁ'equency range Happﬂy it is not, go all is well.” ‘
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Now assume, that some ncwly designed mrplane is prcdlcted to have a crossover frequency
of 1 rad/sec. That would not be acceptable in a manned airplane. What can the designer of the air-
plane do about this? - :

There are only two possxblhues accordmg to Figure 8.33.

First, if itis poss1ble to increase the break frcquency from 0.44 to about 2.6 radlsec, the bank
angle response might be acceptable. The problem with this solution is that it requires a larger, nega-
tive value of the dimensional derivative, L, . According to Table 5.7, increasing the deriva-

tive L, in the negative sense requires either more roll damping or less rolling moment of inertia.

Depending on the type of airplane and its mission, the option to change these quantities may no long-
er exist.

Second, it is possible to raise the zero—frequency gain of the transfer function. Comparing
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with Eqn (5.128) it is seen that this in turn requires more aileron control power. Whether or not the
aileron size can be increased at this stage of the design depends on the amount of flap space required
and on the location of the rear spar. The latter also has a major influence on torsional rigidity and
on fuel volume.

This example illustrates the depth of flying qualities analysis that must enter into the design
of an airplane, lest undesirable characteristics are found when it is too late to make design changes.
In the remainder of this section a series of important airplane frequency responses will be presented
and discussed. For these examples, the business jet of Chapter 5 will be used.

4.1 BODEP FOR SPEED LE TTA
ANGI, P E TO ELEVATOR INP

All frequency response plots in this Sub—section were obtained with the AAA program de-
scribed in Appendix A, Part 1. The following frequency responses will be presented and discussed:

1. Bode Plot for Speed to Elevator Frequency Response
2. Bode Plot for Angle of Attack to Elevator Frequency Response
3. Bode Plot for Pitch Attitude Angle to Elevator Frequency Response

All these responses pertain to a business jet in a maximum weight, cruise flight condition.
For acrodynamic and other input data as well as for the airplane transfer functions the reader is re-
ferred to Table 5.4 in Chapter 5.

Plot for 1 ncy Re

Figure 8.34 shows the amplitude ratio and phase angle plots for the speed—to—elevator trans-
fer function. Eqn (8.90) shows that transfer function in its standard. format.

o 5, 236.5{(#)5 + 1][(6%%)3 + _1}

de(s) _( E 2(0.3535)s )( &2 2(0.0461)s 1)
(2.8324)* © (2.8329) (0.0920)* © (0.0920)

(8.90)

The magnitude cross—over frequency is seen to be about 8 rad/sec. That would imply that
the airplane responds well with a change in speed to oscillatory elevator inputs at such a frequency.
Anyone who has piloted conventional airplanes knows that this is not the case. Airplanes respond
with speed changes to elevator inputs only for slowly varying inputs. What went wrong?

What went wrong is that the speed—to—elevator response plotted in Figure 8.34 is not dimen-
sionless. What should have been plotted is the (u/U,)/d. instead of the u/d, transfer function.
In a Bode plot this results in a magnitude (=gain) change of 20log;q U . The speed of the airplane

in this flight condition (Table 5.4, Part I} is 400 kts = 675.2 fps. In Figure 8.34 this amounts to a

Chapter 8 662



Theory and Applications of Bode Plots

O 160.0 —ereyvrm \ A TTT————— _ 0.0
Miw)

L Phi (w)

ORI B MEH SRS SR | I (deg]
80,0 i i IR . 90,0
56.6 | ;& A | "

] N
0.0 By _ L 1.0
Sl ,,}\'\\ R ‘5‘ iy
N o le 4N |
. ole . \ 3

-40.0 - \ LI -225.0
] \\
- N
1!‘_”*‘ k\
1. - 0ia i -
-80.0 ; RN 270.0
M
-120.0 }— — : ' -315.0
0 o\ 1
'\m
i
-160.0 -360.0
1072 gl O3 0 8/101 102 103 g
W [rad/s]

Chapter 8§ 663




Theory and Applications of Bode Plots

gain change of 56.6 db. Therefore, the 56.6 db line (also indicated in Figure 8.34) represents the
actual zero db line. Therefore, the magnitude cross—over frequency is only about 0.3 rad/sec. That
is in agreement with pilot observations which indicate that the elevator is not a good way to control
speed with high frequency inputs. With low frequency inputs it works fine.

These observations also agree with the fact that the short period mode (frequency of 2.8 rad/
sec) can be thought of as a mode where changes in speed are negligible. The reader may remember
from Chapter 5 that this was in fact the basis for the so—called short pertod approximation!

The reader is urged to verify the magnitude and phase plots by applying the asymptotic meth-
od of Section 8.3. Since phase plots are known to cause the greatest amount of confusion, the reader
is encouraged to set up a phase angle budget of each transfer function component. An example of
such a phase angle budget is given in Table 8.1 for the transfer function of Eqn (8.90). The inexperi-
enced reader should verify the phase angle ranges given in Table 8.1 by drawing phasor diagrams
similar to the one of Figure 8.12.

able 8.1 P Angle Bu for the Tra r Function o n (8.90

Component Type Phase angle at very | Phase angle at very
low frequencies, deg | high frequencies, deg
— Ky, zero—frequency gain -180 -180
Phugoid second order lag 0 ~-180
Short period second order lag 0 -180
Ty, term first order lead (in this +180 +90
case a zero in the
r.h.s. of the s—plane)
Ty, term first order lead 0 +90

Transfer Function Sum; 0 - =360

The implications of the phase angle behavior of the Bode plot in Figure 8.34 will be discussed
in Chapter 9.

2. Bode Plot for Angle of Attack tg. Elevator Frequency Rggsp. onse

Figure 8.35 shows the amplitude ratio and phase angle plots for the angle—of—attack-to—ele-
vator transfer function. Eqn (8.91) shows that transfer function in its standard format.
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_ 1 52 2(0.0456)s |

afs) _ 1'7278{(282-9)S+ 1}((0-0812)2+ (0.0812) " 1)

8(5) ( s, 20.3535)s | )( g, 2(0.0461)s 1)
(2.8324)* © (2.8324) (0.0920)* *  (0.0920)

The magnitude cross—over frequency is seen to be about 5 rad/sec. Since human pilot band-
widths range typically up to about 4 rad/sec, a pilot will have good control over angle of attack with
the elevator. Note that the two magnitude cross overs at about 0.08 rad/sec are not counted here as
cross—overs. The reason is that for all practical purposes the two quadratics in the numerator and
denominator of Eqn (8.91) cancel each other. As a result, during the phugoid transient, the angle
of attack will change very little. The transfer function which results from omitting the low frequency
quadratics in the numerator and in the denominator is referred to as the short—period approximation.

(8.91)

The implications of the phase angle behavior of the Bode plot in Figure 8.35 will be discussed
in Chapter 9.

As an exercise the reader should draw the asymptotic magnitude and phase Bode plots into
Figure 8.35.

3. Bode Plot for Pitch Attitude Angle to Elevator Frequency Response

Figure 8.36 shows the amplitude ratio and phase angle plots for the angle—of—attack—to—cle-
vator transfer function. Eqn (8.92) shows that transfer function in its standard format.

os) _ - 1.7109{(m)s + 1][(m)s + 1]

de(s) ( s 2(0.3535)s )( s, 2(0.0461)s 1)
(2.8324)* *  (2.8324) (0.0920)* *  (0.0920)

(8.92)

The magnitude cross—over frequency is seen to be about 5 rad/sec. Therefore, a pilot will
have excellent control over the pitch attitude angle with the elevator.

The implications of the phase angle behavior of the Bode plot in Figure 8.36 will be discussed
in Chapter 9.

Now consider the data in Table 8.2. These data were obtained by reading the magnitudes
of the speed, angle—of-attack and pitch-attitude Bode plots of Figures 8.34 through 8.36 in decibels
at the phugoid and short period break frequencies.

It is seen that, at the phugoid frequency, the angle of attack response is negligible compared
to that of speed and pitch attitude angle. Atthe short period frequency, the speed response is negligi-
ble compared to that of angle of attack and pitch attitude angle. These findings agree with those of
the corresponding phasor diagrams of Figure 5.14.
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e 8.2 Magnitudes of Elev F ¢y Responses at Break Frequencies

Mode Break Frequency Magnitude in db of:
(rad/sec) (u/U)) o 0
Elevator Response
Phugoid 0.092 37 14 54
Short Period 2.83 -29 11 11
Magnitude in 1/20 invlog1g of:
(l.l / U 1) a 0
Elevator Response
Phugoid 0.092 70.8 50 501
Short Period 2.83 0.04 3.5 3.5
8.4. R SIDESLIP A E, BANK LE D A E

RESPONSE TO ATLERON AND RUDDER INPUTS

_ All frequency response plots in this Sub—section were obtained with the AAA program de-
scribed in Appendix A, Part 1. The following frequency responses will be presented and discussed:

1. Bode Plot for Sideslip Angle to Aileron Frequency Response
2. Bode Plot for Bank Angle to Aileron Frequency Response
3. Bode Plot for Heading Angle to Aileron Frequency Response

4. Bode Plot for Sideslip Angle to Rudder Frequency Response
5. Bode Plot for Bank Angle to Rudder Frequency Response
6. Bode Plot for Heading Angle to Rudder Frequency Response

All these responses pertain to a business jet in a maximum weight, cruise flight condition.
For acrodynamic and other input data as well as for the airplane transfer functions the reader is re-
ferred to Table 5.10 in Chapter 5.

Figure 8.37 shows the amplitude ratio and phase angle plots for the sideslip angle to aileron
transfer function. Eqn (8.93) shows that transfer function in its standard format:

Bs) _ 23'4{(0.01782)S * 1]{(1.3;62)5 * 1] (8.93)
Oa 2 . .
¥ ool * el + W+ e )

The response of the airplane sideslip angle to aileron inputs must be put into context with
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the response in the other lateral directional motion variables, ¢ and ¢ . A discussion of the re-

sponse of these angles to aileron inputs is given next.
2. for Bank Angle to Aileron F R

Figure 8.38 shows the amplitude ratio and phase angle plots for the bank angle to aileron
transfer function. Eqn (8.94) shows that transfer function in its standard format.

19 359( ¢, 20.0579)s +1)
Ps) _ ’ (1.6226)  (1.6226)

" {loobrol+ s+ N g 1)

The response of the airplane bank angle to aileron inputs must be put into context with the
response in the other lateral directional motion variables, B and 1. A discussion of the heading

(8.94)

angle response to aileron inputs is given next. A discussion of the sideslip angle response to aileron
input was given under item 1. One obvious feature of Eqn (8.94) is the approximate cancellation
of the numerator and denominator quadratics. Since the spiral root is seen to be close to the origin,
the bank angle response to aileron should therefore agree closely with that of the single degree of
freedom bank-angle—to—aileron transfer function. This approximation is overlaid in Figure 8.38
from Figure 8.33. The agreement is very good.

3. Bode Plot for Heading Angl ileron Frequency Response

Figure 8.39 shows the amplitude ratio and phase angle plots for the heading angle to aileron
transfer function. Eqn (8.95) shows that transfer function in its standard format.

1 52 2(0.5909)s )
Y(s) _ 580'4[(—1.2147)S+ 1}((1.4596)2+ (1.6226) +1

B:(s) s{(b—.-o-}-j-i-ﬁ)s + 1]{(@)8 * 1}((1.688282)2 * ZE?:E:SZ;S ' 1)

(8.95)

Note that the quadratics in the numerator and denominator again tend to cancel each other.
The response of the airplane heading angle to aileron inputs must be put into context with
the response in the other lateral directional motion variables, ¢ and f§. A discussion of the heading

angle response to aileron inputs is given next.

At the spiral mode break frequency of 0.001 rad/sec the magnitudes of B , ¢ and ¢ are

seen to be about 24 db, 80 db and 110 db respectively. Clearly, the magnitudes of the heading angle
and bank angle responses are much greater than that of the sideslip response. This supports the con-

clusion reached by the spiral mode phasor diagram in Figure 5.22 that sideslip is not an important
variable in the spiral mode.
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At the roll mode break frequency of 0.5 rad/sec the magnitudes of  , ¢ and  are -12,

+25 db and +5 db respectively. Therefore, in the vicinity of this frequency sideslip is not important,
bank angle clearly is while the heading angle shows only a small degree of participation. This again
is supported by the roll mode phasor diagram in Figure 5.22.

At the dutch roll mode break frequency of 1.7 rad/sec, the magnitudes of § , ¢ and ¢ are

2db, 12 db and 2 db respectively. This suggests that around the dutch roll frequency, the bank angle
is most important, with the sideslip and heading angle also being relatively important contributors.
“Again this agrees with the conclusion drawn from the dutch roll phasor diagram in Figure 5.22.

The numerator and one of the denominator quadratics in the bank angle and heading angle
to aileron transfer functions of Eqns (8.94) and (8.95) are seen to approximately cancel each other.
Note that this does not happen in the sideslip to aileron transfer function of Eqn (8.93).

Figure 8.40 shows the amplitude ratio and phase angle plots for the sideslip angle to rudder
transfer function. Eqn (8.96) shows that transfer function in its standard format.

Bs) _ 6'188{(—0.})114)S * 1}{(1018.2)s + 1][(0.41655)s + 1}
61‘ ' 2 .
© [(O.O}HO)S * 1}{(0.5})03)5 * 1}((1.65882)’ * 2((?23323 * 1)

The response of this airplane in sideslip to rudder inputs must be put into context with the
response in the other lateral directional motion variables, ¢ and 1 . A discussion of the response

(8.96)

to rudder inputs is given after item 6.

Figure 8.41 shows the amplitude ratio and phase angle plots for the bank angle to rudder
transfer function. Eqn (8.97) shows that transfer function in its standard format.

oo - 3,599[(_—3,_})‘4ﬁ)s i 1}[(2.71189)5 " 1] (8.97)
5 : ' |
© {(o.o{no)s ¥ 1}{(0.5503)5 * 1]((1.68882)2 * 2?1)-(6)2225 ' 1)

The response of this airplane in bank angle to rudder inputs must be put into context with
the response in the other lateral directional motion variables, f and 1 . A discussion of the re-

sponse to rudder inputs is given after item 6.
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Figure 8.42 shows the amplitude ratio and phase angle plots for the heading angle to rudder.
transfer function. Eqn (8.98) shows that transfer function in its standard format.

4 1 52 2(—~0.2675)s
YGs) _ 1‘5’9'04{(0.7307)“ 1]((0.4456)’+ (0.4456) * 1)

3(s) o{ (Gobms)s + 1} (osbe)e * 1] ((1.62:82)’ ¥ 2((?:232;?8 ' 1)

The résponse of this airplane in heading angle to rudder inputs must be put into context with
the response in the other lateral directional motion variables, ¢ and B . Adiscussion of the response

(8.98)

of sideslip angle, bank angle and heading angle to rudder inputs is given next.

At the spiral mode break frequency of 0.001 rad/sec, the magnitudes of B, ¢ and ¢ are

13 db, 69 db and 102 db respectively. This observation again supports the conclusion drawn from
the spiral phasor diagram of Figure 5.22 that sideslip is not important in the spiral mode but bank
angle and heading angle are. '

At the roll mode break frequency of 0.5 rad/sec, the magnitudes of B , ¢ and Y are —4db,

17 db and —7 db respectively. This again supports the conclusion drawn from the role mode phasor
diagram in Figure 5.22 that in the roll mode the sideslip and heading angle are negligible while the
bank angle is important.

At the dutch roll mode break frequency of 1.7 rad/sec, the magnitudes of B , ¢ and Y are

14.5 db, 8 db and 17 db respectively. One more time, this supports the conclusion drawn from the
dutch roll mode phasor diagram in Figure 5.22 that all variables are important in the dutch roll mode.

Now consider the data in Table 8.3. Observe, that in the vicinity of the dutch roll frequency,
the rudder is much more powerful than the aileron in exciting the sideslip angle. This is as expected.
Also note, that in the vicinity of the roll mode break frequency, the aileron is more powerful than
the rudder in exciting bank angle. That also is as it should be.

In the region of the dutch roll frequency, the rudder is much more powerful in exciting all
variables than the aileron. A yaw damper should therefore work really well in increasing the unde-
sirably low dutch roll damping ratio of 0.04. However, a pilot could damp the dutch roll himself
better by using the aileron: it stirs up the other variables in a minimal manner while still providing
good control over the bank angle.

Finally, in the vicinity of the spiral mode break frequency, aileron control is more powerful
than rudder control in controlling heading and bank angle.
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ble 8.3 itudes of Aileron udder uency Res a F i

Mode Break Frequency Magnitude in db of:
(rad/sec) p ¢ P
Aileron Response h
Spiral 0.001 24 80 110
Roll 0.5 B 25 5
Dutch Roll 1.7 ' 2 12 2
Rudder Response |
Spiral 0.001 | 1B | e 102
Roll _ 0.5 —4 17 -7
Dutch Roll 1.7 14.5 8 17

85 AN ERSE APPLICATION QF BODE PLOTS

It will be shown in Chapter 10 that in the analysis of closed loop flight control systems, situa-
tions arise where the transfer functions of mechanical, electro-mechanical, hydraulic and (or) elec-
tro—hydraulic systems are required. In many cases, such transfer functions can be difficult to obtain
from the corresponding equations of motion. The reason for this may be the occurrence of non—lin-
earities and friction. In many such cases it is convenient to run a frequency response test on the sys-
tem, plot the response as a Bode plot and from that, using the method of asymptotic approximations,
deduce the transfer functions. An example of such an application will now be presented.

Consider the aileron flight control system of a small business jet, including the autopilot
servo system which drives it: see Figure 8.43. Next, consider the analytical block diagram for the
servo system as shown in Figure 8.44.

Determining the equations of motion of the torquer (=eleciric motor) and the cables-+cap-
stan+aileron system together is very difficult indeed. From the block diagram of Figure 8.44 it is
seen that the following responses can be measured experimentally:

a) O, (aileron) output to € (motor amplifier) input

b) & (torquer rate} output to € (motor amplifier) input

Examples of the time domain records of these measured responses for the case of an input
frequency of 1 Herz (6.28 rad/sec) are shown in Figure 8.45. With records such as those shown in
Figure 8.45 taken over a wide range of input frequencies it is possible to prepare the experimental
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Bode magnitude plots of Figures 8.46 and 8.47. The next problem is to identify any potential first
or second order break frequencies using the 1-3-1 rule of page 649. With some experience and some
imagination this is not difficult to do. Figures 8.46 and 8.47 show the asymptotic approximations
which 'fit’ the experimental Bode magnitude data sketched in. From these asymptotic approxima-
tions it is immediately possible to determine the corresponding transfer functions:

% = 131(:27-)(3%) &)

and

Chapter 8 680



Theory and Applications of Bode Plots

201og; }(u)) Note : 20log;1.31 = 2.35
db 2357y N
0 910 o M
| o
| |19
| \l
- 20 I
I \\ : p *X
l \h $751
I \
— 40 |
|
_60 |
0.01 0.1 1 27 10 30 100 1000
Frequency,  rad/sec —=
Figure 8.46 Bode Plot for 8./¢ Response of Figures 8.43 and 8.44
2Wlog;o |- 5 (“’) Note : 20log;y4.22 = 12.5 py
db LI NI | A
/N /
/
. L
12.5 f— -t !/-'.-U' foit 5! '/
0 I il
| /1
|

0.01 0.1 11101 10 19 39 100 1000
Frequency, rad/sec‘ -

Figure 8.47 Bode Plot for 5_/e Response of Figures 8.43 and 8.4

Chapter 8 681




Theory and Applications of Bode Plots

% =422 ; i'?.lm)(s i919)(s ;939)2 : (6190

From these latter two equations it is now possible to derive the transfer function of the
cables+capstan+aileron system as:

63(3) — 325(8) s+2.7/\s4+30 810

3:(s) : 1.01 \(_19 \{s+39\{s+39 (8.101)
se:eFig.SA»ﬂlJ_dL22s S+101) s+19)( 39 )( 39 )

Equation (8.101) can be cleaned up to yield:

Bals) _ s + 1.01)( 2.7 ) s+ 19\ 30 ( 39 )2

55) 10'09( 101 N\s+27 ( ) )(s T 30) S+ 30 (8.102)

If desired, the reader can invert Eqn (8.101) to obtain the time domain response of aileron
versus torquer position.

The reader should wonder whether or not in—flight aerodynamic hingemoments have any
bearing on the aileron response. After all, the frequency response experiments, an example of which
is shown in Figure 8.45, were carried out with the airplane on the ground and inside a hangar. To
analyze whether or not the aerodynamic hingemoments are important, consider the time domain in-
verse of Eqn (8.99). First, Eqn (8.99) is rewritten as follows:

8a(s)(s? + 32.7s + 81) = 81K, &(s) | (8.103)
where: Ky =131

Inversion to the time domain now yields:
Ba(t) + 32.78,(t) + 818,(1) = 81K £(1) - = (8.104)

Because aerodynamic hingemoments are linearly proportional to aileron deflection, the ef-
fect of the aileron hingemoment on Egn (8.104) is to modify the aileron term only:

8a(t) + 32.784(1) + (81 — Hy )8a(t) = 81K () (8.105)
where: '
Hy, = C, TS&a (8.106)

The following values can be computed from the aileron hingemoment derivative, Cp, :
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For cruising flight: ICp,, | = 0.00158 /deg
For landing approach: ICy, | = 0.00130 /deg

For this business jet airplane, it is found that:

For cruising flight: IHG.m. I = 0.00158x248x11.88x1.25 = 5.82ftlbs/deg

2approach

For landing approach: [Hj | = 0.00130x52x11.88x1.25 = 1.00ftlbs/deg

It is concluded that the hingemoment effect modifies the constant 81 in Eqn (8.104) in a neg-
“ligible manner so that the transfer function of Eqn (8. 102) for the aileron system can be used at all
flight conditions. .

The inverse Bode application illustrated here has been used by the author on a number of

occasions to find the transfer functions of systems for which the equations of motion are difficult
to obtain.

MMARY FOR ER 8
In this chapter the reader is introduced to the frequency response method also known as the

Bode method. It is shown that the Bode magnitude and phase angles can be obtained from system
transfer functions by the expedient of substituting s = jw.

The method of asymptotic approximations is used to rapidly evaluate Bode magnitudes and
phase angles for first and second order systems. Applications to airplane response to control inputs
are discussed. Bode plots are shown to be a powerful way to judge flying qualities.

A powerful inverse method is presented which allows the rapid determination of transfer
functions of hardware systems for which the equations of motion may not be readily available.

i ' PTER 8
8.1 Substitute Eqns (8.25) through (8.27) into Eqn (8.24) and show that Egns (8.28) and (8.29)
are correct.
8.2 Show, that Eqn (8.41) is correct.
8.3 Show, that Eqn (8.45) is correct.

84  Show, that Eqns (8.46) and (8.47) are correct.
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8.5  Find an expression for that value of input frequency for which the phase angle of the lead-lag
system of Eqn (8.60) is a maximum. What is the frequency in that case?

8.6  For the system of Eqn (8.61), show that the peak magnitude and resonance frequency
expressions of Eqns (8.64) and (8.65) are correct.

8.7  The reader is asked to generalize the Bode plot trends for the case of:
Gis) = & (8.75)

when n>0 and when n<0 as well as for K>0 and K<0 in any combination.

8.8  Sketch the approximate Bode magnitude and phase plots into Figures 8.35 through 8.42.
Comment on the differences between the actual and approximate Bode plots.

8.9  Construct M(w) and ¢{(w) for a system with the following transfer function:

_ 25
GO = T 69 (8.76)

8.10 Construct M(w) and ¢(w) for a system with the following transfer function:

_2s+4) |
6O = o (8.77)

8.11  Construct the complete and approximate M(w) and ¢(w) for a system with the following

transfer function;

_ 900(s + 1) '
Gs) = s(s2 + 6s + 9)(s + 10) (8.78)

8.9 REFERENCES FOR CHAPTER 8

8.1  Etkin, B.; Dynamics of Atmospheric Flight; John Wiley & Sons, N.Y., 1972.

8.2.  Pipes, L.A.; Applied Mathematics for Engineers and Physicists; McGraw Hill Book
Company, N.Y.; 1958.
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It was shown in Chapter 5 that the dynamic stability behavior of airplanes can become unac-
ceptable when the magnitudes of undamped natural frequency, damping ratio and/or time constants
do not meet certain limits which are defined in the flying quality specifications. In addition, hand—
flying airplanes for long periods of time in turbulent atmospheric conditions is a tedious task at best
which can lead to crew fatigue. To alleviate these problems, stability augmentation systems-and au-
tomatic flight control systems have been introduced. The demgn of such systems requmes an mmght
into the theory of feedback control systems

In thls chapter, several aspects of classmal control theory essenhal to understandmg automat-
ic flight control systems are discussed. To give the reader an early insight into the potential of feed-

‘back control systems an introductory example is presented in Section 9.1. This example will clearly
1llustrate the potentlal of feedback control in modtfymg the inherent dyna.tmcs ofa system

The study of feedback control systems can be broken down down mto

* Analysis of feedback control systems

* Design (or synthesis) of feedback control systems -

Before proceeding with these topics, it is desirable to define a general relattonshtp between
input and output of eontrol systems. This is accomphshed in Section 9.2.

Typically, three objectives are associated with the analysis of feedback control systems:
1) to determine the tiegree and extent of overall system sta]:nhty

2) to determirte the transient response of the system to some known input

3) to determine the steady state performance of the sfstem to some known input

These objectives are met b)t the following three steps in the’anallysis process:

Step 1: Deterrtline the trans‘fer functions of all system components

~ Step 2: Construct a model which represents the flow of input, feedback and
output signals. Such a model is called a block diagram -

Step 3: Determine the overall system characteristics in terms of overall
system stability and response
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CORR LRI e e g

In claseieel centrol theofﬁ five methods are used in the enelysie of control systemsi'. .
Method 1: The root—-locus method - Method 4 The Nu:hols chart method
Method 2: The Bode—plot method | | Method 5: The time domam response method
Method 3: The Nyquist dlagram method | |

In thls chapter the root—locus method and the Bode——plot method are. used in concert with
each other to analyze and synthesize feedback control systems. Both methods are referred to as fre-
quency domain methods. Ultimately. a control system must function properly in the time domain.
Therefore, in several instances it will be necessary to verify that a system analyzed in.the frequency
domain will function properly in the time domain. That requires.inversion to.the time domain eor,
in real world cases in the presence of nonlinearities, friction and limiters, somée form of simulation.

Dlscussaon of simulation is beyond the scope.of thls text the reader is referred to Reference 9.1.

S The root—-locus method is dlscussed in Sectmn 9. 3 The Bode—plot method was dlscussed
in Chapter 8. Application of the Bode-plot method to analysis of feedback control systems is dis-
cussed in Section 9.4. The root-locus method and the Bode—plot method are both frequency domain
methods. In the real world, control systems operate in the time domain. Therefore, it is:essential
to connect the frequency domain with the time domain. Relat10nsh1ps between the time—domain
and the frequency domain are presented in Section 9.5, :

Typically, the following objectives are associated with the design of a control system:

D Feedback control systems in airplanes must conform to certain performance
specifications. These performance specifications serve as physical and/or
mathematical constraints on the system and its components. In various

-military and civilian regulations, the following performance characteristics
are usually specified: '

* Speed of reSponse | ~ * Relative stebility
» Syetem accuracy (éllowable error) |

The role of system performance speciﬁcafions is discussed in Section 9.6.

II) Feedback control systems must be robust and as simple as po'ssible.

A system is called robust if its closed loop performance characteristics do not

-vary greatly.with changes in its parameters. In this regard the reader is reminded

of the fact that all stability, control and inertial characteristics used in descnbmg

the airplane transfer functions are themselves the result of an engineering estimate
~ or ameasurement. In either case errors and/or uncertainties are involved,
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A system should be as simple as possible. Complex systems tend to be
unreliable and therefore costly to maintain and/or repair. Lack of reliability
can also cause airworthiness problems.

In Section 9.7 a number of feedback control system design applications are presented.
The theory of this chapter can be used to:

A. Study the controllability of a given airplane by a human pilot. This application is
discussed in Chapter 10.

B. Synthesize stability augmentation and automatic flight control systems. This
application is discussed in Chapter 11.

Classical control theory as presented in this chapter has a number of limitations. These li-
mitations will be pointed out as part of the discussion. Many of these limitations can be overcome
by using the so~called modern control theory. In that theory (also referred to as state—space theory)
extensive use of matrix methods is made. A frequently encountered problem with these matrix
methods is that it leads to loss of touch with physical reality.

The author believes that both theories should be mastered by those who intend to practice

control system design. References 9.2 through 9.7 should be consulted for further reading in the
‘area of classical control theory. References 9.8 and 9.9 are recommended for the study of modern

control theory.
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9.1 EXAMPLE OF THE POTENTIAL OF FEEDBACK TROL

The fundamental idea behind feedback control is to modify the stability characteristics of
a given system which has unsatisfactory inherent stability behavior. For example, if a given system
has insufficient damping (i.e. it responds with too much oscillatory behavior) a feedback loop is ar-
ranged to improve the damping. As a general rule, one or more of three basic types of feedback can
be vsed:

* Position feedback (also called stiffness feedback)
* Velocity feedback (also called rate feedback)
* Acceleration feedback

A simple illustration of the potential effects of these types of feedback will be presénted next.
Consider the spring—mass—-damper system of Figure 9.1. The reader will recognize this as identical

to the system of Figure 5.3.

steady state position of mass, m

The equation of motion for the system of Figure 9.1 can be written as follows:

mx + cx + kx = f(t) 9.1

Taking the Laplace transform for zero initial conditions yields:
ms2x(s) + csx(s) + kx(s) = f(s) (9.2)

From this it is possible to determine the open loop system transfer function as:

x(s)) _ 1
(f(S)) (ms2 +cs + k) (9.3)

The dynamic stability behavior of this system is determined completely by the roots of its
characteristic equation (also called the system equation™):

ms2+cs+k=0 (9.4)

The roots of this equation take the following form:
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_ —c+Jc? — 4mk
Zm

$1.2 (9.5)

Note that the system will be stable as long as ¢>0. System stability by itself does not mean
_ that the system has acceptable response behavior.

In Chapter 5, the frequency and damping characteristics of this system were shown to be:

on = X A A 9.6)

Assume that some or all of these characteristics are unsatisfactory. Assume also that making
inherent changes in m, ¢ and k is judged to be not feasible. The dynamic characteristics represented
by Eqns (9.5) and (9.6) can be altered by arranging for the three types of feedback of page 688. A
scheme for accomplishing that is shown in Figure 9.2.

- f(s) + + + x(s) x(s) X(s)

——r—@-@ h% s o» s e

k;

position feedback loop

k, |-
velocity feedback loop
ky [e-

acceleration feedback loop

Figure 9.2 Block Diagram of the System of Figure 9.1 with Three Feedback Loops

The equation of motion of the system of Figure 9.2 is obtained by modifying Eqgn (9.1) to:

mK + cx + kx = f(t) — k;x — kpx — ks ©.7)

Taking the Laplace transformation for zero initial conditions and rearranging yields:

[(m + kp)s? + (¢ + ky)s + (k + kp]x(s) = (s) (9.8)

The corresponding system transfer function can be written as:
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(X_(S)_) - L 9.9
f(s) (m + k3)s? + (¢ + ky)s + (k + k) ©. )_

The characteristic equation for this feedback system is:
(m+kys?+(c+k)s+(k+k)=0 (9.10)

The roots of this characteristic equation may be expressed as:

— (¢ +ky) = Jlc + ky)? — 4(m + ky)(k + k)

$12 = 2(m + k3) (9.11)

Eqn (9.10) is referred to as the *augmented system equation’. It is clear that the role of the
feedback gains, k; , k, and kj , is to alter the root locations in the s~plane from those represented

by Eqn (9.5) to those represented by Eqn (9.11). How this occurs is most readily demonstrated with
the help of the root-locus diagram of Figure 9.3. This root-locus dlagram applies to the system of
Figure 9.2 for the following open loop case:

m = 5 slugs ¢ = 50 Ibs/ft/sec k = 250 lbs/ft (9.12)
One of the corresponding open loop system poles is shown in Figure 9.3. The effect of vary-
ing the position, velocity and acceleration feedback gains, k; , k, and k4 , on an individual basis

are shown in Figure 9.3, It is seen that:

1) Position (or stiffness) feedback, k, , affects both the undamped natural frequency

and the damping ratio of the closed loop system. The root locus in this case is a
straight line which passes through the open loop system pole(s). Observe that the
real part of the closed loop system root remains constant as k, is varied, while the

constants k, and k, are kept at a value of zero.
2) Velocity (or rate) feedback, k, , affects the damping ratio of the closed loop system:

only. The rootlocus in this case is a circle around the origin of the s—plane. Observe
that the undamped natural frequency of the closed loop system remains constant
as k, is varied, while the constants k; and k; are kept at a value of zero.

3) With k; and k; kept at a value of zero, acceleration feedback, k, , affects both the

undamped natural frequency and the damping ratio of the closed loop system. The
root locus is a circle with origin at the point n=-5 rad/sec. Note that as k, is varied

toward infinity, the undamped natural frequency tends toward zero. The reason is
clear from the fact that in such a case: w, = /k/(m + k;)

4) By selecting any combination of values for k, , k, and k, it is possible to place

the poles of the closed loop system at an arbitrary desired location in the s—plane.
This thought is referred to as: pole assignment.
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9.2 BASIC RELATI HIPS AND DEFINITI ED IN FEEDBACK
CONTROL SYSTEMS

In the design and analysis of feedback control systems, block diagrams are used to convey
the general way a given feedback system operates. Figure 9.4 shows an example of such a block
diagram for a typical yaw damper installation in an airplane.

H,(s) jtb——— Gyls) |

r — —— - —— —=
ref | I
input 4 lerror Wws) SNy I ()
R(S) KG(s) 1 Gus) P G(s) o 3 = 5 o—
| o(8) 2 yaw
-1 , rate
| forward amplifier rudder airplane yaw output
| path actuator rate to rudder
: compensator transfer
| with gain function
| I
e e e e e e e e s s e e ey gt R o Y S S —— R |
| G(S)I H(s)y
r—— ———————— e — |
I feedback path |
: compensator yaw rate gyro
! |
i
I
1

When an airplane flies through turbulence, it is subjected to motion perturbations relative
to steady state flight. One of these perturbations is the yaw rate. If the airplane open loop yaw-rate—
to—rudder transfer function has a poorly damped dutch roll root, the ensuing yaw rate perturbations
of the airplane can be very annoying to crew and passengers. The function of the yaw damper is
to oppose and eliminate any yaw rate perturbations which arise because of flight through turbulence.
It was shown in Chapter 5 (pages 397-398) that a yaw damper can be thought of as a device which
artificially enhances the negative magnitude of the open loop yaw damping derivative, C,,_, thereby

increasing the dutch roll damping ratio. Figure 9.4 shows what is needed from a systems viewpoint
to accomplish this. Assume that the rudder is deflected a small amount. The airplane open loop
yaw-rate—to—rudder transfer function, {(s)/8(s), is used to predict the ensuing yaw rate. This yaw

rate is sensed by a yaw rate gyro which in Figure 9.4 is located in the so—called feedback loop of
the yaw damper installation. The output signal of the yaw rate gyro is sent to a device known as the
feedback path compensator. The output of this compensator is sent to a comparator which serves
to subtract the feedback path signal from the overall system input signal. In steady state level flight,
this overall system input signal would normally be zero: this commands a zero yaw rate. The output
of the comparator (also known as the system error signal) is sent to a device known as the forward
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path compensator. This compensator normally contains a multiplying constant known as the system
feedback gain. The output of the compensator is sent to an amplifier. The function of the amplifier
is to boost the signal level up to a power level which is compatible with the input power requirements
of the rudder actuator. The output of the amplifier commands the actuator to deflect the rudder a

certain amount.

It is clear that the yaw damper loop of Figure 9.4 serves to drive the error signal to zero.
When that state of affairs has been reached, the airplane yaw rate will be zero and the yaw damper
has done its job.

To analyze the system stability and response it is necessary to find the overall system transfer
function. This is done with the help of block diagram algebra after simplifying the block diagram
of Figure 9.4. That simplification is accomplished by first replacing the product of all transfer func-
tions in the forward path by G(s). Second, the same is done in the feedback loop, which yields H(s).
The block diagram of Figure 9.4 is now replaced by the generic block diagram of Figure 9.5. The
following definitions are used:

l U(s) External Disturbance Input

R(s) + &(s) C(s)
G(s) ® -
Input _ % Output

Forward Path

Feedback Path

H(s) -

Figure 9.5 Generic Block Diagram for Closed L.oop System Analysis -

Definitions:

R(s) is the Laplace transform of the system input. This input is also called the system
reference input.

G(s) 1s the forward path transfer function.
C(s) is the Laplace transform of the output of the system.
H(s} is the feedback path transfer function.
€(s) is the Laplace transform of the error signal: £(s) = R(s) + H(s)C(s).

The +/- depends on whether the system has positive or negative feedback.
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As shown in Figure 9.5 the feedback is negative, meaning that the feedback path
signal is subtracted from the reference input signal.

U(s) is the Laplace transform of the external disturbande input to the system.,

From these definitions the followmg equations can be written for thc error signal, a(s) and
for the output signal, C(s):

£(s) = R(s) — H(s)C(s) (9.13)
C(s) = [e(s) + U(s)|G(s) | , - (9.14)
Substitution of Eqn (9.13) into Eqn (9.14) yields:

C(s) = {R(s) — H(s)C(s) + U(s)|Gs) | | (9.15)
Solving for the system output, C(s):

[R(s) + U(s))G(s)

) = T+ eeHE) ©.16)
Note that for zero disturbance input:
Cls) _ G(s) 9.17)

R(s) [l + G(s)H(s)]
This is called the output—to-reference~input closed loop transfer function of the system.

Note also that for zero reference input:

Cls) _ G(s)
Us) [T+ G()H()]

(9.18)

This is called the output—to—disturbance—input closed loop transfer function of the system.

Apparently these two closed loop transfer functions are identical! Several additional defini-
tions are now introduced.

Definitions:

1) The right hand side of Eqns (9.17) and (9.18) is defined as the
closed loop system transfer function, W(s):

G(s)
{1 + G(s)H(s))
Note again that this transfer function applies to both reference inputs and disturbance
inputs to the system.
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2) The product of all transfer function around the loop, G(s)H(s), is called the
open loop system transfer function.

3) When H(s) = 1 (output is fed back directly to the comparator) the system is
referred to as a unity negative feedback system.

It should be clear to the reader that the dynamic stability and response behavior of the closed
- loop system depends entirely on the characteristics of the closed loop transfer function, W(s). Fur-
- thermore, the dynamic stability characteristics of the closed loop system depend entirely on the roots
- of its characteristic equation:

{1 + G(s)H(s)] = O (9.20)
Usually, the forward path transfer function is written as KG(s), instead of merely G(s). The

constant K is called the system feedback gain. Thus, the closed loop system transfer function is:
KG(s)

W(s) = 21
®) = T+ KGEHE)] ©2D

while the system characteristic equation becomes:

[1 + KG(S)H(S)] =0 (9.22)

- The behavior of the roots of this characteristic equation as a function of K is crucial to the
understanding of feedback systems. The stability behavior of feedback systems, as a function of
varying gain K, will be discussed with the help of two methods:

9.3 The root-locus method
9.4 The Bode method

Before starting the discussion of these methods, it is desirable to apply the derivation of the
closed loop system transfer function to the yaw—damper system of Figure 9.4. The closed loop trans-
fer function of that yaw—damper system is:

KG,(8)Ga(6)G(s) & 2 W)
W(s) = 54s) 9.23)
1 + KG;(5)Ga(s)Grls) g’ﬁngx(S)Gm(s)

The airplane open loop yaw-rate~to-rudder transfer function, 1(s)/8(s) = sNy/ D, , is

obtained from Eqn (5.104) in Part I of this text. It was shown in Chapter 5 that the denominator of
 this transfer function contains a poorly damped dutch roll quadratic. The idea behind the yaw damp-
eristoselect K, G,(s) and H,(s) insuchaway thatthe closed loop poles yield a closed loop damp-

ing ratio which is larger than the open loop system damping ratio. How this can be done will become
clear after studying the material in Sections 9.3 and 9.4 and applying it to the yaw damper. That
application is discussed in Chapter 11.
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9.3 THE ROOT LOCUS METHOD

In this section four aspects of the root locus method will be discussed:

9.3.1 Root locus fundamentals

9.3.2 Root locus asymptotes

9.3.3 Breakaway angle from a complex pole

9.3.4 Step-by-step construction of a root locus diagram

931 ROOTL FUNDAMENTAL

Consider again the closed loop system transfer function W(s) of Equation (9.21):

_C(s) _ KG(s)
W6 = Res) = [T + KG(s)H(s)] 0.24)

This transfer function has as characteristic equation:
{1 + KG(s)H(s)] = 0 (9.25)
The open loop system transfer function, KG(s)H(s), will in general consist of numerator and

denominator polynomials in the Laplace variable s. As a general rule, it will be possible to express
KG(s)H(s) as follows:

i=m
KII(s+7Z)
KG()H(s) = ——— (9.26)
II(s+ Py
i=1
The roots of the numerator characteristic equation are — Z; . The Z;'s are referred to as the
open loop zeros of the system. The roots of the denominator characteristic equation are — P; .

The Pj's are called the open loop poles of the system.

Another way of writing the characteristic equation (9.25) is:

_ N;(S)Ny(s)| _

(1 + KG(s)H(s)) [1 +Kpl (S)-——Dz(s)} 0 (9.27a)

where: G(s) = N(s)/D;(s) (9.27b)
H(s) = Nz(s)/D2(s) (9.27¢c)

Clearly, the zeros Z; of Eqn (9.26) are all the zeros of N;(s) and Ny(s) combined. Simi-
larly, the poles P; of Eqn (9.26) are all the poles of D,(s) and D,(s) combined.
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Now consider Eqn (9.25) rewritten with Eqns (9.27b) and (9.27¢):

D,(s)Dy(s) + KN, (s)Ny(s) = 0 (9.28)

Consider what happens under the following two scenarios:

Scenario1: K=0

Under this scenario, the roots of the characteristic equation degenerate to the open loop sys-
tem poles which are given by:

D/(s)Dy(s) =0 (9.29)
The roots of this equation are exactly the open loop system poles!
Scenario 2: K = e

Under this scenario, the roots of the characteristic equation degenerate to the open loop sys-
tem zero’s which are given by:

KN;(s)N,(s) =0 (9.30)

The roots of this equation are exactly the open loop system zeros!

The following very important conclusion can now be drawn:

CONCLUSION: If, in a closed loop system, the gain, K, is varied from 0 to « , the
closed loop system poles will migrate from the open loop system
poles toward the open loop system zero’s.

The paths in the s—plane, taken by the closed loop system poles are called the closed loop

system root loci. In the following, rules will be developed from which it is possible to visualize the

paths taken by the closed loop system poles as K is varied from 0 to o .

For practical systems n>m or n=m. If n>m it will be shown that n—m of the system open loop
zeros are located at infinity.

Consider the generic system block diagram of Figure 9.6.

The closed loop system transfer of this system is given by:

_ C(s) _ KG(s)
Ve = re = [T + KG(s)H(s)] (9.31)
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R(s) + £(s) C(s)
—_— KG(s) L g
Input - Output
Forward Path
Feedback Path
H(s) | e

The characteristic equation for this system (which totally determines its dynamic stability
behavior) can be written as:

1 + KG(s)H(s) = 0 (9.32)
The roots of this characteristic equation are the closed loop poles of W(s).

Eqn (9.32) can be rewritten as:
KG(s)H(s) = — 1 (9.33)

Because s is a complex number, the expression KG(s)H(s) also represents a complex number.
Such a complex number can be written as:

KG(s)H(s) = IKG()H(S)l @ % [KG(s)H(s)) (9.34)

Eqn (9.33) states that the complex number KG(s)H(s) must equal the real number —1. Using
Eqn (9.34) it is seen that the only way this can be satisfied is, if the following two conditions are
simultaneously satisfied:

| KG(s)H(s) | = 1 (9.35)

and:

X {KG(s)H(s)] = + 180°, x 540°, etc. (9.36)

where, in the latter, it is assumed, that K is a positive constant which contributes zero phase angle.
Note well: * Equation (9.35) is known as the magnitude requirement.
* Equation (9.36) is known as the angle requirement.

As indicated before, for a point in the s—plane to be on the root locus it must SATISFY
BOTH REQUIREMENTS SIMULTANEQUSLY.
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Applying the notation of Eqn (9.26) it is possible to write Eqn (9.35) as follows:
Kis + Z)I(s + Zyl......l(s + Z)l _

KGOHE) = T B03its + Py)lod(s + Pl (9-37)

Similarly, it is possible to write Eqn (9.36) as:

XIKGEHG)) = 4K+ X+ Z)) + X(s + Zy) + ... A+ Zm) + (9.38)
— A(8+P)— A(s+Py) —...... X(s + Py =

=+ 180°, + 5400, etc.

The angle expressions in Eqn (9.38) can be visualized with the help of Figure 9.7 for a pole
on the real axis. The reader is asked to redraw Figure 9.7 for the case of a complex pole.

a) s is complex A jw _ b) s is real A jw

A(B) = 45=0

4G+ Py

|

These properties can be used to determine the paths taken by the poles of the closed loop
system W(s) as they migrate from the open loop poles of W(s) toward the open loop zero’s of W(s)
while K varies from 0 to o, How this is done is now demonstrated with a numerical example.

Consider the system of Figure 9.6 with:

K(s + 8)

KGEHE) = s 3G + 6)(s + 12)

(9.39)

To determine where the root-loci of the system are, assume that the s—plane has been divided
into two regions:

* region 1: the real axis * region 2: the entire s-plane except the real axis

Each region is considered separately.
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* Region 1: the real axis

The angle requirement of Eqn (9.36) will be used to determine which parts of the real axis
qualify as part of the root loci and which parts don’t.

To find the solution to this problem, assume that a point s is located at point A in Figure 9.8.
Figure 9.8 shows the pole and zero vectors drawn to point A. Itis clear that all vectors have an angle
equal to O degrees with the real axis. Therefore, the angle requirement as expressed by Eqn (9.36)
cannot possibly be met. Thus, point A cannot be part of a root locus of this system. But this implies
that no point on the real axis which lies to the right of the pole at the origin can be on the root locus.
Therefore, as K becomes positive, the pole at the origin must move to the left!

Next, consider the point B in Figure 9.8. As seen from Figure 9.9, the pole and zero vectors
drawn to point B all have an angle equal to 0 degrees, except the one drawn from the pole at the ori-
gin. That pole vector makes an angle of +/- 180 degrees with the real axis. Therefore, point B does
satisfy the angle requirement. However, that means that any point located between s=0 and s=-3
meets the angle requirement. Therefore, as K becomes positive, the pole at the origin (s=0) moves
to the left, while the pole at s=—3 moves to the right. '

-
-
-
rree——
’_xl.l Ie;,l*l'lxl.lxl'l
F -12 E 8 D -6 C 3 B 0 An™
P
Fi ing fo ints Alon is whic i n (9.36
jo
’
-
.xl'l Ie_.l*l.l*l.l I.I
F -12 E 8 D -6 C -3 B 0 Aor™
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The reader is asked to show in a similar manner that the following is true:

* Point(s) C cannot be on the root locus of this system.
* Point(s) D are on the root locus of this system.
* Point(s) E cannot be on the root locus of this system.
* Point(s) F are on the root locus of this system.

The picture which emerges for the root loci in region 1 is shown in Figure 9.10. Note that
the system pole at s=—12 moves toward —co. The pole at s=—6 moves toward the zero at s=—8. The
poles at s=0 and s=—3 move toward each other. At some value of K they meet (two equal real roots)
and, as K increases further, these poles form an oscillatory (complex) pair of roots. These complex
roots then move into region 2.

jo

* Region 2: the entire s—plane except the real axis

To determine where in region 2 the root loci of the system of Eqn (9.39) might be, consider
any point s as shown in Figure 9.11.

A jo s

Note: All vectors drawn from the open loop system
poles and zeros to point s have the same angle
with respect to the real axis when s is far away
in the s—plane.

Figure 9.11 Region 2 Root Loci for the System of Eqn (9.39)
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As long as the point s is far away into the s—plane, all pole and zero vectors drawn to point
s have the same angle with respect to the real axis. Call that angle: ©. The angle requirement in
this case demands that: ‘

©(number of zeros) — G(number of poles) = + 180°, + 540°, etc. (9.40)

For the current example it is found that:

@ = L1809 _ 4 g0 (9.41)

@ = £5400 _ 4 (gq0 9.42)

and:
@ = £9000_ , 3000 = 3 o0 A (9.43)

The latter result is a repetition of Eqn (9.41). Apparently, there are (far-away) directions
in the s—plane at +/~ 60 deg and +/~ 180 degrees where there are root loci. These far-away root-loci
are referred to as the root locus asymptotes.

Apparently the real axis itself is such an asymptote. Because of what happened to point F
in Figure 9.8 this was already known! The asymptotes at +/—60 degrees are shown in the complete
system root locus diagram in Figure 9.12. How to construct the intercept of the asymptotes with
the real axis will be discussed in Section 9.3.2.

la:” 500 // AK‘-‘ '
€.00 /
4.00 d K: 3'6-2
' / / /
2.00 l' {
' VAN /
0.08 " L -
' .
.00 | \ j £
| A \ [ [/
4.00 \\ \¥ﬂ
&.00 \
N
4.00 I \
X \
-10.00 ! 1
-15.00 -10.0¢ -5'“-43 0.00 . m'ls.oo
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To determine where, for a given value of K|, specific points are on the root locus it is necessary
to solve the magnitude requirement of Eqn (9.35). Observe from Figure 9.12 that the system be-
comes unstable for K>316.2. The latter is most readily determined with the help of a Bode plot as
shown in Section 9.4: see Figure 9.19.

932 ROOTLOCUS ASYMPTOTES

Consider a system with the following open loop transfer function:
K(sm + a;sm=1 + ..., + ap)
(s" + bys®~! + ... + by)

KG(s)H(s) = (9.44)

Note that this is merely a different way of writing Eqn (9.26). ’

The system has n poles and m zeros. These poles and zeros are also called the finite poles
and zeros. As s—<e it is seen that KG(s)H(s) behaves as K/s"~™. Therefore, as K increases from

b to oo the closed loop system poles migrate from the finite open loop system poles to the open loop
system zeros, m of which are finite and n—m of which are located at infinity in the direction of the
root locus asymptotes.

The objective of the foﬂowing derivation is to show how these asymptotes can be located.

First, recall from algebra the following properties:

a,=Z, +Zy+ . + Zn | (9.45)
am = (Z)Zp)ewr(Zi) (9.46)
by =P, + Py + ...+ P, | 9.47)
by = (P )(P,).....(Pn) (9.48)

Second, divide the numerator and the denominator of Eqn (9.44) by its numerator. This
yields: : :

KG(s)H(s) = K RS (9.49)
n—m — n—m-1
s + (0 —aps to + (s"+as™+..... +a,)=P(s)
All points on the root loci of the systemn must satisfy the system characteristic equation.
Therefore, these points must meet the requirement of Eqn (9.33). This results in:

ST 4 (by — a)st Ml 4L+ %% =-K (9.50)

On the asymptotes the corresponding values of s are very large. For very large s the remain-
der, R(s)/P(s) — 0. Furthermore, for large values of s, only the first two terms in the s—polynomial
of Eqn (9.50) are important. Therefore, Eqn (9.50) on the asymptotes, reduces to:
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gh—m 4 (bl - al)sn'—m—l = S(l'l"'m){l -+ SPI';_al_).} = - K (951)

Raising both sides to the 1/(n—m) power yields:

1/(n—m)
5[1 + (_bl_sil).] = (— K)l/n-m) (9.52)

Expanding the L.h.s. term in a power series results in;

(by —a;) — (— w\1/(a—m)
S{l + m + ... = ( K) (9.53)
Neglecting higher order terms in this expansion it is found that:
(by~ap| 1/(h—m)

Because s is a complex number it can be written as:

$s=0+jw (9.55)
It is to be noted that the r.h.s. of Eqn (9.54) represents a complex number with a magnitude

of: K1/®=™ making an angle of ﬁ?::—j%’-‘- with the real axis.

Substitution of Eqn (9.55) into Eqn (9.54) and using De Moivre’s Theorem yields:

: b, — - L
o jo s Q8= e [l Gt o

Equation (9.56) is satisfied if and only if the real parts on the Lh.s. equal the real parts on
the r.h.s. AND if the imaginary parts on the Lh.s. equal the imaginary parts on the r.h.s. Therefore,
Eqn (9.56) splits into two equations:

o+ _“_“(211 — ;‘)) = | K!/a-m I[cos{—-—-(%: * IL))"” ©9.57)
and
© = Ki/a=m .[sm[%.j_;%;v]] ©9.58)

Dividing Eqn (9.57) into Eqn (9.58) results in:
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@ [kt DA
o+ ((b; —al)) ta“[ (n — m) ] (9.59)
n-—m

The latter equation can be rewritten as follows:

_ (by — a;) 2k + Dx

Clearly, Eqn (9.60) represents the far—away root—loci or asymptotes of the system. The read-
er will recognize that Eqn (9.60) represents a straight line in the s-plane with its intercept point

at: 0 = Zb — ) and aslopeequal to arctan @k + L . The following conclusions can now
(n —m) (n — m)
be drawn:

Conclusion 1: The root locus asymptotes intersect the real axis at a point defined by:

g = :T(ﬁp“l-":nT?'L) (9.61)

Conclusion 2: The root locus asymptotes make angles with the real axis given by:

2k + 1)

( — ] where k is a positive integer.
n —

arctan{

Remember from Eqn (9.45) and (9.47) that the constant a4 represents the sum of the open
loop system zeros, while the constant b4 represents the sum of the open loop system poles. The point
sas given by Eqn (9.61) is referred to as the center of gravity of the root locus diagram. The reason
for this nomenclature is the following. If positive unit masses were assigned to each pole and nega-
tive unit masses were assigned to each zero, the combined center of gravity of these masses would
be at point s as computed from Eqn (9.61).

Figure 9.13 illustrates the implication of Conclusions 1 and 2 in the s—plane.

A
Asymptote
_— -2y '
(0 — m) l arctan {(2k + 1):;}
(n — m)
o
e
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A useful property of the root locus method is the so—called break—away angle property. Con-
sider a root locus branch which emanates from a complex pole, P3 , as shown in Figure 9.14.

n

Let point s in Figljre 9.14 be a point on the root locus. In that case, s must satisfy the angle
requirement of Eqn (9.36). This angle requirement demands that:

¢, -8, —6,—-6; -6, ==+ 180° | (9.62)

If point s is very close to P2 , the angle 62 in fact represents the breakaway angle of the root
locus from the pole P2 . The other angles in Eqn (9.62) are the pole and zero vector angles to the
point s= P> . These can be read directly of Figure 9.15. The breakaway angle for the pole at P2
is therefore given by:

82 = Bpreacaway = 1 — 6; — 65 — 0, F 180° (9.63)

jw
P, Ai

b, 8

n
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At this point it is useful to summarize the "rules” for root locus construction as developed
so far. This is done in Sub—section 9.3.4 in the form of a step--by-step procedure for construction
of a root locus diagram. -

—BY. P R 1 F A L

A step-by-step procedure for root locus construction for a system which can be represented
by the generic block diagram of Figure 9.6 is given next.

'Step 1)
Step 2)

Step 3)

Step 4)

Step 5)

Step 6)

Step 7)

Chapter 9

Determine the open loop transfer function of the system: KG(s)H(s).
Plot the open loop poles and zeros of KG(s)H(s) in the s—plane.

Locate the asymptotes of the root loci by computing their point of intersection
with the real axis from: _
_ —[2{Poles of KG(s)H(s)) — Z{Zeros of KG(s)H(s)]]

o (9.64)

g

where: n is the number of (finite) poles of KG(s)H(s)

m is the number of (finite) zeros of KG(s)H(s), where n>m is assumed.

The angles wh.ich.these ;asymptotes make with the real axis are:

O = ‘(%1833 : (:g 343_3 . etcetera _ (9.65)

The asymptotes can now be drawn in.

Root locus branches of W(s) start at the poles of KG(s)H(s) when K=0. They
terminate at the zeros of KG(s)H(s) when K= . Note that n—m of these zeros are
located along the asymptotes at infinity.

Root locus branches on the real axis lie to the left of an odd number of poles and zeros,
starting with the pole or zero farthest to the right.

A branch of the root loci between two poles on the real axis will, at some value of
K, break away from the real axis and form two complex, conjugate branches. These
complex branches terminate at one each of the zeros of KG(s)H(s). Again, n~m of
these zeros are located at infinity. .
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Step 8)

Step 9)
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For any given value of K, the location of one or more poles of the closed loop system,
W(s) may be found from the magnitude requirement of Eqn (9.37):

(s + P)(s + Py......(s + Pp)

K S FZ)6 T2y G+ 2o

(9.66)

The angle at which a root locus branch leaves a complex pole may be computed from
the angle requirement as shown in Eqn (9.63).

The AAA program of Appendix A, Part I can be used to calculate and plot root-loci for sys-

tems for which the s—polynomial order satisfies the condition: (m+n)<50.

Step 1)

Step 2)

Step 3)

An application of this procedure will now be discussed.

Consider a system with the block diagram of Figure 9.6 such that:

= K
Gs) s(s? + 4s + 25) (567
and

_(s+4)

The root loci for this system will be determined by following the 9 steps enumerated before.

The 6pen loop transfer function of the system is:

4)

G =K L s 9.69
(SH() [3(52 T as + 25)] GT+2) (9.69)
The open loop (finite) poles and zeros of this system are found at:
Polesat: s =0 .s= -2 s=—2 %+ j4.58 (9.70)
Zero at: s = — 4 (9.71)

Figure 9.16 shows a pole—zero plot (not to scale) of this system.
The intersection point of the asymptotes with the real axis is found from Eqn (9.64)
as follows:

o= M+ +(2+j458)+(2-j458)— ()] _»
4-1 3
This intercept point is indicated in Figure 9.16 by the heavy dot.

= —-0.67 (9.72)
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-12

Asymptote 1

Asymptote intercept point
Figure 9.16 Pole-Zero Plot for the System of Eqn (9.69)

1339 or — 47°

Asymptote 3

Step 4)

Steps 5) = 7)

Step 8)

Step 9)

Chapter 9

The asymptotes make the following angles with the real axis:

@ = £180% _ 4 o0 . £ 5400 _ 4 1500 9.73
3) 3) (9.73)
The 60 degree asymptotes are shown in Figure 9.16. Clearly the negative real axis
is also an asymptote.

The root loci are shown in heavy lines in Figure 9.16. The system becomes unstable
for K>66. How this result is obtained will be explained in Section 9.4.

Figure 9.17 shows the location of the closed loop system poles for K=66. The AAA

program of Appendix A was used to determine the location of these poles. In Section
9.4 it will be shown that the Bode method can be used to achieve the same result.

The breakaway angle of the complex root locus branch which emanates from the pole
labeled P in Figure 9.16 is determined with Eqn (9.63):
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Bp = Bprearaway = 66.5% — 90° — 90% — 113.5% — 1800 = — 470 (9.74)

The angles are ill.ustratcd in Figure 9.16.

The AAA program of Appendlx A was used to draw the root locus diagram of the system
to the proper scale in Figure 9. 17

10.00 /
GATN LIMITS/: 0.00 < K < 1000.00 0 ZEROS
' ' X POLES
; 8.00 / o DEstoN camn M€= 66
[rad/s] .00 . - /j,/ . . .
) /“ ASYMPTOTES
4.00 : r P 7 _ /
2.00 /pata- = 7 L
~
0.00 ( — / e
n. ] / :
-1.00 \H__ <1 N\ .
1. !
-4.00 e
X r"\
¥
-6.00 | AN
| A
-8.00 : : \‘
\ N,
-10.00 . '+ \
-10.00 -3.00 -6.00 -4.00 -2.00 0.00 2.00 4.00 6.00 B.00 10.00
-0.67 - C ok o[s)
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94 APPLICATION OF THE BODE PLOT METHOD TO CONTROL
. Y ALYSIS |

It was shown in Section 9.3 that a control system can become unstable at some value of the
feedback gain, K. The purpose of this section is to show that the value of K beyond which instability
occurs can be easily determined from a Bode plot. It will also be shown that certain systems cannot
become unstable at any gain. The condition for which this is true will be determined. -

Consider the generic, unscaled Bode plot of Figure 9.18.

M(w) ~ db $(w) ~ deg.

A A

o M(w) magnitude cross-over frequency
v -

A _gain margin log;

P(w)

phase margin

___________ -*—————— ——————x—————1 -180

phase angle cross-over frequency T

Figure 9.1 neric, Unscaled Bode Plot

The following four definitions are important to remember:

Definition 1: The frequency at which the Bode magnitude plot M{w) crosses the 0 db line
~ is referred to as the magnitude cross—-over frequency.

Definition 2: The frequency at which the Bode phase angle plot ¢(w) crosses the -180 db
line is referred to as the phase angle cross~over frequency.

Definition 3: At the magnitude cross-over frequency, the phase angle obtained by taking
{¢$(w) + 1800} is referred to as the phase margin. As drawn in Figure 9.18
the phase margin is positive.
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Definition 4: At the phase angle cross—over frequency, the magnitude obtained by taking
{0—M(w)} is referred to as the gain margin. As drawn in Figure 9.18 the
gain margin is positive,

Assuming that M(w) in Figure 9.18 was drawn in for K=1.0, the system will become unstable

gain margin

when: K > invlogm( 20

) . That this is the case can be explained as follows:

1) when K becomes larger than 1.0, the phase plot, ¢(w), in Figure 9.18 will not be affected.

2) when K becomes larger than 1.0, the magnitude plot, M(w), shifts up (vertically) over a
distance 20logp K.

3) when K = invlog, gﬁg—%g both the phase margin and the gain margin are
simultaneously equal to zero. For any value of K larger than this, the system will

become unstable,

It should be clear from this discussion that when the phase plot of a system does not cross
—180 degrees, the system cannot become unstable at any gain. Therefore, systems for which (n—m)
is 1 or 2 cannot become unstable. But systems for which (n—m)>2 do become unstable beyond some
value of gain, K. ' -

Two examples will now be presented.

Example 1: Consider a system with the open loop transfer function given by Eqn (9.39).
In the standard format this transfer function takes on the form:

rono = (B2t Nn)

The root locus plot for this system was shown in Figure 9.12. Its corresponding Bode plot
is shown in Figure 9.19. Note that at the phase cross—over frequency the gain margin is 50 db. The

corresponding value of K is found from: K = inVlng(g—g) = 316.2 ,

It is of interest to see what the answer would have been if the asymptotic Bode approxima-
tions would have been used in the prediction of the stable operating range of K for this system. To
that end, consider the approximate Bode plot given in Figure 9.19.
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It is seen that the predicted ga.iﬁ margin is now 47 db. Asa result, the system would be pre-

dicted to become unstable for values of K found from: K = mvloglo(gg) = 223.9. This would

seem to be a significant error until it is realized that:

A) The break frequencies in real world systems are not known very accurately to begin with.
In the case of the airplane, all break frequencies are the result of estlmatmg stability derivatives and
inertias, all of which are not accurately known.

B) Systems must operate at a reasonable gain and phase margin. Typical gain margins used
in systems design are: 10 db and 45 degrees respectively.

The system under consideration has plenty of gain and phase margin either way.

Example 2: Consider a system with the open loop transfer function given by Eqn (9.69).
In the standard format this transfer function takes on the form:

GHGs) = K(%)(%)(ﬁ)(s : 4)(52 + i: + 25) (576)
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The root locus plot for this system was shown in Figure 9.17. Its corresponding Bode plot
is shown in Figure 9.20. Note that at the phase cross—over frequency the gain margin is 36.4 db.

The corresponding value of K is found from: K = invloglo(%‘ﬁ) = 66,

Again, itis of interest to see what the answer would have been if the asymptotic Bode approx-
imations would have been used in the prediction of the stable operating range of K for this system.
To that end, consider the approximate Bode plot also given in Figure 9.20. It is seen, that the pre-
dicted gain margin is now 42 db. As a result, the system would be predicted to become unstable for

values of K found from: K = invlogm(%) = 125.8, This error is larger than the one in the pre-

vious example. This is caused by the fact, that the quadratic in Eqn (9.76) has a damping ratio of
0.4. This results in a magnitude error of about 2 db. Add to this the error of about 2—3 db because
of the first order break at 4 rad/sec and, as a result, the gain margin would be reduced to approximate-
ly 38 db which, for K yields: 79.4. That is a lot closer to the actual K=66.1.

1 -90.0

Miw) 20.0 PHI(w}

’
.\ N 4 taeg)

-135.0
-20.0 [ :
-40.0 - *1‘ -180.0
-60.0 . _

| “ -225.0

-80.0 [ ‘\\

-100.0

*le, |
-120.0 '“ﬂ-k -270.0

10-2 107t 109 102
W {rad/s)

[db]

-

Figure 9.20 Bode Plot for the System of Equation (9.76)
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9. NECTION BETWEEN THE F CYD AND T
TIME DOMAIN

The root-locus method and the Bode—plot method are both frequency domain methods. Ac-
tual control systems operate in the time domain. It is desirable to learn to 'visualize’ how closed
loop system behavior in the frequency domain is related to the time domain behavior of such a sys-
tem. The objective of this section is to provide some basic insights into the connection between
pole—zero locations (specific points on the root-loci) in the s—~domain and time domain response.

The connection between pole—zero locations in the s—domain and the corresponding time
domain response of open and closed loop systems is illustrated in Tables 9.1 and 9.2 respectively.

Table 9.1 illustrates the following items for simple systems in open loop situations:

* open loop system transfer function

* pole—zero plot of the open loop system transfer function

* output Laplace transform for a unit step input

* output formula and output plot in the time domain

* application

Six different open loop transfer functions ranging from a differentiator and an integrator to
more complicated transfer functions are listed in Table 9.1. The reader is encouraged to learn to
visualize the time domain response which is associated with certain open loop pole configurations.

Table 9.2 illustrates the consequence of adding a feedback loop around an open loop system.
Note that in the closed loop case all responses in the time domain become functions of the feedback
gain, K. The (not-to-scale) example time domain responses in Tables 9.1 and 9.2 are labelled with
numbers. These numbered responses will be discussed in the following. When reading the discus-
sion, the reader should pay particular attention to the relationship between s—domain pole locations
and time domain response behavior.

Response 1 of Table 9.1

Note that response number 1 in Table 1 is simply the unit impulse function.

Response 2 of Table 9.1

Response number 2 in Table 1 is the ramp function.

For the responses numbered 3 through.ll, there is a corresponding, scaled time domain re-

sponse plot in Figures 9.21 through 9.30. Note, that as a general rule, the farther a pole is away from
the origin, the faster is the response. A discussion of these responses is given next.
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Response 3 of Table 9.1

As shown in Figure 9.21, as the open loop system pole at s=—a moves further away to the
left from the origin (larger ’a’) the responses become more rapid. That this should be the case is
obvious by inspection of the corresponding C(t) in Table 9.1.

@ TABLES
3|2 AND

Response 4 of Table 9.1

As shown in Figure 9.22, the observation made for Response 3 also applies here.

Response 5 of Table 9.1

Figure 9.23 indicates that for a given pole position at -b, the farther the pole at —a moves to
the left, the faster the response. However, it should be observed that as ’a’ grows toward infinity,
the response becomes dominated by the pole location at -b. -

Response 6 of Table 9.1

As shown in Figure 9.24, the observation made for Response 5 also applies here.

Response 7 of Table 9.2

It is seen from Figure 9.25 that as K is increased (i.e. the pole moves closer to the origin)
the time~domain response slows down.

Response 8 of Table 9.2

It is noted that this case is similar to Response 3.
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Response 9 of Table 9.2

Figure 9.26 indicates the fact that for a given value of ’a’, as K increases, so does the rapidity
of the response. Note that at the same time the magnitude of the final response also increases with
increasing K.

Response 10 of Table 9.2
Figure 9.27 indicates the fact that for a given value of 'a’, the system exhibits more oscillato-
ry overshoots (less damping) as K increases. Also, as K increases, the frequency of the oscillation

increases. For a given value of K, the oscillatory overshoots increase for iower 'a’. The frequency
of oscillation decreases with decreasing value of *a’.
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Response 11 of Table 9.2

Figure 9.28 indicates that for a given value of 'a’ and ’b’ the system becomes more oscillato-
ry (less damped) when K increases. Also, for a given combination of "a’ and K, as "b’ decreases,
the system shows an increase in oscillatory overshoots.

K-
10
= Os?
s be2
!
’ \.’
(&
@‘I’ABLE q.2
i.e
beioc § .2 a=2
o \

o o
—eTIME~t v SEC

The connection between pole—zero locations in the s—domain for systems with second order
open loop poles will be made by examining the following output transfer function:

C(s) = Km,ﬁ[ (1t as) } - 9.77)

s(s2 + 2Ewps + wy2)

Note that this output differs from the output pictured in Figure 5.8 (Part I) because of the zero
at—1/a. Figure 9.29 shows the pole—zero locations of the output defined by Eqn (9.77). The reader
1s reminded of the fact that large undamped natural frequency, ®, , means large pole distance from

the origin. The corresponding time—domain responses are shown in Figure 9.30. Note that for given
values of 7a” , K and damping ratio, ¢ , the overshoot of the response depends strongly on the

undamped natural frequency, w, . The effect of varying the zero location at —1/a is illustrated in

Figure 9.31 for the case of zero damping ratio, . Observe, that as the zero is moved from negative
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infinity (a=0) to close to the origin (a=2) the response exhibits larger overshoots. For a given value
of "a”, the same statement applies to increase in the undamped natural frequency, wy, .

i0
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9.6  SYSTEM PERFORMANCE SPECIFICATIONS

Three types of system performance specifications will be considered:

9.6.1 Frequency domain specifications

9.6.2 Time domain specifications

9.6.3 Error specifications

The role played by these three types of system performance specifications will be discussed.
In addition, the sensitivity of systems to changes in some system parameter are of interest in systems

design. A general definition of system sensitivity to changes in an arbitrary parameter is given in
Sub—section 9.6.4.

9.6.1 FREQUENCY DOMAIN SPECIFICATIONS

Frequency domain specifications can be cast in the following forms:

1) Specifications of frequencies, damping ratios and/or time constants.

2) Specifications of Bode plot characteristics.

1) Specifications of frequencies, damping ratios and/or time constants were already encoun-
tered in the case of the open loop flying quality specifications discussed in Chapter 6 of Part I. For
closed loop systems such specifications are also used in terms of the so—called ’equivalent system’
characteristics. In such cases, the location of closed loop system poles (at some level of system gain)
are restricted by specifying the implied levels of frequencies, damping ratios and/or time constants.

2) For Bode plot specifications the reader should refer to Figures 9.32 through 9.34.

Typically, the following quantities are specified:

a) Gain Margin -~ - b) Phase Margin ¢) Delay Time
d) Bandwidth e) Cutoff Rate f) Resonance Peak
g) Resonance Frequency

These specifications will be discussed using Figures 9.32 through 9.34.
a) Gain Margin

See Figure 9.32 for a graphical interpretation of gain margin. The gain margin of a system
18 defined as the magnitude of the constant K by which the magnitude of GH(jw,r) mustbe shifted

up to obtain the following conditions:
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IGH(jw)l for K = 1
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[KGH(w,d)| =0db  with  4GH(jwy) = ~ 180° - 9.78)

- The phase—cross—over—frequency, w
GH(J(D) first crosses the —180 degrees line.

~ As a general rule, the higher the gain margin, the better is the relative stability of a system.
‘For many systems, a de—facto gain margm of a factor of 3 is adequate to prevent annoying oscillatory
overshoots. A factor 3 gain margin amounts to roughly 9.5 db on the Bode plot.

pef » 18 the frequency at which the phase angle of

b) Phase Margin

See Figure 9.32 fora graphlcal interpretation of phase margin. The phase margin of a system
is defined as 180 degrecs plus the phasc anglc of the open loop transfer function at umty gain. In
other words:

bpy = 1800 + ziGH(Jmmcf) S (9.79)

where: |GH(jo,)| = 1 or 0 db

®pcr 18 the. magnitude cross—over frequency

As a general \rule, the greater the phase margin, the better is the relative stability of the sys-
tem. In many systems a good rule of thumb is to accept only phase margins which are larger than
35 degrees. '

¢) Delay Time
The delay tiine of a system is defined as follows:
Cljo) |
d”’(qu)) |
Toeay(®) = ——35— | | - (980)

_ This slope can be viewed as the increase of phase lag with freqilency over a certain frequency
range. Observe, that the units of this expression are indeed time in seconds because the frequency,
w is given in rad/sec. In many systems the average value of T4(w) is specified over a range of fre-

quenc'ies‘ Asa general rule, the shorter the delay time, T 4(®), the faster the response of the system
to an input (command) signal., There is an alternate definition for delay time in the time-domain.
That definition is given under in Sub-section 9.6.2.

d) Bandwidth

" The bandwidth of a system is defined as that range of frequencies (between the so—called
cut—off frequencies) over which the system responds satisfactorily. A ’flat’ frequency response im-
plies that the magnitude of the output to mput amphtude ratio is constant over the bandwidth. See
Figure 9.33 for a graphical interpretation. . '
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¢) Cutoff Rate

The cutoff rate of a system is defined as the drop in magnitude with frequency (in db/decade)
beyond the cutoff frequency of a system. Figure 9.33 provides a graphical interpretation. In many
systems a typical cutoff rate is less than 10 db/decade. In many airplane system applications it is
found necessary to include filters. The purpose of filters is to prevent high frequency signals from
passing through the system. This can be important in the case of acceleration or rate sensors which
are located close to a vibration source (gun or engine). In the case of filters a minimum acceptable
cutoff rate would be specified.

f) Resonance Peak
The resonance peak, Mp of a system is defined as the maximum value of the magnitude of
the closed loop system response. Using the symbology of Figure 9.34 it is seen that:

_ C(w)
Mp = max|m 9.81)

The reader should review the discussion of Example 3) in Chapter 8 (page 643). The magni-
tude of the resonance peak is a measure of relative system stability: large peaks imply large oscillato-
ry overshoots.” As a general rule as long as Mp is between 1 and 1.7 db the time—domain perfor-

mance of a system will be acceptable.
g) Resonance Frequency

The resonance frequency of a system, wp or ®; is that frequency at which the peak of the
magnitude response, Mp , occurs. The reader should review the discussion of Example 3) which

is presented in Chapter 8 (page 643).

9.6.2 TIME DOMAIN SPECIFICATIONS

System time domain specifications are normally given in terms of the response of the system
to a unit step input, a ramp input and (or) a parabolic input. As discussed in Chapter 8, system re-
sponse can be split into two components: the transient response and the steady state response.

The steady state response of systems is defined mostly in terms of some allowable steady
state error which is a measure of the accuracy of the system output for a given input. These errors
are often specified in terms of the so—called error—constants discussed in Sub-section 9.6.3.

The transient response of a system is often described in terms of the response to a unit step

input. The reader should refer to Figure 9.35 for a graphical interpretation of the following specifi-
cations: ' '
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Ct) 9 exponential envelopes
T overshoot

1.05 — —
— ¢
Fi 35 f Tim in Specificati
a) Overshoot b) Delay Time c) Rise Time
d) Apparent Time Constant e) Settling Time

a) Overshoot

The overshoot of a system is defined as the maximum difference between the transient re-
sponse and the steady state response of a system to a unit step input. Overshoot should be seen as
a measure of relative system stability. It is frequently specified as an allowable percentage of the
steady state output.

b) Delay Time

The delay time, T, , of a system is the time required for the output response to reach 50%

of its final (i.e. steady state) value. It is to be noted that overshoot and delay time are both measures
for the ’rapidity’ of the response of a system,

¢) Rise Time

The rise time of a system is the time required for the response to rise from 10% to 90% of
its final (i.e. steady state) value.
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d) Apparent Time Constant

The apparent time constant, T, of a system is the time it takes for the envelope of the transient
response to decay to 37% of its final (i.e. steady state) value. For a stable (but under—damped) sys-
tem, the time domain solutions typically contain the following terms:

Ae ™% for first order system components (9.82)
Ae " ®cos(wt + 0) for second order system components (9.83)

In such situations the apparent time constant, T, is defined as the time it takes for the expo-
nent, —at to reach the value -1 or:

=1
T=2 (9.84)
e) Settling Time

The settling time, T, is the time required for the response to reach and remain within a spe-

cified percentage (2% and 5% are often used) of its final value.

Note: both the time constant and the settling times are measures for the rapidity of the re-
sponse as well as for the relative stability of a system.

9.6.3 ROR AND ERROR-CONSTANT SPECIFICA

Before introducing the definition and meaning of several error specifications it is useful to
recall that the open loop transfer function of a feedback system, according to Eqn (9.26), can be writ-
ten as:

Kf(s+a)
KG($)H(s) = - 1 (9.85)
_q@+m
J=

m

=

U

where: K is a constant
m and n are real positive integers with m<n or m=n
P, and Z, are the finite poles and zeros of the system

It will be tacitly assumed that all finite poles of the system are stable.

It is possible that some of the finite poles and zeros are located at the origin. Assume that
”a” zeros and ”’b” poles are located at the origin. Now define:

l=b—a (9.86)

Therefore, if the system has a zeros and b poles located at the origin, Eqn (9.85) can be writ-
ten as:
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KG(s)H(s) = with: (b—a) =1 (9.87)

The following definition will be used in the error specifications of this Sub—section:

Definition:

A control system with open loop transfer function given by Egn (9.87) is called a
type 1 system

In the folowing, the error characteristics of two types of system will be discussed:
9.6.3.1 Error characteristics of unity negative feedback systems

9.6.3.2 Error characteristics of general systems

9.6.3.1 Error Characteristics of Unity Negative Feedback Syste

The following three errors and associated error constants are often used in the judgement of
the effectiveness of a control system:

a) position error and position error constant

b) velocity error and velocity error constant

c) acceleration error and acceleration error constant

These will now be discussed.

a) position error and position error constant

The steady state position error, €( o}, for a stable, unity negative system subject to a unit

step input, is defined by:

g(w) =1—C(x) (9.88)

where: C( ) is the system output for t=ee

It will be shown that this position error is related to its position error constant, Kp. This

position error constant is defined as:
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Definition:

The position (step) error, Kp, of a stable, unity negative feedback system of type 1 is
defined as:

i=m—a i=m"'ﬂ
K{ I s+ zi)] K[ I G +zi)}
1~ =
Kp = limG(s) = lim = : when 1 =0 (9.89)
s—0 §—0 j=n-b j=n-b
sl{ I (s + Pj)} [ T (s + Pj)]
= J=

]

= when 1>0

In general, the error of the system at any time, t can be written as:

gty =1-— C(t) (9.90)

In the s—domain this becomes:

&(s) = + — C(s) (9.91)

With the help of Eqn (9.31), for a unity negative feedback system it follows that:
=1|_G6)

Ce) =5 [{1 + G(s)}] (9-92)

Note, that the gain constant, K, is included in G(s) as defined by Eqn (9.89). Substitution
into Eqn (9.91) yields:

1
B(s) = s[1 + G(s)| (9.93)

Application of the final value theorem now yields:

= w) =11 = 1 1 = 1
et = ) = limse(s) :l—l-no[[l n G(s)]] T+Kp 0.94)

It is seen from the definition of position error, Kp, that for type 1 and above systems the

position error will be zero.,
b) velocity error and velocity error constant

The steady state error, £(), for a stable, unity negative system subject to a unit ramp input,
is defined by:
E(o) =t— C(x) (9.95)
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where: C( ) is the system output for t=eo

It will be shown that this position error is related to its velocity error constant, Ky. This

velocity error constant is defined as:

Definition:
The velocity (ramp) error, Ky of a stable, unity negative feedback system of type 1 is
defined as:
=0 when 1=0
i=m—a i=m—a
Ky : (s+2Z) K _II1 s+2Z)
i= i=
Ky = limsG(s) = lim ' = when ] = 1 (9.96)
s—0 50 j=n—-b j=n-b
s“l[ I s+ Pj)} { I s+ Pj)}
j=1 ji=1
= o when 1>1

The steady state error, in the s—domain can be expressed as:

e(s) = L — C(s) (9.97)
S
The output C(s) using the unit ramp input is:
~1|_ 6B _
€Ces) ) [{1 + G(s)]] (9-98)

The error, also in the s—domain is now:

| 1

With the final value theorem it is found that:

6t = ) = limse(s) !fi“o[(s+sG(s))] Ky (9.100)

¢) acceleration error and acceleration error constant

The steady state error, €( ), for a stable, unity negative system subject to a unit parabolic
input, is defined by:
g() = 1t - C() (9.101)
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where: C( ) is the system output for t=co

- It will be shown that this position error is related to its acceleration error constant, K A- This

velocity error constant is defined as:

Definition:

The acceleration (parabohc) error,K ,, of a stable, unity negative feedback system of

- type lis defined as:
=0 when +t=0o0rl=1
i=m-a i=m-a
K{ I s+ zi)} K[ I (s + zi)]
K, = 111’% s2G(s) = lim — = —— when | = 2

: f—‘os“:z jzﬁ_b(s + P) ‘ j'mlqlnb(s + P))
j=1 j i=1 J (9.102)|

= o0 when 1> 2

The reader is asked to show that steady state error, in the s—domain can be expressed as:

-1 1
&(s) {—[ TG (s)]} o (9.103)
With the final value theorem it is fourid that:
= o) = =1 1 _ =1 o 104
et = =) 111310 Se(s) sl—r-mo{[s2 + szG(s)}} Ka 5.104

A summary of the error characteristics of a unity'negati'\'re feedback éyStem for these three
types of input signals is given in Table 9.3.

A istics of
The error constants which were defined in Sub—section 9.6.3.1 apply only to stable, negative
unity feedback systems. Their definitions can be easily extended to more general (but still stable)
systems. This is done by comparing the output of the actual system to that of an ideal system.
Figure 9.36 shows how the error of 2 more general system is defined by comparing the output

of that more general system, C(s) with the output of some ideal systéem which has the transfer func-
tion I(s). For the case of Figure 9.36 the three error constants are defined in the following.
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Table 9.3 Su ry of Error Behavior of a Unity Negative Feedback m
to Three Types of Unit Inputs

Input Unit Step Unit Ramp Unit Parabola
RO| R®=10 Rt | R@=t
1.0 1.0 [ |
1
0 t 0 1.0 t 0 2.0 t
s — domian 1/s s — domian 1/s’ s — domian 1/s?
Error and
Stead Stead
error constant K, :tt:;dy Ky state y K. st::te y
System Type error error error
K if:‘:“(s + Zi)] 1
Type 0 P T+ K, 0 ® 0 ©
{ l'I1 (s + Pj)}
ju
.K{ifif[:a(s + Zi)}
Type 1 % 0 j=n=b KL 0 o
[ II1 (s + Pj)} M
j=
K[i'.lii;'(s + Zi)}
Type 2 © 0 o 0 e L
[ s+ Pj)} A
Ideal System
— R ()
S
— (s
R(s) » C6 | C®
R(s)
Actual System

Figure 9.36 Definition of Error fo
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Definition:

The position error constant, K, of a stable feedback system is defined as:

K = 1 (9.105)

C(s)
!L‘no{l(s) R(s )]

The reader is asked to show that the steady state error for the general system for a unit step
input is related to this step error constant by:

() = lim &(t) = 'Ié_s (9.106)

Definition:

The ramp error constant, K, , of a stable feedback system is defined as:

K, = 1 9.107)

C(s)
s {I(S) R(S)]

The reader is asked to show that the steady state error for the general system for a unit step
input is related to this ramp error constant by:

g(®) = lim &(t) = T{l‘ (9.108)
{—>co T
Definition:

The parabolic error constant,Kp, , of a stable feedback system is defined as:

= 1 9.109
Kp = e ( )

1‘1‘6?[“5) RGs )}

The reader is asked to show that the steady state error for the general system for a unit step
input is related to this parabolic error constant by:

g€(0) = lim g(t) = (9.110)
t—> o

1
Kp
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9.6.4 SYSTEM SENSITIVITY

It has been noted on several occasions that the locations of open loop system poles and zeros

of airplanes are not precisely known. In many cases an accuracy greater than +/- (10% to 15%)
should not be expected. The same statement can be made relative to pole~zero locations of various
system components in an airplane. For that reason it is of interest to be able to determine what the
sensitivity is of any system to an arbitrary change in some system parameter.

Consider a system with the transfer function G(s). In general, such a system can be consid-

ered to be a complex number at some frequency vale of s=jw. When written in polar form:

G(s) = | G(s) | &® (9.111)

Assume that k is a parameter inside G(s). The following sensitivity definition can be used

to evaluate how sensitive the system is to a change in the parameter k:

Definition:

The sensitivity of G(s) to a change in a parameter k is:

g 6o _ 4 In[G)) _ GG )dG(s) {dG(k)] (9.112)
k dlnk %ln k ~ G(s) .

Definition:

The sensitivity of the magnitude of G(s) to a change in a parameter k is:

dIG(K),
cey _ dInfGE)] _ G ¢ [dIGK)
S T gmEk % "E(k—n[ dk] ©-113)

Definition:

The sensitivity of the phase angle, ¢ of G(s) to a change in a parameter k is:

s, ? o_ding _ & _ kddp 9.114)

The greater these sensitivities, the greater care must be taken to assure that production ar-

ticles of airplane plus system will behave as intended.
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9.7 SOME FEEDBACK CONTROL SYSTEM DESIGN APPLICATIONS

The following examples will be discussed:

9.7.1 A multiple feedback loop system: pole assignment

9.7.2 Setting system gain to achieve a specified damping ratio

9.7.3 Setting gain to achieve a specified gain margin and position error constant
9.7.4 Finding a lag compensator to alter the breakaway angle from complex poles
9.7.5 Finding a lead-lag compensator to increase system gain margin

9.7.6 Using cancellation compensation to achieve better closed loop characteristics
9.7.7 Root contours for variable poles

9.7.8 Root contours for variable zeros

71 A JTTP EEDBACK P SYSTEM: P ASSI

It will be shown in Chapter 11 that many situations arise where more than one type of feed-
back is required. For example, it will be shown that in the design of pitch attitude control loops for
autopilots of high performance airplanes it will be necessary to feedback not only pitch attitude angle
but also pitch rate. Such a situation calls for a multiple loop system. Figure 9.37 shows an example
of a double loop feedback system.

Input Output
R(s) C(s)
—_— E

Inner Loop

Outer Loop

Figure 9.37 Example of a Double Loop Feedback System

Note, that the system loops are labelled "inner loop” and outer loop” respectively. The read-
er is asked to verify that the closed loop transfer function of the inner loop is:
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N,(s)
Kinner[']j't_(?)]

WIi(s). =
(S)inner loop o r [NONG (9.115)
inner| P, (s)Dy(s)

mnner

This can also be written as:

Kinned¥1(5)D5(8) (9.116)

W(S)inner 1oop = D,(5)Dx(s) + Kipye N (SIN(S)

Clearly, the characteristic equation for the closed, inner loop is:

D,(5)D(5) + KippelN($)No(s) = 0 | (9.117)

The reader is asked to compare this with Eqn (9.28) and conclude how the closed, inner Ioop
poles move when K. . is varied from 0 to e. If K; .. = K, is selected for the inner loop, the

roots of the inner loop characteristic equation are determined from:
D, (s)Dy(s) + K|N(s)Ny(s) = 0 (9.118)
When the outer loop is wrapped around the inner loop, with K, . = K, the closed loop

transfer function of the outer loop is given by:

K, { KN, (s)Dy(s) }
_C(s) _ e Di(s)Dx(s) + K\N,(s)Ny(s)

W —_ =
(8) outer loop R(s) 1+ K K;N,(s)D,(s) N,(s)
outer| B (5)D,(s) + K.N,(s)N,(5) [ | D:(s)

9.119)

This can be cleaned up somewhat, resulting in:

Wi(s) = KouterK | N (5)D5(s)Ds(s)
outer1oop 1y (s)D,(s) + K N;{(s)N,(8)]D3(8) + KouterK; N (5)D5(s)N5(5) (9.120)

Clearly, the characteristic equation for the closed, outer loop is:

[D1(8)D4(s) + K N{()N,(s)|Ds(s) + K e N (8)D,(s)N4(s) = 0 (9.121)

The roots of this equation are the closed,'out_er loop poles. These closed, outer loop poles
behave in the following manner:

1) When K uer = 0 the closed, outer loop poles start at the roots of:
D, (s)D,(s) + K;N(s)N,(s) = 0 (9.122a)

and:
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Dy(s) = 0 | (9.122b)

In other words, for Koyer = O the outer loop poles start at the open loop poles of the outer
loop feedback path and at the closed loop poles of the innerloop at K, ... = K, . The poles defined
by Ens (9.121} are referred to as the outer loop departure poles.

2) When Ky = o the closed, outer loop poles end at the roots of:
KouterK N (8)D5(s)N3(s) = 0 (9.123)

In other words, for Koy = o the outer loop poles end at the zeros of the forward path of

the inner loop, at the poles of the feedback path of the inner loop and at the zeros of the feedback
path of the outer loop.

Because the polynomial order of Eqn (9.121) can be substantial, solving root locus problems
for multiple loop systems is normally done with a computer program. The AAA program of Appen-
dix A (Part I) can be used to do this.

Next, constder a simple numerical example of a double loop system. Figure 9.38 shows the
computational block diagram of such a system.

The open loop pole configuration of the basic system of Figure 9.38 is shown in Figure 9.39a.
Note the undamped natural frequency and damping ratio of the basic system. It is now assumed that
the undamped natural frequency of 10 rad/sec and the damping ratio of 0.10 of the basic system are
unsatisfactory. It is further assumed that it is required to improve the undamped natural frequency
to a level of 14 rad/sec and the damping ratio to a level of 0.357. This is to be achieved with a rate
feedback loop (inner loop in Figure 9.38) and a position feedback loop (outer loop in Figure 9.38).
The resulting system is also called the augmented system. It will be shown in Chapter 11 that this
type of system is similar to an airplane with both angle of attack and pitch rate feedback.

The closed loop transfer function of the inner loop of the system of Figure 9.38 is:
K;sG(s)

where:
100

G(s) = 9.125

) = 7325 + 100 (.125)
The characteristic equation for the inner loop is:
s2 + s(2 + 100K,) + 100 = 0 (9.126)
The closed loop transfer function of the outer loop of the system of Figure 9.38 is:

K,1w (s) |

Wy(s) = § (9.127)

1+ K,lwy(s)

The characteristic equation for the outer loop is:
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1+ Kz-é-Wl(s) =0 (9.128)

By substituting Eqn (9.124) for the inner loop transfer function this yields:

s? + s(2 + 100K,) + 100(1 + K,K,) = 0 | (9.129)

By comparison with the standard qpadratic form: (s + 2Cw,s + w3), it follows for the

augmented systern that:

20w, = 2 + 100K; in this case: 9.996 = 2 + 100K, (9.130)

and:
®f = 100(1 + K;K,) in this case: 196 = 100(1 + K,K,) (9.130)
Solving for the gains K and K, it is found that:

K, =008 and: K,=12 - (9.131)

Figure 9.39b shows the following pole locations:
* Point A represents the basic open loop system pole

* Point B represents the augmented system pole for the case of inner loop
(rate feedback) only '

* Point C represents the augmented system pole for the case of inner loop
(rate feedback) AND outer loop (position feedback) acting simultaneously.

* Point D represents what would happen if the inner loop (rate feedback) were to fail.

This design procedure is referred to as the pole assignment” method.

Consider a single loop feedback system with the following open loop transfer function:

G(s)H(s) = (9.132)

K
ss+3)s+7

It will be shown in Chapter 11 that this type of system is similar to a bank-angle—hold autopi-
lot loop in an airplane. Assume that the requirement is to determine the gain, K, such that the system
has a complex pair of roots with a damping ratio of 0.5. Figure 9.40 shows a root locus diagram
with the gains marked in intervals of 2.0. By interpolation it can be found that when K=34.8 the
closed loop damping ratio is 0.5.
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Consider a single loop feedback system with the following open loop transfer function:

_ K
GCOH®S) = e s+ 3+ D (9.133)

This type of system can occur in the case of a pitch—attitude-hold autopilot for a light air-
plane at aft center of gravity. Assume that the requirement is to determine the gain, K, so that the
steady state error is less than 0.5 and the gain margin is larger than 10 db.

Using the 'type” definition of Sub—section 9.6.3 this is a type 0 system. Therefore, its posi-
tion error constant, Kp, is given by:

Kp = 0.048K (9.134)

=_K _
(1x3x7)

According to Table 9.3 the steady state error of this system is given by:

=_1_ _ 1
steady state error 17K, T+0.08K (9.135)
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If this error is to be less than 0.5, the critical gain, K follows from:

_ 1 DK =
05 = ;o plome or: K=21 (9.136)

Figure 9.41 shows a Bode plot for this system. From the Bode plot it is seen that the system
will become unstable for K >316 which amounts to 50 db. For a gain margin of 10db the correspond-
ing gain would be 50 ~ 10 =40 db. This gives K= 100. Therefore, both requirements are satisfied
as long as: 21<K<100.
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Consider a system with the following open loop transfer function:

—_— Kn
COHS) = e T T 5+ 1) 0137

A root locus plot for this system is shown in Figure 9.42. Its corresponding Bode plot is given
in Figure 9.43. Note that the system becomes unstable beyond K=224. Now, suppose it is desired
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to use a lag compensator to force the quadratic open loop poles to move left instead of right. It will
be shown that this can be done by adding a lag compensator with transfer function c/(s+c) to the
system. This form does not alter the zero frequency gain of the system. The open loop transfer func-
tion of the system will then take the following form:

— Kc
GEH(s) = +c)s+ 2+ 52+25+17) (9.138)

where: the lag compensator pole is located at s=—c. The question is, what should c be? A study indi-
cating the effect of the magnitude of ”c” is shown in Figures 9.44. Note, that as the compensator
pole is moved closer to the origin, the objective is achieved and at the same time, the gain range for
stable operation is increased.

9.7.5 FINDING A LEAD-L YSTEM
GAIN MARGIN

Consider a system with the following open loop transfer function:

= 20K '
G(s)H(s) = R (9.139)

Figure 9.45 shows a root locus plot of this system. Figure 9.46 shows the Bode plot. Note
that the system becomes unstable beyond K=12.5. At K=1 the system gain margin is: 22 db and the
system phase margin is 60 deg. The question now is to find a lead-lag compensator which makes
the gain margin 31 db while also improving the phase margin.

The lead-lag compensator will be assumed to have the form: {(s+a)/a} {b/(s+b)}. This form
does not alter the zero frequency gain of the system. The new open loop transfer function now is:

(b 20(s + a)
G)H(s) = (Kﬁ)(s(s T 2)(s + 10)Gs + b)) (©-140)

- By inspecting the root locus diagram it is seen that by placing the lead (zero) close to the pole
at -2 and the lag (pole) to the left of the pole at —10 it should be possible to force the branch of the
root locus which goes unstable to the left. That should enhance the relative stability of the system.

On a Bode plot of the system the effect of the lead—lag compensation is to introduce a phase
lead of +45 degrees at a frequency of ”a” rad/sec and a phase lag of —45 degrees at a frequency of
”b” rad/sec. To delay the occurrence of the extra phase lag, the lag pole will be placed at —20 and
the lead zero will be placed at s=—2.5. The consequence of doing this is shown in the root loci of
Figure 9.47. The corresponding Bode plot is shown in Figure 9.48. Note that the gain margin is
now 31 db and the phase margin is 70 degrees. The design objective has therefore been met.

The reader is asked to plot the system phase and gain margin as a function of the lead zero
placement over a range of —4.5 to -0.5.
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Consider a system with the following open loop transfer function:

GEH(S) = 75 1’_K2) (9.141)

The reader is asked to show analytically that this system is unstable for K<1. The root locus
plot of Figure 9.49 and the Bode plot of Figure 9.50 (drawn for K=1) also show this.

Assume that a lead-lag compensator of the form 3(s — 2 + €)/2(s + 3) is added in the

forward path of the system. As a result the new open loop transfer function is:

3K(s — 2 + ¢€)

G =G +3) (9.142)
The quantity ¢ is added to the transfer function to give recognition to the fact that production

‘tolerances and/or other uncertainties make it impossible to guarantee the location of either the open

loop system pole at +2 or the cancellation zero at +2. For H(s)=1 the closed loop transfer function

of the compensated system is:

3K(s — 2 + €)
W(s) = ‘ 14
(®) s + s(1 + 3K) — 6 — 6K + 3Ke] -143)

G(s)H(s) =

The condition for closed loop system stability is:
—6—-6K+3Ke >0 _ (9.144)

1+K
Therefore, the system is stable for: € > % and unstable for € < G_(%Q . The

problem is that this will generally be the case for almost any value of K, since € is a small number.
It is therefore concluded that this type of cancellation compensation will probably not work very
satisfactorily. The root locus diagrams of Figures 9.51 and 9.52 back up this conclusion: the system

stays unstable for € = +/- 0.10.

By using a lead-lag compensator of the form 5(s + 2)/(s + 10) the system will work.

Now the modified open loop transfer function is:

10K(s + 2)
= 2)(s + 10) (5.143)

The closed loop transfer function for this compensated system is:

G(s)H(s) =

10K(s + 2)
9.146
s2 + s(8 + 10K) — 20 + 20K ( )

W(s) =
This system is stable for K>1. The root locus diagram of Figure 9.53 shows this.
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2.7 ROOT TOURS FOR VARIABL

Consider a single loop feedback system of the type shown in Figure 9.54.

R(s) + C(s)
—_— G(s) ® -
Input _ Output
Forward Path
Feedback Path
H(s) f——————————
Fi .54 Block Diagram for a Single Loo k

The open loop system transfer function is G(s)H(s). If one of the poles in this open loop
transfer function is considered to be a variable it is possible to write the open loop transfer function
as:
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- 1

G(s)H(s) (1 n sz)Q(s) (9.147)

In this form, s = — Ti represents the variable pole. The closed loop transfer function for
X

the entire system may be written in the usual manner as:

C(s) _ G(s) _ G(s)(1 + Tys)

W) =Re) “ TTGOAE ~ T+ st + 0F)

(9.148)

By dividing numerator and denominator of Eqn (9.148) by {1+ Q(s)} it follows that:

153823)(1 +sTy)
W(s) = T (9.149)
' 170m
Next, the following new transfer functions are defined:
=_ G
G,(5) = T Q(s)(l + sTy) (9.150)
and
- _ STy
G (s)H,(s) = T+ 06 (9.151)
Therefore:
= sTx
H,(s) = G + 5T (9.152)
However, by now using Eqn (9.149) it is found that:
W) =S8 = ___ 51 (9.153)

R(s) 1+ Gi(s)H(s)

Therefore, the rootlocus behavior of the system with a variable pole can be analyzed by using
as the open loop transfer function:

Gy (8)H,(s) = T"ET()W (9.154)

with Ty asthe variable gain.

As an example, consider a system with the following open loop transfer function:

— 4K
G(s)H(s) [5G+ H(1 + 5T (9.155)
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In this case, Q(s) takes on the following form:

- 4K
The effect of the variable poleat s = ~ -Tl- is evaluated at a given gain, K, by constructing

X
the root locus of a system with the following open loop transfer function:

_ sTyx _ STy(s+4)
G ,(s)H,(s) T A (9.157)
s(s+4)

where: K now has a given, constant value.

The root locus diagram corresponding to Eqn (9.157) is shown in Figure 9.55 for four values
of K: 1,2, 3 and 4. The root loci in this case are referred to as root contour lines for varying

1

5= =5 - The system designer can use this information to decide which combination of K
X
and s = — =L should be used to achieve certain closed loop system characteristics.
X
4.00
KJ 4 GAIN LIMITS : 0.00 -:1< 16.00 | o zEROS
L L - x POLSS
o —
L 3.00 31". o N
(rad/s]
2 oo ex - B8 » .l.-.\\
1.60 1o . .'%
0.00 & 'fz ‘}
-1.00 " o
-2.00 : = - - - _.'/
3.00 x" -
-4,00
-6.00 -5.00 -4.00 «3.00 -2.00 =1.00 0.00 1.00 2.00
n [1l/8]

Chapter 9 755



Classical Control Theory with Applications to Airplanes

9.7.8 ROOT CONTOURS FOR VARIABLE ZEROS

Consider a single loop feedback system of the type shown in Figure 9.54. The open loop
system transfer function is G(s)H(s). If one of the zeros in this open loop transfer function is consid-
ered to be a variable it is possible to write the open loop transfer function as:

G(s)H(s) = (1 + sTy)P(s) , (9.158)
In this form, s = — TL represents the variable zero. The closed loop transfer function for
y

the entire system may be written in the usual manner as:

Cs) _ G _ G(s)
RG) 1+ GEHE 1+ (1 +sTyP(s)

W(s) = (9.159)

By dividing numerator and denominator of Eqn (9.159) by {1+ P(s)} it follows that:

G(s)
_ 14+P(s)
W(s) = ——1 N ST.PG) (9.160)
1+P(s)
Next, the following new transfer functions are defined:
oy = __G(s)
Gy(s) = T+ PG (9.161)
and
_ o PO |
H,(s) = sTy Gs) (9.162)
Equation (9.160) can now be rewritten as:
_ Gy(s)
W(s) = [T G,0H,0 (9.163)
with:
sT,P(s)
G,(s)H,(s) = 1_+Y_W§)' (9.164)

Therefore, the root locus behavior of the system with a variable zero can be analyzed by using
as the open loop transfer function Eqn (9.164) with Ty as the variable gain.

As anexample, consider a unity negative feedback system {H(s)=1} with the following open
loop transfer function:

_ 8K
P6) = 6+ D659 (9.165)
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A conventional root locus diagram for this system is shown in Figure 9.56. The reader is
asked to use the Bode method to show that the system will be unstable for K>6. Now assume that
it is desired to operate this system at an undamped natural frequency above 3.5 rad/sec. Figure 9.56
shows that this requires a gain level of about 10. Obviously, the system is unstable at this gain. One
way to solve this problem is to add a "proportional plus differentiator” network to the system. What
that really amounts to is adding a zero to the system. The question now is to determine that zero
location which meets the frequency design objective but which also provides a reasonable damping
ratio for the closed loop system. With the variable zero added to the system its open loop transfer
function is:

Gisy = K+ 5Ty

s(s+ 2)(s + 4)

= (1 + sTy)P(s) (9.166)

According to Eqn (9.164) the open loop transfer function of the equivalent system is:

8KsT,

CaOHAS) = 15T 6 + 4 + 8K

(9.167)

Figure 9.57 shows the root contours for varying Ty at the various gain levels for K. Note,
by interpolation, that the desired performance can be attained for K=2 and Ty =0.6. Figure 9.58
shows the system root locus diagram for Ty = 0.6 and varying K. Note, that at K=2 the undamped
natural frequency meets the specification while the damping ratio is 0.63 which is acceptable.
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Figure 9.56 Root Locus Plot for the System of Eqn (9.165)

Chapter 9 757



Classical Control Theory with Applications to Airplanes

10.60 - —
. GAIN LIMITS : 0.00 <1}< 16.00 | 0 zEROS
2 X POLES
§.00 et O DESIGN GAIN
Jw P
T Lo T)’ = LO
[rad/s] 5.00 ¢
- . r ’
4.00 - — K= w
. ., X
b -’r 5
2.00 b
L. .- D.z.n
0.00 x :
-2.00 fx3
s .
. >
Lo Jx
-4.00 s
-6.00 r. 3
—
-8.00 -
[
-10.00 .
-10.00 -8.00 -6.00 -4.00 -2.00 0.00 2.00 4.00 6.00 §.00  10.00
n (1/s)
7 Root to
5.00 - .
: GAIN LIMITS : 0.00 < K < 20.00 |O ZEROS
: % POLES
4.00 H ¢ DESIGN GAIN
Jw B
: O Kz' 2.0
(rad/sl 3 gp ;
CaEiikii
2.00 - \ T)’= o6
L \
1.00 . ‘\
0.00 ¥ E — P \
-1.00 3
-2.00
2
~1.00
:
-4.00
-5.00 A
-6.00 =-5.00 -4.00 ~-3.00 -2.00 -1.00 0.00 1.00 2.00 3.00  4.00
n [1/8)
6) with Ty= 0.6 sec
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9.8 SUMMARY FOR CHAPTER 9

In this chapter the reader is introduced to the root locus method for analyzing feedback sys-

tems. Itis shown how the Bode method and the root locus method are used in concert with each other.
Relationships between the root locus method, the Bode method and the time domain were pointed
out. In addition, the role of system frequency and time domain specifications is discussed.

Several methods for specifying system errors were also pointed out. Finally, a number of

example design procedures which apply the root locus method and the Bode method to a number
of problems are discussed. A brief introduction to the problem of varying pole and zero locations
(pole and zero contours) is also presented.

9.9 PROBLEMS FOR CHAPTER 9

9.1

9.2

923

9.4

9.5

Redraw Figure 9.7 for the case of a complex pole P.

A unity negative feedback system has the following open loop transfer function:
G(s) =

K
s(s + I)(s + P)

An engineer found that the system is unstable for 0<K<2.0 but he forgot to document the
corresponding value of P. Find P from a root locus diagram and check the result by using
Routh’s stability criteria.

A unity negative feedback system has the following open loop transfer function:
G(s) = K(s +1) :

s(s + 2)(s + 4)(s%2 + 2s + 10)
Construct a root locus diagram for this system and determine from it that value of gain, K,
beyond which the system becomes unstable. At what frequency does the root locus cross
the imaginary axis? Verify your answers with a Bode diagram.

A unity negative feedback system has the following open loop transfer function:

_ K
O - G TPm s+ 15

Construct a root locus diagram for the following cases: P=3, P=4 and P=5. Discuss the
observed trends as P is varied around the value 4.

A negative feedback system has the following transfer functions:

2
G(s) 13 and H(s) = (s + 2)
Assume that the desired (ideal) transfer function of the system is I(s) = 0.333, compute the
steady state error of the system for a unit step input. See Figure 9.36 for the corresponding
block diagram. Determine in what frequency range does the system approach the desired
transfer function?

Chapter 9 759



9.6

9.7

9.8

9.9

to

9.10

9.11

9.12

Classical Control Theory with Applications to Airplanes

Find the maximum value of gain, K, which yields a gain margin of 6 db (or more) and a phase
margin of 45 degrees (or more) for a closed loop system with the following open loop transfer

S _ K
function: G(S) = m

A feedback control system has the following open loop transfer function:

K(s + a)

G(s)H(s) =

(S) (S) ( 2 1)(S + 5)

Determine the values of K and a such that the damping ratio is 0.5 and the undamped natural
frequency is 2.0 rad/sec.

The open loop transfer function of a system is:
=__A
COHE) = g+ 51

By what factor should A be multiplied to increase the closed loop system damping ratio from
0.2 to 0.6?

A system has the following closed loop transfer function (K and Z are variable parameters):
W(s) = K(s + 7) .

s? + 2Lwps + w2

Assume that the input is a ramp function: R(t) = At. Find the values of K and Z if C(t) is

approach R(t) as t approaches.inﬁnity.

Determine the position, velocity and acceleration error constants for unity negative feedback
systems with the following open loop transfer functions:

_ 50
G®) = T+ oisa+39

- K
GE) = ST+ 025)(T ¥ 0.59)
G(s) = K

s2(s2 + 4s + 180)
K(1 + 2s)(1 + 4s)
s2(s2 + 2s + 12)

G(s) =

For the example problem of Sub-section 9.7.2 (page 742) find an analytical solution to the
problem of determining the gain. Also, use the Bode method to find the gain beyond which
the system becomes unstable.

A system has the following open loop transfer function:

= - 32
COHO) = G ge - 1.6 = 16)
Design a compensator for this system so that the gain margin is at least 6 db and the phase
margin at least 40 degrees.
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Analysis of Airplane Plus Pilot as a Closed Loop Control System

CHAPTER 10: ANALYSIS OF AIRPLANE PLUS PILOT AS A
CLOSED LLOOP CONTROL SYSTEM

In this chapter the methods of Chapters 8 and 9 will be applied to the analysis of airplane
plus pilot as a closed loop control system. : '

To apply classical control theory to airplane plus human pilot in closed loop situations it is
required that a transfer function be defined for the pilot. The transfer function mode! for a human
pilot will be presented and discussed in Section 10.1.

This model is then used to analyze several airplane plus pilot in the loop situations. In Sec-
tion 10.2 the bank angle controllability of an airplane by a human pilot is discussed for a business
jetin cruise. For the same airplane, the pitch attitude controllability by a human pilot is discussed
in Section 10.3.

10.1 THE HUMAN PILOT TRANSFER F 10N

Figure 10.1 shows a block diagram which indicates the functions associated with a pilotclos-
ing the loop with an airplane under instrument flight conditions.

' Airplane
Ref. + _ Motion
~— Display —1 Pilot |—»t Airplane ——— -
Input _ Output
Sensor €
Figure 10.1 Block Dia for Pilot Plus Airplane Closed alysi

The general manner in which this system works is as follows. Assume that the pilot’s task
is to control airplane bank angle such that wings level flight is maintained. The display shows the
actual airplane bank angle. The pilot looks at this display and detects an error between the desired
bank angle (considered to be the reference input here) and the actual bank angle sensed by a vertical
gyro (shown as the sensor in the feedback path). This process of pilot detection consists of:
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1) the pilot’s eyes seeing the bank angle error on the display

2) the pilot’s brain operates on that signal and establishes the magnitude of the error

3) the pilot’s brain decides what needs to be done about this and sends a signal to that
part of the brain which triggers the motion of the arms '

4) the pilot’s arm(s) moves the control wheel (or stick) to oppose the bank angle error

5) the control wheel moves the lateral controls

6) the airplane reacts by a change in bank angle

7) the vertical gyro sends the new bank angle magnitude to the display,

etc., etc. The operation depicted in Figure 10.1 is referred to as a compensatory control situation:
the pilot tries to maintain a steady state by driving the bank angle error to zero.

There are various other manners in which a pilot can be asked to control an airplane. One
other way is shown in Figure 10.2: the so—called pursuit mode of pilot operation.

-
Airplane
System I Motion
Input | Output
—»{ Display = Pilot 3 Airplane —————
+
1
Figure 10. lock Diagr ilot Plus Airplane Analysis

in 3 Pursuit Mode

In the pursuit mode of operation a pilot chases a dynamic error situation portrayed for him
on the display. One symbol on the display may represent his own airplane plus perhaps a weapons
launch envelope which surrounds his airplane symbol. The other symbol may represent a target
which he is trying to surround with his weapons launch envelope. Of course, the target will attempt
to maneuver away setting the stage for dynamic error chasing. The simple pilot model to be dis-
cussed in this chapter does not apply to such dynamic control situations. Instead, the following hu-
man pilot model applies only to compensatory control tasks (involving no more than two simulta-
neous degrees of freedom) as represented by Figure 10.1. It is shown in Ref. 10.1 that for those
control tasks the human pilot transfer function model may be represented by:
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Yp(s) =

where: Kp

(Tjoggs + 1)
(TS + 1)

Analysis of Airplane Plus Pilot as a Closed Loop Control System

Kpe (T g8 + 1)

(Tpags + D(Tos + 1) (10.1)

is the pilot gain.

This gain can have several different meanings. Examples are:
a) the amount of aileron deflection per degree of perceived bank angle error
b) the amount of cockpit longitudinal control deflection per degree of
perceived pitch attitude angle
c) the amount of lateral cockpit control force per degree of perceived
bank angle error.
The reader is asked to visualize other possible meanings.

A very important aspect of pilot gain is that its magnitude is consciously alterable.
The pilot can, at any time, decide to act as a high gain or low gain operator. As a
general rule, in normal flying tasks relatively low gains should be required. If high
gain does become a requirement to maintain control, pilots will penalize the airplane
with a less favorable Cooper-Harper rating. The Cooper—Harper rating scale and its
application to flying qualities was discussed in Chapter 6.

represents the pilot reaction time delay. It takes the brain a finite amount of time

between reception of the display situation by the eye nerves and the sending of a
signal to the muscles of the arm or leg. That amount of time is given by T seconds.
For test pilots a T value of 0.10 can be assumed. For most other pilots this reaction
time delay takes on values of 0.12 to 0.20 seconds.

A very important point is that © cannot be consciously altered by the pilot. By
frequent training it is possible to achieve lower T values. The magnitude of t will be
significantly increased after alcohol enters the bloodstream. The dangerous effect
of this will be illustrated with examples in Sections 10.2 and 10.3.

is the so—called pilot equalization characteristic. The reader will recognize

this as a lead-lag compensator. Depending on the open loop dynamics of the con—
trolled element (the airplane in this case) the pilot has the ability to alter his lead/lag
to achieve good closed loop control response. It is important to recognize that a pilot
can consciously decide to lead or to lag an airplane in a given flight situation. It
has been observed that if too much lead or lag is required to achieve good closed
loop response, the pilot will again penalize the airplane with a less favorable
Cooper-Harper rating. Ref. 10.2 discusses a relationship between Cooper-Harper
ratings and lead/lag requirements.

(Tys + 1) represents the so—called neuro—-muscular lag characteristic of the pilot. It is

Chapter 10

caused by the fact that the muscles, once commanded (by the brain) to move, are
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in fact "fighting’ a certain amount of mass or inertia. For well rested, reasonably

athletic individuals the effect of neuro—muscular lag can be neglected. For heavy
set and/or for non—athletic people this neuro—muscular lag may not be negligible.

It is important to recognize that at any given point in time the value of the neuro—
muscular lag time constant cannot be consciously altered by the pilot.

With the transfer function form of Eqn (10.1) the following working hypothesis is used to
analyze pilot—plus—airplane closed loop situations:

Hypothesis:

(Tleads + l)te
(Tlags + 1)

obtain good low frequency closed loop system response compatible with system stability.

In the form of Eqn (10.1) the pilot adapts gain, lead and lag {the K, rm}, to

Another way of expressing this is that the adaptive characteristic is selected in the form of
a lag—lead, a lead-lag, a pure lead, a pure lag and/or a pure gain as appropriate to the complete sys-
tem. The numerical values associated with each equalization parameter are then adjusted by the pilot
to obtain good closed loop response characteristics. The criteria used by the pilot in arriving at the
actual equalization characteristic are not known.

Experiments on human pilots in simulators have indicated that the pilot will try to achieve
a system phase margin of somewhere between 50 and 110 degrees. The phase margin used here is
defined as the difference between open loop system phase and —180 degrees at the frequency where
the open loop gain is unity.

There is a practical problem with the ¢ ™ term in the pilot transfer function model. To per-

form s—domain analyses it is desirable to have all transfer function components expressed in terms
of poles and zeros. One way to achieve this with e ™™ is to first write this term as:
—15/2
e " =t (10.2)

Next, power expansions are applied to the numerator as well as to the denominator:
1 - %S + H.O.T.

1 +!25-+ H.O.T.

H.O.T. stands for higher order terms. For frequencies below about 4-5 rad/sec it is reason-
able to neglect these higher order terms. This yields the so—called Pade approximation to the pilot
reaction time delay term:

(10.3)

1-%
e m 2 (10.4)

Whether or not this Pade approximation is indeed reasonable depends on the magnitude of
the reaction time delay, T. This is shown in Figure 10.3 where Bode plots of e ™™ are shown for

first and third order approximations and for t values ranging from 0.10 to 0.60 seconds.
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It is seen that for 0.10 <t < 0.20 the Pade approximation is acceptable up to about 5 rad/sec.
For t = 0.40 the Pade approximation is acceptable up to about 3 rad/sec whereas for T = 0.60 it is
good only up to about 2 rad/sec. Human pilots begin to have great difficulty controlling disturbances
with frequency content above about 4-5 rad/sec. Therefore, the Pade approximation is acceptable
for most practical purposes.

10.2 PILOT CONTROL OF BANK ANGLE

In this Section the human pilot transfer function model will be used to determine the control-
lability of an airplane in bank.

Consider the business jet example of Table 5.10. In the 40,000 ft, cruise flight condition the
approximate bank—angle—to-aileron transfer function is:

¢) _  Ls, 6.8 '
8u(s) s(s—Lp) s(s + 0.49) (10.5)

First, consider a pure gain pilot. The transfer function of a pure gain pilot is simply:

Yo(s) = Kp (10.6)

In this case the open loop transfer function of pilot—plus—airplane is:

P(s) _ Ls, _ 6.8
Kp<5a(s) - Kps(s -Ly Kp s(s + 0.44) (10.7)

Because n—m=2 for this transfer function, instability cannot occur at any value of pilot gain.
Figure 10.4 shows a root—locus plot of this system. It is seen that very low pilot gains (below 0.05)
result in acceptable closed loop performance.

Second, consider a pilot with a reaction time delay of 0.10 seconds, negligible neuro-muscu-
larlead and no lead—lag compensation. In that case the open loop transfer function of pilot—plus—air-
plane is:

o _ 1P Ly __ -20] 68
RO WA rran W56~ Lp) Ko s +20) [s(s + 0.44)] (10.8)

In this case, because of the zero on the positive real axis, a sign change is introduced when
this transfer function is written in its standard format. That sign change causes a 180 degree phase
change. This means that Step 6 in Sub—section 9.2.4 (Step—-by—step construction of a root locus dia-
gram) changes to:

Step 6) Root locus branches on the real axis lie to the right of an odd number of poles
and zeros.
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2.00
GAIN LIMITS : 0.00 < K < 2.00 | O 2EROS
X POLES
¢ DESIGN GAIN
Jw :
{rad/s] ] 6 KP___ 0.05
i.00 g = 0.3Y
<
0.00 .
g
-1.00
-2.00
-3.00 -2.00 -1.00 0.00 1.00
. n [1/8]
Fi 4 ontrol of B le:

Figure 10.5 shows the root loci for the system represented by Eqn (10.8). Also shown in
Figure 10.5 are the root loci corresponding to reaction time delays of 0.2 sec., 0.4 sec. and 0.6 sec.
It is seen that the system gain margin deteriorates rapidly with increasing reaction time delay.

Third, consider what happens if a pilot leads the airplane. Assuming a lead of 0.10 seconds,
the corresponding pilot transfer function is:

] - IS
Y. (s) = K (—2(1‘ s+ 1) - (10.9)
p P(l +:I:i$') lead

The corresponding open loop system transfer function is:

Y,(5) 6(3:1((?) - - Kp%i-_%(o.ls + 1){“5—4‘?-32-475} (10.10)

Figure 10.6 shows the root locus diagram for this system.

It is seen that the effect of increasing pilot lead is to bend the root locus branch close to the
imaginary axis over to the left. This has the effect of improving the relative system stability at
constant gain. It also increases the system gain margin. The reader is asked to show the latter by
drawing appropriate Bode plots.
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For the business jet example at hand, there is no question about pilot—plus—airplane control-
lability. With a combination of low gain and very little lead, it is possible to attain very good closed
loop characteristics in terms of frequency and damping.

An inebriated pilot would tend to have an increased reaction time delay and would also loose
the ability to lead. Furthermore, inebriated humans tend to operate at elevated gain levels. As seen
from the bottom right hand plot in Figure 10.5 such a pilot could easily P.1.O. (pilot induced oscilla-
tion) the airplane.

If an airplane has a large roll time constant (that tends to be the case for low roll damping
and/or high rolling moment of inertia) the roll pole would be much closer to the origin. In that case
pilot lead would definitely be required to attain good closed loop bank angle response.

It is of interest to examine what the root locus diagram would be like for pilot—plus—airplane
if the complete bank—angle—to—aileron (instead of the approximation) were used. Figure 10.7 shows
that root locus. The complete bank angle to aileron transfer function was taken from Table 5.10.

It can be seen that the effect of the dutch roll pole and the numerator quadratic is quite negligible.
Point A represents the constant gain point which is similar to the one in Figure 10.6. The effect of
the extra operating point B is negligible: its time domain residue will be small as long as the quadratic
pole-zero pair are close. Effectively, this amounts to the mutual cancellation of the quadratic pole—
zero pair. Remember that this is a pre-assumed condition in the single degree of freedom rolling
approximation in Chapter 5.

Chapter 10 771



Analysis of Airplane Plus Pilot as a Closed Loop Control System

GAIN LIMITS : 0.00 < X < 4.00 g 2EROS

LIl X POLES
¢ DESIGN GAIN

Jw ,r
[rad/s] :. QKP= o’os
1.00 :
L
0.0 el g

-1.00

It was seen in Figure 10.3 that the Pade approximation becomes less accurate forlarger pilot
reaction time delays. In fact, for a time delay of 0.60 seconds it is seen from Figure 10.3 that the
approximation is good only up to about 2 rad/sec. Of interest therefore is the question: can the accu-
racy of the first order Pade approximation (for a pilot with large reaction time delay and for the case
of a pilot controlling bank angle) be shown on aroot locus plot? To determine this, consider the open
loop transfer function of pilot plus airplane:

¢( ) =18 Laa
p(s)a 0 = Kpe G=L) ) (10.11)
where, for T =0.60 seconds, the first order Pade approximation is:
1 —0.30
Yy(s) = Kp%img% (10.12)

and, for T =0.60 seconds, the third order Pade approximation is:

Y5 = K (1 — 0.30s + 0.045s52 — 0.0045s3)
P P(1 + 0.30s + 0.045s2 + 0.0045s3)

No lead is included and the value of T is assumed to be 0.6 seconds. Figure 10.8 shows two
root loci: one for a first order Pade approximation, the other for a third order Pade approximation.
It is seen that the first order approximation still gives satisfactory results at the design gain Jevel used
before. Note that the time domain participation corresponding to the high order Pade pole will be
very small: it takes place at very high frequency and adequate damping ratio and therefore will die
out in less than three cycles.

(10.13)
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T = 0.60 sec. with first and third order Pade Approximation (large scale)
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103 PILOT T OF PITCH ATTI E ANGLE

In this Section the human pilot transfer function model will be used to determine the control-
lability of an airplane in pitch.

Consider the business jet example of Table 5.4. In the 40,000 ft, cruise flight condition the
complete pitch—attitude—to—elevator transfer function is:

8() _  (—11,930s2 — 7,652 ~ 78.52)

10.14
de(s)  (676s* + 1,359s3 + 5,440s2 + 57.44s + 45.89) ( )

By examining the polynomial format of this transfer function (also given in Table 5.4) it is
seen that the phugoid quadratic and the numerator quadratic almost cancel each other. Therefore,
this transfer function will behave essentially as its corresponding short-period approximation.

First, consider a pure gain pilot. The transfer function of a pure gain pilot is simply:

Yp(s) = Kp (10.15)
In this case the open loop transfer function of pilot—plus—airplane is:

B(s) _ (— 11,930s2 — 7,652s — 78.52)

=K 10.16
de(s) P(676s5% + 1,359s> + 5,440s2 + 57.44s + 45.89) ( )

Yo(8) 575

Figure 10.9 shows the root locus for this case. Note that because n—m=2 the system cannot
be driven unstable at any gain. Note also, that a negative gain was used. The reason for this is the
fact that the airplane pitch—attitude—to-elevator transfer function contains a minus sign. That is
caused in turn by the fact that a positive elevator deflection results in a negative change in pitch atti-
tude angle (elevator deflection sign convention)!

Second, consider a pilot with a 0.10 second reaction time delay. In that case, the open loop
system transfer function would be:

Y,5) 28 ) _ _ g (- 20)[ (— 11,930s2 ~ 7,652s — 78.52)

10.17
Bes)  T(s +20) | (676s* + 1,359s3 + 5,440s7 + 57.44s + 45.89)] (1047

The corresponding root locus diagram is given in Figure 10.10. Note that at the indicated
pilot gain level (~0.10) the closed loop damping ratio of the system begins to deteriorate. The pilot
will have to lead the airplane to achieve better closed loop performance.

With a 0.10 second lead, the open loop system transfer function is:

Y (89 B(s) _ _ g (5= 20) [ (0.1s + 1)(— 11,930s2 — 7,652s — 78.52)

8e(s) | P(s + 20) | (676s* + 1,359s + 5,440s2 + 57.44s + 45.89)
The effect of lead can be seen from Figure 10.11.

] (10.18)
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\ Finally, the effect of reaction time delay on pilot plus airplane pitch attitude control is illus-
‘trated in Figure 10.12. It is seen that for increasing time delay, the pilot tends to drive his closed
loop poles directly toward the imaginary axis. Couple that with the fact that an inebriated pilot
'would not lead and would also tend to operate at high gain, the pilot can easily P.I.O. the airplane.

104 SUMMARY FOR CHAPTER 10

In this chapter the reader was introduced to a mathematical model for human pilots so that
closed loop control theory can be used to analyze the performance of airplane plus pilot in the loop
combinations. '

Applications to pilots controlling bank angle and pitch attitude angle are presented and dis-
‘cussed.

105 PROBLEMS FOR CHAPTER 10

10.1 Determine and discuss the pilot plus airplane controllability in bank and in pitch (through
: aileron and rudder respectively) of Airplane B on page 487 in Part 1.

10.2 Determine and discuss the pilot plus airplane controllability of speed through the
elevator of Airplane D on page 501 in Part 1.

103 Determine and discuss the pilot plus a1rplane controllability in bank through the rudder
of Airplane J on page 543 in Part 1. :

.10.4 Determine and discuss the pilot plus airplane controllability in bank through the rudder
of Airplane C on page 494 in Part L.

10.5 Show the beneficial effect of pilot lead in the case of Eqn. (10.10) by using Bode plots.
Plot the effect of pilot lead time constant on the system phase and gain margins.

10.6  Show the effect of pilot neuromuscular lag time constant on closed loop system stability for

the case of problem 10.1 by both root locus and Bode plots. Plot the effect of pilot neuromus—
cular time constant on the system phase and gain margins.

10.6 REFERENCES FOR CHAPTER 10

10.1 McRuer, D.T. and Krendel E.S.; Dynamic Response'of Human Operators; WADC
Technical Report 57-524, October 1957.

10.2  Anderson, R.O.; Theoretical Pilot Rating Predictions; Air Force Flight Dynamics

Laboratory; Paper presented at the AGARD Flight Mechanics Panel Specmllsts
Meeting, September 28—October 1, 1971 Ottawa, Canada, 1968.
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CHAPTER 11: STABILITY AUGMENTATION AND AUTOMATIC
FLIGHT CONTROL SYSTEMS

In this chapter the classical control methods of Chapters 8 and 9 are used to analyze and syn-
thesize stability augmentation systems and automatic flight control systems for airplanes.

A stability augmentation system acts to "augment” the open loop static and/or dynamic sta-
bility of an airplane. It was shown in Chapter 5 that the short period and dutch roll damping of high
performance airplanes tends to deteriorate rapidly at low speed and at high altitude (i.e. at low dy-
namic pressure). Because yaw dampers were among the first stability angmentation systems to be
used in airplanes, they are discussed first. The effect of a yaw damper on the dutch roll dynamics
of airplanes is discussed in Section 11.1. Next, the effect of pitch dampers on the dynamic longitudi-
nal stability of airplanes is discussed in Section 11.2 -

To enhance the maneuverability of fighter aircraft it has become commonplace to reduce the
static longitudinal and static directional (inherent) stability of airplanes. In the case of longitudinal
stability, many fighters are now designed with inherent negative static margins. To make such air-
planes appear to the pilot as normally responding airplanes some form of stability augmentation is
required. This can take the form of angle of attack feedback, angle of sideslip feedback and/or accel-
eration feedback. The effect of static stability augmentation systems is discussed in Section 11.3.
Another interesting form of stability augmentation is found in the so—called control-wheel-steering
system. This system is discussed in Section 11.4.

To lower pilot workload, particularly on long range flights, most airplanes are equipped with
‘automatic flight control systems or autopilots. Section 11.5 shows how pilots typically interface
with automatic flight control systems. Most autopilots allow for some form of automatic control
of pitch attitude, bank angle, heading angle and altitude. Such features are called: autopilot modes.
A number of these modes are discussed in Section 11.6. '

Many autopilots also allow for some form of automatic navigation. Typical navigation
modes are: glide slope intercept and hold, localizer intercept and hold, automatic landing modes and
V.O.R.-hold. Longitudinal and lateral-directional nav1gat10n modes are dlscussed in Sections 11.7
and 11.8 respectively.

Whenever several different signals (i.e. motion variables) must be fed back to more than one
controller serious mathematical complications arise in the derivation of closed loop system transfer
functions. Section 11.9 introduces the reader to some typical complications which can arise.

Most airplanes still have reversible flight control systems (see Chapter 4 for a discussion of
such systems). Integration of automatic feedback loops into reversible flight control systems leads
to feedback of control system motions to the cockpit controls. When the system is in an autopilot
mode this can be desirable. However, when the system is in a stability augmentation mode this can
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be very annoying. One way around this problem is to use so—called separate control surface systems.
- An introduction to such systems is given in Section 11.10.

For readers who want more detailed information about the hardware aspects of automatic
flight control systems Appendix E has been included. Century Flight Systems, Inc. and kindly gave
permission to include some of their autopilot hardware data in this text.

References 11.1 and 11.2 contain much valuable, experience based information on do’s and
dont’s in automatic flight control system development. Reference 11.3 is an important text for more
detailed study and for obtaining a historical perspective on the development of automatic flight con-
trol systems. '

Methods used in this chapter for analyzing and synthesizing automatic flight control loops
are essentially analog methods. The reader may well ask whether this is still relevant in an era of
digital flight controls. The answer is that with the high sampling rates and high computational speeds
used in modern on—board flight control computers, these systems behave much like analog systems.
An elementary introduction to analysis of digital flight control systems is contained in Chapter 12.

11.1 YAW DAMPE

Figure 9.4 (in Chapter 9) shows a generic block diagram of a yaw damper. To illustrate the
basic functioning of a yaw damper this figure has been simplified in Figure 11.1. Note that the for-
ward and feedback path compensation networks have been left out.

The transfer function of a rate gyro can generally be represented by a pure gatn, measured
in volts per radian per second (or in volt/deg/sec). The reason this approximation is acceptable is
that the lowest break frequency in the transfer functions of rate gyros typically is larger thari the high-
est break frequency in the airplane yaw-rate—to—rudder transfer function. Therefore, on a Bode plot,
the transfer function of a rate gyro looks like a straight line at some constant db level. It is therefore
acceptable to represent the yaw rate gyro transfer function in the feedback path by 1.0.

Yaw damper Yaw rate

Ref. + £(s) i sN
| ] gainand [ Rudder Ly, g’(s) ==t >
Input _ amplifier servo () 2 Output

Yaw rate gyro |ef———
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There is a problem with the yaw damper loop sketched in Figure 11.1. Since the damper will
try to drive any perceived yaw rate to zero, it will work fine if the airplane is intended to be in straight
line flight. In that case, the reference input in Figure 11.1 would be zero. However, the yaw damper
will tend to "fight™ a pilot who is trying to set up a constant bank angle turn. In such a turn the air-
plane has a constant (non-zero) yaw rate as indicated by Eqn (1.61c). This, of course, is not accept-
able. There are two solutions to this problem:

a) feed computed yaw rate to the yaw damper (reference) input
b) use a washout circuit in the feedback path.

In the case of computed yaw rate, a signal given by Eqn (1.61c¢) is fed to the reference input:

R; = 1, cos0,cos, (11.1)

The yaw damper will then try to eliminate any yaw rate above or below the value given by
Eqn (11.1). This is referred to as a "computed yaw rate” input. It evidently requires the presence
of the following:

1) a gyro to measure pitch attitude angle,

2) a gyro to measure bank angle,

3) a gyro to measure rate of change of heading,
4) a computer to multiply 1), 2) and 3).

If one or more of these devices is not available, a lower cost option is to use the washout cir-
cuit of item b). A washout circuit has the following transfer function:

H (11.2)

— TS
washout s + 1

where: T is the washout circuit time constant. The time domain response of a washout circuit can
be visualized by referring to item 7 in Table 9.2. Itis seen that a washout circuit drives a given input
signal to zero at a pace determined by the magnitude of the time constant, t.

When in a turn, the washout circuit will stop fighting” yaw rate in any significant manner
after a little more than T seconds have elapsed. Clearly, if T is very small, the yaw damper will not
work atall. If tis very large, the yaw damper will "fight” the pilot in setting up a turn. A compromise
is required. Typical of such a compromise is T = 4 sec.

The transfer function of most amplifiers can also be represented by a simple gain. Therefore,
the yaw damper gain plus amplifier block in Figure 11.1 is usually represented by a gain, also calied
the yaw damper gain, K, .

With the washout circuit and a simple lag as the transfer function model for the rudder servo,
the block diagram of the yaw damper is as shown in Figure 11.2.
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Rudder servo

| - Yaw rate
% K, fowl 2 |l YO _ Slj“’ e >
Input - s+a 8(s) D Output

Washout circuit

TS
s+ 1

Figure 11.2 Block Diagram for a Yaw Damper with Washout

As an example, consider first the business jet as represented by the data of Table 5.10. The
characteristic equation of the closed loop system for the yaw damper of Figure 11.2 is:

sN
a yf{ 18 _
1+ K'(S + a) _th (‘I:s + 1) - (113)

The corresponding open loop airplane transfer function is obtained from Table 5.10 as:

SN, s{[— 1133(s + 0.731)(s2 — 0.238s + 0.199))
D,  675s{(s + 0.500)(s + 0.001)(s? + 0.131s + 2.85)]

(11.4)

Using a servo with a break frequency of 20 rad/sec and a washout circuit time constant of
4 seconds the open loop pole zero configuration is shown in Figure 11.3. To indicate the location
of the servo pole, the real axis is broken to the left of the figure.

‘The reader should verify that all open loop poles and zeros are located appropriately in the
s-plane. Figure 11.4 shows the root locus of this yaw damper. Note, that at a gain of -0.60 (degrees
of rudder deflection per deg/sec of yaw rate) the closed loop system damping ratio is about 0.32
which is a significant improvement over the open loop system dutch roll damping ratio of 0.04.

As it turns out, the washout circuit has a fairly insignificant effect on the closed loop behavior
of this particular yaw damper. This may be seen from Figure 11.5 where the root locus for this yaw
damper without the washout circuit is shown. Note that the root locus behavior is very similar to
that of Figure 11.4.

The effect of the servo break frequency on the closed loop yaw damper performance is illus-
trated in Figure 11.6. It is seen that for break frequencies ranging from 40 rad/sec down to 5 rad/sec
the effect on the closed loop yaw damper performance is negligible. The reader should not general-
ize this result. The reason in this case is the fact that even with a low break frequency of 5 rad/sec,

- #B& 86FV6 bieak i8 at a much higher frequency than the open loop dutch roll mode frequency.
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There is another problem with the yaw damper block diagram of Figure 11.1. This figure
is correct only if the sensitive axis of the yaw rate gyro is perfectly aligned with the airplane Z stabil-
ity axis, That will be the case in only one flight condition. For all other flight conditions, the yaw
rate gyro actually senses a combination of stability axis roll and yaw rates as indicated by the vector
diagram of Figure 11.7. In this figure the sensitive axis of the gyro has actually been tilted aft, rela-
tive to the airplane body~fixed Z axis. Aft tilt is defined as positive, forward tilt will be negative.

It is seen from Figure 11.7 that the signal sensed by the rate gyro can be expressed as:

Sensed rate gyro signal : = p sin(a + a,) + 1 cos(a + o) (11.5)

It is the signal defined by Eqn (11.5) which is actually fed back to the comparator in the yaw
damper block diagram of Figure 11.1. Figure 11.8 shows the situation in terms of a block diagram
of a yaw damper without a washout. As expected, when the gyro tilt angle, (o + @), is equal to
zero, the situation is that corresponding to Figure 11.1. Referring to Figure 11.8, the effect ‘

. 1(S) p(s) . . . .
of summing cos(a + O and —=sin{a + a,) is to retain the same lateral-directional

61- S) 61'( S)

denominator in the resulting transfer function. However, the numerator is altered, depending on the
magnitude of the angle (o + ay,) . The consequence of this is that the three zeros of the open loop

transfer function of the yaw damper are moved around in the s—plane as a function of the gyro tilt
angle. Figure 11.9 shows how these zeros move as a function of the gyro tilt angle. Serious problems
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can be caused by those zeros which migrate toward the unstable part of the s—plane. At high gain,
that is where the closed loop poles of the system will move, thereby driving the system eventually
unstable. Note that aft gyro tilt has a beneficial effect on the location of the complex zeros.

Figure 11.10 shows what happens to the root locus of the system for different gyro tilt angles.
Observe that for forward (negative) tilt a low damped component at low frequency shows up in the
closed loop response. For large negative gyro tilt angles this component is seen to become unstable.
For aft (positive) tilt, the complex zeros move to the left in the s—plane and the system has very good
closed loop damping.
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11.2 PITCH DAMPERS

Most high performance airplanes also suffer from low short period damping at high altitude
and/or low speed flight conditions. This effect can be illustrated by considering the open loop pitch—
rate—to—clevator transfer function of the Douglas D-558-11: see Figure 3.5 in Part I for a three—view.
The effect of altitude on the longitudinal dynamics of the open loop airplane may be determined with
the data shown in Table 11.1. The resulting numerical open loop pitch-rate—to—elevator transfer
functions are shown in Table 11.2.

~It is clear from Table 11.2 that the open loop short period damping ratio and frequency both
deteriorate rapidly with altitude. To maintain acceptable handling qualities the airplane must have
much higher damping ratios. This can be achieved with a pitch damper. Figure 11.11 shows a block
diagram for an airplane with a pitch damper. It is seen that pitch rate is fed back to the elevator.
Figure 11.12 shows five root loci for this pitch damper, one for each altitude ranging from sealevel
to 60,000 ft. The elevator servo is assumed to have a transfer function of 20/(s+20).

If the pitch damper gain, Ky, is selected for the best possible closed loop damping ratio at
sealevel it is seen that the performance of such a damper rapidly deteriorates with altitude. To solve
this problem, the idea of gain scheduling is used. The pitch rate feedback gain, K‘-3 , 18 scheduled
with altitude (and, as required, with Mach number) to achieve the desired closed loop performance
for each flight condition. To achieve a damping ratio of 0.61 at 60,000 ft require 4-5 times the seale-
vel gain. Of course, there is another even worse problem at altitude: the undamped natural frequency
deteriorates to the point where the airplane becomes too sluggish. To get faster (higher undamped
natural frequency) response requires some form of angle—of—attack feedback. That type of feedback
is discussed in Section 11.3.

Pitch dampers will tend to oppose any pitch rate away from the reference input depicted in
Figure 11.11. Inlevel flight the reference pitch rate input will normally be zero. However, if a pilot
wants to maneuver an airplane in the vertical plane (pull-up or push—over) a non—zero pitch rate is
desired. Just as was the case with the yaw damper of Section 11.1 there are two solutions to that
problem:

a) use a washout in the feedback path
b) use computed pitch rate for the reference input: E)mf_input = -[?—(n -1
1

The latter equation follows from Eqn (4.116). The reader is asked to determine the effect
of a washout circuit on the pitch damper performance for the D—558-1I airplane using the data of
Table 11.2.
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M =08 Iy, = 1.7x10* slug — fi? W = 10,000 lbs

S = 175 fi? T =727ft
Data—Qltitudel  gealevel 15000f | 30000ft | 45000f | 60,000
U; (kts) 529 501 471.4 458.6 458.6
q; (bs/ft% 947.4 534.9 281.9 138.5 67.6
Cy, 10.0603 0.107 0.203 0.413 0.845
Cp, (rad™1) 4.57 4.57 4.57 4.57 4.57
Cp, 0.0210 0.0230 0.0280 0.0390 0.0550
a, (deg) 0.76 1.34 2.54 5.16 1057
CL, 0.044 0.087 0.164 0.334 0.681
Cp, 0 0 0 0 0
Cpm, 0 0 0 0 0
Cy, (rad™ ") 2.4 2.4 2.4 2.4 2.4
Cm, (rad™!) | -6.6 ~6.6 ~6.6 6.6 ~6.6
Cp, (rad™}) 0.045 0.115 0.277 0.620 1.32
Cm, rad™!) | —0.71 071 071 071 071
Cmy, (rad™") | 0 0 0 0 0
Cp, = 1.8 rad™! Cm, = — 1.03 rad™! ] Valid for all
Cm, = — 5.0 rad~! Cp, = 0 rad™! altitudes
Cp, = 038 rad™’
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Sealevel:

q) _ _ 954 s(s + 2.59)(s + 0.0003)

de(s) " (s + 6.07s + 55.03)(s2 — 0.0007s + 0.0032)

15,000 ft:

) _ 4 s(s + 1.54)(s — 0.0002)

Oc(s) T (s? + 3.62s + 30.08)(s2 — 0.0012s + 0.0038)

30,000 ft:

) . _ 514 s(s + 0.86)(s — 0.0019)

de(s) (52 + 2.03s + 15.50)(s2 — 0.0022s + 0.0044)
45,000 ft:

a9 _ _ 107 s(s + 0.44)(s — 0.0054)

Be(s) (s + 1.03s + 7.49)(s2 — 0.0042s + 0.0046)
60,000 ft:

98 _ _ 591 s(s + 0.22)(s — 0.0118)

de(s) (82 + 0.507s + 3.62)(s2 — 0.0080s + 0.0046)

Elevator servo
: Pitch rate
Ref. + oy E(S) _ . s0(s) Ny itch raj
™ Ky ™ 53 ™55 "D ¢ >
Input  _ e(s 1 Output

N | k Di m for a Pitch Damper
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11.3 STATIC STABILITY AUGMENTATION SYSTEMS

To enhance the maneuverability of modern fighter airplanes many are designed with inherent
static longitudinal instability. A beneficial fallout is reduced horizontal tail size. This in turn reduces
weight and drag. A problem is that the airplane still has to behave like a stable airplane as far as the
pilot is concerned. The stability augmentation system which enables this must now be designed to
have acceptably low failure rates (i.e. relative safety).

In principle the same ideas can be applied to reduced directional stability (and therefore re-
duced vertical tail size). A problem here is the structural strength of the fuselage. If an airplane is
directionally unstable in a high dynamic pressure flight condition and the directional stability aug-
mentation system were to fail, the airplane would have a tendency to “swap ends”. Before it would
actually do that the fuselage would probably break under the large imposed aerodynamic loading.
Therefore, most modern high performance fighters still have some degree of inherent directional
stability.

In this section three types of feedback used to alleviate inherent static stability problems will
be discussed:

1) angle—of-attack feedback to the longitudinal controls
2) load factor feedback to the longitudinal controls
3) angle—of—sideslip feedback to the directional controls

These will be discussed in sub—sections 11.3.1 through 11.3.3 respectively.
.1 ANGL - K FEED THE L AL
Figure 11.13 shows a block diagram of an angle of attack feedback system to the canard of

an inherently unstable fighter airplane. The angle—of-attack-to—canard transfer function is that of
Table 5.5 of Part I. Note that in Table 5.5 the longitudinal controller is identified as the elevator.

That is incorrect and should be the canard.

Canard servo

Angle—of-attack
Ref. + E(S)’ . K -~ a e~ a(s) NCI. g
o = =2 [
Input sta 8(s) D, Output

Angle—of- | g
attack sensor

Fi 11.13 Block Diagram for an Angle—of-Attack to Canard Feedback System
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For this example it will be assumed that the servo has a break frequency of a = 40 rad/sec
and that the angle—of-attack sensor dynamics can be neglected. The angle—of-attack—to—canard
transfer function from Table 5.5 of Part I is as follows:

ofs) _ (= 35.4s% + 578652 + 11.5s + 22.5)
Oc(s)  (871s% + 60853 — 906552 — 43.1s — 43.34}

(11.6)

Figure 11.14 shows a root locus diagram for the system of Figure 11.13. It is seen that at
the design gain of Ko = 2.5 deg/deg the unstable real root has disappeared and that a “normal ap--

pearing” short period branch shows up. From a flying qualities viewpoint, the airplane in this flight
condition should have a minimum equivalent short period frequency of about 2-3 rad/sec according

C
to the Flight Phase Category B requirements of page 429 in PartI. The value of ny = Lod i com-

puted to be about 11.8 g’s/rad for this airplane in this flight condition. From the root loc/us diagram
it follows that this requires an angle—of—attack to canard feedback gain of roughly 2.5 deg/deg. This
level of feedback gain is acceptable because of the following consideration. At 45,000 ft altitude,
the design vertical gust amounts to 15 fi/sec (severe gust according to MIL-F-8785C). With a true
airspeed of 516 kts = 872 ft/sec this amounts to a gust induced angle of attack of about 1 degree.

Therefore, in such a severe gust case the canard would be deflected by about Kqx1 = 2.5deg. That
is a reasonable canard deflection.

A problem with angle-of--attack feedback is the sensor and the sensor location. Figure 11.15
shows a typical vane type angle—of—attack sensor. The vane dynamics in local flow is always a con-
cern. In practice such sensors require a significant amount of output filtering to prevent the sensor
from feeding back local flow perturbations. For that reason load factor feedback is also used. That
type of feedback is discussed in Sub-section 11.3.2.

11.3.2 1L.OAD FA FEEDBACK TO THE INAL
Figure 11.16 shows a block diagram for load factor feedback to the longitudinal controls.

The load—factor—to—canard transfer function in the forward path is found by the following reason-
ing. The perturbed load factor can be written in terms of the rate of change of flight path angle as:

U
321; (11.7)
The corresponding load—factor-to—canard transfer function is therefore:
n(s) _ Uy () 1
5.(5)  32.28.(5) (11.8)
Since: y = 8 — a it is seen that:
ns) _ Ujs [Ng = No)
del(s) 32.2[ D, (11.9)

For the example fighter of Table 5.5 in Part 1 the reader is asked to show that this yields:

Chapter 11 794



Stability Augmentation and Automatic Flight Control Systems

8.00
GAIN LIMITS : 0.00 < K < 5.00 | O ZEROS
¥ POLES
¢ DESIGN GAIN
Jw 7.00
{rad/s] QKI?-E
6.00
5.00
| NEW
LA closED
] LOOP
//" SHORT
3.00 - FERIOD
el
2.00
SERVD 1.00
-HO
0.00 B >t
-4.00 =3.00 -2.00 -1.00 0.00 1.00 2.00 3.00 4.00
Large scale plot n [1/a)
0.20
GAIN LIMITS : 0.00 < K < 5,00 O ZPROS
X POLES
o © DESIGN GAIN
[rad/s] 0 l‘r:: 2.5
NEW
L~ CLOSED
0.10 LOOP
’// PHUGOID
///
p 1
SERVD
=40
*—4—0.00 %
-4.00 =3.00 -2.00 =1.00 0.00 1.00 2.00 3.00 4.00
n {1/8]

795




Stability Augmentation and Automatic Flight Control Systems

DESCRIPTION:

Model 2552 is a small, vane-type angle of attack transducer
designed for application on small commercial aircraft where
economics are stressed.

The Model 2552 is designed to provide two independent
frictionless switch ¢losures and an anaiogue signal from
a potentiometric output. Provision for field adjustment of
switch actuation point has been made. The vane is heated
and provided with a spoiler bead. The transducer is not
damped and uses Teflon coated surfaces for bearings; the
case, cover and most of the small components are molded
poly-carbonate. The extensive use of higher strength poly-
carbonate is consistent with weight and cost requirements.
The Model 2552 angle of attack transducer has been certi-
fied for F.A.A. compliance.

PERFORMANCE AND ENVIRONMENTS:

Input Range, Vane Rotation: 0 to 25°* Switch #1 Closure
g 12° x14*; switch #2 closure @ 15.5° x1/5°
on-adjustable resident stops limit rotation to
approximately ==150° about aero. zero

*|nput Range, Velocity: Angle of Attack Performance
applicable frorm 90 knots to Mach 1.5

Potentiometer Qutput: 5000 ohms = 109% through 50°

Excitation: 28 VDC

Scale Factor: 1:1

Weight: 0.6 Ibs. maximum

Accuracy: Switches = 0.5° @ Room temperature (+25°C)
Potentiometer Linearity = 29% F.S. (Independent)

Operating Temperature: —54°*C to +71*C

Steady State Acceleration: 10 g

De-Icing: TSO-C54

Altitude: Sea Level to 50,000 ft.

Vibration: TS0-C54

Humidity: TS0-C54

Courtesy: Conrac Corporation, El Monte, California

Ref.

Input

Canard servo Load factor
Output
Ko P 572 [™ d.(s) 322 D,
load factor
sensor i
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n(s) 27.07) (35.4s3 + 2552 + 2145.55 — 22.4) (11.10)
e U8 .
Oc(s) (871s* + 608s* — 906552 — 43.1s — 43.34)

The upper root locus diagram of Figure 11.17 shows that with load factor feedback a reason-
able short period root pair can be obtained. The feedback gain required to attain the same level of
short period undamped natural frequency of 2-3 rad/sec is about 0.3 deg/g. This appears tobe a very
reasonable feedback gain. Even for a 5—-g perturbation the amount of canard activity required is a
modest 0.3x5=1.5 deg.

One problem with this system is the fact that the phugoid remains as two real roots, one of
which is unstable. This can be seen from the small-scale (lower) plot in Figure 11.17.

Another problem with load factor feedback is the sensitivity of the sensor. For accurate flight
path control in turbulent air, a relatively low threshold is required for the acceleration sensor. How-
ever, that implies that any structurally induced vibrations (such as those caused by gun firing) can
cause the system to feed back signals to the canard which are not really there. A certain amount of
filtering and/or some type of firing interrupt feature would have to be added to make this work.

In the next sub—section an application of sideslip feedback to the directional controls (nor-
mally the rudder) will be discussed.

3.3 SIDESLIP FEEDBA THE DIRECTT L ROL

When an airplane is designed without inherent static directional stability a sideslip angle
feedback system to the rudder can provide the required "SAS-on” stability referred to in Chapter
5 of Part 1. Figure 11.18 shows a block diagram of a sideslip—angle-to—rudder feedback system.

Because there exist, at the time of this writing, no certified airplanes without inherent direc-
tional stability, the example given here is artificial. The example is obtained by examining the conse-
quence of reducing the size of the vertical tail of the Douglas D-558-11 airplane. The lateral-direc-
tional derivative (including reduced static directional stability) data for this airplane are summarized
in Table 11.3.

Figure 11.19 presents root locus diagrams (large scale and small scale) for the sideslip feed-
back system shown in Figure 11.18. Note that the effect of sideslip is to reconstitute a dutch roll
root pair. According to Table 6.12 in Part I, the minimum acceptable dutch roll undamped natural
frequency is 0.4 rad/sec. It is seen from Figure 11.19 that to attain this required a feedback gain of
0.3 deg/deg. With an assumed sideslip disturbance of 1 degree in this flight condition, the required
rudder deflection would be 0.3 deg. which is quite reasonable.

Observe, that sideslip feedback does generate a lateral phugoid mode. This is probably ob-

jectionable and should be compensated for by feedback of roll-rate to the ailerons. It is left as an
exercise to the reader to show how this would decouple the lateral phugoid.
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Rudder servo

Ref. + oy E(S) . Bs) Np Angle—of-sideslip
Input _ _ r 2 Output

Angle-of- | g
sideslip sensor

Figure 11.18 Block Diagram for a Sideslip to Rudder Feedback System

M = 1.4 at 75,000 ft S = 175 fi? b = 25.0 ft W = 10,000 Ibs
U, = 1,364 ft/sec = 808 kts q, = 101 lbs/ft? Cp, = 0.56
a; = 9.25 deg I, = I;x = 40,000 slugft? I, = 0 shugft?

All derivatives in 1/rad

Cy, = — 7.0 C,, = —0.018 Cny = 0
Cy, = 0.19 C, = —037 Cp, = — 0.057
Cy, = 0.84 C, = 0.041 Cp, = — 0.57

Cy, = 0.075 C,, = — 0001 Ch,, = — 0.061

Sideslip-to—rudder transfer function:
(s — 0.0029)(s + 0.0401)(s + 220.6)

(s + 0.0464)(s + 0.3432)(s2 — 0.0073s + 0.0166) ot

B(s) _
YO (0.00307)

B(s) _ 4.19s3 + 924.3s2 + 34.36s — 0.108
8:(s) 1364.1s* + 521.5s3 + 40.43s2 + 8.648s + 0.36
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11.4 BASIC AUTOPILOT SYSTEMS

To lower the workload of pilots, particularly on long flights, most airplanes are equipped
with some from of automatic flight control system (AFCS) or autopilot system. The capability of
such systems to control the airplane depends on customer requirements and on the amount of invest-
ment the customer is willing to make. Therefore, autopilot systems are available from very basic
to very sophisticated. The reader is referred to the annual issue of Business and Commercial Avi-
ation magazine, called the Planning and Purchasing Handbook (Reference 11.4) for detailed in-
formation, including weight, power and pricing data on these systems.

Most autopilot systems have as a minimum the capability to control or hold certain flight
parameters. In high performance airplanes and in airplanes used for medium to long range trans-
portation, the autopilot system also has the ability to perform navigational tasks.

In a flight parameter control or hold mode, an autopilot can be designed to control and/or
hold any one or more of the following parameters:

Longitudinal Control/Hold Functions Lateral-Directional Control/Hold Functions
e Pitch attitude ¢ Bank angle

® Altitude ® Heading angle

® Airspeed or Mach number @ Turn rate at constant altitude and speed

‘® Climb or descent rate @ Zero lateral acceleration

In a navigational mode an autopilot can be designed to carry out any one or more of the fol-
lowing navigational functions:

Longitudinal Navigational Functions Lateral-Directional Navigation Functions
® Glideslope intercept and hold ® Localizer intercept and hold

® Flare before landing ¢ Fly toward a radio beacon

® Automatic landing ® Fly toward an arbitrary way point

Obviously, the autopilot must be designed so that conflicting modes cannot be selected by
the pilot. Pilots must have a way of communicating with the AFCS to command it to perform certain
tasks. That communication is normally accomplished with a so—called interface panel. Examples
of recent autopilot interface panels are given in Figures 11.20a and 11.20b.

Because of the natural split of the airplane equations of motion into longitudinal and lateral-
directional equations, the discussion of autopilot system also follows this split. The material is there-
fore organized in the following manner:

11.5 Basic Longitudinal Autopilot Modes

11.6 Basic Lateral-Directional Autopilot Modes
11.7 Longitudinal Navigation Modes

11.8 Lateral-Directional Navigation Modes
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Courtesy of Century Flight Systems, Inc.
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Figure 11.20b Interface Panel for a Century 2000 Autopilot System
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Like airplanes, autopilot systems must meet minimum certification standards. Unlike air-
planes, autopilot systems themselves are not certified. Instead, the specific installation of a given
autopilot in a specific airplane type is certified. This means that autopilot systems manufacturers
must seek individual certification of their systems in each airplane type.

To give the reader some idea of how autopilot systems can be installed in an airplane, a per-
spective of the installation of a Century 41 autopilot in a typical twin engine airplane is shown in
Figure 11.21 The reader is referred to Appendix E (Appendices A through D are in Part I) for a more
detailed presentation of autopilot systems. The author is grateful to Century Flight Systems for per-
mission to use some of their material.

Courtesy of Century Flight Systems, Inc.

1 COMPUTER
2 ARTIFICIAL NORIZON o

F/7p STEERING MORIZON
DIRECTIONAL GYRO or HSI
4 PROGRAMMER { CONTROALER)
$ ANNUNCIATOR

§ CONTROL WHEEL MOUNTED TRIM,
MTCH STEERING & DiSCONNECT

SWITCNES
- 7 ROLL (AILERON) SERVO
§ PITCN (ELEVATOR) SERYO

§ YAW DAMPER SERVO
10 TRIM SERYD

I lati ilot System in a Twin Engine Airplane
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11.5 BASICL IT AL AUTOPIL.OT MOD
In this Section the following basic longitudinal control or hold functions will be discussed:

11.5.1 Pitch Attitude Hold Mode

11.5.2 Altitude Hold Mode

11.5.3 Airspeed or Mach number Hold Mode
11.5.4 Control-wheel Steering Mode

The effect of airplane type, airplane performance, servo (or actuator) performance and flight
condition on the closed loop behavior of these autopilot modes will be delineated.

11.5.1_PITCH ATTITUDE HOLD MODE

Pitch attitude control or hold modes were among the first autopilot modes used. One reason
is to prevent the pilot from having to constantly control pitch attitude in turbulent air.

In atialyzing and/or synthesizing any autopilot mode, two questions must be answered first:
1) Which type of controller is to be used to control or hold the parameter selected?
2) What type of feedback loop structure is needed?

In the case of pitch attitude hold, the answer to the first question may be obvious: a human
pilot controls pitch attitude through the elevator. Therefore an autopilot would probably employ the
same method. The answer to the second question is fairly obvious also. A human pilot, in instrument
conditions will use a vertical (pitch attitude) gyro as a reference to control the pitch attitude of an
airplane. Therefore a feedback loop of pitch attitude angle to the elevator is probably the simplest
way to achieve the pitch attitude hold objective. '

Consider the case of controlling the pitch attitude angle of a four—engine, propeller driven
airplane (Airplane F of page 515 in PartI). Figure 11.22 shows the functional block diagram of the
corresponding pitch attitude hold mode. In the approach flight condition selected for this example,
the desired (reference) pitch attitude is taken to be zero degrees. The elevator servo is assumed to
be a first order servo with as transfer function 10/(s+10). Break frequencies of 10 rad/sec were typi-
cal of servos of the era in which Airplane F was designed.

The lowest break frequency in the transfer function of a pitch attitude gyro is typically much
higher than the highest break frequency in an airplane pitch-~attitude—to—elevator transfer function.
The gyro can thus be viewed as a pure gain and its transfer function eliminated from consideration.

Figure 11.23 shows an analytical block diagram of a pitch attitude hold mode system for Air-
plane F in its approach flight condition (sealevel and 189 ft/sec or M=0.17). The transfer function
of the airplane is the short period approximation of the pitch-attitude-to—elevator transfer function,
according to Eqn (5.60). The required derivative data were taken from page 518 of Part 1.
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Elevator servo
o N Pitch attitude
Ky P 2 —ra(s)——-ﬁ—e -
e(8) 1 Output
Pitch attitude -
gyro
Fi 1.22 F ional Bl i Pitch Attitude Hol
Pitch attitude |
Elevator servo Output
0
10 0(s) — (1841.3s + 1540.3)
Ky > R = ——
8 s + 10 8c(s) 189.3 s (s2 + 3.911s + 7.463)
6= Pitch aftitude -
feedback gain

Figure 11.24 shows the corresponding root locus diagram. The following observations are
in order, Note that the open loop system damping ratio is 0.72. The corresponding short period fre-
quency is 2.7 rad/sec. The reader is asked to verify that the airplane easily meets the frequency/
damping requirements of Sub-section 6.3.4 in Part I. The effect of the pitch attitude hold mode is
to drive the short period root toward the imaginary axis. Figure 11.25 shows a Bode plot of the open
loop transfer function of the system. It is seen that the gain margin is about 13.1 db which corre-
sponds to a gain at which the autopilot becomes unstable of —4.5 deg/deg. A reasonable operating
gain for pitch attitude hold modes is around -0.5 deg/deg. Figure 11.24 shows that the corresponding
closed loop damping ratio is still a respectable 0.43. The minimum allowable according to Sub—sec-
tion 6.3.4 is 0.35. The simple pitch attitude hold autopilot therefore works well.

Now consider a pitch attitude hold mode for a large jet transport in a high altitude cruise flight
condition. For this example, Airplane J will be used. Figure 11.26 shows the analytical block dia-
gram for this case. The servo transfer function for that airplane is assumed to be 20/s+20, which
is representative for this type of airplane.

Figure 11.27 shows the corresponding root locus diagram. The following observations are
in order. Note that the open loop system damping ratio is 0.35. This is the minimum acceptable
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damping ratio according to the requirements of Sub~section 6.3.4. of Part I.  The effect of the pitch
attitude hold mode is to drive the short period root toward the imaginary axis. Figure 11.28 shows
a Bode plot of the open loop transfer function of the system. It is seen that the gain margin is about
21 db which corresponds to a gain at which the autopilot becomes unstable of —11.2 deg/deg. Area-
sonable operating gain for pitch attitude hold modes is around -0.5 deg/deg. Figure 11.27 shows
that the corresponding closed loop damping ratio is an unacceptable 0.26. Clearly, a simple pitch
attitude hold loop does not work for this type of airplane.
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The reader is asked to remember the discussion of pitch dampers in Section 11.2. It was seen
that a pitch damper drives the short period roots toward a region of higher damping ratio (i.e. away
from the imaginary axis). One solution to the pitch attitude hold problem for this airplane is there-
fore to add an inner loop pitch damper. A block diagram showing the double loop configuration of
a pitch attitude hold system with inner loop pitch rate damping is shown in Figure 11.29.
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The inner loop should be analyzed first. Figure 11.30 shows a root locus diagram of this
inner (pitch rate feedback) loop. It is seen that as the pitch rate feedback gain, K, , is increased the
short period poles are moved toward much higher damping ratios. Two different inner loop gains

are being considered: K, =-1.0and K, =-1.5deg/deg/sec. The corresponding closed loop pole
locations are indicated in Figure 11.30. '
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The outer loop (pitch attitude hold loop) will now be considered at the two inner loop gain
levels. The closed inner loop pole locations of Figure 11.30 now form the so—called outer loop de-
parture poles. In addition there is the integrator pole caused by changing pitch rate to pitch attitude
in the outer loop. Figure 11.31 shows a root locus diagram with the critical pitch attitude loci for
each inner loop gain. It is seen that the pitch attitude hold loop corresponding to the higher inner
loop gain has somewhat better frequency and damping behavior.

In a real case, the behavior of the outer loop should be simulated in the presence of turbulence
and also for different flight conditions, weight and mass distributions before a final gain combina-
tion is decided upon.

Several questions should now be asked:

1) What is the effect of the servo break frequency on closed loop performance?

2) What is the effect of the flight condition on closed loop performance?
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3) What is the effect of using the complete instead of the approximate
pitch-attitude—to—elevator transfer function?

These questions are answered in the following.
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1) Effect of the servo break frequency on closed loop performance.

Many servos (actuators) can be modelled as first order lags, a/s+a being a typical form. The
magnitude of the break frequency ”a” is an indication of how fast a servo reacts to an input command.
Clearly, the faster an actuator moves a control surface, the faster the airplane can react. It turns out
that the cost and complexity of an actuator are related to the magnitude of ”a”. The higher the break
frequency, the greater the cost of the actuator. To illustrate the effect of actuator break frequency

on closed loop performance, consider the case of the pitch attitude hold autopilot of Figure 11.23.

Figure 11.32 shows a composite root locus for four values of servo break frequency: a= 20,
2=10, a=5 and a=2.5 rad/sec. Itis clear from these root loci that as the break frequency of the actuator

is lowered, the undamped natural frequency at the constant gain M{E of Kg=-0.5deg/deg is low-
ered. The damping ratio is not significantly affected: this may not be true in other examples.

2) Effect of the flight condition on closed loop performance.

The effect of flight condition on the closed loop performance of a pitch damper was already
illustrated in Section 11.2 where it was shown that gain scheduling with altitude is required. This
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tends to be generally true, particularly for high performance airplanes. The effect of ﬂight condition
on the closed loop performance of a pitch attitude hold system will be considered for Airplane J for
the three flight conditions defined in Table B10 of Part I.

Figure 11.33 shows a composite root locug diagram for a pitch attitude hold system in ap-
proach, low altitude (20,000 ft) cruise and high alﬁjmde (40,000 ft) cruise. The diamond symbols
indicate the operating points at the same feedback gain as used in the example of Figure 11.31.

3) Effect of using the complete instead of the approximate pitch-attitude—to—elevator
transfer function?

'The effect of using the complete instead of the approximate pitch—attitude—to—-elevator trans-
fer function in a pitch attitude hold autopilot is shown in Figure 11.34 for Airplane F in an approach
flight condition.

Observe that the effect on the short period” pitch attitude branch of the root locus is negligi-
ble. The approximate root locus does not have (of course) a phugoid branch. The complete root
locus does. It is of interest to observe that pitch attitude feedback improves the phugoid damping
very significantly. In other words, pitch attitude feedback serves to "augment” the stability of the
phugoid mode!
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11.5.2 ALTITUDE HOLD MODE

Altitude hold is an important mode in many autopilot systems. To control altitude is the same
as controlling rate of climb (or rate of descent). By commanding zero climb rate, altitude will be
kept constant. In most airplanes altitude is controlled with the elevator. The reader may have ob-
served from Chapter 5 in Part I that no expression was derived for the altitude—to—elevator transfer
function of an airplane. To dertve such a transfer function first consider Figure 11.35.

Note: 8 = a + vy

The rate of climb, h , can be written as:

h=Usiny= Uy (11.11)

Upon applying the Laplace transform:

sh(s) = Uyy(s) (11.12)

If the elevator is used as the controller it follows that:

h(s) _ U; | y(s)
5e(s) T[ﬁc(s)} (11.13)

Note from the insert in Figure 11.35:

8 = o + v and therefore: 0O(s) = a(s) + y(s) (11.14)

The altitude—to—elevator transfer function can thus be written as follows:
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h(s) _ U, [6(s) — a(s) _
8els) S [ 8els) } (11.15)

A block diagram for the altitude control system is sketched in Figure 11.36.

Elevator servo
Ref. + : Altitude
> K, | sia . gl((s)) ® T
Input ' els Output
Altitude
b
s+ b -
Altitude sensor
(Altimeter)

The altitude—to—elevator transfer function is that of Eqn (11.15). Note the additional lag in
the feedback path. Barometric altimeters tend to have a built—in lag, the magnitude of which depends
on the detail design of the aneroid bellows and the line lengths in the system.

In the following example, the data for Airplane E of page 508 in Part I are used to find the
altitude—to—elevator transfer function in a 20,000 ft cruise condition. Note that Eqn (11.15) can also
be written as follows:

h(s) _ U; (Ng — Ng |
53(5) =3 (—_ﬁl (11.16)

From pages 511 and 512:

Np = — 10,371s? — 12,0435 — 226.3 (11.17)
Ng = — 62.64s® — 10,413s% — 129.8s — 107.9 , (11.18)
D, = 451.8s% + 2,197.2s% + 11,333s2 + 154s + 102 (11.19)

With a steady state speed of 450 ft/sec this yields for Eqn (11.16):

(11.20)

h(s) _ 450 62.64s3 + 4252 — 11,913s — 118.4
Oe(s) S 1451.8s% + 2,197.2s3 + 11,333s2 + 154s + 102
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The servo break frequency is assumed to be a=10rad/sec. Three altimeter break frequencies
will be considered: b=0 rad/sec (no lag), b=0.2 rad/sec and b=1 rad/sec. A root locus diagram of
the altitude hold system of Figure 11.36 is presented in Figure 11.37.
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1.00

beo— &
+13
-1.00

-15.00 -13.00 -11.00 -9.00 -7.00 -5.00 -3.00 -1.00 1.00 3.00 5.00

It is seen that the phugoid mode is driven unstable at very low feedback gain. This problem
is fairly typical for altitude hold control in airplanes with low phugoid damping. Note that the prob-
lem does not disappear even if the altimeter lag is negligible. To solve this problem several options
are available:

1) Pitch attitude feedback to stabilize the phugoid mode. The effect of pitch attitude feed-
back on the phugoid was already discussed in Sub-section 11.5.1, item 3.

2) Vertical acceleration feedback. The effect of vertical acceleration feedback was already
discussed in Sub—section 11.3.2.

3) Lead-lag compensation. A lead-lag compensator, designed to provide two zeros into
which to draw the phugoid poles can stabilize the overall system. The effect of this lead—lag com-

(s + 0.1)(s + 0.4) .

pensator is illustrated in Figure 11.38. The lead-lag network used is: G+ 2 +3)

It is seen that such a lead-lag can indeed stabilize the system. Before accepting this as a solu-
tion other flight conditions would have to be investigated as well.
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Automatic control of airspeed and/or Mach number is a feature required in nearly all high
performance airplanes. Such a feature prevents pilots from having to "chase” Mach number during
long cruising flights. It also makes carrying out automatic approaches much easier.

In several high subsonic airplanes the possibility of Mach tuck exists. Mach tuck was dis-
cussed in Part I (see Index). To prevent the tuck phenomenon from becoming a flight safety problem
so—called Mach trim systems are installed in some airplanes.

There are two methods in use for controlling airspeed, depending on the flight condition.
In up-and-away flight conditions, airspeed is normally controlled by using the engine throttles.
Such systems are referred to as autothrottle systems. On final approach airspeed can also be con-
trolled with autothrottles but there is another option available: speedbrakes. Airspeed hold using
autothrottles is discussed in 11.5.3.1. Airspeed hold using speedbrakes is discussed in 11.5.3.2.

In earlier jets flight Mach numbers were controlled by feeding back Mach number to the ele-
vator. Because this method is still used in some airplanes, an example is discussed in 11.5.3.3.

An approach to a Mach tuck control system is presented in 11.5.3.4.
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irspeed Hold i

Figure 11.39 shows a typical block diagram for an autothrottle systern.

Throttle servo

Engine(s)

Al d

Ref. + K, | —2 | AT(s) _ . _¢ |y u(s) o LrSPe;
+
Input ST Or(s) st AT() Output
Airspeed
b
s+b -«

Airspeed sensor

Figure 11.39 Block Diagram for an Airspeed Hold System Using Autothrottles

In the autothrottle system of Figure 11.39 the actuator moves the engine throttles. These in
turn adjust the fuel supply to the engines. The engines respond with an increase in thrust. The engine
—to—throttle gain, K1, can be expressed in lbs/in of throttle movement or Ibs/rad (or Ibs/deg) of

throttle movement. In this chapter the latter units will be used. Engine thrust response to throttle
motion can be represented by a first order lag with break frequency of "c” rad/sec. The airplane
responds to this with a change in speed according to the speed—to—thrust transfer function.

In the feedback path of Figure 11.39 there appears yet another first order lag, this one due
to the speed sensing system. Because such systems are normally dependent on pressure differences
in static ports and lines a certain amount of lag is inevitable.

The gain, K, , in the forward path is the throttle movement in radians per ft/sec change in
airspeed. This gain needs to be determined consistent with closed loop system stability.

The reader should observe that autothrottle systems such as the one in Figure 11.39 have a
built—in 270 phase lag due to the three first orders. The relative stability of these systems is therefore
always a concern. Consider as an example Airplane J in the approach flight condition.

First, the various transfer functions in Figure 11.39 will be defined for Airplane J in an ap-
proach flight condition.

Throttle servo transfer function: G j‘_ D= _|2_02 » is typical for this type of airplane.

Engine transfer function: for Airplane J, the lift—to—drag ratio on final approach is about
7.0 according to page 544 in Part I. The thrust required is therefore 564,000/7.0 = 80,571 1bs. The
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maximum available thrust in this airplane is about 198,000 Ibs. Assuming a 0.5 radian throttle move-
ment from the approach thrust setting, the engine—to—throttle gain is (198,000 — 80,571)/0.5 =
234,858 Ibs/rad.

It will be assumed that the engines have a spool-up time constant of 5 seconds. This gives
the first order lag model for the engine a break frequency of 0.2 rad/sec. The engine model therefore

' - 2
is: Ky = 234, 858(2—02)

Airplane speed-to-thrust transfer function: This transfer function can be determined
from Eqn (5.33) in Part I by substituting:

Xr for X - where Xt is the forward acceleration imparted to the airplane per unit
thrust. It is assumed that the available thrust is aligned with the X—stability—axis.

For the approach flight condition this means: % = 1x32.2/564,000 = 0.000057 ft/sec2/Ibs.

Zyp=0for Z; : where Z, is the upward acceleration imparted to the airplane per unit

thrust. Itis assumed that the available thrust is aligned with the X-stability—axis so that there
is no Z-component.

M,y = I_ for M& : where M, is the pitch angular acceleration imparted to the
yy

airplane per unit thrust. This assumes that the net thrust line is a distance z below the
center of gravity. For Airplane J: zy =6.4 ft. For the approach flight condition this means:

IZ_T = 6.4/30,500,000 = 0.0000002 rad/sec2/Ibs.
¥y

These substitution and the other data from Table B10 (Part I) were entcred into the AAA pro-
gram to produce the followm g speed—to—-thrust transfer function:

u(s) _ 0.0033 (s — 0.11)(s2 + 1.015s + 0.599) ('11 21)
AT(s)  228.5 |(s2 + 0.951s + 0.594)(s2 — 0.0005s + 0.0281) '

_ (0.0033s3 + 0.0030s2 + 0.0016s — 0.0002)
(228.5s% + 217.2s3 + 141.96s2 + 6.043s + 3.815)

Airspeed sensor transfer function: For this transfer function the assumption will be made

that a time constant of 1 second is achievable. Therefore: .2 = 1 .
(s+b) (+1

Figure 11.40 shows a root locus diagram for this system. A reasonable operating gain for
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this type of asystem could be K, = 0.02 rad/ft/sec. Figure 11.40 indicates that this system works
well: the gain margin is certainly sufficient.
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Whether or not a system such as this is workable depends strongly on the engine spool-up
time constant and on the speed sensor lag. If the engine spool-up time constant is 10 seconds and
the speed sensor time constant is five seconds, the root locus diagram of Figure 11.41 shows that
the system no longer has acceptable closed loop characteristics. The designer should therefore deter-
mine the actual time constant behaviors of engine and speed sensor before analyzing such a loop.

Figure 11.42 shows a typical speedbrake installation for airplanes which use this system for
speed control on final approach. Example airplanes are the Fokker F-28 and AVRO R1J series.

Figure 11.43 depicts a block diagram for a speedbrake speed control system. It is seen that
in this case there are only two instead of three first order lags in the system. This should improve
the relative stability of such speed control systems over that of the autothrottie system.

Although Airplane J has no such system, one will be "invented”. In this case, the speed—to—
speed—-brake transfer function of the airplane will be needed.

To arrive at a reasonable estimate for the drag characteristics of this system some assump-
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tions will have to be made. The first assumption is that the required fuselage mounted speedbrake
area in the fully deployed position amounts to approximately 90 ft2. In that position a drag coeffi-
cient of 0.8, based on the deployed area, is also assumed.
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Speedbrake servo
Airspeed
— 2 > u(s) ® >
s+ a 6sb(s) o
. utput
b
s+b -
Airspeed sensor
Figure 11.43 B Diagram for an Airs m Using Au eed-brakes

The total drag coefficient of the fully deployed speedbrake, based on wing reference area
is therefore: ACp, = 0. 8x90/5500 = 0.0131. Assuming that, in the fully deployed position, the
speedbrake has a deflection angle of 60 degrees, the speedbrake drag derivative is then:

= (0.0131/60)x57.3 = 0.0125 1/rad .

It will be assumed, that the speedbrake has no effect on lift, therefore: C;, =01 /rad .
sb

The distance from the fuselage mounted speedbrake to the c.g. of the airplane is assumed
to be 14 ft. The pitching moment derivative due to speedbrake deflection can therefore be found
as: Cm, =0. 0125x14/27.3 = 0.0064 1/rad , where € = 27.3ft . Note that this derivative is
posmve because an increase in drag due to speedbrake deflection would raise the nose of the air-
plane.

With this information the airplane speed—to—speedbrake transfer function was determined
by entering the appropriate data into the AAA program. The resulting speed-to—speedbrake transfer
function was found as:

us) _ —52.0 (s + 0.19)(s2 + 0.715s + 0.60) (1122)
54(s)  228.5 | (s +0.951s + 0.594)(s2 — 0.0005s + 0.0281) '

_ (— 52.0s3 — 47.1s2 — 38.25s — 5.936)
(228.5s% + 217.2s3 + 141.9652 + 6.043s + 3.815)

Figure 11.44 shows a root locus diagram for this system. Note the rather high design gain.
That gain is directly related to the size of the speedbrake. If a lower operating gain is desired, the
speedbrake area should be enlarged. The assumed speed brake area of 90 fi2 is rather small for an

airplane the size of Airplane J.
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At this point it is desirable to summarize some pros and cons of autothrottle and autospeed-
brake systems. This summary will be given for two speed regimes: high speed (cruise) and low
speed (approach).

At high speed (cruise): The autodrag system for speed control in cruise makes no sense due
to the increase in cruise drag. In this speed range, only autothrottles (called full-time autothrottles
in this case) are a viable option.

At low speed (final approach):
Potentially, autothrottles have the following problems:

® [n turbulent air, due to the long spool—up time of the engines, there is considerable throttle
activity. This results in the engines whining up and down which can be disturbing to passengers.
Also, this results in more engine wear and tear.

® In the case of a go—around, because the engines are operating at arelatively low thrust level,
the spool—up time can result in flight path response delays.

Potentially, autothrottles have the following advantages:

® The aft end of the fuselage is free for an A.P.U. installation.
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® Because of the lower required thrust setting on final approach, there will be less fuel con-
sumption and less noise. :

At low speed (final approach):
Potentially, autospeedbrakes have the following problems:

® Because of the added drag, a higher engine thrust setting is required. This results in in-
creased fuel consumption and increased noise.

® Because of the preferred installation of the speedbrake at the aft end of the fuselage, it is
difficult to use that location for the A .P.U. (Auxiliary Power Unit). Aft fuselages are ideal locations
for APU’s because of the lower exposure to noise by ground personnel.

Potentially, autospeedbrakes have the following advantages:

® The thrust in turbulent air is kept constant. The speedbrake controls the speed. This creates
less engine wear and tear and is also not disturbing to the passengers.

® Because the engines are operating at a relatively high thrust level, their response to a go—
around command is faster. In addition, in the case of a go—around, the speedbrakes would be auto-
matically closed which also results in an instantaneous forward acceleration.

Figure 11.45 shows a block diagram of a Mach hold system using the elevator as controller.

Elevator servo

Mach
Number
> - j_ = T ?ES; * >
' elS Output
b
s+ b -

Mach sensor

i 11.45 Block Diagram for a Mach Hold tem Using the Elevator

Airplane J in a high altitude, high speed flight condition is used to illustrate what a root locus
diagram for this type of system would be like. The corresponding root locus diagram is shown in
Figure 11.46. The servo break frequency was assumed to be 20 rad/sec and the Mach sensor break
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frequency was assumed to be 0.2 rad/sec. The Mach-number-to-elevator transfer function is ob-
tained from the speed—to—elevator transfer function in Table B10 (Part I) by dividing by the speed
of sound at 40,000 ft: 968.1 ft/sec.
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Figure 11.46 Root Locus Diagram of a Mach Hold System for Airplape ]

It is seen from Figure 11.46 that the degenerate phugoid roots are driven unstable by the
Mach hold system. By adding a compensator with the transfer function {(s+1.5)/1.5}{4/(s+4)} the
problem can be solved as seen in Figure 11.47. The corresponding gain and phase margins are satis-
factory as seen from the Bode plot in Figure 11.48.

11.5.3.4 Mach Tuck Control (Mach Trim)

In the high subsonic speed range changes can occur in the pressure distribution around an
airfoil which can result in a nose down pitching moment of increasing magnitude as the flight Mach
number increases. This can give the airplane a tendency to nose down (this is called: tuck). In turn
this may result in flying quality problems such as reversals in stick—force—speed—gradients.

The following discussion of one solution (used on the Boeing 707) to this problem was
adapted from Reference 11.5.

The Boeing 707 has both maneuvering and speed stability in the entire subsonic Mach range
below M=0.81 within certain weight and c.g. limits. The airplane has maneuvering stability over
the entire subsonic and transonic speed range. A mild speed instability becomes evident in the tran-
sonic range above M=0.84. It is emphasized that there are no changes in the fundamental flying
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characteristics of the airplane, either manually or on automatic, as long as normal control procedures
are followed. The movable stabilizer is still used for trim and a pull on the control column will raise

the nose while a push will lower the nose.

As speed is increased there is a change in the pressure distribution over a typical airfoil: as
the Mach number increases the center of pressure does shift aft. Figures 11.49 and 11.50 illustrate
this trend. If the c.p. location was the only factor which affects airplane pitch, the airplane would
tend to nose down. However, in the 707 there is an offsetting pitching moment generated by the
horizontal tail which actually keeps the nose up as Mach number increases. However, as the Mach
number builds up the aft shift in the c.p. will overcome the offsetting trend of the tail and the airplane
will nose down unless corrected by the pilot or by the autopilot.

o= 2.6 DG
M= .T00
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As the Mach number increases, the variation of elevator control force with Mach number
does tend to reverse as indicated in Figure 11.51 with the Mach trim system inoperative. Note that
the airplane is trimmed at M=0.82. If the pilot should decide to increase speed without changing
trim, he must push on the column with increasing force as shown in Figure 11.51. Above M=0.85
the required column push force becomes less and less until above about M=0.87 a pull will be re-

quired to increase speed. However, a pull is still required to pull positive ”"g” and a push is still re-

L L

quired to obtain negative ”g”.
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To overcome the reversal in column force with speed a so-called Mach trim system was
installed in the 707. Figure 11.52 shows the authority of the Mach trim system over the stabilizer.
In turn, with the Mach trim system operating the elevator control force varies with Mach number
as shown in Figure 11.53. Note that with the Mach trim system operative the control-wheel-force~
versus—speed gradient is stable over the entire range of Mach numbers. .
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With modern airfoil shapes and computational design/analysis methods it has become pos-
sible to produce airfoils with significantly less "tuck” behavior. Most modemn jets therefore do not
require Mach trim systems in their normal speed range.

11.5.4 CONTROL WHEEL STEERING MODE

Airplanes can be controlled manually by means of the control stick (some light airplanes and
fighters) or the control wheel (most light airplanes, transports and bombers). With the availability
of an aBtOPTIOL it 1s also possible to control an airplane with the control wheel but through the autopi-
lot. This can be done in a variety of ways. One way is to add a force or position transducer to the
control column and to consider the output of that transducer to be a pitch rate command signal. Such

a system 1s called a control wheel steering system,

Consider the case of a force transducer mounted on the control column. Figure 11.54 shows
a functional block diagram of such a control wheel steering system. When the pilot lets go of the
control column he in fact commands zero pitch rate. Mathematics dictates that the first integral

of 8 = 0 is 8 = constant it follows that such a system then will hold the last pitch attitude thereby
acting like a pitch attitude hold mode.

It will be shown that such a system can in fact hide inherent instabilities of an airplane from
the pilot. As an example the inherently unstable fighter of Table 5.5 will be considered. Before do-
ing that, consider the block diagram of the control wheel steering system shown in Figure 11.55.
In turn, this block diagram can be translated into the computational block diagram of Figure 11.56.

The pitch-rate-to-canard transfer function of the inherently unstable fighter airplane of

Table 5.5 in Part I will be used. Note that because the example airplane is a fighter, the system of
Figure 11.56 is now called a control stick steering system.
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Figure 11. yutational Block Diagram of a Control Stick Steering System

Using a canard servo break frequency of 40 rad/sec, the root locus diagram for the system
of Figure 11.56 is shown in Figure 11.57. Note that the system does indeed stabilize the airplane.
As might be expected, the outer loop performance is very sensitive to the value selected for the inner

loop gain. In Figure 11.57 the inner loop gain is K = 0.5 deg/deg/sec . By doubling the inner

loop gain to Kz = 1.0 deg/deg/sec the root locus diagram of Figure 11.58 is obtained. Note that
at the selected operating point the airplane frequency and damping are excellent.

The Bode plot of Figure 11.59 shows that this system is an example of a so-called condition-
ally stable system. At the selected operating point the system gain margin is seen to be GM=19 db,
while the system phase margin is PM=45 deg which are both adequate.

Obviously, the gains used in this example will probably have to be scheduled with altitude,
Mach number and also with center of gravity location. At forward c.g. this example fighter does
become inherently stable which implies a major change in the open loop pitch-rate-to-canard trans-
fer function of the airplane.
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'11.6 BASIC LATERAL-DIRECTIONAL A TOPILOT MODE

In this Section the following basic lateral-directional autopilot modes will be discussed:

11.6.1 Bank Angle Hold Mode

11.6.2 Heading Angle Hold Mode

11.6.3 Turn Rate at Constant Altitude and Speed
11.6.4 Turn Coordination (Zero Lateral Acceleration)

.1 BANK ANGLE HOLD MOD

The bank angle hold mode of an autopilot controls the airplane in a bank angle. If that bank
angle is zero this is sometimes also referred to as a wing-levelling mode or wing-leveler.

Figure 11.60 shows a basic block diagram for a bank angle hold mode antopilot using a bank-
angle gyro as the sensor.

Aileron servo
Bank
Angle
| 2 — $() r—>
sta 04(s) Output
¢
Bank angle | —
gyro

As was the case with sensing pitch attitude angle, the assumption will be made that the jowest
break frequency of the gyro transfer function is considerably higher than the highest break frequency
in the airplane bank—angle—to—aileron transfer function. Therefore, for all practical purposes it is
acceptable to treat the gyro as a gain.

To illustrate the stability of a bank angle control system, the cruise flight condition of Air-
plane A of Table B1 (Part I) will be used. The aileron servo is modelled as a 10/(s+10) first order
lag. The airplane bank—angle—to—aileron transfer function is taken directly from Table B1 (Cruise).
Figure 11.61 shows the corresponding root locus diagram.

A reasonable operating gain in such a mode is 0.5 deg/deg (i.e. 0.5 deg of aileron deflection
per degree of bank angle). At this gain the damping ratio of the bank angle mode is about 0.60. Note
the dutch roll mode loop. Since the dutch roll pole and zero pair are very close together the participa-
tion of dutch roll in bank angle control can be expected to be minor.
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This can be verified by replotting Figure 11.61 for the approximétc bank—ﬁngle—-to—aileron

.transfer funétion' P(s) = La’ .= 75.1 The result is shown in Fi 11 62 Compar-
: ’ 63(5)_ S(S - Lp) S(S + 13) ) gure e p

ing Figures 11.61 and 11.62 it i seen that the operating point is roughly theé same in both.

.- The effect of servo performance on the bank angle hold mode can be seen in Figure 11.63.
Servo break frequencies of 20 rad/sec, 10 rad/sec (as in Figure 11.61), 5 rad/sec and 2.5 rad/sec are
shown. It is clear that as the servo performance deteriorates, the operating point (at the same gain)
moves toward lower closed loop frequency and damping. For this airplane even a poorly performing
servo still yields a credible combination of frequency and damping.

To see how a bank angle hold mode behaves for a jet transport, the example of Airplane J
in a high altitude cruise condition will be used. Transfer function data are presented in Table B10
of Part I. The block diagram of Figure 11.60 still applies to this case. Figure 11.64 shows the corre-
sponding root locus diagram. The diamond symbols represent the operating point at the design gain
of 0.5 deg/deg. : The point close to the dutch roll pole will have very little effect on the bank angle
ccontro] of the airplane because in reality the airplane is always operated with a yaw damper turned
on. For all practical purposes the airplane bank angle control loop behaves as if the dutch roll pole-
zero pair cancel each other. : o : : :
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~ Tocontrol the heading angle of an airplane a directional gyro is used. Heading angle is nor-
mally controlled by establishing a certain bank angle and holding that angle until the desired heading
‘change has been achieved. Therefore, the bank angle control loop of Sub-section 11.6.1 is often
used as an inner loop in a heading angle control system. Figure 11.65 shows a block diagram of a

heading angle control system, Observe the transfer function % = Uils in the forward path of the

outer loop. That transfer function is based on Eqn (4.90) in Part I.

" The bank angle control loop of Figure 11.60 will be used as the inner loop for the heading
control system of Figure 11.65. The airplane is Airplane A in a 5,000 ft cruise flight condition.
Figure 11.66 shows the corresponding root locus diagram. The reader is asked to show that in the

 present case the gain margin is 17 db (relative to the outer loop gain of 5.0) which is adequate.

In the heading hold system discussed so far the bank angle control system was used as the
controlling system for the (outer) heading loop. Another way to command a change in heading is

to command turn rate ( = v ) directly. How that can be done is discussed in Sub-section 11.6.3.
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As any pilot knows, when a turn is commanded, the airplane (at constant speed and aititude)
requires more lift (see Figure 4.17 in Part I). For an inherently stable airplane this increase in lift
requires more negative elevator deflection (trim). ‘Also, because more drag is produced the pilot will
have to add thrust (or power). Modern autopilots do all this automatically. '

There are other ways of controlling turns and 'héading. One such way is to use a turn rate
command system. Such a systém is discussed in Sub-section 11.6.3.

Figure 11.67 shows a block diagram for a turn rate command system. Note the use of a tilted
rate gyro, Because this is a double loop system, two gains have to be established: Kyg in the inner
loop and K\P in the outer loop. Airplane A in a 5,000 ft cruise flight condition will be used as an

example. A tilt angle of —45 degrees was selected.” Figure 11.68 shows the root locus diagram for
the inner loop. The aileron servo is modelled as .a. 10/(s+10) lag.  In this loop

Krg = — 0.10deg/deg/sec was selected as a reasonable operating gain. Figure 11.69 shows the
outer loop root locus. In the outer loop a gain of K, = + 1.0 (deg/sec)/(deg/sec) was selected.

Y command | Ai_lero_n Servo

+ . r(s)
K, -n@-» Koy ™5 2 5,05 CO + o)

+

Input
pGs) . '
- _53 ® s;n(a + a,)
Tilted
: — Rate ol
¥ EYO
Turn rate NOTE: y = 1, cos(a + ay)
Output I o
cos(a + o) ek
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A coordinated turn is defined as a turn during which the net lateral acceleration at the airplane
center of gravity is zero. From Eqn (5.2a) it follows that the net lateral acceleration ( measured at
the center of gravity) is:

a, = (V+ Ujr) = gheosh; +

q,S
q;l [cyﬁfs + Cy, 2 2U1 + cyqul + Cy, 8, + cyhar] - o (11.23)

In a general turn, the airplane may experience nonzero values for any of the motion variables
on the right hand side of Eqn (11.23). Coordinating a turn is therefore a complicated matter which
involves striking a balance between a large number of small inputs. To function properly the lateral

accelerometer which measures a),, must have a relatively low threshold. This makes that accel-

erometer sensitive to local structural vibrations which requires some form of filtering. In many tum
coordination systems the designer therefore seeks acompromise. A detailed discussion of turn coor-
dination is beyond the scope of this text. Several options for turn coordination systems are discussed
in Reference 11.5.
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11.7 _LONGITUDINAL NAVIGATION MODES

Longitudinal navigation modes are used to guide the airplane along pre—determined paths
such as:

a) a glideslope intercept and hold mode as part of an automatic ILS (Instrument Landing
System) approach

b) a predetermined climb—cruise—descent profile
¢) an automatic flare path leading to an automatic landing

The types of guidance and control required to accomplish these tasks are similar in nature.
For that reason only the ILS approach and the flare maneuver cases will be discussed.

P T DA
The Instrument Landing System (ILS) is still the most frequently used system to guide air-

planes toward a landing. Figure 11.70 shows the typical relation between the approach path, the
glideslope transmitter, the localizer transmitter and the runway used with the ILS.

}
-— *bl( P —
Category I | Cat. Iy Category Il
I |
QOuter Middlejmarker | )
marker I | Localizer

transmitter

Centerline

200 ft decision height
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|
|
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|
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Quter marker

/ Glideslope transmitter

* Middle marker Runway
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-l 1,000ft
6.5 nm _
- ' -
F'__re 11.70 J Relation Between Appro Path, Runway and Gui ce
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As seen from Figure 11.70 the pilot is made aware of his position relative to the runway
touchdown point via signals emitted by the outer marker and inner marker transmitters. In addition,
in most modern airplanes the actual distance to touchdown is also displayed to the pilot.

When a height of 200 ft above the ground is reached a decision must be made by the crew
whether or not to proceed with the approach. That decision is subject to very strict rules with regard
to prevailing visibility and the type of guidance equipment carried on board the airplane. Three op-
erational approach categories are recognized:

Category I: ~ Ceiling of 200 ft or moré above the poiht 6f touchdown and runway visual
range of 2600 ft (800 meters) or more. -

Category II: . Ceiling of 100 ft or more above the point of touchdown and runway visual
y range of 1200 ft (400 meters) or more.

Category Illa: Zero ceiling and runway visual range of 700 ft (200 meters) or more. -
Category IIIb: Zero ceiling and runway visual range of 150 ft (80 meters) or more.
Category IIlc: Zero ceiling and zero runway visual range (zero visibility).

Under Category I, a pilot must be able to fly on instruments and follow an approach aid (such
as ILS) down to 200 ft height above ground with “due regard” for safety, For autopilots used in Cate-
gory I approaches it must be demonstrated that a single failure occurring at 200 ft and followed by
a manual takeover does not endanger the airplane.

Under Category I, if visual contact with the runway is not made at 200 ft a go—around inaneq¥
ver must be initiated and completed, - :

Under Categbry 11, the crew trammg is aregulatory issue. The same is true for maintenance
of the equipment. The minimum equipment list on board the airplane includes:

® Dual localizer and glideslope receivers
® Either an AFCS with radio coupler and a flight director with dual displays or two
independent flight directors
® Altitude measuring equipment of defined precision
® Go-around guidance ‘ o
® Autothrottle unless it can be demonstrated that this is not required
¢ An instrument failure warning system -
- ® Rain removal equipment

Under Category Il even stricter rules apply for flight crew training and for minimum equip-

ment. In Category II a triplicated automatic control system, including an automatic flare system
is required as a minimum, '
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With Category Ilfa automatic landings may be carried out with the pilot taking over manual-
ly during rollout on the runway. |

With Category IIb automatic landings followed by automatic rollout may be carried out.
The pilot still takes over manually for taxi to the terminal.

With Category Illc all is automatic, including taxi to the terminal.

In 1994 no Category ITIb operations have yet been certified. Several airports in Europe how-
ever have Category IIIb capability.

There are other means of generating approach paths to a landing site. A recently developed
method is to employ the Global Positioning System (GPS) to guide an airplane along a geometrically
defined line toward the runway. A major advantage of GPS will eventually be that no ground based
equipment is needed. This avoids the costly maintenance and checkout procedures associated with
the ILS systems still used at most airports.

7.2 GLI PE
It will be assumed that the airplane already has a pitch attitude command control system as
well as a speed control system. A discussion of pitch attitude command systems was presented in

Sub-section 11.5.1. Speed control systems were discussed in Sub—section 11.5.3.

Figure 11.71 shows the pertinent flight path geometry for a glideslope hold mode.

Note: y as shown is negative.

Glideslope Transmitter

Glideslo

DS

Slant range, R

‘ Glideslope Antenna,

_here: c.g.
Horizon

Fi_ re 11,71 m nalvsis of a Gli 1 Mode
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Several aspects of Figure 11.71 must be explained:

a) the airplane glide slope antenna location is assumed to be comc1dent w1th the c.g.
b) the c.g. is supposed to be driven along the glideslope.
¢) the glideslope error angle, I, is sensed by a glideslope receiver mountcd on -
board the airplane.
d) the airplane pitch attitude command system is used to keep the airplane on the glideslope.
e) some form of speed contro} (autothrottle or autodrag) is assumed to exist.

The velocity with which the airplane approaches the glideslope under the control of the pitch
attitude command system is:

u. b +25)
573

The distance d from the c.g. (glideslope antennal) to the ghdeslope is found by integration
of Eqn (11.24):

dzJUl.(%g:adt S, - (11.25)

d‘ﬁUlsin(y +2.5) = U, (11.24)

In the s—domain this yields:

d(s) = Ly +25) . L (11.26)

U1
(7.3)s

The ghdeSIOpe error angle, T, is related to d and to the sla.nt range, R, by:

r-4g - ¢t 7))

With the flight path geometry established it is now possible to construct a functional block
diagram for the glidesiope hold system. That is doae in Flgure 11.72. Note the glideslope coupler.
The function of the coupler network is to “couple” the error signal, formed by subtracting the glides-
lope receiver signal from the reference input signal, to the autopilot.

The autopilot+airplane combination acts like a pitch attitude command system. The block

‘diagram of Figure 11.73 represents this pitch attitude command system. The reader will recognize

this as similar to the system of Figure 11.29 which includes a pitch.damper in the inner loop. The
system of Figure 11.72 is therefore a tnple loop system

Continuing around the loop in Figure 11.72, the output of the pitch attitude command system

changes the airplane flight path angle, y. The y(s)/8(s) transfer function is obtained by considering
that the flight path angle, v , the pitch attitude angle, 0, and the angle of aq;ack a, are related by:

y=0-a (11.28)
After taking the Laplace transform and dividing by 6(s):
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The change in flight path angle, y, causes a change in the glideslope error angle, I, which
is sensed by the glideslope receiver and fed back to the coupler. The bandwidth of the glideslope
receiver is considered very large relative to that of the other blocks in the system. The glideslope
receiver will therefore be considered as a pure gain.

The coupler transfer function usually takes the form of a so~called "proportional plus” net-
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work with the following transfer function:

TFFuper = Ko 1 + %1 (11.30)

coupler -

where: K. isthe so—called coupler gain which must be set to achieve acceptable closed
loop behavior,

0.1  isa"weighting” constant. The purpose of the weighted integrator in the

coupler transfer function is to allow the system to cope with turbulence while
on the glideslope.

: As an example, Airplane J of Table B10 in Part T will be considered in an approach flight
condition. The corresponding transfer function data are given in Table 11.4.

The data in Table 11.4 were determined with the AAA program (see Appendix A, Part I).

Figure 11.74 shows the inner loop root locus of the pitch attitude command system. The de-
sign gam was selected as K, =1 deg/deg/sec Figure 11.75 shows the outer loop for which a de-

sign gam of Ke =+0.5 deg/deg was chosen The followmg closed loop transfer function of the
pitch attltude command system with an inner loop gain, K, =-1 degldeg/sec and an outer loop gain
of Kg =+0.5 deg/deg was calculated with the AAA program: '

8(s) | ' (910 252 3446, 4s + 30, 97)

(11.31
oommd(s) (228.587 + 4,787s* + 6,307s3 + 4,648s2 + 633.0s + 107 3) ( )

0

The numerators Ny and Ny needed for the ﬂi'ght-—path—angle—-to—pitch—amtude—angle

transfer function in Eqn (11.29) are indicated in Table 11.4. With these numerators Eqn (11.29) for
‘the example airplane becomes:

Y(S) _ (655553 — 2.452 — 42,55 + 0.296)
8(s) (- 91.01s2 — 44.65 — 3. 097)

(11.32)

There are two potential problems W1th glideslope hold loops as shown in Figure 11.72: the
first one is the appearance of the two s=0 poles and the second one is the fact that the slant range,
R, becomes smialler as the airplane approaches the runway. As the slant fange decreases the effective
loop gain will become very large. To guard against the two poles at the origin going unstable too
soon, some form of distance measuring eqmpment (DME)is often required to adj ust the coupler gain
as the airplane gets closer to the runway. -

Figure 11.76 shows the glideslope hold root locus for the case of R= 5 nm= 30,380 ft. This
figure shows all open'loop system poles and zeros. Tobetter judge the relative stability of the system
the root locus diagram of Figure 11.76 was rescaled in Figure 11.77. At 5 nm slant range the system

stability is acceptable at the chosen coupler gain of K. =10 deg/deg
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cmTu = 0.0c00 M_a - -0.4142 1/8°2
cafa = 0.0000 M_T_a 2 0.0000 1/8°2
c-t-1 " 1.7600 M_a_det = -0.0582 1/8
Cbu = ~0.2200 M_g = -0.3777 1/8
c_L_a = 5,8700 1/rad -
C_L_a.dot = £.7000 1/rad
c_L g 5.6500 1/rad wn SP = 0.7704 rad/s
c.p 1 0.2630 z_SP - 0.6172
¢_b_a = 1,1300 1/rad w_n_p = 0.1677 rad/s
c_D u = 0.0000 z_F = -0.0015
cT X1l = 0.2630 . X del e = 0.0000 ft/s"2
CT Xu = -0.5523 7 del e = -6.5547 fr/a~2
cLde = 0.3600 1/rad M del_e = -0.4000 1/8"2
cbhde = 0.0000 1l/rad
cmde = -1.4000 1/rad

POLYNOMIAL ANGLE OF ATTACK TO ELEVATOR TRANSFER FUNCTION

- 6.5547 53 - BB.6136 $°2 - 2.1170 § - 3.3932

+ 228.5107 S~4 + 217.2212 53 + 141.955% S~2 + 6.0431 S + 3.B151
FACTORED ANGLE OF ATTACK TO ELEVATOR TRANSFER FUNCTION

~6.5547 (5 + 13.4979)(58"2 + 0.0211 S « §.0384}

R . 0 A S O o ke e e T L R S L - ] = o

228.5107 (S*Z + 0.9511 § + 0.5936)(5°2 + -0.0005 S + 0.0281)
ANGLE OF ATTACK TO ELEVATOR TRANSFER FUNCTION K_gain = ~0.889414

POLYNOMIAL PITCH ATTITUDE TO ELEVATOR TRANSFER FUNCTION

- 91.0137 82 - 44.6327 5§ - 3.0970

e S o 0 T o s e Al e R

+ 2208.5107 s~4 + 217.,2212 8°3 + 141.9559 §%2 + 6.0431 S + 3.8151

FACTORED PITCH ATTITUDE TO ELEVATOR TRANSFER FUNCTION

-91.0137 (S + 0.4067)(5 + 0.0B37)

g g g g g g g g g g g g g g g S e A T b

228.5107 (5~2 + 0.9511 5 + 0.5936)(5*2 + -0.0005 8 + 0.0281}

PITCH ATTITUDE TO ELEVATOR TRANSFER FUNCTION K_gain = -0.811789

Figure 11.78 shows the root locus for R=1 nm = 6,076 ft. Note the shift of the operating point
to the right. Note that the system is now neutrally stable at the same coupler gain.

Figure 11.79 shows the root locus for R=0.1 nm = 608 ft. Because the glideslope transmit-
ting antenna is located at a relatively short distance from the runway threshold the latter case repre-
sents a situation where the airplane should be starting its flare maneuver. Clearly the system is unsta-
ble at this point.
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One way to solve this problem is to adjust the coupler gain downward as the distance to the
glideslope transmitter decreases (by using some form of D.M.E.). In older autopilots the coupler
gain is adjusted downward as a result of a clock which starts when the airplane is over the outer mark-
er. Another way is to add some form of compensation to the system. Figure 11.80 shows what hap-
pens at 5 nm slant range if a (10(s+0.3)/(s+3) compensator is added to the coupler transfer function.
‘Note the favorable effect this has on the critical branch of the root locus. :

Most autopilots with glideslope capability have what is referred to as a ”glideslope intercept
and hold feature”. What has been discussed here is only the “hold” part of it. Figure 11.81 shows

GAIN LIMITS : 0.00 < K < 1000.00 O ZEROS
X POLES

0.80 A O DESIGN GAIN = 10,0040
b . /

{rad/s) #

0.00 . = —

-0,20 \

-0.40
\

-0.60 r

~1.00

= = = = = Actual flight path
Theoretical flight path v

f—

Glideslope
transmitter

Runway
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a typical flight path which would arise if the autopilot is put in the intercept and hold mode.

At the intercept pomt P, the autopxlot would use its full authonty to ”nose the arrplaae
down”. Depending on the authority limit designed into the autopilot this could result in very unac-
ceptable "g” excursmns Therefore, every mtercept mode has a smoothmg feature built in whlch
limits these "g” excursions. : : :

Obviously, in the real world many studies like those discussed here will have to be carried
out (with different airplane c.g. locations, weights and speeds) to make sure that an overall accept-
able solution has been found. Finally, time domain simulations in the presence of turbulence should
also be conducted.

11.7.3 AUTOMATIC FLARE (LANDING) MODE

The allowable vertical touchdown velocity of an airplane onto the runway is determined by
several factors:

a) Passenger and crew comfort: hard landings (touchdown rates of 6 ft/sec or more) are not
acceptable for everyday operation. Firm landings (touchdown rates of 2-3 ft/sec) are desirable. The
non-pilot reader should realize that so—called "egg-landings” with close to zero touchdown rates
are also undesirable. The reason is that an inevitable consequence of very low touchdown rates is
"floatation” of the airplane and lack of control over the touchdown point on the runway.

b) The landing gear and the attachment structure may incus damage if the touchdown rates
are too high. Reference 11.6 contains detailed information about touchdown velocity design criteria
. depending on airplane type. For civil transports most landing gears are designed to withstand a verti-
cal touchdown rate of at least 10 ft/sec. For certain carrier based airplanes the design touchdown
rate can be as high as 25 ft/sec.

Table 11.5 shows the relationship between vertical touchdown velocity and forward airspeed
if an airplane is on a (typical) 2.5 degree glideslope. It is cIear that for most airplanes sotne type.
of flare maneuver is required.

The reader is reminded that carrier based airplanes do not flare when coming on board the
carrier. These airplanes are "driven” straight into the deck (aiming for the number three arresting
wire) along the ghdeslope

Figure 11.82 shows the ﬂight,.path followed by the airplane during the flare maneuver.

The following assumpt’ions will be made:

1) The airplane will be controlled on the flare path by the pltch attitude command system
of Flgure 11.72.

2) The flare path starts at a height of hﬂar‘.=
3) The intended pomt of touchdown is 1,100 ft from the ghdeslope transmitter (Fig. 11. 82)
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na2 lldesl
Forward Velocity Vertical touchdown velocity on a 2.5 degree glideslope
Knots Ft/sec Ft/sec
10 17 0.7 -
20 34 1.5 ”soft landings”
40 68 3.0
80 135 6.0
120 203 9.0 “hard landlngs”
160 270 12.0
X2
x1=1,100 ft ’_"" "'
r Start Of ﬂare GlldeSlOpe
Assumed point
of touchdown Flare path

-f-
Runway P 4 Glideslope

transmitter

Fi metry of the Flare Path Durin i in

To simplify the derivation of the flare control law, a procedure used by Blakelock in Refer-
ence 11.7 will be used. Assume that the flare path can be approximated by a relationship which
makes it tangential at point P:

h = hg, e~Y" (11.33)
This equation represents the flare path control law. Clearly, hg,. and t need to be deter-

mined first. The following example deals with Airplane J in the landing configuration. The airplane
speed is assumed to be Uy = 221 ft/sec. At the start of the flare, the rate of descent is given by:

25y =(_25
Buhy, = — 2501 = (- &%)221 = - 9.64 f/sec (11.34)

By differentiating Eqn (11.33) it follows that:

h=— %%e—t/f = - (11.35)

<l=
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As_s'pr_ning that the airplane touches down int =4t it follows that: ~

X1+ %y = 1,100 + x, = 470, = 4x221x1 = 8841 - (11.36)
From tlns it foIlows that ‘
= 8847 — 1,100 (11.37)

However, from the geometry in Flgure 11.82 it also follows that:

Do .. :
X, = 11.38°
2 tan2.50 - - (11.38)

From Eqn (11.35) it follows that:
T

Chgp = -2 - _gafi/sec (1139

Substituting Eqn (11.39) into Eqn (11.38):

_9641 o o o ._
=281-nn (11.40)

By now equatmg Eqns (11 40) and (11.37) it is found that _ .
T = 1.66 sec : (11.41)

The flare height, hg,. , from which the flare is begun is therefore: 9.64x1.66 = 16 ft.

The flare control law can now be expressed as:

h= -l = —06h _' 114

During the flare, the rate of descent, h , will be controlled with the pitch attitude command

system of Figure 11.73. A block diagram showing the flare path control system is presented in Fig-
ure 11.83. . ‘

Note that h is also givén byf
h=U;y (y in radians) ‘ ~ (11.43)
From this it follows that: |

h(s) _ ¥(s) Uy
8(s) 0O(s) 57.3

{y in deg.) (11.44)
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. _—h
h T 9comm;md
0 + ‘+

Airplane h(s)
]
Coupler [— AFCS — > 8(s) - 1/s 9P

Control law

The various transfer functions in Figure 11.83 will now be identified.

The first coupler transfer function to be tried is that of Eqn (11.30). The transfer function
of the airplane plus its pitch attitude command system (AFCS) is that of Eqn (11.31). The rate—of-
descent—to—pitch-attitude transfer function is given by Eqns (11.44) and (11.32) as:

) 3 _ 2 _
h(s) _ (221 )(6.5553 2.4s% — 42.5s + 0.296) (11.45)

8(s) \57.3/ (- 91.01s2 — 44.6s — 3.097)

The value of t in Figure 11.83 for the example airplane is 1.66 sec, according to Eqn (11.41).

Figures 11.84 and 11.85 show root locus diagrams for the flare path control system
for K. = 0.1 deg/ft/sec and K; = 1.0 deg/ft/sec respectively. Observe the fact that the sta-

bility of the operating point is strongly influenced by the selection of the coupler gain. The reader
is encouraged to find a lead—-lag compensator which lowers this sensitivity.

The reader should appreciate the fact that autopilots carry out maneuvers with much greater
accuracy than do human pilots. Therefore, the flare path control system will ensure runway damage
by always touching airplanes down at point P in Figure 11.82. To avoid this in the real world, most
flare control laws include some form of "Monte Carlo” scheme to vary the intended point of touch-
down. This creates the type of touchdown dispersion which human pilots, because of their lack of
repeatability, always exhibit.
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11.8 LATERAI-DIRECTIONAL NAVIGATION MODE

Lateral—directional navigation modes are used to guide the airplane along pre—determined
paths such as:

a) a localizer intercept and hold mode as part of an automatic 1.L.S. (Instrument Landing
System) approach.

b) a V.O.R. or other radio signal emitting station
c¢) an arbitrary waypoint

The types of guidance and control required to accomplish these tasks are similar in nature.
For that reason only the localizer hold mode and the V.O.R. hold mode will be discussed.

8.1 A D

It will be assumed that the airplane already has a heading angle control system. Figure 11.86
shows the pertinent flight path geometry for a localizer hold mode.

Several aspects of Figure 11.86 must be explained:

a) the airplane localizer antenna is assumed to be coincident with the c.g.

b) the c.g. is supposed to be driven along the centerline of the localizer beam: intended path

¢) the localizer error angle, A, is sensed by a localizer receiver mounted on board the airplane

d) the airplane heading angle command system is used to keep the airplane on the centetline
of the localizer beam. The localizer beam width is typically 5 degrees, 2.5 degrees on
either side of the centerline

¢) any speed and lift changes due to banking is automatically compensated for

The localizer guidance and control as treated here is assumed to be independent of any longi-
tudinal contro} action.

The localizer error angle, A, is determine from Figure 11.86 as:

~ d
A= 573 R (11.46)
. Where, R is the slant range. The distance, d, from the centerline follows from:
d(s) = %d(s) (11.47)
where:
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Slant Rangé, R
LY
- S _
Intended path A
- Assumed location Yoof
of localizer transmitter
d = U sin(y ~ ¥ = U;( — Y9 (¥ in radians) o (11.48)
so that:
d(s) = U, {Y(s) — P5)) - (11.49)

. Figure 11.87 shows a block diagram corresponding to the localizer hold system. Equations
(11.46), (11.47) and (11.49) are included in the transfer function box labeled "geometry of localizer
intercept and hold mode”. The reader should realize that this box of transfer functions is there only
for purposes of analysis. The airplane merely has a localizer receiver (with antenna) on board.

'ComilFatgssignal o -Geometry of localizer -
wco_mmand_ _ wref .rEeEEtirff[itinE_h_o_l?__“'
hge=0_ —H vV —— v Y1 —1 4} 4f | A
|y Airplane U 1l gl 57.3
" Coupler +AFCS | 3 > 573 - S—I- _R 1»|
- : : ! _____________ g
Localizer —
receiver
858
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Discussion of the system of Figure 11.87 begins with the box labeled " Airplane + AFCS”.
In this case this box represents the airplane plus heading command system. In most cases this system
itself is a three—loop system, consisting of a roll damper in the inner loop, abank angle control system
in the middle loop and the heading angle control system as the outer loop. Figure 11.88 shows a
block diagram for this system.

+
+ +
Aileron ¢(s) 1 g
- - . = = ?—D e [~
@ K‘l’ @’K‘P ' ' K¢+servo 8.(s S U;s

Roll rate

gYyro

Bank angle |

ayro

Directional -
Gyro

Figure 11.88 Block Diagram for Airplane + AFCS in Fi_ggre 11.86

As an example of the localizer hold synthesis procedure, Airplane J will be used in an ap-
proach flight condition. The heading angle command system of Figure 11.88 will be synthesized
first. It will be assumed that Airplane J, on final approach will have a yaw damper in operation so
that no significant yawing motions will interfere with the control of bank angle. This also means
that the single degree of freedom roll-rate—to—aileron transfer function can be used. For the example
airplane, using the data of Table B10 in Part I, the roll damper loop (inner loop) of Figure 11.88 takes
the form of Figure 11.89.

A root locus diagram for the roll damper of Figure 11.89 is given in Figure 11.90.
Using the closed loop transfer function of the inner loop at a design gain of 10 deg/deg/sec
the block diagram of the bank angle control system of Figure 11.91 can be drawn. A root locus dia-

gram for the bank angle control system of Figure 11.91 is presented in Figure 11.92.

Selecting a bank angle control loop gain of 5 deg/deg for the system of Figure 11.91, the
heading control loop of Figure 11.93 can now be analyzed.

A root locus diagram for the system of Figure 11.93 is given in Figure 11.94.
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With a heading loop gain of 2 deg/deg the closed loop transfer function of the heading control
system can be obtained. For Airplane J in the approach flight condition this transfer function has
been inserted in the general block diagram of the localizer loop as given by Figure 11.87. The result
is the computational block diagram of Figure 11.95.

To simplify the analysis the value for the reference heading angle was set at zero. A root
locus diagram for this localizer control system is shown in Figure 11.96. The coupler gain was set
at 10 deg/deg. The parameter 1/R acts as the variable gain in this system. The diamond symbols
are indicative of the system stability for a slant range of 5 nm: 1/R =0.000033 1/ft. At a slant range
of 5 nm the system is stable. Figure 11.97 shows the same root locus: the diamond symbol in this
case represents the situation at a slant range of 1 nm: 1/R = 0.0001645 1/ft. Itis clear that the system
is already unstable at the selected coupler gain of 10 deg/deg. The favorable effect of acompensating
network (added to the coupler T.F.F.) on this system is shown in Figure 11.98 with the diamond sym-
bols again representing the system stability at a slant range of R = 5 nm. For R =1 nm, Figure 11.99
shows the same root locus diagram with the diamond symbols representing the stability of the system
atR = 1 nm. Even at a slant range of 1.0 nm the system is still stable with the compensating network
in place. Since the localizer is far down the runway, at a slant range of 1.0 miles the airplane should
have already touched down so that the relative stability of the system at that small a slant range is
probably not critical. Better stability can be obtained by adjusting the compensating network.

It must be noted that by varying the coupler gain as a function of slant range, a constant oper-
ating point can be obtained. Doing this requires distance measuring equipment (see page 851).

Command signal to

?pF_CS Geometry of localizer
;omm'rmd beam intercept and hold
- A
A'ref =0 . w U
Airplane | 1 Py -
> Coupler [—® + AFCS Rs
Localizer -
receiver

Coupler T.FF: ch = lo(i_'_l-__s_w Note: a coupler gain of K, = 10 dgg/deg

is typical.
. 1514.7
Airp AFCS T.F.F.: :
lane + F (221.0s* + 4638.8s% + 14,762.8s%2 + 5,197.9s + 1,514.7)
Geometry TEE.: % , where R is the slant range in ft. Note: 1 nm = 6,076.1 ft)
Localizer receiver TF.F.: 1.0 Note : U; = 221 ft/sec
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: The synthesis of VOR (or other radio beacon centered navigation) modes is similar to that
- of the localizer hold mode discussed in Sub-section 11.8.1. The main difference is in the width of
- the beam coming from the VOR transmitter. The diagrams of Figure 11,86 and 11.88 apply without
change to the VOR hold case. The range of numerical change in slant range will be much larger in
the case of VOR hold than in the case of localizer hold. An example will be shown for Airplane A
.ina 5,000 ft cruise condition. Because of the excellent inherent roll damping of this airplane no roll
damper will be used in the inner loop of the bank angle control system. The closed loop heading

- control system of Figure 11.65 will be used. At gains of K¢y = 0.5 deg/deg and Ky = 5 deg/de
the closed loop transfer function corresponding to the root locus of Figure 11.6 is: ’

ye) o _ 60,455
Voommana(S)  220.1s% + 5,06253 + 28,613s2 + 82, 648s + 60,455

(11.50)

~ The VOR hold loop root locus diagram for this case is shown in Figure 11.100. Operating
points are shown for R=50nm, R=5nm and R = 1 nm. At the 5,000 ft altitude the slant range
can never be less than 5,000 ft. The system works well for this airplane even without adjustment
to the coupler gain as a function of slant range. Note however, that at constant coupler gain the closed
loop dampirig ratio greatly diminishes as the airplane approaches the VOR transmitter!* That behav-

ior is typical of constant gain loops.
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In the discussion of feedback control systems only loop structures involving the feedback
of one variable to one controller was considered at any time. In reality many situations arise where
more than one variable is fed back to more than one controller at the same time. Figure 11.101 shows

such a more general feedback loop arrangement. The reader should consult Reference 11.3 for a
detailed discussion of such systems.

The purpose of this Section is to provide the reader with a general idea 6f the complexities
involved in using classical control methods in the synthesis of such more general systems. '

etc. -
-

Gy; [*

1

i=1,2,3

Controller 1

Pilot input -
lm_’ Gpl - ; _6_._’ Xl
N +K Airplane
_ dynamics —O—T—b )
o +w Controller 2 (TF.E.’s) |
~Pilot input G
—— Gy

» X3
52 A 1

To synthesize systems such as depicted in Figure 11.101 requires that a closed loop transfer
function be derived which accounts for all feedback loops to all controllers indicated in this figure.

To illustrate the mathematical complexities involved, the transfer function derivation for two simpli-
fied systems will be presented.

First, consider the system of Figure 11.102. In this system two variables (angle of attack,
a, and pitch attitude angle, ) are fed back to only one controller, the elevator. For this analysis,

the closed loop transfer functions desired are: a(s)/Sy(s) and 6(s) /0p(s} . Their derivation will
now be presented. sole [ -
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KoGols) [
o a
Pilot input a(s) /de(s)
d (S) + _ E - Elevator Elevator )
E-—-—D- G(s) P> Pl servo SR - Alrplal?e
4 G4(s) 8e dynamics
0(s)/de(s) * >
0
SKGGS(S) -t
igure 11.102 Exam stem wi o Variables Fed bac n nt r
The error Laplace transform, £4(s) , can be written as:
gp(8) = 6p(s)Gc(s) — KoGals)a(s) — sKBGe(s)B(s) (11.51)
where
_ a(s)
ofs) 5 (S)Bp(S)Gs(S) (11.52)
and
_ 8
B(s) 5.05) Ep(8)Gs(s) (11.53)

To simplify the notation, the (s) designation will be omitted except from the input and output
variables. Substitution of Eqns (11.52) and (11.53) into (11.51) yields:

—i

Ep(s) = 6PGC(1 + KaGaGsaﬂ + sKBGQng) (11.54)
<] [

The closed loop system transfer function can now be found with the help of Eqns (11.52)
and (11.53) as:
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g((ss)) - _ 9, (11.55)
P (1 + KaGaGs-g: + sKéGéGs-g-:)
and:
0
Gch—
B(s) _ T8, (11.56)
6P(S) 1 a e

The closed loop stability behavior of both transfer functions is deténn_jned by the roots of

the characteristic equation formed by setting the denominator equal to zero:

(1 + KaGoGs + sKéGgGsaﬂ—) =0 (1157

Observe that the numerator characteristics of both the angle of attack and the pitch attitude
angle transfer functions are important in determining the roots of Eqn (1 1.57).

Second, consider the system of Figure 8.103.

Elevator
Servo
Pilot input - & ) de o N N 0
6—-—-’ G, > G | — —»
d + ~ Airplane >
Reference 5 dynamics '
T _
%. 1 GT — T —3 U
Uref
* TA- Throttle | r
Servo
KuGu . E . A
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Assume that the task is to derive an expression for the pitch attitude to pilot input transfer
function. Leaving out the (s) notation for simplification it is observed that the three airplane output
variables can be written as:

a = de(a/3e) + dp(at/dy) . (11.59)
u = Buu/8e) + Bru/dy) (11.60)

From Figure 11.102 it can be seen that the error, €5, can be written as:

where:

Gg = K¢Gy + sK,G, (11.62)
The throttle deflection, O , can be expressed as:

6T = - GTKuGuu iff llmf =0 (11.63)

The elevator deflection, 8. is found as:
8 = £,Gs (11.64)
Combining Eqns (11.58) through (11.64) yields for the pitch attitude angle, 6:

8 = G(06,G, — 8Gy)(0/8e) — GrKuGuu(8/07) (11.65)
From Eqns (11.60) and (11.63) it follows that:

u = d¢(u/de) — GrKyGuu(u/dy) (11.66)

From this, the speed perturbation, u, can be solved for as:

_ 68(“/ de)
U T ¥ G KuGu(u/op) (11.67)

Substituting Eqns (11.61) and (11.64) into Eqn (11.67) results in:

— Gs(ﬁch - BG—B)(U/ 8e)

1 + GKyGy(u/d¢) (11.68)

Chapter 11 YA



Stability Augmentation and Automatic Flight Control Systems

Combining Equs (11.68) and (11.65) yields:

GK,Gy(B/87)GGe(u/50)8,
1 + GKyGy(u/8y)

+ GTKuGu(B/ 5T)GSGB(U/ ﬁe)ﬂ
T+ GrKuGu(u/S7)

The latter equation can be solved for the pitch—attitude~angle~to—pilot-input (0 /8p) trans-
fer function. The result is:

GK.G,(0/8:)G.G.(u/)

6 _ GSGC(B/ 63) - 1+ GTKnGu(u/ 61')
-8— = _ ' G.K.G (9/6-1-)6 Ge(u/a ) -
L+ GiGy(0/8e) — ~5 e A

This can be “cleaned up” to yield:

o Gch(e/ de) + Gch(e/ 6e)G'[‘KuGu(u/ aT) - GTK_uGu(e/ 6T)Gch(u/ de) (11.71)
5p A ‘

where:

A=1+ GSGB(B / 63) + GTKuGu(U/ 6'1') + GSGG(B / 6e)GTKuGu(u / 51-) - GTKuGu(B / aT)GSGB(u / 56)

_ - Itisclear from Eqn (11.71) that the denominator of the closed loop system transfer function
is affected by the speed feedback loop as well as by the pitch attitude (and pitch rate ) feedback loop.

It is also clear that the closed loop analysm of muluple vanable feedback to multlple control-
lers can be come very complicated. For a more systematic approach to this problem, usmg matrix
algebra, the reader should consult Reference 11.3.

Another way around these mathematical problems is to employ so—called modern control
theory. In modern control theory all equations are reduced to first order differential equations. Ma-
trix methods are then used in their solution. A problem with this method is that direct contact with
the physical world is easily lost because of the lack of transparency of large matrix operations.

Chapter 11 872



Stability Augmentation and Automatic Flight Control Systems

11.10 SEPARATE SURFACE CONTROL SYSTEM
11.10.1 INTRODUCTION AND DEFINITIONS

Figure 11.104 shows a conventional, cable driven flight control system with a tie-in for the
autopilot servo. Most airplanes are equipped with systems similar to that shown in Figure 11.104.
With the autopilot turned off the pilot controls the airplane with his control wheel. With the autopilot
turned on the autopilot servo controls the airplane by dragging the entire system with it. Because
flight control systems have their own inertia, friction and cable slack problems a fair amount of de-
velopment testing is necessary to certify such systems. Also, a relatively large servo is required to
drag the entire system with it.

Many airplanes require some form of stability augmentation ( yaw damping and pitch damp-
ing are examples dealt with in Sections 11.1 and 11.2). If a pilot needs to control the airplane manual-
ly but with stability augmentation turned on, there is an annoying feedback from the SAS system
to the cockpit controls because they move when the servo commands the flight control surfaces to
move. One way to avoid such problems is to use acompletely separate control surface which is dedi-
cated to the autopilot and/or its stability augmentation functions. Figure 11.105 shows an example
of such a system.

PILOT
CONTROL

PANEL '\ /

. AIRPLANE
REE MOTIONS
- AN » ————
| Fiiren [{SENSOR
L)

| AMPLIFIER |

AUTOPALOT
SERVO

Fi 11.104 Conventional Fligh trol 1 with Autopilot Tie—in
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The closed loop analysis of a separate surface control system isdoneina manné_r very similar
to that of a conventional system. Figure 11.106 shows a block diagram of a separate surface feed-
back system with the pilot in the loop as well.

In Figure 11.106 the pilot’s wheel has an electrical pickup which is used to command the
separate surface control loop. This feature is called "slaving”. One advantage of slaving is that the
pilot still has available the total aerodynamic control power designed into the airplane.

Checking wi_ﬂ_; Figure 11,106 the scparaté surface deflection c¢an be written as:
Bes(s) = KpHp(s)Gmo(s)Bw ~ KseHss(8)Giervo(s)x(s) \ (11.72)
The airplane motion variétble(s), X(s) can be expressed as:

x(s) = Oy(S)GwGp(s) + Oss(5)Gis(s) (11.73)
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Cable system with gearing ratio,

Pilot wheel Gy
—9 > Gp(s) all airplane
Ow Pilot control surfaces, motion
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Airplane 4 >
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+ aSSI :
B KoHy(s) Gervo(5) —‘- Gss(8)
Pilot-to—separate—
surface gain and
command transfer | Separate
function surface(s), Oss
Kss|‘— Hg(s) [ _

Feedback path transfer function

Several observations are in order. First, the quantity G, represents the gearing ratio from
the pilot control wheel (or stick) to the pilot—controlled surfaces, 8, . Second, the airplane open
loop transfer function, Gp(s), is taken with respect to the pilot—controlled surfaces only. Third, the
airplane open loop transfer function, Gg(s) , is taken with respect to the separate control surfaces

only. Fourth, Gp(s) and Gg(s) have identical denominators but different numerators. The reason

for the latter is the fact that the control power magnitudes associated with the pilot—controlled sur-
faces and the separate control surfaces will, in general, be quite different. Obviously, the numerator

of Gy(s) contains the control power derivatives due to the pilot—controlled surfaces. Similarly, the

numerator of Gg(s) contains the control power derivatives due to the separate control surfaces.

Solving Eqn (11.73) for 8s(s) yields:

x(s) _ dw(8)GwGp(s)
Gss(s) Gis(s)

dsls) = (11.74)

The closed loop transfer function with respect to pilot input, d, , can be found by substitut-
ing Eqn (11.74) into Eqn (11.72) and solving for x(s)/8w(s):
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x(s) _ GwGp(s) + KoHp(8)Ggervo(s)Gis(s)

8w(s) 1 + K Hu(5)Gaorvo(8)Ges(s) (11.75)

Several aspects of this transfer function are now discussed.

First, when K, = K¢ = 0 (thfs implies no feedback loop and no separate surface slaving)
the transfer function of Eqn (11.75) simplifies to: :

x(s) _ ) ’
5.5 Gy/Giy(s) S ﬁ ~(11.76)

The reader will recognize this as the conventional airplane open loop transfer function of
airplane output to pilot input. The dynamic stability characteristics of the airplane is then determined
by: ' o

Denominator of Gy(s) = 0 _ (11.77)

This is the open loop case which was extensively discussed in Chapter 5 of Part I.

Second, when K, = 0 but Ky = 0 the pilot has no direct control over the separate surface.
However, the feedback loop does. In that case the closed loop transfer function of Eqn (11.75) is:

x(s) _ T GyGyls) o |
8u(s) 1 + KesHs(8)Gervo(5)Gss(S) (11.78)

In this case the dynamic stability behavior of the aifplanc is governed byf
I+ KesHos(5)Gservo(S)Giss(s) = 0 | S (11.79)

From this expression it is seen that for a given servo transfer function, Geervo($), the roots
of Eqn (11.79) can be driven to desirable locations in the s-plane by selecting the separate surface
feedback gain, Ky , and the feedback path transfer function, Hg(s) , in an appropriate manner. Be-

cause the separate surfaces do not feed back to the pilot’s control wheel, this type of stability aug-
mentation takes place without the pilot noticing any control wheel activity. Of course, if the pilot
could see the separate surface from the cockpit he would see that surface move!

Third, with Kp = K # 0 the benefit of stability augmentation is combined with the bene-

fit of tailoring the numerator of the closed loop transfer function of Eqn (11.75). This way it is pos-
sible to achieve response tailoring as well as response quickening.

When an airplane equipped with the separate surface control system of Figure 11.106 is
equipped with an autopilot, the control wheel stays inactive while the autopilot controls the separate
surface(s). Figure 11.107 shows a block diagram of the system in such a mode.

The closed loop transfer function of such an autopilot mode can be written as:
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x(s) _ K55G servo(8)Gss(8)
XeflS) 1 + KHu(8)Giervo(8)Giss(S) (11.80)

The analysis and synthesis of this equation is identical to that discussed in previous sections
of this chapter.

From a hardware viewpoint, depending on airplane mission and on detail design consider-
ations separate control surfaces can be integrated into a configuration as suggested by the various
ideas in Figures 11.108, 11.109 and 11.110.

Xt 5 |
KiGservo(8) ™ Gu(s) [—¢—> x(s)

R Scparate surface rudder
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Separate surface elevator

Separate surface aileron
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11.11 SUMMARY FOR CHAPTER 11

In this chapter the reader has been introduced to the analysis and synthesis of stability aug-
mentation systems: yaw dampers, pitch dampers, angle—of—attack feedback, acceleration feedback
and angle—of-sideslip feedback. Such systems alter the apparent flying qualities of an airplane.

An introduction is also presented to the analysis and synthesis of various autopilot modes.
Longitudinal as well as lateral-directional autopilot modes are presented. In all cases extensive use
has been made of block diagrams to describe the flow of signals around the various feedback loop
structures. Application of pitch attitude command systems and heading angle command systems to
automatic landing problems is also discussed.

Root locus diagrams (and sometimes Bode diagrams) were used to determine desirable
closed loop performance, gain margins and phase margins.

A brief introduction is presented to the problem of analyzing so—called multiple variable,
multiple controller feedback systems.

Finally, the reader is introduced to the analysis and synthesis of separate surface flight con-
trol systems. The latter systems are useful in airplanes with reversible flight control systems.

L FOR CHAPTER 11

11.1  An airplane has a roll damper which actuates its ailerons through a servo with transfer
function 10/(s+10). The airplane has a dimensional roll damping derivative of

Lp = — 1.0 sec™ I'at sealevel. Discuss the relative stability of the roll damper operation
at 30,000 ft and 60,000 ft altitude. Assume that the spiral root stays at the origin.

11.2  Discuss qualitatively the effect of a yaw damper on spiral stability by examining the effect
of the yaw damper on the “equivalent” values of the derivatives C,p and Cy, .

11.3 Assume that the inherently unstable fighter of Table 5.5 in Part I is stabilized with a pure
angle of attack feedback system. Assume further that the angle of attack sensor is repre—
sented by a first order lag. How much lag can be tolerated (without compensation) and still
achieve reasonable closed loop behavior?

11.4  Synthesize a pitch attitude command system for Airplane H in the approach and cruise flight
condition. Discuss any need for a pitch damper in the inner loop. Also discuss any need
for gain scheduling. Synthesize means: draw all appropriate block diagrams, root locus
diagrams, Bode diagrams and identify clearly the various loop gains.

11.5 Synthesize aheading angle command system for Airplane H in the approach and cruise flight

condition. Discuss any need for a roll damper in the inner loop. Also discuss any need
for gain scheduling. Synthesize means: draw all appropriate block diagrams, root locus
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diagrams, Bode diagrams and identify clearly the various loop gains.

- Synthesize a glideslope hold system for Airplane E in the approach flight condition.

Synthesize means: draw all appropriate block diagrams, root locus diagrams, Bode
diagrams and identify clearly the various loop gains. ~

Synthesize a localizer hold system for Airplane E in the approach flight condition.
Synthesize means: draw all appropriate block diagrams, root locus dJagrams Bode
diagrams and 1dent1fy clearly the various loop gams

Synthesize a yaw damper for Alrplane I for the approach subsomc cruise and supersomc
cruise flight conditions. Use a tilted rate gyro and determine the requ1red t11t angle. Also,
identify the need for gain scheduling.

11.1
11.2

11.3

114

11.5

11.6

11.7

'11.8
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CHAPTER 12 FUNDAMENTALS OF DIGITAL CONTROL
SYSTEM ANALYSIS

The methods presented in this text so far deal with systems and signals which are continuous
functions of time. Nearly all high performance airplanes today are designed with some form of flight
control system which utilizes digital computers. In digital computers time domain signals are not
continuous but can be thought of as pulse trains. A key parameter in the analysis of such pulsed data
streams is the so—called sampling rate. The sampling rate is the number of times per second that a
continuous signal is being sampled for processing by the digital computer. If the sampling rate is
very high, for all practical purposes, the system can still be analyzed as a continuous system and all
methods discussed in this text more or less apply. However, if the sampling rate is not high a series
of problems can arise.

The purpose of this chapter is to present a brief discussion of the fundamentals of digital con-
trol system analysis. For a fundamental treatment of this subject Reference 12.1 is recommended.

A brief introduction to sampling of signals is given in Section 12.1. Laplace transforms of
sampled data systems are discussed in Section 12.2. To reconstruct continuous signals from digital
signals certain "hold” devices are used. Two of these are discussed in Section 12.3,

A convenient method for analyzing digital systems is the so—called z—transform method.
Section 12.4 contains a discussion of z-transforms. An example of their application is contained in
Section 12.5.

The effect of sampling frequency on the stability of digital systems is briefly discussed in
Section 12.6. Finally, an introduction to the so—called w—transformation method is given in Section
12.6.

12.1 INTRODUCTION TO SIGNAL SAMPLING

A very simple example of the application of a digital computer to the automatic control of
an airplane is given in Figure 12.1. Except for the box labeled digital/discrete™ all elements of the
block diagram in Figure 12.1 are analog (i.e. continuous) in nature.

The A/D (Analog—to—digital) device is, for all practical purposes, a data sampling device.
The A/D converter translates an analog signal into a digital signal. The way the A/D converter oper-
ates can be thought of as multiplying the analog signal by a unit pulse train. Figure 12.2 shows con-
ceptually what a sampler (A/D converter) looks like. Figure 12.3 indicates how, by multiplying an
analog signal by a unit pulse train, the digital output (which is just another pulse train) comes about.
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——@-bm —> DA /A e
Digital computer . . .
| with control law | Aileron servo Airplane

Digital/discrete | Contmuous/analog

S | T sec. : sampling period - |
£(t) | D G
‘ A - , . —
Analog signal | . . Digital signal

Sampler or A/D Converter

Returning to Figure 12.1, the digital computer operates on'thé signal it receives from the A/D
converter, The operation of the digital computer is governed by a control law which is programmed
into the computer (software). The output of the digital computer is sent to a digital-to—analog (D/A)
converter. The analog output of the D/A converter is normally sent to an amplifier which in turn
sends its output to the aileron servo. The aileron servo moves the ailerons which in turn cause the
airplane to change its bank angle. The bank angle is sensed by a gyro and its (analog) output is
compared to a reference input (subtracted from a reference input) and the result forwarded to the
A/D converter.

Now consider again Figure 12.3. The output signal, £(t), of the sampler (A/D converter)
can be thought of as the product of the unit pulse train, 8.(t), and the (analog) sampler input sig-
nal, £(t) :
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ety A
Analog Signal

=
t

dr(t) A

1.0 Unit Pulse Train
\ 0 > (& T t
e'(t) A

e*(t) = &(t) d7() | (12.1)

where: the unit pulse train is defined by:

dp(t) = Z 8(t — nT) (12.2)
n=-—@

where: 8(t — nT) represents animpulse of unit area at t=nT. The quantity T will be referred

to as the sampling period. In current airplane systems the sampling period ranges from 1 sec. to
0.001 seconds depending on the frequency content of the data being processed. Evidently, the higher
the frequency content of an airplane motion variable which needs to be controlled, the faster the sam-
pling operation must be.

Combining Eqns (12.1) and (12.2) yields:
e*(t) = e(®) 2 8(t — nT) (12.3)

n=—w

or.
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e’ = > e@mT) 6(tJ nT) | (12.4)

n=-—-oo
In nearly all airplane applications it is assumed that €(t) = 0 for t < 0 so that Eqn (12.4)

can be rewritten as:
o

') = > e@T) 8(t—nT) (12.5)
‘ =0 .
In the applications of feedback control discussed in Chapters 9, 10 and 11 the Laplace trans-

formation was used. In Section 12.2 the application of Laplace transforms to sampled data systems
is discussed.

The Laplace trans'forfn of a sampled signal, e'(t), is defined as follows:

') = £ {e'0) | ; - (126)
Substituting Eqn (12.5) yields: | | |

e'(s) = £ :z-e(n'l‘) G(t:'— nT)} (12.7)
={
or: o _ - .
e'® = > e@De™™ : - (12.8)
n=0
because: o
£ {8(t — nT)] = j e~ S9(t — nT)dt = e ~0Ts - | - (12.9)
0

The following observation is of key importance. The sampled signal, £*(t), describes the
value of &(t) only at the samplirig instants, n'T. Therefore, the Laplace transform, £°(s), does NOT
contain any mformatmn on'the value of €(t) duxmg the sampling period ranging from nT to (n+1)T
Figure 12.4 111ustrates the consequence of this observation: two totally different time domam signals
can have the same samples data signals!

The signals €,(t) and €,(t) in Figure 12.4 are very different yet, they have the same
sampled signal, £'(t) . Another way of putting this is: there is a uniqueness problem here. In most

practical applications, particularly if the sampling period, T, is sufficiently small, this does not turn
out to be a major problem.
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f(t) f(©) &,(t
£ ()~
-
t t
Figure 12.4 Example of Different Analog Signals Havin ame Sampled Sig
12.2.2 THE LAPLACET FORM OF AMPLED T STEP

It was seen in previous chapters that step inputs are frequently used to judge the response
of both open and closed loop systems. The unit step is but a special case of the general step.

Consider the ideal sampler described by Eqn (12.4) as being subjected to a unit step input:
£(t) = u(t) where u(t) is assumed to have a constant magnitude of 1.0 at all times. The output of

the sampler in this case is:
[v.a]

e'(ty = > 8t —nT) (12.10)
n=0

Applying the Laplace transformation the result is:

g'(s) = > NS (12.11)

This can be expanded to yield:

') =1+e T +e 2T 43T 4 | = l—_—é-;-m (12.12)

This result is valid as long as: le ~T%| < 1 is satisfied.

Consider the ideal sampler described by Eqn (12.4) with the input: €(t) = e ~". The sampler

output can be written as:
o

' (1) = Z et 8(t — nT) (12.13)

Applymg the Laplace transformatlon

¢ (S) ze—nT —nTs .. Ze—nT(l-i-s) = IT;%W (12.14)
n=0 n=0

This result is valid as long as: le~T¢* D] < 1 is satisfied.
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Mﬂﬂ&lﬁﬁlﬂ/ﬂm £

It is not difficult to demonstrate that °(s) is itself a penodxc flmctlon of the Laplacc vari-
able, s. One way to show this is to substitute for s:

s> s+ jmo; | e (12.15)

wheré: m is a positive integer and _
Ce=2 219
which is also called the sampling frequency.

Substitution of Eqn (12._15) into Eqn (12.8) results in:

£'(s + jmwy) = > e(nT) e~ TEHIMD) = %' g(gT)e ~1Tse ~jom2n (12.17)

n=0 - n=0 '

According to DeMoivre’s Theorem:

e ~Im2n = cog(k2m) — j sin(k2m) = 1 . (12.18)

where: k, n and m are positive integers. Therefore:

£'(s + jmwy) = > e@T) e~ = g*(s) s (12.19)

n=0 _ .
This proves that €*(s) is periodic in s. This property has a very important consequence. If
£*(s) is periodic in s, then: e*(s = §;) must have the same value atall s = s; + jmw, . Anil-

lustration of this property is given in Figure 12.5. Another interesting consequence of this is the fact
that if e(s)is the Laplace transform of €(t) and if this Laplace transform has a pole located

ats = s, ,then &%(s) has poles located at s = 8; + jmws . This factis also shown in Figure 12.5.
Obviously this makes root loci of functions like £7(s) a complicated task!
12. N CTION A ATA FROM SAMPLED DATA
.1 Y A
It can already be observed from Figure 12.1 that before 4 digital signal coming from a digital
computer can actually be used it mustbe transformed into an analog signal, after which it is normally

amplified to move some hardware component in the system. Figure 12.6 shows a simplified version
of a block diagram of a digital flight control system.
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Periodic Strips in s-Plane A jo Periodic Poles in s—Plane A jo
T /2 — — 5 T30 [ | Tcomplementary
L Strips X . X
50:/2 — — S Fee —— — poles of E'(s)
X
302 —— = T T _———
1 I%s poles of E(s) X X
Osf2 VN —_——_—— ¥
primary 5) S| > 3¢ X »
_Sm_L_____ ______n 1n
— ms/ 2 A $; — jws.
X X
- 30s/2— s —Tw® |1 _——
J2W
P X X
—-50/2— — T o —] — — — -  poles of E(s)
1 .] 3 x x
= T0s/27= = T @ | complementary A
strips X ¥
Figure 12.5 Tllustration of the Periodic Property of: £*(s)
Reference Digital computer Bank angle
input 1‘with control law . output
E(t) A (ﬂ f ([) f(t) C(t)
M = A/D D/A
3 —. |___gu] Controlled | g o
3 Converter Converter System
" (s) £*(s) Airplane
plus
SErvos
plus
control
surfaces
Fi 2.6 Simplified Block Diagram of i 1

From Figure 12.6 it is seen that the D/A converter should regenerate a continuous time—do-
main signal from a sampled data signal. In other words: the D/A converter should regenerate the
analog (continuous) signal, f(t) from the sampled signal, f*@0) . Or, using the € notation used be-

fore, the problem is to regenerate £(t) from €'(t). The function £(t) in between two samples, nT

and (n+1)T will be referred to as €,(t). It is possible to expand €,(t) in the following manner:
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ea(t) = ¢(@T) + E@D(E - oT) + LéaDt - T2 +.. - (12.20)

where: e,,(_t__) is the value of &(t) in between the sampling intervals nT and (n+1)T
e(aT) is the value of &(t) taken at t=nT
é(nT) is the first derivative of £(t) takcﬁ at t=nT
é(nT) is the second derivative of () taken at t=nT
The derivatives €(nT) and s(nT) can be approxmated with the help of numcncal calculus

in the following manner:

§(aT) = o [e(@T) — ef(n - 1)T}]' S a2
and: g _ _

E@T) ~ [¢@T) - gjm — T 122

Substitution of Eqn (12.21) into Eqn (12.22) yields: _

£(mT) ~ L[e(n'r) - 2¢f(n — DT + &((a — 2T]] (12.23)

Toevaluate &(nT) evidently requires knowledge of past values of &(t) . ‘Inadigital comput-
er this problem is easﬂy solvcd with the help of temporary data storage and retneval

- From a pragmatic viewpoint only two type’s of D/A devices are of interest:

'1) the zero—order hold
2) thé"ﬁi‘St—-order hold.

.‘The s—domam charactensﬂcs of these two devices will be dlscussed in sub—sectlons 12.3.2
and 12.3.3 respectlvely

2.3, Z E

Figure 12, 7 shows the ideal time domain behavior of a zero~order hold when thc input is an
ideal impulse. Note that this device holds the input constant during the sampling period, T.

1.0 _ : , - Response of
Unit impuise input zero—order
to zero—order hold .. hold to unit

' ‘ " impulse
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The output of a zero—order hold for a time varying series of impulses is shown in Figure 12.8.
It is seen that as long as T is very small, the output signal of the zero order hold device will closely
approximate the desired smooth continuous signal.

To perform frequency domain analyses on sampled data systems it is necessary to derive a
transfer function for all components in the loop. The transfer function for the zero order hold can
be inferred from its time domain response in Figure 12.7:

_ — p—sT
Gmﬂg=%—%eﬂ=l—§i~ (12.24)

Einput(t) ‘

€ inpu(®) Cinpui(¥)

output signal of zero order hold ) _ .
€ output(t) * ) desired continuous signal
P 4 B BN
M= \ Y-
N\ |
— I / =

N LA :

Figure 12.8 Ex le of the ration of a Zero Qrder Hold in the Time Domain

The result stated in Eqn (12.24) is based upon a theorem in the theory of Laplace transforms
which states that the Laplace transform of the unit impulse response of a system is the same as the
transfer function of that system.

The frequency response of a zero order hold device can be obtained (as usual) by substituting
s=jw into its transfer function. Doing this yields:

Ze—%in(eii“’T -~ e “%J'“’T)

. _1—-e=joT
G w) = = : 12.25
zon(Jw) o o ( )
With DeMoivre’s Theorem this can be cast into the following format:
sin%wT L
Gzon(i®) = T—; e #0T (12.26)

From Eqn (12.16):
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= 28 '
o __ | - (12.27)

Substitution into Eqn (12.26) results in:

MM o-inl2)

. Gggy(jo)) = (12.28)
° )
From Eqn (12.28) the following gain and phase characteristics can be obtained:
. sin® —01)
: 231: (ms
IGzop(j)| = 22—~ ‘ (12.29)
" (8)
. [0
sin 7 {2
. W,
4G oni®)} = - a:(m\’)——u (12.30)

W
Isin m (m,)l

Flgure 12.9 presents a graphlcal representation of the zero order hold frequency response
behavior. Some readers may recognize this behavior as similar to that of a low-pass filter.

IG2ouGo)l A

ey ey

Figure 12.10 illustrates the time domain response behavior of an ideal first order hold device
when subjected to a unit impulse.

It is seen from Figure 12.10 that before t=0 the response is equal to zero. For O<t<T the re-

sponse is the ramp function 1 + /T. Att=T the response drops sharply to 0. For 2T>t>T the response
is the ramp function —/T. For t>2T the response is equal to zero.
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Unit impulse input Response of first—order
to first—order hold hold to unit
| 10 impulse
1.0 ,
-
-
,/’ 2T
[ L. e ’
0 T t-T t
ol N
Fi_ 12 sponse of an Ideal Fir o rder Hold r

Because the transfer function of a system is equal to the Laplace transform of its unit impulse
response, it is possible to infer the transfer function of the first order hold device from Figure 12.10
as:

_ 2.- - - -
Grou(s) = 1 + TLSZ ~Z2e ™5 - %e T4 lo2ms 4 TLSZe 2Ts (12.31)

This can be rearranged to yield:

Giro(s) = (1 Tr Ts)(l - :-TS)Z (12.32)

Figure 12.11 shows how a first order hold converter would reconstruct a pulse train. The
spike during the interval 0<t<T is not normally a major concern. The reason is that in many cases
the assumed condition that the input signal has the value of zero for t=—T is not satisfied. The spike
therefore will rarely occur.

The frequency response of the first order hold does give some reason for concern as will be
shown next. Using the standard substitution s=jw in the transfer function yields:

. Loy 2
Grop(i®) = (-1 + TJ“’)(I = "'_T"”) (12.33)

T S
The reader is asked to show that the following expressions for magnitude and phase follow
from Eqn (12.33):

) 2
IGgon(io)l = ET: (1 + 0.2 )( = (12.34)
Wy
and:
4 Gon(i®) = tan-l(z—gsﬂ) - 2075—2” (12.35)

This frequency response behavior is illustrated in Figure 12.12. Two problems are the peak
during the first frequency range and the large phase lag. For this reason and because of its greater
simplicity the zero order hold device is used most frequently in digital systems.
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Ein;:vut(t) +

*
€ input(t)

Einput(t)

- output signal of zero order hold

Eoutpu(t)

E*i t
AT

~ desired continuous signal

phase shift for first order hold

ey ey
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124 FUNDAMENTALS OF Z-TRANSFORM THEORY
124 FIN ND TI RA

A disadvantage of the Laplace Transform method when used with sampled data systems is
that such transforms in general are not algebraic because they contain powers of "e” involving the
s—domain variable. This is already clear from the very definition of the Laplace transform of a
pulsed variable, E*(t) X

o0

Lle(] = €*(s) = > e(@T) e~ (12.36)
n=0
For this reason, Laplace transforms of pulsed variables cannot be conveniently represented
by ratios of polynomials with associated poles and zeros. This makes the formulation and use of
transfer functions very difficult.

Some readers may wonder if the Pade approximation of Chapter 9 could not be used. The
answer here is: no! The reason is the fact that because of the high sampling frequencies required,
the bandwidth of the Pade transformation is not sufficient.

To eliminate this problem of the Laplace transformation the so—called z—transformation has
been introduced. The z—-transformation is obtained from the Laplace transformation by a simple
substitution:

z = el (12.37)
The inverse of this substitution is:
1
=-=Inz 12.38
$ = (12.38)

The new variable, z, is called the z—transform operator. With this operator the pulsed Laplace
transform of Eqn (12.36) can be written as:

oo

e'(s) = e*( = %m z) =@ = » eT) 2" (12.39)

n=o
The function £(z) is called the z—transform of €(t). It should be understood that €(z) only
defines €°(t) . As seen before, the continuous function, &(t) is not uniquely derivable from &(z).

The following three steps are required to find the z—transform of a time domain function:

Step 1: sample £(t) to obtain £*(t)
Step 2: find the Laplace transform £°(s) from €7(t)

Step 3: find £(2) by substituting Eqn (12.37) into £"(s)
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Five examples of z—transforms of frequently occurring time domain functions are now pres-

Example 1: .- Find the z—tra’nsform'of a unit impulse function, &(t) .
Solution: thn 6(() is sampled by an ideal sampler the result is:
€ (t) = g(t) = B(t)

For that reason,
£'(s) = 1 | L ©(12.40)

e(z) =1 ‘ : (12.41)

Example 2: Find the z—transform of a unit impulse tram 6T(t)
Solution: The unit impulse train can be written as:

e(t) = Si(t) - Z'a(t — nT) .
n=0

= By sending this functlon through an ideal sampler:

€ (t) = g(t) and therefore:

1]
8*(5) — Z e—nTs
n=90

" For that reason:

gz)= > z7"= - Z 1 (12.42)

Example 3: Find the z—transform of a unit step, u(t).
Solﬁ_tionf o Sénding a unit step thxoﬁgh an ideal sampler yields: -

e'(t) = Z 8t — o)

a=0

According to Eqn (12.42):

&(z) = z-l R

This result should have been 0bv1ous' It also agrees with the nonmumqucness property of

(12.43)

the z—transformation mentioned before. Figure 12.13 shows a visual representation of this resut.
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£°(1)
Ideal sampler
&) | ¢ _ KAG)
T
> >
2T 3T 4T t T 2T 3T 4T t
u(t u (t)
Ideal sampler
u(t) | g _ | U™
T
 _
¢ 2T 3T 4T t
nit-Step by an Ideal S¢

Example 4: Find the z—-transform of the function £(t) = ¢ —at

Solution: Because £(nT) = ¢ ~T it is found that:

£*s) = Z e~ aTe—nTs o | 4 g=aTe~Ts 4 o—2dTe—2Ts ; (12.44)

n=0

— 1 . —Ts —aT
= 1—_-6—':&_'_-—&)71.' for: le | < le [

Therefore:

= 1 = Z . —aT
. E(z) = [~ e-dp—1 7 —e-7T for: lzl<e™? (12.45)

Example 5: Find the z-transform of the function &(t) = sin wt .
Solution: If G(s) = N(s)/D(s) is the Laplace transform of some function, g(t), then
its s* transform is found from:

k
*on N(Cp) 1
G*(s) = HZID, (§n){1 — e#m_m] (12.46)

where: k indicates the order of D(s) and where:

D' = B, (12.47)
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The Laplace transform of sin ot is:

E(s) = m o _ ' (12.48)

jThlS functmn has poles at: s = :t: jo and therefore, smce in thlS case: .
N(C) —w and D (© =2t it follows that:

2 .
€ = Z [1_e—Tcs co]

o] 1 _w]
: 2jm 1 — e~ T(s—jw) 2j03' 1 = e—Ts+jw |

1 e~ T — ¢ ~IoT 4 ewT) |
T2 = o~ T9(eiT + e‘ﬁm’f)".,. e-2Ts|

- e~ Tssin @T e - |
e~ — 2e-Tscos T + 1 - (1249

Next, using the substitution: z = ¢T* it is found that:

zsin oT
= 12.50
#(z) — 2zcos wT + 1 . _ | ( )
Deriving z—transforms can involve quite a bit of algebra. Table 12.1 presents z—transforms
of frequently occurring functions.

- Anadvantage of the z-transform method is that poles and zeros from the s—domain map into
similar poles and zeros in the z-domain. A problem which must be overcome is; how does the s—
plane map into the z-plane. This is particularly important in regard the definition of stable and unsta-
ble areas and lines of constant damping ratio and undamped natural frequéncy. The mappmg of the
s—plane into the z—plane is discussed in Sub—section 12.4 2. :
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In the open and closed loop analysis of airplanes and control systems it was seen that four
- lines in the s—plane play a dominant role in determining flying qualities:

1) lines parallel to the imaginary axis (i.e. lines for which the real part of complex poles
or zeros is constant).

2)  lines parallel to the real axis (i.e. lines of constant frequency).
3) lines passing through the origin (i.e. lines of constant damping ratio).
-4) circles around the origin (i.e. paths of constant undamped natural frequency).

Several specifications of flying qualities deal with the properties of these lines. .It is therefore
logical to inquire how these lines map from the s—plane into the z-plane.

Figure 12.14 shows how lines parallel to the imaginary axis in the s—plane and lines parallel
to the real axis in the s—plane map into the z—plane. This mapping can be easily understood by tracing
five paths in the s~plane and establishing their mappings in the z—-plane. These paths are: 1—+2,2-+3,
3—4, 4-+5 and 5—1. The mappings of these five paths will be discussed one by one. Once this
mapping is understood it should be easy to determine how any given pole or zero in the s—plane maps

into the z—plane.

jo Imz
s-Flane R z-Plane +
Complementary Strip 1 s
A
. : 1
Primary Strip 1 Rez
)|l 1] 1
A
Complementary Strip

To discuss the mapping properties use will be made of Eqn (12.37) which is repeated here
for convenience: _

= oTs (12.51)

Note in Figure 12.14 that the s~plane is broken up into a primary and complementary strips.
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The primary strip runs from: s = ~ /2 to s = + wy/2 . The path 1-2-3-4-5-1'in the comple-
mentary strip in the s—_planc:_ (see Figure 12.14) will now be mapped piece-by—piece into the z—plane.

Path 1-2

Along path 1-2 it is seen that: s = jw so that Eqn (12.51) yields: z = &/T® | This latter
expreséion represents a unit circle in the positive half of the z-plane. Note that when:

w=+ Wy/2 = %, zisgivenby: z = e/ . The latter represents point 2 in the“‘-z-;pla.ne.

Also note, that when w = 0, z=1. Therefore, the origin in the s—plane maps into the point z=1 in
the z;plane. | |

Albng path. 2-3 it is seen that s= —k+ iwg/2 , where k is any positive nufnber. There-

fore, Eqn (12.51) yields: z = e ~T% /* . This latter expression represents the left real axis in the

z—plane. ‘When k apprbaches 710, Z is seen to apprdach the value 1.0. When k appfbaches +00, z
approaches zero.

Path3-4

Along path 3-4, k = +oo,.a.n<.:l fhereforc, z=0. This is the origin .in the z—plane.

Path_ 45 | |
Along path 4-5 it is clear that: s = — k — jwy/2 . Therefore, Eqn (12.51) yields:

z=e Tk g~in, -By analogy to path 2-3 this represents the left real axis in the z—plane.

Path 5-1

Along path 5-1 itisseenthat: s = — jo sothatEqn (12.51) yields: z = e~/ _ Thislatter

expression represents a unit circle in the negative half of the z—plane.

Conclusion: the area surrounded by path 1-2-3-4-5-1 in the s—plane maps into the interior
of a unit,_gi;q;g:in @e_g_—plane. : : :

If n is a positive integer, then: e$*iN®T = Tse2n = TS for any integer value of n. This
po 8 y integ

result implies that all cofnplémentaxy‘strips in the left side of the s—plane also map into the interior
of the unit circle in the z-plane. Therefore, the entire left side of the s—plane maps into the interior
of the unit circle in the z—plane.

The reader is asked to prove that the entire imaginary axis in the s—plane maps into the unit
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circle in the z—plane. The reader is also asked to verify that the entire right side of the s—plane maps
into the entire z—plane outside the unit circle.

From a stability/instability viewpoint this can be depicted as in Figure 12.15.

Imz
s—Plane Stable A\ jo Unstable | » Plane A
| ) Unstable
Complementary Strip Lo i
J s
=y Y ¥ X X 3 L X ke -——- = \
Stable Unstable| Stable |
. : | 1
Primary Strip !\ Rez
>
I
Stable Unstable |
=y~ r ¥ ¥ ¥ ¥ L & L L ok L X 1 1) ' \
1. |
Complementary Strip 219s § N
Stable Unstable'

Figure 12.16 shows two constant damping (i.e. constant real part of complex root) loci in
the s—plane. These loci are represented by: s = ¢ + jo inthe s—plane, where 0 is a constant. The

mapping of these loci into the z—plane will now be derived. The corresponding z—plane loci are also
shown in Figure 12.16.

Because of Eqn (12.51): z = €™ = eT%/T™ . Clearly this latter expression represents
circles around the origin in the z—plane. If 0<0, then eT9 « 1.0 and the circle is within the unit circle.
If 0>0, then eT0 5 1.0 and the circle is outside the unit circle . Finally, if 0=0then z = elT® jisthe

unit circle itself.
244 TANTF

Figure 12.17 shows two constant frequency (i.e. constant imaginary part of complex root)
loci in the s—plane. These loci are representedby: s = 0 + jw inthe s—plane, where w is a constant.

The mapping of these loci into the z—plane will now be derived. The corresponding z-plane loci
are also shown in Figure 12.17.
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s—-Plane
0'1. <0 : 0
s~Plane Complementary strip A jo N z—Plgne A Imz
jog/2
. Primary strip

Because of Eqn (12.51): z = T5 = ¢T9%/T® | If v is a constant, the quantity elT® repre-
sents a constant angle. Since e varies with o'it 1s seen that the result is stra1ght lmes through the

ongm at different angles, dependmg on .
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Figure 12.18 shows a line of constant damping ratio in the s-piane. This line makes an angle,
B with the imaginary axis. Therefore, the constant damping ratio line can be expressed as:

s = —tan f + jw (12.52)

A Imz

(12.53)

Using Eqn (12.51) the s—plane constant damping ratio line maps into:

7 = eI® = g(—wtanf+jo)T - o (12.54)

The latter expression can also be written as: :
z= (e(;"fxiﬂ)) A (3-“—@) | S (1255)

where it should be remembered that B is a constant which depcnds on the damping ratio, as seen by
Eqn (12.53).

Inspection of Eqn (12.55) shows that, as o is varied from 0 to + %, the magnitude of z varies
from 1.0 to zero while the angle of z varies from O degrees to 360 degrees. Therefore, a logarithmic
spiral is traced around the origin of the z—plane. From Figure 12.18 it may be surmised that for each
half revolution in the z—plane, the constant damping ratio path in the s—plane has moved along one
increment of ®,/2 in the s—plane. Since for all practical purposes the sampling rate in a digital sys-

tem will be very high compared to the highest motion frequency being controlled, only the first part
of the spiral in the z—plane is of significance.
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Figure 12.19 shows what typical constant damping ratio paths (in the s-plane) are like in the
Z—plane. From a pragmatic viewpoint; only frequency—to-sampling—frequency ratios beléw 0.1 are
of interest. The reader should observe that line AB in Figure 12.19 is the equivalent of the negative
real axis in the s—plane,

" z-Plane

0 ;
0.05 0.40
0.10 - /

: Area of
0.20 . interest

Rei
’ .

Constant undamped frequency loci in the s—pléne are circles around the 6ﬁgin. Any point
s, can be written as: s = 0 + jo . For constant undamped natural frequency, w, the following

relation must hold:
o’ + 0? = o (12.56)
Eqn (12.56) can also be represented by the following two equations:

O = whcos ¢ - ' (12.57)

® = Wgsin ¢ . | | (12.58)
In the z—plane, with Eqn (12.51) this yields:
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z = els = eT@acosP+jwnsing) = (chn cos ¢) (ejT‘”n on ¢) e

= eT"’ﬂ.“s".’ g(Twn.sin ¢) |
= e(‘é'.—t)m‘?su{(‘(’;—g)zn sin ¢} . | (12.59)

From Eqn (12.59) it is seen that z behaves as a function of ¢. A numerical example of this
behavior is presented in Table 12.2. Figure 12.20 shows several z— plane loci for various values
of w,/w, and for various values of ¢. The reader should recognize the fact that in the first stable

quadrant of the s~plane, ¢ ranges from 90 degrees to 180 degrees.

"Iable 122 Varlation of Zwith 4
o | o = ef@mese | 4{ (9'82)2nsm ¢'}
0° l2l = &= | 0
%0° . m=t ~ #{(S2)er}
180° | ' izl = 1/(e(§5)2") ' ' 0
wmo® 120° 100° 80"  00° e 4%
.4 >3 /5 .2 N/ ( >( )
) ?’,@J AND ﬁ@s)Zﬁim -
160° 120 / - ) 20
30
. Un/’ s
wu/w
f s .05
.5
180° o’
ﬁ]. ) : ‘ '. 1. 360
AREA OF
ANTEREST
200° 340°
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12.4.7 INYERSE Z-TRANSFORMS

It was seen on page 892 that the z-transform is not unique. Several different time domain
functions can have the same z-transform. This must be considered when taking the inverse of a func-
tion in the z-domain. Two methods for finding the inverse of z-transforms will be presented:

1. The partial fraction expansion method
2. The power series expansion method

1. The partial fraction expansion method

In the s—domain a common expression used for partial fraction expansion was:

=_A , B _ _C_ | |
B =sFats+p Tsaet o (12.60)

Such an expansion is easily converted to the time domain. It would perhaps be reasonable
to expect a similar expansion to work in the z-domain: '

~_A B C_., | |
a(z)—z+a+z+b+z+c+"" - .(1‘2.61)

However, when inspecting the z—~transform expressions in Table 12.1 it is seen that z—trans-
forms only occur with z/z+x type terms. For that reason it is generally best to find a partial fraction
expansion for £(z)/z, then muitiply by z and next, invert to the time domain. An example will illus-
trate this procedure,

Consider the folloWing function of z:

(= A2 (12.62
S Z-Diz—e 02
- After dividing by z this yields:
gz) _ _ (L—e )
z (z— 1)z —~eaT) - : (12.63)
. This can be partlally expanded to yield:
€@ _ 1 1 |
Z g1 z-e (12.64)
From Table 12.1 the inverse of this z-transform is:
') = > 8(t - nT)(1 - e~ M) L (1265

n=0 :
2. The power series expansion method

In general, the z-transform, €(z) can be cast in the fol_léwing polynomial form:
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amz™ +a,_Zm " +a ,z™2 + L0+ agz + ag

m-2 12.6
baz® + b, _yz" 71 + ... + b,z + by (12.66)

e(z) =

In pﬁysic_all)} re_glizéble sys__tpﬁi's the condition n_?;m isa necés_;ary conStraint; Thc rcadér
is reminded that this was also the case in the s—-domain.

By long division it is possible to write Eqn (12.66) as.follow‘s: _ _

g(z) = Czm " + Cpz™ 071+ Cpz® 12 4 . - R ¢ 2 1)

Next, recfl‘ Eqn (12.39) and observe that:

&z = > e@Dz™" | - (12.68)

n=0
By equating Eqn (12.68) to Eqn (12.67) it is seen that:
C,=em-nT C,=¢m-n— 1T =gm-n—-2)T, etc. (12.69)

Evidently, the C—coefficients in the long division res_ul_t as represented by Eqn (12.67) are
themselves the time domain values in the pulse train of data represented by the z—transform of the
output of the sampled data system! The C-—coeffic1ents canbe castina more convement Tecurrence
relationship as follows:

) n—-1 AI—BIC-—OfOI‘.l<0
Cim gy Aei jZO(BjCi_mﬂ-) P

An example will be used to illustrate an apphcauon of this method. Consider Eqn (12.62)
but with the denominator expanded:

(1 —e-Th

[22— (1 + e~z + e~ 4) (12.71)

e(z) =
By applying the long division process with the help of Eqn (12.70) it is found that:

gz) =1 —e Nz (1 —e 2N)z"2 4+ (1 —e~3¥Dz"3 + ... | . (12.72)
The time domain inverse of this z—transform is:
e'(t) = - (1 - e"aT)B(t -+ (1 - e"m)a(t — 2T) + o (12.73)

‘This can be rewritten as:

-]

M= > (1—e Mt -nT) ' (1274

=0} .
The latter result will be recognized as being identical to Egn (12.65).
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The z—transform of an s—domain function, just like the s—transform of a time domain func-
tion has the standard addition and multiplication properties of a linear operator. In the s—domain
the initial and final value theorems were found to be useful. Similar theorems exist for z—transforms.
Because of their importance these theorems will be stated and proven in the following.

Initial Value Theorem:

Theorem: If Z{e(t)} =€(z) and if lim e(z) exists, then:

I—»co

lmae ®) = lim &(z)

Z—> 00

Proof: The z—transform of £(t) can be written as:

-

£(z) = Z g(nT)z ™" = | (12.75)

n=0

= €(0) + &Mz~ + e@Tz "2 + .....

Therefore, lim £(z) = £(0) = 11113 e't) QE.D.
Zomde OO t—»

Final Value Theorem:

Theorem: If S{e(t)} =¢(z)andif (1 — z~ 1) &(z) has no poles on or outside the unit

circle in the z—plane, then:
lim £*(t) = lim e(nT) = hm (1 ~-z7h l-:(z)

t— o n—sco
Proof: Consider the following expansions:
) .
Z e(kT) 27X = g(0) + &(T)z" ! + ..... + e@T)z~ ™" | (12.76)
and: k=0
i gjtk — DT} z K=z '+ Mz 2+ ... + gfn — DT]z™" (12.77
k=0

Observe that for k=0, ef(k — 1)T] = &(— T) . However, e(~T) = 0 because &(t) is defined
only for t=0. Comparing Eqns (12.76) and (12.77) it is possible to rewrite Eqn (12.77) as:

n n—1
D ek = DTz k=271 gkT)z™* S (12.78)
k=0 k=0

Subtracting Eqn (12.78) from Eqn (12.76) yields:
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n. E n—-1 : _ - g . _ _ )
Z e(kT) z %k — z~! Z e(kT)z"‘} | (12.79)
=0 . k=0 . :

The limit of Expressiot (12.79) for z—+1 can be written as:

o
Z e(kT) z7k—2z"1 Z s(kT)z‘k} =
-1 k=0

z—.

= > &kT) = > &kT) = g(nT) - - (12.80)
k=0

The limit of Expression (12.80) for n—co can be written as:

[ n n—1 )
lim e@T) = lim limq > ekT) 27X —z7! >’ ez} =
n—co n—+w z—1
(k=0 k=0 J
 n n—1 h
= lim lim 4 Z ekT) z X —z71 > ekT)z "k} = (12.81)
z—»] p—» oo - )
Clearly, the following must be correct:
n n—1 o
lim > e&Dz™* = lim > ekD)z X | (12.82)
P ® k=0 = k=0
- Also
n o )
lim z g(kT)z"X = Z e(T)z ™" = &g(z) (12.83)
k=0 n=0 S :
Because of Eqns (12.83) and (12.81) it now follows that:
lim e(nT) = l'm: (1 - z™ Y g(z) Q.E.D. . " (12.84)
n—ecoo — ) .

The power of the initial and final value theorems lies in the fact that it is possible to predlct
initial and final time domain quantities directly from the z—transforms.
It is useful to consider an example. Assume that a signal £(t) has the following z-transform:

0.792 z2 : 1285
(z — 1)(z2 — 0.416z + 0.208) (12.85)

e(z) =
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According to the final value theorem the final value of &(t) is found as follows: -

s(oo)"'hm(l —z-l)e(z)—gl_r_r{{(z%._' 0%2:“(‘);263)]: o (2sg

The poles of the z—transform defined by Eqn (12.86) are seen to be inside the unit circle:
z,, = 0.208 + j(0.329) - 128D

From Eqn (12.86) it is seen that: £(c0) = 1.0.

This result can be verified with the long division method discussed in Sub—-sectlon 12.4.7.
Rewriting Eqn (12.85) it is seen that: ;

0.792 z2 : - ' :
©2) = 3T 4162 + 0.6242 — 0.208) | L (12:85)

Invoking the recurrence equation (12.70) the following coefficient values can be found:

Ay = 0792 A =0 Ag=0

(12.89)
B, =1 B, = - 1.416 B; = 0.624 B, = — 0.208
From Eqn (12.70): -
C, = Bl—m{An_m - Z;)(Bjci_m+j)} | (12.90)
i
with m=3 and m=2 respectively it follows that:
C, = A, = 0.792 |
C,=A; -B,C, = 1121
C, = Ay = B,C; — B,C, = 1.093
' C, = — ByC, - B,C, - B,C; = 1.013 ' - (1291)

C5= ~ByC, — B,C; — B,C, = 0.986
C¢ = — B,C; — B,C, — B,C5 = 0.991
C7 = - B0C4 - B C5 - B2C6 = 0.999

It is clear that lim C = 1.0. Thls agrecs with the previous result.

t—x
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In this section the z—transform method will be applied to a sampled data system. A problem
which will emerge is the fact that the pule transform of a cascaded system is not simply obtained
as the product of the pulse transform elements in the cascade. This problem is discussed in Sub—sec-
tion 12.5.1. - o .

It also emerges that the z —transform of closed loop systems depends on where in the system
the sampling devices are located. This problem is discussed in Sub-section 12.5.2.

An application to a simple bank angle hold system is presented in Sub—section 12.5.3.

For a continuous (or analog) system, the time domain and s—domain notations associated
with a simple system are illustrated in Figure 12.21.

£(t) | c(t) Output
P - G(s) | :

System Transfer Function

The system output is found from:
c(s) = e(s)G(s) - S (12.92)

For a similar discrete system (sampled data system) the same time domain and s—domain
notations associated with the system are summarized in Figure 12.22.

Fictitious sampler T ()

o -
E(t) T £'(0) | c's) )
Input — G(s) L —
£(s) £*(s) c(s)
System Transfer Function | Output
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Using the conventional transform¥ rules it follows for Figure:12.22 that: -
c(s) =€ (s)G(s) IR ; : C (12.93)

Obvmusly, the output in Figure 12.22 will be a series of pulses because of the existence of -
the sampler ahead of G(s). For that reason the idea of a *fictitious sampler” is introduced. The pulse
transform of c(s) can therefore be written as:

c'(s) = e*(5)G*(s) Lo - o (12.94)

Transformation to the z—domain.lleads to: | | B o

=26 a2

The function' G*(s) is referred to as the pulsé transfer function of G(s). The operation im-
plied by Eqn (12.94) is referred to as taking the pulse transform of Eqn (12.93).

Next, these ideas will be applied to a cascaded system sizch as sketchéhc.l- in Figufe 12.23.

. Fictitious sampler

c (t)

Input ' */
et) T N0 av T i B *s)
_. — | .
— N, Gy(s) N | <« >
€(s) e’(s) d(s) o(s) Output '

It will be assumed, that the two samplers operate synchronously. Referring to Figure 12.23
it is seen that the output of the first transfer function, G,(s), can be written as:"

d(s) = G,(8)e") o | ,- | (12.96)

The output of the secnnd transfer function, G,(s), can be written as:

c(s) = Gz(s)d (s) E (12.97)
Taking the pulse transform of Eqn (12.96) yields: ' |

- d%(s) = Gi(s)e"(s) | - (12.98)
Substitution of this result into Eqn (12 97) yields: :
€)= GG - 1299)

Tékiﬁg the pulse transform of this resuit i)rodﬁcés:
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c'(s) = GAs)GI(s)E (s) . . . (12.100)
T;‘ansformation to the z—~dom_ain yields: .
o(z) = G4(2)G/(2)E(2) » - L - (12:101)

This result will now be compared with the result of a cascaded system which differs from
the one in Figure 12.23 only in that there is no sa.mpler bctween Gl(s) and Gz(s) Sucha system

is sketched in Figure 12.24.

Input | Fictitious sampler c (t)
T ——— - t -
e(t) = £ (1) - d(t) o I c(t) C (S)
—V—— G > Gys) H— —-
&) BON I d(s) D ot

System Transfer Function

For the QYStem of Figure 12.24 the output can be written as:

c(s) = Gy(s)Gy(s)e"(s) S (12.102)
Taking the pulse transform yields:

c'(s) = G{Ga(s)e™(s) . R (12.103)
where: w | | | a o

G,Ga(s) = [G,(s)Gz(s)}* = % Z G{(s + jnw)Gy(s + jnwg) - (12.104)

The reader should remember that apparently:

G,Gi(s) # Gi(®)G¥s) S (12.105)
. Taking the z—transform of Eqn (12. 102) y1elds _ _ -
o(2) = le(z)e(z) A S (12.106)

where the notatlon G Gz(z) 1mp11es

G Gz(z) 23 [Gl(s)GZ(s)} 2 | (12.107)

It is useful and instructive to consider a numerical example. Figure 12.25 shows two types
of cascaded system, one with one sampler, the other with two samplers.
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/.

T
u(t_) X

T
u(t) X

u’(t)
—_—

u'(t)
—

l ,
s

T

System with two samplers: System I

) fr

Flctmous sampler : . < (t)
| .' c® © ‘S)
s+ a c(s)
Fictitious sampler | ()
r--——X ——-b
- a I C(t) Cc (S)
s+ a c(s)

System with one sampler: System II

o,

In the case of the System I (two samplers) using Eqn (12.101) it is seen that:

c(z) =

(zfl

)(

G4(2)G(2)e(z) =

z_-—%"_ﬁ)(z - I) =

T D

(12.108)

In the case of System II (one sampler) using Eqn (12.106) is is seen that:

c(z) =

=g5{

a(s + a)

G,G(z)e(z) =

()]

(1 - 'e-aT)
(z - 1)2(2 - e-aT)

(12.109)

The reader will agree that the output transforms of the two systems are indeed different. In
the analysis of digital systems it is therefore important to know the location of the samplers in the
system before determining the mathematical format of the z—transform of the system output

In the next Sub-section it will be shown that similar cautlon should be exercmed in determin-
ing the closed loop z-transform of a system.
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Figure 12.26 shows a digital control system with an A/D device in the error signal path.

._ Fictitious sampler T_ _ c'(t)
Input _ N —_——
) o+ em T e | |1 c*(s) o)
—@ ——— Nl G(s) b ,‘ -
i(s) - E(s) €'(s) | R c(s)
System Transfer Function o Output

H(s) jt—-

The output Laplace‘_trénsfpm;: Q_f thls System, c(s) may bewntten as:
c(s) = G(s)e"(s) . | | (12.110)

To get £*(s) first consider &(s):

£(s) = r(s) — c(s)H(s) (12.111)
Substitution of Eqn (12.110) into (12.111) yields: | |

&(s) = 1(s) — G(H()E"(5) ) | | (12.112)
Taking the pulse Laplace transform results in: | |

') = ') - GH'(9E"®) - | (12.113)

This equation can be solved for €°(s) :

. :_ﬂ)_ | o 12.114
£ (s)\ T+ GH'() - . ) (12.114)
Substitution of this result into Eqn (12.110) produces: -

= SOR'G) 12.115
°“®) = T3 Grvs) (12115

Upon taking the z—transform it is found that:
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~ Next, it will be shown that if the samplers are located differently in the system, the output
z—transfonn will also be dlfferent To that end, consider Figure 12.27.

Input _ f Fictitious sampler et
= i
r(t) 't e X (t) I ) )
(s) YOI $CCR e@) | - o(s)
System Transfer Function ~ Output

Observe in Figure 12.27 that the error sampler could bc left out of the system without any

change, provided all samplers are perfectly synchronized. The pulse transform of the error sxgnai
can be written as:

€°(s) = r'(s) — ¢’ (H"(s) (12.117)
The system output can be cast in the following form£ |

o(s) = €"(8)G(s) | a2
After taking the pulse transform: | o

c¢*(s) = £*(8)G*(s) o 2119
Substitution of Eqn (12.119) into Eqn (12.117) yields: | |

£°(s) = r'(s) — £"(5)G"(s)H"(s) | . - (12.120)
Solving for £*(s) : | | |

£'(s) = — (l; ((:))H 5 D - (12.121)
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Therefore:
* — G*(S)R*(S)
c (s) 1+ G OHGE) (12.122)
Taking the z—transform now yields:
c(z) = —SBR(2) (12.123)

I+ G(2HE)

By comparing Eqn (12.123) with Eqn (12.116) it is seen that the system transfer functions
in the z—domain are indeed different! Therefore, again in digital control systems the location and
the number of samplers both play a role in determining the system behavior.

At this point a simple application to a bank—angle control system will be discussed. To set
the stage an analog version of such a system will be presented first. Consider Figure 12.28 which
shows a block diagram of a bank—angle control system. For simplicity in the mathematics a "fast”
servo (with negligible dynamics) is assumed. o '

Input i
Aileron servo
R(t) e Fast Ly c(t)
’@ » K ~et  SErVO [ _'_‘L S A
R(s) - g(s) | assumed (s p) c(s)
. . S fer fu : Output
Computcr Wlth YStem transter nCtlon
control law
The closed loop transfer function of this systein can be shown to be:
KLg '
W(s) = . : (12.124)

2 -
s2 — Lys + KLg,

It will be assumed that: La. = 60 sec ™2 and Lp=-10 sec ! while K has been se-
lected as K=1.5 degldeg.' The corresponding s—domain root locus is shown in Figure 12.29.

For a unit step input, the Laplace transform of aileron deflection is: 0a4(s) = % . The system

output Laplace transform then is:
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n = 9.49 rad/sec
¢ =054

90
C(s) = , 12.125
® s{(s + 5)2 + 65) ( )
The time domain inverse of this 6utput is: | )
C) = {1 — e~"sec ¢ cos (8.06t + arctan ¢)] | (12.126)
where: ¢ = arctanm- = ~ 0.56

The time domain response of thlS analog system is shown in Figure 12 30 by the solid line.
Note that the system response to the unit step is rat.hcr well behaved.

K=1.5

ANALOG
—oa— |DIGITAL | T=.01
DIGITAL ! T=,001
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Now consider a digital version of the system of Figure 12.28. A block diagram of this system
‘with two samplers and NO D/A device is shown in Figure 12.31. .

Input .
T Aileron servo |
' > K [ servo - ‘L - -
R(s) R E(s) assumed s(s p) ()
Computer with System transfer function|  Output
control law
T

According to Eqn (12.123) the system transfer function in the z—domain is:

_ _KG@®»
W(Z) = m (12.127)
where: .

N . Laa -_ . Lb; (1 —_ CLPT)Z .
G@) =% {m} = (_ Lp) b A 5 | (12.128)

The system output to a unit step is given by:

Zz
W) - B (12.129)

¥z) =
_ . (LS./ - LP)K(I - CLFT)ZZ _
- (z — 1)[(2 — 1)z — eleT) + (La./ - Lp)K(l - eLpT)z}

Using Ly, = 60 sec™2 and L, = — 10 sec ! as in the analog system of Figure 12.28 this

yields:
Mz) = | (12.130)
6K(1 — e~ 10T)z2
[z3 + z2{6K(1 — e~ 10T) — e ~10T — 2} 4 2{2e 10T 4 | — 6K(91 — e~ 10T)} — e-IOT]

The time domain inverse of this z—-domain output is most conveniently obtained by using the
long division method discussed in Sub—section 12.4.7. With that method it is seen that it is possible
to write: | ' ‘ '
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: amz™ +ay 2™l +a zm".2+.' ...... +az+a; '
— : - 12.131
™) = baz? + b, lzﬂ“I + oo + byZ + By { )
=Cz 1+ Cz 24+ Cz7 3 + .. +Cz7}
where:
o - a=l . Aj=B;=0for:i<0 E
C; =5 An-i jz()(BjCi“m,,j) o e OS50 (12.132)

In this i‘:ase,r comp_grison with Eqn (12. 130)_, while observing that n=3 and m=2, results in:

This yields:

C, = A, (12.134)
C, = A, - B,C,
C3=Ag—B,C; - B,C,
| Cy = — B,C, - B,C, - B,C,
Cs = — BC, - B,C; — B,C,

Three observations are useful:

\ .
1) all coefficients with a negative subscript are assumed to have the value of zero

2) Eqns (12. 134) can be readily programmcd ona dlgxtal computer

3) because Eqn (12. 131) inverts to the time domam as:

ot = ¢(0)6(o) + H(THd( — T) + P2THS(t — 21") +o - (12.135)
where: |
$(0) = C, | : | (12.136)
o) = € | ‘

H2T) = Cs, etc.

As expected, the coefficients of Eqn (12.131) are in fact the values of $”(t) at the samp_lihg
intervals! Observe from Eqn (12.130) that:
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= 6K(1 — e~ 10T) A =0 CAg=0 (12.137)
By=1 B, = [6K(1 — ¢~17) — 2}
B, = (27197 + 1 — 6K(1 — e ~'%T)) | Bb= - e-1°T

By ”programmmg” the coeﬂ’iments A; and B, for ranges of values for the gain, K, and for

the sampling period, T, the discrete time domain response ‘of the system can be obtained. Figure
12.30 shows these responses as well as the response of the analog system. The solution for T=0.1
sec. was found to be unstable and was not plotted for that reason. Solutions for T=0.01 sec. and
T=0.001 sec. are shown and, although stable, these solutions are clearly undesirable: their oscillatory
nature (buzz) would not be acceptable. Note that both chgltai system solutions do approach the ana-
log solution eventually. |

The main reason for the oscillatory response of the system is the fact that it lacks a D/A de-
vice. Figure 12.32 shows what the system would be like with a D/A device in the forward path, to
command the actuator with a continuous rather than a discontinuous signal.

Input

T ’ ~ Alileron servo

RO % e(t) | ta-e-sm| |Fast La c)
b@ K™ 5  P®servo —-—(Si_'L)—o—-b
R(s) " E(s) ZOH | |assumed s P C(s)
. Computer with System transfer |Output

control law - - function

T
*.

The forward path transfer function of the system of Figure 12.32 is:
o0 = (L=5) g 25) 2139

Transformation to the z—domain yields:

-1 LB |
Gz)=(1—-z"")% m = (12.139)
P : i :
= (_.Z —--—1) Ls, Tz | _ (1 —eleT)z |
Z — Lp (z—-12 - Lp(z — 1)}z — elol)
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The response of the system to a unit step input is:

)W(z) ( 1)( KG(z) ) (12.140)

®@) = ( 1+ KG@)

Substitution of Eqn (12 139) into (12.140) produces the followmg result:

KL" {zz(TLp +1 - e'-vT) + z( - TLyeleT — 1 + eLpT)
o) = . . (12.141)

DEN

where: R )
KL

DEN = (2 + 2% — eleT — 2 — —D(TL, + 1 — eWT) }| +
Lz VP .

+ Z[ZeLﬂT +1- %[—TLP(I + eLfT) — 2(1 - eLvT)]]J-i-

+ [ S %—-{TLPeLpT +(1- eLpT)}] 214

Using the long hand division method (recurrence method) the following expressions are
found for the coefficients A, and B,

/ KL&.
_, a4 (TLp + 1 — b7} - - (12.143)
KLS
Al = - (—i-g-&)(— TLPQLPT -1+ CLPT) AO = 0
and:
KL, \
By =1 B, = {— eleT — 2 — (TI%"’--)('I'Lp +1- anT)}

B, = -2eLPT +1- (KII:%“){— TLy(1 + eloT) — 2(1 ~ °L’T)]]

By =|—elT — (K]f‘;'){TLpeLPT +(1- elé'f)]] (12.144)
2 |
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By "programming” the coefficients A; and B; as defined by Eqns (12.143) and (12.144)

for ranges of values for the gain, K, and for the sampling period, T, the discrete time domain response
of the system can be obtained. Figure 12.33 shows these responses as well as the response of the
analog system. The solution for T=1.0 sec. was found to be unstable and was not plotted for that
reason. The solution for T=0.5 sec. was found to be stable but very oscillatory up to t=8 sec. and
was not plotted for that reason. Solutions for T=0.2 sec., T =0.1 sec., T=0.01 sec. and T=0.001 sec.
are shown. Note that the solution gets better for decreasing sampling period. Whether T=0.01 sec.
or T=0.001 sec. does not seem to matter in this application: both solutions plot on top of each other
and are virtually identical to the analog solution.

e w [
~| ANALOG

© |DIGITAL T=.01,.001
(] T=.1
A T=.2

BANIKK ANGLE ~ ¢~ RAD
N
w
1 .

T=1.

.
Wy CF

The beneficial effect of the A/D device is therefore obvious. It is also clear that for very high
sampling frequencies (i.e. low sampling periods) the digital solution is practically identical to the
analog solution. This means that as long as the sampling frequency of a digital system is high
compared with the highest break frequencies in the s—domain of such a system, classical s—domain
techniques for the analysis and synthesis of such systems will probably work.

Nevertheless, the discussions so far seem to indicate that in certain cases there is a question
about the stability of a digital solution. The purpose of the next section is to shed some light on the
stability issue. -
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The following deﬁnitibu of stability will be used for the output of a digital system:

Definition: - The output of a system s called stable if for any bounded input, the
- output is also bounded. I ‘ :
It Was already observed tl_1at because a dlscrete system poéscsscs information only for £”(t)
and not for &(t) several functions &(t) can have the same e'(t) . An extreme case was illustrated

in Figure 12.4. The so—called "hidden” oscillations of Figure 12.4 are normally not a problem in
practical systems, certainly not when the sampling fréquency, y, , is large (i.e. the sampling period,

T is small).

By analogy to what was learned in the s—plane, to assure system output stability it is neces-
sary in the z- domain that the roots of the characteristic system equation are inside the unit circle.
For example, in the case of the system of Figure 12.27, the roots of: '

1+ KG(z)H(z) = 0 o ‘ . (12.145)
must be located inside the unit circle in the z-plane. Another :Way of saying this is that:

iz < 1.0 o . - (12.146)
must be satisfied for all roots. |

Three methods for detemﬁning digital system stability will be briefly discussed:

12.6.1 Jury’s Test

12.6.2 Routh-Hurwitz Criterion

12.6.3 Root Locus Method
12.6.1 JURY’S TEST

To detemﬁne the stability of ﬂie roots of the characteristic équation, the latter is written in
polynomial form: - o _

F(2) = 212" + a,_ (2" + o+ 22 + 3 = 0 o (12.147)

For stability, the coefficient a, mustsatisfy a, > 0 in applying the following stability test

which is due to Jury (Reference 14.1).

In Jury’s Test the following matrix is constructed:
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Row z°_ z! o2 R it S AR z"
1 a, a; 8 e A, e a,_ ap
2 ap a,_, Ay_g. e : a, ap

| 3 by by b, ... b, _x b,_;
4 b,_; b,_» bz e by e by
5 Co C Cp e Chek  erever Cho2
6 Cpm2 (N Cpmg  rovee Cp o veeene Co
7 etc. |

¥ etc.

.
by = | 2 ‘;k"| which yields:
ao an | ao an__l
bo=1la, 2 by = I a4 I ete.
(12.148)
by bpx-1 L
Cy = b, 'nbk which ylelds:.
"c — bO bn—l c - ' 'bO li’n-——':.’ atc.
O {ba-1 By P baor By -

For stability, no roots may be on or outside the unit circle in the z—piane. 'Accbrding to .Tury’s
test this is satisfied if ALL of the following conditions are simultaneously satisfied:

F)>0 - gl <a,
F(-1)<Oifnisodd bl > b,_yi  (12.149)
F(— 1) > 0 if n is even | | N etc.

As an exaniplé consider Equations (12. 127) and (12_.128)._' The characteristic equation is:
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(z — 1)z - ebsT) + (-_-_iL-)K( 1- eLPT)z =0 - (12.150)
. P
or: ' '
L
22 + z{- eloT — 1 — (ii)K(l - eLPT)} +elT =0 (12.151)
P . .

Using the same dataasbeforé, namely: L, = 60 sec ™2 and L, = — 10 sec ™!, substitu-
tion into Eqn (12.151) yields:

22+ z{~ 7107 — 1 + 6K(1 —e 1)) 4 o107 = g (12.152)

Applying Jury’s test to this result produces: |

Ap=1>0 . (12.153)
F(1) = 1 - e 7197 — 1 + 6K — 6Ke ~10T 4 ¢ ~10T = gK(] — 10Ty

Observe, that for K=0, .F(l) = 0 which indicates a stability violation. This occtirs because

of the s=0z=1) root in the forward path transfer function. Note also that for K>0, F(1) > 0 . Con-
tinuing the application of Jury’s test: -

F(-1)=1+¢e71T 41 -6K(1 — e 10T) 4 ¢~ 10T = | (12.154)
=2+ 2¢ 10T — 6K(1 — ¢~10T)
Because the polynomial in Eqn (12.151) is "even”, F(~1)>0 is the condition for stability.

This results in the stability boundary sketched in Figure 12.34. It is also possible to construct Jury’s
matrix from Eqn (12.151). This results in:

Row z0 71 2
I C B 1

2l B c
3 C?-1 ¢cB-B - 0
4 CB-B = c2 -1 0
K (CB-B)’—(C*-1? 0 0
61 0 | (CB-B)> - (C2- 12 0
Note:B=[-c"M-1+6K(U-e")] C=eI®
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‘ | Time, T, Sec
0.20

0.18 _
o F(-1)=0

0.16

0.14

0.12

unstable in Figure 12.30

0.10 T—° -
Unstable

0.08 ‘ o ™

0.06 —
. stable in Figure 12.30
| Ve
0.04 /
Stable ><

0.02 l j . T 1]

0 2 4 6 8 10
K »

It can be shown that application of Jury’s test will result in a repetition of the F(~1)>0 require-
ment. Therefore, Figure 12.34 represents all necessary and sufficient conditions for which the sys-
tem represented by Eqn (12.128) is stable. Note that this agrees with the findings of Figure 12.30.

12.6.2 ROUTH-HURWITZ CRITERION

It is not possible to apply the Routh-Hurwitz criterion directly to functions defined in the
z-plane. By using the so—called w’ transformation from the z—plane to the w’--plane the Routh—Hur-
witz criterion can be applied in the w'-plane. The z—to w’- transformation is defined as follows:

1+ -Tz-w' ' ' ' : | o _
ZzZ= _T__r (12.155)
1 - iw
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Figure 12.35 shows how the s—plane is mapped into the z—plane and also how the z—plane
is mapped into the w’—plane. : : .

s—plane o, z-plane , jo
_________ ~ 4 28 :
T  Unstable

Unstable

‘The transformation of Eqn (12.155) is applied to the characteristic equation (12. 152) with
the coefficients B and C defined as in the table at the bottom of page 924:

22+ Bz + C=0 | | o (12.156)

Application of the w’—transformation yields:

2 ' - :
(1+§WL44J1T%W)+C=O | o (12.157)
(-gw) (1-3v) |

Slight rearrangement produces:

wi1-B+OT+wa-oT+a+B+0=0 | (12.158)
Application of the Routh-Hurwitz stability criterion yields the following conditions:
1-B+C>0 B ' S - (12.159)
I-C>0 or:

1+B+C>0

Becauseclearly: 1 — C > 0 with C = e~ 19T jggatisfied for T>0it follows that 1-B+C>0

is the critical condition for stability. The reader is asked to show (upon substitution of the equations
for B and C at the bottom of page 427) that the latter condition is the same as that expressed by
F(-1)>0 with F(-1) given by Eqn (12.154).

Chapter 12 928



-:Fundamentals of Digital Control System Analysis

| 00T- n

It should be recognized from the mapping characteristics defined in Figure 12.335 that all s—
plane root-loci rules apply directly in the w’—plane. The interpretation of stability in the w’—plane
is also identical to that in the s—plane. Fmally, the Bode method as used in the s—plane also applies
directly in the w’-plane.

For further applications of the w’~transformation the reader should consult Reference 12.2

Since much of the synthesis work on flight control systems involves knowing the relation-
ship between time—domain phenomena and pole locations in the s— and z—domains respectively it
is of interest to review some of these relations. Figures 12.36 through 12.38 provide this review.
The reader is encouraged to study these three figures.

-

z-Plane A Im z=e T |1,

Vi T
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12.8 SUMMARY FOR CHAPTER 12

It has been shown in this chapter that by using the z—transform technique many of the con-
ventional methods used in analyzing closed loop analog control systems can be applied to digital
- systems. An important feature of the analysis of digital control systems is that the location of the
samplers must be accounted for and can lead to results which are different for different sampler loca-
tions. For high sampling ratesdigital systemis behave almost like analog systems. This suggests that
the methods of Chapters 9, 10 and 11 are still useful for the initial analysis of digital control systems.

129 P LE

12.1 The charactenstxc equation for a sampled data system is found to be
PB+5224+32+2=0 S (12.160)

Determine the stability of the system.
12.2 The characteristic equation of a sampled data system is given by:
D+ K22+ 15Kz~ (K+1)=0 - (12.161)

Sketch the root loci of the system and determine the range of K values for whlch the
system is stable.

12.3 A digital control system has the following conﬁguration:

. N «®
ZOH.[—™ G(s) >
G(s) = e
T sHs +5)
If r(t) is a unit step, find the following quantities:
a) C(2) b) C*(1) c) lim C*(t)
t-bw
124  Consider the system of problem 12.3 but now for the case where: _
G(s) = —B — : - (12.162)

s(1 + 0.2s)

a) Determine the system z—plane root loci for T=0.1 sec as well as for T=1.0 sec.
b) Repeat a) for the same system but without the Z.O.H.
c) In each case find the range of K values for which the system is stable.
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12.5 Consider the foll'owing sampled data system:

G(s)

c(t)

Gz(s)

a) Derive an expression fof C(z)/R(z)
b) If Gy(s) =1/(s + 1) and G,(s) = 3.14/(s®> — 0.81s + 13.16) and

T=1 sec., determine C'(t) for the case that r(t) is a unit step.

12.6  An airplane has a bank angle control system as sketched below:

Pres T + | ' 7 ' 7 )
N 10 50
—e ‘?_. K ZOH [ 5510 ™G + 5

servo+ampl.
*_

a) If this were a pure analog system (no samplers and no Z.O. H) sketch the s—plane root
locus and ﬁnd the range of K values for stable operation

b) For the system sketched above find the range of K values for stable operation for the
case where T=0.001, T=0.01, T=0.1 and T=0.5 sec.

c) For a step input of Pres find the final value of ¢(t) for cases a) and b).

d) Let the servo—ampl. be represented by a/s+a and discuss the effect of the break
frequency, a on system stability by drawing K-T stability contours for a=2.5,
a=5, a=10 and a=20 sec.

1 ' FOR CHAPTER 12

12.1 Kuo, B.C.; Analysis and Syni:hesis of Sampled Data Control Systems; Prentice—Hall,
Englewood Cliffs, N.J.; 1963.

12.2 Whitbeck, R.F. and Kofmann, L.C.; Digital Control Law Synthesis in the w’—Domain;
Journal of Guldance and Control; Vol.1, No.5, Sept~Oct. 1978. '
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In this appendix several hardware aspects of autopilot systems are briefly discussed. The
objective is to give readers without an exposure to autopllot system installations and their functions
an idea of what such hardware is like. The author is grateful to- Century Flight Systems, Inc. for
contributing some of their autopilot systems data to this text with permission to publish.

Figure 11.21 (see page 803) shows a ghost view of a typical autopilot installation in a light
twin. When an autopllot system is matched to an airplane, several issues of system safety must be
resolved before FAA certification of such an installation can be obtained. When more and more au-
tomation is integrated into the flight control system of an airplane a formal fault tree analysis with
associated probability-of-occurrence estimates must be made. References E1 through E8 may be
helpful to readers without a background in fault tree analysis. Also, rehablhty and redundancy issues
are important in any automatic systems where failure could compromlse safety. References E9 and
E10 contam mformatlon on these sub}ects

It was shown in Chapter 11 that each autopﬂot andlor stability augmentanon loop relies for
feedback on certain sensor signals. In this Section some of the most common autopilot sensors are
bneﬂy discussed.

Figure E1 shows a typical arrangement for an artificial horizon instrument (attitude gyro)
which measures both angles 6 and ¢. Reference E11 contains expl@nat;ons of how mechanical atti-
tude gyros work. Many modern gyros use lasers instead of mechanica}¢spin
ence E12 contains cxplanatwns of liew various gyros work;ngon_;uncﬁon mth one another. With
this type of installation the Euler anglos 0 an(itj) are measured. Figures 11, 23 md 11.60 respectively
show how these angles are used in attitude feedback systems. The anglosB and ¢ are displayed to
the pilot on his mstrumentmnel An example of: such a. dlsplay is shown in Flgure E2.

It is foreseen that in ﬁlo future, GPS (Global Posmomng Systcm) mcclvers will be used to
sense pitch attitude and bank anglc 31gnals foruse in feedback systems. Thls wﬂl elumnatc two gyros

installed at the axrplanc nose and. t:.-nl (for pltch attxmdc) and at the au’glane left and right wing tip
(for bank angle). In large alrplaﬂos elas&c dlstomons w111 have-_.t beaccountod for.

Headmg angle mfonnauon is normally supphed by a magno&c compass a remote—indicat-
ing compass, a directional gyro and/or a flight director system. Rcferehce E11 eontains explanations
of how such heading sensing systems work. Figore 11:65shows how the angle 1 is used in a heading
angle feedback systems. The heading angle is usually displayed to the pilot on his instrument panel.
An example of such a dlsplay is shown in Fxgurc E3 (see page 837)
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Courtesy: Century Flight Systems, Inc.
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Courtesy: Century Flight Systems, Inc.

RATE VRO
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Angular rates arg normally sensed with rate gyros. How stich gyros function is discussed
in Reference E11. Figure E4 (see page 935) shows how  rate gyro can be "tilted” in an airplane
to measure acombinationof yaw rate and roll rate.. Sugh tilted rate gyros dre common in yaw damper
and turn rate systems. In many systems it has becn found acceptable to compute these angular rates
by differentiation of the output of the gyto'sensors of the primary attitude angles: 1, 6 and . Wheth-

er or not this is acceptable depends on the levels of system noise which can be accepted as a result
of the differentiation pI‘OCCSS .:'15_ : O .

Autopilots are available with many different modes. Synthesisprocedures for several exam-
ple autopilot modes are discussed in Chapter 11 . The pilot has to determine which mode is to be
used in any given flight situation: ‘Figure ES shows an example of the mode select and mode annun-
ciator panel of a Century 2000 autopilot. I : '

- Courtesy: Century Flight Systems, Inc.

Annunciator Panel : Mode Select Panel

NAYV| AP |REV DN

[ ATT| [ NAV

Lan] Caew) BT owe]| fivst]) ([0 (W] {[acs] {[or

[GS | [REV]

The acronyms m Fi

tn E5 have the following mearﬁiigs-: |

AP standsfor: Autopilot - HDG stands for: Heading

ATT stands for: Autotrim | NAV _ stands for: Navigation
ALT stands for: Altitude - ' APR  stands for: Approach

GS . stands for: Glideslope - REV stands for: Reversed
YD  stands for: Yaw damper FD  stands for: Flight director
TST stands for: Test ON  stands for: On

OFF stands for: Off . ... DN  stands for: Down
UP  stands for; Up - - , o
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Autopiiot manufacturers provide detailed operating manuals for their equipment. After per-
forming the recommended ground test procedures the pilot can switch the autopilot on and engage
one or more modes by depressing the corresponding buttons. The annunciator panel will highlight
the modes selected. In the case of Figure ES the pilot has switched the autopilot on and selected the
heading hold mode (HDG) with the yaw damper (YD) on. The airplane will maintain the heading
angle selected by the pilot on his directional gyro or on his horizontal situation indicator.

Autopilots also contain logic which prevents selection of conﬂmtmg modes

It must be posmble to dxsconnect an autopllot system by more than one means. Typical dis-
connect methods in use are: .

o Off swuch on the autopﬂot interface panel (see Figure ES).
. Autopﬂot dlsconnect swuch on the cockpit control wheel or st1ck (see Flgurc E6a)

e Automatic dlsconnect when the pilot exceeds a given. fome level on the cockpit
controls. This is done with a force transducer.

« Switching off all electrical power to the autopilot

Courtesy: Century Flight _Syistems; Inc. Cour_tésy’: Century Eﬁght'Sys;ems': ,__Inc.

L
TIONS YARY ﬂ‘lﬂ MRCRAFT
MODEL.

..‘. _..(‘ | o e l
- Figure E6b _Tvpical Control Wheel Switch o

Pilots also prefer to be able to maneuver the airplane through the autopilot. That way it is
not necessary to disengage the autopilot while flying the airplane. One method to accomplish this
is through control-wheel (or control stick) steering, also known as CWS (or CSS). Figure E6b
shows the engagement switch for a CSS mode. With that switch depressed the airplane can be ma-
neuvered through the autopilot when moving the stick. Controlwhcel steering was discussed in Sub—-

section 11.5.4 (see page 828).

In many modern installations the function of the autopilot is more that of a flight manage-
ment system. In a flight management system the autopilot will, at the option of the pilot, fly the
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airplane over predetermined vertical, longitudinat and lateral flight paths: These flight paths can
.cover the total flight profile of an au'plane in the most sophlsucated of such systems

Reference E13 is a convenient source for data on vanous autopllot types costs, wet ghts and

power requlremcnts

E.LBEEERENQES

El

E2

E3

E5
E6

E7

ES

E9

E10

Ell

E12

E13

Anon.; ARP 1834 Fault/Failure Analysis for Digital Systems and Equipment; SAE
Aerospace Recommended Practice; Society of Automotive Engineers, 400 Common-
wealth Drive, Warrendale, PA 15096. '

Anon.; Military Standard Reliability Modeling and Prediction; MIL-STD-756B,
18 November 1981, Department of Defense, Washmgton D C 20301.

Anon.; Military Standard, Procedures for Performing a Failure Mode, Effects and
Criticality Analysis; MIL-STD-1629A, 24 Nov. 1980, D.0.D, Washington, D C 20301.

Anon.; Military Specification, Flight Control Systems—Design, Installation and Test
of Piloted Aircraft, General Specification for; MIL-F-9490D (USAF), 6 June 1975,

Anon.; FAA Advisory Circular, AC No: 25. 1309-1A, System Demgn and Analysis,
6/21/88, FAA, U.S. Department of Transportatlon, Washmgton DC

Anon.; FAA Advisory Circular, AC No: 25.1329-1A, Automatic Pilot Systems
Approval, 7/8/68 FAA, U.S. Department of Transportatlon Washington DC.

Garrick, B J Principles of Unified Systems Sa.fety Analys1s, Nuclear Engmeenng
and Design, Vol. 13 No. 2, pp 245-321, August 1970

Lambert, H.E.; Fault Trees for Decision Makmg in Systems Analyms Lawrence
Livermore Laboratones, DCRI-51829, 1975.

Lloyd, D.K. and Lipow, M.; Reliability: Management Methods and Mathematics;
Prentice~Hall, Inc , Englewood Cliffs, N.J., 1962 _

Olmos, J. and Wolf, L.; A Modular Approach to Fault Tree and Reliability Analysis;
Department of Nuclear Engineering, MIT, MITNE-209, August 1977.

Pallett E. H J.; Automatic Flight Control; Granada Pubhshmg Ltd London, 1979,
Curran Jim; Trends in Advanced Av1omcs Iowa State Unwersny Press Ames Iowa, 1992,

Business andilommemJon Magazine: Planmng and Purchasmg Handbook,
May issue (published annually), Mc Graw Hill, N.Y.
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Airfoil aerodynamic characteristics 35
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Angular acceleration

Angular acceleration about the main gear
Angular momentum

Angular momentum equations (scalar format)-

Angular momentum equations with spinning rotors (scalar format) '

Angular rotation

Angular velocities

‘Angular velocity perturbation(s)
Anhedral __

Apparent static longitudinal stability
Apparent time constant
Applied forces

Approach categories

Approach guidance

Area

Artificial stability

Artificial stick force (feel)
Aspect ratio

Asymptotic approximation
Authority limit

Automatic flare (landing) mode
Automatic flight control system
Autopilot disconnect

Autopilot hardware

Autopilot installation

Autopilot interface panel

Ny
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816

819

422,421

813

636, 632, 631, 630
881

186, 66

61

793,395

186

191

399

321

665, 664
186,66
395

K 186
L1192

698

e

- 201
13,6,3
1

14

7
17,10
186
96
252
730

3

841
841
42
260
- 294,278
42
645,644
397,396
852
779
937
933 -
803
802

940



Autopilot mode 936,779
Autopilot systems 933,801
Automatic landing 801
: Automatic navigation 779
. Axis systems 3
Balance tab - 259,257
Bandwidth 727
Bank angle 17,14
Bank angle effect on engine out flight 222
Bank angle gyro 933
Bank angle hold mode 833
Bank angle response . 369
Bank angle response requirements 442,441, 440,439
Bank angle to aileron Bode plot 670,661
Bank angle to rudder Bode plot 673
Basic lift distribution 40
Blow—down tab 261,260,257
Bob—weight 266,255
Bode method " 711,695
Bode plot 686,631,630,647,341
Bode plot inverse application 678
Body axis rates 20,19
‘Body fixed axis system : 3
Breakaway angle 744,706
Break—out force requirements 444,443
‘Break frequency 641,634
Camber : 211,35
Camber/twist distribution 590, 587
Canard (configuration) 234
Cancellation compensation 750
Center of gravity of the root locus diagram 705
Center of gravity root loci 378
Center of mass 5
Center of pressure 40,38
Characteristic equation 696,311
Characteristic equation roots 332
Characteristics of the flight control system 443
Chord plane - 52
Chord ratio 242
Civilian flying quality requirements 415
Classical control theory 685
Climb 25
Index 941
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Closed loop sampled data systems - 915
Closed loop transfer function - 694
‘Cockpit control forces 267,240, 183
Compensatory system ' 764
Complex conjugates - 326
Complex root | 313,311
Computational methods 65
Computed pitch rate 789
Computed yaw rate 781
Constant mass assumption 5
Constant mass distribution assumption a 5
Control anticipation parameter and requirements 433,432,431
Control characteristics - 183
Control forces 183
Controllability - 47
Control power 183
Control power derivative . 85
Control power matrix 320
Control power required 457
Control surface deflection 59
Control surface distribution matrix 587
Control surface effectiveness 59
Control surface perturbations 129
Control wheel steering mode 828
Convergence - 305
Cooper—Harper pilot rating scale 765,416,415
Coupled roll-spiral requirements ' 437
Cruise ‘ 25
Cruise shape 622,608,579
Cutoff rate 728
Damping ratio - 309
Delay time 729,727
De Moivre’s Theorem .- 889,704,313
Dependent variables o 11
Derivative root loci 378
Design driver : 198
Design for augmented stability in pitch - 451,445
Design for spiral and dutch roll stability 446,445
Design for roll control effectiveness 445
Differential equations of motion 11
Differentially deflected ailerons 117
Differential stabilizer 102
Differential stabilizer rolling moment coefficient derivative 104
Differentiator - 645
Index 942



Index

Digital computer 881
Digital control system analysis 881
Digital-to—~analog converter 887,882
Dihedral effect 196, 96
Dimensional stability derivative 347,318
Directional stability derivative for an elastic airplane 613
Directional stability 192
Directional stability, pedal free 269,268
Direct thrust effects 90
Distance measuring equipment (D.M.E.) 846
Dive ' 25
Dive angle 23
Divergence 305
Dorsal fin 270
Down spring . 266,264,257
Downward velocity : 9
Downward velocity perturbation 127
Downwash 214,51,45
Downwash gradient 214,55,52
Drag coefficient 72,44
Drag coefficient at zero angle of attack 74
Drag coefficient at zero lift coefficient 74
Drag (force) 71,9
Drag induced yawing moment - 216
Drag polar 74
Drag rise 195
Drag rudder 120
Dutchroll  approximate transfer functions 363

approximation 363

damping ratio 364

frequency and damping requirements 436

mode 357

mode shape - 377,376

undamped natural frequency : 364
Dynamic pressure 22
Dynamic pressure for airplane divergence 595
Dynamic pressure at divergence 583
Dynamic pressure at reversal 581
Dynamic pressure ratio 101,78,51
Dynamic instability 304
Dynamic longitudinal stability derivatives 319
Dynamic neutral stability . 304
Dynamic stability 304
Dynamic stability (definition) - 303
Dynamic stability (criterion) 315,303
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Earth fixed axis system

Effect of free controls on dynamic stability

Eigen values

Elastic airplane

Elastic airplane aerodynamic force distribution matrix
Elastic airplane stability derivatives

- 615,.603, 602, 601

-3

~ 555
- 311
&
594

Elastic axis 582,581,580
Elastic deflection angle 591
Elastic equilibriuvm shape 587,586
Elastic twist angle - 580
Electrical signalling 294
Electro-hydraulically powered elevator system 627
Electro—-magnetic pulse 294
Electro-mechanical jackscrew - 260
Elevator ' 84

Elevator control power reduction due to aft fuselage bending .- 584,583,579
Elevator floatation - 251
Elevator-per-'g’ 229
Elevator trim tab 250
Elevator—versus-load—factor gradient 233,229
Elevator—versus—speed gradient 280,202
Empirical methods 65
Engine inoperative flight 257
Elevator hingemoment derivatives 242
Equations of motion 3
Equations of motion (review) 21
Equilibrium angle of attack distribution 609
Equivalent elastic airplane 600
Equivalent elastic airplane derivative 607, 605
Equivalent longitudinal stability derivative 398
Equivalent parasite area 74
Equivalent pitch damping derivative 395
Equivalent stability derivatives 395, 308
Equivalent static margin - 1263
Equivalent yaw damping derivative 397
Error characteristics (system) - 734
Error constant - 730
Error (signal) 694
Error specifications 730,725
Etkin il 129
Euler angles 32,22,19,15,14
Experimental methods . 65

Index 944



Failure probability
- Failure state

Feedback control

Feedback gain

Feedback path compensator
Feedback path transfer function
Feedback system design applications
'Final value theorem

Finite angular rotation

First order hold

First order lead and lag transfer functions
‘Flaperons

‘Flapped wing area

Flare before landing

Flare control law

Flat earth assumption

Flight control surface

Flight control system effects

Flight control system types

Flight envelope

Flight envelope protection

Flight path angle

Flight path relative to earth

Flight path stability requirements
Flight phase (see: mission flight phase)
Flight phase category

Flying qualities

Flying qualities and relation to design
Flying quality levels

Flying quality requirements

Force equations

Forward path transfer function
Forward path compensator

Forward speed perturbation

Forward speed stability

Forward velocity

Fourier series

Fowler flap

Frequency domain

Index

Frequency domain (connection with time domaJ.n)

Frequency domain specifications
Frequency response
Frequency response for first order lag

Frequency response for first order lead-lag

Frequency response for second order lag

Frequency response from open loop transfer function

Index

421,417
421

685
398,396
692

693

738
908, 552,310
16

890, 888
648

S 147
. 44

801

- 854
20,3
.70

- 238
- 298,296
413,200
- 294
23,22
19,15
427

420,417
413,303, 183, 10
, 445
421,417,416
434,423,415
21

693

692

127

186

9

628

81

715

715

725

631, 629, 628,627
640

642

643

637,636

245



Index

Friction (bandwidth) 249
Friction coefficient _ 290
Friction in flight control system 555, 249
Frise ailerons 117
Fuel sloshing .5
Fuselage bending 583,579
Fuselage effect on wing aerodynamic center : 56
Gain margin , 725,712,711
Gap (open or closed) " 242,59
Geared tab 259,257
Gearing (of controls) ' 106
Gearing ratio 271,267,241
‘Geometric dihedral 96
Glide . 25
Glideslope coupler 844
Glideslope hold mode . 843
Glideslope intercept and hold 851, 801
Glideslope receiver 842
Glideslope transmitter 843
Gravitational acceleration 20,3
Gravitational force (and components) . 20
Ground adjustable tab 257
Ground effect 288
Gyros 933
Gyro tilt angle 784
Handling qualities (see: flying qualities)

Heading angle 17,14
Heading angle gyro 933
Heading angle hold mode 836, 833
Heading angle to aileron Bode plot 670
Heading angle to rudder Bode plot 676
Hinge moment 242,240
Hinge moment coefficient (elevator) . 242
Hinge moment derivatives 267,242
Horizontal tail angle of attack 79
Horn (geometry) 242
Human pilot transfer function 763
LL.S. (Instrument Landing System) 857
Independent variable 11
Indirect thrust effects 90

Index 946



Index

Inertial coupling

Inertial coupling due to pitch rate
Inertial coupling due to roll rate
Inertial derivatives
‘Inertia transformation from body to stability axes
Influence coefficient matrix

‘Tnitial conditions

Initial value theorem

Inner loop

Instantaneous forces and moments
Instantaneous perturbations
Integrator

Inverse application of Bode method
Inverse z—transforms

Irreversible flight control system

400
407
400
603, 600
586,579
- 310
908, 552
738

184

184
647,646
678

- 906
297,293,238, 183

Jackscrew
Jig shape
Jury’s test

| 622 609, 608, 595, 587, 586, 579

260

924

Kinematic equations

31,30,25,21,19

Kirchhoff’s law 633
Krueger flap - 81
Lag 628
Lag compensator 744
Lag network 635,633
Lagging tab 260
Lag of downwash 140
Lags in actuator response 443
Lags in the displays 443
Lags in the flight control system 444,443
Laplace transform 893 551,310, 308
Lateral-directional aerodynamic forces and moments : 94
Lateral—directional autopilot modes 833,801
Lateral-directional characteristic equation roots - 355
Lateral—directional cockpit control forces ' 267
[ ateral-directional control force requirements 434
Lateral-directional dimensional stability derivatives 348
Lateral—directional dynamic stability and response 346
Lateral-directional flying quality requirements 434
Lateral—-directional mode shapes 372
Lateral—directional navigation modes 85‘7 801
Index 947



Lateral-directional stability and control characteristics

for steady state, straight line flight R 216
Lateral—directional thrust forces and moments - 122
Lateral-directional transfer functions : 350,346
Lateral—directional trim : \ 283
Lateral phugoid . 391
Lateral phugoid stability requirements 437
Lateral speed perturbation : _ 127
Leading edge blowing . 212
Leading edge radius : : 35
Leading edge shape parameter . - 35
Leading tab 260
Lead-lag compensator - : 815,746
Level of flying qualities : 421
Lift coefficient . S . 77,44
Lift curve slope (airplane) | 80,45,41,37
Lift (force) 77,9
Lift-to—drag ratio 339
Linear momentum - : 6,3
Linear momentum equations (scalar format) 8
Linear range of angle of attack _ 37
Linear velocities : 17,10
Linear velocity perturbation(s) 186
Load factor 226,190
Load factor derivatives 603
Load factor feedback _ _ 794
Localizer hold mode 857
Localizer intercept and hold 857,801
Localizer receiver . 842
Longitudinal aerodynamic forces and moments i
Longitudinal autopilot modes 804, 801
Longitudinal characteristic equation roots : 325
Longitudinal coefficients for an elastic airplane 596
Longitudinal control force requirements 423
Longitudinal dimensional stability derivatives _ _ _ 319
Longitudinal dynamic stability and response : 318
Longitudinal flying quality requirements ‘ . 423
Longitudinal mode shapes ' : ' 341
Longitudinal navigation modes W 841,801
Longitudinal stability and control characteristics for = :

steady state, straight line flight . : vee L 198
Longitudinal thrust forces and moments . g : : _ 90
Longitudinal transfer functions ~‘ _ - 329,318
Longitudinal trim - _ : 275

Loop radius ' e 232

Index 948



Index

Mach number

Mach number hold mode

Mach number hold mode (using elevator)

Mach tuck control (Mach trim)

Magnitude cross—over frequency

Magnitude requirement

Main gear rotation point

Maneuvering flight

Maneuver margin

Maneuver point, stick fixed

Maneuver point, stick free

Mapping of s—plane into z-plane

Mass balance

Mass density (airplane)

Mass symmetry

Matrix format for perturbed lateral-directional equations of motion

Matrix format for perturbed longitudinal equations of motion

Matrix format for perturbed state, lateral-directional forces and moments

Matrix format for perturbed state, longitudinal forces and moments

Matrix format for perturbed state, longitudinal and
lateral—directional thrust forces and moments

Matrix format for steady state, lateral-directional forces and moments

Matrix format for steady state, longitudinal forces and moments

Matrix solution to lateral—directional trim

Matrix solution to longitudinal trim

Maximum allowable control forces

Maximum lift coefficient

Maximum rudder deflection

Maximum steady state roll rate

Maximum trimmable lift coefficient

Mean geometric chord

Mean line

Military flying quality requirements

Minimum control speed

Minimum drag coefficient

Mission flight phase

Mission profile

Modern control theory

Mode shape

Moment equations

Moment equilibrium

Moment of inertia

Moment trim

Momentum, angular

Momentum, linear

Monte Carlo scheme

Index

38

816

823

- 824
711,641
698

288

224
433,231
336,233,231,230
256
899
557,355
3

11

349

320

162

147

174
123
93
283
275
247
37
220
369
200

- 42
.35
415

. 220
37
417,415
419,417
687
341
21
199
11,8
199
6,3
6,3
855
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Multhopp - 57
Multiple feedback loop system 868,738
Multiple variable control system 868
Munk effect 115,57
NACA 35
NASA 35
Nichols chart method 686
Negative camber 211
Neutral point, stick free ' 253,252
Neutral point, stick fixed 253,233, 230, 202
Neutral stability ‘184
Neutrally stable equilibrium 185
Newton’s second law -3
Non-linear terms 28
Non-rotating axis system 4
Non—symmetrical airplane . - 12
Non-terminatl flight phase 420
Non-uniqueness property 894
Nose shape 242
Nyquist diagram method 686
Oblique allflying wing 12
One engine inoperative (OEI) flight 218
One—fifth~one—five rule 649
One-three—one rule 649
Open loop poles 696
Open loop transfer function 695,310
Open loop zeros 696
Optical signalling 294
Orientation of airplane relative to earth~fixed coordinate system - 14
Oswald’s efficiency factor 74
Outer loop 738
Overhang - 242
Overshoot 729
Pade approximation 766
Parabolic error constant 736
Partial fraction expansion 634
Payload 33
Peak magnitude 644
Pedal force 267
Pedal-free directional stability 268
Index 950



Index

Perturbed aerodynamic force distribution matrix
Perturbed elastic airplane derivatives
Perturbed elastic deformation
Perturbed equations of motion
Perturbed gravitational forces
Perturbed inertial force distribution
Perturbed kinematic equations
Perturbed state
Perturbed state definition
Perturbed state flight
Perturbed state forces and moments
‘Perturbed state lateral-directional forces and moments
Perturbed state longitudinal forces and moments
Perturbation substitution
Phase angle
Phase cross—over frequency
"Phase margin
Phase shift
Phugoid approximate transfer functions
approximation
damping ratio
damping requirements
mode
mode shape
undamped natural frequency
Pilot bandwidth
Pilot compensation
Pilot control of bank angle
Pilot control of pitch attitude angle
Pilot effort
Pilot equalization
Pilot gain
Pilot induced oscillations (P.1.O.)
Pilot lead
Pilot neuromuscular lag
Pilot rating
Pilot reaction time delay
Pilot transfer function
PLO. |
Pitch attitude angle
Pitch attitude angle gyro
Pitch attitude command system
Pitch attitude hold mode
‘Pitch attitude hold mode (effect of flight condition)
Pitch attitude hold mode (effect of servo break frequency)
Pitch attitude to elevator Bode plot

Index

599
603
598
29
598
598
31
65

- 22

. 27,24,22

597,125
148
131
27
636
R
727,711
632,630
338
338
339,332
427
332
345, 344

2339, 332

659
414

- 768
774
414
765
765
M
414
765
413
765
763
771
17,14
933
846
804
810
810
667, 666
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Pitch-attitude—to—elevator transfer function - 321
Pitch damper 789,395
Pitch damping derivative 194, 14
Pitch rate -9
Pitch rate perturbation 128
Pitch rate stability 194
Pitch-rate—to-¢levator feedback gain - 396
Pitching moment (airplane) 80,9
Pitching moment coefficient 80,44,37
Pitching moment coefficient about the aerodynamic center 45,40
Pitching moment coefficient at zero lift coefficient 37
Pitching moment due to speed stability 195
Planform parameters 42
‘Pole assignment 738
Poles 696, 637
Pole—zero plot 715, 643,642, 640
Porpoising . 557
Position error (constant) 736,731
Position feedback 690, 688
Position vector 5
Potential flow 57
Prandtl-Glauert transformation 61,47,41
Pressure 3
'Pressure distributions responsible for hingemoments 243
Product of inertia 11,8
Prolonged control force application 247
Proverse spoiler yaw 117
Pull force 241
Pull-up . 23
Pulsed Laplace transform 893
Pulse train 882,881
Pulse transfer function of sampled data systems c 911
Pure gain pilot 769
Pursuit system 764
Push force 24
Radius of gyration 433
Ramp error constant 736
Ramp function 715
Rate of change of angle of attack 128
Rate of change of angle of sideslip - 129
‘Rate feedback 690, 688
Rate gyro 936
Rate of turn 226,224
Real root 312,311
Index 952



Index

Rectilinear flight
- Redundancy

Regulations

Relative stability

Residue .

Resonance frequency

Resonance peak

Response (definition)

Response to an elevator input
Response to aileron or rudder input
Response to control inputs
Response to gust input
Return-{o-trimspeed—stability
Reversal speed

Reversible flight control system
Reynolds number

Ride

‘Rigid airplane

Rigid airplane stability derivatives
Rise time

Robust

Rodden

Roll angle

Roll control derivatives

Roil damper L

Roll damping derivative

‘Roll damping derivative for an elastic airplane
Roll approximate transfer function

approximation

control effectiveness requirements

mode
mode shape
mode time constant requirements
time constant
Roll mode
Roll rate
‘Roll rate perturbation
Roll rate stability
Rolling moment (airplane)
Rolling moment coefficient
Rolling moment coefficient derivatives
‘Rolling moment due to sideslip stability
Rolling moment in steady sideslip requirements
'Root breakdown
‘Root (chord)
Root contours

Index

.23

294

413

686

638
728,644
728

- 306

340
371,369,353
353,324
354,325
249

580
297,238,183
: .37
190

4

601

729

.. 686

129

14

102

395
193,152

- 6l

- 367

. 365
442,441,440,439
367,357
377,376

- 438

369

357

9

128

193

95,9

95,44

106, 104, 103
196,195

442
327,326

& 51
756,753
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Root loci - 378

Root locus asymptotes 703,702

Root locus center of gravity 705

‘Root locus diagram (step-by—step construction) : 707
Root locus method 696, 695, 686

Roots of the characteristic equation 325,311

Routh—Hurwitz stability criteria 927,355,326

Routh’s discriminant 355,326

Rudder-aileron spring 284

‘Rudder control power derivative 114
Rudder float angle 268

Rudder hingemoment derivatives 267

Rudder lock 270,269, 268

Rudder pedal force 285,267,247

Ruddermpedal—force-versus—31deshp—grad1ent 269

Rudder side force coefficient derivative - 113

Rudder yawing moment coeffic1ent derivative 120

Rotatmg axis system 7,4

Sampled unit step 885

Sampler 882

Sampling frequency 924

‘Sampling period 884
Sampling rate 881

Scalar component form 11

Scalar format 32,8

Second order lead and lag transfer functions 653

Second order system response 317

Sensitivity analysis 378,326

Sensors 933

Separate control surface system 780

Separate surface control system 874,873
Servo break frequency 809

Servo tab 257

Settling time 730

Short period approximate transfer funcuons 334

approximation 333

damping ratio 335,332

frequency and damping requirements 428

mode 332

mode shape 345,344

undamped natural frequency 334,332

Side force (aerodynamic) - 109

Side force coefficient 110, 109, 44

‘Side force coefficient due to control deﬂectlon derivative 160,113

. Index 954



Index

Side force coefficient due to sideslip derivative -
Side force in steady sideslip requirements
Sideslip
Sideslip angle
Sideslip angle to aileron Bode plot
Sideslip angle to rudder Bode plot
Sideslip feedback
Side speed stability
Side-step maneuver
Side—stick controller
Side velocity perturbation
Sidewash
Sidewash derivative
Sign review for aerodynamic coefficients and derivatives
Signal sampling
Skidding turn
Slant range
Slot -
Small perturbation assumption
Small perturbation equations
Small perturbation lateral-directional equations
Small perturbation longitudinal equations
Snaking
Soft field
Speed damping derivative
Speed of (system) response
Speed stability
Speed to elevator Bode plot
Speed—to—elevator transfer function
Speed-to—speedbrake transfer function
Speed—to—thrust transfer function
Spillage drag
Spinning rotor
Spiral approximate transfer functions
approximation
mode
mode shape
stability requirements
- time constant
Spoiler rolling moment coefficient derivative
Spoilers
Spring—mass—damper system
Stability and control during perturbed state flight
Stability and control during steady state, straight line flight
Stability and control during steady state, maneuvering flight
Stability and control during steady state, pull-up (push—over) flight

Index

110
442

65

95
669
673
797
189

189
294
127
100

101
175
881
189
863,857,843
212
30,28
307,20
308
308
558
261

- 133
-~ 686
188,186
662

- 321
821
818
216
13,11,7
367
365
1357
377,376
437
367
104
102
309
303
197,183
224
231
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Stability and control during steady state, turning flight
Stability augmentation

‘Stability angmentation system

Stability axes (definition)

224

793,395

779,399, 397,395
346, 125, 67, 65

Stability boundary 191
Stability characteristics 183
Stability criteria 315,184
Stability derivatives for an elastic airplane 596
Stability derivatives using aecrodynamic influence coefficients 592
Stability of digital systems 924
Stabilizer .84
Stable break (pitching moment coefficient) 212,86, 85
Stable equilibrium 185
Standard format for lateral--directional transfer functions 372
Standard format for longitudinal transfer functions 341
Static directional stability derivative 114
Static longitudinal stability 191
Static longitudinal stability derivative 85
Static margin 263,205
Static margin, stick fixed 253
Static margin, stick free 263,253
Static stability augmentation - 793
Static stability (criteria) 184,183
Steady level turn 276,26,23
Steady rectilinear flight 25,23
Steady state (flight) 183,65
Steady state forces and moments 67
Steady state equations of motion 24
Steady state definition 22
Steady state flight 25,24,23,22
Steady state output 638,629
Steady state turning flight - 26
‘Steady state roll rate 272
Steady symmetrical pull-up 276, 26,23
Stick force _ 278,240
Stick—force—speed—gradient 280, 265, 259, 258, 253, 249, 248, 240
Stick—force—per-’g’ ' 256,254
Stiffness feedback 690, 688
Structural influence coefficient matrix 591, 590, 586
Subsonic cruise 23
Subsonic speed range 45
Supersonic cruise 23
Supersonic speed range 45
Surface integral 4
Sweep angle 43
Sweep effect on dihedral 98
Index 956
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Symmetrical airfoil 35
Symmetry assumption 11
System accuracy 686
System matrix - 320
System performance specifications . 125
System sensitivity 737
Tab (geometry) 242
Tab effect on trim 257
Tab hinge moment derivative about elevator hingeline 242
Tab hinge moment derivative about tab hingeline 262
Tail size required for rotation 291
‘Tail stall - 210
Tail stall locus 210
Takeoff rotation . 288
Taper ratio 42
Taylor series 110,95,80,77,72
Temporary control force application 247
Terminal flight phase : 420
Theorem of residues 635,634,311
Thickness ratio - 35
Third oscillatory mode 332
Three surface configuration 234
Thrust coefficient 92
Thrust effect on trim diagram 214
Thrust force 70,10,9,6
Thrust force and moment derivatives w.r.t. angle of attack 168
Thrust force and moment derivatives w.r.t. angle of sideslip - ‘ 172
Thrust force and moment derivatives w.r.t. forward speed ‘ o 163
Thrust moment 10,9,6
Tilted rate gyro - 786
Time constant 730,332
Time domain 715
Time domain (connection with frequency domain) 715
Time domain response method \ ‘ 686
Time domain specifications 728,725
Time history _ 11,7
Tip (chord) 51
Toe—in angle (of engines) 123,107
Torsional stiffness : 582,581
Trailing edge angle 242,35
Transcendental ' 123
Transfer function ' : . 310
Transfer function matrix 320
Transformation matrices o 18
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‘Transient output (response) 638, 630
Transonic speed range 45
Trim 206, 199,183
Trim diagram 214,205
‘Trim (effect of tail area on) 457
Trim of a canard configuration 235
Trim of a conventional configuration 234
Trim of a three—surface configuration 236
Trimmable stabilizer 250
Trim speed 265,258, 254,249
Trim tab 266,257
Trim tab system 250
Trim triangle 206
Tuck 328, 204, 195, 137, 85
Tuck derivative 195
Turbulence 190
Turn 224,23
Turn coordination - 839
Turn radius 226,224
‘Turn rate 226
Turn rate mode 838,833
Twist angle - 49
Undamped natural frequency 644,309
Unit impulse function 894,715
Unit step 310
Unit vector 8
Unity negative feedback system 731,695
Uniqueness of sampled data 884
Unstable break (pitching moment coefficient) 212,86, 85
Unstable equilibrium 185
Upwash 51,45
Velocity components - 21,9
Velocity error (constant) 732
Velocity feedback 690, 688
Velocity of the center of mass 6
Vertical acceleration feedback 815
Vertical speed stability 190
Volume integral 4
V.O.R. hold mode 866
V.O.R.-hold (Very high frequency Omnidirectional Range) 857,779
Vortex sheet 52
958
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Washout circuit 789,781
- Waypoint 857
Wetted area 74
Wing divergence 582,579
Wheel force 247
Wheel-to—ground friction coefficient 290
Wind-milling drag 216
Wing lift vector tilting 154
Wing position effect on dihedral 98
Wing tip suction 154
W-transform method 927,881
Yaw damper 780, 692,395
Yaw damping derivative 194, 160
Yawing moment {airplane) 114,9
Yawing moment coefficient 44
Yawing moment in steady sideslip reqmrements 439
Yaw rate 9
Yaw rate perturbation 128
Yaw rate stability 194
Yaw-rate—to—rudder feedback gain 398
Zero-frequency gain 341
Zero-lift angle of attack 49,45, 37
Zero-lift plane 52
Zero-mass derivatives 603, 600
Zero order hold 888
Zeros 696, 637
Z—transform method 893,881
Index 959
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ﬁgﬁ#&_ﬂam DYNAMICS AND AUTOMATIC FLIGHT CONTROLS: PART 11
In this part, exhaustive coverage is provided of the methods for analysis and synthesis of automaric
flight control systems using classical control theory. This widely used book has been updared wich che
latest software methods.
ST Throughour this text the practical (design) applications of the theory are seressed with many examples
P TR and illustrations. Aircraft stabilicy and control characteristics are all heavily regulated by civil as well as
- T4y by milicary airworthiness suthorities for safety rasons, The role of these safery regularions in the application of
& the theory is therefore stressed throughour. This wex is an essential reference for all aeronautical engineers
working in the area of stabiliry and control, regardless of experience levels. The book minimizes reader
confusion through a systematic progression of fundamentals:
L
"3 .'! * elastic airplane stability & control coefficients * stability augmentation systems: pitch dampers,
:u,f i and derivatives yaw dampers and roll dampers
g & ‘i = * method for determining the equilibrium and * synthesis concepts of automatic fighe conerol
ﬁg manufacturing shape of an elastic airplane modes: control-stick steering, auto-pilot hold,

* subsonic and supersonic numerical examples of ~ speed control, navigation and automaric landing
aeroeksticity effects on stability & control denvarives  # digital control systems using classical control

* Bode and moot-locus plors with open and dosed theory applications with Z-transforms
loop airplane applications, and coverage of = applications of dassical control theory
inverse applications * human pilor transfer funcrions

IF you are a junior, senior o first level graduace student of aeronautical engjneering or an asronautical engineer
working in the aircraft industry, Hight Dymamics aned Automaric Flight Control: Pars I is 2 key resource.
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